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The dynamics of a system consisting of a matter continuum with a weak linear magne-
toelectric coupling interacting with electromagnetic fields is examined on a local scale
in a nonrelativistic limit. A consistent expression for the internal energy of the system
is derived. The internal energy density and the continuity equation for the momentum
lead to the derivation of ponderomotive forces. A nonuniform magnetoelectric coupling
generates a “magnetoelectric” ponderomotive force that could be distinguished from the
purely electric or magnetic ponderomotive forces by applying alternating electric and
magnetic fields at distinct frequencies.
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1. Introduction

A ponderomotive force results from the response of inhomogeneous matter fields
to the presence of electromagnetic fields. Ponderomotive forces are generally over-
looked since the electromagnetic community is not much concerned with continuum
mechanics and the continuum mechanics community is not dealing usually with
electromagnetic systems.

In this paper, we determine the analytical expressions of the ponderomotive
forces for a system consisting of a matter continuum with a weak linear magne-
toelectric coupling interacting with electromagnetic fields. The electrodynamics of
continuous media with a magnetoelectric coupling is discussed notably by O’Dell
and Serdyukov et al.? Magnetoelectric effects are currently of interest because they
appear in topological insulators, which exhibit, as was shown by Zhang et al.,® a
linear magnetoelectric coupling in the electromagnetic constitutive relations. The
magnetoelectric coupling found in multiferroics are reviewed notably by Khomskii*
and Fiebig.® In the presence of a linear magnetoelectric coupling, great care has to
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be taken in the choice of electromagnetic state fields. In particular, the linear consti-
tutive equations have to be defined carefully in order to be invertible and to lead to
a consistent dynamical analysis yielding a correct expression for the ponderomotive
forces.

In order to obtain an explicit expression for the ponderomotive forces, we split
the dynamics of the system, given by the continuity equation for the momentum,
into a matter part and an electromagnetic part that contains the contribution of the
electromagnetic fields and of their interaction with the matter fields. The dynamics
is described in the local rest frame of the matter continuum referred to as the local
material frame. In most experimental conditions, the matter drift velocity is clearly
nonrelativistic. Thus, we restrict our analysis to the nonrelativistic limit. This non-
relativistic treatment shows that Minkowski’s definition® of the electromagnetic
momentum leads to a consistent expression for the ponderomotive forces.

2. Electromagnetic Linear Constitutive Relations

The state of a system consisting of a matter continuum interacting with linear
electromagnetic fields is described locally by a set of state fields.”® These fields
are the matter density field n, the matter velocity field v, the strain tensor u, the
electric displacement field D and the magnetic induction field B. Note that the
velocity field v vanishes for solids at rest and the strain tensor u vanishes for fluids.
The electromagnetic fields D and B are frame-independent in the nonrelativistic
limit, i.e. v2/c? — 0, where c represents the speed of light in the vacuum.?

The electromagnetic constitutive relations relate the electromagnetic fields
representing densities of extensive electromagnetic properties to the electromag-
netic fields corresponding to intensive electromagnetic properties. The extensive
electromagnetic properties are the electric dipoles and the magnetic moments of
the physical system. The corresponding densities are the electric polarization and
the magnetization.

In the presence of a magnetoelectric coupling in a linear electromagnetic frame-
work, the total electric polarization is given by the electric displacement field
D(n,u,E,B), that is a function of the matter density n and the strain tensor
u, and a linear mapping of the electric field E and the magnetic induction field B.
Note that the electromagnetic fields E and B are intensive fields. The total electric
polarization is split into the electric polarization of the vacuum and the electric
polarization of the matter, i.e.

D(n,u,E,B) = ¢E + P(n,u,E,B), (1)
where g¢ is the vacuum permittivity and P(n,u, E,B) is the electric polarization

of the matter. In the absence of a spontaneous electric polarization, the electric
polarization of the matter P(n,u, E,B) is linearly induced by the electric field E
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and the magnetic induction field B, i.e.
P(n7u7E7B) :EOXe(n7u) 'E+C‘€0Xa(n7u) ‘B, (2)

where ¢ is the speed of light in the vacuum, x.(n,u) is the electric susceptibility
tensor and x(n,u) is the magnetoelectric susceptibility tensor. Note that these
tensors are dimensionless.

