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Abstract— This paper presents an eigenvalues analysis
method for an induction machine model based on phase
variables a,b,c. This approach is validated by
comparison with a d,q approach and applied to a
variable speed pump-turbine unit using a simplified
model of the converters. The proposed approach
permits the study and analysis of the interaction
between mechanical, electric and regulation parts of the
system.

Index Terms—control systems, numerical simulation,
induction motors, AC-DC power converters, pumps, turbines,
eigenvalues, transient analysis, variable speed drives.

I. NOMENCLATURE

u Voltage in V

R, R, Resistance of stator and rotor windings in Q

i Current in A

L, L, Inductance of stator and rotor windings in H

Ly, Mutual inductance between the stator and the
rotor windings in H

0, 6.  Angle between the direct- axis and the axis of
phase a of the stator respectively A of the rotor
in rad

On Angle between the axis of phase a of the stator
and the axis of phase A of the rotor in rad

w,, @, Angular speed of the rotating field of the stator
respectively of the rotor in rad/s

W Angular speed of the rotor in rad/s

Sy Rated apparent power in VA

P, QO  Active and reactive powers in W and Var
P,.. Mechanical power in W

Uy Rated voltage in V

Iy Rated frequency in Hz

Ji, J,  Inertia of the rotor and of the turbine in kgm2

K> Stiffness coefficient between the two inertias in
Nm/rad

D,, D, Viscous friction of the rotor, viscous friction of

the turbine in Nms/rad
Tom, T Electromagnetic and external torques in Nm
2p Number of poles
Treg Time constant of the regulator in [s]
T res Transient time constant of the lag in [s]
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Xmes, Ymes Input and output of the lag block in [pu]
Xrep Yreg Input and output of the regulator in [pu]

Xregl State variable of the regulator in [pu]
Indexes

d,q,0 Direct-axis, quadrature-axis, zero-sequence
component

0 Initial conditions

a,b,c  Phases of the stator

A,B,C Phases of the rotor

s Stator

r Rotor

T Transformer of the cascade

R Electric grid

II. INTRODUCTION

Due to the high volatility of wind power, electrical

power networks particularly islanded ones, with high level
of wind power penetration, may be subject to instabilities.
Variable speed pump-turbine units can significantly
increase the stability of electrical power networks, and thus
overcome this problem [1]-[5].

The study, modeling and analysis of the dynamic
behavior of variable speed pump-turbine units have been
presented and published in several papers in the last decade
[6]-[15]. The aim of this study is to develop an analytical
approach based on the eigenvalues analysis method in
order to facilitate the study of the interactions between the
hydraulic, electric and regulation parts of a variable speed
pump-turbine unit, and to identify the origin of eventual
instabilities.

A similar method has been applied efficiently to a
complete hydroelectric production site with a synchronous
generator by using a, b, ¢ phase variables instead of d-q
components [16].

The advantage of the extension of the eigenvalue
analysis method to a, b, ¢ phase variables instead of d-q
components is mainly the possibility of the application of
this method to any symmetrical or asymmetrical mode of
operation of the machine without specific additional
developments. Moreover, most of developed software
packages dedicated to the numerical simulation of power
systems [17] use phase variables as state variables, because
of the simplicity of linking together different elements. The
implementation of the eigenvalue analysis method in such
software packages constitutes a real advantage for the
analysis of complex topologies.



The paper is organized as follows: Section III presents
the application of the eigenvalues method on a simple
topology of an induction machine before introducing the
variable speed unit with a simplified model of the
converters. The simulation results and validation of the
approach are presented and discussed in Section IV, for
two studied cases. Finally, conclusions are given in Section
V.

