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Signal Processing on Graphs
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Some Typical Processing Problems

Compression /[ Visualization

| . | ‘
ol ‘ . l . " | Analysis | Information Extraction
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Fundamentals of DSP

It seems hard to formulate a linear shift-invariant systems theory
(LTT) for graphs. But we can try to get close.

The (combinatorial) Laplacian will be our main building block
L=D-W {(Ae,ue) be=0.1,... N—1

That particular ortho basis will play the role of the Fourier basis

f()\g (f,up) Zf i)up (1

1
= Hﬁx\(uﬁ, )| € [\/—N, 1[ Graph Coherence
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Simple Motivating Examples

argmin {||f — yll3 + /" LS}
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Simple Motivating Examples

o Tikhonov regularization for denoising: argmin, {||f —y||3 +~vf" Lf}
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Simple Motivating Examples

o Tikhonov regularization for denoising: argmin, {||f —y||3 +~vf" Lf}
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Simple Motivating Examples

o Tikhonov regularization for denoising: argmin, {||f —y||3 +~vf" Lf}
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e Wavelet denoising: argmin, {||f — W*a||3 +7|la|l1 .}
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Simple Motivating Examples

o Tikhonov regularization for denoising: argmin, {||f —y||3 +~vf" Lf}
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e Wavelet denoising: argmin, {||f — W*a||3 +7|la|l1 .}
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Fundamentals of DSP

N—1
Filtering: — four(\) = finA)h(A)  fout(@) = 3 FinMo)h(he)ue(d)
¢=0
T 2 r
argmin Sl =yl + /LS
See also: 5] Smola and Kondor, Kernels and Regularization on Graphs, 2003

@ Coifman and Maggioni, Diffusion Wavelets, ACHA, 2006
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Fundamentals of DSP

N—1
Filtering: — four(\) = fnO)A(A)  Fout (i) = 3 FinAe)h(Ae)ue(i)
¢=0
T 2 r r T
agmin o | — yll3 + fL7 > L4y =0
See also: 5] Smola and Kondor, Kernels and Regularization on Graphs, 2003

@ Coifman and Maggioni, Diffusion Wavelets, ACHA, 2006
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Fundamentals of DSP

N—1
Filtering: fout(>\€) fzn()\g) ()\g) fout rm )\g h )\g Ug( )
¢=0
. T 2 r r T
arg]{nmng—yllzﬂLfﬁf > L' fo + = ) =0
Graph Fourier
> TRo+5(R0-i0) =0
ve e {0,1,...,N — 1}
See also: 5] Smola and Kondor, Kernels and Regularization on Graphs, 2003

@ Coifman and Maggioni, Diffusion Wavelets, ACHA, 2006
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Fundamentals of DSP

N—1
Filtering: Fout (M) = FinO)RN)  Four() FinO)h(Ne)ue (i)
¢=0
. T 2 r r T
arg]{nmng—yllzﬂLfﬁf > L' fo + = ) =0
Graph Fourier
> TRo+5(R0-i0) =0
ve e {0,1,...,N — 1}
> ]?*(ﬁ) = 2)\£§(€) “Low pass” filtering !
See also: 5] Smola and Kondor, Kernels and Regularization on Graphs, 2003

@ Coifman and Maggioni, Diffusion Wavelets, ACHA, 2006
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Convolutions and Translations

N—1

(f*xg)(n
E:O

Inherits a lot of properties of the usual convolution

associativity, distributivity, diagonalized by GFT

:z_:ug(n) —— > fxgo=
=0

L(fxg)=(Lf)xg=f=(Lg)
Use convolution to induce translations

(T;f)(n) == VN (f *&;)(n \/NLf Jug (i)ue(n)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)€—2m§se2m£td§
R
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (T,g)(t) = g(t — s) = /R (£)e™2mes2misL g

N-1
» Graph setting: G(Ae)uy(n)ue(i)

¢=0
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / f](f)e_%igse%i&dﬁ
N—-1 K
> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)

