OPTIMAL POLYNOMIAL BLOW UP RANGE FOR CRITICAL
WAVE MAPS.

CAN GAO, JOACHIM KRIEGER

ABSTRACT. We prove that the critical Wave Maps equation with target S?2
and origin R?*+! admits energy class blow up solutions of the form

u(t,r) = QA()r) +e(t,r)
where @Q : R? — S? is the ground state harmonic map and A\(t) = t~1~ for
any v > 0. This extends the work [13], where such solutions were constructed

under the assumption v > % In light of a result of Struwe [22], our result is
optimal for polynomial blow up rates.

1. INTRODUCTION

This paper considers the issue of obtaining the optimal polynomial range of blow
up dynamics for critical co-rotational Wave Maps from R2*! into 52, the standard
two-dimensional sphere. Recall that a map

w: R — 82
is considered a Wave Map, provided it is formally critical with respect to the (for-
mal) Lagrangian action functional

L(u) = / (Oqu, 0%u) g2 do, 0% = maﬁaﬂ
R2+1

where, with @ = 0,1, 2 space-time indices, the Einstein summation convention is
in force, and m®? is the Minkowski metric with signature (—1,1,1). Wave Maps
from a 2 + 1-dimensional background are energy critical, meaning that the natural
conserved energy

(1.1) E(u) = /2 [|ut|2 + |qu\2|} dx
R
is invariant under the intrinsic scaling
u(t, z) = u(At, Azx)

for the Wave Maps equation. The Wave Maps equation has a remarkable so-called
null-structure, as evidenced by its explicit form

(1.2) Ou = —uy + Au = —u(—|w|* + |Vpul?), u(t,z) € S* C R

This null-structure is responsible for the fact that (1.2) enjoys an almost optimal
local well-posedness property: from [11], it is known that (1.2) is strongly locally
well-posed (in the sense of real analytic dependence of the solution on the data)
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in any space H®, s > 1. On the other hand, from [1], it is known that (1.2) is
ill-posed (however, only in the sense of non-uniform continuous dependence of a
local solution on the data) in any H®,s < 1. In the delicate borderline case of data
in H' (corresponding to the energy (1.1) ), it is known?!, see [23], and more recently
[19], that for s > 1, H?®-smooth data of small enough energy result in a global
H?-smooth solution. Furthermore, the solutions scatter at infinity like free waves,
provided the initial data are C'"°°-smooth and constant outside of a compact set,
say. In fact, the recent result [19] furnishes the optimal energy threshold, namely
that of the minimum energy non-trivial harmonic map @ from R? — S?, without
any symmetry assumptions on the map. An earlier result [3] derived such a result
in the co-rotational context. See also [4], [5] for developments in the context of
energy much above the ground state. Since the work [13], and later [16], it has
been known that for any ¢ > 0, there exist initial data® of energy £(Q) + ¢ and
which lead to finite time singularity formation. See also [17] for blow up solutions
with energy > 4£(Q). In fact, the works [13], [16], produced different blow up
rates, the former exhibiting a continuum of blow up rates, the latter a more rigid
rate but in turn demonstrably stable (within the co-rotational class). To explain
this further, we recall the fundamental work [22] by M. Struwe on the structure of
singularities. Struwe shows that if

u:[0,T) x R? — §2

is a smooth co-rotational® wave map which cannot be smoothly extended past time
T, then there exists a sequence of times t; — T as well as a sequence of parameters
Ai = 400 with the property that on each fixed time slice t = ¢;, we can write

u(ti7 SL‘) = Q()‘(tl)x) + E(ti’ .’L’)
where @ represents the ground state co-rotational harmonic map @ : R? — S2,
while the error term e satisfies

lim Eoe(e(ti, x)) := lim [10ie(ts, 2) > + |Vae(ts, 2)[*] dz =0
1— 00

i—00 |w|<t1

Furthermore, Struwe established an upper bound on the blow up rate
lim () (T — t;) = +o0
1—> 00

The blow up rates exhibited in [13], [16], of course obey this asymptotic, and in
fact we have
Aty = (T —t)~"!

with v > % for the solutions constructed in [13]. It then remains a very natural
question to decide whether in fact all v > 0 are admissible. In this paper, we
provide a positive answer to this. To formulate the main theorem, we recall that
co-rotational wave maps may be parametrized in terms of a function u(¢,r) — R
which solves the scalar wave equation

1 sin(2u
(1.3) — 0t + Oppt + —0pu = (72)

r 2r
IFor an earlier result in the equivariant context, see [18].
2They may be chosen of any regularity H%,s > 1.

3This means that if one uses spherical coordinates on S2, and polar coordinates on the plane
R? of spatial variables, then the wave map can be described by (t,7,0) — (8, u(t,7)).
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In terms of this representation, the ground state harmonic map (which corresponds
to a static wave map) is given by
Q(r) = 2arctanr

The function u(t,r) is to be thought of as a function on R?, thus the conserved

energy is given by
o sin?(u
/ [uf—|—|ur\2—|— 7“2( )]rdr
0

Theorem 1.1. For any v > 0, there exist T > 0 and co-rotational initial data
(f,9) with

1+%— r_

(f—mg) € Hp > x H,
which result in a* solution u(t,r), t € (0, T] which blows up at time t = 0 and has
the following representation:

u(t,r) = Q\(t)r) +e(t,r)
where \(t) = t~17, and such that the function
(0,7) — (e"e(t,r),e”e(t,r)) € H'~(R?) x H'~(R?)
uniformly in t. Also, we have the asymptotic ast — 0
Eroc(e(t,)) S (EA()) *log?t

2. SOME REMARKS ON THE RESULT

Our approach to the theorem is following closely the one in [13], with a key
modification in the second part which essentially follows [12]. Specifically, we recall
that the construction in [13] has two essentially distinct stages:

e In a first stage, we construct an approximate solution, denoted by
Uapproz (t,7) = QA(E)T) + u(t,7)

where the correction term u®(¢,r) is obtained by iteratively solving certain
elliptic approximations’ to the wave equation (1.3). While wugppros (£, 7) is
not an exact solution of (1.3), it is a very accurate solution, in that we can
ensure that given N > 0, we can ensure that the error

sin(2uqppros )
2r2
Of course the larger N, the more ’elliptic correction terms’ need to be
added to Q(A(t)r). It is important to observe here that the restriction
v > % imposed in [13] does not come in at this stage; in fact, any v > 0
will suffice.

e In a second stage, we complete the approximate solution ugpproz to an
exact one by adding a correction term (¢, r). This latter correction term is
now determined by solving an actual wave equation, albeit one with a time
dependent potential term. Dealing with the latter forces one to develop
some rather sophisticated spectral theory. To find €, one implements a
fixed point argument in a suitable Banach space, and it is here, in the
treatment of the nonlinear terms with singular weights, that the restriction

=O(tV).

*8ttuappror + 6rruappror + ;aruapproz -

4Here we use the identification of the wave map with a function u(t,r) as before.
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on v comes in. Indeed, in Lemma 8.5 in [13], the bound (notation to be
explained further below)

_3
1B Fl ey S 171y Nl

is derived which holds provided o > i. Since the iterates for ¢ live naturally
v _
in the space HPQJr2 , the condition v > 1 used in [13] follows.
In the present work, we overcome this restriction as follows:

e First, we analyze the 'zeroth iterate’ (to be explained below) for (a suitable
variant of)e, and show that we can split this into the sum of two terms,
one of which has a regularity gain which lands us in the regime where the
Lemma 8.5 in [13] is applicable, the other of which does not gain regularity
but satisfies an a priori L°°-bound near the symmetry axis R = 0. Note that
the regularity requirement in Lemma 8.5 in [13] comes primarily from the
singular weight R=% at R= 0, and so an a priori bound on the (weighted)
L norm will be seen to suffice to estimate an expression such as R™3¢2.
Intuitively, the reason why we can control the part of the zeroth iterate near
R = 0 comes from the fact that the singular behavior of the approximate
solution from the first part of the construction and the error it generates is
localized to the boundary of the light cone.

e Second, by writing the equation for the distorted Fourier transform of (a
variant of ) € in a way that subtly differs from the one in [13], we manage to
show that the higher iterates all differ from the zeroth iterate by terms with
a smoothness gain. This will then suffice to show the desired convergence.

3. CONSTRUCTION OF AN APPROXIMATE SOLUTION

Here we shall follow closely the procedure in [13], but also correct for certain
(inessential) algebraic errors in the latter reference. In particular, we shall slightly
modify the function spaces used (again without any major consequence). Denote

R=Xtr, \t) =t v>0

Also, write up(R) := Q(R) = 2arctan R. We state the following, quite analogous
to the result in [13]:

Theorem 3.1. Assume k € N. There exists an approzimate solution ugi—1(R) for
(1.3) which can be written as

Cpy
(tA)?

Ck

(log(1 + Rz))Q)
(tA)?

