Calc. Var. (2014) 49:583-611

DOI 10.1007/500526-012-0593-1 Calculus of Variations

The second order pullback equation

G. Csat6 - B. Dacorogna - O. Kneuss

Received: 7 June 2012 / Accepted: 17 December 2012 / Published online: 9 January 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract Let f, g be two closed k-forms over R”. The pullback equation studies the exis-
tence of a diffeomorphism ¢ : R” — R” such that

" (g) = f.

We prove two types of results. The first one sharpens some of the existing regularity results.
The second one discusses the possibility of choosing the map ¢ as the gradient of a function
® : R" — R. We show that this is a very rare event unless the two forms are constant.

Mathematics Subject Classification (2000) 15A - 35F - 35G

1 Introduction

Let f, g be two closed k-forms over R". The pullback equation, systematically investigated
in [4], studies the existence of a diffeomorphism ¢ : R” — R” such that

9 () = f. )]

A natural question is to know if this diffeomorphism can be chosen as the gradient of a
function ® : R” — R. Indeed when k = n and g = 1, the pullback equation becomes, by
abuse of notations, the prescribed Jacobian equation
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584 G. Csaté et al.

det Vo = f.

In this context the requirement ¢ = V& transforms the equation into the Monge-Ampere
equation

det V2 = f.

We should point out that one of the main differences between the first and the second
order problems is that we cannot proceed by composition in the second order case. This
comes from the fact that the gradient structure is not preserved by composition, not even in
the constant case.

Our article is organized as follows. After a brief recalling of the notations for exterior and
differential forms, we start our discussion (cf. Sect. 3) with the first order case where we do
not require that the map is a gradient. We obtain two results, one for k-forms of rank k (cf.
Theorem 3) and the other one for 2-forms (cf. Theorem 6). We discuss in this introduction
only the second one which corresponds to the classical Darboux theorem for forms of non-
maximal rank. Our theorem improves, on all the existing results, the regularity of ¢. Indeed
it is classically proved that if f, g € C”, then ¢ € C"~ ! however in [3,4] it is established,
using elliptic regularity, that if f, g € C"%, then ¢ € C™* provided 0 < o < 1. We show
here (cf. Theorem 6) that we can get, by elementary means, the result of [3] (see also [4])
even wheno = Oora = 1.

We next turn to the second order case where we impose that ¢ = V. We will obtain two
types of results. The first ones concern the analytical problem (cf. Sect. 4) and the second
ones the algebraic problem (cf. Sect. 5) where the forms f and g are constant forms.

In fact, apart from the cases k = 0 (cf. Proposition 8), k = 1 (cf. Corollary 10) which are
elementary and from the case k = n mentioned above, one cannot expect to find solutions of
(1) of the form ¢ = V®. We give two simple examples showing this fact in the symplectic
case (cf. Proposition 12) and when k = n — 1 (cf. Proposition 11), which are, besides the
cases k = 0, 1, n, the only cases where (1) can be systematically solved, see [4].

In this context the contrast with the algebraic case (cf. Sect. 5) is striking. Before describing
our results let us first explain our terminology. By algebraic we mean that the forms f and
g are constant forms and the map ¢ is a linear map ¢ (x) = Ax with A invertible. Requiring
that ¢ = V& means that we want A to be symmetric. We will show that, contrary to the
non-constant case, this can be achieved when k = 2 (cf. Theorem 19), when k = n — 1 (cf.
Corollary 15 and Proposition 16) or more generally for k-forms (cf. Theorem 17) having
rank k.

We rephrase the above result when £ = 2 in terms of matrices. The two forms f and g can
be seen as n x n skew symmetric matrices F' and G. Theorem 20 states that if F" and G are
also invertible (this necessarily implies that n is even), then there exists A invertible so that

A'GA=F and A" = A. 2)

The above result (without requiring the symmetry of A) is standard, cf. for example Corollary
2.5.14 in [6] or Corollary 2.3.1 in [9]. The decomposition (2) has an interesting equivalent
formulation (cf. Theorem 20). It states that any invertible matrix X (here n is even) can be
written as

X=SB
where S is symmetric and B is symplectic which means that

B'JB=J
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The second order pullback equation 585

where J is the standard symplectic matrix namely
0 1
(00) =0
0 1
o ()

It is interesting to compare the above decomposition with the standard polar decomposition
which states that any matrix X can be written as

J =

X=S50

where S is symmetric and O is orthogonal i.e. O preserves the identity matrix / (namely
0'0=0'10=1).

2 Notations

We gather here the notations we will use throughout this article. For more details, see [4].

2.1 Exterior forms

Let 0 < k < n be an integer. An exterior k-form will be denoted by

f= Z Sijig€t A Ak

1<ij<--<ig<n
The set of exterior k-forms over R” is denoted by AR ®R") . If k = 0, we set
A’ (R") =R.

(i) The exterior product of f € A¥ (R") with g € Al (R"), denoted by f A g, is defined
as usual and it belongs to A¥* (R") . The scalar product between two k-forms f and
g is denoted by

&= D GeicSain

1<ij<--<ix<n

The Hodge star operator associates to f € A¥ (R") a form (xf) € A"k (R") . The
interior product of f € AF (R") with g € A! (R") is defined by

g f=ED" D s (g Axf).

(ii) Let A € R™ ™ be a matrix (with n rows and m columns) and f € AX (R") be given by

f= Z Sijig€t A Aek

1<ii<--<ig<n

The pullback of f by A, denoted A*(f), is defined by

AP = D S AT A n AR € AR

I<ij<--<ip<n
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where A/ is the jth row of A and is identified with
m .
Al =" Alek e AT@®™).
k=1
If k = 0, we then let
AN = f.

(iii) We next recall the notion of rank (also called rank of order 1 in [4]) of f € AF R").
We first associate to the linear map

ge A (R") > g f€ AK! (R")

o n
amatrix f € R(kfl) *" such that, by abuse of notations,
g.f=7fg foreveryge Al (R").

Explicitly, using the lexicographical order for the columns (index below) and the rows
(index above) of the matrix f, we have

D= frjiy

forl <i<nandl < jL< -+ < jk—1 < n. The rank of the k-form f is then the rank
of the (," ;) x n matrix f. We then write

rank [ f] = rank (f) .