III. MODELING OF THE VARIABLE SPEED UNIT

A. FEigenvalues Analysis Method based on phase

variables applied on an induction machine

The simple topology to validate the linearized model of
an induction machine is composed of a doubly-fed
induction machine connected to an infinite grid. Two
mechanical masses representing the rotor and the pump-
turbine are considered, as illustrated in Fig.1.
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Fig. 1 Simple topology of an induction machine

The terminal voltages of the machine in the phase
coordinate system are expressed as:
u, =uycos6 —u, sinb +u, 1

u, = cos(& —2—”j—u sm( —2—”j+u 2)
3 3
ﬂ-j

u, —udscos[ﬁ +2—”j—u s1n( 2— +u, 3)
3 3

u, =u, cos6, —u,sinb, +u, 4)

Uy =y, cos(@ —%)—u sm(@ ——] . %)

Ue =u, cos(ﬁ +2T”j—u s1n(9 +2T)+u 4 (6)

The small oscillating components of all the stator and
rotor quantities are analyzed by the linearization of the set
of equations around an operating point, defined by P,
o, Uyo. These ones are due to the oscillations of the rotor.
The modeling of the oscillating coordinates is represented
in Fig 2.

Hence, the oscillating components of the terminal
voltage on the stator and rotor side, respectively ‘a’ and ‘A’
are given by:

Au, = Au, cos 8 —Au, sin6, +Au,, @)
Au, =Au, cos6, —Au, sin6, +Au, ®)

Both complete expressions are established by replacing
the expressions of Aug,, Augs, Au,s and Aug, Aug, Aug
given in Appendix in Eq (7) and Eq (8). The set of
equations is completed by the swing equations of the two
mechanical masses, given by:
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Fig. 2 Rotating coordinates of the induction machine

Jodo, _

T D (l) (eml - HmZ ) (9)

p dr p

J,da k,

_2_’”2:&(6’”1 6 ) D (l) +TLU (10)

p d p

The complete topology of a variable speed pump-turbine
unit electrical system is illustrated in Fig.3. This model
includes the doubly-fed induction motor-generator with a
two-level Voltage Source Inverters (VSI) cascade in the
rotor side. In order to enable the linearization of the
converter and the control system, an equivalent pseudo
continuous model is used for the converters (Fig.4). The
VSI is therefore replaced by an equivalent voltage source
driven by the control system.

The electrical system can be divided into two sections, a
transformer section and a machine one. The transformer
section operates as a Static Var Compensator (SVC), its
main role being to exchange reactive power with the grid.
The reactive power and the capacitors voltage can be
controlled by acting on the transformer primary side
currents through the left-side converter.
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Fig. 3 Layout of a 2-level variable speed unit
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Fig. 4 Simplified model of the variable speed unit




B. FEigenvalues Analysis Method based on phase
variables applied on a variable speed unit with a
simplified model of the converters

The linearization of the variable speed unit does not
modify the equations which describe the behavior of an
induction machine, therefore the equations (1) to (10)
remain unchanged. By considering the transmission line
and the intermediate transformer between the electrical
network and the system, some modifications of the set of
linearized equations are necessary as follows:

Au,, = Au, cos6, — Au;R sin@, + Au,, (11)
" 2w .o 2
O A VA

+Au;R
Au, = Auy, cos[@s + 2—”j —Au, sin (HS +2_ﬂ-j
3 3 (13)
+Au

oR
The transformers are modeled with their short-circuit
impedances, hence the expressions become:

Au,, = Au, cos 6, —AM;T sin@, +Au,, (14)
" 2 T 2
S e
+Au;T
Au,, =Au, cos[@s +2—ﬂ-j - Au;T sin (HS +2—”j
3 3 (16)

+Au;T

The complete expressions of these terminal voltages are
obtained by combining the equations (11) to (13) with the
expressions of the transformers and the equations from the
machine.

The transformer and machine control systems are
represented respectively in Fig. 5 and Fig. 6.

