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Abstract A procedure for time-frequency analysis of

time series is described, which is mainly inspired by sin-

gular-spectrum analysis, but it presents some modifications

that allow checking the convergence of the results and

extracting the detected spectral components through a more

efficient technique, especially for real applications. This

technique is adaptive, completely data dependent with no

a priori assumption and applicable to non-stationary sig-

nals. The principal components are extracted from the

signals and sorted by their fluctuating energy; moreover,

the time variation of their amplitude and frequency is

characterized. The technique is first assessed for multi-

component computer-generated signals and then applied to

experimental velocity signals. The latter are acquired in

proximity of the wake generated from a triangular prism

placed vertically on a plane, with a vertical edge against

the incoming flow. From these experimental signals, three

different spectral components, connected to the dynamics

of different vorticity structures, are detected, and the

time histories of their amplitudes and frequencies are

characterized.

1 Introduction

Fluid dynamic signals are generally characterized by sig-

nificant fluctuations that must be characterized in order to

investigate on their physical origins. In several conditions,

as for instance in wakes and jets, the flow fluctuations

may show dominating spectral components, which can be

singled out through the conventional Fourier transform.

However, this technique gives only a time-invariant

amplitude and frequency for each spectral component and

thus becomes highly inappropriate for non-stationary sig-

nals. By considering for instance fixed-point measurements

carried out in proximity of a wake, shedding of vorticity

structures with different intensities and a varying distance

from the measurement point can produce amplitude and/or

frequency modulations in the acquired signal (AM–FM

signal). Therefore, time analysis of the amplitude and fre-

quency of the different spectral components is needed in

order to investigate on the corresponding fluid dynamic

phenomena.

For time-frequency analysis of AM–FM monocompo-

nent time series, an evaluation of the time variation of the

amplitude is represented by the so-called envelope of the

signal, while regarding its spectral characteristics, the so-

called instantaneous frequency (IF) is used. A benchmark

of the most promising techniques to calculate the IF and

envelope is reported in Huang et al. (2009), in which the

most popular demodulation technique is considered to be

the Hilbert transform (HT), see, e.g., Bendat and Piersol

(1986). In case a multi-component signal is considered, the

different AM–FM monocomponents must be singled out

and separated before performing their demodulation. For

instance, Sreenivasan (1985) carried out the monocompo-

nent extraction through ad hoc band-pass filters; however,

this technique is non-adaptive as it requires a filtering

customization for each signal.

Alternatively, the wavelet transform may directly be

applied to multi-component signals in order to characterize

the time variation of all the spectral components present in

a certain frequency range and instantaneously contributing

to the signal fluctuations. Component extraction may also

be performed by using, for instance, the so-called wavelet
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ridges, as reported in Carmona et al. (1998), or the tech-

nique proposed in Buresti et al. (2004), in which the main

spectral components are detected qualitatively or statisti-

cally from the energy map calculated through the wavelet

transform, and then each component is extracted through

band-pass filtering also based on the wavelet transform. A

more sophisticated wavelet decomposition is proposed by

Olhede and Walden (2004), which enables spectral com-

ponents to be extracted through ad hoc filter banks, but

with band-edge imperfections in correspondence of the

boundary of contiguous frequency sub-bands for compo-

nents spanning at least two sub-bands, and by almost

loosing the non-linear characteristics of the signal.

Another technique for component detection and

extraction is the empirical mode decomposition (EMD)

proposed by Huang et al. (1998), combined with the HT in

the so-called Hilbert–Huang transform (HHT). EMD is an

empirical technique producing a completely data-depen-

dent (a posteriori) basis, in which its components, denoted

as intrinsic mode functions (IMF), are not orthogonal,

although several investigations have shown that the degree

of non-orthogonality of the IMFs is very low. Nevertheless,

the primary limitation of EMD is its fixed frequency res-

olution, which depends only on the sampling frequency and

on the number of samples of the analyzed signal. In fact,

EMD is basically a bank of dyadic filters, as proved, e.g.,

by Flandrin et al. (2004).

A technique based on the Karhunen–Loève expansion

for decomposition of multicomponent time series is the

singular-spectrum analysis (SSA). This technique requires

the definition of the so-called window length or embedding

dimension, Nperiod, which is the time length of the snap-

shots, which allows varying the frequency resolution of the

time-frequency analysis. Since Nperiod is chosen, the eigen-

decomposition of the lagged covariance matrix of the sig-

nal (see Broomhead and King 1986), which has a Toeplitz

structure, is performed. SSA is found to be very useful for

component detection and extraction from very short and

noisy signals, see, e.g., Vautard et al. (1992), although the

obtained principal components are characterized by a

reduced dimension with respect to the source signal, i.e., a

loss of Nperiod - 1 samples occurs. However, in Vautard

et al. (1992), a method to obtain reconstructed components

is presented in order to recover the original time length of

the source signal. In Pastur et al. (2008), an interesting

application of SSA for the analysis of the intermittency of

two different spectral components present in the flow over

an open cavity is reported.

In the present paper, a procedure for time-frequency

analysis of time series is presented, which is based on the

proper orthogonal decomposition (POD in the following)

and can be considered as a modification of SSA. In fact, the

POD modes are evaluated through the application of the

classic POD to an ad hoc data set consisting of time por-

tions of the source signal, each one composed of the same

number of samples, instead of performing the eigen-

decomposition of the lagged covariance matrix of the sig-

nal as for SSA. This modification allows varying number of

the produced time portions of the signal in order to check

the convergence of the obtained results. The POD produces

an orthogonal basis whose elements are sorted by their

energy. The POD modes corresponding to higher energy

represent the most significant signal fluctuations, and their

Fourier analysis already provides spectral information

related to each POD mode. However, and more impor-

tantly, the AM–FM monocomponents associated with each

POD mode can be obtained through a procedure based on

the convolution of the source signal with the relevant POD

mode, suitably manipulated. This procedure can lead to an

increased efficiency of the spectral component extraction

with respect to the classic SSA, especially in case of real

applications.

The present paper is organized as follows: the POD

procedure for time-frequency analysis of fluid dynamic

time series and the technique for AM–FM monocomponent

extraction are described in Sect. 2. In that section, the

application of the POD procedure to different multi-com-

ponent computer-generated signals is also reported. The

technique is then applied to hot-wire anemometry signals

acquired in proximity of the wake generated from a trian-

gular prism (Sect. 3). Finally, some conclusions are drawn

in Sect. 4.