Rlog(1 + R?) + O

ugk—1(t,7) = Q(R) +

R+0O(

with a corresponding error of size®

R

R(log(1 + R?))?
At

(t)\)Qk )

Here the implied constant in the O(...) symbols are uniform in t € (0,0] for some
§ = 0(k) > 0 sufficiently small.

ean—1 = (1— )7 =(

1
5The extra factor (1 — ££)72 here arises for v < 1

5 5, and is not present in [13].
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The construction of this solution follows very closely the treatment in [13].
Specifically, we shall arrive at the k-th approximation by adding k correction terms
to ug:

k
U = Ug + E vj
j=1

Write

sin(2uy)

T

From [13] we recall how the correction terms vy, are computed inductively: for each
k, we employ a splitting

1
€L = 8f2uk - afuk - ;8TU]¢ +

1
ek:eg—&—ek

where e,lC denotes certain higher order error terms relegated to a later stage of the
inductive process. Then depending on whether k is even or not, we define

1 cos(2u
(3.1) (33 + ;8,, - %)02k+1 = ed
2 2, 1 1 0
(3.2) ( —0; +0: + ;87« — T—z)vgk = €91

where we impose trivial Cauchy data at » = 0, resulting in the new error terms
1 2 1
eak+1 = €ap, — OpVagt1 + Nogy1(vary1), €2 = a1 + Nox(var)

Here we have introduced the expressions

(3.3)

Now(v) = 1- COS£22U2k—1)U 8111(22%76“2;—1) (1 — cos(2v)) + %;k—l)(?” — sin(2v))
(3.4)

Nogss (1) = cos(2ug) r_2 COS(Uzk)v sm(;t;zk) (1 — cos(20)) + %(gv — sin(2v))

The key fact for this construction is that while (3.2) is a wave equation, the
ansatz that we will use to construct vog will allow us to reformulate this problem as
a singular elliptic Sturm-Liouville problem, which can be solved by standard ODE
methods. It will then be seen that the errors are in fact decreasing near ¢ = 0.
The main challenge is to control the (increasingly complicated) corrections vy by
placing them in suitable function spaces.

We now define these spaces, implementing very subtle changes compared to [13],
in the definition of the ingredients of S™(RF(log R)!, Q,,) below:

Definition 3.2. Fori € N, let j(i) =i if v is irrational, respectively j(i) = 2i? if
v is rational. Then
e O is the algebra of continuous functions q : [0,1] — R with the following

properties:
(i) q is analytic in [0,1) with even expansion around a = 0.
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(i) near a =1 we have an absolutely convergent expansion of the form

J(3)

+ Z B(Z)+2 Zq J log 1 — a))J
oo
+Z(1_ )+2ZQ1J logl—a))
i=1

with analytic coefficients qo,q; j, and B(i) = iv, ﬁ(z) =vi+ %
o Q, is the algebra which is defined similarly, but also requiring ¢; ;(1) =0
ifi>2n+1.

We also define the space of functions obtained by differentiating 9,,:
Definition 3.3. Define Q' as in the preceding definition but replacing ((i) by
B'(i) :== B(i) — 1, and similarly for Q.

The next definition also diverges slightly from the one in [13], see also [12]:
Definition 3.4. S"(RF(log R)!) is the class of analytic functions v : [0,00) — R
with the following properties:

(i) v vanishes of order n at R = 0.
(i) v has a convergent expansion near R = oo

v = Z Ci]‘Rk—i(IOg R)J
0<j<l+1
i>0
Next, introduce the symbols
(log(1 + R2))? yo_ L
()2 (1)
The final function space is also slightly different than the one in [13]:

by =

Definition 3.5. Pick t sufficiently small such that both by, by, when restricted to
the light cone r <t are of size at most bg.

e S™(RF(log R)!, Q,,) is the class of analytic functions v : [0,00) x [0,1) x
[0,b9]2 — R so that
(i) v is analytic as a function of R, by, bs,
v : [0,00) x [0,b0]* = Q,
(ii) v vanishes to order m at R = 0.
(iii) v admits a convergent expansion at R = oo,

U(Rv'vblvbQ) - E Cij(‘vblvbQ)Rkii(logR)j
0<5<l+1
>0

where the coefficients c;; : [0,b0]? — Q, are analytic with respect to b1,2.
e IS™(R*(log R)!, Q,,) is the class of analytic functions w inside the cone
r < t which can be represented as

w(t,r) = v(R,a,bi,by), v e S™(R*(log R)!, Q)
and t > 0 sufficiently small.
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In the sequel, we shall show inductively that one can choose the corrections vy,
to satisfy the following:

(3.5) Vop_1 € ﬁm3 (R(log R)*~*, Qi_1)

(3.6) egn_1 € ﬁfsl(R(log R)*1 Q) )

(3.7) Vop, € M%HISP’ (R*(log R)**~, Qy)

(3.8)  Zeay € ﬁ 15" (R~ (log R)*, Qu) + (b1, b)[IS" (R(log R)* ", Q)

and the starting error eg satisfying
eo € ISH(R™Y)

Here we denote by (b1, bo) the ideal generated by by, by inside the algebra generated
by b1, be. We first explicitly compute the first and second corrections v 2, and then
automate the process for the higher iterates. To begin with, from the calculation
in [13], we find

4R 2R

e YD)

3.1. The first correction. If we try to make u; = ug + € an exact solution, then
€ needs to solve

1
(3.9) (= 0w+ 0pr + ;8T)5 _

1
€y = ?((V + 1)2

2 in(2
% sin 2e + %(1 —cos(2e)) = e

Introduce the operator
1 1-6R?+R*

1
— 92 _ _ [ ——
=0t ROR T Rty

=05+ %83 - 7‘308;22“0)
Now if we neglect the time derivatives —d;:c as well as the nonlinear term % (1-
cos(2¢)) in (3.9) and replace the exact correction € by an approximate one v, we
obtain the following relation

(t)\)Q,Evl = t2€0
which is a non-degenerate second order ODE and hence solvable by standard meth-
ods. Introduce the conjugated operator L by means of

—L(vVRv) = VRLv

Then one has

3 8
— — 2 - P
£=0 i T oy e
and a fundamental system for the operator L is given by (see [13])
R3/? ~1+4R%log R+ R*
G(R) = ——s O(R) = .
1+ R VR(1 + R?)

With this choice, we have W (¢, 6) = 2. We have the variation of constants formula

1 . R 1 . R
(tA) vy = §R‘§9(R)/O o(R)VR'f(R')dR — §R‘f¢(R)/O O(R)VR f(R)dR
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where we have put f = t?e;. Then compute for large R and suitable constants
C1,C2,C3,C4, d17 an d37 d4

(3.10)
R
R™Y29(R) / d(R)VR't?eo(R')dR'
0
—1+4+4R?logR+ R* R Co c3 Cq 2
= 1
R+ R?) /0 (Cl+1+R’2)(1+R’2+(1+R’2)2)d( +B7)

B —1+4R210gR+R4( c1 n C2
N R(1+ R?) 1+R2 (1+R?)
=diRlog R+ doR +dsR 'log”? R+ dyR™' + O(R %log® R).

5 + czlog(1+ R?) + 04)

and similarly (with re-labelled coefficients)

(3.11)
R

R™Y24(R) / O(R)VR't?eo(R')dR'
0

4R 2R’
2 _ [
1+ R? (1) arree YTV e

R R o caRZ%log R Cs Co 2
_7(1+R2)/0 (e + a1+ B + 208 )(1+R,2+(1+R,2)2)d(1+1% )

0
- dylog(1+ R?)  dslog(1+ R?)  ds(log(1 + R?))?
_ ) 244 ) 2 4 10g 5 10g 6108
= R(i_ggdl(l—i—R ) 4+ dslog(l+ R*) + 1 5 + a 77 1 5 )

+ O(R®log? R)
= e Rlog R+ esR + eslog R+ eq + O(R™ log? R)

R /R R* +4R?1ogR —1
0

T 1R )dRI

Furthermore, since ey vanishes to first order at R = 0, it follows that v vanishes

to third order at zero, Combining these observations, we find that indeed
1
€ ——IS*(Rlog R
U1 (tA)Q ( 0g I, QO)

as required from (3.5).

3.2. The error generated after the first correction. Her we calculate t2e;.
This is given by

(3.12)
1 in(2 2
t2ey = —12(—02 + 0% + ~0;)(uo + 1) + tzw
5in 2 5(2
=12 |0pvy — 51121T2uo (1 —cos(2v1)) — %(21}1 - sin(2v1))}
2 sin2ug ,, o cos(2ug) ,, o _
=t"0pvy — TRQ(D\) (1 —cos(2v1)) — TRQ(D\) (2v1 — sin(2v1))
Then we use that for [ > 1
1 1

R72(tA)* 0] € —I1S%(Rlog R, Qp), R™*(tA)*v}' € 153(log? R, Qp),

(tA) (tA)?
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which in addition to the fact that ug admits an expansion in terms of inverse powers
of R near R = +o00 leads to
1

1
t2e, € WIS3(RlogR, Qo) C W}S%Rlog}%, ),

as required.

3.3. The second correction. Now we intend to add a second correction v, in
order to reduce the error e; from the first stage. More precisely, this time we reduce
this error near the light cone. Write t2e; in terms of its expansion at R = oc:

1
the; = W [clRlog R+ caR+ c3log R+ ¢4 + O(R™ ! log? R)]
for suitable coefficients cy, . . ., c4. Neglecting the higher order error terms O(R~! log? R),
we have to solve the equation

1 1
t2 —82 82 76’,‘_7 :t2 0
(= 0F + 07+ —0r — —5)va = el

where we write
1
t?ed .= (OME [c1Rlog R+ c2R + c3log R + c4]
Homogeneity considerations suggest making the following ansatz: ve = ws + wWs,
where

1 - 1
wr= W (@log R+ WE(@), 2= Gy

To obtain the equations for the functions W (a), we match powers of R and log R.
We arrive at the following equations:

(W3 (a)log R+ W(a)).