In both control systems, there are only two types of
functions blocks. The first one is LAG-function modeling
the lag caused by the measurements of each quantity. The
related linearized equation is given by:

d
T.—Ay, . =k A, —A
mes df ymes mes ymes

(17)
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Fig. 5 Transformer control structure
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Fig. 6 Machine control structure

The second type is related to the regulator PI and its
linearized set of equations is expressed as follows:

d

T =

reg dt

Ayreg :k.Axreg +Ax

The fact that the outputs of the control systems are

written in function of the state variables ensures that the
whole system is in closed loop and thus stable.

Ax :Ayreg_Ax

regl

regl (1 8)

regl

IV. SIMULATION RESULTS AND VALIDATION OF
THE APPROACH

C. Induction Machine Model

The validation of the proposed approach has been
performed with a simple topology (Fig.1). The parameters
of the induction machine as well as both mechanical
masses are reported in Table .

TABLE I
RATED VALUES OF THE POWER-PLANT

Mechanical masses
J1=2.661-10° [kgm’]

Induction machine
Sy =380 [MVA]

Uns=18 [kV] J,=133.05-10° [kgm’]
Fx=60 [Hz] D=5000 [Nms/rad]
p=8I[-] D»=5000 [Nms/rad]

1,=0.00174401 [pu]
X55—=0.26037 [pu]
Xps=4.19759 [pu]
Xor =0.272099 [pu]
1r,’=0.00201494 [pu]

k1»=5-10"" [Nm/rad]

The calculated eigenvalues resulting from the d,q,0 and
a,b,c approaches related to the studied system are reported
in Table II in the form 4; =a; +jw;. Since both
approaches are equivalent, the obtained values are the

same.
TABLE II
EIGENVALUES ASSOCIATED TO D,Q,0 AND A,B,C APPROACHES

[)"dqo]:[ Xabel
-0.834£5.948
-0.143+1986.426
-1.275+376.987
-1.306
-2.525
-2.791

Torsional mode 0
Torsional mode 1

Electrical network




One can identify the torsional mode 0 (f = 0.947[Hz]) or
mode 1 related to a mechanical system with two inertias, as
well as the frequency of the electrical network. In addition,
some time constants can be defined analytically as follows:

1 R
—=—1=2525[s 19
7L [s] (19)
1

—=—=2791s 20
7L [s] (20)

The identification of the torsional mode 0 is obtained by
a numerical simulation allowing at the same time to
validate the torsional mode 1. The machine is initially
operating at P.«=0.5 [pu] while the external torque is
reduced from 0.5 [pu] to 0 [pu] at t=0.5[s]. The rotational
speed is then left to evolve freely to its equilibrium point,
as illustrated in Fig. 7. The analysis of the results is
summarized in Table III.
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Fig. 7 Speed of the rotor

One can notice the good agreement between the results
obtained by the two approaches.

TABLE III
COMPARISON OF THE RESULTS RELATED TO MODE 0
Eigenvalues Numerical
—1/as] 1.21 1.25
o [rad/s] 5.948 6.16

In addition, the pulsation of the mode 1 is identified
when the oscillations period of the transmitted torque is
measured on the same simulation.
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Fig. 8 Transmitted torque between the two inertias

A good agreement between the analytical value and
estimated one from the simulation is obtained as shown in
Table IV.
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TABLE IV
COMPARISON OF THE RESULTS FOR MODE 1
Eigenvalues Numerical
o [rad/s] 1986.426 1987

Therefore, one can notice that the results obtained by the
eigenvalues analysis method applied to the induction
machine are in good agreement with the ones obtained by
the numerical simulations, which validates in this case the
proposed approach.

D. Variable Speed Unit

The parameters of the variable speed unit, designed for a
maximum slip of 7%, are summarized in Table V. The
induction machine of the unit is reported in Table I.