2 POD procedure for time-frequency analysis of time

series

2.1 Procedure and spectral component extraction

Proper orthogonal decomposition (POD) is a method pro-

viding an orthonormal basis for the modal decomposition

of an ensemble of data functions. Therefore, a zero-mean

random process u(x, t), where x is a space-vector x ¼
x1; . . .; xN and t is time, may be represented through a linear

combination of deterministic functions, the POD modes,

/j(x):

uðx; tÞ ¼
XM

j¼1

/jðxÞajðtÞ ð1Þ

where /j(x) are the eigen-functions of the covariance func-

tion of the analyzed process and represent the typical real-

izations of the process in a statistical sense, while aj(t) are

uncorrelated coefficients denoted as principal components.

POD provides a modal decomposition that is completely

a posteriori, data dependent and does not neglect the
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non-linearities of the original dynamical system, even

being a linear procedure; furthermore, the POD basis is

orthogonal. The most peculiar feature of POD is optimal-

ity: among all linear decompositions it provides the most

efficient detection, in a certain least squares optimal sense,

of the dominant components and trends of an infinite-

dimensional process.

Let us consider a generic zero-mean time series u(t),

which can represent a measurement performed in a fixed

point of the flow field with a sampling frequency Fsamp and

a total number of samples equal to Nsamp. If the signal u(t)

is a stationary process with infinite energy (i.e., it is not

square-integrable since it does not vanish for t tending to

infinite), POD modes are classic harmonic functions, as

highlighted in Lumley (1970), and can be considered as

generalized Fourier modes; nonetheless, an advantage in

using POD is still present since the POD modes are sorted

by their energetic significance. However, u(t) may also be a

non-stationary process and then the POD modes represent

the most typical realizations of the process, sorted by their

significance, and can be generic functions.

For SSA, the eigen-decomposition of the lagged

covariance matrix of the signal is performed, whereas for

the present procedure, the classic POD is used, and thus, a

certain number of observations of the analyzed process are

required, the so-called snapshots. To this end, time portions

of the source signal u(t) are generated, all with the same

number of samples, Nperiod, denoted as embedding dimen-

sion. As well described in Vautard et al. (1992) for SSA,

also for this procedure, a crucial task is represented by the

choice of the embedding dimension, which is strictly

related to the frequency resolution of the analysis; in other

words, if Df is the required frequency interval between two

consecutive elements of the signal power spectrum, then

Nperiod will be equal to the ratio between the sampling

frequency and the frequency resolution, Fsamp=Df : There-

fore, the higher is the embedding dimension, the higher is

the frequency resolution of the spectral analysis. The typ-

ical approach for a time-frequency analysis consists in

gradually increasing the embedding dimension, although it

raises the computational cost of the procedure, in order to

increase the frequency resolution and, thus, to attempt of

capturing each spectral component of interest through

different POD modes.

An adequately high number of snapshots are required to

perform a satisfactory POD, i.e., in order to separate the

typical realizations of the main phenomena from other

random processes (see e.g., Buffoni et al. 2006). Generally,

the number of snapshots, Nsnap, is gradually increased

through a sensitivity analysis, so that the convergence

of the POD eigenvalues and of the most energetic POD

modes is obtained, which is a very useful feature for real

applications. In case a non-sufficient number of snapshots

are produced from adjacent time portions of u(t), a higher

number of snapshots can be generated through partially

overlapped time portions of the signal (for a given Nperiod

and Nsnap the right time lag must be evaluated in order to

produce snapshots uniformly distributed along the time

length of the signal). Obviously, this technique decreases

the statistical independency of the process observations;

however, this method turns out to be very useful to anni-

hilate all random influences or disturbs present in a signal

and better highlight all the typical realizations of the

process.

Once the required number of samples for each snapshot,

Nperiod, is chosen and the total number of snapshots, Nsnap,

is fixed, a matrix M is generated, whose rows are the

time series of the snapshots; therefore, the size of M is

Nsnap 9 Nperiod. Subsequently, the covariance matrix of M

is evaluated as C = MTM. C is a square matrix of size

Nperiod, and each element Cij represents the scalar product

between the two respective columns of M, i.e., between the

vectors composed of the values assumed by the samples

with indexes i and j for the different snapshots. C is

Hermitian symmetric and non-negative definite; thus, its

eigenvalues are real and non-negative. The eigenvectors

are orthogonal and are normalized through the L2-norm so

that the eigenvalues represent the energy associated with

the respective eigenvectors. From a geometrical point of

view, the eigenvectors represent the principal axes of C and

are the so-called POD modes.

With reference to Eq. 1, by considering a time series

u(t), the space vector x becomes one-dimensional and

represents the index of the samples of a certain snapshot

(x ¼ 1; . . .;Nperiod), while the time, t, becomes the index of

the snapshot (t ¼ 1; . . .;Nsnap). Any snapshot, i.e., each row

of the matrix M, is represented through a linear combina-

tion of the POD modes, /(j):

Mi ¼
XNperiod

j¼1

/ðjÞaiðjÞ ð2Þ

where ai(j) are denoted as principal components, which are

evaluated through the following projection:

aiðjÞ ¼ hMi;/ðjÞi ð3Þ

where h�; �i is the scalar product. Equation 2 proves the

completeness and the uniqueness of the POD; moreover,

the element of that series /(j)ai(j) represents the spectral

contribution related to the POD mode /(j) present in the

snapshot Mi. If different eigenvectors are considered, their

respective spectral components are characterized by a

generic level of correlation, which is strictly related to their

physical origins.
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This procedure to evaluate the POD modes is used in

case the number of samples of each snapshot, Nperiod, is

lower than the total number of the snapshots, Nsnap, which

is the typical situation for this work, in which computer-

generated and experimental signals are analyzed. Con-

versely, when Nperiod is higher than Nsnap, which is the

typical situation for data obtained from numerical simula-

tions, the computational effort required to evaluate the

eigen-functions of the covariance matrix, C, can be reduced

with the method of snapshots or strobes proposed by

Sirovich (1987). In this case, C is evaluated as C = MMT,

in order to reduce the dimension of the covariance matrix,

so that C is a square matrix of size Nsnap and each element

Cij represents the scalar product between the two respective

rows of M, i.e., between the two respective snapshots. The

consequent POD modes, /i, are expressed as a linear

combination of the snapshots with the respective eigen-

vectors of C, bi:

/i ¼ MT bi ð4Þ

Consequently, the POD modes are in number of Nsnap, and

the size of each one is Nperiod.

