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We investigate the evolution of heterogeneous stress states along frictional interfaces.
Using finite-element simulations, we model the occurrence of precursory slip sequences
on a deformable-deformable as well as a deformable–rigid interface between two solids.
Every interface rupture creates a stress concentration at its arrest position and erases
the stress concentrations produced by previous slip events. While the interface is sticking
perfectly between two slip events, erased stress concentrations reappear and survive sev-
eral cycles of ruptures. Such reestablished stress concentrations are smaller than they were
before the rupture. We show that the decrease rate of these stress concentrations is expo-
nential with respect to the number of subsequent events and that the bulk viscoelasticity is
at the origin of this history effect. During a slip event, the friction tractions at the interface
change almost instantaneously, which leads, between two ruptures, to a relaxation-resem-
bling viscous effect that restores the stress concentration. We describe the decrease rate
analytically and highlight that it is proportional to the ratio of the viscous over the instan-
taneous Young’s moduli, and illustrate it by varying the material properties in our
simulations.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Understanding the dynamic behavior of frictional inter-
faces is relevant for a broad range of applications in engi-
neering, mechanics and geophysics. Despite longstanding
research on friction, its dynamics is today still not well
understood. For instances, the knowledge of the macro-
scopic frictional strength is essential to the design of new
engineering applications. Nevertheless, the transition from
sticking to sliding, which is closely related to the macro-
scopic friction coefficient, is still an only partially known
phenomenon. The classic view considers that sliding
initiates when the macroscopic shear force overcomes
the macroscopic friction force, which is proportional to
the normal loading. This simplistic picture does not
account for the complexity of local slip occurring during
the initiation of sliding. The transition from sticking to
sliding was shown, in experiments, to be particularly
interesting when the shear load of an interface between
two blocks is applied by a pusher that is located near the
interface (Rubinstein et al., 2007; Maegawa et al., 2010).
In these conditions, the sliding initiation is a succession
of local slip episodes that propagate at macroscopic stress
levels much below the friction coefficient of the system.
These precursors to global sliding initiate at the trailing
edge, where the pusher is applied, and propagate along
the interface until they stop before the other edge. Gener-
ally, each slip event propagates further than the previous
rupture, until they reach the leading edge, which is
considered to be global sliding. Numerical simulations
using mass-spring models (1D (Maegawa et al., 2010;
Amundsen et al., 2012) and 2D (Trømborg et al., 2011))
reproduced qualitatively this behavior and show the
. Mech.
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Fig. 1. Simulation setup. The upper plate (slider) of dimensions Lt � Ht is
viscoelastic in plane-stress approximation. This plate is in contact with a
bottom plate (base) of dimensions Lb � Hb , which can be either rigid or
deformable (plane-stress or plane-strain). The origin of the reference axis
is the initial position of the lower left corner of the upper plate.
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importance of asymmetric shear loading for the existence
of such precursory slip. Other aspects of local slip observed
in experiments (Rubinstein et al., 2004; Ben-David et al.,
2010), such as a large range of rupture velocities, were also
successfully reproduced by numerical simulations
(Bar-Sinai et al., 2013; Kammer et al., 2012; Otsuki and
Matsukawa, 2013).

The global sliding initiation is complex due to the pres-
ence of precursors, but the dynamics of these local slip
events is complex in itself. Every precursor modifies dura-
bly the stress state of the interface (Rubinstein et al., 2007).
Recursively, this means that every precursor propagates at
an interface of highly heterogeneous stresses created by
the history of previous ruptures. Furthermore, inhomoge-
neous stress states affect the propagation velocity of local
slip events (Ben-David et al., 2010; Kammer et al., 2012),
which results also in modified stress states after the cur-
rent rupture and hence affects the succeeding slip event
as well.

In addition to local dynamics influencing the stress
state of the interface, it is suspected that a bimaterial effect
contributes to the complexity of the problem. Most exper-
iments were conducted on a non-symmetric interface,
with a thin slider in contact with a much thicker base block
(Rubinstein et al., 2007; Ben-David et al., 2010; Maegawa
et al., 2010). The difference in thickness results in different
effective stiffnesses, making the interface bimaterial. Rup-
tures at bimaterial interfaces are known for their richness
of complex mechanics (Coker et al., 2003; Lykotrafitis
and Rosakis, 2006) and to date no experiments of similar
material interfaces have been conducted to compare with
the bimaterial system of Rubinstein et al. (2007). In all
numerical studies of the transition from sticking to sliding,
this bi-material effect has been approximated by a deform-
able-rigid interface (Maegawa et al., 2010; Amundsen
et al., 2012; Trømborg et al., 2011; Kammer et al., 2012;
Bar-Sinai et al., 2013; Otsuki and Matsukawa, 2013).

In recent numerical simulations, Radiguet et al. (2013)
revealed that stress concentrations created by the arrest
of precursory slip survive several succeeding interface rup-
tures. Using an analytic approach, they proposed that the
viscous property of the bulk material is at the origin of this
history effect. In this paper, we confirm the proposed ana-
lytic model with new numerical results by varying the
material properties. Further, for the first time, we present
results from simulations of precursory slip at a deform-
able-deformable interface, and analyze the effect of the
bimaterial interface on the survival of stress concentrations.
1 Simulations performed with a finer mesh (element size of 0.5 mm)
show no significant differences in the global behavior, and in the evolution
of the amplitude of stress concentrations compared to the mesh size used
in this study.
2. Simulation setup

