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Flexoelectric effect is the response of electric polarization to the mechanical strain gradient. At the

nano-scale, where large strain gradients are expected, the flexoelectric effect becomes appreciable

and may substitute piezoelectric effect in centrosymmetric materials. These features make

flexoelectricity of growing interest during the last decade. At the same time, the available

theoretical and experimental results are rather contradictory. In particular, experimentally

measured flexoelectric coefficients in some ferroelectric materials largely exceed theoretically

predicted values. Here, we determine the upper limits for the magnitude of the static bulk

contribution to the flexoelectric effect in ferroelectrics, the contribution which was customarily

considered as the dominating one. The magnitude of the upper bounds obtained suggests that the

anomalously high flexoelectric coupling documented for perovskite ceramics can hardly be

attributed to a manifestation of the static bulk effect. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4865208]

Flexoelectric effect is the response of electric polariza-

tion to the mechanical strain gradient. It can be viewed as

higher-order effect with respect to piezoelectricity, which is

the response of polarization to strain itself. However at the

nano-scale, where large strain gradients are expected, the

flexoelectric effect becomes appreciable. Besides, in contrast

to piezoelectric effect, flexoelectricity is allowed by symme-

try in any material. Due to these features flexoelectricity has

attracted growing interest during the last decade. On the

other hand, the available theoretical and experimental results

are rather contradictory, attesting to a limited understanding

in the field. In particular, often experimentally measured

flexoelectric coefficients largely exceed theoretically pre-

dicted values. It is important to distinguish different contri-

butions to the effect: bulk and surface contributions; static

and dynamic contributions. The relative magnitude of these

contributions is discussed in a recent review article.1 It is

also indicated in the review, that there exist the upper limits

for the magnitude of the static bulk contribution to the flexo-

electric effect in ferroelectrics, the contribution which was

considered as the dominating one and now is considered as

one of the leading contributions. Here, we provide mathe-

matical frame work for obtaining such upper limits in differ-

ent materials. We apply this framework to derive the upper

bounds for the static bulk flexoelectric coupling coefficients

in perovskite ferroics.

The static bulk flexoelectric coupling can be character-

ized by flexocoupling coefficients fijkl, entering the expres-

sion for the free energy density
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where xl are cartesian coordinates, Pk is polarization, uij is

mechanical strain, and tensors cijkl and gijkl control the me-

chanical stiffness and the correlation energy, respectively.

Hereafter, summation over repeating indices is implied.

The flexocoupling coefficients are measured in volts,

and according to atomic estimates2 are typically of the order

of 1-10 V. However, recent data3–5 suggests very high values

of the order of few hundreds of volts for the flexoelectric

coupling constants in perovskite ceramics.6 According to the

current understanding, it is believed that the high flexoelec-

tric response observed in these experiments arises due to the

large value of the static bulk flexocoupling constants. Below,

we will question the validity of this explanation using upper

bounds for flexoelectric coefficients that we derive.

Upper bounds for flexoelectric coefficients in a ferro-

electric can be obtained from the requirement of stability of

its parent phase. It is known that large flexoelectric coupling

may lead to the formation of an incommensurate state.7 The

incommensurate phase occurs when the system becomes

unstable with respect to spatial modulations of the order pa-

rameter.8 On the other hand, for materials without incom-

mensurate phase one can get constraints for its flexocoupling

coefficients by the requirement of stability of the system

with respect to such modulations in the parent centrosym-

metric phase (i.e., a > 0).

The analysis of stability of the system can be carried out

starting from Eq. (1). The system will be stable if no infini-

tesimal perturbation from the homogeneous state with ~P ¼ 0

decreases the energy of the system. We rewrite the strain in

terms of acoustic displacement, ukl ¼ 1
2

@Uk

@xl
þ @Ul

@xk

� �
and

decompose the perturbations for polarization and displace-

ment in Fourier series: Pj ¼
P

q
~Pje

i~q~x ; Uj ¼
P

q
~UJ ei~q~x ,

where ~q is the wave vector. We restrict ourselves to the case

of transverse modulations, where ~P �~q ¼ 0. Longitudinal

modulations will not occur due to their high electrostatica)Electronic mail: petr.yudin@epfl.ch
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energy7 arising from the bound charge density qb

¼ div~P 6¼ 0. The mean energy density of a transverse perturba-

tion with wavevector~q may be calculated from Eq. (1) to get

~U ¼ 1

2
V�i MijVj; (2)

(3)

Vj ¼
~Pj

~Uj

 !
(4)

where the asterisk means the complex conjugation.

The system will be stable if all the eigenvalues k of the

matrix M̂, determined as

M̂~V ¼ k~V ; (5)

are positive and unstable if there is at least one negative one.

The smallest eigenvalue k�ð~qÞ can be defined as the smallest

root of the characteristic polynomial for the matrix Mij

A0 ~qð Þ þ A1 ~qð Þk� þ A2 ~qð Þk2
� þ… ¼ 0; (6)

where A0 ¼ det½M�; A1; A2… are coefficients determined

from the matrix Mij.

The threshold of stability may be defined as k�ð~qcÞ ¼ 0.

Here, ~qc denotes critical wave-vectors, where the surface

k�ð~qÞ touches the plane k� ¼ 0, see Fig. 1, where this is

illustrated using only two components: qx and qy of the wave

vector ~q. The number of the critical vectors is determined by

the symmetry of the material. One can note that at the thresh-

old of stability the following conditions are satisfied:

k�ð~qcÞ ¼ 0; (7)

@k�
@~q
j~q¼~qc

¼ 0: (8)

Here, we introduced differential operator
@
@~q ¼ @
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; @
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; @
@qz

n o
.