In the presence of a magnetoelectric coupling in a linear electromagnetic frame-
work, the total magnetization is given by the opposite of the magnetic field
H(n,u,E,B), that is a function of the matter density n and the strain tensor
u, and a linear mapping of the electric field E and the magnetic induction field
B. It is split into the magnetization of the vacuum and the magnetization of the
matter, i.e.

~H(n,u,E,B) = —u;'B + M(n,u, E,B), (3)

where M(n, u, E, B) is the magnetization of the matter and pg is the vacuum, which
satisfies ¢=2 = egpug. Note that the negative signs in the relation (3) are a conse-
quence of the historical choice of definition for M. In the absence of a spontaneous
magnetization, the magnetization of the matter M(n,u, E,B) is linearly induced
by the electric field E and the magnetic induction field B, i.e.

M(n,u,E,B) = ¢ g txa(n,u) - E+ g 'xm(n,u) - B, (4)

where X, (n, u) is the magnetic susceptibility tensor. Note that the same magneto-
electric susceptibility tensor x.(n,u) appears in the expressions (2) and (4) for the
electric polarization and the magnetization of the matter, respectively. This is due
to the fact that x.(n,u) represents geometric properties of the matter.

The electric permittivity tensor e(n, u), the magnetic permeability tensor p(n, u)
and the magnetoelectric coupling tensor cx(n, u) are respectively defined as

e(n,u) = eo(1+ xe(n,u)),
p(n,u) = po(1 = xm(n,u)) ™t = ¢ 2eg (1= xm(n,u)) 71, (5)
a(s,ng) = cgoXa(n,u) = ciluglxa(n, u),

where 1 is the identity rank-2 tensor. Using definitions (5), the electric constitutive
relation (1) and the magnetic constitutive relation (3) are recast respectively as

D(n,u,E,B) =¢e(n,u) - E+ a(n,u) - B,

H(n,u,E,B) = a(n,u) - E+ p~(n,u)-B. (6)

Since the electric fields D and E are vectors and the magnetic fields H and B
are pseudo-vectors, the invariance of the constitutive relations (9) under inversion
implies that the phenomenological tensors €(n,u) and p(n,u) are symmetric and
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the phenomenological tensor a(n,u) is antisymmetric, i.e.
el (n,u) = e(n,u),

NT(n7 u) = /J,(?L u), (7)

al(n,u) = —a(n,u),

where the exponent T’ denotes the transpose. Since the tensor a(n,u) is antisym-
metric, the electric polarization (2) induced by the magnetic induction field B and
the magnetization (4) induced by the electric field E can be recast in terms of the
dual vector &(n,u) of a(n,u), i.e.

P(n,u,0,B) = a(n,u)-B = &(n,u) x B,

M(n,u,E,0) = a(n,u) - E = &(n,u) x E.
This implies that P(n,u,0,B) is orthogonal to B and M(n, u, E, 0) is orthogonal
to E.

Experimentally, magnetoelectric effects are known to be much smaller than elec-

tromagnetic effects. The weakness of the magnetoelectric coupling is expressed in
terms of the phenomenological tensors as

a?(n,u) < e t(n,u) - u(n,u). (8)

Under the weak coupling condition (8), the inverse of the electromagnetic con-
stitutive relations (6) are expressed in terms of the fields n, u, D and H as
E(n,u,D,H) = e (n,u) - D — (¢7(n,u) - a(n,u) - p(n,u)) - H, (©)
B(n,u,D,H) = —(u(n,u) - a(n,u) - e *(n,u)) - D+ p(n,u) - H.

Under the same condition, the electromagnetic constitutive relations (6) and (9)
are recast in terms of the fields n, u, D and B as

E(n,u,D,B) =& Y(n,u)-D — (¢ 1(n,u) - a(n,u)) - B,

10
H(n,u,D,B) = (a(n,u) - e 1(n,u)) - D+ pu t(n,u) B, (10)

and in terms of the fields n, u, E and H as
D(n,u,E.H) = e(n,u) - E+ (a(n,u) - p(n,u)) - H (1)

B(n,u,E,H) = —(u(n,u) - a(n,u)) - E+ p(n,u) - H.