¢=0
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)6—2m§se2m£td§
N-1 K
> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)6_2m5862m&d§
N-1 K
> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)6_2m5862m&d§
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> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)

EPFL — Signal Processing Laboratory (LTS2) .(Pﬂ.

httQZ//ﬂSZ.eQﬂ.Ch ECOLE POLYTECHNIQUE

FEDERALE DE LAUSANNE



http://lts4.epfl.ch
http://lts4.epfl.ch

Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / f](f)e_%igse%i&dﬁ
N—-1 K
> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)6—2m§se2m£td§
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> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)6_2m5862m&d§
N-1 K
> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)6_2m5862m&d§
N-1 K
> Graph setting: — (T,9) (i) := ) g(Ae)uj(n)ue(i)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)€—2m§se2m£td§
R

N—1
» Graph setting: (77 ¢)(7) := GO (n)ug (i)
¢=0
e (Generalized dilation: @( ) = §(sA) 1.5
1t
g(sA) 4
0.5; |
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Spectral Graph Wavelets

10

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

Generalized translation

» Classical setting: (ng)(t) — g(t _ 5) — / §(§)€—2wi§se2m§td€
R
N—1

» Graph setting:  (7),¢)(i) := G(\o)uy (n)ue(d)
£=0

Generalized dilation: D_g()\) = §(s\)

Spectral graph wavelet at scale s,
centered at vertex n:

Vsn(i) = (ThDsg)(t) = g(sAe)ug(n)ue(z)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = / §(§)€—2m§se2m£td§
R

» Graph setting: (Thg) (1) := G(Ae)uy

e (eneralized dilation: @( ) = g(sA)

e Spectral graph wavelet at scale s,
centered at vertex n:

Vsn(i) = (ThDsg)(t) = g(sAe)ug(n)ue(z)
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Spectral Graph Wavelets

%] Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011

e (Generalized translation

» Classical setting: (Tyg)(t) = g(t — s) = /g(g)e—%i&p%i&t,{;
R Original Image Noisy Image

N—-1
» Graph setting: (T, GO us (n)ue(
¢=0

e (eneralized dilation: ]5:9( A) = g(sA)

e Spectral graph wavelet at scale s,

Graph Filtered
centered at vertex n: . I
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Spectral Graph Wavelet Localization

¢857n
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11

Spectral Graph Wavelet Localization

¢sl,n

Characterizations of this localization

Hammond et al., Wavelets on graphs via spectral
graph theory, 2011 "
S5,M

@ Shuman et al., Vertex-frequency analysis on graphs, 2013

(s,
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Polynomial Localization

Given a spectral kernel ¢, construct the family of features:

bu(m) = (Tog)(m)  dulm) = VR S §(0)u (m)us(n)
=0

Are these features localized ?
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Polynomial Localization

Given a spectral kernel ¢, construct the family of features:

bu(m) = (Tog)(m)  dulm) = VR S §(0)u (m)us(n)
=0

Are these features localized ?

Suppose the GFT of the kernel is smooth enough (K+1 different.):

B = sup [§ T (2)]
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Polynomial Localization

Given a spectral kernel ¢, construct the family of features:

bu(m) = (Tog)(m)  dulm) = VR S §(0)u (m)us(n)
=0

Are these features localized ?

Suppose the GFT of the kernel is smooth enough (K+1 different.):
B = sup g ()

Construct an order K polynomial approximation:

B
P <
; K (2)] < 2K (K + 1)
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Polynomial Localization

Given a spectral kernel ¢, construct the family of features:

bu(m) = (Tog)(m)  dulm) = VR S §(0)u (m)us(n)
=0

Are these features localized ?

Suppose the GFT of the kernel is smooth enough (K+1 different.):
B = sup [V (2)]

Construct an order K polynomial approximation:

<7
2K(K 1 1)!

