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a b s t r a c t

Assessing the strength of existing structures has become a major issue for structural engineers. Such anal-
yses are often performed after changes of use of the structure or due to new design codes requirements.
This is particularly relevant with respect to the shear strength of post-tensioned concrete bridges. Such
structures were often designed in the past with fairly low amounts of shear reinforcement and do not
comply with current code requirements in terms of amount of transverse reinforcement or shear
strength. However, it should be noted that codes of practice cover the design of a wide range of cases
and sometimes neglect some load-carrying actions or may be too conservative for assessing others.
Therefore, the use of more refined models may potentially increase the predicted shear resistance and
avoid unnecessary strengthening of existing structures. In this paper, an investigation on the behaviour
of post-tensioned beams with low amounts of shear reinforcement and flanges is presented. First, the
results of an experimental programme on twelve reinforced concrete beams (10.0 m long, 0.78 m high)
failing in shear are described. The test series is used to analyse the most significant parameters influenc-
ing the shear strength and the failure modes. Its results are compared to a number of design codes show-
ing different levels of accuracy. The test results are finally compared to the results of analyses based on
elastic–plastic stress fields. This technique shows excellent results when compared to the test results and
allows investigating on the role of the various shear-carrying actions, of the prestressing level and on the
transverse reinforcement amount with respect to the various potential failure modes.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Prestressing enables simple and economic construction of med-
ium to large span concrete structures providing sufficient strength
at ultimate and controlling the deflections and cracking state under
serviceability conditions. Therefore, a large number of thin-
webbed concrete girders have been built in the second part of
the last century by using this technique. Design of these members
has significantly evolved, from analyses of the stress state under
service loads to equilibrium-based models at ultimate limit state.
The evolution of design models as well as changes in actions
and/or geometry (deck slab widening or others) require often the
assessment of the performance of such existing bridges. This task
frequently shows insufficient shear strength for existing members
assessed with modern codes due to too low amounts of available
shear reinforcement or insufficient stirrup anchorage and leads in
many cases to expensive retrofitting of existing bridge girders.
However, it should be noted that design codes are usually intended
for design of a wide number of structures with a sufficient level of
safety. For instance, for prestressed bridges, a number of shear car-
rying actions are usually neglected or estimated in a coarse (exces-
sively safe) manner. This is the case of the shear force carried by
flanges, the effective concrete strength at web crushing, the in-
crease of the stress in the tendons, or the minimum allowable an-
gle of the compression field in the web.

The behaviour of prestressed girders with varying amounts of
shear reinforcement has previously been investigated by a number
of researchers [1–10], mostly by testing simply supported mem-
bers. However, the behaviour of prestressed continuous beams
and the influence on their behaviour of flanges as well as detailing
of the stirrups has been poorly addressed in the past. Nevertheless,
these members are representative of continuous box-girder
bridges, widely used in current practice particularly for long spans.
In order to investigate more in detail the behaviour and strength of
these members, a test series on twelve reinforced concrete beams
was carried out at the Ecole Polytechnique Fédérale de Lausanne,
Switzerland. The main parameters of the test series are the shear
reinforcement ratio, the amount of post-tensioning force, the cross
section shape and the stirrup anchorage detailing. The present pa-
per describes the test series and its main results. The prediction of
the behaviour of the test specimens has been done for a number of
design codes as well as by using the elastic–plastic stress field
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Nomenclature

A cross section area of the beam in the testing region
Ec Young’s modulus for the concrete
Es Young’s modulus for the rebar steel or the prestressing

strand
P nominal post-tensioning force
Ptest post-tensioning force at the testing day
Q applied load at the cantilever
R radius for the deviation of the prestressing tendon
V shear force
VP shear force carried by the prestressing tendon
VR shear strength
VR,test resulting shear strength of the tests
VR,model resulting shear strength of a model analysis
Vres,test residual shear strength (calculated at twice the deflec-

tion at peak shear strength)
Vbot shear force carried by the bottom flange
Vtop shear force carried by the top flange
Vw shear force carried by the web
d effective depth to main tension reinforcement
dg maximum aggregate size of the concrete
fc concrete compressive strength (cylinder)
fcm average concrete compressive strength at the testing

day (cylinder)
fctm average concrete tensile strength at the testing day (di-

rect tensile test)
fy yield strength of the rebar steel or the prestressing

strand
ft ultimate tensile strength of the rebar steel or the pre-

stressing strand
s spacing of the rebars
t crack opening
tw web thickness
tw,eff effective web thickness with reduction due to the pre-

stressing tendon
v deflection at the loading point in the span
w opening of the crack normal to the crack surface

z lever arm of the internal forces
D sliding of the crack parallel to the crack surface
DVP increase in shear force carried by the prestressing ten-

don
Dtw increase in web thickness
Du unintended deviations per unit length for the prestress-

ing tendon
DeP increase in strain of the prestressing tendon
bP inclination of the prestressing tendon
eu ultimate strain of the rebar steel or the prestressing

strand
ex strain in the horizontal direction (x)
ez strain in the vertical direction (z)
e2 concrete compressive strain in the principal direction
gfc strength reduction factor to account for the brittleness

of high strength concrete
ge strength reduction factor to account for the tensile

strains in transverse direction to the compression
hcrack measured angle of cracks in the testing region
hr inclination of the principal concrete compressive stress
he inclination of the principal concrete compressive strain
l frictional coefficient for prestressing tendons in the