2.1. Loading characteristics

The simulated system (Fig. 1) consists of a two-dimen-
sional rectangular top plate (slider), of length Lt ¼ 0:2 m
and height Ht ¼ 0:1 m, in plane-stress approximation. The
slider is in contact with a two-dimensional rectangular
bottom plate (base) of dimensions Lb ¼ 0:4 m and
Hb ¼ 0:05 m. The base, is either approximated as a rigid
body, as it has been done in previous numerical studies,
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or as a deformable viscoelastic solid in plane-strain or
plane-stress approximation. If the base is rigid, its dimen-
sions have no influence on the system. The bottom edge of
the block is fixed in the x and y direction. On the lateral
sides of the base, no displacements or forces are imposed.
A constant normal load FN is applied to the top surface of
the slider. The shear load is applied via a spring of stiffness
KS and a rigid pusher to the left side of the top plate. A con-
stant loading velocity Vx is imposed and the macroscopic
shear force FS is measured at the spring of the pusher.
The values given in Table 1 are equivalent to the parame-
ters used in the simulations of Radiguet et al. (2013), cor-
responding to an out-of-plane thickness of 6 mm. The
pusher of width wp is located at a distance hp from the
interface, which is a lower position than was used in
Radiguet et al. (2013). We use the finite-element code
Akantu (2013) to simulate the continuum of the two solids.
The formulation is discretized in time using an explicit
Newmark-b scheme. The plates are discretized using qua-
drangular elements, and the element size is 1 mm, which
is fine enough to ensure mesh convergence.1

2.2. Friction law and interface description

Contact and friction at the interface are modeled using
the traction-at-split-nodes technique (Andrews, 1999).
The boundary conditions at the interface can be described
by:

� For _uxðx; y ¼ 0Þ– 0 (during slip):
sticity o
rxyðx; y ¼ 0; tÞ ¼ ssðx; tÞ & ½juyðx; y ¼ 0; tÞj�P 0
� For _uxðx; y ¼ 0Þ ¼ 0 (during stick):
rxyðx; y ¼ 0; tÞ < ssðx; tÞ & ½juyðx; y ¼ 0; tÞj� ¼ 0
n heterogeneous stress fields at frictional interfaces. Mech.
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Table 1
List of material, friction, geometry and loading parameters.

Parameter Units Reference Variations

Dimensions
Slider length Lt m 0.2
Slider height Ht m 0.1
Base length Lb m 0.4
Base height Hb m 0.05
Base characteristics - Rigid pl.-strain

pl.-stress

Material
Viscous Young’s modulus E0 GPa 3 1.5–4.5
Static Young’s modulus E1 GPa 2.6
Viscosity g MPa.s 5 5–500
Poisson’s ratio m - 0:37
Density q kg/

m3
1200

Longitudinal wave speed cL (pl.-
stress)

m/s 2325

Shear wave speed cS m/s 1305

Friction
Static friction coefficient ls – 0.7
Kinetic friction coefficient lk – 0.45
Slip weakening length dc lm 1
Regularization time scale t� ls 50

Boundary conditions
Horizontal loading velocity Vx mm/s 2:5
Normal load FN MN/

m
1.042

Stiffness of horizontal loading spring
KS

GN/
m2

1

Pusher width wp mm 10
Distance between pusher and

interface hp

mm 6

M. Radiguet et al. / Mechanics of Materials xxx (2014) xxx–xxx 3
where ryyðx; y ¼ 0; tÞ and rxyðx; y ¼ 0; tÞ are the normal and
tangential stresses at the interface, ssðx; tÞ is the frictional
strength of the interface, _uxðx; y ¼ 0Þ is the slip velocity,
and ½juyðx; y ¼ 0; tÞj� is the interface gap.

The frictional strength is given by ssðxÞ ¼
lðlÞ ryyðx; y ¼ 0Þ, where lðlÞ is the friction coefficient. We
use a slip weakening friction law, which is described by:

lðlÞ ¼
ls � ðls � lkÞ l=dc l < dc

lk l P dc

�
ð1Þ

with the characteristic weakening length dc , and the static
and dynamic friction coefficients ls and lk. Applied values
are given in Table 1. The local slip l increases continuously
during sliding and is reset to zero once the interface sticks
again (l ¼ 0 when _uxðx; y ¼ 0Þ ¼ 0).2

In addition to the linear slip weakening friction law, the
frictional strength ss is regularized using a simplified
form of the Prakash–Clifton law (Cochard and Rice,
2000), where the evolution of ss evolves as: _ssðtÞ ¼ �1=t�

½ssðtÞ � lðlÞryyðx; y ¼ 0; tÞ�. This formulation was used
2 The slip weakening law prescribes an instantaneous recovery of the
static friction coefficient when slip stops. The regularization of the frictional
strength introduces a small delay in the recovery of the frictional strength.
The ageing of frictional interfaces after slip, as experimentally observed
(Ben-David et al., 2010), is usually described by a logarithmic ageing law
which is beyond the scope of this paper.
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previously in numerical simulations (e.g. Bartolomeo
et al., 2012; DeDontney et al., 2012; Radiguet et al.,
2013). This regularization was initially proposed to
account for the delay observed experimentally in the fric-
tional strength as a result of sudden normal stress varia-
tion (Prakash and Clifton, 1993). The delay is controlled
by a characteristic time t�, which is small compared to
the typical duration of slip events (� 1 ms). The influence
of a small t� has been shown to be negligible for a single
interface rupture (Kammer et al., 2014).

2.3. Viscoelastic material

In the experiments of precursory slip, a transparent
material was used for the specimens in order to allow
the measurement of the real contact area using a laser
sheet technique. The chosen material, poly (methyl meth-
acrylate), also known as PMMA, is known to be viscoelas-
tic. In our simulations, we model the viscoelasticity of
the bulk material using the standard linear solid model
(Zener, 1948) applied only on the deviatoric part of the
strain tensor. The spherical part of the strain tensor is often
elastic for polymers. Governed by this constitutive law, the
solid evolves from an instantaneous E0 ¼ E1 þ Ev to the
static E1 Young’s modulus over a single relaxation time
scale, given by tv ¼ g=Ev , where Ev is the viscous Young’s
modulus and g is the viscosity.