A

sup |g(z) — P ()

N

= (O, P (L)dy) Exactly localized in a K-ball around n
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Remark on Implementation

Not necessary to compute spectral decomposition for filtering

K—-1

Polynomial approximation :  g(tw) =~ Z a(t)pr(w)

k=0 . .
ex: Chebyshev, minimax

1 M.,
Wf(tnaj) — (1cn,0f# + Z Cn,ka(L)f#)

2
k=1

0 A 40 Tk(ﬁ)f — 3(5 — a2]) (Tk_1(£>f) — Tk—Q(ﬁ)f

a1
Computational cost dominated by matrix-vector multiply with

J
(sparse) Laplacian matrix. In particular O(Z M, |E])
n=1

http://wiki.epfl.ch /sgwt
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14

Uncertainty & Ambiguity

The joint time-frequency localization can be studied via the cross-
ambiguity function:

N
Ay f(m, k) = (f, MiThg) = Z n]gln — o—2mik %

n=1
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Uncertainty & Ambiguity

The joint time-frequency localization can be studied via the cross-
ambiguity function:

N
Agf(m7 k) f, Mkng p— Z m —271"&']6%

localization in time domain

via translation
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Uncertainty & Ambiguity

The joint time-frequency localization can be studied via the cross-
ambiguity function:

N
Agf(m, k) = (f, MiTrng) = le—2mik
gJ \11, ’ k ’mg — m
localization in time domain localization in frequency domain
via translation via modulation
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Uncertainty & Ambiguity

The joint time-frequency localization can be studied via the cross-
ambiguity function:

N
_ —2mik X
Agf(m7 k) fa Mkng — E N
localization in time domain localization in frequency domain
via translation via modulation

Uncertainty is a statement about the localization of the
ambiguity function

Agflly
Vf,geRY |4 >N
[ Ag flloo

Lieb 1990, Feichtinger et al 2012
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Cross-Ambiguity on Graphs

We will first need a suitable Graph Windowed Fourier Transform (GWFT)
- Translation /Localization
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Cross-Ambiguity on Graphs

We will first need a suitable Graph Windowed Fourier Transform (GWFT)
- Translation /Localization

T, :RY = RY  (Tif)(n) := VN(f % 8;)(n) = VN Y f(O)uj(i)ue(n)
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Cross-Ambiguity on Graphs

We will first need a suitable Graph Windowed Fourier Transform (GWFT)
- Translation /Localization

T, :RY = RY  (Tif)(n) := VN(f % 8;)(n) = VN Y f(O)uj(i)ue(n)

- Modulation/Spectral localization
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Cross-Ambiguity on Graphs

We will first need a suitable Graph Windowed Fourier Transform (GWFT)
- Translation/Localization

T, :RY = RY  (Tif)(n) := VN(f % 8;)(n) = VN Y f(O)uj(i)ue(n)

- Modulation/Spectral localization

M : RN RN (Myf)(n) := VN f(n)ug(n)
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Cross-Ambiguity on Graphs

We will first need a suitable Graph Windowed Fourier Transform (GWFT)
- Translation/Localization

T, : RN — RN (Tif)(n) := VN(f % 6;)(n) = VN

- Modulation/Spectral localization

My : RN — RN (M )(n) := VN f(n)uk(n)

Spectral localization via generalized modulation 7

Hint: (Mpug)(n) = ur(n)
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Modulation, Spectral Localization

If a kernel is sufficiently localized around the DC component

A

~ i |F(0)
vV N g | f(D] < n for some k> 0
K
=1

te = ||[wellco = miaX|U£(’i)|

Then the modulated kernel “peaks” at the right spectral index

My f (k)| > K| My f(0)| forall £ # k

@ Shuman, Ricaud, VDG, Vertex-frequency analysis on graphs, 2013

PO

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE




16

Modulation, Spectral Localization

If a kernel is sufficiently localized around the DC component

A

N-1
\/NZ,LLZ‘]E(Z)‘ < F0)] for some k > 0
=1

1+ K
pe = [[uelloo = max |ue(7)]

Then the modulated kernel “peaks” at the right spectral index

My f (k)| > K| My f(0)| forall £ # k

@ Shuman, Ricaud, VDG, Vertex-frequency analysis on graphs, 2013

0.4r

0.4*‘

0.3} 0.3r
N 0.2 " 0.2
fl(f) . Mzooofl(f) 04l

17 i
ot 0 Al ‘“““‘"‘rTJﬁ "L'flf“"“ o]
-0.17 1 -0.1¢
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Gabor-like Frames on Graphs