steel duct
qw shear reinforcement ratio in the testing region
rc concrete compressive stress in the principal direction
sxy concrete shear stress in the direction of the girder axes
t direction of the crack opening with respect to the nor-

mal direction of the crack surface
Ø diameter of the reinforcement bar or the prestressing

strand
Avg average
CoV coefficient of variation
LoA level of approximation

358 M. Rupf et al. / Engineering Structures 56 (2013) 357–371
method (EPSF). This latter method was developed by Fernández
Ruiz and Muttoni [11] and can be considered as an enhancement
of the rigid-plastic stress fields (refer for instance to Muttoni
et al. [12]). The EPSF method is solved by using the finite element
method and allows accounting for compatibility conditions in a
reinforced concrete element as well as for the role of transverse
cracking on the concrete strength [13]. A comparison of the test re-
sults with the model prediction of the EPSF method is presented in
this paper, showing an excellent agreement and allowing to inves-
tigate the role of the various shear carrying actions and failure
modes.
2. Experimental programme

A test series on twelve reinforcement concrete beams was per-
formed to investigate the behaviour of continuous bridge girders
with low amounts of shear reinforcement (qw defined as the ratio
between the cross section of the transverse reinforcement and the
corresponding web area), different ratios of post-tensioning (de-
fined as the ratio between the post-tensioning force P and the con-
crete gross cross section A), and different cross sections (with and
without flanges). The three main parameters refer to the testing re-
gion and their nominal values are listed in Table 1. The static sys-
tem of the test setup corresponds to a single span beam with a
cantilever and represents the situation of a continuous bridge gir-
der near an inner support (refer to Fig. 1). The test specimens cor-
respond thus to the girders of a multi-span bridge with a span
length of about 40 m at a scale 3/8.
2.1. Specimens

All test specimens are 10 m long and 780 mm high and present
in the central part a testing region with a length of about 4.80 m
(refer to Fig. 2). Ten beams are casted as girders with two flanges
(cross section according to the tests in [7]) and the remaining
two without flanges (rectangular cross section). All flanged beams
have a web thickness of 150 mm in the testing region and 400 mm
in the external parts (to avoid shear failure), and a flange width of
800 mm. The web thickness of the two rectangular beams is also
150 mm in the testing zone and 300 mm outside.

The shear reinforcement ratio qw varies between 0.063% and
0.251% for the different specimens and refer to the testing region
in the centre of the beam. It can be noted that for qw = 0.063%
the reinforcement amount is lower than the minimum one pre-
scribed usually in codes (in Model Code 2010 [14] for instance,
qw;min ¼ 0:08 �

ffiffiffiffi
fc

p
=fy � 0:08% for the investigated tests). Fig. 2b

and c shows the reinforcement layout where the shear reinforce-
ment in the central part is composed of stirrups with different
anchorage conditions or links which are installed in alternating
locations (opposite sides of the web). The longitudinal reinforce-
ment consists of straight bars over the whole length of the girder.
The design of the stirrups and links, their diameter and spacing,



Table 1
Main parameters (qw and P/A refer to nominal values in the testing region), reinforcement layout (Fig. 2, dimensions in mm, note: links in alternating position), measured concrete
properties (fcm and fctm at the day of the test, Ec at 28 days after casting of the specimen), dates (days after casting of the specimen) and effective ratio of prestressing.

Nominal values Actual values 

Beam
Cross

section ρw [%] 
P/A

[MPa]
Transverse

reinforcement 

Longitudinal reinforcement fcm

[MPa]
fctm

[MPa] 
Ec

[MPa]
tprestressing

[days] 
ttest

[days]
Ptest/A
[MPa] Layer 1 Layer 2 

SR21 0.086 2.5 Ø6 @220 4Ø26 + 6Ø18 8Ø10 30.8 2.6 29’700 22 36 2.40 

SR22 0.126 2.5 Ø6 @300 4Ø26 + 6Ø18 8Ø10 33.7 3.1 31’950 35 79 2.38 

SR23 0.063 2.5 Ø6 @300 4Ø26 + 6Ø18 8Ø10 35.3 3.7 30’250 42 58 2.45 

SR24 0.251 2.5 Ø6 @150 4Ø26 + 6Ø18 8Ø10 31.3 2.8 28’050 28 59 2.38 

SR25 0.086 5.0 Ø6 @220 4Ø26 + 6Ø10 8Ø10 33.1 3.1 32’700 19 47 4.73 

SR26 0.063 5.0 Ø6 @300 4Ø26 + 6Ø10 8Ø10 36.9 3.5 31’600 39 68 4.82 

SR27 0.188 5.0 Ø6 @200 4Ø26 + 6Ø10 8Ø10 28.3 2.9 27’450 35 53 4.85 

SR28 0.086 - Ø6 @220 4Ø26 + 6Ø10 8Ø10 37.8 4.0 31’250 - 90 - 

SR29 0.251 2.5 Ø6 @150 4Ø26 + 6Ø18 8Ø10 29.8 2.8 27’800 26 65 2.36 

SR30 0.251 2.5 Ø6 @150 2Ø26 + 4Ø10 6Ø10 31.4 3.5 30’300 15 79 2.28 

SR31 0.086 3.0 Ø6 @220 2Ø26 2Ø10 31.3 2.7 31’550 16 31/35 2.93 

SR32 0.086 - Ø6 @220 2Ø26 2Ø26 35.2 3.4 33’400 - 42 - 
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and the amount of longitudinal reinforcement in the flanges are
detailed in Table 1. The Table also shows the detail for stirrup
anchorage of the three beams SR24, SR29, and SR30.