1. 1 .
(3.13) tQG(awg(a)) = a(aciJrl — Fi(a)), i=1,0
1~ 1 ~ ,
(3.14) tzfj((t/\)QWQ(a)) = W(ci+2 — Fy(a)), i=1,0
where ) )
m:_81t2+83+*ar—*2
T T

as well as
Fi(a) =0, Fyla)=((v+Dv+aWi(a)+ (a=" = (14 v)a)0.W; (a)
Fi(a) =0, Fo=Qu+r+a)Wia)+ (@' =1+ v)a)daWi(a)
We conjugate out the power of ¢ and rewrite the equations in the a variable
L, Wi(a) = aciy1 — Fi(a)
LowWi(a) = civa — Fi(a)
where the one parameter family of operators Lg is defined by
(3.15) Ls:=(1—-0a*)02+ (a™' +2aB8 —2a)0, + (=B* + B —a"?)

From [13], we know that there exist analytic solutions Wi (a), We(a) for (3.13) on
[0,1), such that
Ws(a),i=0,1,
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admits an odd power expansion around a = 0 starting with a3, while Wﬁ(a) admits
an even expansion around a = 0, starting with a?. Moreover, for a near 1, as shown
n [13], we have expansions

Wi (a) = go(a) + g1(a)(1 — a)" " + ga(a)(1 — a)" "% log(1 — a)

W3 (a) = ho(a)+(1—a)"*= th Jllog(1—a))'+(1—a)* ' hyya(a) log(1-a)]',

where we have taken into account the most general case (when v is irrational, there
are fewer terms in the expansion). The result for Wi(a) is of course analogous.
The expressions for wsy, wo are not quite what we want, since we need ultimately
functions which vanish to odd order at R = 0, in order to ensure the desired
smoothness. Furthermore, we also have the logarithmic factors log R, which of
course become singular at R = 0. In order to deal with these issues, we now
re-define the correction terms ws, ws in the following manner:

1 1
ws = = (Wh(a)5 log(1 + B?) + W8 (a),

-1 R Tl 1 2 570
T = (g (s g A @5 los(1+ ) + W3(a)
Writing
1 10,y 1 1,0
t)\WQ (a) - (t)\)2 2 (a)

where now Z;°(a) € Qy, while from construction we have Wg(a) € Q;, and ob-
serving that Zy%(a), W9 (a) vanish quadratically at a = 0 we see that

(R3 lOg Ra Ql)a

Vo =

1
(tA)*

as required.

3.4. The error generated after the second correction vs. We write ugs =
w1 + V9 = ug + v1 + ws + Wo, and need to estimate

1 1
tPes = t*(e1 — €}) + t*(— 0} + 02 + -0, — —2)02 —t2e9 + 12Ny (v2)
r r
We check that each of the terms on the right satisfies the property (3.8) with k£ = 1.

(1): The contribution of t*(e; — €). From our choice of e}, we immediately get

YR (log R)*, Q1)

t2(e; — V) €

1
(t)?

2): The contribution of t>(—02 +02+1 ~0r — 73 ) V2 —t2¢eY. This error is produced
1

by replacing log R by log(1+R?), as Well as by 1nclud1ng the factor a 22 . Thus
+
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we write this contribution as®

1
—log(1 + R?) —1
PO[ Wi (0)( log(1 + R?) — log F)]
+120] ! L(Wg(a)(llog(HR?)—1ogR)]
(tN)? (1 + R?)= 2
1 R — 1
rainl —————Wy(a)= log(1 + R?
+ [(tA)Z (1+R2)% 2(‘1)2 Og( + )}
R
+(——— — )2
((1+R2)f )t
where the notation £’ means that at least one derivative falls on the factor 1+§2) T-
2

Since 1 log(1+ R?)—log R = O(R™?) as R — oo, and since W3 (a) vanishes to third
order at a = 0, we obtain easily that the first three expressions are in the space

(t)\) (R, Q1)

and since ( — 1= O(R™?), the same applies to the last term above. This is

1
14+R2)2
not quite of the form required for (3.8). However, we can rectify this by writing as
in [13] for any t?%e € W%PI,S’l(R_l, Q1)

t?e = (1 — a®)t%e + i te
- (tA)?
This implies
(R, Q) C (R, Q1) + bo—IS' (R, Q)

(M) (t ) (t )

(3): The contribution of t*Na(vs). Recall from (3.3) that we need to control three
terms. First, we have

- %(SI(R*, Q) + (t)l\)2 ‘(RlogR, Ql))2 X (t)l\)4SS(R3(logR), Q1)
€ (t)l\)Q (Sg(R‘l(logR) Q1) + (t>\) ——=5°(R(log R)?, Q1) 0 )4 (R3(10gR)3,Q1))
(t)1\)2 <SS(R*1(logR), Q1) + <?;;\Z;E>SS(R(10g R), Q1) )

as required. Further, just as in [13], one checks that

251“2(7?;“) (1 —cos(2v2)) € (ti)Q (SY(R™*(log R)?, Q1) + (b1,b2)S*(R(log R), Q1))

and finally for the the cubic term

5 c0s(2uq)
2r2

(b1, b2)
(tA)?

t (2vy —sin(2v9)) €

S*(R(log R), Q1).

6Recall that & = -02 + 0% + %ar — 'r%
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Combining all we have now, we conclude

[ST(R™'(log R)?, Q1) + (b1, b2)S" (R(log R), Q1)],

1
(tA)?
thus verifying (3.8) for k = 1.

3.5. The higher order corrections vi, k > 3. Here we repeat the preceding
steps, making sure that the corrections and errors remain in the appropriate func-
tion spaces. We essentially use the same inductive procedure as in [13], with the
same subtle changes as before. We do this in a number of steps:

Step 1: Given usgp_o with generating error esi_o,k > 2, as in (3.8), choose
vok—1 as in (3.5) with error esp_1 satisfying (3.6).

This is accomplished exactly as in Steps 1,2 in [13].
Step 2: Given eg_q as in (3.6), construct vy as in (3.7)

Here we have to diverge slightly from [13], since our definition of the algebra
S™(R'log R') is different. Thus assume

tesn—1 € ——5 IS (R(log R)**7, Q) 1)

(t)\)Qk

is given. We begin by isolating the leading component eg,%l which includes the
terms of top degree in R as well as those of one degree less (which is where we differ
from [13]). Thus we write

2%—1
2e9, | = t)\ — Z gj(a)(log R)? t)\ RN qu (log R), qj,q; € Q1

which we can rewrite as
2k—1

t2eh 4 = t)\ TIN)2k—1 Z ag;(a)(log R)’ t)\ N2k Z‘b )(log R)?

Consider the following equatlon
tQE(’UQk) = t2€(2)k_1.

Homogeneity considerations suggest that we should look for a solution vy, which
has the form
2k—1

1
Vak = T Z W3, (a)(log R)? M — ZW% (log R)’

The one-dimensional equations for ng, szk are obtained by matching the powers
of log R. We get the following systems
1 ; 1
t2[j ( (t>\)2k_1 ng(a)) = (t/\)zk_l (aqj(a) - Fj (a))

tQG(ﬁWma)) - ﬁ@z(a) _Fia)
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where Fj(a), Fi(a) are
Fy(a) = (G + DI+ w2k = 1) +a )W + (a7 = (1+)adaW3 )]
+ (U +2G + D+ 1) a7 Wy
Fi(a) = (i + D2+ Dk +a )W + (a7 = (14 v)ada W5 )]
+(@+2)(i+1)((v+1)2+a )Wt
Here we make the convention that ng(a),@k =0 for j > 2k and ¢ > 2k + 1.

Then we solve the systems successively for decreasing values of j,i. Conjugating
out the power of ¢ we get

(2k — 1)\ 2 1 1\,
(- (a+ T) + 02420, T—2>W2]k(a) = ag; — Fj(a)
2% , 1 INes o =
2= (o 55) w4 Lo - ) Wi =6 - R
with the definition of £z we give in (3.15), we rewrite them in the a variable
L -1y, W3y, = ag;(a) — Fj(a)
Lot Wy = Gi(a) — Fi(a)

we claim that solving this system with Cauchy data at a = 0 yields solutions which
satisfy

Wi, (a) € a®Qy, j=0,2k— 1

Wi, €a?Qy, i=0,2k
and this claim is established as in the computation of ve above, see [13], lemma
3.9, for details. We need to make a adjustment for vog because of the singularity

of log R at R = 0. Also, we need to make sure that vor has order 3 vanishing at
R = 0. Thus we define vy, as

U2k ‘=

2k—1 . .

1 o1 A 1 2\

T > 0: Wék(a)(§log(1+R )) T Ty 1+R2 § Wi, (a ( log(1+ R ))
J:

By doing this we get a large error near R = 0, but it is not very significant since
the purpose of the correction is to improve the error for large R. Since a = R/tA,

it’s easy to pull out a a3 factor from W’s and a2 from W’s to see that we have (3.7).