17

gir(n) := (MT;g)(n) = vV Nug(n

EzO

@ Shuman, Ricaud, VDG, Vertex-frequency analysis on graphs, 2013
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Gabor-like Frames on Graphs

17

N—1

gik(n) == (MyTig)(n) = vV Nug(n) Z GO u; (V)ue(n

=0
The set of modulated and translated features is a frame:

N N-1

Al fllz < >:> (f,9i6)° < B|If]I3
1=1 k=0

@ Shuman, Ricaud, VDG, Vertex-frequency analysis on graphs, 2013
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Gabor-like Frames on Graphs

17

N—1

gik(n) == (MyTig)(n) = vV Nug(n) Z GO u; (V)ue(n

=0
The set of modulated and translated features is a frame:

N N-1

Al fllz < >:> (f,9i6)° < B|If]I3
1=1 k=0

- NL&(O)\Q = A= ne {11% {NHTngH2}
ne{%a;X)N}{ H gHZ} = U HQHQ

@ Shuman, Ricaud, VDG, Vertex-frequency analysis on graphs, 2013
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Gabor-like Frames on Graphs

N—1

g (n) = (My.Tig)(n) = VNug(n) Y §(€)u(i)uc(n)

=0
The set of modulated and translated features is a frame:

N N-1

Al fllz < >:> (f,9i6)° < B|If]I3
1=1 k=0

- N\g(O)\Q = A= ne {11% {NHTnQH2} )
H— Tight Frame
v N

@ Shuman, Ricaud, VDG, Vertex-frequency analysis on graphs, 2013
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Ambiguity and Uncertainty

Pick up a nice kernel  [g(0)| = |g(1)| = 0 forl=1,2,..N —1

Rem: The heat kernel is a good choice

(Tig)(n) >0

HAgful 1
> — p
”Angoo ,UQ \/N

Result of Feichtinger et al.

smaller coherence, bigger uncertainty

@ Perraudin, Shuman, VDG, 2013
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A Laplacian Pyramid on Graphs
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A Laplacian Pyramid on Graphs

~

Single level pyramid

\- J

Filtering

Downsampling
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n Graphs

A Laplacian Pyramid o

Single level pyramid

~N

\_ J
r N
Graph reduction
N y

Filtering

Downsampling
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A Laplacian Pyramid o

19

n Graphs

\_

Single level pyramid

~N

J

-

\_

Graph reduction

~

J

-

\_

Graph sparsification

~

J

Filtering

Downsampling
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n Graphs

19

A Laplacian Pyramid o

A Filtering
Single level pyramid .
Downsampling
N y
- N
Graph reduction
N y
- N

\_

Graph sparsification

J

-

\_

Single level pyramid

~N

J

% Shuman, Faraji, VDG, A framework for multiscale transforms on graphs, 2013
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Downsampling

Vl — V_|_ — {Z c): umax(i) > O}

Relaxed solution to 2-coloring for regular graphs

Exact for bipartite graphs

Connections with nodal domains theory for © @

laplacian eigenvectors

(e)
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The Laplacian Pyramid

Analysis operator

XL

> U1

> Ylow

I
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The Laplacian Pyramid
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Analysis operator

XL

> Yo

I
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The Laplacian Pyramid

Analysis operator

T y \ > Y1

I
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The Laplacian Pyramid

Analysis operator

T y \ > Y1

H,x U1 r — Gyo

— MH=~» — x—GH,zx

Yo

I
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The Laplacian Pyramid

Analysis operator

T y \ > Y1

I
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The Laplacian Pyramid

Analysis operator

XL

I

‘ECH QU
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The Laplacian Pyramid

24

Analysis operator

Yo _ Hm -
U I-— GHm 7

H/_/ ~ ~\~
Yy Ta

% Do, Vetterli, Framing Pyramids, IEEE TSP, 2003
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The Laplacian Pyramid

Analysis operator

Yo _ Hm -
U I-— GHm 7

H/_/ ~ ~\~
Yy Ta

Simple (traditional) left inverse

i=(G I)<%>
N—— Y1
Ts N e’

T.T, =1 with no conditions on H or G
% Do, Vetterli, Framing Pyramids, IEEE TSP, 2003
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The Laplacian Pyramid

25

Pseudo Inverse ?