We have the following elementary result (cf. Proposition 2.37 of [4]): let f € AZ(RY)
then rank[ f] is even and rank [ f] = 2m if and only if

m 0 and m+1 =0
fm# f

where f" = fA---Af.
~————

m—times

2.2 Differential forms

Let 0 < k < nand 2 C R” be an open set. A differential k-form f : Q — A will be
written as

f= D fiidx" A Adx

1<ij<--<ix<n

where f;..;, : 2 — R, forevery 1 <i; < --- < iy < n. We also, by abuse of notations,
identify, when necessary, dx’ with e/. When f;,..;, € C" (Q), forevery | <ij < --- <
ix < n, we will write f € C” (Q; Ak) . The differential forms obey pointwise the laws of
the exterior algebra. For instance the exterior product is defined pointwise as

(fAg)x)=fx)Agk).
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The second order pullback equation 587

(i) The exterior derivative of f € C'(S2; A¥) denoted df belongs to CO(L2; A¥t1) and is
defined by

n

ofiyiv : :

— SR m 11 . s

df = E E ™ dx™ ANdx"' A - Adx'E
. . m

1<ij<--<ix<nm=l1

If k = n, then df = 0. The k-form f is said to be closed if df = 0 in 2.

(i) Let U ¢ R™, V C R" be open and ¢ = (¢',...,¢") € CHU;V). Let
f e CO%V; A¥(R™)). Then the pullback of f by ¢, denoted ¢* (f), belongs to
ol (U; AF (R”’)) and is defined by

e (= D i op)dg' A Adg™

1<ij<--<iy<n

where d¢* is the exterior derivative of the O-form ¢*, i.e.

This is a generalization of the definition of the pullback for exterior forms (constant
forms). Indeed if ¢ (x) = Ax, where A € R"*"™ is a matrix, and f is constant, then

e (f)=A"(f).

3 The first order pullback equation
3.1 Frobenius theorem

In the main theorems of the present section we will need the classical Frobenius theorem
however with a kind of Cauchy data. First of all we recall some definitions and notations that
will be used in Frobenius theorem.

Definition 1 Let U C R” be an open set.
(i) Fora,b € CH(U; R"), [a, b] € CO(U; R") stands for the Lie bracket of a and b and is

defined by [a, b] = ([a, b]1, ..., [a, b],), where
n
ab; da;
bl = —b )
[a, b]; n; (am 9%, m 8xm)
(ii) Leta™*!, ..., a" € CY(U; R"). We say that the family {a” 1!, ..., a"}is involutive in

U if, forevery m + 1 < i, j < n, there exist cfj eCOU),m+1< p < n, verifying

n
[d,al] = Z cl.’}ap inU.
p=m+1
(iii) Fora € CY(U; R") we define @{ as the unique solution of
[ %(p,a =ao got“

@y =id.
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588 G. Csaté et al.

In the sequel we will write, for 1 <m < n,
, _
x = (x,xm+1,...,x,,) = X1y v v Xim» Xt 1» -+ -5 Xp) € R X RT™,

Theorem 2 Let 1 < m < n,r > 1 be integers and xo € R". Let a"tl.o a" bea CT
involutive family in a neighborhood of xy and h € C"(R™; R") with h(x(’)) = xq be such that

oh oh
—(x)s ey ——(x(), @™ (x0), ..., a" (x0) | is linearly independent.
dx1 0Xy

Then there exist a neighborhood U of xog and ¢ € Diff" (U; ¢(U)) such that ¢(xg) = xo
W(xls M) xm7 (xo)erl’ ceey (xo)l’l) = h(.X'l, e ’xm) f()revery X € U

and, for everym + 1 <i <n,

ad
a—(p e span{(a™*' 0 @), ..., (@ o@)} inU.
Xi

Proof With no loss of generality we can assume that xo = 0. We claim that
am+l a’
QXL Xy X1+ ooy X)) = @ 0o @y (h(X1, .. X))
has all the desired properties. Indeed ¢ € C" near 0, ¢ (0) = 0 and

oh
0xm

Hence ¢ is a C" diffeomorphism near 0. Finally, using the involutivity of the family

dh
w(()):(a—x](O),..., (0),am+1(0),...,a”(0)).

a™tt .. 4", we have (cf. for example [10 p. 41]) that, foreverym + 1 <i <n,
d
8—('0 e span{(a"*' 0 ), ..., (@" o)} near 0
Xi
which concludes the proof. O

3.2 The case of k-forms of rank k

The following result improves Theorem 15.1 in [4] (when k < n).

Theorem 3 Let2 < k < n,r > 1 be integers and xo € R". Let f and g be two C"k-forms
verifying, in a neighborhood of x,

df =dg =0 and rank[f]=rank[g] = k.
Then there exist a neighborhood U of xog and ¢ € Diff" (U; ¢(U)) such that ¢(xg) = xo and
¢ (@) =f inU.

In the proof of the above theorem we will also need the following lemma (cf. Lemma 4.7
in [4]).

Lemmad Let V C R" be an open set, g € O (V; Ak) and a € CO (V; R") be such that
asg=0 inV.

Let1 < j < nbefixed, U C R" be an open set, ¢ € Diffl(U; o (U)) be suchthatp (U) C V
and
dy

— =a inU.
ax]' °¢
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The second order pullback equation 589

Then, in U and for every 1 <ij <--- <ix <n

(QD* (g))ilmik =0 lf.] € {i19 ) lk} .

Proof (Theorem 3) With no loss of generality we can assume xo = 0. We can also assume
that

f=dx' A Adx*
Indeed if ¢ solves
Pig) =dx' A--- A dx*
and ¢; solves

o3 (f) =dx" Ao A dxF

then ¢ = @ o (p2)~! verifies ¢*(g) = f. Up to permuting the coordinates we can also
suppose that gq..x (0) # Or Since rank[g] = k (see (iii) of Sect. 2.1), it is easy to find a
neighborhood V of 0 and @' € C"(V;R"), k + 1 <i < n, such that, forevery x € V,

{ak‘"l (x),...,a" (x)} is linearly independent
and
span{a*™! (x),....d" (x)} =kerg (x).
Then exactly as the proof of Theorem 4.5 of [4], we have that the family {ak"'l, ...,a"}
is involutive in V. Let us use the abbreviation 0; = (0,...,0) € R". Leth : R* — RF

(h = (h', ..., h*)) be such that 7 (0) = 0 and

g1k Ch(xy, ..., xk), 0p—x)det Va(xy, ..., xx) = 1
for every xi, ..., x; small enough, or equivalently
R (i*(g)) = dx' A Adx* 3)
where i : RF — R given by i(x1, ..., xx) = (x1, ..., Xk, 0,—x) is the inclusion map. For

example 4 defined by hi (x)=x;,1<i<k-—1and

WGy xk)
g1ok(X1y .oy Xp—1, 8, Op_g)dt = xi
0
has all the desired properties. We claim that, for x = (xy, ..., x,) small enough,
k+1 n
PXL, ey Xy Xy ey Xn) = @, 00 @ (h(xn, .oy xk), On)

has all the required properties, where we recall that ¢ stands for the unique solution of

Gl =aogf
@y =id.
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590 G. Csaté et al.