Step 3: Show that the error eqy, generated by usy = usg—1 + vor, satisfies (3.8).
Write

tPear = t*(eap—1 — €9_1) + t7(e9_1 — O(var)) + £ Ny (var)
where we recall (3.3). We begin with the first term on the right, which has the form
1 . _
t2(€2k71_€gk71) (tA)gk [IS ( (IOgR)2k7 Q;cfl)+<b17b2>ISI(R<IOgR>2k 17 Q;cfl)]

and we conclude by observing that

ISY (R~ (log R)**, Q) _1) C ISY(R™'(log R)**, Qj—1)+(b1,b2) 1S (R(log R)* ™1, Q) _y)
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. The reason for this is that for w € IS*(R™*(log R)?*, Q}_,) we can write

=(1-a? )7

For the second term in the definition of t?es;, we have that by the same computation
as in (2) of the preceding subsection

% (cx—1=B(var)) € W)% (15 (R~ (log B)*, Q¢)+{b1, ba) [1S" (R(log B)* ", Q)

Finally, for the contribution of 2 Na(va), we use as in [13] that
1
U2k—1 — UQ € WISS(RIOg R, Qk)

and, reasoning as in [13], we find
t2 1-— COS(Sng_1) s
T

1 2k—1 <b ab > 2k—1
OV (18R (10g R)**, Q) + (;A)Q IS°(R(log R)***, Qy))
278111(221;2;_1) (1 = cos(2var))
(t/\l)% (IS (R~ (log R)**, Qk) + (b1, b2) IS*(R(log R)** ', Qk)>

(b1, b2)
(tA)2

5 c08(2ugg_1)
2r2

This shows that es;, has the desired form.

(2ug), — sin(2vqk)) € ]51( (log R)%*~1, Q1)

Iteration of Step 1 - Step 3 immediately furnishes the proof of Theorem 3.1 .

4. INTERLUDE: SOME SPECTRAL THEORY

Here we quickly gather the spectral theory needed for the construction of the
precise solution. This is a quick summary of results contained in [13]. In the sequel,
we shall often invoke the operator
N
dr? ~ 4r2 (141r2)2
acting on (a subspace of) L?(0,00). The actual domain is given by

Dom(L) = {f € L*(0,00) : f, f' € ACic((0,00)), Lf € L*((0,00))

The operator £ is then self-adjoint with this domain. The spectrum spec(L) =
[0,00) is purely absolutely continuous. We then have the following key results,
identically stated and proved in [13]:

L:=—

Theorem 4.1. ([13])(a) For each z € C there exists a fundamental system ¢(r, z), 6(r, z)
for L — z which is analytic in z for each r > 0 and has the asymptotic behavior

: 1 .
o(r,z) ~ re, O(r,z) ~ 57"75, asr — 0.

In particular, their Wronskian W(¢(-,2),0(-,z)) =1 for all z € C. Here ¢(-,z) is
the Weyl-Titchmarsh solution of L — z at r = 0. The functions ¢(-,z), 0(-,z) are
real valued for z € R.
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(b) For each z € C, Imz > 0, let ¢t (r, 2) denote the Weyl-Titchmarsh solution of
L — z at r = 400, normalized such that

v (r,2) ~ 275627 gsr — o0, Im 27 > 0.
If € > 0, then the limit ¥+ (r, & 4+ i0) ewists point-wise for all r > 0 and we denote
it by Y¥(r,€). Moreover, define = (-,§) = ¥+ (-,§). Then y*(r,§), ¢~ (r,§) form
a fundamental system of L — & with asymptotic behavior Y= (r,&) ~ §_ieii5§r as

r — 00.
(c) The spectral measure of L is absolutely continuous and its density is given by

€)= ~ Tmm(€ + i0)xes

with the generalized Weyl-Titchmarsh function
_ W(e(v g)v ¢+(', f))
) = W 9.0,

(d) The distorted Fourier transform defined as

. b
Fif o 7€) = Jim | or.)f(r)dr

is a unitary operator from L?*(R.) to L*(R.y, p), and its inverse is given by

~

- n
FFo g = i [ 6,07 ©p(6)de

L oo 0
Here lim refers to the L*(R_, p), respectively the L*(R,) limit.

The next two propositions detail the precise analytic structure of the functions
é(r,2), ¥F(r,z). This will be pivotal for our arguments below.

Theorem 4.2. ([13]) For any z € C, the fundamental system ¢(r, z), 0(r,z) from
the preceding theorem admits absolutely convergent asymptotic expansions

0(r,2) = do(r) +772 3 _(r%2)7 ;%)
| 2 c- 2_\j 2 4
O(ryz)=r"2 5(1 —7r° — Z(r z)70;(r )) —(2+ ;)(b(r,z)logr

where the functions ¢;,0; are holomorphic in U = {Reu > —%} and satisfy the

bounds )
3C7 1 .
|9 (u)] < Wlog(l + |ul), [¢1(u)| > ilogu if u>1

[01(w)] < Clul, 6;(u)] <

CJ
(-1

(14 |u]), ueU.

Furthermore,
o1(u) = —%logu + % + O(utlog®u) as u — oo,
as well as v
¢1(u) = T +O0(u®) as u— 0.

As for the functions 1) (r, 2), they admit Hankel expansions at infinity, as follows:
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Theorem 4.3. ([13]) For any & > 0, the solution Y7 (-,&) from Theorem 4.1 is of
the form

1
WH(r ) = e o(rez ), 167 2 1,
where o admits the asymptotic series approximation

1
Zq 31/)+ 1/}0_17/’1**"‘0(1_““2)

with zero order symbols @[J;f(r) that are analytic at infinity,
sup |(r8r)kz/J;-r(r)| <00
r>0

in the sense that for all large integers jo, and all indices a, B, we have

gl 0000 o07) = 35 0] S

for all g > 1.
Finally, the structure of the spectral measure is given by the following

Theorem 4.4. ([13]) (a) We have
¢(r,€) = (Y™ (r,€) + a(€)¥* (r,6),

where a is smooth, always nonzero, and has size

la(€)] ~ —€2 logé, £ < 1, |a(€)| ~ €72, €21

Moreover, it satisfies the symbol bounds

|(£0€)*a(é)] < exla(€)], V& > 0.
(b) The spectral measure p(§)dE has density
1
p() = —la(¢)|

™
and therefore satisfies

1

5. CONSTRUCTION OF THE PRECISE SOLUTION

Our point of departure here is the assumption that an approximate solution
usk_1, k > 1, has been constructed, with a corresponding error term es;_1 which
decays rapidly in the renormalized time 7 := v~'t~". Note that with respect to

this time, we get
1+4+v

A7) == A1) = (vr) >

We also have the re-scaled variable R = \(7)r. We shall assume that

leak—1(t,7)| < N r<t

for some sufficiently large N, which is possible if we choose k large enough. We
shall also assume the fine structure of es;_1 as in section 3, and more specifically as
n (3.6). We try to complete the approximate solution usr_1 to an exact solution
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u = ugk_1 + &, where € solves the following equation, see (3.2) on p. 16 in [13], and
(3.3) in section 3 for the definition of Nag_1:

(5.1)

(— @, + X Rop) + (2
Our strategy is to formulate this equation in terms of the Fourier coefficients of &
with respect to the Fourier basis associated with L, the latter as in the preceding

section, given by

1 Ar oy~ ~ o1 _1
2+§a7—(7))6—£8:)\ 2R2(N2k_1(R 2&)+62k_1)

3 8
— _92 =
£="0r+ i (1+ R?)?
Introduce the operator

3 no'(n)
K=-(5+ do(& —n) + Ko,
G p(n) )
see (5.3) on p. 25 in [13]. This operator is needed to describe the transition from
(5.1) to the equivalent formulation in terms of the Fourier coefficients:

(0, + 3 Rom)” = (0 + (- 2§a§+16))

‘r T >\T

A Ar )\
(5.2) + 7ic(a 260 F + (
= (0, — Yr2e0) F 42T

+ 0, (55 )1@?*2(A )2[£0, /qf+( )ICQJ-‘

D)2 ICEF

K(0, — i2ga§)f

To proceed further, we have to premsely understand the structure of the ’transfer-
ence operator’ K. Make the

Definition 5.1. We call an operator K to be ’smoothing’, provided it enjoys the
mapping property
- 1
IC: Li’a — L,zja+2 Va
For the definition of the weighted L2-space Lg’“ see (5.15), p. 29, in [13]. Specif-
ically, we have

N|=

lullze = ([ @R (6 p(e) de

The preceding definition means that applying K we gain 1/2 power of ¢ of decay
as & — 0.
For future reference, we will also use the following notation: if

/ O(R. €)2(€)pl€) de.
then we write
1l = ( / 22(€)(€)% p(e) de)

Now according to Proposition 5.2 in [13], both operators Ko, [£0¢, Ko], are smooth-
ing. This is not stated this way in the cited Proposition for the commutator term,
but the same proof as for Ky yields the smoothing property for [£0¢, Ko]. Our
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strategy shall be to move terms involving a smoothing operator to the right hand
side, and keep those terms without smoothing property on the left, building them
implicitly into the parametrix. This procedure is different than that employed in
[13], and mimics the strategy in [12].