Tol = (Ta'Ta) T

Let’s try to use only filters

(i
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The Laplacian Pyramid

25

Pseudo Inverse ?

Tol = (Ta'Ta) T

Let’s try to use only filters

Landweber iterations involve only filters:

arg min | Taz — y|3 > @41 =@ +7Ta’ (y — Tads)

T. = (H,' I-H,'GT)

» g @ h ?—Q Ty

® &

h

gz-ﬁ@%:% h
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Kron Reduction

In order to iterate the construction, we need to construct a graph on
the reduced vertex set.

A, =Ala,a] — Ala,a)A(a, 0) A, af

Schur complement
«_ [ Alocal  Alo,a)
| A(a,a] A

Kron reduction

—

1.0
1/3

1.0 1.0

% Dorfler et al., ArXiV, 2011
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Sparsification

Kron reduction produces denser and denser graphs

After each reduction we use Spielman’s sparsification
algorithm to obtain an equivallent but sparser graph

Approx preserves Laplacian

dratic f .
quadratic 10T Explicit control based on

effective resistance of edges

@ Spielman and Srivastava, Graph sparsification by effective resistances, SIAM J. Comp, 2011

ML

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE




27

Sparsification

Kron reduction produces denser and denser graphs

‘\\’

2 4

2 l".&lﬁ’ -
-4 \

Approx

quadratic

wsed on

@ Spielman and Srivastava, Graph sparsification by effective resistances, SIAM J. Comp, 2011
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Outlook

Generalized

Operators

Computational
Harmonic Analysis Signal
Applications + Transforms /
. Dicti i
Spectral and Algebraic IcHONATIES
Graph Theory
+

Numerical Linear Algebra

Theoretical Scalable

Underpinnings Algorithms

e Application of graph signal processing techniques to real science and
engineering problems is in its infancy

e Theoretical connections between classes of graph signals, the underlying
graph structure, and sparsity of transtorm coeflicients

EPFL — Signal Processing Laboratory (LTS2) .(Pﬂ-
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Conclusions

e Ways to process information at vertices of graphs,
inspired by SP

e Importance of algorithms that can scale to very
large graphs

e Some counter-intuitive results are expected with
respect to traditional SP.

e Many interesting problems/applications

T\ EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
ECOLE POLYTECHNIQUE
¥ :
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Wavelet Coeflicient Decay of (Globally Regular *
Graph Signals

2p
Let p > 1, and assume that C), fo \ /s?Pds < 0o. Then
1 ©.@)

/ 572 N (b ) s = Cpll llpecer-ryo
O mn

Proposition Assume that g(\) = Zz:p ap\* for some p > 1 (implying § = 0)
2 Then .

W F(s,m)| = [(fssm)l < D lanls®|] fllan
k=p

EPFL — Signal Processing Laboratory (LTS2) -(I)ﬂ-

http://Its2.epfl.ch £COLE POLYTECHNIQUE

FEDERALE DE LAUSANNE



http://lts4.epfl.ch
http://lts4.epfl.ch

33

Ongoing Work:
Local Regularity and Wavelet
Coeflicient Decay of Locally
Regular Graph Signals

I(I’ﬂ.