Hooke’s law defines the following relation between the
strain �ij and the stress rij tensors:

rij ¼ K �kk dij þ 2G �ij �
1
3
�kk dij

� �
ð2Þ

where K is the bulk modulus and G the shear modulus. The
first term in Eq. (2) corresponds to the spherical part of the
stress tensor, and the second term to the deviatoric part.

As the viscosity is only applied to the deviatoric part of
the stress tensor, we introduce the following relaxation
function for the shear modulus GðtÞ ¼ G1 þ Gv expð�t=tv Þ
and distinguish between the infinite (K1;G1) and the vis-
cous (Kv ;Gv ) moduli. Considering an initial state of equilib-
rium rijðt0Þ at t0, an instantaneous perturbation in the
strain tensor D�ij results in the following evolution of the
stress tensor:

rijðtÞ ¼ rijðt0Þ þ K1D�kk dij þ 2GðtÞ D�ij �
1
3

D�kk dij

� �
ð3Þ

If the perturbation occurs in the shear component of the
strain tensor only, D� ¼ D�xy, Eq. (3) becomes:

rxyðtÞ ¼ rxyðt0Þ þ 2 G1 þ Gv expð� t � t0

tv
Þ

� �
D�xy ð4Þ

Introducing the Young’s moduli and Poisson’s ratio m, we
get the following relations:

rxyðtÞ ¼ rxyðt0Þ þ V E1 þ Ev exp � t � t0

tv

� �� �
D�xy ð5Þ

with V ¼ 1=ð1þ mÞ for plane-strain and V ¼ ð1þ 2mÞ=
ð1þ mÞ for plane-stress approximation. The values for the
material properties are given in Table 1. While the values
for E1 and Ev represent well, in the reference case, the
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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properties of PMMA (Ciccotti and Mulargia, 2004), g is con-
siderably smaller than the physical value. Nevertheless, the
choice of g for the reference case was done carefully,
ensuring that the characteristic relaxation time tv (1) is
sufficiently large such that variations in E are negligible
during a single slip event, and (2) that the ratio between
tv and the inter-event time is similar between simulations
and experiments. The imposed push velocity was therefore
chosen accordingly.

In the following, we focus on the stresses at the inter-
face. Therefore, we simplify the notation by introducing
the interface shear stress s ¼ rxyðx; y ¼ 0Þ and normal
stress r ¼ ryyðx; y ¼ 0Þ.
Fig. 3. Time evolution of the ratio of the global shear load FS over the
global normal load FN . Sections highlighted in colors represent the
occurrence time of the slip events at the interface, and correspond to
drops in FS . The same color code as in Fig. 2 is used to identify slip events.
(For interpretation of the references to colour in this figure caption, the
reader is referred to the web version of this article.)
3. Global behavior of the system

In experiments (Rubinstein et al., 2007; Maegawa et al.,
2010), the side-pusher set-up leads to precursory slip
before macroscopic sliding. Generally, each precursor
propagates further than the previous event did. Once a pre-
cursor propagates over the entire interface, a stick–slip
regime takes place, in which the interface is mostly stick-
ing and slip events repeatedly appear.

Our simulations reproduce well this behavior, as can be
seen in Figs. 2 and 3. These figures present simulations per-
formed in the reference case, in which the base is rigid. In
Fig. 2, slip regions are shown in color, starting at t ¼ 0:1 s.
The slip events always initiate at the trailing edge
(x ¼ 0 m). There are 18 precursors before global sliding.
The last precursor stops just before the right edge. The
macroscopic response of the simulated system is shown
in Fig. 3. The ratio between the measured shear load FS

and the imposed normal load FN increases linearly in time
until small jumps appear. These stress drops are caused by
the released stresses at the interface due to precursors. The
color of a stress drop matches with the corresponding pre-
cursor in Fig. 2. The macroscopic friction coefficient can be
estimated by the peak value of the first slip event that
Fig. 2. Slipping region along the interface as a function of time. Colors
from blue to green represent successive slip events of increasing lengths.
The same color code refers to similar slip events in Figs. 3 and 5. Vertical
lines are the locations (xi) of the stress concentrations created by each
precursor arrest. (For interpretation of the references to colour in this
figure caption, the reader is referred to the web version of this article.)
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crosses the entire interface, and is here approximately
lm ¼ 0:48. The reference case is close to the simulations
presented in Radiguet et al. (2013), the two differences
being that the corners of the upper plate are not rounded
and the pusher is located closer to the interface in this
study. The use of non-rounded corners does not change
the overall behavior. It only modifies the initiation of slip,
because local stresses near the trailing edge, where slip ini-
tiates, are slightly different. This effect, in addition to the
lower location of the pusher in this study compared to
Radiguet et al. (2013), causes the present simulation to
generate more precursor events before global sliding (18
instead of 11).
4. Evolution of the stress concentrations

4.1. Stress evolution between successive slip events, in stick
state.

In this section, the effect of arrested slip events on the
stress state of the interface is investigated. The propagation
of a given slip event leaves the interface with a stress level
close to s ¼ lkr behind the rupture tip, and a stress con-
centration exists at the tip of the arrested rupture (blue
line in Fig. 4). Just after the arrest of slip, the interface is
sticking and the evolution of shear stresses before the fol-
lowing event is shown as the lines from blue to red in
Fig. 4). Just before the following slip event (red line), the
interface is characterized by the existence of several stress
concentrations: one is located at the tip of the previous
event propagation, and its amplitude decreased during
the stick state. The other stress concentrations reappeared
during the stick phase, and are located at the arrest loca-
tions of previous precursors of shorter lengths.