Write (see Theorem 4.1)

S R) = /O " G(R. ), O)pl€) de

whence z(7,§) = (F&)(7,£). Then using F (L&) (7,§) = £x(T,§), we get from (5.1)
and (5.2)(all functions are to be evaluated at (7' €))

—(0, — %ngag)%: — o= 2/\77IC(6 ~ 260e)z + (%) [K? = 2[60¢, K]
(53) -GG+ o Coa 0.k

+ AT2F[R? (Noj_1 (R™22) + eap_1)]

Here we want to remove all linear terms that do not have the smoothing property
from the right hand side, which forces us to modify the left hand side. Observe the
identity

A 3 pOEe Ao
(8—,— - 7[2685 + 5 + p(E) D - (87' - 2756&)
Ar oA 3 p(EE
Ar 3 Pl )5 Ar
- 7[5 p() (87 - 27555)
Ar o P(E)E 2
PG+ g
It follows that we have the relation
(5.4)
Ar 3 ! Ar Ar
(0, - Srpeve+ S+ ppi?)f D - o = 227 Ko (0, - 2ac0e)a
+ (/\T )2 [IC2 — (’C — ’Co)Q — 2[§6§,ICO]]$

by
~ G+ 5050+ 0 (DKo
+A7 Qf[Rz(Nqu( %g)Jrer—l)}

Here the linear expression
1 A ol v4+12 1v+1 _
(4(/\) + 3( )) T=T 2(1( > ) ~5, )x::CT 2y
still doesn’t have the smoothlng property. However, = has better decay than the
source terms esg_1, and so we will gain smoothness once we apply the parametrix to
this term. We shall therefore leave it on the right hand side. To simplify notation,
introduce the operator

Ar 3 p(&¢
D, =0, — 2T [260; + =
(260 + 5 + @ ]
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Then we can finally formulate (5.4) in the form
(5.5) D2+ &z = f,
where we have

g :z%wco (@, - %2555)x + (i;)? (K2 — (K - Ko)? — 2[€0e. Kol

(5.6) \
* 3T(7T)IC095 + A2 F[R? (Nog 1 (R728) + eap1)] — o7 %z

In order to solve (5.5), we first formally replace D, by 0, and reduce to the simpler
model problem

(5.7) Leqx = 022 + A" 2(1)éx = f,

The extra factor A~2(7) comes from a change of scale. Introduce the symbol
S(7,0,€) as in [13], via the requirements

028 + A73(1)eS = 0, S(7,7,€) =0, 8:5(7,0,8)|r=0 = —1.

We commence by noting that it suffices to consider the case £ = 1. In fact (see
[13]),

Lemma 5.2. We have the scaling relation
S(r,0,6) =€2S(r¢7%, 0675, 1)

Proof. We verify that the expression on the right has the desired properties. This
follows from

D2EES(rE™2 0675, 1) = F(92S)(rE7F 0675 )
TETIE(EES(re TR 06T E 1)) = € E(re E) TP RS(re T E 0T E 1),

where we recall that A(7) ~ T O

We now construct S(7,0,1) via the following

Lemma 5.3. (a) Let v < % Then there exist two analytic solutions ¢g, 1 of
Li,¢; =0, j =0,1, which admit a Puiseux series type representation

2k

¢i(r) = e’V cjo=1,5€{0,1}.
k=0

The series converges absolutely for any 7 > 0. (b) There is a solution ¢o(T) for
L . of the form

N

do(r) = 72T V14 a(rv)]
with a(0) = 0.
This is Lemma 7. 1 of [13]. It implies the following key

Proposition 5.4. ([13]) There is a constant C' > 0 such that we have the bounds

80,0 S (D) + 7274 10:5(r, 0,0 5 (2)°

We can now write down the explicit solution of (5.5):
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Lemma 5.5. The equation (5.5) is formally solved by the following parametriz

s \3 . 1 )\2(7 2(r
M) @t o e, §2§U§s>da = (UN(T.)

69 =9 | 1o pi6

This is a simple direct verification, as in [12]. For us, we will need the mapping
properties of this parametrix with respect to suitable Banach spaces. We have

Lemma 5.6. Introducing the norm
1l gz = sup £, Y3
T>To
we have
HUf”Li,ow%;N—z < Hf”Lﬁva?N
provided N is sufficiently large.

Proof. This is a consequence of the bounds in the preceding proposition. Observe
that

It follows that

iy M (1) PP GeR0) ) 22(7)
e R el wa ]
SO R AR (RRRS R MR e ]

It follows that

oo
A 1
05 s S 590 ]z sup 752 [T (D) (3D 0N do
P o>To T

T>T0

< )
S sup [z

provided N > (2o + ) + C + 2.

The goal is now to formulate (5.5), (5.6) as an integral equation and find a
suitable fixed point, which will be the desired z(7,§). The issue is that = will only

have very weak regularity a priori, in fact z(r,-) € L,Q,’%+%_ is optimal, see [13],
and this does not suffice for good algebra estimates provided v < % We thus have
to find some better space to place x into. The key for this will be the zeroth iterate
for solving (5.5), (5.6). Thus solve these via

(5.9) (1, €) = (Uf)(7,€)

with f as in (5.6). To find such a fixed point, we use the iterative scheme

zj(1,8) = (Ufj-1)(7.€), j > 1
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where we put

~f; 22%’@1 (0 — %2555)% + (%)2 [K? = (K — Ko)* — 2[€0¢, Ko,

Ar _ 1 _
+67(7)icomj + A 2F[R? (Nap—1(R 2

gj) + 62]@,1)] —cT T

Nl=

and of course we put

) = [ o9y p(e) de
The zeroth iterate in turn is defined via

20(7,€) = (UN"2F[RE (ea,-1)]) (7, €);
here we may also replace eg;_1 by a function which co-incides with it in the back-
ward light cone r < ¢, in light of Huyghen’s principle. This shall be handy below.
5.1. The zeroth iterate. We claim in effect the following:

Proposition 5.7. There exists eop_1 € H]%d_R such that €a,_1|r<t = €2k—1, and
such that if we put
wo(7,€) = (UN2F[R? (831-1)]) (7, €),
we can write
Ty = x(()l) + CU(()Q),
where we have
o) € N A

as well as
Xr<185) (7, R) = Xr<1 / O(R, &) (r,€)p(€) de € TN RIL™®
0

while also .
9382) € TfNLp’ ta-

Remark 5.8. Note that for R > 1, we actually have the bound
R SV
since 'égl)(T, e HE.
Proof. Recall from structure of the error esg_1 of the approximate solution wugr_1
that esx—1 can be written as a sum of terms involving the singular expressions
T N72(1 = @) 3 (log(1 — @), j < j(i), i > 1,

multiplied by smooth (in ¢,7) functions. In fact, up to an error of class H]?JIH
(namely when (2i —1)v > 2+v), there are only finitely many such expressions. We
now define ey _1 by replacing each of the above expressions by their truncation

T N1 = a)" 2 (log(1 — @) <
and the rest of egr_1 is smoothly truncated to a dilate of the light cone r < ¢. Thus,

specifically, we shall write

. S0 @)
€2k—1 = €gp_1 T €571,
Where we may assume

~2) —~N-27724v—
€op_1 ET Hg;
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while %2)—1 is a sum of singular terms of the above form with smooth bounded
coefficients. Since F o T~ (Hg,) = Li’%, where T is the map

u(R) — ewR_%u(R)7
we see from Lemma 5.6 that we have the bound
_ 1.42)

HU/\ 2]:[R2 (éék—l)] HLKZ;H%*:N S1
and so we can include U)FQ}'[R% (éﬁg_l)} into xéQ).
Next, consider the more difficult contribution of E&ll, where a more detailed analy-
sis of the parametrix becomes necessary. For general f, consider the decomposition

o

/°° A (7) p% (323)

3

Ai(o)  p2(8)

0 A7) 02 (3236 , 22(r)
= T S(r,0,A L ——26)d
J{mx{nCXAQ@ﬁﬁ)g} Ai(o)  pE(€) (ro. Xm0 A2(0)5) 7
max{‘nC(,\?(T)ﬁ)%} )\%(7') p%(i‘zgggé') ) )\2(7_)
+f D S ()0 (o S €)

= UHY+UH?
for some large constant C'. In the first integral, we have
o> C(N*(1)6)%,

whence we obtain

It follows that
2l P T [P

and so we have gained smoothness for this terms at the expense of temporal decay.
It thus remains to consider the term (U f)(®, which in fact requires most of the
work. On account of Lemma 5.2, we have

v

S(r 0,2 (1)8) = WH(1)€) 7 S(r(N*(7)§) ™%, o (W (7)€) %, 1)

Then from the proof of Lemma 7. 1 in [13], we can write

SO o2 (1)), 1) = I (6 (V7)) 5o (N2 (r)e)5)
and so using the factorization” ¢o(7) = Pt v VT [1 + a(r+)] as in Lemma
7.1 in [13], we obtain
(5.10)
(WM ES(r(N*(1)§) %, 0 (W (r)8) 5, 1)
= T%+%U%+%()\2(7)f)_% sin (Vﬁé’r(l —(

)

N

THere we correct a typo in [13]: we replace a factor v by the correct v~
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Here the function a(7) is smooth with bounded derivatives.
Our task now consists in checking how the oscillations of this expression potentially
2
cancel against the oscillations of f(o, 12—835) in (Uf)®. Recall that
A2(T) 9 1,1) A2(7)
f(ga Wf) = )‘ (U)‘F[R2 (62k—1(07 ))] ()\2(0) 5))
We need to analyze the large frequency asymptotics of this expression. We recall
from Theorem 4.4 that

P(R,€) = a(Q)v" (R, €) + a(§)PF (R, )

where we have the large frequency asymptotics |a(£)] ~ & ~2, £>> 1. The function
a(€) is smooth and in fact obeys symbol behavior, see Theorem 4.4. Furthermore,
the oscillatory function 1+ can be written in the form

YH(R€) = €5 o(REY R), Ret 21,

where we have a symbolic expansion, see Theorem 4.3,
(oo}
o(qr) =Y a7y (r)
§=0

and the functions ¢;’ are uniformly bounded and smooth with symbol behavior.
We insert these asymptotics into the formula for the Fourier transform, using the
singular source term

AT2RIES) = N2y aB (1 —a)V 2 (log(1 — a)), i > 1.