‘F)ﬂb

EPFL — Signal Processing Laboratory (LTS2)
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Notions of Local Regularity

34

N[ =

[Vifll2 = | > w(m,n)[f(n) — f(m)]"
| nENm _

EPFL — Signal Processing Laboratory (LTS2)
http://lts2.epfl.ch
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Notions of Local Regularity

N[ =

Local 2
it [Tl = | ) w(m,n) [£(n) — f(m)]
| neN, i
Halder A graph signal f is (C, «, r)-Hélder regular with respect

Regularity to the graph G at vertex n € V if
[f(n) = f(m)| < Cldg(m,n)]*, Ym € N(n,r)

Gavish et al. ICML, 2010

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of Local Regularity

N[ =

Local 2
it [Tl = | ) w(m,n) [£(n) — f(m)]
| neN, i
Halder A graph signal f is (C, «, r)-Hélder regular with respect

Regularity to the graph G at vertex n € V if
f(n) = f(m)] < Cldg(m,n)]*, Vm € N(n,r)

Gavish et al. ICML, 2010

Laplacian (L £)(n) as a measure of local regularity of fin a
as neighborhood of radius k£ around vertex n

Derivative

e For polynomial kernel:

Uf(s,n) = Z axs® (L") (n)

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-

http://Its2.epfl.ch ECOLE POLYTECHNIQUE

FEDERALE DE LAUSANNE
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Wavelet Coeflicient Decay
of Locally Regular Graph Signals

W f(s,n)
Vs,n

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
I ey

http://Its2.epfl.ch
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Wavelet Coeflicient Decay
of Locally Regular Graph Signals

35

High-level intuition

* Far away from vertex n, for small scales s, | f(s,n)| is small
because 1) ,, 1s highly localized around n

EPFL — Signal Processing Laboratory (LTS2) .(l)ﬂ.
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Wavelet Coeflicient Decay
of Locally Regular Graph Signals

35

High-level intuition

* Far away from vertex n, for small scales s, | f(s,n)| is small
because 1) ,, 1s highly localized around n

* Close to vertex n, |W f(s,n)|is small because fis locally regular

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Wavelet Coefficient Decay s
of Locally Regular Graph Signals

High-level intuition

* Far away from vertex n, for small scales s, | f(s,n)| is small

because 1) ,, 1s highly localized around n

* Close to vertex n, |W f(s,n)|is small because fis locally regular

Assume that f is (C, a, r)-Holder regular for some r > 1,
and let g(\) = > 1_ axA* for some coefficients {ax }x=r 11
Then there exist constants C'y and s such that for all s < s, we have

Wf(s,n)| SCr* > Jpsa(m)|+Cas™™ Y |f(m) = f(n)].

meN (n,r) mgN (n,r)

EPFL — Signal Processing Laboratory (LTS2)
http://lts2.epfl.ch
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Example

36

Note: For a k-regular bipartite graph

KL, —A
b= { ~AT kI, }

Kron-reduced Laplacian: L, = k%I, — AAT
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Note: For a k-regular bipartite graph

KL, —A
b= { ~AT kI, }

Kron-reduced Laplacian: L, = k%I, — AAT

PO

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE



37

Smoothness of Graph Signals

EPFL — Signal Processing Laboratory (LTS2) .(l)ﬂ.

http://ltsZ.epr.Ch ECOLE POLYTECHNIQUE

FEDERALE DE LAUSANNE



http://lts4.epfl.ch
http://lts4.epfl.ch

Smoothness of Graph Signals

37

W
“““““
W

To identify and exploit structure in the data, we need to account for the
intrinsic geometric structure of the underlying graph data domain

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of (zlobal Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

Edge ﬁ
Derivative e

= Vw(m,n) [f(n) — f(m)] l
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Notions of (zlobal Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

G| =V L]

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of (zlobal Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

Edge ﬁ
Derivative e

— amn) [f() - £(m) l

- S =

B

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of Global Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

Edge
Derivative

Graph
Gradient

ﬁ
Oe

Vo f :

{

ﬁ
Oe

= w(m,n) [f(n) — f(m)] J

m

m }665 S.t. e=(m,n) |

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of Global Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

Edge g
Derivative e

= Jw(m,n) [f(n) — f(m)] J

mo .-
Graph v, f = {_ }
SERCEHE | Je m7 ec€ S.t. e=(m,n)_
Local 2
e vafllz= | Y wim,n) [f(n) = f(m)]
L nENm,

‘ EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of Global Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