First of all, note that ¢ (0) = 0 and ¢ is C" near 0. Then observing that

hL(0) -+ k! (0) @™H©0) - @)

Vo) = | M@ - HLO) @ H©O) - @)

0 0  (@IDHO) - (@ DO
0 0 @0 - @O

we deduce that

det Vo (0) = detVh (0) - (a1 Ao A @) gs1)n (0)
= 1/g1.4 (0) - @F Ao Ad) geg1yn (0) # 0
where we have used Corollary 25 for the last inequality. Hence ¢ is a C" diffeomorphism

near 0. Recalling that the family aktl .. a" is involutive near 0, we have, by Theorem 2
(more precisely its proof), that, forevery k + 1 <i < n,

dg
Xi

m+1 °

€ span{(a ©),..., (" op)} nearO.

Therefore near 0, we have, forevery k + 1 <i <n,
0
%% € ker(g) o ¢.
ax,-
Using Lemma 4, we deduce that, near 0
(@™ (€))iyiy =0 forevery (iy,---,ix) # (L---k).
In other words, near 0,
@©*(g) = Adx' A+ AdxF,

where A is a C"~! function. On one hand, noticing that ¢(xq, ..., xk, Op—r) = (h(xq,
..y Xk), 0p—k), or equivalently ¢ o i = i o h, we obtain from (3) that

At X O dxt A A dxE = (0% (9)) = (9 0 1)*(g) = (i 0 h)*(g)
= h*(i*(g)) =dx' A+ AdxF.

‘We thus obtain that
A=1 onxpq41 =---=x, =0.

On the other hand, since dg = 0 and hence d(¢*(g)) = d(Adx' A --- Adx*) = 0, we
immediately deduce that

A=Ax1, ..., Xg).

Combining these last two observations we directly deduce that A = 1, which concludes the
proof. O

Remark 5 In the case k = n — 1, the previous proof is nothing else than an application of
the well-known method of characteristics and the classical Cartan lemma. Indeed let f be a
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The second order pullback equation 591

closed (n — 1)-form which is C” in a neighborhood of 0 and such that fj...,—1) (0) # 0. Let
h e Diff" (R*~!; R*~!) be such that 4 (0) = 0 and
det Vh(xy, ..., xp—1) = fl.(a=1)(X1, ..., X4—1,0), nearO.

For example one can take R (x1,...,xp—1) =x;forl <i <n—2and
Xn—1

RNy, X)) = / [, .., x02,1,0)dt.
0

Since f1.....—1) (0) # 0, we can find, using the method of characteristics, a C" function o,
1 <i <n — 1, such that, in a neighborhood of 0,

do' A f=0 and ¢ (x1,...,%—1,0) = A (x1, ..., X_1).
Define ¢ = (¢', ..., 9" !, x,). Then ¢ is easily seen to be a C” diffeomorphism near 0 and
verifies ¢ (0) = 0. We claim that, near O,

e (dx' A Adxh = f.

Indeed, since dgai A f =0forevery 1 <i <n — 1, we deduce using Cartan lemma (see
e.g. Theorem 2.42 in [4]) the existence of a C"! function A such that

P dx" A AdX"Y =de' A Ade"T = A0S 4)
It remains to show that A = 1 to have the claim. Since

o1, .., x0-1,0) = (h(x1, ..., X-1), 0),

we immediately deduce that A = 1 on x,; = 0. In particular A (0) = 1 # 0. Using (4) we
hence have that

1
Ae™h
Since df = 0 we directly deduce that 1/A(¢~") (and hence (¢~ 1)) does not depend of x,,.
Combining this with the fact that A(go_l) = 1 on x, = 0 (since (p" ({xp, =0} C {x, =0}

and & = 1 on x,, = 0) we deduce that A(¢~!) = 1 and therefore 1 = 1, which proves the
claim.

dx' Ao ndx™ = (T HR ().

3.3 Thecase k =2

‘We now turn to the case k = 2.

Theorem 6 Let 1 <2m < n,r > 1 beintegers and xy € R". Let f and g be two C" 2-forms
verifying, in a neighborhood of x,

df =dg =0 and rank[f] = rank[g] = 2m.
Then there exist a neighborhood U of xo and ¢ € Diff" (U; ¢(U)) such that ¢(x9) = xo and
(@) =f inU.
Remark 7 When 2m = n, the result is weaker than the one in [2] (see also Theorem 14.1 in

[4]). It is however better, when 2m < n, than Theorem 14.3 in [4].
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592 G. Csaté et al.

Proof As in the previous proof we can assume that xo = 0 and
m
f=>dx* ! Adx?
i=1

Up to permuting the coordinates we can also suppose that

(&™) 1-2m) (0) # 0.

Since rank[g] = 2m (see (iii) of Sect. 2.1) it is easy to find a neighborhood V of 0 and
al € C"(V;R"), 2m + 1 < i < n, such that for everyx € V

{a®*1 (x),...,a" (x)} is linearly independent
span{a®™ ™ (x),....,a" (x)} = kerg (x).

Then, exactly as the proof of Theorem 4.5 of [4], we have that the family {az’""'l, ...,a"lis

involutive in V. Define for € small enough,
g e C'((—e. o)™ A2(R™))
as (recall the abbreviation 0; = (0, ..., 0) € R)

i xam) = D (X1 Xom, Opam)dx’ Adx,

1<i<j<2m

or in other words, § = i*(g), where i : R*" — R" is the inclusion map given by
(X1, ..., X2m) = (X1, ..., X2m, Op—2sm ). Note that (g)™ (0) # 0 and therefore g has rank 2m
near 0 (cf. (iii) of Sect. 2.1). Using Theorem 14.1 of [4] there exists a C" local diffeomorphism
h:R*™ — R> (h = (h', ..., h®™)) such that & (0) = 0 and

m
R*(i*(g)) = h*(@) = D _dx* " ndx* near 0. 5)
i=1
(We even have that h € C™® forany 0 < « < 1, since g € C" C C" L% put we do not
need this.) We claim that, for x = (x, ..., x,,) small enough,
2m+1 n
QX1 -y X2y X215 oo s Xp) = ¢§2n1+1 ©---0 (/’zn (h(x1, ..., x2m), On—om)

has all the required properties, where we recall that ¢ stands for the unique solution of

ol =aogf
@y =id.

First of all, note that ¢ (0) = 0 and ¢ is C" near 0. Then observing that

hL ) -~ kL (0) (@™t (©) -+ (@) (0)
B2 (0) o ©) @) © . @ )
Vo (0) = X1 X2m 2m 2m
CO=T T @O @) O
0 0 @O - @O
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The second order pullback equation 593

we deduce that
det Vo (0) = det VA (0) - (@' A+ Ad") g 1)n (0) # O

where we have used Corollary 26 for the last inequality. Hence ¢ is a C" diffeomorphism
near 0. Recalling that the family a?m+l , a" is involutive near 0, we have, by Theorem 2
(more precisely its proof), that, forevery m + 1 <i < n,

ad
¢ e span{(a"' 0 @), ..., (@" o p)} near 0.