The first computer-generated signal used to assess the

POD procedure for time-frequency analysis is a stationary

time series composed of three different spectral compo-

nents (f1 = 40 Hz, f2 = 60 Hz, and f3 = 70 Hz) and white

noise with an energy equal to 23% of the total energy of the

signal:

y1 ¼ sinð2pf1tÞ þ 2 sinð2pf2tÞ þ 4 sinð2pf3tÞ þWN ð5Þ

The signal is sampled with a frequency of 1 kHz.

The POD procedure for time-frequency analysis is

applied by using for this test-case 104 snapshots (the con-

vergence analysis of the POD will be discussed in the

following), which represent adjacent time portions of the

signal, each comprising 501 samples, i.e., the used fre-

quency resolution is about 2 Hz, which enables to separate

the different spectral contributions being lower than their

minimum spectral separation. Being the number of snap-

shots, Nsnap, higher than the number of the samples of each

snapshot, Nperiod, the POD is performed in the classical

manner, and the number of the POD modes is equal to

Nperiod = 501. The eigenvalues reported in Fig. 1, which

represent the fluctuating energy of the respective POD

modes, are reported as percentage of the total energy of the

signal and show that just the first six POD modes are

characterized by a significant fluctuating energy, and thus,

they are the only POD modes to be considered for the

component extraction.

The Fourier power spectra of the first eight normalized

POD modes are reported in Fig. 2. The most energetic

POD modes, with the same energy, are POD modes 1 and

2, which are characterized by a dominant frequency of

70 Hz, as expected being the most energetic spectral

component of y1 characterized by this frequency. From

Fig. 2, it is seen that these two POD modes are charac-

terized by the same power spectrum; however, from their

respective time series (not reported for the sake of brevity),

it is found that they are in quadrature, being elements of an

orthogonal basis. This feature was expected because, as

highlighted, e.g., in Vautard et al. (1992), a pair of eigen-

elements with nearly equal energy is detected when a

periodic dynamics is present in a signal.

The POD modes 3 and 4 are related to the component at

frequency f2 = 60 Hz, while 5 and 6 to the component at

f1 = 40 Hz; as expected, they are sorted by their energy.

The remaining POD modes do not show any dominant

spectral component and are due to white noise, but they are

not analyzed because, as shown in Fig. 1, their relative

energy is negligible.

As already mentioned, an advantage of this technique is

the possibility of evaluating the convergence and stability

of the eigen-elements obtained from the POD procedure

with increasing number of snapshots, Nsnap; in effect, the

trend of the POD eigenvalues and of the Fourier power

spectra of the most energetic POD modes can be checked.

As shown in Fig. 3a, the POD eigenvalues reach asymp-

totic values for a number of snapshots higher than 100.

Furthermore, by analyzing the Fourier power spectra of

the POD mode 6 (Fig. 3b), i.e., the POD mode of interest

with the lowest energy and, thus, easily affected by white

noise, for Nsnap \ 50 this POD mode is basically a random

function, whereas for a higher number of snapshots,

the frequency of interests f1 = 40 Hz appears, although

influenced by the other spectral contributions. With

increasing Nsnap, the spectral component of interest is iso-

lated, and the convergence of the POD mode is reached.
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Fig. 1 POD eigenvalues evaluated for the computer-generated signal

y1
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From the power spectra of the POD modes, the domi-

nant frequencies of the signal are detected and sorted by

their energy; however, their contribution along the time

length of the whole source signal is not determined yet.

Then, the technique for AM–FM monocomponent extrac-

tion from a source signal is based on the convolution of the

latter with the considered POD mode. However, a generic

POD mode is not a symmetric filter, and thus, the convo-

lution produces a certain phase shift, Du; on the extracted

principal component with respect to the source signal. A

phase-correction of the extracted principal component may

be performed through the convolution of the source signal

with the POD flip-mode, which is the reversed signal of the

POD mode. However, a more robust procedure, and with

lower computational effort, is based on performing a single

convolution of the source signal with the POD conv-mode,

a symmetric filter obtained from the convolution of a POD

mode with its respective POD flip-mode.

An important step regarding principal component

extraction through the convolution procedure consists in

avoiding any amplification or damping. The basic idea of

the filtering is that the convolution of a certain POD conv-

mode with itself must produce the POD conv-mode without

any amplification or damping. In order to reach this goal,

the result of the convolution must be normalized through

the norm of the convolution of the POD conv-mode with

itself and then multiplied with the norm of the POD conv-

mode in order to restore its initial energy. Therefore,

the result of the convolution must be multiplied by the

factor K:

K ¼ jconv�modej
jconvolutionðconv�mode; conv�modeÞj ð6Þ

where |•| represents the L1-norm, i.e., the sum of absolute

values of the elements, consistently with the precision

adopted for the convolution algorithm (all the code was

Fig. 2 Fourier power spectra of the first eight normalized POD modes evaluated for the signal y1
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Fig. 3 Convergence of the

POD procedure applied to y1 by

increasing the number of

snapshots, Nsnap: a first eight

POD eigenvalues; b Fourier

power spectrum of POD mode 6
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implemented in Matlabr and the command conv is used

for the convolution and the command norm(:,1) is used to

calculate the L1-norm).

As regards the computer-generated signal y1, the three

different spectral components are now extracted through

the convolution of y1 with the respective POD modes. The

extracted spectral components are reported in Fig. 4 with

their moduli obtained through the HT (calculated with

Matlabr through the command hilbert). The HT enables to

evaluate the quadrature of a time series, which is the

imaginary part of a complex function denoted as analytic

signal and whose real part is the considered time series.

The IF of the signal is evaluated as follows:

IF ¼ Fsamp

2p
du
dt
¼ Fsamp

2p

Re dIm
dt
� Im dRe

dt

Re2 þ Im2
ð7Þ

where u is the instantaneous phase of the analytic signal,

and Re and Im are its real and imaginary parts, respec-

tively. The time derivation of Re and Im is performed

through a finite difference scheme of fourth order. The

envelope of the signal is equal to the modulus of the

analytic signal. However, the IF and the envelope have

physical meaning if only certain necessary conditions are

satisfied, that is, the signal must be monocomponent, zero-

mean locally and symmetric (see, e.g., Huang et al. (2009)

for more details).