To analyze the evolution of the stress concentration
with successive ruptures, we focus on the stress state pre-
ceeding each rupture (equivalent to the red line in Fig. 4 for
each precursor). This stress state is relevant because it was
sticity on heterogeneous stress fields at frictional interfaces. Mech.

http://dx.doi.org/10.1016/j.mechmat.2014.03.009


Fig. 4. Evolution of interface shear stresses between slip events ten and
eleven. The system evolves from the blue line just after event ten to the
red line just before event eleven. During this time, the relaxation of the
bulk leads to the reappearance of stress concentrations at the interface.
These stress concentration are located at the tip of the previous rupture
arrest. The vertical lines mark the arrest location of previous precursors.
Note that the red line corresponds to the bottom line in Fig. 5(b). (For
interpretation of the references to colour in this figure caption, the reader
is referred to the web version of this article.)
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shown to influence the rupture propagation, and in partic-
ular the velocity of the rupture front (Ben-David et al.,
2010). To characterize this stress state, we introduce a nor-
malized quantity describing the amplitude of a stress con-
centration. In a second time, we propose a simple model to
represent the time evolution of shear stress at the inter-
face, as a function of the loading rate and the viscoelastic
relaxation. This model allows us to relate the amplitude
of stress concentrations between successive states of stress
at the interface.

4.2. Definition of the stress concentrations

The stress concentration defined in Radiguet et al.
(2013) were studied for the stress ratio s=r, which illus-
trates well the evolution of the interface with respect to
its strength. However, it was shown that the survival of
these stress concentrations is adequately described by
the shear tractions s when changes in the contact pressure
r are neglected. Therefore, we here focus our attention to
stress concentrations only in the shear tractions s. As
observed in Fig. 4, precursor i creates a stress concentra-
tion at its arrest position. We measure this stress concen-
tration DiðsnÞ at different times t�n just before the slip
initiation of the following precursor n: snðxÞ ¼ sðx; t�n Þ.
DiðsnÞ is defined starting from time tiþ1 (i.e. for n > i). The
stress concentration is the difference in shear stress
between the positions xi and x0i, where xi and x0i are defined
at time tiþ1 and kept constant afterward. xi is the local
maximum in siþ1ðxÞ around the position of the ith precursor
arrest, and xi0 is the local minimum in siþ1ðxÞ between xi�1

and xi.

DiðsnÞ ¼ snðxiÞ � snðx0iÞ for n > i ð6Þ
Please cite this article in press as: Radiguet, M., et al. The role of viscoela
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Fig. 5(b) represents graphically the value of DiðsnÞ. The
evolution of the stress concentration created by a given
precursor i can be analyzed for successive ruptures (i.e.
for increasing values of n). To compare the stress concen-
trations created by different precursors (different positions
xi), we define the normalized amplitude of stress concen-
tration An

i as:

An
i ¼

DiðsnÞ � Dref
i

Diðsiþ1Þ � Dref
i

for n > i ð7Þ

An
i is normalized such that its initial (maximum) value

equals 1. Dref
i corresponds to the reference level of differ-

ence in s between the two positions xi and x0i, which is
due to the loading configuration. It is defined as the time
tr such that Diðsr Þ�Diðsr�1Þ

Diðsr Þ < 1%, and at the latest at the time

of the second global sliding event.
The stress state of the interface just before each rupture

(for all times tn) is shown in Fig. 5, for the reference case in
which the base is rigid. Lines are shifted along the y-axis to
allow a better comparison of the evolutions of stress con-
centrations. The zoom (Fig. 5(b)) focuses on the stress con-
centration in x10. The decreasing amplitude of the stress
concentration with time is observed at all the positions
xi. Variations in the normal stress are less important
(Fig. 5(c) and (d)).

The evolution of An
i with the propagation of successive

ruptures is presented in Fig. 6. At each position xi (different
color line), An

i decreases with a similar exponential
decrease rate. Most curves collapse on a narrow range,
and three deviate from the general tendency. These three
curves correspond to the first precursors arrest locations.
In that region, located close to the edge of the system,
the slope of the stress decreases with time because of the
loading, as can be seen in Fig. 5(a) around position
x=L ¼ 0:1. For that reason, the reference Dref

i does not
appropriately represent the reference level of stress con-
centration, and the evolution of An

i varies from the global
behavior. The mean evolution of An

i is evaluated with and
without taking into account the three positions that
strongly deviates from the general behavior (respectively
open and filled black dots and associated error bars). We
observe that excluding the first three positions, the evolu-
tion of An

i can be described with narrow error bars.
4.3. Evolution of stresses in the system

The evolution of stresses with time at the location x10

(zoom in Fig. 5(b)) is shown in Fig. 7(a). The arrest of
precursor 10 close to this position leads to an increase in
s (from the red to the blue dot). Then, successive slip
events will propagate at that location. Each of them leads
to an increase in s up to the value of ss (dotted line) where
slip initiates. A drop in s is observed during the slip. When
slip stops, ss recovers its static value, and s evolves as
described below.

The evolution of s after the propagation of a slip event
can be described by accounting for (1) the amplitude of
the drop in shear stress caused by slip, (2) the effect of
the viscoelastic relaxation and (3) the shear loading psðxÞ.
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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Fig. 5. Stresses at the interface just before each rupture. Each successive line is shifted upward along the y-axis to allow a better visualization of the
evolution of stresses. The solid vertical lines are the positions xi and the dashed vertical lines the positions x0i . (a) Shear stress s along the complete interface
(b) Zoom on the arrest location of precursor 10. The rectangle in (a) shows the area of the zoom. The stress concentrations created by this precursor are
shown by double arrows. (c) Normal stress r along the complete interface. (d) Zoom on the arrest location of precursor 10. The rectangle in (c) shows the
area of the zoom.