3)6,'

Therefore near 0, we have, for every 2m + 1 <i < n,
0
2 € ker(g) o ¢.
0x;
Using Lemma 4, we deduce that, near 0,
(9™ ())ij =0 forevery2m+1<i < j<n.

In other words, near O,

0*(g) = Z kijdxi Adx! (6)

1<i<j<2m
where A;; are C"! functions. On one hand, noticing that p oi =i o h, i.e.
QX1 -y X2ms Op—om) = (M (x1, ..., X2m) , On—2m)

we have, using (5) and (6), that

D hij(ns s Xom, Opam) A’ AdxT =i (@ (@) (X1, .., Xam)

1<i<j<2m

m
=R (@) (X1, - Xom) = K@) (1, ., o) = D dx T Adx?
i=1
We therefore obtain, if x3,,41 = --- = x, = 0, that

MjZ[l if (i,j)=@l—-1,2)forsomel </ <m o

0 otherwise.
On the other hand, since dg = 0 and hence
dp*(@) =d | D ijdx' ndxl | =0
I<i<j<2m
we immediately deduce that
Aij = Aij (X1, .0, Xom).
Combining these last two observations we directly deduce that A;; verifies (7) for every x.

This ends the proof. O
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4 The second order pullback equation
4.1 Thecasesk =0and k =1

Proposition 8 Letr > 2, n > 1, be integers, xo € R" and f, g € C" (R") be such that
g(xo) = f(xo) and Vg(xo), V f(xo) # 0.
Then there exist a neighborhood U of xg and ® € C"(U) such that
g(Vd) = f inU, V® eDiff "' (U; VOWU)) and V& (xp) = xo.

Remark 9 (i) We should point out that the result is weaker, from the point of view of regu-
larity, than the one for first order (see Theorem 13.1 in [4]). Indeed it can be proved that
there exist a neighborhood U of xo and ¢ € Diff” (U; ¢ (U)) such that

glp)=f inU and ¢(xo) = xo.

The proposition cannot be improved as the elementary example g (x) = x| shows. Indeed
in this case we have

0P
g(VP) = — =
dxq
and therefore no gain of regularity in the variables x», . . ., x,, can be expected in general.

(i1) A similar remark applies to the next corollary (see Corollary 13.3 in [4]).

Proof With no loss of generality we can assume that xo = 0. We split the proof into two
cases.

Case I There exist 1 <, j < nsuchthati # j and fy, (0), gx; (0) # 0. Without loss of
generality (the proof being exactly the same for the other cases) we can assume thati = n—1
and j = n, thatis, fy _, (0), gy, (0) #0.Leth € C®(R" 1) be defined by

n—2

2

h(xy, ..., xp_1) = in .
i=1

Since gy, (0) # 0, VA (0) = 0 and g (0) = f (0), by classical results about first order
equations (cf. for example [7]), there exist a neighborhood U of 0 and a (unique) ® € C" (U)
verifying

g(VD) = f in U
D(x1,. . Xp-1,0) = h(xy, ..., x1) for (x1,...,x,-1,0) €U
Vo (0) = 0.

If we show that det V2® (0) # 0, the proof will be finished, taking U smaller if necessary.
Differentiating g(V®) = f in 0 we find, since ® = h on x,, = 0,

1 0 ... 0 0 @y, (0) gx (0) Jar (0)
0o 10" : : : :
0 o001 0 : : :
0 i 0 0 @ 1 O ]| g, O Jrn1 (0)
Dy, (0) ovvee e @y 1x, (0) Dy, (0) &x, (0) S, (0)
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The second order pullback equation 595

On one hand, we deduce from the previous equation that
@,z (0) g, (0) = S,y (0)
which implies, since gy, (0), fy,_, (0) # O, that
Py, 1x, (0) #0.

On the other hand, an easy calculation gives that the determinant of the previous n x n matrix
(which is precisely V2 (0)) is

(=D (Dy, )%

We therefore find that det VZ® (0) # 0.
Case 2 There exists 1 < i < n such that

fxi (0), 85 (0) #0 and  fy; (0), gx; (0) =0 for j #i.

Without loss of generality (the proof being exactly the same for the other cases) we can
assume that i = n, that is,

S (0), 8x, (0) #0 and fy; (0) = gy; (0) =0 foreveryl <j<n-—1.
Let h € C®(R"!) be defined by

n—1

2

h(xy,...,xp_1) = in.
i=1

Since gy, (0) # 0, VA (0) = 0 and g (0) = f (0), by classical results about first order
equations (cf. for example [7]), there exist a neighborhood U of 0 and a (unique) ® € C"(U)
verifying

g(Vd) = f inU
q)(,X'l, ~~'7x'17170) :h(xla ~'~axn71) for (xla "'a'xVIfl’O) € U
vV (0) = 0.

If we show that det V2® (0) # 0, the proof will be finished, taking U smaller if necessary.
Differentiating g(V®) = f in 0 we find, since ® = h on x, =0,

1 0o --- 0 Dy, (0) 0 0

0 | . . . .

: - 0 : : - :

0 -+ 0 1 Dy, ix, (0) 0 0
Dyyx, (0) -ov e Dz, (0) Dy,x, (0) 8gx, (0) S, (0)

We deduce from the previous equation that ®,,, (0) gy, (0) =0, 1 <i < n — 1, which
implies, since g, (0) # 0, that

@y, (0)=0, 1<i<n-—L.

Similarly we also get that ®, , (0) # 0. Then, noticing that the determinant of the previous
n x n matrix (which is precisely V2 (0)) is

Dy, x, (0)

we have the claim. O
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Corollary 10 Let n,r > 1 be integers, xo € R" and f, g be C" 1-forms such that
df =dg =0near xo and f(xp), g(xo) # 0.
Then there exist a neighborhood U of xo and ® € C"1(U) such that
(V®)*(g) = finU, V® eDiff" (U; VOWU)) and VP (xp) = xp.

Proof By Poincaré lemma (cf. for example Corollary 8.6 of [4]) there exist a neighborhood
V of xg and G, F € C"t1(V) such that

dF = f and dG=g inV.

Adding if necessary a constant, we can also assume that F(xg) = G(xp). We are then in a
position to apply Proposition 8 to get U C V, a neighborhood of x¢, and ® € C"*+!(U) such
that

G(V®)=F inU V& e Diff’ (U; VO(U)) and VP (xg) = xo.

Applying the exterior derivative to both sides of G(V®) = F (which is equivalent to
(V®)*(G) = F) we get that

(VO®)*(dG) =dF,
which is precisely our claim. O

4.2 Counterexamples

We start with a counterexample for (n — 1)-forms.
Proposition 11 Let f € C®(R3; A?) be given by
f=q —|—x3)al)c1 Adx? + (2x1x3 + x3) dx' Adx3.
Then there exists no ® € C3(R3) such that, near 0,
(Vo) (dx' Adx?) = f
although there exists a local C* diffeomorphism ¢ such that
o*(dx" A dx?) = f.