Starting from the most energetic spectral component,

i.e., the one related to the POD mode 1 with f3 = 70 Hz, its

amplitude is equal to 4 (Eq. 5) and through the spectral

component extraction, its mean value is found to be 3.996

with a standard deviation of 0.087 (about 2% of the mean

value), demonstrating that the spectral contribution of

interest is completely captured by this spectral component.

The instantaneous frequency of the spectral component is

also evaluated through the HT, and a mean value of

69.915 Hz and a standard deviation of 0.013 (about 0.02%

of the mean value) are found.

Since the spectral component related to the POD mode 1

is extracted, a residual signal can be evaluated by sub-

tracting the extracted spectral component from the source

signal y1. If the spectral component related to the POD

mode 2 is then extracted, it is found to correspond to a
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y1: a spectral component related

to f3 = 70 Hz; b spectral
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component related to

f1 = 40 Hz; d reconstructed

signal
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practically null signal because POD mode 2 represents the

same filter mask of the one related to POD mode 1.

However, for real signals, a certain numerical error is

present in proximity of the boundary of the spectral band,

which is due to the discrete convolution performed in a

finite time-frequency domain (see e.g. Iungo et al. 2009).

Therefore, the spectral component of interest is mainly

extracted by only using POD mode 1, and the one related to

POD mode 2 is considered as a residue, which can be

added to the one previously extracted. This is an important

feature of the present technique with respect to other pos-

sible POD-based ones. For instance, in Vautard et al.

(1992), a method to detect pairs of eigen-elements related

to a periodic activity is proposed, and to completely extract

each spectral component, both eigen-elements of the

respective pair must be used.

Subsequently, the spectral component related to the

POD mode 3 is extracted, i.e., the one corresponding to

f2 = 60 Hz. The time series of this spectral component is

reported in Fig. 4b with its modulus evaluated through the

HT (mean value of 2 and standard deviation of 0.087).

From the HT of the extracted component, a mean value of

the IF equal to 59.961 Hz is found, with a standard devi-

ation equal to 0.025.

The last component related to the frequency f1 = 40 Hz

is extracted by using the POD conv-mode 5. The extracted

component is reported in Fig. 4c (modulus with a mean

value of 1.003 and standard deviation of 0.091). The mean

IF evaluated through HT is equal to 39.995 Hz, with a

standard deviation of 0.053.

Finally, by adding the three extracted spectral compo-

nents together, it is seen in Fig. 4d that the reconstructed

signal well reproduces the source signal y1, except for the

white noise, which is removed.

The test case of the computer-generated signal y1 well

highlights the advantages of the POD procedure for time-

frequency analysis of time series: the only parameter to be

chosen is the frequency resolution of the spectral analysis

and thus the embedding dimension, Nperiod. This parameter

can be gradually increased, although it raises the compu-

tational cost of the procedure to assess that possible spec-

tral components are ascribed to different POD modes.

Furthermore, this technique permits the convergence and

stability of the POD eigen-elements to be checked, so that

the number of snapshots produced from the source signal,

Nsnap, is gradually increased until the convergence of the

POD eigen-elements is reached. Once the POD modes are

calculated, the spectral components can be extracted in

an automatic way starting from the most energetic one,

calculating the residual signal and then extracting the

following spectral components with less energy. The

component extraction through the convolution method

permits to capture a periodic activity of the signal by only

using one POD mode of the pair with nearly equal energy

characterizing it; therefore, no identification of pair of

eigen-elements is required to completely reconstruct a

spectral component. Finally, the characterization of the

signal can be considered adequately performed when a

certain percentage of the fluctuating energy of the source

signal is extracted or when the dominant spectral contri-

butions are captured.

2.2 Application of the POD procedure to

computer-generated time series

Beside signals consisting of different spectral components,

as simulated through the signal y1, another case of interest

in fluid dynamics is represented by a signal with a fre-

quency modulation:

y2 ¼ sinð2pf1t þ A2=f2 � sinð2pf2tÞÞ ð8Þ

where the carrier has a mean frequency f1 = 50 Hz, and it

is frequency modulated with an amplitude of A2 = 10 Hz

and a frequency f2 = 10 Hz. The signal is sampled with a

frequency Fsamp = 1 kHz. The Fourier power spectrum of

y2, reported in Fig. 5, shows the typical result obtained

from a Fourier analysis in the presence of a FM, i.e., the

modulation of the carrier is represented through a set of

spectral components that are symmetric with respect to the

carrier frequency and have an appropriate energy cascade.

By considering the EMD, the signal y2 is already an IMF

being locally zero mean and symmetric; thus, it represents

the only result of the EMD. By applying the wavelet

transform, no further information is obtained in order to

relate these symmetric contributions to a frequency mod-

ulation. However, the FM signal may be detected through

an adaptive filtering with a central frequency equal to the

one of the carrier and with increasing spectral amplitude.

Fig. 5 Fourier power spectrum of the computer-generated signal y2
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The POD procedure is applied to y2 with an extremely

small embedding dimension equal to 5, i.e., with a very

low-frequency resolution of 200 Hz (Fsamp = 1 kHz), in

order to attempt of capturing the contributions related to

the FM in a single spectral component. From the signal,

5,000 snapshots are generated.

With the extraction of the spectral component related

to the POD mode 1, the effectiveness of the POD pro-

cedure to detect FM signals is assessed. Indeed, the IF of

this spectral component is perfectly the one of the signal

y2, that is, f1 ? A2cos(2pf2t), with an error lower than

0.1%. However, a certain error is present in the evalu-

ation of the component modulus; in fact, it is underes-

timated, and a fictitious AM is obtained with a frequency

equal to the one of the FM, i.e., f2, and a mean value of

0.83 with a standard deviation of 5%. A slightly better

result is obtained by adding to this component the one

related to the POD mode 2; in fact, the mean amplitude

is increased to 0.88 with a standard deviation of 2%.

This persisting error is due to the missed spectral com-

ponents with higher frequency and smaller energy,

which is a consequence of the poor frequency resolution

used.