Fig. 6. Evolution of the normalized amplitude of stress concentration An
i

as a function of the number of successive ruptures following event i. Each
line represents the evolution of the stress concentration at a given
position xi along the interface, which was created by the slip event i. The
open black circles correspond to the mean behavior of the system, with
errors bars corresponding to one standard deviation. These dots are
slightly shifted along the x-axis for clarity. The filled black circles
represent the mean behavior of the system excluding the first three
positions xi that strongly deviate from the mean behavior, due to their
proximity to the trailing edge.
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Assuming that complete relaxation has time to occur
between slip events, the shear traction before event nþ 1
can be expressed as a function of the stress state of the sys-
tem before the preceding event n as (see Appendix A for
details):
Please cite this article in press as: Radiguet, M., et al. The role of viscoela
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snþ1ðxÞ¼lkrnðxÞþc
Ev

E0
½snðxÞ�lkrnðxÞ�þpsðxÞðtnþ1� tnÞ: ð8Þ

Volume changes in the system are neglected, so no vis-
cous effect occurs on r. Since the positions xi and x0i are
close, we can approximate rnðxiÞ � rnðx0iÞ (see Fig. 5(b)).
Then, considering that the time between two successive
slip events is almost constant for a given simulation, we
can thus write (see Appendix B):

An
i ¼ c

Ev

E0

� �n�i�1

for n > i ð9Þ

This equation describes the decrease rate of An
i for suc-

cessive ruptures. It is controlled by the ratio of viscous over
instantaneous Young’s moduli, and the parameter c, which
accounts for the non-instantaneousness of the drop of
shear stress during slip. This parameter c is obtained by
best fit in Fig. 6, and gives a value of c ¼ 0:758. The theo-
retical curve obtained with this c is plotted as a dotted line
in Fig. 6, and describes well the mean decrease rates of the
stress concentrations.
5. Influence of viscoelastic parameters on the stress
concentrations

The relation given in Eq. (9) shows that the decrease
rate of the stress concentrations is governed by the proper-
ties of the viscoelastic bulk material. In order to confirm
this proposition, we conducted several simulations with
varying material properties. The results are presented as
the average behavior of the stress concentrations in Fig. 8
(points with error bars).
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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Fig. 7. Time evolution of s (solid line) and shear strength (dashed line) on the interface for the closest stress concentration to the position x=L ¼ 0:3, for
three different bases. The red dot marks the initial shear traction level sðxi; t�i Þ, before the creation of the stress concentration in xi . The blue dot marks
sðxi; tþi Þ, the value of s just after event i, at the creation of the stress concentration, before the system relaxes. (a) Reference case, the base is rigid. The
precursor 10 stops around x=L ¼ 0:3. (b) The base is deformable, in plane-strain approximation. The precursor 6 stops close to x=L ¼ 0:3. (c) The base is
deformable, in plane-stress approximation. The precursor 4 stops close to x=L ¼ 0:3. (For interpretation of the references to colour in this figure caption, the
reader is referred to the web version of this article.)
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Qualitatively, the results are in a good agreement with
the proposed theory given in Eq. (9). Smaller viscous
Young’s Moduli cause a higher decrease rate of the stress
concentrations and thus shorten the survival of stress
concentrations.

The influence of the viscosity g on the decrease rate of
stress concentrations is more complex. Generally, a larger
g results in a higher decrease rate for the first succeeding
slip events (n� i < 2), but changes to a lower rate for later
interface ruptures (n� i > 2). This behavior cannot be
described by the proposed theory, because the assumption
of complete relaxation between slip events is not satisfied
anymore. Recall that the relaxation time is tv ¼ g=Ev . Lar-
ger g result in longer relaxation times. If this is longer than
the inter-event time, a slip front’s viscous effect will influ-
ence the stress concentration even after the next rupture
already propagated.

For all the simulations presented in this paper, the
inter-event times are in the range of 10� 30 ms. In the ref-
erence case of the previous section, the relaxation time is
tv ¼ 1:7 ms, and thus it is reasonable to consider that com-
plete relaxation occurs.

For cases presented in Fig. 8(a), where Ev is varied,
complete relaxation occurs in each case as well, because
tv varies from 1.1 ms (for Ev ¼ 4:5 GPa) to 3.3 ms (for
Ev ¼ 1:5 GPa). Therefore, in each case, the relaxation time
is much smaller than the average inter-event time
tv � hDti. The differences in the decrease rate of stress
concentrations are thus only related to the changes in Ev

and the simplified theory given with in Eq. (9) is sufficient
to describe the survival of stress concentrations (see
dashed lines in Fig. 8(a)).

However, the material properties applied in the simula-
tions presented in Fig. 8(b) have the following relaxation
times: tv ¼ 7:7 ms (for g ¼ 20:0 MPa s) and tv ¼ 13:3 ms
Please cite this article in press as: Radiguet, M., et al. The role of viscoela
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(for g ¼ 40:0 MPa s). As these times are non-negligible
compared to the average inter-event times, the simplified
theory cannot be applied. A more general approach, based
on the same evolution of shear stresses at the interface (Eq.
(A.4)), is derived in Appendix C. Considering complete
relaxation within a period of two inter-event times, a
recursive approach leads for n > iþ 1 to the following
relation:

An
i ¼ c

Ev

E0
1� expð�hDti=tvÞð Þ An�1

i þ expð�hDti=tvÞð
h

� expð�2hDti=tvÞÞ An�2
i

i
ð10Þ

with hDti the average inter-event time. An even more gen-
eral model could be derived by extending with more terms,
but the range of two inter-event times is sufficient for the
problems studied in this paper. The initial conditions for
this recursive formula are given by Aiþ1

i ¼ 1 based on the
definition of An

i , and by Ai
i ¼ �1=½1� cEv=E0ð1�

expðhDti=tvÞÞ�, which is deduced from the stress concentra-
tion creation during slip event i and the assumption that
there was no stress concentration before. While all An

i for
n > i are positive, this initial value Ai

i is negative. The rea-
son for this particularity lies in the difference of the slip
event’s effect on the stress concentration. The initial con-
centration is zero before slip event i and is created during
slip. Therefore its amplitude decreases until the next slip
event iþ 1 (see peak at 0:32 in Fig. 4). However, all stress
concentrations that have been created before are erased
by every succeeding slip event and reappear in between
(see peaks at 0:26 and at 0:29 in Fig. 4). This difference
can also be observed in Fig. 7(a). A stress concentration is
created at 0:218 s and reduces until 0:23 s. At 0:233 s, it
is erased by the propagation of a slip event, after which
it reappears until 0:25 s. This difference between the first
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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Fig. 8. Evolution of An
i for different values of Ev and g. Each selection of points represents the average behavior for all the positions xi, with standard

deviation. The black data is the reference case, as shown in Fig. 6. (a) Ev is varied. A faster decrease rate is observed for smaller values of Ev . Dashed lines are
the predictions based on Eq. (9). (b) g is varied. Larger g have faster decrease rates for n� i < 2 and slower rates for n� i > 2, indicating that the system
does not have enough time to relax between two slip events. Dashed lines are the predictions based on Eq. (10).
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viscous effect and all the following ones is also the reason
for faster decrease rates for n� i < 2 in Fig. 8(b). The
decreasing viscous effect due to the creation of the stress
concentration at t ¼ ti has not been completely relieved
at t ¼ tiþ1 when the next slip event propagates and has
therefore still a diminishing influence on Aiþ2

i .
The proposed extension to complete relaxation within

two inter-event times results in a good prediction of the
observed behavior (see dashed lines in Fig. 8(b)).

6. Influence of bimaterial interfaces

Precursory slip in experimental setups are generated on
non-symmetric frictional interfaces. In Rubinstein et al.
(2007), the upper plate (slider) is thin, compared to the
wider bottom plate (base), which has a higher rigidity. In
the reference case, we consider a rigid base with infinite
rigidity, which is thus an approximation made to the real
cases where the rigidity contrast is not infinite. We inves-
tigate interfacial contrasts by considering three different
cases: (A) the base is rigid (reference case presented in Sec-
tions 3 and 4, (B) the base is deformable in plane-strain
approximation, and (C) the base is deformable in plane-
stress approximation. In each case, the slider is always
deformable, in plane-stress approximation. We analyze
the existence, amplitude and decrease rate of the stress
concentrations created by precursory slip.

First, we note that the number of precursor events var-
ies depending on the characteristics of the bottom plate.
For the three cases presented here, respectively 18, 12
and 9 precursors are observed before global sliding. Due
to the differences in the rigidity of the base, the friction
traction and frictional strength at the interface vary
depending on the cases. Fig. 9(a) shows the shear traction
at the interface after equilibrium of the normal load, before
initiation of the shear loading. It reveals the differences in
Poisson’s expansion for different stiffness of the base. Also,
we have observed that the contact pressure is lower in the
Please cite this article in press as: Radiguet, M., et al. The role of viscoela
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corners when the lower plate is stiffer, and this could
explain in particular why slip events are easier to initiate
when the lower plate is stiffer.

The stress concentrations An
i have a faster decrease rate

when the bottom plate is deformable compared to the case
where it is rigid (see Fig. 10). The difference of about 10%
can be accounted for by considering a different coefficient
c when the bottom plate is deformable. A best fit gives a
value of c ¼ 0:6 (c ¼ 0:608 for plane-strain and c ¼ 0:628
for plane-stress). No significant variation in the decrease
rate is observed between the plane-strain and plane-stress
cases.

To understand the origin of this difference, the time evo-
lution of s is analyzed at a particular position xi correspond-
ing to a maximum of stress concentration (Fig. 7(a)–(c)). For
the three cases, almost the same position of the interface is
analyzed (the differences in position, of less than 2 mm, are
due to slightly different arrest locations). We focus on the
initial shear traction level sðxi; t�i Þ, before the creation of
the stress concentration in xi (red dots in Fig. 7). In the ref-
erence case (rigid base), sðxi; t�i Þ is lower than for deform-
able bases. This can also be seen in Fig. 9(b) (zoom) which
shows the shear traction along the interface just before
the propagation of the slip event that will stop at the posi-
tions marked by the vertical dashed lines (x=L � 0:3, posi-
tion studied in Fig. 7). For the reference case, we can
observe the lower value of s at the arrest position of the
next event (marked by vertical dashed lines). During the
creation of the stress concentration in xi, the shear traction
will jump from sðxi; t�i Þ to sðxi; tþi Þ (from red to blue dots in
Fig. 7). sðxi; tþi Þ is the value of s at the time of slip arrest,
before relaxation starts. This jump from sðxi; t�i Þ to
sðxi; tþi Þ will increase for lower initial stresses.

Fig. 10(b) reveals a correlation between the initial jump
sðxi; tþi Þ � sðxi; t�i Þ and the value of c estimated at each
position xi. For a rigid base (dots), the values of
sðxi; tþi Þ � sðxi; t�i Þ are between 1 and 1.5 MN, whereas
when the base is deformable, this ratio is between 1.4
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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Fig. 9. s along the interface at different times for the three different configurations of the base (a) At equilibrium, before the initiation of the shear load
(t ¼ 0). The stress profile results from the frustrated poisson’s expansion. (b) Just before the initiation of the precursor i stopping around x=L ¼ 0:3. The
precursors indexes, and times, The time, different for each configuration, are indicated in the legend. The arrest location for each precursor is marked by the
vertical dashed line (the black line below the blue, because the precursors have the same arrest position). At this position, the solid black line is located
under the solid red and blue lines. sðxi; t�i Þ will thus be smaller for a rigid base than for a deformable base. (For interpretation of the references to colour in
this figure caption, the reader is referred to the web version of this article.)