TABLE V
RATED VALUES OF THE TRANSFORMERS AND PARAMETERS OF THE
TRANSMISSION LINE

Transformer of the Transformer of the

electrical network cascade
Sat=380[MVA] Snt=26.67 [MVA]
UNT1:500 [kV] UNT1:1 8 [kV]
Unr2=18 [kV] Uxnr2=2 [kV]

1,.=0.003 [pu]
X=0.14 [pu]
Coupling : Yy
Transmission Line
R;=0.01 [Q]
L;=0.001 [Q]

1,.=0.005 [pu]
X=0.15 [pu]
Coupling : Yy

The chosen operating point for the variable speed unit is
at PstatorOZ'O'S [Pu], QstatorOZO [pu] and SOZ'I%' By applylng
the developed eigenvalues analysis method on the complete
system shown in Fig. 4, 41 eigenvalues have been
determined. The complete list of the eigenvalues is given in
Tables VI and VII, related to the electrical and mechanical
systems respectively to the control system.

TABLE VI
LIST OF EIGENVALUES RELATED TO THE ELECTRICAL AND MECHANICAL
SYSTEMS
i Eigenvalues A;
1-2 -0.144j 1986.425
3-4 -33.994+j 378.968
5-6 -2.74+j 376.798
7-8 -26.48+j 3.634
9 -2.791
10 -12.566
11 -4.475
12 9.115-107
13 -4.642-107

One can recognize several imaginary parts of the
eigenvalues similar to the case with the only induction
machine such as the torsional mode 1 (A,,), the pulsation
of the electrical network (A5 ) or the one related to the time
constant (A9). One can notice that an additional pair of



eigenvalues (As4) is present. These eigenvalues might be
from the cascade since their imaginary parts are close to
the electrical grid pulsation. Nevertheless, this point will be
confirmed by an investigation on the cascade transformer
during a simulation illustrated in Fig. 9.

The machine is initially operating at the mentioned
Operating pOil’lt at Pstator02'0~5 [pu]a QstatorOZO [Pu] and So==
1%, then the external torque is reduced to 0 [pu].

TABLE VII
COMPLETE LIST OF EIGENVALUES RELATED TO THE CONTROL SYSTEM
i Eigenvalues )\
14 -570
15 -570
16 -570
17 -570
18 -570
19 -570
20-21 -3394.734j 0.024
22 -3420
23 -80.643
24 -80.643
25 -2.937
26 -2.937
27 -16.48
28 -15.186
29 -1080
30 -1080
31 -1080
32 -1080
33 -6458.0963
34 -6458.8655
35 -6480
36 -8.078
37 -8.078
38 -0.707
39 -0.707
40 -162
41 -10
\
0.3
0.2 N~
0.1
)
-0.1
-0.2 T=27.9 [ms]
-0.3
1 1.05 1.1 1.15
Time [sec]

Fig. 9 Current of the cascade transformer

The pulsation of the transformer current in the cascade is
equal to 380.8 [rad/s] with a damping time constant of
0.0279[s]. These values are in good agreement with the
values obtained by the eigenvalues approach as shown in
Table VIII.
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TABLE VIII
COMPARISON OF RESULTS COMING FROM BOTH APPROACHES
Eigenvalues Numerical
-1/a[s] 0.0294 0.0279
o [rad/s] 378.968 380.8

From the operating point Pg0=-0.5 [pu], Qstatorc=0 [pu]
but with a slip s;=-1% or s,=-7%, the pair of eigenvalues
(Mg can be identified, as related to the electrical
components of the rotor. The simulation and the analytical
results are reported in Table IX. One can notice that the
obtained eigenvalues depend on the operating point of the
machine.