Better results are gained with the POD procedure by

increasing the embedding dimension to 500, i.e., by using a

higher-frequency resolution of 2 Hz. In fact, this increased

embedding dimension allows detecting each symmetric

component of the FM signal through different POD modes,

being the spectral contributions at a distance of 10 Hz (see

Fig. 5). Therefore, the first two POD modes are related to

the frequency of the carrier f1, while the remaining ones are

grouped by 4 and correspond to the symmetric components

with increasing frequency distance and decreasing energy.

Therefore, the component extracted with only the POD

mode 1 corresponds to the mean frequency f1, and by

adding further four POD modes, a FM contribution with

increasing frequency and decreasing energy is added. The

modulus and the IF of the extracted spectral components

obtained by adding further POD modes, reported in Fig. 6,

show that with only the POD mode 1, the carrier with

constant frequency of f1 and a constant underestimated

modulus is obtained, whereas by adding further POD

modes, a constant amplitude equal to one and the proper IF

is obtained. Finally, the error on the evaluation of the

modulus and of the IF is reported in Table 1 as a function

of the number of the used POD modes. Though this tech-

nique seems to be sophisticated, in practice, it turns out to

be rather straightforward. Furthermore, it may easily be

rendered an automatic procedure thanks to POD optimal-

ity; in fact, components with decreasing energy are grad-

ually added, and this permits to rapidly achieve the proper

IF and to reduce the spurious AM typically found in the

presence of FM.

The next considered synthetic signal is the idealized

Stokes wave in deep water, approximated at the second

order:

y3 ¼
1

2
a2k þ a cos xt þ 1

2
a2k cos 2xt ð9Þ

with a = 1, ak = 0.2, x = 1/32 and a sampling frequency

Fsamp = 0.1 Hz. The signal is plotted in Fig. 7a. The EMD

produces only one IMF, reported in Fig. 7b, whose Hilbert

spectrum (a 3D plot where the x-axis represents time,

y-axis the frequency, and gray level the envelope of the

extracted components) enables to detect the so-called in-

trawave modulation (Huang et al. 1998), that is, a variation

of the amplitude and of the frequency for time lengths

smaller than the period of the carrier (Fig. 7c).

In Huang et al. (1998), it is also assessed that this fea-

ture cannot be detected by using the wavelet transform and

that the latter can only characterize interwave modulations.

This is true, but an advantage of the wavelet transform

with respect to EMD is represented by the possibility of

adjusting the frequency resolution; in fact, by using a

Morlet function defined as:

wðtÞ ¼ 1ffiffiffiffiffiffi
2p
p ejx0te�

t2

2 ð10Þ

(a)

(b)

Fig. 6 Spectral components extracted from the signal y2 by using a

frequency resolution of 2 Hz and different POD modes: a modulus

obtained through the HT; b IF calculated through the HT

Table 1 Error in the evaluation of the envelope and of the IF of the

signal y2 as a function of the number of the used POD modes. Fre-

quency resolution set to 2 Hz

POD modes Err. modulus (%) Err. IF (%)

1 23.5 12.8

Up to 6 12.7 2.7

Up to 10 1.4 1.2

Up to 14 0.2 0.1

Up to 18 0.02 0.04
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this can be performed by varying its central frequency.

Thus, if a high-frequency resolution is used (x0 = 6p), the

two spectral components of the signal are clearly separated

(Fig. 8a), whereas with a high time resolution (x0 = 2p)

just one main energy band is found (Fig. 8b).

By applying the POD procedure to the signal y3 with an

embedding dimension of 100, i.e., with a frequency reso-

lution of 0.001 Hz, which enables to separate the two

spectral components of the signal, four POD modes with a

significant energy are found: The first couple is related to

the component with a frequency equal to x and the second

one to the component with frequency equal to 2x. The

resulting Hilbert spectrum, reported in Fig. 9a, shows the

two distinct spectral components with constant amplitudes,

analogously to the result obtained through the wavelet

transform with a high-frequency resolution shown in

Fig. 8a. On the other hand, if the smaller embedding

dimension of 20 is used, which corresponds to a frequency

resolution of 0.005 Hz, the two components cannot be

separated anymore and they are both simultaneously

detected by the first four POD modes; the consequent

Hilbert spectrum is reported in Fig. 9b, which is the same

one obtained with the EMD. Concluding, this test case

assesses once again the advantage of the POD procedure

to adjust the time-frequency resolution, by varying the

embedding dimension, in order to find the best result for a

time-frequency analysis.

3 Application of the POD procedure to experimental

fluid dynamic signals

The procedure based on the POD for component detection

and extraction from time series is now applied to the case

of hot-wire anemometry signals acquired in proximity of

the wake generated from a triangular prism.

An experimental investigation on the near-wake flow

field generated from a prism with equilateral triangular

cross-section, aspect ratio h/w = 3, where h is the height

and w the base edge of the model, and orientated with its

apex edge against the incoming wind, was presented in

Buresti and Iungo (2010). A sketch of the experimental

setup is reported in Fig. 10, where the used frame of ref-

erence is also reported. The tests were carried out at a

Reynolds number, based on w, of 1.5 9 105.

For this configuration, flow fluctuations at three pre-

vailing frequencies were singled out, with different relative

intensities depending on the wake regions. In particular, the

frequency connected with alternate vortex shedding from

the vertical edges of the prism was found to dominate in the
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2(a)Fig. 7 EMD applied to the

signal y3: a signal; b IMF;

c Hilbert spectrum
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regions just outside the lateral boundary of the wake at a

Strouhal number of about St ¼ fw=U1 � 0:16; where U1
is the freestream velocity. On the other hand, a lower fre-

quency, at St % 0.05, was found to prevail in the velocity

fluctuations on the whole upper wake. Simultaneous mea-

surements carried out over the wake of the prism at sym-

metrical locations with respect to the symmetry plane

showed that these fluctuations correspond to a vertical, in-

phase, oscillation of two counter-rotating axial vortices

detaching from the front edges of the free-end. This finding

was confirmed by the results of a LES simulation of the

same flow configuration, described in Camarri et al.

(2006), which also highlighted the complex topology of the

upper near-wake produced by the vorticity sheets shed

from all the edges of the prism. In Buresti and Iungo

(2010), wake velocity fluctuations were also observed at an

intermediate frequency St % 0.09 and were found to pre-

vail in the symmetry plane. By using the evidence provided

by the above-mentioned LES simulation, by flow visual-

izations and by pressure measurements over the prism

surface, it was suggested that they may be caused by a flag-

like oscillation of the sheet of transversal vorticity shed

from the rear edge of the body free-end, and approximately

lying along the downstream boundary of the recirculation

region in the central part of the near wake. The three

above-described frequencies may also be found together

for signals acquired aside the wake. Therefore, even if the

fluctuations at the various frequencies are produced by the

dynamics of different vorticity structures, they all con-

tribute to the global oscillation of the wake.