In fact, we may replace all additional factors R~ (log R)! by (A(c)-0)~*(log(A(0)0))!,
since the errors committed thereby gain one degree of smoothness, and are thus in
Hﬂl{;"”_. By the same token, we can also include a smooth cutoff Xa>1-

We now find that (with f(c,¢) = F(A\"2R2e_,(0,))(€) as well as a = +2-)

f(0,€) =o—N-2 / (€)1 o (Red, R)xos rat (1 a) =3 (log(1 — a))! dR

o2 [ e (R Ryt (1 - @) (log(1 - ) dR
0 =2

Using the asymptotic expansion

o(REZ,R) = co + O(R—E%),

where the O-term enjoys symbol behavior, we get

/VO a(¢)¢~ teihe? 0(RE2, R)xy> 302 (1 — )2 (log(1 - a))’ dR
0
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To bound the second term, observe that

after integration by parts with respect to R. In short, we have now shown that

a?(1—a)” 2 (log(1 — a))? dR

1
2

f(o,8) ZCO/O a(é)é_%emg%xaz

+ co / a(€)eFeiRer y o sab (1 — a)" =} (log(1 — a))7 dR
0
+O(7 1)

We now analyze the integrals more closely. We introduce the variable z = vo — R.
Then we can write

vo 1 iped
/ a(€)¢ 1 x s
0

iVUf% -1 Y * imf% x % _1-2iv T\
=" a(E (vo)? " Xagy (1= =) 20 (log(~)) da
0

a*(1—a)” 3 (log(1 — a))/ dR

1
2

vo vo

Changing variables to y = £ 2 allows us to express this expression in the form

o o€ I F(0,6),

where we have

o0

Fed ::(W)%W/ "X (1— —L )5y (log(

1
3 1
0 y<roE vof?

Observe that F(o,¢) € C*, and we have

08, F(0.8)] < (v0) 6%, |0,F(0,)] < (vo) 2o,

1
Here it is of course important that we have the restriction y < % We thus now
have the representation
o ,
F(0,€) =coo Ve a(€)¢ 2TV F(0,€)
1 :
(5.11) —I—coU—Ne“’”52a(§)§*%*’”F(a,£)

+o Vo)

where we keep in mind the restriction that £ > 1, as we only care about the large
frequency case. We shall now use this in the context of (U f)®), see above, with

f=A"2(0)F[RE (), (0,)](€)
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Begin by writing

min{C(AZ(T)E)%vgmﬁT} )\ (T) %(ii(;gf) m

U (r¢) = /

maX{T,C(AQ(T)g)%} )\%
+ / 5 §)do
2

min{C(A2(1)€) ¥ £20F7 1} A
= (U (1,8 + (UF)PD(,€)

In the second integral, we have

2(1+,)

£<(

and so we get
HOAE 2 S £l 2.5 -2,

provided N is sufficiently large in relation to v.

We have now reduced things to (U f)V(7,€), where we have ;‘2535 > 1, and so
we can use (5.11). We shall combine this with the asymptotic relation (5.10). Just
recording the integrand of the resulting expression and omitting constants, we find
the schematic expression

)\%(T) ()\2(0)5) Pta “3sin (v€ar(1— (2)F 14 a(k(\3(1)€)~ 2
o e ) e s b1 ) ) 11 (14 el 09)75)
) U,Neiiyg ’;E;gg% a()\2(7) g)( )\2(7') f)*%*il/F( )\2(7') g)

32(0) 7 32(0)

min{C(X*(r)e) % 20w

A%(0)

and so (Uf)?Y(r,£) is obtained by applying I ™ do to this
integrand. Observe that the decay of this expression with respect to large £ is

o ™),

but in order to obtain the desired L2 Atg N -decay, we would need at least £7272

The only way to eke out this extra decay in £ is to exploit the integration in o, for
which the product of the oscillatory factors

1 1 1 1
(vedr(1-2)%)) _ miledr(-9%) o
sin (VE%T(lf(g)%)) ﬁ:wgiga))g% _ eZ(V 27(1 (%) )) e 1(1/ 27(1 (%) )) .6:‘:1”0;§¢;§%

is key. The resulting phase functions (upon developing this product) are either of
the form .
1
eii(u£57(1—2(g)?))7

in which case we gain a factor £ ~2 via integration by parts with respect to o, or
else of the form
:til/f%T
€ )

in which case the o-oscillation has been destroyed.

It is this last case we now investigate more closely. We shall essentially put

2§ = (U )@ (r,¢)
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1 v__.
2,14% N

Then the required inclusion xél) eL, is immediate, and so we now need

to verify the sufficient vanishing of éf)l)(r, R) at R = 0. Thus consider

“0 (7 R) = /0 (RN (. )ple) de

(5.12) - /O Year6(R, )28 (r, ©)p(€) de
(5.13) + / Yizeer-26(R, )2 (7, €)pl€) de
(5.14) + /0 Xesn-26(R, )z (7, €)p(€) de

We have included smooth cutoffs to dilates of the indicated regions. Here the first
term (5.12) clearly is in L2'%" and hence negligible. It remains to control the other
two terms, for which we use the asymptotic expansions of ¢(R,&). For the last
term, use

P(R,€) = a(Q)v" (R, €) + a(§)PF(R,E)
with
UH(R.€) =€ e o (REE, R), REF 2 1,
as well as |a(€)] < € 2. Then keeping in mind the structure of xél) = (U£)PV(1,¢),
we can write (schematically)
| xenwor 0 (ro)0(6) de

(5.15)
e 1 (RedLped L #(7€)
= /0 a(€)E T xesp-2e' B EE o (Rez R)( / Gi(o,7,€)do)p(€) dé

(5.16)
o0 1 . % K(T,€)
+ / a()6 xes 2 o (ReE, R)( / Galo.7,€) do) p(€) deé
0 T

where we have used the notation

k(7€) = min{C(\*(1)€) %, €207 1}

as well as
_)\%(T) P%(izggf) Ovi+d 1 9 i
BOmI ) g ¢ 1L el o)
g N0 X0 i M)
0 VoS3 G & F @ S
Further, for the oscillatory second integral, we have
Ga(0,7,€) A3 (7) p%(f\‘jggﬁ) (g)%+%§—%ei(iugzr(1—2(l)%)) H (1 +a(k(M2(1)E) %))
TN i T et
v AT A2(r _1 4y A2(r
TN A (G F (0 35 )
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The idea now is that in the first integral (5.15), we can perform an integration by
parts with respect to 5%, provided the phase R 4+ v7 is large, which is certainly the
case if we restrict to R < %-. More precisely, this becomes possible once we split
the &-integral into two, where the limit x(7,€) is a smooth function of £&. Observe
that

|G1 (Uv T, g)’ /S A(Uv 7-)67%

for a suitable A(o, 7). Performing an integration by parts with respect to 55 in
(5.15) and assuming N to be large enough (in relation to v), as well as using the
bound szR—2£_% < R, we then find

> : b ch . K7€)

|XR<zr / a(§)€ A xes goe B0 (Re2 R)( / Gi(o,7,€) do)p(€) dé|
0 T

< ~(N-1)pj

Next, consider the integral (5.16). Here we perform the integration by parts inside
the o-integral, due to the oscillatory phase

ei(iu§%7(1—2(g)%))
Indeed, we have

ei(iuf%7(1—2(§)%)) _ :F(E)Hfl(%g%),lag (ei(iyg%f(l—z(g)%)))

T

. . _1 . 14071
and so we gain one inverse power £~ 2 at the expense of a weight (%) , and

this is enough to force absolute integrability with respect to £ since p(§) ~ £ for
large £. Tt follows that

oo o I . #(7,8)
[ a©¢ bxesne ™o B[ Galor) do) ) de
0 T
< T_(N_l)R%’
even irrespective of the size of R. This concludes the estimate for the term (5.14).

It remains to deal with (5.13), where we use the expansion

o0

O(R,€) = do(R) + B2 > _(R%) p;(R?),

Jj=1

where the functions ¢; are smooth with very good bounds:

6,(0)] < 7=, 081+ ),

see Theorem 4.3. Then as in (5.15), (5.16), we decompose

/0 Yeer—20(R, )2V (7, €)p(€) de
00 1 K(7,€)
(5.17) _ /O Necn 2 (R, )e"E8( / Gi(0,7,€) do)p(€) de

oo K(7,6)
(518)  + /O Neen 20(R.€)( / Galo.7,€) do) p(€) de
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In the first integral on the right, we perform integration by parts with respect to
& %, gaining a factor 7!, If the derivative falls on the function ¢(R,¢), we obtain
the differentiated series

> iRV RigE 6, (RY)
j=1
which is bounded in absolute value by
| D G(R*YTIREE26,(R?)| < R* log(2 + R)
j=1

When the derivative falls on the inner integral, the bound is the same as before,
and the last integral (5.18) is also bounded just like (5.16). This concludes the
proof of the proposition. O

For later reference, we need somewhat more refined information, which however
easily follows from the preceding proof. We mention

Corollary 5.9. Denote by Py the frequency localizers
-F(P<>\f)(f) = X<>\(f)(-7:f) (€)

where x <1 (&) is a smooth cutoff function localizing to & S A, as in [13]; here X is a
dyadic number. Then we have

XR<1P<>\E:E]1) S T_NR%LOO
uniformly in A > 1. Furthermore, for any integer | > 0, we have

VLR 3P \EN = 0o(r )
uniformly in A > 1.