Fig. 10. (a) Evolution of the normalized amplitude of stress concentrations in a deformable-deformable interface (red and blue curves), compared with the
reference rigid base (black line). Dots with error bars are the data from the simulations, and the dashed lines are the prediction using Eq. (9), and different c
values. (b) Local values of c for all positions xi on the interface, as a function of the initial jump in shear stress sðxi; tþi Þ � sðxi; t�i Þ. Colors are function of the
position xi , as in Fig. 2, and symbols represent variation in the stiffness of the base. sðxi; tþi Þ � sðxi; t�i Þ corresponds to the difference between the blue and red
dots in Fig. 7. (For interpretation of the references to colour in this figure caption, the reader is referred to the web version of this article.)
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and 2 MN. The mean values of c estimated before represent
well the mean behavior for a deformable (c ¼ 0:6) or a
rigid base (c ¼ 0:758).

The amplitude of this jump will control the viscous
relaxation occurring later on, and in particular the values
of the shear stress before the succeeding events (siþ1 and
following). The lower sðxi; t�i Þ is, the lower will be the shear
Please cite this article in press as: Radiguet, M., et al. The role of viscoela
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stress before the succeeding events, and the higher will be
the jump to reach the frictional strength in each case. This
will thus influence the coefficient c introduced before,
which accounts for the time history of the drop.

Other effects could explain the differences between
deformable-rigid and deformable-deformable interfaces.
In particular, variations in r during slip are larger when
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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the base is rigid, and can thus lead to larger variations in
the frictional strength during slip events.
7. Conclusion

In this paper, we model sequences of precursory slip on
an interface between two solids. At the tip of each arrested
rupture, a stress concentration is created. When the fol-
lowing rupture propagates through that position, the stress
concentration is erased. We show that while the interface
is sticking during slip events, the erased stress concentra-
tions reappear, and survive the propagation of several
ruptures. At a given position, the amplitude of the stress
concentration is decreasing with successive ruptures. We
propose a theoretical model to describe how the stress
concentration decreases between slip events, accounting
for the bulk viscoelastic relaxation. This model describes
the decrease rate of the stress concentration as the ratio
of the viscous over the instantaneous Young’s moduli. By
varying the materials properties in the simulation, we
show that the analytical model proposed describes well
the average decrease rate of stress concentrations, if the
relaxation time is short enough so that the system has suf-
ficient time to fully relax between two slip events.

In the case where complete relaxation does not have
time to occur between two slip events, a second slip event
will propagate on an interface that is not at equilibrium.
We extend the previous analytical model and proposed a
new evolution of An

i , which takes into account the history
of two past events, and not only of the previous one. The
formulation could be extended to account for more than
two events. This new analytical prediction appropriately
describes the decrease rate of stress concentrations in
our simulations when the relaxation period is longer than
the inter-event time.

Finally, the effect of bilateral interfaces on the survival
of stress concentrations has been investigated. We show
that when the bottom plate is deformable, the decrease
rate of stress concentrations is faster compared to a rigid
bottom plate, and the variation is of the order of 10%.
We suggest that the observed difference is due to varia-
tions in initial stresses created by different stiffnesses of
the base, and propose a different coefficient c to model
the behavior on deformable-deformable interfaces. No sig-
nificant variation is observed between the plane-stress or
plane-strain approximation.

The comparison between deformable-rigid and deform-
able-deformable interfaces reveal some differences in the
global and local behavior of the system. These observations
reveal the importance of investigating in more details the
influence of non-symmetrical interfaces, and quantify the
errors made when considering a rigid body on one side
of the interface. In particular, the influence of non-sym-
metrical interfaces on rupture initiation and propagation
could be investigated in more details.
Appendix A. Model for evolution of s

The time evolution of s due to the propagation of a slip
event is considered as the contribution of 3 terms: (1) the
Please cite this article in press as: Radiguet, M., et al. The role of viscoela
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drop in s due to the slip, (2) the relaxation of the viscoelas-
tic material and (3) a term accounting for the shear load-
ing. From Eq. (5), we derive the evolution of s for an
instantaneous (negative) drop Dsn ¼ sþn � s�n , where s�n
and sþn are respectively the interface shear stresses just
before and after the slip event occurring at time tn. The
notation with superscript� and + for before and after a slip
event is hereafter also applied to other terms.

We assume an initial state of equilibrium. In the plane-
stress case, Dsn corresponds to ½�E0=ð1þ mÞ�D�xy in Eq. (5),
and sðx; t�n Þ to the initial state. We introduce a loading term
ps, assumed to be constant with time and only varying
with the position. We thus have the following evolution
for t P tn:

sðx; tÞ ¼ sðx; t�n Þ �
DsnðxÞ

E0
E1 þ Ev exp � t � tn

tv

� �� �

þ psðxÞðt � tnÞ ðA:1Þ

Considering that sðx; t�n Þ ¼ sðx; tþn Þ � DsnðxÞ and that
E0 ¼ E1 þ Ev , we have:

sðx; tÞ ¼ sðx; tþn Þ þ DsnðxÞ
Ev

E0
1� exp � t � tn

tv

� �� �

þ psðxÞðt � tnÞ ðA:2Þ

where the first term is the shear stress just after a slip
event, the second term corresponds to the time dependent
viscous relaxation, and the third term to the shear loading.

Assuming large enough local slip at the interface, satis-
fying l > dc , the shear stress just after the propagation of
the slip event n is:

sðx; tþn Þ ¼ lk rðx; tþn Þ:

The stress drop can therefore be described by

DsnðxÞ ¼ c½sðx; tþn Þ � sðx; t�n Þ� ¼ c½lk rðx; tþn Þ � sðx; t�n Þ�
ðA:3Þ

where the coefficient c (0 < c < 1) is introduced to
‘‘smoothen’’ the drop in order to take into account that
the stress drop is not instantaneous.