We consider a velocity signal characterized by the

presence of a single dominant spectral component, for

instance the one connected to alternate vortex shedding at

St & 0.16. This is the case of the signal acquired aside the

wake in correspondence to the point x/w = 4, y/w = 1.5,

z/h = 0.3. The power spectrum of this signal evaluated

through the Welch’s method is reported in Fig. 11a. These

velocity signals are acquired with a sampling frequency of

2 kHz, and they consist of 216 samples.

Consecutively, to the detection of a dominant frequency

for the considered signal, a first attempt to carry out a time-

frequency analysis consists in applying the wavelet trans-

form by using a Morlet function with a central frequency

x0 = 6p, in order to enhance its frequency resolution. The

modulus of the wavelet coefficients, reported in Fig. 11c,

confirms the presence of a dominant spectral component in

proximity of St & 0.16 and also enables to highlight its

strong irregularity both in amplitude and frequency. The

deriving wavelet spectrum is reported in Fig. 11b.

Let us now apply the POD procedure. From the power

spectrum of the considered signal, only one dominant

spectral component has been observed, and thus, a high-

frequency resolution is not required for its time-frequency

analysis. Consequently, the POD procedure is first applied

with an embedding dimension of 101, which provides a

high time resolution, i.e., by using a frequency resolution

Fig. 9 Hilbert spectrum obtained from the POD procedure applied to

the signal y3: a high frequency resolution; b low-frequency resolution

Fig. 10 Sketch of the experimental setup: a model orientation; b test

layout

Fig. 8 Wavelet transform applied to the signal y3: a central fre-

quency x0 = 6p; b central frequency x0 = 2p
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of about 20 Hz. An advantage of the POD procedure consists

in the possibility of checking the stability and the conver-

gence of the eigen-elements by gradually increasing the

number of the produced snapshots; in effect, in Fig. 12, it is

shown that for a number of snapshots higher than 103, the

convergence of the POD eigenvalues is reached. For this

analysis, 104 snapshots are used, which is a sufficiently high

number to ensure the convergence of the POD eigenvalues,

but still requiring a small time for the calculation. The SSA is

also applied for this signal, and the respective eigenvalues,

also reported in Fig. 12, are roughly the same ones obtained

through the POD procedure.

The POD eigenvalues, which represent the energy

associated with the respective POD modes, obtained

through the POD technique are reported in Fig. 13a as

percentage of the total energy of the source signal. The

cumulative energy in Fig. 13b, i.e., the energy extracted

by using a certain number of POD modes, shows that

with only the first pair of POD modes roughly, the 35%

of the fluctuating energy of the signal is captured, and

with the first four POD modes the 50%, confirming

the optimality of the POD to easily detect the core of the

fluctuations of a signal without investigating on the

remaining part.

From Fig. 13a, the first and second POD eigenvalues are

found with a nearly equal energy, and thus, as already

mentioned in Sect. 2, they are related to a periodic activity.

In fact, by analyzing in Fig. 14 the time histories of the

first two POD modes, they are found to be in quadrature

and represent an oscillation with a frequency of about

St & 0.167, while the third and fourth POD eigenvalues

are also coupled and their respective POD modes represent

clearly a signal composed of two frequencies (about

St & 0.108 and St & 0.216), i.e., AM and/or FM of a

carrier at St & 0.16. The modes obtained through SSA are

exactly the same than the ones obtained through the POD

technique.

Subsequently, the spectral component extraction is

performed; indeed, in Fig. 15a, the Fourier power spectrum

related to the component extracted through the POD mode

1 is shown, and from the one of the residual signal

(Fig. 15b), i.e., the original signal from which the extracted

component is subtracted, it is seen that it represents the

main part of the dominant spectral component.

The Hilbert spectrum of the extracted component in

Fig. 16 shows that this spectral component consists of the

carrier at St & 0.16 with AM–FM smaller then 10 Hz,

00 0.05 0.1 0.15 0.2 0.25 0.3
0

10

20

30

40

50

60

StSt

(b)

(c)

(a)Fig. 11 Signal acquired

at x/w = 4, y/w = 1.5,

z/h = 0.3: a power spectrum;

b wavelet spectrum;

c map of the modulus

of the wavelet coefficients

Fig. 12 POD eigenvalues evaluated for the signal acquired at

x/w = 4, y/w = 1.5, z/h = 0.3 by varying the number of snapshots
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consistently with the adopted frequency resolution of

20 Hz. The mean value of its IF is St = 0.162, and its

standard deviation is 0.035. Regarding the envelope, the

modulus of this component is characterized by a mean

value of 1.542 and standard deviation of 0.647.

The component related to the POD mode 2 represents a

residue of the component extracted through the POD mode

1, due to numerical errors made through the discrete con-

volution over a finite time-frequency domain, as explained

in Sect. 2. More interesting is the evaluation of the con-

tribution due to the POD mode 3, which represents AM–

FM with frequency lower than 20 Hz, as shown with its

power spectrum reported in Fig. 15c. The power spectrum

of the residual signal obtained after the extraction of the

first three POD modes is reported in Fig. 15d. The spectral

component obtained from the first three POD modes has

the following characteristics: IF mean St = 0.162, IF
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Fig. 13 POD eigenvalues

evaluated for the signal acquired

at x/w = 4, y/w = 1.5,

z/h = 0.3: a eigenvalues as

percentage of the total energy;

b cumulative energy as

percentage of the total energy

Fig. 14 Time series of the first four POD modes evaluated for the

signal acquired at x/w = 4, y/w = 1.5, z/h = 0.3 with a frequency

resolution of 20 Hz

(a) (b)

(c) (d)

Fig. 15 Component extraction

from the signal acquired at

x/w = 4, y/w = 1.5,

z/h = 0.3 by using a frequency

resolution of 20 Hz. Fourier

power spectra: a component

with POD mode 1; b residual

signal consequent to the

extraction of the component

related to the POD mode 1;

c component with POD mode 3;

d residual signal consequent

to the extraction of the

components related to

the POD modes 1, 2 and 3
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standard deviation 0.06, mean modulus 1.975, modulus

standard deviation 0.897.