Ten beams are post-tensioned with a nominal longitudinal
stress P/A of 2.5, 3.0 or 5.0 MPa which refers to the testing zone.
The girders with the higher prestressing (5.0 MPa) contain two ten-
dons with four strands 150 mm2 each and the other prestressed
specimens one tendon of the same type (4 strands150 mm2). All
tendons are placed in ribbed steel ducts 45/50 mm (inner/outer
diameter) which are grouted with a high strength mortar after pre-
stressing. On both sides, active anchorage heads are placed,
although only one was used for prestressing. The tendon layout fol-
lows the bending moments of the external loads and presents two
circular curved deviations and straight segments elsewhere. The
two types of post-tensioning layout for one or two tendons are pre-
sented in Fig. 3.

The tendons were stressed at 1395 MPa (75% of their tensile
strength). The actual prestressing force in the testing region
accounting for friction losses (assumed: l = 0.18; Du = 0.005 m�1),
wedge drawn-in and time-delayed losses (creep, shrinkage, relax-
ation) has been calculated according to Model Code 2010 [14]. The
results were checked against measurements of concrete strains
(glued strain gauges on the specimen) with good agreement. The
resulting (calculated) average values of prestressing stress Ptest/A
acting in the testing region at the time of testing are provided in
Table 1.

2.2. Test setup

The test setup is presented in Fig. 2 (a). The test specimens
are supported on two mechanical bearings with a span of
7.20 m (x = 200 and x = 7400 mm) and are loaded at the cantile-
ver (x = 9800 mm) and at one third of the inner span
(x = 2600 mm). All supports and loading points allow the rotation
around the z-axis. The bearing on the south direction is fixed in
longitudinal direction whereas the support on the north direction
and the two loading points allow longitudinal displacements.
Loading is applied by means of hydraulic jacks, with the load ap-
plied in the span being twice the load at the cantilever. The
shear force V in the testing region corresponds to the applied
load at the cantilever Q (neglecting self-weight, refer to Fig. 1).
The load configuration leads to a change of sign in the bending
moments, with the point of contraflexure located in the middle
of the testing region. The load is applied in several load steps
with a loading rate for Q of 15 kN/min. before peak load (force
controlled) and a rate of about 2.5 mm/min. afterwards (dis-
placement controlled). At every load step, the deformation is
kept constant for a couple of hours to perform the manual
measurements.
2.3. Material properties

Normal strength concrete was used with a maximum aggregate
size of 16 mm. Table 1 summarises the concrete compressive
strength at the testing day fcm (measured on cylinders
160 � 320 mm) and the tensile strength fctm (direct tensile test
on cylinders 160 � 320 mm). Table 2 shows the material properties
of the rebars and the strands used. All rebars between diameter
6 mm and 18 mm consist of normal strength reinforcement steel
with low or normal ductility, whereas the rebars diameter
26 mm consist of a high strength reinforcement steel. The yield
strength fy of cold worked and high strength steel is defined at
0.2% residual strain whereas for the strands of the prestressing ten-
dons it is defined at the 0.1% residual strain (according to Model
Code 2010 [14]).
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2.4. Measurements

The measurement system is the same for all specimens. A num-
ber of devices were used for continuous data acquisition compris-
ing load cells, displacement transducers, inclinometers and glued
gages allowing for the following measurements:

– Force at the two loading points and reaction at the supports
measured by load cells.

– Vertical deflection measured by inductive displacement trans-
ducers between the bottom surface of the girder and the strong
floor.

– Change of web thickness in the testing region measured by out-
of-plane inductive displacement transducers.

– Elongation of the prestressing tendon measured by strain
gauges glued to 8 mm studs (350 mm long, with end anchorage
plates) arranged in the concrete outside the steel duct (3 mea-
surements per specimen).

The load is applied in several load steps. After the load is in-
creased at each load step, the following manual measurements
are recorded:

– Deformation of the web and the flanges in the testing region
measured by a demec device on a triangular truss system with
an initial measurement length of 110 mm.

– Photos of the crack pattern on the girder.
– Measurement of the representative crack openings.

2.5. Test results

All specimens failed in shear in the testing region. Only the gir-
der SR31 could be externally reinforced after failure on one side
and tested a second time under the name SR31B. The ultimate
shear strength VR,test (peak load) and the residual strength Vres,test

(measured at twice the deflection at peak load), are listed in
Table 3. Three different failure modes can be observed in the test
series. Fig. 4 shows the final crack pattern of three typical speci-
mens failing in a different manner (failure modes for all specimens
given in Table 3). The measured shear strength V and deflection un-
der the loading point in the span v (at x = 2600 mm) for these spec-
imens are also plotted in Fig. 4. The first type of failure is observed
in girders with flanges and low amounts of shear reinforcement as
SR21. It is characterised by an in-plane failure associated to large
crack openings in several cracks of the web and by the develop-
ment of delamination cracks at the interface of the flanges. At fail-
ure, rupture of the stirrups in tension developed. A rather constant
residual strength develops for a load level between 59% and 80% of
the ultimate strength (Table 3). The increase in web thickness
(associated to a spalling failure of concrete) for these specimens
(refer to Fig. 5 (a)) is quite limited before peak load is attained
and even remains moderate with decreasing load. Increasing is
only noticeable for very large displacements due to tendon’s dowel
action (refer to Fig. 4a). The second failure mode can be observed in
flanged girders with higher amounts of shear reinforcement as
SR24. It is associated to an out-of-plane failure of concrete with
cover spalling out of the web along the tendons, followed by rup-
ture of the stirrups. The residual strength remains also between
67% and 79% of the ultimate strength, with a slight tendency to
soften as the member deflects. Fig. 5a shows clearly the spalling
of the concrete cover by an increase of the web thickness when
reaching the peak load. The third failure mode is associated to
the beams without flanges as SR31. These girders show a brittle
failure with the localisation of the strains in one single crack and
residual strength between 30% and 39% of the ultimate strength.
No significant increase in web thickness can be observed
(Fig. 5a). Specimen SR26 failed in a combination of the first two
failure modes with cover spalling at the tendons and development
of delamination cracks (refer to Table 3).

