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Scope: Distributed Semi-algebraic Programs

N
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Scope: Distributed Semi-algebraic Programs
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The Augmented Lagrangian Framework

Inner primal loop : Smooth non-separable

k ! \
%H(z)) H(z)

|
zX =~ argmin G(z) + (uk +

N k T
S 2 fi(zi) + (Mf( + %9/(2/)) 9i(zi) +0z,(z)
U= J
Y
Non-smooth separable

Quter dual / penalty loop :

pitt = uf + 04 9(2f), i e {1,..., N}
[/k—l—l _ [/k —I—,Ok/‘/(Zk)

oF Tl apk a>1




The Augmented Lagrangian Framework

In theory:

* Local convergence to KKT if “sufficient” criticality in the primal

« Globalisation by updating dual when “sufficient” feasibility

In practice:

« Decomposition among agents in the primal program

« (Coordination via dual updates

Issue: Quadratic penalty term %k |H(2)||3 non-separable,
even though H(z) separable



What if Convex 7?

minimise f(x) + g(y)
X,y

st. Ax—y =0

ADMM:

XL = argmin £(x) + (1) (Ax = y¥) + 2 || Ax = ¥ |3

y T = argming(y) + (u*) (AX*TT —y) + g |AX T - yHi
P = ko (A — )



What if Convex 7

minimise f(x) + g(y)
X,y

44— argming(y) + (54) (A7 = y) + £ Jaxk |

phtt = k4 p (AXKT — yR

Main idea: Some form of Block Coordinate Descent in the primal



Proximal Alternating Linearised Minimisations

e Decomposition of primal functional L (z1, . .., Zn, ¥)
I+1 - I+1 I k\T / C// 12
z;" = argmin Vil (z, ..., Zyy 14°) (z,-—z,-)+§ |zi — Z{||5
Zicz;

/ 1
I+1 Cj / . I+1 Lk
Z/ — prOX(SZI (Zl - _/vlek (Zl 11111 ZN1 l'l’ )>

e Curvature ¢! needs to be well-chosen
e Efficient for closed-form proxes (box, nonnegative orthant,...)

e Some degree of parallelisation depending on the coupling
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Summary

Proximal linearised alternations
(Parallelisable)

Dual update
(In parallel if cost coupling)

Penalty increase
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A Recent Result about Descent Methods

L lower semi-continuous and semi-algebraic

Condition 1 : Sufficient decrease

L(Z") +B]2" ~ 25 < L ()

Condition 2 : Relative error

IV € AL (21, HV/+1H2 < WHZIH _Z/H2

(+ mild technical assumptions)

Thm: The sequence {z'} converges to a critical point z* of L

[Attouch, Bolte, Svaiter, Math. Prog. 2013]
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Monotonic Decrease in the Primal

Idea: Pick ¢/ > X\, + 0,

A, Lipshitz constant of VL, (-, ), B; regularisation coefficient

11



Monotonic Decrease in the Primal

Idea: Pick ¢/ > X\, + 0,

A, Lipshitz constant of VL, (-, ), B; regularisation coefficient

Il Descent Lemma

Lo (., Zt Zno ) +Gi |2 - z,-’Hi

11



Monotonic Decrease in the Primal

Idea: Pick ¢/ > X\, + 0,

A, Lipshitz constant of VL, (-, ), B; regularisation coefficient

Il Descent Lemma

Lo (., Zt Zno ) +Gi |2 - z,-’Hi

Il Summation

Ly (270, 10) + B2 = 22 < L, (2, 1)
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In Practice: Local Backtracking Procedure

* Lipschitz constant:
« may be difficult to compute
e depends on the penalty parameter and the dual

Idea: Find smallest ¢ such that

Lo (20,2 ) + 22— 2
c!

/ /

o, I

2

« Upper bound on local curvature (may be conservative)

« Efficient if proxes cheap to evaluate

< Lp (Z{—i_l ..... ZI) -+ V/LT (Z.H_l — ZI) 4+ L Hz_/_'_l _

/ 2
Zin
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Example 1: Non-convex QP with quadratic constr.

Cost coupling

N—1
minimise J(z) := g z' Hizi + g Z' G| i11Zi+1
=1 =1
S.t.
z!'zi = q

 Indefinite randomly generated hessians H; and G; ;11

« Test: vary N and d, compare with [IPOPT for same primal-dual
initial guess

13



Example 1: Non-convex QP with quadratic constr.

Cost coupling

1

N—1
minimise J(z) := Zz Hizi + ZZTG, it1Zia1
i=1 T =1 —

ot Non-convex Non-convex

Z' zi = Qi
Non-convex
 Indefinite randomly generated hessians H; and G; ;11

« Test: vary N and d, compare with [IPOPT for same primal-dual
initial guess
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Example 1: Non-convex QP with quadratic constr.

* Fix agent dimension d=2, vary number of agents N
« Performance criterion: J(z) — J(2'7) < 05 < 0

1

ot — NN S W N N —

O —

=

e S N B .

5 10 15 20 25 30 35 40
Max. number of primal iterations

* But degrades as d increases...

14



Example 2: Collaborative tracking

« Control objective: track trajectory while staying in formation

Unicycle dynamics
L7 LT '

X = U7 CosH

y = uy1sinb

9:U2

minimise ||z1 — Zet|| + |22 — 21 — d1o|| + ||z3 — 21 — d1 3]
S.t. F(Zl) =0, z1 € 2
F(ZQ) =0, b € 25

F(Z3) =0, z3 € Z3
15



Example 2: Collaborative tracking

« Control objective: track trajectory while staying in formation

Unicycle dynamics
di 2 3 .
——— - X = U1 COS O
] y = uy1sinb
9 = Uy

Path—fqllovving Formatiop Keeping
|

22— 21— dyall + 123 — 21 — dusll
st. F(z1)) =0, z1 € Z1
F(z)=0, z € Z, - Decoupled dynamics
F(z3) =0, zz€ Z3

[ |
minimise ||z1 — Zef|| +

15



Example 2: Collaborative tracking

« Control objective: track trajectory while staying in formation

Unicycle dynamics
L7 LT '

X = U7 CosH

y = uy1sinb

9:U2

minimise ||z1 — Zetl| + |22 — 21 — dho|| + ||z3 — 21 — d1 3]
st. F(z1) =0, z € Z
F(z) =0, 2o € Z

F(z3) =0, z3 € Z3

FiIx z;, decomposes in z, z3
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Example 2: Collaborative tracking

minimise L,(z1, z2, z3, 1, 2, 43) +0z,(21) + 0z2,(22) + 0z,(23)

21,722,723

1
k+1 : k VvV k _k _k
1

1 KL ok o)) gkt kL k+1 _k _k
?VL,, 2, 7 T« proxs, | z _FVL (z, z5, z5)
2 3

25 proxs,, (zé( —

Update w1 Update u» Update us

16
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Example 2: Collaborative tracking

« Suboptimal version (one dual update per step) '"IF;eC‘;eF:nce

\\\> AL (param.)

0.1H ' 8 0.15
005 WWWN | %W/
0 20 40 60 80 100 120 0 20 40 60 80 100 120

Time (sec) Time (sec) 17



Conclusion

Distributed non-convex optimisation within the augmented
Lagrangian framework

Key idea: Address primal decomposition with proximal linearised
alternations

In practice, local backtracking procedure

Good performance on very sparse Nnon-convex programs (many
small agents)

Future work:

« Extension to the parametric case (NMPC,...)
« Stopping criterion for inner loop
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