If the component extraction is now carried out through

the SSA, with the method proposed in Vautard et al.

(1992), by using the mode 1, the main spectral component

is only partially extracted, as shown in Fig. 17a; however,

when the extraction is performed by using the modes 1

and 2, the spectral component is completely captured

(Fig. 17b). The spectral component obtained from the

modes 1 and 2 has the following characteristics, which are

practically the same obtained through the POD procedure

by only using the POD mode 1: IF mean St = 0.162, IF

standard deviation 0.038, mean modulus 1.555, modulus

standard deviation 0.652. Summarizing, the POD technique

permits to extract a spectral component by only using one

POD mode of the pair associated with the periodic

dynamics; conversely, SSA requires always the detection

of pairs of eigen-elements that for multicomponent and

very noisy signals may be a difficult task.

An analysis of the rate of presence of the extracted

spectral component is also performed, inspired by the time-

frequency analysis reported in Pastur et al. (2008); it is

evaluated as the ratio between the number of samples for

which the modulus of the component is higher than its

mean value and the total number of samples of the source

signal. Moreover, the time length of each occurrence is also

evaluated, that is, the presence of this spectral component

is about 50% of the total time length of the signal (0.501,

0.494, and 0.483 for the components extracted by using the

POD mode 1, POD modes 1 and 2, POD modes 1, 2, and 3,

respectively), and the mean time length of each occurrence

is about 0.08 s (166 samples) if the only POD mode 1 is

considered, whereas it is slightly reduced if the component

due to the POD mode 2 is also considered (152 samples).

When the component obtained from the first three POD

modes is extracted, the mean time length of the occur-

rences is reduced to 72 samples; this is due to the further

AM–FM added with the increasing number of considered

POD modes.

Consecutively, an analysis with an increased embedding

dimension of 501, i.e., with a frequency resolution of 4 Hz

is performed, and by using the same number of snapshots

of 104. This is the typical procedure used for real appli-

cations, indeed if different spectral components have been

captured by a single POD mode, they could be separated by

using an increased embedding dimension.

The evaluated POD eigenvalues are reported in Fig. 13a

and the cumulative energy in Fig. 13b. With the first pair of

POD modes, just the 13% of the total energy is captured in

this case. Furthermore, it is shown that to reach the energy

captured by the first pair of POD modes obtained by using

the frequency resolution of 20 Hz, i.e., 35% of the total

energy of the signal, in this case, about 10 POD modes

must be selected.

The statistics related to the extracted spectral compo-

nents, reported in Table 2, show that by considering further

pairs of POD modes, the modulus of the component

increases, as expected because more energy is added to the

extracted signal, but also its fluctuation increases due to

the added AM. For the same reason, the mean lifetime of

the spectral component, mean D; decreases by considering

further POD modes. However, the presence of the com-

ponent along the whole time length of the signal, g, is

practically unchanged by varying the number of selected

POD modes, i.e., about 50% of total time length of the

source signal. Regarding the IF, its mean value is practi-

cally unaffected, whereas its standard deviation increases

due to the added FM represented by the further POD

modes.

As mentioned above, to capture 35% of the total energy

of the signal, 10 POD modes must be selected if a

Fig. 16 Hilbert spectrum of the component extracted from the signal

acquired at x/w = 4, y/w = 1.5, z/h = 0.3 by using a frequency

resolution of 20 Hz and by using the POD mode 1

St

(a) (b)

St

Fig. 17 Component extraction

from the signal acquired

at x/w = 4, y/w = 1.5,

z/h = 0.3 through SSA. Fourier

power spectra: a component

with mode 1; b component with

modes 1 and 2
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frequency resolution of 4 Hz is used, whereas with a fre-

quency resolution of 20 Hz, the same energy is captured by

only the first 2 POD modes. By comparing these two

spectral components evaluated by using different fre-

quency resolutions and characterized by the same energy, it

is seen that practically, their statistics are almost equal;

indeed, roughly the same envelope is obtained for both

used frequency resolutions, as can be seen from a time

portion of the modulus of the components in Fig. 18a.

However, the comparison of the IF in Fig. 18b highlights

that although the statistics of the IF are almost equal for

both cases, a slightly smoother IF is generally observed for

the one obtained with the frequency resolution of 4 Hz,

which is most probably a consequence of the reduced time

resolution.

The time-frequency analysis of the hot-wire signal

acquired at x/w = 4, y/w = 1 and z/h = 0.9 is also per-

formed. The power spectrum of this signal evaluated

through the Welch’s method is reported in Fig. 19a. The

map of the modulus of the wavelet coefficients, calculated

through a Morlet function with x0 = 6p (Fig. 19c), shows

that a large amount of the energy of this signal is included

in a frequency range between St & 0.03 and St & 0.2;

several spectral components seem to be present, but their

detection is not sufficiently clear due to their comparable

energy and limited spectral separation. However, the

wavelet spectrum in Fig. 19b highlights the presence of

three dominant spectral contributions at St & 0.05,

St & 0.09, and St & 0.16. As observed from the wavelet

map, the extraction of these components through band-pass

filtering is very challenging because they are highly mod-

ulated and spectrally close.

Before performing the spectral decomposition, the sig-

nal is filtered through a high-pass filter with a cutoff

frequency of St = 0.03, in order to remove the typical low-

frequency flow fluctuations that were known to be present

in the wind tunnel freestream and, thus, avoiding to analyze

spectral components with no physical meaning. However,

if the high-pass filtering is not performed, the first pair of

eigen-elements is related to these low frequencies, and the

following ones are the components reported in the present

analysis. The POD procedure is applied to the signal by

using an embedding dimension of 1001, i.e., a frequency

resolution of about 2 Hz, which can allow to associate the

three spectral components to different POD modes. A total

number of snapshots equal to 104 are produced. The

obtained first 50 POD eigenvalues are reported in Fig. 20.