Proof Since df = 0 and f (0) # 0, there exists (cf. Theorem 15.3 in [4]) a local C*°
diffeomorphism ¢ such that

e*(dx' Adx?) = f.
It remains to show that there exists no ® € C? such that
d(®y) Ad(Dy,) = f.
For the sake of contradiction suppose that such a ® exists. We therefore must have
d(@) A f=d@)Af=0
which is equivalent to the two following equations

— (2x1x3 +x2)q))qxz + 1+ x3)q)x1x;g =0 8)
—(2)61)63 + x2)q)x2x2 + (1 + x3)¢x2x3 =0. (9)
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Computing % 8)— 3371 (9) we directly obtain that

Dyixy —203Pyyx, =0 (10)
which is equivalent to
i(d%c1 —2x3P,,) =0
dxo
or to
Dy — 2x3D,, = h(xy, x3) an

for some function 4. Combining (8) and (10) we obtain that
—2x3(2x1x3 + x2)Pryyy + (1 +x3) Py =0
and multiplying (9) by 2x3 we get that
—2x3 2x1x3 + x2) Pyyx, + 2x3 (1 +x3) Pyyry = 0.
Hence the last two equations imply directly that, near 0,
Dyix; =2x3P x5 -
Differentiating (11) with respect to x3 and using the previous equation we obtain
hyy = Pypy — 263 Py — 2Py, = —2D,,.
Since i does not depend on x;, we immediately get from the previous equation that
Dy, =0.

Combining this with (9) and (10) we find that

Dyixy = Pyyr; =0 mear 0
and hence d(®y,) = 0 and finally

0=d(Px) ANd(Px,) = f
which is the desired contradiction. O

We now turn to a counterexample for symplectic forms.
Proposition 12 Let f € C®(R*; A?) be defined by
f=04+x3) dx' Adx* + xpdx' Adx +2dx3 Adx®.
Then there exists no ® € C3(R*) such that near 0
(V®)* (dx' Adx? +dx* ndx?) = f

although there exists a local C* diffeomorphism ¢ such that

Q" (dxl Adx® +dx3 A dx4) = f.
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Proof Since df = 0 and rank [ f (0)] = 4 (since f2 (0) # 0) there exists (cf. Theorem 14.1
in [4]) a local C*° diffeomorphism ¢ such that

¢* (dx' Adx? +dx* Adx?) = f.

We now show that we cannot choose ¢ = V®. For the sake of contradiction suppose that
such a @ exists. Then it has to satisfy the following six equations

<I)Xl)fl (bxm - (DXIXZCDXIXZ + ®X1x3 q)xz)m - cbxm (Dxl,m =1+ X3
Qxlxl cbxzx3 - q>xlxs q>xlxz + (Dx1x3 q>x3x4 - cbxu3 ¢‘x1,m = X2
q)xlxl q>x2x4 - q)x1x4 cbxlxz + q>x1X3 q)x4x4 - qDX3x4 q>x1X4 = O
q))qxz q)xzxg - q)xzxz q))C|)C3 + q)xzxg q)x3X4 - CDX3X3 (sz)m = 0
q)xlxz (DXQX4 - cbxzxz (bx1X4 + (DX2X3 CDX4X4 - q)x3JC4 ¢X2X4 = 0
¢XIX3 (sz,m - q>x2x3 d)x1x4 + q>x3X3 q>x4x4 - qDX3X4 (I>X3x4 = 2

(12)

In particular, writing the second, third, fourth and fifth equations of (12) in matrix form, we
get

(Dx3X4 - (bxlxz _(Dx3x3 (Dxlxl 0 d)xl)q
qD)C4)C4 _q)x3x4 - cDX]Xz 0 q>x1X1 3 CDXIX4
_cpxzxz 0 <I>163164 + qDX]Xz —CI>x3x3 d>x2x3
0 _Cpxzxz (DX4X4 _q)x3X4 + cD)clxz (DX2X4
x2
0
=10 | (13)
0

An easy calculation gives that the determinant of the matrix on the left-hand side of (13) is
equal to

2
(q)xlxl (szxz - <D2 - q>x3x3 d’x4x4 + <D2 ) .

X1X2 X3X4

Subtracting the first equation of (12) from the last equation of (12), it follows that

2
(q)xm Py, — q’;quz = Py Pryry + q),%w;) =(-1+ x3)2.
Hence, for x3 # 1, (13) is easily seen to be equivalent to
(_1 + )C3) cbx1x3 = -x2(<bx1x2 + Cbx3X4)
(_1 + x3) q>x1)C4 = quDX4X4

(_1 + X3) q>x2x3 = x2q)X2X2
Dyyy, =0.

(14)

Differentiating the second equation of (14) with respect to x, and using that ®,,, = 0 we
obtain that

@y, = 0.

Inserting this last equation in the second equation of (14) we get that

Dypy =0.
Hence, since @y, = Pyyx, = Py, = 0, the last equation of (12) becomes
~(@i)? =2
which is the desired contradiction. O
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5 The second order case for exterior forms
5.1 The case of k-forms of rank k and the symplectic case

We start with the case k = 1 (see also Corollary 10).

Proposition 13 Let n > 3 be an integer and f, g € A' (R") be such that f, g # 0. Then
there exists A € R"™™" such that det A > 0, A’ = A and

A*(g) = f.

Remark 14 When n = 2 the previous proposition is still verified except for the conclusion
det A > 0.Indeed, for g = ¢! and f = €2, any symmetric A verifying A*(g) = f necessarily
satisfiesdet A = —1 < 0.

Proof Step 1 We first show that we can assume that g = e!. Indeed suppose that for any
h e A" (R"), h # 0 there exists a symmetric matrix A such that

detA >0 and A*(e)) =h.

Letg, f € A (R") . Take (cf. for example Proposition 2.24 (i) of [4]) an invertible matrix
X such that X*(g) = e'. By hypothesis there exists a symmetric matrix A such that

detA >0 and A*(e") = (X7H*(f).
Replacing e! by X*(g) in the last equation we deduce that
(XAXD*(g) = f.

The matrix X AX' has then all the desired properties.
Step 2 We show the proposition when g = e!. We split the discussion into two cases.
Case 1 f» = --- = f, = 0. Then, noting that f; # 0 since f # 0, the diagonal matrix
A defined by
i A ifi=1,2
Ai = [ 1 ifi>3
has all the desired properties.