As previously described, the test results show a significant
influence of the amount of shear reinforcement and the post-ten-
sioning ratio on the failure mode and on the ultimate strength.
The presence of beam flanges turned out to be very beneficial,
leading to larger shear strength and allowing the member to devel-
op large deformations and significant residual strength. All flanged
girders failed in the region of the point of contraflexure (Fig. 4a and
b) whereas all girders without flanges failed due to a critical crack
near load or support (Fig. 4c).

For all girders with prestressing tendons, an increase of the
strain in the direction of the cable axis could be measured
(Fig. 5b). This indicates therefore a beneficial increase of the pre-
stressing force in the testing region. An influence of the stirrup
anchorage conditions on the shear strength, the failure mode or
the general behaviour of the girders was not observed. Neverthe-
less, this observation cannot be generalised to any anchorage de-
tail, girder geometry and actions (specific investigations are still
required for a general conclusion).

2.6. Results of strain measurements

The strains in the testing region are determined by means of the
demec measurements on the web and on the two flanges. The de-
mec readings begin with the application of the external load which
means that the strains due to the prestressing and its losses are not
accounted. Fig. 6 presents the measured strain profiles of the gird-
ers SR21, SR24 and SR31 which are representative of the three de-
scribed failure modes. The profiles show the vertical strains ez at
load levels between 52% and 100% of the peak load. It can be noted
that in all cases the measurements are strongly influenced by the
large opening of the actual cracks. A comparison of the vertical
strain profiles of the three beams SR21, SR24 and SR31 show that
cracks with significant openings develop over the whole testing re-
gion for the girder SR24 (Fig. 6b) whereas the vertical strains in the
girders SR21 and SR31 (Fig. 6a and c) are more localised. At the last
load step, the vertical strains exceed in most profiles 10‰ and can
reach values of about 30‰ indicating large crack opening and
extensive stirrup yielding (basis length of the demec measurement
of 110 mm).

Fig. 6d–f shows for the girders SR21, SR24 and SR31 the mea-
sured principal compressive strain e2 at the last load step. The
strains are only plotted where the measurements are unaffected
by the presence of cracks developing through the measurement
mesh. In the web of the girder SR21 a maximum compressive
strain of 0.7‰ can be found in the middle of the beam at the level
of the tendon. Larger strains were however recorded for specimen
SR24 reaching 1.9‰ in the tendon region where crushing devel-
oped. For specimen SR31 (without flanges), the maximum com-
pressive strains were also quite high (2.5‰). It should be noted
for this specimen that the maximum strains are developed in the
region of the compression chord and that the strains are quite
low in other regions.

The inclination he of the principal compressive strain in the cen-
tral part of the web (uncracked concrete struts, angle of blue lines
in Fig. 6d–f with respect to the beam axis) can locally reach 10�
with an average value of about 15� for specimen SR21 (values
accounting for the results of the whole web; more details on these
measurements are provided later). Other specimens failing in the
same manner (large crack opening) show similar results. For the
specimens where out-of-plane failure occurred along the tendon
region (as specimen SR24), the inclination he of the compressive
strains reach locally 14� and show an average value of about 22�
(more details are provided later). For the two beams without
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flanges, the inclination he of the compressive strains varies signifi-
cantly over the length and the height of the girder.

It can be noted that the measured angles of the principal com-
pressive strain he are significantly lower than the observed angle of
the cracks hcrack (Fig. 4). Cracking develops in the middle of the
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time for moderate to high load levels (50–85% of the maximum
load). For all specimens the observed angle hcrack varies between
19� and 26� in the testing region with somewhat flatter angles
for members with higher level of post-tensioning. Nevertheless,
the observed scatter does not allow deriving a clear correlation.

The measurements on the demec grid allow also investigating
on the crack openings and their kinematics (by assuming the
behaviour of the two parts separated by a crack behaving as rigid
bodies). To do so, the actual crack shape is approximated by a
polygonal line, whose keypoints are defined with a spacing equal
to the aggregate size of the concrete (dg = 16 mm, in case that the
distance between the polygonal line and the actual crack is larger
than half the aggregate size, an additional keypoint is introduced to
correct it). The maximum crack opening thus obtained at the last
load step before peak load is 2.0 mm for beam SR21 and 2.5 mm
for beam SR24, which finely agrees with the direct measurements
of the crack widths recorded during the tests. Performing this anal-
ysis of the demec measurements over all tested specimens leads to
maximum crack openings of 4.5 mm for the beam SR28, followed
by 3.5 mm for SR23 and between 2.0 and 2.5 mm for the other
beams. The maximum crack opening of the two beams without
flanges is 1.5 mm for the girder SR32 and 1.0 mm for the beam
SR31 indicating that opening of the cracks in the web is relatively
critical for these latter specimens.