Starting with the extraction of the spectral contribution

related to the most energetic POD mode, viz., POD mode

1, it is seen from its Fourier power spectrum, reported

in Fig. 21, that it represents a narrow-band signal at

St & 0.05. As suggested in Buresti and Iungo (2010), this

Table 2 Statistics of the

spectral component extracted

from the signal acquired

at x/w = 4, y/w = 1.5,

z/h = 0.3 by using a frequency

resolution of 4 Hz and a

different number

of POD modes

Num. POD

modes

Mean mod. r mod. Mean IF r IF g Mean D
(samples)

2 1.08 0.49 0.162 0.022 0.49 502

4 1.24 0.54 0.162 0.022 0.50 267

6 1.35 0.58 0.161 0.025 0.49 194

8 1.49 0.63 0.163 0.035 0.49 173

10 1.56 0.65 0.162 0.036 0.49 162

(a)

(b)

Fig. 18 Spectral components

representing 35% of the energy

of the signal acquired

at x/w = 4, y/w = 1.5,

z/h = 0.3 by using different

frequency resolutions:

a envelope; b IF
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spectral contribution is connected to the dynamics of a

couple of axial vortices detaching over the model free-end.

In effect, as this velocity signal was acquired at a relative

high position, this phenomenon turns out to be the most

energetic one.

The POD mode 2 is the one coupled to the POD mode 1,

i.e., characterized by roughly the same power spectrum but

with a phase shift of 90�. The spectral contribution

extracted with the POD mode 2 from the residual signal,

obtained after the extraction of the contribution due to the

POD mode 1, represents a residue of the contribution

previously extracted with the POD mode 1, due to

numerical errors made through the discrete convolution

over a finite time-frequency domain. In fact, this spectral

component consists only of frequencies located in prox-

imity of the boundary of the respective spectral band.

Moving to the extraction of the spectral contribution

connected to the POD mode 3, the corresponding power

spectrum shows that it is clearly due to the alternate vortex

shedding, being characterized by a mean Strouhal number

of St & 0.16, while POD mode 4 is its coupled one.

The following analyzed POD mode, POD mode 5,

represents a further contribution to the spectral component

due to alternate vortex shedding, i.e., its AM and/or FM,

being characterized by a mean IF of St & 0.16. The POD

mode 6 is its coupled one.

Interestingly, the spectral contribution related to the

POD mode 7 is characterized by St & 0.09, indicating that

it is connected to the oscillations of the shear layer

bounding the recirculation area located just behind the

model. POD mode 8 is its coupled one.

Subsequently, the extracted spectral contributions are

grouped by their mean IF in order to obtain AM–FM

monocomponents. Therefore, the first monocomponent is

obtained by adding the contributions due to the POD mode

1 and 2, the second with the POD modes from 3 to 6, and

the last one with the POD modes 7 and 8. The statistics of

these three spectral components, reported in Table 3,

highlight that their rate of presence is almost the same, but

the life time of the component at St & 0.16 is almost half

than the one of the remaining spectral components; this is

due to the fact that by using only 8 POD modes, i.e., by

extracting about 26% of the total energy of the signal,

significant AM–FM of this component is considered

through the POD modes 5 and 6. This feature is also

confirmed by the higher standard deviation of the IF of this

component.

(a) (b)

(c)

Fig. 19 Signal acquired at

x/w = 4, y/w = 1, z/h = 0.9:

a power spectrum; b wavelet

spectrum; c map of the modulus

of the wavelet coefficients

Fig. 20 First 50 POD eigenvalues evaluated for the hot-wire

anemometry signal acquired at x/w = 4, y/w = 1, z/h = 0.9
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In Fig. 22, the resulting Hilbert spectrum related to these

three AM–FM monocomponents is reported, which permits

to represent simultaneously the three AM–FM monocom-

ponents. Furthermore, the three components are found to

be practically uncorrelated, as can be seen from Fig. 23.

Indeed, the correlation coefficient between the envelope of

the component at St & 0.05 and the one at St & 0.16 is

e12 = -0.05, the one between the component at St & 0.05

and the one at St & 0.09 is e13 = 0.01, and the remaining

one e23 = 0.01. Therefore, this can assess that the physical

origin of these flow fluctuations is due to the dynamics

of different vorticity structures. Finally, in Fig. 24, the

reconstructed signal obtained by adding the three AM–FM

monocomponents is compared to the source signal, show-

ing that this simplified signal represents the skeleton of the

source signal from which the effects due to turbulence or to

instrument noise are removed.

4 Discussion and conclusions

A procedure based on the proper orthogonal decomposition

(POD) for detection and extraction of components present

in time series has been presented, which can be considered

as a modification of singular-spectrum analysis. The pro-

posed technique allows checking the convergence of the

obtained results by varying the number of observations of

the signal.

Each spectral component is extracted by only using one

POD mode of the respective pair; this feature makes the

technique more efficient especially for real applications.

Consequently, methods for detection of POD mode pairs,

which are typical for POD-based techniques, are not

required.

Due to the POD optimality, an automated procedure for

principal component extraction is used, and the fluctuations

of a signal can be considered as adequately characterized

when a certain fluctuating energy is extracted or when the

main spectral components are captured. Furthermore, the

extracted components can be grouped as a function of their

mean frequency in order to produce amplitude-frequency-

modulated monocomponents, which can be properly

demodulated.

The procedure for component detection and extraction

has been first assessed for computer-generated signals and

then applied to hot-wire signals acquired in proximity

of the wake generated from a triangular prism placed with

a vertical edge against the incoming flow. From the
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Fig. 21 Fourier power spectra

of the components extracted

with different POD modes for

the signal acquired at

x/w = 4, y/w = 1, z/h = 0.9

Table 3 Statistics of the spectral components extracted from the signal acquired at x/w = 4, y/w = 1, z/h = 0.9

POD modes used Mean modulus r modulus Mean IF r IF g Mean D (samples)

1, 2 0.09 0.05 0.052 0.004 0.43 1,177

3, 4, 5, 6 0.11 0.06 0.159 0.008 0.47 489

7, 8 0.07 0.03 0.096 0.006 0.48 1,051

Fig. 22 Hilbert spectrum of the signal acquired at x/w = 4, y/w = 1,

z/h = 0.9
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time-frequency analysis of the hot-wire signals, three spectral

components have been simultaneously detected by using the

first eight POD modes. These components have been found to

be practically uncorrelated and, thus, related to the dynamics

of three different vorticity structures, i.e., the vortex shedding

from the vertical edges of the prism, the oscillation of a

couple of axial vortices detached over the model free-end,

and the oscillation of a transversal shear layer bounding the

recirculation region lying behind the model.
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