=ja2[pu]

04 T=1.67 [s] =ia2[pul

0.2

-0.2

T=236.7 [ms]

-0.4

1 2 3 4 5
Time [sec]

Fig. 10 Current of the rotor with a slip of 1% (blue) and 7% (red)

TABLE IX
COMPARISON OF RESULTS RELATED TO THE CURRENT OF THE ROTOR
Eigenvalues = Numerical
o [rad/s](s;=-1%) 3.634 3.762
o [rad/s](s,=-7%) 26.427 26.544

Finally, some time constants have been slightly modified
by adding the intermediate transformer and the
transmission lines between the grid and the variable speed
unit. This results in a modification of the time constant
values given by Ao and Ay, as

R
LB 12566 1s) @1
713 LCL‘T
R +R_,+R
LR H R * R g 47505 (22)
Ti Los +LCUR +LL

In Table VII, all the eigenvalues are related to different
blocks of the control systems shown in Fig.5 and Fig.6. All
these eigenvalues represent the time constants of the
regulators or the LAG functions which can be easily
determined.

V. CONCLUSIONS

This paper presents a detailed approach of the
eigenvalues analysis method based on phase variables
applied to a variable speed pump-turbine unit. This
approach applied first to a simple topology with an
induction machine has been validated by comparing the
results with the ones obtained by the classical d,q,0
approach. The proposed a,b,c approach has been then
applied successfully to a complete variable speed pump-
turbine unit using a simplified model of the converters. The



implementation of this analytical approach model in a
modular software package permits a fast and efficient
analysis of the interaction between the mechanical,
electrical and control systems of a variable speed pump-
turbine unit.
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APPENDIX

d,q,0 approach : Linearized equations of the induction
machine given in real quantities in the stator reference
frame.

d d
Au, =RAi, +L —Ai, +L —Ai
ds s ds sdt ds sr dt dr

. d . d .
Auqs = RSAqu +LS EAZW + LSr EAIW (23)
. d ..
Aum = RvAlm + Lm' _Alm
d d
Au, =RAi, +L —Ai, +L_—Ai,k
dr r = dr r dt dr sr dt ds
+,,LAi, +@, L Ai, +Aw0, (Li,,+L,i,,)
Au,=RAi +L d Ai +L d Ai 24
uqr - Y lqr + r Z lqr + 'sr Z lqs ( )

_meLrAidr - a)mOL\'VAidS + Aa)m (LridrO + Lxrl.dSO)

or or

Au, =R AL +L, LA
dt

Set of equations related to the transformers given in real
quantities:
Au,. =R

. cod . |
ccTAldT + LCCT ZAZdT + Audvsi

, . cod ~
Aun = RmrAqu +L,, EAth + Auqm (25)
AL, =R A+ L LA
ol ccT =0T ‘ccT d ¢ ol
Set of equations related to the grid:
Ay =(R o+ Ry ) Aigy + (L + L, )EAzdR +Au,
Ay =(Rip +R, ) A +(Liy + L, )EAzqR +Au,, (26)

Ay = (R + B ) A + (L + I, )%AioR FAu,



a,b,c approach : Linearized equations of an induction
machine given in real quantities in the stator reference
frame.

Aua :iAia ZLS +lLos
dt 3 3

L, cos(6, -6, )j (27

ATL’m =§pLxr (AZA (ia,O Sln((?, _es)

+, sin(é[, A +2—7[j+i(_0 sin(@ -6 —2—7[D

s 3 2 3

R T 2y ..
AL (’a,o Sm(e)‘ -6 _?j+lb,0 Sln(@ _61)
+,, sin(&r -6 +2—7ZD

’ 3
+Aic (ia,o Sin(er —9& +2?7[j

. iy AN

+lb,0 s1n(9r _Hx _?jﬂc,o s1n(42 _Hx ))

R AU .. 2
=N, | i sin(6, —6)) +iy,sin| 6, -6, +?

. 2

e Sm[@s -6, __HD

’ 3

R 2\ ..
A (IA,O Sm(‘% -6 _?j—HB,O Sm(@ _9»)
Hico sin(@ A +2?7[j

28
—Ai, (iA’O sin(@, -6 +2?ﬂ-j 28)

+iy, sin(@, -6, _2?71')”@ sin(6, -6, )D
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