Fig. 7a–c shows the kinematics for some selected cracks of the
girders SR21, SR24 and SR31. The kinematics is drawn for the
cracks in the region where the failure occurs and includes all load
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steps after appearance of the crack. The illustrated total crack
opening t is almost constant over the height of the flanged girders
SR21 and SR24 but slightly larger at mid-height. On the contrary,
for specimen SR31 without flanges, crack opening varies over the
height of the member, with a minimum value (no opening) near
the compression chord and a maximum value near the tension
chord (the main cracks in the web spread into several cracks with
smaller openings in the tension chord, the opening of the latters
are not drawn in Fig. 7c.

Just before peak load, the cracks of the flanged girders open
almost vertically whereas for the girder without flanges a rotation
around the crack tip develops. The total crack opening t is
composed of a crack opening parallel to the crack surface w and
a sliding D, leading for the direction of the total opening to an an-
gle t with respect to a direction normal to the crack surface (refer
to Fig. 7d). Fig. 7e and f shows the crack opening of the critical
crack at different load steps at the point P, which is selected at
the girder axis. The crack opening at P exceeds a value of 0.5 mm
at a load level V/VR of about 0.80 and increases rapidly thereafter.
The crack sliding also increases for all specimens with the level
of applied load, particularly when the load level is larger than
70% of the failure one. This is represented by an increase on the va-
lue of the angle t for increasing load levels.
3. Comparison to design codes

The measured shear strength of the test specimens is com-
pared in this section to the prediction of various design codes
in order to investigate on their accuracy. The selected design
codes are Eurocode 2 [15], AASHTO LRFD [16], and Model Code
2010 [14].

As shown by various researches (refer for instance to [9,17]) and
already implemented into many codes of practice, the presence of
a post-tensioning duct has to be taken into account when assessing
the compressive strength of the web of a girder. For the various
codes investigated, the following reduced web thickness has been
used:

tw;eff ¼ tw � 0:5 � øduct ð1Þ

where coefficient 0.5 accounts for grouted steel ducts [17]. The web
thickness is thus reduced by 25 mm which leads to an effective web
thickness tw,eff of 125 mm for every beam with prestressing ten-
dons. For the performed analyses, the formulas of the codes were
used with the measured average values of the material properties
of concrete, reinforcing steel and prestressing steel (see Tables 1
and 2) without any strength reduction factor. For the three codes,
the requirements concerning the minimal shear reinforcement ratio
are respected by the tested girders, except for beams SR23 and SR26
with the smallest amounts of 0.068% and for beam SR28 with a
higher concrete strength. Nevertheless, they are considered in the
comparison.

Fig. 8a–c shows the comparison of the test results to the codes.
All design codes lead in general to conservative results with gener-
ally more accurate predictions for the flanged beams than for the
girders without flanges. Details are given below.
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3.1. Eurocode 2

Eurocode 2 provisions use a classical variable angle truss model
for shear design of members with shear reinforcement, where the
stirrups contribute in tension and the concrete as inclined com-
Table 3
Ultimate strength VR,test, residual strength Vres,test, and predicted strength according to diff

Beam Failure mode (Fig. 4) VR,test (kN) Vres,test (kN) Vres,test/VR,test (–) VR,t

SR21 (a) 399 300 0.75 1.5
SR22 (b) 459 310 0.68 1.4
SR23 (a) 364 290 0.80 1.6
SR24 (b) 579 450 0.78 1.1
SR25 (b) 484 380 0.79 1.4
SR26 (a)/(b) 457 400 0.88 1.5
SR27 (b) 606 470 0.78 1.2
SR28 (a) 222 130 0.59 1.6
SR29 (b) 585 400 0.68 1.1
SR30 (b) 581 390 0.67 1.1
SR31 (c) 309 120 0.39 1.7
SR31B (c) 303 90 0.30 1.6
SR32 (c) 173 90 0.35 1.3
Average 1.4
CoV 0.1
pression struts [18,19]. The shear strength measured for the differ-
ent test specimens VR,test (Table 3) are divided by the corresponding
shear strengths predicted by the code VR,model and presented in
Fig. 8a. With an average value (Avg) of 1.44 and a coefficient of var-
iation (CoV) of 16% over the panel of specimens, the results from
erent models.

est/VR,EC2 (–) VR,test/VR,AASHTO (–) VR,test/VR,MC2010 (LoA III) (–) VR,test/VR,EPSF (–)

8 1.13 1.15 1.08
5 1.16 1.17 1.07
8 1.07 1.09 1.03
3 1.18 1.14 1.03
6 1.05 1.09 1.03
4 1.01 1.05 1.03
3 1.12 1.15 1.04
3 0.97 1.02 1.01
4 1.20 1.16 1.04
3 1.28 1.26 1.08
2 1.30 1.31 1.17
9 1.28 1.29 1.14
6 0.86 0.91 0.99
4 1.12 1.14 1.06
6 0.12 0.10 0.05
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Eurocode 2 are rather conservative with the tendency to underes-
timate the shear strength of girders with lower amounts of shear
reinforcement.

3.2. AASHTO LRFD

The shear design of the AASHTO LRFD Bridge Design Code is
based on the Modified Compression Field Theory [13]. In this pa-
per, the general shear design procedure has been used. The solu-
tion to the equations has been found by means of the
spreadsheet available at [20]. The shear resistance consists of
two parts, one carried by concrete and one carried by shear rein-
forcement, and has an upper limit to take into account the concrete
crushing of the web. Fig. 8b shows the comparison of the code pre-
diction with the test results. The average value VR,test/VR,model over
all specimens is 1.12 and the coefficient of variation is found to
be 12%. The code leads in general to conservative results with a
low overestimate of the shear resistance of 3% for the girder
SR28 (no prestressing) and an overestimate of 14% for the girder
SR32 (without flanges).