Neglecting volume changes due to slip (D�kk ¼ 0 in Eq.
(3)), r does not change during a slip event and we can
approximate that rðx; t�n Þ ¼ rðx; tþn Þ. Thus, we can simplify
Eq. (A.3) to

DsnðxÞ ¼ c½lk rðx; t�n Þ � sðx; t�n Þ�

and describe the evolution of the contact pressure

rnþ1ðxÞ ¼ rnðxÞ þ prðxÞðtnþ1 � tnÞ;

which depends only on the loading pr. We simplified the
notation by setting rnðxÞ ¼ rðx; t�n Þ, which we also do in
the following for snðxÞ ¼ sðx; t�n Þ.

Combining everything together, we can now express
the shear stress just before slip event nþ 1 as a function
of the stresses before the previous rupture and Eq. (A.2)
becomes:

snþ1ðxÞ ¼ lk rnðxÞ þ c
Ev

E0
Bnðtnþ1Þ snðxÞ � lk rnðxÞ

� �
þ psðxÞðtnþ1 � tnÞ ðA:4Þ
sticity on heterogeneous stress fields at frictional interfaces. Mech.
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with BnðtÞ ¼ 1� expð� t�tn
tv
Þ.

Appendix B. Simplified stress concentration evolution

Assuming complete relaxation between slip events, the
shear stress is described by Eq. (A.4) with Bnðtnþ1Þ � 1, and
following Eq. (6), the stress concentration can be expressed
as:

Diðsnþ1Þ�DiðsrefÞ¼ c
Ev

E0
DiðsnÞ�Diðsref�1Þ½ �

þðtnþ1� tn� tref þ tref�1Þ psðxiÞ�psðx0iÞ
	 


þlk 1�c
Ev

E0

� �
½rnðxiÞ�rnðx0iÞþrref�1ðxiÞ

�rref�1ðx0iÞ� ðB:1Þ

Since the positions xi and x0i are very close, we can approx-
imate rnðxiÞ � rnðx0iÞ (see Fig. 5(d)). Furthermore, our
simulations present, for a given configuration, a precursor
frequency that is approximately constant over the entire
time. Therefore we can approximate tref � tref�1

� tnþ1 � tn. Moreover, the reference stress concentration
was defined as when its changes are negligible
between two slip events, which enables us to set
DiðsrefÞ � Diðsref�1Þ. Following these assumptions, Eq. (B.1)
becomes:

Diðsnþ1Þ � DiðsrefÞ ¼ c
Ev

E0
DiðsnÞ � DiðsrefÞ½ �; ðB:2Þ

which leads to

Anþ1
i ¼ c

Ev

E0
An

i for n > iþ 1: ðB:3Þ
Appendix C. Stress concentration evolution

We propose a theoretical model that is more general
than the simplified version described in Appendix B.
Instead of imposing that complete relaxation has to occur
during a period of a single inter-event time, we assume
that relaxation is fully achieved within the period of two
inter-event times. In order to keep it as simple as possible,
we assume that the reference stress state is constant at the
location of the stress concentration, which is correct for the
large majority of slip events. The normalized amplitude of
stress concentrations can, therefore, be reduced to
An

i ¼ DiðsnÞ=Diðsiþ1Þ. The evolution of the shear stress is
given by Eq. (A.1), which is simplified to

snðx; tÞ ¼ sn�1ðxÞ

þ sn�1ðxÞ � lkrn�1ðxÞ
� �

c
Ev

E0
Bn�1ðtÞ � 1

� �

ðC:1Þ

with BnðtÞ ¼ ½1� expð�ðt � tnÞ=tv Þ�. The difference between
the maximal and minimal stress of a given stress concen-
tration can be expressed as a function of the stress concen-
tration before the previous slip event by

DiðsnðtÞÞ ¼ c
Ev

E0
Bn�1ðtÞDiðsn�1Þ for t P tn�1 ðC:2Þ
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Mater. (2014), http://dx.doi.org/10.1016/j.mechmat.2014.03.009
for any time after slip event n� 1 and before slip event n.
If we consider that the stress concentration is still

affected by the viscous relaxation of the slip event n� 2,
we can sum Eq. (C.2) to

DiðsnðtÞÞ ¼ c
Ev

E0
½Bn�1ðtÞDiðsn�1Þ þ ðBn�2ðtÞ

� Bn�2ðtn�1ÞÞDiðsn�2Þ� for t P tn�1: ðC:3Þ

The term cEv=E0Bn�2ðtn�1ÞDiðsn�2Þ is subtracted in Eq. (C.3)
in order to satisfy the condition that Diðsnðtn�1ÞÞ ¼ 0,
because just after the slip event n� 1 passed, there was
no stress concentration.

Considering the stress concentration just before slip
event n, we can write t ¼ tn; tn � tn�1 ¼ Dt and tn � tn�2

¼ 2Dt. Therefore, dividing Eq. (C.3) by Diðsiþ1Þ, we find
the relation describing the evolution of

An
i ¼ c

Ev

E0
1� expð�Dt=tvÞ½ �An�1

i

þ c
Ev

E0
expð�Dt=tvÞ � expð�2Dt=tvÞ½ �An�2

i ðC:4Þ

for any given stress concentration. Any recursive formula
that takes into account two past values needs two initial
conditions. The first one is here given by

Aiþ1
i ¼ 1

based on the initial definition of the normalized stress con-
centration. Considering that the stress concentration was
created during slip event i (where no concentration was
before) and that it is reduced during the first inter-event
period from ti to tiþ1, we can write Aiþ1

i ¼ �ð1� Biðtiþ1ÞÞAi
i.

This leads, using the first initial condition, to the second ini-
tial condition:

Ai
i ¼ �1=½1� cEv=E0ð1� expðDt=tvÞÞ�:
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