Case 2 There exists [ > 2, with f; # 0. Take k € {2, ...n}\ {{} (here we use thatn > 3).
It is then easily seen that the matrix A defined by

fi ifi=1
fi ifj=1
Al = 0 if2<i,jandi #j
7 0 ifi=j=I
-1 ifi=j=k
1 ifi=jandi ¢ {l,k,I}
is symmetric, satisfies A*(e!) = f and det A = ()2, which concludes the proof. O

Corollary 15 Let n > 3 be an integer and f, g € A"~' (R") be such that f, g # 0. Then
there exists A € R"™" such that det A > 0, A = A and

A*(g) = f.
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Proof By the previous proposition there exists A € R"*" such that det A > 0, A’ = A and
A*(xg) = * f.
Using Proposition 2.19 of [4], the previous equation becomes
det A [*((A™)"(g)] = S
where we recall that = is the usual Hodge star operator. Therefore letting
B = (det AT A~
we have that B is symmetric, det B > 0 and
B*(g) = f
which ends the proof. O

We give another way of proving Corollary 15. This proof uses the method of characteristics
for first order linear partial differential equations, since the method to obtain @ uses the
idea of Remark 5. In order to simplify the notations in the next proposition we write, for
fen ®Y

= flei-na+y-n 1<i=<n.

Proposition 16 Let n > 2 be an integer and f € A"~ (R") be such that f7 # 0. Then
® : R"” — R defined by

i 1 f Ny
P (x) =G ()m + (—D"Lixn, R (—l)”*‘“%xn, ey Xn—1+ "Alxn) ,
n n Jn

verifies
(VO dx' A AdxX"" Y = f inR"
forany G € C*(R"™") satisfying
det V’G = f7 inR"L.

Proof First notice that

qD)C]x] e q>x1x,,,1 qulxn
Vi =
q>x1xn—l T <Dxn—1xn—l q>xn—lxn
cpxlx” T q>)Cnflxn q)xnx,,
where
Gix; ifl<i<j<n-—1
G = | SN G, il <i<n—land j=n
' -1 i e
Z.l:l(_l)k_H (?%{12 kaxl ifi = ] =n.

We write the above identity as

e [ G - 6 eyl
q)x1x,, CDX;, 1Xn cDann
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where G' stands for

Gxixl
GJC,'XH,1
Hence, for1 <i <n —1,
1 -1
(VO (dx’ A AdX"7)) | i byittyon
n—1 f”
=det [G'.....G"" .G G D (LGl
— fa
]_
:det(Gl LG gt et (—1)”+1—'£Gf)
feees . e . -
_ﬁ 1 n—1) _
=-Ldet(G',....G" ") = £

n

Since we also have

(Vo) (dx' A~ Adx"T")) =det(G',....G"") = f.

1-(n—1)
the proposition is proved. O
We now discuss the more general case of k-forms of rank k.

Theorem 17 Let 1 < k < n — 1 be two integers and f, g € A¥(R") be such that rank[ f] =
rank[g] = k. Then there exists A € GL(n) such that

A*(g)=f and A' = A.

Proof Step 1 Let us first assume that g = e! A --- A K. Since rank[f] = k it follows
by classical results (combining Propositions 2.24 (i) and 2.43 (ii) in [4]) that there exists
B € GL(n) such that

B*(' A Ay =B' A ABF =7

Let H € RF*K be the submatrix of B obtained by extracting the first k rows and columns, i.e.

N\ I<i<k
H= (B’-) .
T <j<k

Using Lemma 27 there exists S € GL(k) such that
SH = (SH)' (15)
and det S = 1, which means that

S*(el/\---/\ek):(detS) A n = A AR (16)

Let 1, € R™*™ denote the identity matrix and O; ,, € R>™ (with [ rows and m columns)
the zero matrix. We then define Q € R**" by

. S Opn—k
Q= (On—k,k Iy )
and A by A = OB. Then A has the form
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(1,k)
SH A
g
A=0B= (A(k+1,n) A&Il,ﬁi)
(1,k) (k+1.n)

where

()] (j—i+Dx(m—I+1)
A(l,m) e RV m

denotes the block obtained by extracting the rows i to j and the columns / to m of A. Using
(16) we obtain that

A*(el/\-u/\ek):B*(Q*(el/\--~/\ek)):B*(S*(el/\---/\ek))
=B*(e1/\--~/\ek)=B1A-~-ABk=f.

Note that this equation is independent of the last n — k rows of A. Since A is invertible, we
have that the first k rows of A are linearly independent. Hence, using (15) and Lemma 28,
we can redefine the last n — k rows of A to obtain that A’ = A, A € GL(n) and

A*(el/\---/\ek):f.

Step 2 Let now g be an arbitrary exterior k-form of rank k. By Step 1 we have for every
B € GL(n) that there exists A € GL(n) such that

A (Ao nek) = BE(f) and A=A
As in Step 1 we can find By € GL(n) such that
BT(el/\-u/\ek) =g.
We then apply Lemma 18 (with By = I) to find A € GL(n) such that
A*(g)=f and A" = A.
The theorem is therefore established. O

In the above theorem we used the following elementary lemma. As already mentioned the
lemma cannot be obtained by straight composition of symmetric matrices, since the product
of such matrices is, in general, not symmetric.

Lemma 18 Let0 < k < n be integers and g, h € A* (R") be such that for every B € GL(n)
there exists A € R"*" such that

A*(g) = B*(h) and A' = A.

Then for every By, By € GL(n) there exists A € R"™" such that A' = A and

A*(Bi(g)) = B3 (h).
Proof By hypothesis there exists a symmetric matrix C such that

C*(8) = (B2B)* ()
or equivalently

(BILBy'CB'1B])*(g) = (B (B3 ()

or equivalently

(B 'CB")*(B}(9)) = Bj(h).
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Hence A = B I'c Bl_t has all the desired properties. O
We now turn our attention to the symplectic case where we have the following result.

Theorem 19 Letn be evenand g, f € A2 (R") be such that rank[g] = rank[ f] = n. Then
there exists A € GL(n) such that

A*(g)=f and A" = A.
Proof Let G € R™™" (and similarly for F) be defined by
G = (gij)lgi,jgn

with the usual convention that g;; = —g;; if i > j. With these notations the theorem reads
as: for any G, F € GL(n) such that G' = —G, F' = —F there exists A € GL(n) such that

A'"GA=F and A' = A.
But this is exactly what will be established in Theorem 20 and the remark following it. O

5.2 Equivalent formulation in terms of matrices

We now prove a theorem on matrices. But let us first recall that a matrix B is called symplectic
if

B'JB=J

where J is the standard symplectic matrix namely
01
(50) - o
01
o (%)

Theorem 20 Let n be even. Then the following two statements hold and they are equivalent.

J =

(1) Forevery F € GL(n) such that F' = —F there exists A € GL(n) such that
A'JA=F and A" = A. 17

(ii) For every X € GL(n) there exist S € GL(n) with S" = S and a symplectic matrix
B € GL(n) such that

X =SB.