3.3. Model Code 2010

The Model Code 2010 provides three levels of approximation for
the shear design and is based on the Generalized Stress Field Ap-
proach (GSFA [21]) and the Simplified Modified Compression Field
Theory (SMCFT [22]) for members with transverse reinforcement
(both sharing a common background). The first level of approxima-
tion (LoA I) represents a variable angle truss model as proposed in
the Eurocode but with a safer estimate concerning the strut incli-
nation hc. This LoA is aimed for preliminary design and checking
of the dimensions of the web and will thus not be used in this
paper for comparisons to tests. The second level (LoA II) is based
on the GSFA with an inclination hc determined by longitudinal
strains in the member. LoA II provides an average value VR,test/
VR,model of 1.41 and a coefficient of variation of 15% over all speci-
mens. The approach is thus slightly more accurate than the one
proposed in Eurocode but yet similar. The third level of approxima-
tion (LoA III) is based on both the GSFA and the SMCFT. The shear
resistance consists of a shear reinforcement part and a concrete
part (similar to AASHTO LRFD). The approach for the inclination
of the compressive stress field is the same as used in LoA II.
Fig. 8c shows the results of a comparison between the test results
and the verification according to the LoA III of the Model Code. The
average value VR,test/VR,model over all specimens is found to be 1.14
with a coefficient of variation of 10%. The LoA III leads to conserva-
tive results for all tested beams, except for the girder SR32 (with-
out flanges) where the shear strength is overestimated by 9%. The
calculated inclination hc (based on longitudinal strain) varies from
20� for the beam SR26 with high post-tensioning force and the
lowest amount of shear reinforcement to 28� for the beam SR30
with the highest amount of shear reinforcement and a reduced lon-
gitudinal reinforcement compared to the other specimens. This is
thus the design model leading to better predictions of the strength.

4. Analysis of the specimens with elastic–plastic stress fields

The tested specimens have also been analysed with the elastic–
plastic stress field (EPSF) method [11]. The EPSF method provides
an equilibrium solution respecting the material failure criteria
and respecting also the boundary and compatibility conditions. It
leads thus to exact solutions according to the theory of plasticity
(yet accounting for a strain-dependent concrete strength). All
materials are modelled as having an elastic–plastic behaviour
(without any strain limit in the plastic domain) using the measured
material properties for concrete, reinforcing steel and prestressing
steel (see Tables 1 and 2).

The concrete compressive strength is reduced by a strength
reduction factor ge which accounts for the tensile strains (and
cracking state) in the transverse direction to the compression field
[13] and by a factor gfc accounting for concrete brittleness [12]. The
latter coefficient allows the use of plastic analyses (with redistribu-
tion of stresses within concrete) and can be estimated as [12]:

gfc ¼ ð30=fcÞ1=3
6 1:0 ð2Þ
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The model assumes a fully-rotational cracking behaviour and that
the principal directions of the stress and strain tensors are parallel
(hr = he = hcrack) [11]. The actual geometry and boundary conditions
are considered by modelling the structure through a finite element
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mesh. To account for the presence of tendons, the web thickness is
reduced in this region by half of the tendon diameter (Eq. (1)) to an
effective value tw,eff of 125 mm. More details on this technique can
be found elsewhere [9].
4.1. Analysis of EPSF results

The results of the EPSF analysis are presented in Table 3 and
Fig. 8d. With an average value VR,test/VR,model of 1.06 and a coeffi-
cient of variation of 5% the accuracy of the method is very satisfy-
ing and has a similar accuracy to that of similar analyses on other
prestressed girders [9]. The model provides conservative estimates
for all specimens, apart from the girder SR32 where the strength is
overestimated by 1%. In general, the prediction is very accurate for
the beams with flanges where the average value VR,test/VR,model is
found to be 1.04 and the coefficient of variation 2% only.
4.2. Interpretation of test results on the basis of EPSF

Fig. 9c–e shows the measured and calculated angles he of the
principal compressive strains. They are plotted in the testing
region, at mid-height of the specimen, and for the three beams
SR21, SR24 and SR31 (the measurements show a certain scatter
due to the cracks developing between measurement points). The
value of he corresponds in the uncracked regions (dots in Fig. 9c–
e) to the inclination of the principal concrete stress hr whereas
in the cracked zone he deviates due to crack sliding. It can be noted
that EPSF analyses are based on a fully-rotational cracking behav-
iour without crack sliding and thus they assume that the principal
direction of strain and stress are always coincident (he = hr). The
comparison of measured and calculated angles shows a rather
good agreement, validating the use of the EPSF method for model-
ling the strain state of the specimens of the present test series. The
variation of the angle near the loads is justified by the fans distrib-
uting the load to the required number of stirrups (refer to the elas-
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tic–plastic stress field shown in Fig. 9a, and to the rigid-plastic
stress field and the strut-and-tie model in Fig. 9b [12]). Between
the two fans, a region with a parallel stress field develops (the an-
gle of the compression field is found fairly constant). The minimum
value of the angle varies between 13.6� (low qw) to 19.8� (high qw),
in fine agreement to the test results and clearly showing the influ-
ence of the amount of transverse reinforcement on the angle of the
compression field of the web (Fig. 9f). Prestressing seems to play a
more secondary role on the inclination of the compression field
(Fig. 9g), although it influences other parameters (as the strength
reduction factor accounting for the cracking state of concrete ge).