5.2. Analysis of the nonlinear source terms. From (3.3), we recall the follow-
ing formula for the main source term:

)\72R%N2k71(R7%a =

4 sin(ug — usgg) sin(ug + uay) :

(5.19) oA
sin(2uay ) L
(5.20) T2 (1 - cos(2RT28))
2R>
2 -
(5.21) 1 002U (5 pd gineRr-12)
2R>2
According to the preceding proposition, we have
Zg € T*NL?,’%—F%_

whence )

go(r,") € T_NHE+§_
This means that for the source terms, we need at least H, p% " -regularity. In fact, we
can do much better for the term (5.19). Recall that

2k
Uz = Up + E Uj
j=1
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where we have

V251 S %5 153( (log R)Qj_l, Qj—l)a V2 (S ISB (R(log R)Qj_l, QJ)

1
(t)\) (tA)27+2
This implies in particular that

sin(ug — uag)
R

Then we recall Lemma 8.1 from [13]:

sin(ug + uag)

€ (A\t)"%IS(log R, Q), =

cIS(R™', Q)

Lemma 5.10. ([13]) Assume |a| < ¥+ 3, f € IS(1,Q). Then we have
loflly S 17l

Application of this lemma yields the bound

||4sin( 0 — uzgg) sin(ug + uag) ~||

(5.22) i

por SO0y

To deal with the truly nonlinear source terms (5.20) and (5.21), we need the
following multilinear estimates:

14 v_
Lemma 5.11. Assume f,g € HﬁJr2 N R%LO", Poyf,Pcag € log)\R%LC>O uni-
formly in A > 1. If also xg<1V" (R_%P<>\f) € L™ uniformly in A > 1,1 >0, then
we have

R 3fgeH ¥ " nRIL™.

for arbitrarily small 0 € (0, 155] (with implicit constant depending on ), and we
also have
R™2P_\(R™2fg) € log A\L™, R™'P_\(R™% fg) € L™

T ARIL>, Poxf € log AR? L* uniformly in

, 6 € (0, 755, then

uniformly in A > 1. If f € Hp%—%
A\ but ge HY 727207

2+2

R 3fge H} "* NRIL®, R 2P.\(R™2fg) €logARZL>, R™'P_\(R"% fg) € L™

14+%—25—

1, v
The same conclusion obtains if both f,g € H, . Further, if f,g € (H,?Jr2 n

R3L>), as well as
P_\f € RL™, Pcg € RL™, xpc1 V(R Poyf) € L=, 1> 0,

1+%—25—

uniformly in A > 1, or else one of f,g € H, , we get for 7 =0,1

Rifge Hi"#° N RL®, P.y(R™ fg) € RL*™,
the latter inclusion uniformly in A > 1.

Proof. Throughout A 2,0 are dyadic numbers. We mimic the proof of Lemma 8.5
in [13]. Write

REfg=>"" > P(REPfPyug)+>. .  Pr(RTEP\fPyg)

A1,2 o<max{A1,2} A1,2 o>max{A1 2}
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To bound the first term, write

S Y P(RTEP\fPyng)

A1,2 o<max{Ai 2}

(523) = Z Z PO' (R_%PAlfPAzg)

A<z o<max{A12}

+ > S P, (R7EP\ fPyg)

A12>A2 o<max{A12}

Then we get for the first term (after summing over Ay only)

oA RS Pey, fPagll e < o3 E TR P S [Pl

l,v_§5_
5(%)2+2 § /\2_5||R*%P<,\2f||Lx||PA29|’H§+%_

which is more than acceptable in the case 0 < A9 (allowing for square summa-
tion over o, \3), even taking into account the logarithmic loss from the factor

HR_%P<)\2fHLOO on the right, thus controlling the first term on the right of (5.23)

. i4r— 1+%-25—
in case g € H; ' * . If on the other hand g € H, * , we get

OB Pex, fPugll e < o2 TR P f| [Pt

< (< )%Jr%_)\;%JF%HRi%PQ\szLw HP/\?gHHH%ﬁF
P

_()\—2

Here, we can again square-sum over o, Ao. Next, for the case A\; > Aq in (5.23), the

1, v
argument is identical to the one above provided g € H,?+2 N R%L‘X’, Porf,g €
log A\R2 L™ uniformly in A > 1. On the other hand, if g € H;+§_25_, we have

U%+%7||R7%P)\1fPAQQHL2 S U%+%7||PA1fHL2"R7%PA29||L00
SHE Py ] e de| Pl

1l v v
S (;)HQ Ay z+26||P>\1fHH§+%,|}P>\29HH;+%_%_

—_

by Lemma 8.3 in [13]. Again this is more than enough to square-sum over o, A\
and sum over A\g. These observations handle the case of small 0. We note that the
L%-type estimates for
R™ fg,j €{0,1}

are just the same and in fact easier under the corresponding assumptions in the
lemma.

. 3 . .
Next, consider the case o > max{A12}. If Xp<1 V% (R™2 Py f) € L> uniformly in
A > 1, then we get

15 (xrer B2 Peo fPr,9) || o S NI Progl e

Here we have used Lemma 8.4 in [13]. It follows that

. A _1l_v
HPJ(XR<1R_%P<UJCPA29)HH%%— S (f)k ’ 2+||PA29||H%+57
b p
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which suffices to square-sum over . On the other hand, including a smooth cutoff
XR>1, and assuming A2 > \; as we may, we get

||£k(XR21R7%P>\1fP>\zg)||L2S/ Z ‘|V7;%1P>\1f”L°°”leP>\ngL2
m+I1<k

S D NTIVEP I ges- I VRProglle
m+I<k 4
- 5+
SATOA ETE ST APy, /] b IPagl ey
m+I<k Hy

whence

Aok—Ll-zy
) TEE Py ) ahrs- 1Pl
(o} H;

-~

||P0(XR21R73PA1fPA29)||H%+£ S s
b p

This again suffices to square-sum over ¢ and ['-sum over \;. If g € H*t272°~ we
note that the argument for Lemma 8.5 in [13] furnishes the bound

|£¥(R™5 Py, fPr9) | NA“‘A’CHPAJH $Praglg:
and so we get
€5 Po (R Py, fPaug)| 3g- SANSo= 5P AL 3 I Paagllng
P

13

The duality argument in [13] then yields (provided o > Ay > A1)

_2 by
||P‘7(R gP)qu)\zg)HH%Jr%, S (0_2

p

1 —24926
VN TIPS vy [ Paggl g2
R H,

which suffices for the case A\; < A2 < o0, and the necessary summations. For the
case A1 > Ao, one instead uses that

_3
H»Ck(R 2P/\1fP)\29)HL2 g >‘11€)‘2HP/\1f”L2HP/\Qg”Lz?
which implies that

A kflf”%» Y425
|2+ (R™2 Py, fPay9)|| s S ()T TIPS g [Pl ey e
/J p P

This is again enough to sum over all dyadic frequencies. Finally, to obtain the

inclusion R_%fg € R3 L, we observe that

Nl=

| / (RO (E)ple) de| < RY ( / TR p(6) de)

S llgll ey 20

(/Ooo <€>—2—u+25+p(§) df)

whence [g(R)| < R%||g||H1+g_25_. This implies
P

-3
1R fallie S 151, 3

PN L e,

Nl
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We also need to control ||[R~2 Py (R’%fg) |Lee for arbitrary dyadic A > 1. Write

R™3 Py (R73 fg)

(5.24) = R 2 Pox(xponR % f9)
(5.25) +REP\(XpegB 2 f9)
(5.26) + R P (X g R72 f9)

for smooth cutoffs x5 etc. To bound the first term on the right, we use that the
operator P.) is given by integration against the kernel

(5.27) Kax(RB) = xpr /0 T SR xeard(R.E) de

for a smooth kernel function y¢<x. We claim that this kernel maps L> continuously
into L. Taking this for granted, we obtain for the term (5.24) the bound

IR™2 Por (X iR 219) | e S sup [|[Pax(xz B F9)]|

R~27

S ”fHR%LOO ||g||H;+%_25_+R%Loo

To get the L>°-boundedness of (5.27), write

Xnoi /0 PE)O(R, €)xeard(R, €) de
= 3 Xaohen / P(ES(R, E)Xecmmirn—2 (R €) dE

N dyadic

+ Y Xpmw /0 PEIB(R, E)xn—2<erd( T, ) de

N dyadic

Using Theorem 4.2, one infers for the first term on the right the bound
oo - X ~~
| Nnmew [ AOORONecmingr2) 9 €) de] ML

N dyadic

and this kind of kernel is easily seen to act boundedly on L>°. For the oscillatory
integral kernel above, write schematically, using Theorem 4.3, Theorem 4.4

. /0 P(E)B(R,E)xx—2<cond( B, ) dt

1
2

o0 1 el =1 1
= XpoRoN /O p(€)a(§)?E 2T R FIRER (7 4 0<¥))2><N72<5<A d¢

R+ R)‘ XRNENN)
R R ’
for a suitable smooth and compactly supported function y1, and the L*>°-boundedness

of the (sum over dyadic N of) these operators follows easily. This concludes the
estimate for (5.24).

