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Motivation  

•  Agents collaborate to achieve a common control objective




•  Goal: Decentralise / Parallelise computations for solving  
 
 


 
  nonlinear optimal control / NMPC problems


Power grids
 Formation Stabilisation 
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•  Goal: Decentralise / Parallelise computations for solving  
 
 


 
  nonlinear optimal control / NMPC problems
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Highly nonlinear 
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Challenges

•  Distributed optimisation generally addressed via Lagrangian 

decomposition…but in a non-convex setting 


d�

p�

•  Convergence of block-coordinate descent (BCD) not clear in non-
convex cases
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Scope: Distributed Semi-algebraic Programs


minimise
z1,...,zN

N�

i=1

fi(zi) + G(z1, . . . , zN)

Z�[�
H(z1, . . . , zN) = 0

gi(zi) = 0

zi � Zi , i �
�
1, . . . , N

�
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Cost coupling


Constraint 
coupling
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The Augmented Lagrangian Framework


Inner primal loop :


Outer dual / penalty loop :


µk+1
i = µk

i + �kg(zk
i ), i � {1, . . . , N}

�k+1 = �k + �kH(zk)

�k+1 � ��k , � > 1

zk � argmin G(z) +

�
�k +

�k

2
H(z)

��

H(z)

+
N�

i=1

fi(zi) +

�
µk
i +

�k

2
gi(zi)

��

gi(zi) + �Zi (zi)
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The Augmented Lagrangian Framework


Inner primal loop :
Smooth non-separable


Non-smooth separable


Outer dual / penalty loop :
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The Augmented Lagrangian Framework


In theory:


•  Local convergence to KKT if “sufficient” criticality in the primal


•  Globalisation by updating dual when “sufficient” feasibility



In practice:


•  Decomposition among agents in the primal program


•  Coordination via dual updates
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What if Convex ?


minimise
x,y

f (x) + g(y)

Z�[� Ax � y = 0

ADMM:


xk+1 = argmin
x

f (x) +
�
µk

��
(Ax � y k) +

�

2

��Ax � y k�22

y k+1 = argmin g(y) +
�
µk

��
(Axk+1 � y) +

�

2

��Axk+1 � y
��2
2

µk+1 = µk + �
�
Axk+1 � y k+1

�
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What if Convex ?
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Z�[� Ax � y = 0
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xk+1 = argmin
x

f (x) +
�
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��
(Ax � y k) +

�

2

��Ax � y k�22

y k+1 = argmin g(y) +
�
µk

��
(Axk+1 � y) +

�

2

��Axk+1 � y
��2
2

µk+1 = µk + �
�
Axk+1 � y k+1

�

Main idea: Some form of Block Coordinate Descent in the primal
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z l+1
i = argmin

zi�Zi

�iL�k

�
z l+1
1 , . . . , z l

N , µ
k
��

(zi � z l
i ) +

c l
i

2

��zi � z l
i

��2
2

z l+1
i = prox

cl
i
�Zi

�
z l
i �

1

c l
i

�iL�k

�
z l+1
1 , . . . , z l

N , µ
k
��

Proximal Alternating Linearised Minimisations


� +LJVTWVZP[PVU VM WYPTHS M\UJ[PVUHS L�k
�
z1, . . . , zN , µk

�
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The Primal Loop


Agent 1
 Agent 2


Agent 3
 Agent 4
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The Primal Loop
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z�2 � z�4



Summary
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Proximal linearised alternations

(Parallelisable)


Dual update

(In parallel if cost coupling) 


Penalty increase
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A Recent Result about Descent Methods


[Attouch, Bolte, Svaiter, Math. Prog. 2013]


Condition 1 : Sufficient decrease


Condition 2 : Relative error




L lower semi-continuous and semi-algebraic


(+ mild technical assumptions) 


L
�
z l+1

�
+ �

��z l+1 � z l
��2
2
� L

�
z l

�

�v l+1 � �L(z l+1),
��v l+1

��
2
� �

��z l+1 � z l
��
2

;OT! ;OL ZLX\LUJL
�
z l

�
JVU]LYNLZ [V H JYP[PJHS WVPU[ z� VM L
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Monotonic Decrease in the Primal
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Monotonic Decrease in the Primal