Fig. 10 presents the analysis results for the three beams SR21,
SR24 and SR31 representing the three different failure modes,
which can be identified by analysing the results. Some interesting
observations are:
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– For the girder SR24 the Fig. 10b shows clearly the spalling of the
concrete along the tendon axis (out-of-plane failure in a region
near mid-span, cf. Fig. 4). The principal concrete compressive
stress reaches in various elements the concrete strength (ratio
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rc/(ge � gfc � fc) = 1) whereas the maximal tensile strains in the
transverse reinforcement ez are slightly above their yield
threshold (Fig. 10f). The inclination of the principal compressive
strains he in the web varies along the x-direction and reach a
minimum value of 19.8� in the middle of the beam
(x = 5000 mm, Fig. 10c) similar to the inclination assumed in
the design codes. The minimum strength reduction factor
accounting for transverse cracking ge (calculated according to
Vecchio and Collins [13]) is found to be 0.6 (Fig. 10 (d)) in close
agreement to the usual reduction proposed by codes of practice.

– The principal concrete compressive stresses in girder SR21 are
smaller than the concrete strength ge � gfc � fc, except at the
interface between the flange and the web near the load intro-
duction points (Fig. 10b). This is exactly the region where in
the test the delamination cracks could be observed (in-plane
failure with delamination, cf. Fig. 4). In contrast to the girder
SR24, the maximal tensile strains in the transverse
reinforcement ez reach higher values of 0.8% indicating stirrups
close to tensile rupture (Fig. 10f, Table 2). The region (band-
width) of these higher strains corresponds to the zone with
large crack opening observed in the test (cf. Fig. 4). The inclina-
tion of the principal compressive strains he in the web reach a
minimum value of 13.6� in the middle of the beam
(x = 5000 mm, Fig. 10c) significantly lower than that assumed
by design codes but in good agreement to the test results. The
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minimum strength reduction factor due to transverse cracking
ge is found to be 0.5 (Fig. 10d) slightly lower than usual design
values (ge = 0.6).

– For the girder SR31 Fig. 10b and f indicate failure by crushing of
the compression zone in a localised region (band) with exten-
sive stirrup elongation at the same location, which corresponds
to the observed behaviour of the specimen. The inclination of
the principal compressive strains he in the web reach a mini-
mum value of 14.1� (Fig. 10c) very low compared to those of
codes but in agreement to the demec measurements (Fig. 9c).
The minimum strength reduction factor due to transverse
cracking ge is found to be 0.4 (Fig. 10d) significantly lower than
the one assumed for typical design [9].

The elastic–plastic stress field model allows in addition investi-
gating the various shear carrying actions of the beams, which are
presented in Fig. 11. The various actions considered are: the shear
force carried by the flanges, the shear force carried by the web (re-
gion between flanges) and the shear force carried by the tendons
(including its initial component as well as its increase as the mem-
bers deforms). Fig. 11a and b shows the various contributions to
the shear strength of the girder SR21 as a percentage of the total
shear force. The contributions to the shear strength in the middle
of the testing region are plotted for all tested girders in Fig. 11c.

With respect to the flanges, they transfer between 10% and 15%
of the total shear force over a large region of the beam and for vary-
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ing load levels (which is consistent with the results on the same to-
pic presented elsewhere [9]). It has to be noted that a part of this
shear force carried by the flanges is taken also into account in
codes of practice due to the different definition of the height of
the web (codes usually consider the height of the web between
axes of the tension and compression chord and not between
flanges).

The shear force carried by the flanges is of increasing signifi-
cance close to the loading regions due to the fact that the shear car-
rying compression strut under the load develops through the
flange (refer to the strut-and tie model of Fig. 9b). In addition,
the influence of the flanges can still be observed at a certain dis-
tance (for instance about 800 mm from the loading plate in girder
SR21 according to Fig 11a), due to the capacity of the flange to car-
ry shear forces (due to its stiffness), spreading the load over a lar-
ger distance. This effect leads in these regions close to the loading
points to a smaller shear force carried by the web and for the
verification according to design codes, to a potentially different
control section (farther from the loading points). This, in combina-
tion to the cracking state (refer to coefficient ge of Fig. 10d) has sig-
nificant practical consequences, as for some design models (as
AASHTO LRFD and Model Code 2010) the shear strength depends
on the bending moments (associated to the longitudinal strains
of the member). A change in the location of the control section
leads thus to different bending moments and to a different shear
strength. In the case of the investigated specimens, the two design
codes use a control section at a distance between 0.5 � z � cot h
(AASHTO LRFD) and d (Model Code 2010). It can be noted that
other potential control sections could be governing according to
the codes depending on the inner forces and geometric
discontinuities. However, for the investigated specimens, the gov-
erning control sections are located at the closest possible location
(accounting for the distances previously mentioned) to the intro-
duction of the loads, where shear force is constant and the bending
moments (associated to larger longitudinal strains and crack
widths) are larger. These control sections given by the codes do
not correspond to the actual failure regions, which are located in
the middle of the testing region (except for members without
flanges), where the bending moments are almost equal to zero.
Contrary to these models, the analyses on the basis of EPSF suitably
capture the role of the flanges and the location of the failure region.