Note that equality (6) holds for any ~q. Differentiation of

(6) with respect to the components of the wave-vector yields
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(9)

In view of Eqs. (7) and (8), in the point ~q ¼ ~qc Eq. (9) is

reduced to @A0

@~q ¼ 0. Using Eqs. (6)–(9), one derives the con-

ditions for the critical wave vectors formulated in terms of

the determinant of the matrix M̂

det M̂½ � ¼ 0; (10)

@

@~q
det M̂½ � ¼ 0: (11)

Analysis of Eqs. (10) and (11) shows that depending on

the structure of the flexoelectric and other materials proper-

ties, critical vectors may be directed along different highly

symmetric axes of the crystal. In perovskites—materials

of particular applied importance—such axes are the 4-fold,

3-fold, and 2-fold axes.9 The requirement of non-appearance

of critical vectors along each of these axes will produce a

constraint for the magnitudes of the flexocoupling constants.

The constraint corresponding to the 4-fold axis may be

derived from Eq. (2) with ~q having only x-component. In

this case, the matrix M̂ has the form

aþ g44q2
� �

0 f44q2 0

0 aþ g44q2
� �

0 f44q2

f44q2 0 c44q2 0

0 f44q2 0 c44q2

0
BBB@

1
CCCA: (12)

Here, we keep only transverse components of polarization

and displacements (y and z), which are decoupled from lon-

gitudinal ones (x). One sees from the structure of the matrix

that there are two degenerate modes for the transverse modu-

lations, in each of them the polarization coupled to strain via

the f44 flexocoupling constant. Suppose there exists a

wave-vector qc 6¼ 0 with eigenvalue k ¼ 0. Then its magni-

tude must satisfy the following equation:

c44aþ ðc44g44 � f 2
44Þq2

c ¼ 0: (13)

Because the first term in Eq. (13) is positive, this equation

will have no real solutions if

f 2
44 < c44g44; (14)

which is the sought constraint. Similar expression was

obtained in Ref. 10, where the polarization distribution in a

nanorod was studied, and it was stated that non-fulfillment of

this condition will result in instability of the system in the

absence of higher-order gradient terms (higher-order terms

in q). However here, since we are considering the paraelec-

tric phase for any a> 0, despite that only the lowest in q
terms are used in the analysis, it gives a correct criterion of

the instability. Indeed, taking into account the higher order

terms would result in a summand of the type kq4
c ; k > 0 to

FIG. 1. Schematic of the dependence of the smallest eigenvalue k� on the

wave-vector of the modulation at the threshold of transition to the incom-

mensurate phase.
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the left-hand-side of Eq. (14). However, for ðc44g44 � f 2
44Þ < 0

when a! 0 (Ref. 11), the solution will appear immediately in

the vicinity of the C-point (q¼ 0), where the term kq4
c is negli-

gible (see paper by Axe et al.7 for a more detailed analysis of

the problem).

Constraints analogical to Eq. (14) may be derived, for

the wave-vectors parallel to the 2-fold and 3-fold axes, by

setting q ¼ 1ffiffi
2
p ðqc; qc; 0Þ and q ¼ 1ffiffi

3
p ðqc; qc; qcÞ in Eq. (10).

In the case of the 2-fold axis, there appear two pairs of

coupled modes. The stability condition for the first one is

identical to constraint (14), while the stability condition for

the second one reads

ðf11 � f12Þ2 < ðc11 � c12Þðg11 � g12Þ: (15)

In the case of the wavevector directed along a 3-fold

axis the normal modes are two-fold degenerate, and one

obtains the following condition:

ðf44 þ f11 � f12Þ2 < ðc44 þ c11 � c12Þðg44 þ g11 � g12Þ:
(16)

As one can check, Eq. (16) follows from conditions (14)

and (15) in view of the classic inequality aþb
2
�

ffiffiffiffiffi
ab
p

. Thus,

Eqs. (14) and (15) form the sought set of constraints for the

flexocoupling coefficients in perovskite ferroelectrics.

For the typical ferroelectrics, the upper bounds for the

flexocoupling coefficients given by (14) and (15) are of the

order of few volts. In particular, using experimental data

from Refs. 12–14, one finds for BaTiO3

jf44j < 3:3V; jf11 � f12j < 7 V (17)

and for SrTiO3

jf44j < 2:4V; jf11 � f12j < 10 V: (18)

Remarkably, these bounds are of the order of Kogan’s

“atomic” estimates,6 which comes in line with the idea of

Axe et al.7 that the coupling between acoustic and soft optic

phonon modes in perovskite ferroelectrics may readily lead

to formation of incommensurate phases.

The upper bounds obtained are useful for the interpreta-

tion of experimental data on the flexocoupling coefficients.

These enable us to draw some conclusions concerning the

interpretation of the experimental results on the flexoelectric

effect in perovskite ceramics. These experimental results

correspond to the flexocoupling constants of the order of a

few hundred volts6 and customarily discussed in terms of the

static bulk flexoelectric effect. At the same time, the upper

bounds (17) and (18) suggest that so high values of the flexo-

coupling constants would have lead to the formation of the

incommensurate phase in these materials.15 Since no incom-

mensurate phase been reported, either in BaTiO3 or in

SrTiO3, the high flexoelectric response in perovskite

ceramics can hardly be due to the static bulk flexoelectric

effect. The origin of anomalously high flexoelectricity

should be sought elsewhere. Recent developments in the

field indicate that possible explanation may be found in man-

ifestations of the surface piezoelectricity16 or it may also be

related to the local symmetry breaking in the paraelectric

phase.17 While the inequalities obtained indicate the upper

bounds for flexoelectric constants in materials where incom-

mensurate phase does not form, they may also be used to

understand materials where such phases indeed form.8,18
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