Of
De]s)i(‘ifgiive = = Vw(m,n) [f(n) — f(m)] W — l
(Of _ !
Graph .
Gr;c??ent Vit = { % m}eeé’ S.t. e=(m,n)

e Vbl = | Y wim,n) [f(n) - f(m)]?
lneN,,

‘ EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of Global Regularity for Graph Signals

® Discrete Calculus, Grady and Polimeni, 2010

Edge g
Derivative e

— () [f(n) - f(m)] l

Graph . of
Gradient GRS {

de

m }668 S.t. e=(m,n) |

Local Vo fl|2 = Z w(m,n) [f(n) — f(m)]z

Variation
| neN,

N[

Quadratic % Z ||me||§ — Z w(m,n) [f(n) — f(m)]2 = f'Lf

Form
meV (m,n)e€

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ.
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Smoothness of Graph Signals Revisited

39

g1 G2 Gs

..........

i
08 08 08"
A Pl 06 A Il 06 A Pl 06
f< 5)0.4 f( £)0.4 f( €)04
02 1 0.2 ,[ { 0.2 :
I I
® 05 1 152 25 3 35 4 45 5 % 05 1 1f§Té 25 3 35 4 45 5 % I)fs 115 2 25 3 ;ps 4 45 5

A, A, A,

f*L.f =0.14 f*Lof =1.31 f*L3f = 1.81
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Notions of Global Regularity for Graph Signals”

(GGeneralizations

NI

p-Dirichlet Form 21? Z |V f][8 = 1 Z Z w(m,n) [f(n) — f(m)]2

meV p meY LneN,,

(Elmoataz et al., 2008)
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Notions of Global Regularity for Graph Signals”

(GGeneralizations

NI

p-Dirichlet Form
(Elmoataz et al., 2008)

- LS et = L S S w11~ s

mevV p meyY LneN,, i

Discrete Sobolev
Semi-Norm

| Fllse = 1127 Fll2 = 127715 = \/Z PPl ()2
I

EPFL — Signal Processing Laboratory (LTS2) .(I)ﬂ-
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Notions of Global Regularity for Graph Signals”

(GGeneralizations

p-Dirichlet Form 2% Z |V f][8 = 1 Z Z w(m,n) [f(n) — f(m)]2

Elmoataz et al., 2008
( ’ ) mevV p meyY LneN,, i

Discrete Sobolev || /P TPl — 20l F( )12
[ fllaee = 1E7f]l2 = [I£7 fl2 \/%:W F(0)

e In the continuous setting, the space W?”(R) of p-times
differentiable Sobolev functions are those satistying
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Notions of Global Regularity for Graph Signals”

(GGeneralizations

p-Dirichlet Form 2% Z |V f][8 = 1 Z Z w(m,n) [f(n) — f(m)]2

(Elmoataz et al., 2008) D
meV meV LneN,, i

Discrete Sobolev || /P TPl — 20l F( )12
[ fllaee = 1E7f]l2 = [I£7 fl2 \/%:W F(0)

e In the continuous setting, the space W?”(R) of p-times
differentiable Sobolev functions are those satistying
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e In the graph setting,
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Polynomial Localization

A

SI;PLQ(ZC) — Pr(x)| < 2K(}f+ 1)!

Now consider:
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Polynomial Localization

B
) — P <
Sl;p|g(£€) k(7)) < KK 11!
Now consider:
¢n(m) — <5m,g(£) can remove
Qbr/n (m) = <5m7 Py ( ly localized in a K-ball around n

7
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Polynomial Localization

B
) — P <
Sgpw(flﬁ) K ()| < KK T 1)1
Now consider:
Dn(m) = (Om, g(L)
¢5r/n (m) — <5m7 P ( ly localized in a K-ball around n

7
The original feature is well-localized in a K-ball around n:

()|
16 = FEK)

dg(m,n) > K =
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The Laplacian Pyramid

we can easily implement T, T, with filters and masks:

o

Not necessary ?

é g
® 6

!

R

2
With the real symmetric matrix Cf:’T;lTTa and b = TaTy

PO

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE




44

Original Image

Noisy Image
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