In addition, comparing specimens SR21 and SR31 with similar
characteristics (refer to Table 1), one presenting flanges and the
other not, it can be noted that the presence of flanges modify the
failure mode (from a localised cracking and a brittle behaviour
(SR31) to a smeared cracking with extensive yielding of the stir-
rups (SR21)). This can be explained by the fact that the flanges al-
low redistributing the load (as they carry a fraction of shear)
avoiding strain localisation. This effect is thus very beneficial for
the overall behaviour of the member and can also be observed
for the post-peak response.

The maximum compressive strains measured and calculated
through EPSF for the various specimens show different behaviours
depending on the failure modes. When the member experiences an
out-of-plane failure with crushing of concrete localised in the ten-
don region, the compressive strains can be quite high (close to
2‰). This value is nicely similar to that assumed by some codes
of practice as Model Code 2010 when crushing of the compression
field is governing. However, for members where failure develops
by in-plane failure of concrete (associated to very large crack open-
ing), the actual strains (measured and calculated through EPSF) in
the concrete are quite low (0.7‰ for members with flanges, 0.4‰

for members without flanges, excluding the flexural chord region
for the latter), significantly smaller than those assumed by design
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codes at web crushing. This implies that the design formulas of
codes may not, at least from a phenomenological point of view,
be suitable for reproducing all failure modes.

With respect to the prestressing force, Fig. 11c shows for all pre-
stressed girders a certain increase in the prestressing force at fail-
ure, which is usually neglected for design of such members
according to design codes. The shear force carried by this increase
in prestressing force DVP varies between 2.3% and 7.2% of the total
shear strength. The measurements of the prestressing strain (refer
to Fig. 5b) confirm this increase in force and lead for most of the
girders to similar values. The increase in prestressing force is yet
moderate for the tested girders. Nevertheless, the increase in pre-
stressing force can be potentially significant for other regions (near
plastic hinges).
5. Conclusions

This paper presents the results of an experimental programme
on post-tensioned concrete beams with low amounts of shear rein-
forcement, investigating also the role of the flanges on their behav-
iour and strength. The test results are compared to the predictions of
different codes of practice and to the results of elastic–plastic stress
fields. The main findings of the experimental investigation are:

1. The shear strength and the failure mode of prestressed con-
crete girders are significantly influenced by the amount of shear
reinforcement, the level of post-tensioning force, and the pres-
ence of flanges.
2. Three different failure modes could be observed in the test
series. Flanged beams with higher amounts of shear reinforce-
ment failed by an out-of-plane failure of concrete along the
tendons. Flanged girders with lower amounts of shear rein-
forcement failed by an in-plane failure with extensive cracking
of the web, flange delamination, and rupture of the stirrups in
the cracks. The third failure mode could be observed for beams
without flanges and low amounts of transverse reinforcement,
where a localisation of the deformations in a single crack
occurred.
3. All flanged beams showed a significant residual strength after
peak load, independently of the failure mode. On the contrary,
girders without flanges failed in a brittle manner with low
residual strength. Therefore, the flanges of the girders turn
out to be very beneficial for structural safety as they increase
the residual strength of the members.
4. The measured kinematics in the web indicates that for high
load levels, cracks in the web open almost vertically, associated
to significant crack sliding.

The comparison of the test results to codes of practice and to
elastic–plastic stress fields (EPSF) lead in addition to the following
conclusions:

5. The investigated design codes provide in general conservative
but yet fairly accurate estimates for the strength of the girders
tested in the experimental programme. The EPSF analyses leads
to the most accurate predictions and provides additional infor-
mation on the failure mode, the contribution of the various
shear transfer actions, or the actual strain state in the girders.
The values obtained by the EPSF method are in fine agreement
to the performed measurements.
6. The comparison of design codes to test results as well as the
EPSF analysis and the observed failures confirm the pertinence
of reducing the web thickness for shear design in presence of
post-tensioning ducts.
7. The measurements on the tested girders as well as the stress
field analysis show discrepancies between some assumptions
adopted in codes of practice and the actual behaviour of the
girders:

– The flanged girders failed in the middle of the testing region
whereas codes requiring a control section for shear design place
it near the loading points (generally at a distance between half
and one time the lever arm of internal forces). This location,
which is not suitably estimated by the codes, is significant as
it is associated to a bending moment which in turn influences
the shear strength estimated by the codes.

– Flanges carry a significant fraction of the load near loading
points. This, together with the actual angle of the compression
struts, explain the shift of the control section to regions farther
from the loading points.

– The presence of flanges modifies the failure mode from a local-
ised cracking and a brittle behaviour to a smeared cracking with
extensive yielding of the stirrups. This can be explained by the
fact that the flanges allow redistributing the load (as they carry
a fraction of shear) avoiding strain localisation. This effect is
thus very beneficial for the overall behaviour of the member
and can also be observed for the post-peak response.

– The states of strains of the tested girders differ for the various
observed failure modes. For out-of-plane failures (crushing
localised at the tendon region), the maximum compressive
strength is similar to 2‰, the same value assumed by several
codes of practice at concrete crushing. For in-plane failures of
concrete, these strains are however significantly lower (0.4–
0.7‰) and in disagreement to the values assumed by these
codes.

– An increase of stresses in the prestressing tendons has been
consistently measured. Such increase can be lead to transfer
between 2.3% and 7.2% of the total shear force at failure for
the tested girders. This fact is commonly neglected for design
in most codes of practice, and may be significant particularly
for failures near plastic hinges (or regions where tendons are
highly elongated at failure).
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