= Xpofon | = NXI(N(£R £ R)) + AXXi(M£R £ R))] + O(|log(
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To bound the term (5.25), we break it into a number of constituents, using Theo-
rem 4.1 - Theorem 4.4. Write

R™3Pox(Xpe gR 2 f9)
e /O h /0 " Nnerlt HBo(Bxeard B 0(R. p(€) deaR
with smooth cutoffs X, _ 7, Xe<x. We further split this as
R-% /0 . /0 N pe B F (BB xerd(R. DR, €)p(¢) dedR
(5.28)
_pd /0“’ /0“ XneiXrzes1 B2 F(R)g(R)xeard(R, €)$(R, €)p(&) ded R
(5.29)
w1 [0 [ i B BB dl R O0(R.O0€) dedR
(5.30)
+R? /Ooo /OOO XpeiiXiear B

For the first term on the right, (5.28), both functions ¢(R,£), ¢(R,£), are in the
oscillatory regime, and can thus be written schematically as

e

F(R)g(R)xe<rd(R, E)D(R, €)p(€) dedR

_1 i % 1 ~ _1 iN % 1
$(R,€) = a()€ 1e™ 2 (1+ 0(——1)), (R, €) = a(§)¢ 17 (1+ 0(=7)).
R R
By applying integration by parts with respect to the variable & %, we find
o0 R ~ — — .
1(5.28)| < /0 XR<<E(§)NR HE(R)||g(R)| dR
and from here we get
1629 5 170t gl s -
For the intermediate term (5.29), one uses the expansions
~ L1 iped 1
$(R.€) = po(R) + ¢o(R)O(RE?), d(R,€) = a(€)€™ 1 (14 Olzer))

and then uses again integration by parts with respect to & %, obtaining bounds
just as in the preceding case. Finally, for the remaining integral (5.30), using the
expansions

B(R,€) = ¢o(R) + ¢o(R)O(RE?), $(R.€) = do(R) + do(R)O(RE?),
we find

A
63015 ([ r©0©7 )1 L1 5,

f g
SlogAH%HLmH%HLw
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If we replace here the outer factor R3 by R™!, one instead gets the bound

A
S ([ 0@ a0l Zll il e

and so we no longer get a logarithmic correction for ||R*1P<>\(R*%fg)HLoo.

Observe that in order to bound ||R™!P-yR~! fg| L, and under the assumption
f € RL*®, g € RL®, proceeding just as before we encounter instead of (5.30) a
similar expression with the factors R~ 2 R 3 replaced by R~ R 1. This we can
then bound by

/ g L / g
LNl [ R aR S 1) e

thus without logarithmic correction. It is clear that the remaining cases occur-
ing in the bound for (5.25), as well as for (5.24), are easier for the expression
|R~'P-x(R7'fg)]| ., and hence omitted. The bound for (5.26) is more of the
same. This completes the proof of the lemma. ([l

1, v_
Lemma 5.12. Assume that all of f,g,h are either in H,?+2 NR3L>® as well as
with their frequency localized constituents P<(-) € log AR2 L™ and XR<1VZR(R*%P<A(-)) €

L*> 1 >0, uniformly in A > 1, or in HH"‘ 20

R™3fgh € H>" 5 2-AR3L> P_\(R3fgh) € log A\R? L, P.x(R™®fgh) € RL™

. Then we have

with the latter two inclusions uniformly in X > 1. Also, if h; € HE+%7 N R3L>®
and further P<yh; € RL*> as well as xr<1V (R‘1P<>\hj) € L*>®,1 >0, uniformly
mn A, or else h; EHH_2 ,forj:1,27...,2N, then we have

3fth h2jh2] 1 €H2+V —26—

We also get
N
3 1 v
2 H h21h21 1) € H>T570

For the proof of this, one notes that by the preceding lemma,
R 3fge H* 5" NREL®, R™3P\(R™ % fg) € log AL™
uniformly in A > 1. Also, we have
R™'PoA(R%fg) € L

uniformly in A > 1. By another application of the preceding Lemma, we obtain the
conclusions concerning R~3 fgh. The conclusion concerning

3fth L pshay )

then follows by further iterative apphcatlon of the preceding lemma. The last state-
ment of the lemma follows similarly.
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We can now complete the estimate for the remaining two nonlinear source terms.
Observe that we can write the first of these, (5.20) in the form

sin(2usay ) 1 sin(2uzgk) ,_1.02
W(l—COS(QR Qg)) :W(R Qg) q(R 1/5\:2)
_sin(uor) o35 1
Y R 2e%q(R™"€%)
where ¢(-) is real analytic. By combining Lemma 5.12 and Lemma 5.10 (with
a=31+%) and using
sin(2uay)
——=cIS5(1
2R 6 S( 3Q)7

we find

Lemma 5.13. We have the source term bound

sin(2uqg) _1 2
||T;k(1 —cos@RTE)| yeg-om S [l 3es s e
provided we have
(5.31)
~ 3 3 ~
Bl ses g, SLIREPaSle S 1 [xraa Vh(RE Pl S 1,120

1, v_
uniformly in A > 1. The same bound obtains with the space H,?+2 N REL>® on
the right replaced by Hp1+7_26_, and the bounds (5.31) replaced by

81,52 S 1.
P

To deal with the last source term (5.21), we write
&3

cos(2uag) G
R3

Yo (2R_%5~— sin(QR_%a) = cos(2uag)

(R7122)

where again ¢(-) is real analytic. Combining Lemma 5.12, and Lemma 5.10, we
infer

Lemma 5.14. We have the source term bound

2uap, -~ . _1 ~
|22 (ot sin(2r ) | gy oo S 5
provided we have
(5.32)

S ||[R3PAE]|, S L xRt VR(B 2 PrE)|| e S 1,120

e
|H,?+2 AR3 Lo

v

1w
uniformly in X > 1. The same bound obtains with the space szJr2 N R2L>® on

the right replaced by H;+%7257, and (5.32) replaced by

IIEWIH;+%-25- S L
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5.3. The first iterate. Recall that we have constructed the zeroth iterate via
_ 1
Sﬂo(T, 5) = (UA 2-F[R2 (62]6—1)])(7—7 5),
so that Proposition 5.7 applies. Now we construct the first iterate via

.131(7', f) = (Ufo)(7—7 5)7

where we have

—fo zzﬁ/co(aT - %2535)330 +(Ary2 (K2 — (K — Ko)? — 2[¢0¢, Kol ] zo

A
+ 0, ( T )Kozo + A2 F([R R (Nag—1(R™28) + Eap-1)] — e 220
Observe that we have
(0- — %2585)370 € T_N_lLi’%_
Due to the smoothing property of Ky, we conclude that
2%160 (9, — %ang)mo e N-22atEe
Further, we get the even better bounds (which however we won’t fully exploit)
A0 [K? — (K — Ko)? — 260, Kol o € 7V 21544

)\ _ AN 2l+£_
0 (55 Koxo — et 2wg € 7N T2L 22

A

while from Lemma 5.13, Lemma 5.14 as well as (5.22), we infer

[A"2F[R? (Noj—1(R™ 25, ¥ T < N2

)

The key conclusion of all this is then the followmg

Lemma 5.15. The difference Az := x1 — ¢ satisfies the bound
HALEl H 21+%—2o’— SN_IT_N,

H(8 ——2§8§)Am1 H 2,148 25 NN_l —N-1

The implicit constant is independent of N, whence picking N large enough makes
the overall constant on the right < 1.

Note that the key aspect here is the gain of one derivative (which translates to a
1/2 weight in terms of £). This is essential in order to replicate the reasoning used
above for the new source term

)\72]:[R% (Ngk_l(Riégl)}

where we define the first iterate on the physical side via

E(rR) = / O(R, €)1 (7. £)p(€) dé = / O(R, €) Ay (1, €)p(€) de
4 /0 O(R, €)0(r, €)plE) de
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Thus from Proposition 5.7, the remark following it, as well as Corollary 5.9 and the
preceding lemma, we infer that we can write

g(r,) =) +82(r, ),

where we have

%

eD(r ) er N(HTE ARIL®) VL (R3P,ED(r ) e 7N L= 1> 0,
the latter inclusion uniformly in A > 1, while we have
552) (r,-) € T_NH;+%_26_
This is precisely the kind of structure necessary to invoke the bound (5.22) as well

as Lemma 5.13, Lemma 5.14.

5.4. Higher iterates. Here we have

xj(TV g) = (Ufjfl)(,rv f)v J > 27

and we have
Ar Ar Ar
_fj—l ZZTICO ((97— — 72585).17]‘_1 + (7

Ar 3 N L B B
+6T(T)Koxj_l+/\ Q‘F[Ré (N2k—1(R ;5j—1)+62k—1ﬂ —CT 233j—1

)2 [ICZ — (]C — ICO)2 — 2[58&, ’CQ”Q?]‘_l

Then using induction on j and exactly the same bounds as in the preceding sub-
section, one infers with

A.]?j =T; —Tj-1
the bounds
’|A'rJ(T7)H

< NIpN
Li,1+%7267 ~ N7t 5

Ar i N-
H(@T - 72{55)ij('r,')HL?%+%,25, SN Ip=N-L

The desired fixed point of (5.4) is now obtained via

x(Ta g) = 1'0(7', 5) + Z ij (Ta g)

Jj=1

1 v
. R
and is a function in H; " *

the corresponding

, such that 0,x(7,-) € H,,%f. Due to Lemma 9.1 of [13],

c(r.R):= R} /0 " O(R, E)x(r.€)pl€) de

satisfies e(7,-) € 7N Hgi"", as well as 0,¢(r,-) € T~V "LHY; . This is the desired
solution.
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