Remark 21 Statement (i) is in fact more general (and we will prove it in this more general
framework). We will indeed prove that for every G, F € GL(n) such that G' = —G,
F! = —F there exists A € GL(n) such that

A'GA=F and A" = A.

Similarly, Statement (ii) is more general and indeed will be proved in the following form.
The symplectic matrix B is then replaced by a matrix B such that

B'GB =G
where G € GL(n) with G' = —G.
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Proof (i) The following proof has been given to us by D. Kressner and B.C. Vandereycken
[8]. According to Sect. 6 in [11], there exists an invertible matrix X such that

G=XGX and F-' = X'F~'X

are both block diagonal

G100 (F1), o 0
0 ' .0
0 0 G, 0 0 (F—’l)

with, for1 <i <, 51-, (;:T) € RZmix2mi of the type

1

~ (0 S /j) . 0 R;

Gl_(—S,‘O) (F i \—=R; 0
where S;, R; € R™*™i are both symmetric and invertible. Now proceeding blockwise,
one easily obtains the result.

(i) Let X € GL(n). Since X 'GX!is skew-symmetric and invertible, there exists by (i)
amatrix A € GL(n) such that A’ = A and

A'GA=X""'GXx"!

or equivalently
(AX)'G(AX) =G.

Thus B = AX has the desired property, § = A~! is symmetric and
X=A"'AX=5B

which is the required decomposition.

(iii) Let us now show that (i) and (ii) are equivalent statements. We already proved that
(i) = (ii) so let us establish the reverse implication. Let G and F be two invertible
skew-symmetric matrices. By classical result (cf. for example Proposition 2.24 of [4])
there exists X € GL(n) such that

X'FX =G.

Writing X = SB with § symmetric and B such that B'GB = G, we find that the
previous equation is equivalent to

F=S8'B'GB's™!
and therefore, writing A = S~! which is symmetric, we get
A'GA=F
which is the desired result. O

We have a very similar result for k-forms of rank k.
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Theorem 22 Let 1 < k < n be integers. Then the following statement holds and is equivalent
to that of Theorem 17. For every g € A¥(R") such that rank[g] = k and every X € GL(n)
the following decomposition holds

X =SB
where S is symmetric and B verifies
B*(g) = g.

Proof Obviously it is enough to prove that the above statement is equivalent to the one of
Theorem 17.

Step 1 (=) . Let X € GL(n). Since (X’l)*(g) is a k-form with rank [g] = k, there exists
by hypothesis A € GL(n) such that A = A and

A*(g) = (XD ()
or equivalently
(AX)*(g) = g.
Thus
X =A""(AX)

is the desired decomposition.
Step 2 (<) . Let g and f be two k-forms of rank k. By classical result (combining
Propositions 2.24 (i) and 2.43 (ii) in [4]) there exists X € GL(n) such that

X(fr=g.
Writing X = SB with S symmetric and B satisfying
B'(g) =g

we have
g = (SB)*(f) = B*(S*(f)
and therefore, noticing that (B~1)*(g) = g,
S H*@=r

which is the desired claim, since S is symmetric. O
Acknowledgments We would like to thank D. Kressner and B.C. Vandereycken for providing the proof of
(i) in Theorem 20.

6 Appendix

6.1 Appendix 1

We start with a well-known elementary result.

Lemma 23 Leta',... d* b, ... b* € AL(R") be two families of linearly independent k
exterior 1-forms. Then
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span{al,...,ak}:span{bl,...,bk} (18)
if and only if there exists ¢ # O such that
a'noond =cb' A A bR (19)

Proof Suppose first that (18) holds true. Then there exists an invertible matrix C € GL (k)
with entries ¢;; such that, for 1 <i <k,

k
at =" cib’. (20)
j=1

Thus we obtain (19) with ¢ = det C. On the other hand if (19) holds true, then it follows that
A ABY A ADF =0 forl<i<k
This easily implies that ' must be of the form (20). O

We now give some algebraic results that have been used in the proof of Theorems 3
and 6.

Lemma 24 Let 1 < k < n be two integers and al, ... a" e A! (R™) be linearly indepen-
dent and such that

(@ial) =0 foreveryl<i<k<j=n
Then
@nndya#0 & @A A Eg1yen #O.
Proof With no loss of generality (cf. Lemma 23) we can assume that a!, ..., a" satisfy
(@';aly = ¢8;; foreveryl <i,j <n.

In other words (identifying 1-forms with vectors) letting A € R"*" be the matrix whose ith
row is a', we have A € O(n). In particular we have

A*(e') =da' forevery 1 <i <n.

Using Proposition 2.19 of [4] we then have

w(@ Ao na') =x(A%E A neb)) = g AR A A e

=+agktt A A
We therefore find
(al/\~-~/\ak)]...k:(el/\-~-/\ek)4(a1/\~-~/\ak)
)@ A A A (k@ Ao A db)
=xx(' A AN A AGY

=@ A A @) 1y
which proves the lemma. O
Corollary 25 Let 1 < k < n be integers and f € A (R") be such that rank[ f] = k and
Sk 0. Let also a**, ... a" € AV (R") be such that
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span {ak“, el a"} =ker f.

Then
@A A @) gest)n # 0.
Proof With no loss of generality (cf. Lemma 23) we can assume that a1, ... a” satisfy
(ai;aj) =4;; foreveryk+1<i,j<n.
We then choose al, ..., a* € Al (R") such that

(@' al) =¢;; foreveryl <i,j<n.
If we show that
f=nra' A nd

for some scalar A # 0, the corollary will be proved using Lemma 24. Let B € O(n) be the
matrix whose ith column is equal to ¢’ and A = B~! = B’ (and therefore A is the matrix
whose ith row is equal to a'). Using Lemma 4 (with ¢ (x) = Bx) we deduce that

B*(f)=re' Ao A,
for some scalar A # 0. Hence

f=rA*E' A~y =ra A nd,

which proves the claim. O
Corollary 26 Let 1 < 2m < n be integers and w € A% (R") be such that rank[w] = 2m
and (W™)1...om) # 0. Let also a?mtl o a e AV (R") be such that
span {a2m+l, ...,d"} =kerw.
Then
(@A A an)(2m+1)-~-n # 0.
Proof With no loss of generality (cf. Lemma 23) we can assume that a”"*1, ..., a” satisfy
(a;aly = 8;j forevery2m+1<i,j <n.
We then choose a!, ..., a" € A (R™) such that
(ai;aj) =4;; foreveryl <i,j <n.