L�

�
z l+1
1 , . . . , z l+1

i , . . . , z l
N , µ

�
+ �i

��z l+1
i � z l

i

��2
2

� L�

�
z l+1
1 , . . . , z l

i , . . . , z
l
N , µ

�

��,µ 3PWZOP[a JVUZ[HU[ VM �L� (·, µ)� �i YLN\SHYPZH[PVU JVLMÄJPLU[

Descent Lemma
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Monotonic Decrease in the Primal


L�

�
z l+1
1 , . . . , z l+1

i , . . . , z l
N , µ

�
+ �i

��z l+1
i � z l

i

��2
2

� L�

�
z l+1
1 , . . . , z l

i , . . . , z
l
N , µ

�

L�

�
z l+1, µ

�
+ �

��z l+1 � z l
��2
2
� L�

�
z l , µ

�

��,µ 3PWZOP[a JVUZ[HU[ VM �L� (·, µ)� �i YLN\SHYPZH[PVU JVLMÄJPLU[

Descent Lemma


Summation
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In Practice: Local Backtracking Procedure


•  Lipschitz constant:

•  may be difficult to compute

•  depends on the penalty parameter and the dual


0KLH! -PUK ZTHSSLZ[ c l
i Z\JO [OH[

L�

�
z l+1
1 , . . . , z l+1

i , . . . , zN
�
+
�i

2

��z l+1
i � z l

i

��2
2

� L�

�
z l+1
1 , . . . , z l

n

�
+�iL

�
�

�
z l+1
i � z l

i

�
+

c l
i

2

��z l+1
i � z l

i

��2
2

•  Upper bound on local curvature (may be conservative)


•  Efficient if proxes cheap to evaluate
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Example 1: Non-convex QP with quadratic constr.


Cost coupling


•  Indefinite randomly generated hessians



•  Test: vary N and d, compare with IPOPT for same primal-dual  



 
 initial guess


Hi HUK Gi ,i+1
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Non-convex
Non-convex


Non-convex




•  Fix agent dimension d=2, vary number of agents N

•  Performance criterion: 






•  But degrades as d increases…


Example 1: Non-convex QP with quadratic constr.
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Max. number of primal iterations

5 10 15 20 25 30 35 400

0.2

0.4

0.6

0.8

1

 

 

N=5
N=10
N=20
N=30

J(z(3)� J(z 07) < �WVZ < 0



Example 2: Collaborative tracking

•  Control objective: track trajectory while staying in formation
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ẋ = u1 cos �

ẏ = u1 sin �

�̇ = u2

Unicycle dynamics
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d1,2 d2,3

minimise �z1 � zYLM�+ �z2 � z1 � d1,2�+ �z3 � z1 � d1,3�
Z�[� F (z1) = 0, z1 � Z1

F (z2) = 0, z2 � Z2
F (z3) = 0, z3 � Z3
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Path-following
 Formation keeping


Decoupled dynamics
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Example 2: Collaborative tracking
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minimise
z1,z2,z3

L�(z1, z2, z3, µ1, µ2, µ3) + �Z1(z1) + �Z2(z2) + �Z3(z3)

zk+11 � prox�Z1

�
zk1 �

1

ck1
�L�

�
zk1 , z

k
2 , z

k
3

��

zk+12 � prox�Z2

�
zk2 �

1

ck2
�L�

�
zk+11 , zk2 , z

k
3

��
zk+13 � prox�Z3

�
zk3 �

1

ck3
�L�

�
zk+11 , zk2 , z

k
3

��

<WKH[L µ1 <WKH[L µ2 <WKH[L µ3



Example 2: Collaborative tracking
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•  Suboptimal version (one dual update per step)


 

 Reference
IPOPT
AL (param.)



Conclusion

•  Distributed non-convex optimisation within the augmented  

Lagrangian framework



•  Key idea:  Address primal decomposition with proximal linearised  


 
 
    alternations



•  In practice, local backtracking procedure



•  Good performance on very sparse non-convex programs (many  

small agents)


•  Future work:  

•  Extension to the parametric case (NMPC,…)

•  Stopping criterion for inner loop
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