If we show that

w" =ra' A A" 1)

for some scalar A # 0, the corollary will be proved using Lemma 24 and the hypothesis
(W"™)1...2m) 7 0. To show (21), it is enough to prove that

w = E cija' na’
1<i<j<2m

for some ¢;; € R. Indeed, if w has the form of the previous equation, then computing w™
we deduce that
w™ =Aa1 /\_._/\aZm
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for some scalar A. Hence we get that A #% 0 because w” # 0 (since rank[w] = 2m). We

finally show (21). Since {a', ..., a"}is abasis of R” we have that
w = z C,’jai /\aj
I<i<j<n

for some ¢;; € R. It remains to show that ¢;; = 0 for j > 2m to have the claim. Let s > 2m.
In what follows we make the convention that ¢;; = —cj;. Using Proposition 2.16 of [4] and
the fact that (a'; a’) = §;;, we easily deduce that

0=d’w= E cija’ 5@ nal) = E +cga’.
I<i<j<n 1<r<n

This implies that ¢;, = 0 forevery 1 <r < n and every s > 2m and hence proves the claim.
]

6.2 Appendix 2

We conclude with some results that have been used in Theorem 17. In the sequel we let
I, € R™™ denote the identity matrix and Oy ,, € R!>*™ (with [ rows and m columns) the
Zero matrix.

Lemma 27 Let A € R"™". Then there exists S € R"*" such that det S = 1 and
SA = (SA).

Proof There exist P, Q € GL(n) and an integer 0 < r < n such that (cf. for instance [1],
Chapter 4, Proposition 2.9)

I O pn—
PA — r r,n—r .
Q ( Onfr,r 0n7r,nfr )
Letc,d € R\ {0} be given by

detP =c and detQ =d
and let us define the diagonal matrix R € GL(n) by

€0 -0
R— 0 1
0 01
Note that B € R"*" defined by
B=PAQR & A=P 'B(OR)™! (22)
satisfies B = B. We now set
S=(OR)'P.

Obviously det S = 1 and we obtain, using (22) and the symmetry of B, that
(SA)" = A'S" = (QR)'B'PT'P'(QR)"" = (QR) ' B(OR) ™!
= (QR)'PA =SA

which concludes the proof of the lemma. O
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Lemma28 LetQ <k < nandlet A € Rk E € R¥*X=5) pe such that A' = A and
rank [(A E)] =k
where the matrix (A E) € RF¥" is obtained by combining A and E as
) Al ifl<ij<k
apy =% Tr=s=
j Ei , ifk+1<j<n
Then there exists Q € RUX0=K) gyeh thar OF = Q and

(2, 2) € GL(n).

Proof Step I Let (E")! = E}i be the first row of E’. It is enough to show that there exists

§=(81,..., ) € RIX=5) gych that
rank [B] =k + 1 (23)
where B € R*TD*" is given by
A E
B = (Ei s ) . (24)

Then we can apply induction on k, supposing that the lemma holds true for k41, and noticing
that the case k = n is trivial.

Step 2 The hypothesis rank [(A E)] = k is equivalent to the existence of a nonzero minor
of order k, or, also equivalently, to the existence of & linearly independent columns of (A E).
Hence there exist 0 < r < min(k, n — k) and

Liy =1, ..., hy) eNT withl1 <y <--- <L, <k 25)
Jr=0t1see., jr) €N withl <ji<---<j,<n—k
such that
det (Ay, ... Ay, Ej, ... Ej) #0. (26)

We now distinguish two cases according to how these linearly independent columns are
distributed.

Case 1 Suppose that there exists an » < n — k — 1 such that (25) and (26) are satisfied.
Note that this is always the case if k < n — k — 1, or equivalently 2k < n.

Case 2 Forevery 0 <r <n—k—1andevery Li_, and J, the identity (26) does not hold
true. Or in other words, the only possibility for (25) and (26) to be satisfied is withr = n —k.

We will deal with Case 1 in Step 3 and with Case 2 in Step 4.

Step 3 (Case 1) In this case there exists i € {l,...,n — k} such thati ¢ {ji,..., j-}.
Without loss of generality we may assume that i = n — k. We define s in (24) by

s=Aep—r = (0,...,0,0).

Then, developing the determinant with respect to the last line, we obtain that

Ay oAy Ej oo E; Enp_
aer (e )
E}! - E0 -0 2

=) det[(Ay ... Ay, Ej ... Ej,)]+01)
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Thus, if we choose X large enough, we obtain from (26) that B has a nonzero minor of order
k 4 1, which proves (23) in the present case.
Step 4 (Case 2) We thus assume that Case 2 holds true.

Step 4.1 Since r = n — k we must have that (ji, ..., jua—x) = (1,...,n — k) and there
exists (1, . .., lx_n) € N*=" quch that
det (Ay, ... Apy, E1 ... Eqn_g) #0. 27

Thus rank [A] > 2k — n. But we must also have rank [A] < 2k — n, because we have
excluded Case 1, and therefore

rank [A] = 2k — n. (28)
Using again (27) we also obtain that
rank [(A E1)] =2k —n+ 1. (29)

We claim that we can choose s = (0, ..., 0) in (24).
Step 4.2 Let M € GL(k) be defined by

M = (E1 R O VI Alzkﬂz)'
Then we see that

Lk -1 (In—k )

E=M & M E= .
(02k—n,n—k) O2k—n,n—k
Showing (23) is equivalent to rank [B’ ] =k + 1 where
Al Lk
M=o pon
B' = (01 i 1 kol ) B = A/z OZk—n,n—k
’ E} Oy n-k

where A] € RO—R)xk Al e RE =k and A’ € RF*K | are given by

A/
M—‘A:A’:( 1).
A

A/
k 2)|=2k—n+1. 30
- [(Ei)] ! 0

Let us define N € GL(n) by
Ik Okn—k
V= (—Ai Iiv )’

_ A T I O 71{)
MYAEN=")" ”
(4 E) (A’2 02k—n,n—k) (—A/l I

_ (Onfk,k Infk )
Al O2k—n,n—k

This equation and the hypothesis rank [(A E)] = k imply that

Step 4.3 We claim that

‘We have that

rank[A}] = 2k — n. 31)
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From (28) and rank [A’] = rank [A] it also follows that
rank [A'] = 2k — n. (32)

Moreover, using (29) and that A" = A, we also obtain

k[ ()] = o[ (o, ) (3] = [ ()]

rank [(A’ El)] =rank[(A E\)] =2k —n+ 1.

Using this identity, (31) and (32) we get

Al A’
rank 2):|=rank|:( )]=2k—n+1
[(Ei Ej

which was the claim of this step.
Step 4.4 We now show that rank [ B'] = k 4 1. We obtain that

A/l Ik Onfk,k L1
B'N = | A, Osyt—p—i | N=| A Ok—n.n—k
E} O1 i E} Ot n—k

It follows from the special form of B’N and (30) that rank[B'N] = (n —k) + 2k —n+1) =
k + 1 and therefore

rank [B] = rank [B'] = rank[B'N] =k + 1

which concludes the proof of the lemma. O
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