3. Local Dynamics

The local dynamics of the electromagnetic fields is described by Maxwell’s equa-
tions. These equations consist of two spatial constraint equations and two continuity
equations. The constraint equations are Gauss’ law and Thomson’s law, respectively
given by

V-D=0, (12)

V- -B=0, (13)
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for an electrically insulating matter continuum. The continuity equations are
Ampere-Maxwell’s law and Faraday’s law, which are expressed in an Eulerian frame
where the matter has a velocity v as

oD =V xH, (14)
4B =-V xE, (15)

where E’ and H' are respectively the electric and magnetic fields in that frame. Note
that the electric displacement field D and the magnetic induction field B are the
dynamic fields in Maxwell’s equation (14) and Faraday’s equation (15), respectively
whereas the electric field E’ and the magnetic field H' are merely auxiliary fields.
Therefore, we choose D and B as state fields.

In the nonrelativistic limit, the transformation laws relating the electric field E’
and magnetic field H' in the Eulerian frame where the matter has a velocity v to
the electric field E and magnetic field H in the local Lagrangian frame where the
matter is at rest, i.e. v = 0, are given by*

E'(n,u,v,D,B) = E(n,u,D,B) —v x B,

16
H'(n,u,v,D,B) =H(n,u,D,B)+v xD. (16)

Using Gauss’ law (12), Thomson’s law (13), the transformation laws (16) and the
definition of the time differential operator in the local material frame, i.e.

.Eat+v'v7 (17)

Ampere-Maxwell’s law (14) and Faraday’s law (15) are respectively recast in the
local material frame as

D+(V-vY)D-(D-V)v=V xH, (18)
B+ (V- v B-(B-V)v=-VxE, (19)

and hold only in the nonrelativistic limit.

The internal energy density u(n,u,D,B) defined as the energy density in the
local material frame, where the local element of continuum is a rest, i.e. v = 0, can
be split as

U(’I’L, u, Da B) = umat(n’ U) + ucm(n’ u, Da B) ’ (20)

where u™(n, u) = u(n,u,0,0) is the internal energy density of the matter fields
and u®™(n,u, D, B) is the internal energy density of the electromagnetic fields and
of their interaction with the matter fields.

The electromagnetic state fields E and H are defined as the conjugate fields of
the electromagnetic state fields D and B, respectively, i.e.

E(n,u,D,B) = W’
(21)
H(n,u,D,B) = W

1350150-5



S. D. Brechet, A. Roulet & J.-P. Ansermet

The analytical expression for the electromagnetic part of the internal energy den-
sity u®™(n, u, D, B) has to satisfy the integrability conditions (21) and the symme-
tries of the phenomenological tensors that appear in the constitutive equations (10),
ie.

u(n,0,D.B) = (e~ (5,n0) - (DO D) 4y~ (s5,n) - (BOB)
—(e7'(s,na) - a(s,m4)) - (D®B), (22)

where the symbols ® and ® denote respectively a symmetrized and an antisym-
metrized tensorial product. Using the constitutive relations (10), the electromag-
netic part of the internal energy density (22) is recast as

1
u™(n,u,D,B) = (E(n,u,D,B) - D +H(n,u,D,B) - B). (23)

The electromagnetic part of the internal energy density (22) can be expressed as a
quadratic form in a six dimensions, i.e.

1
u(n,u,D,B) = 5 ealx(n, u) - ((D,epeB) ® (D, epcB)), (24)

where (D, g¢cB) is a vector in six dimensions and x(n, u) is a rank-2 dimensionless
tensor in six dimensions that is expressed in blocks as

g0e 1 (n,u) —c el (n,u) - a(n, u))

xmw = (cla(”, u) - e~ (n,u) pop” ! (n, u)

Since the electromagnetic part of the internal energy density u®™(n,u, D, B) can be
expressed as a positive-definite quadratic form (24), it guarantees the existence of
a minimum of ©®(n,u, D, B) under a variation of the dynamical electromagnetic
fields D and B. Thus, the expression (22) of the electromagnetic part of the internal
energy density is the unique physically consistent solution in the presence of a
magnetoelectric coupling in a linear electromagnetic framework.

The local time evolution of the momentum is given by the continuity equation,

p+(V-v)p—V o=, (25)

where p(n,v,D,B) is the momentum density and o(n,u,v,D,B) is the stress
tensor and f¢*' is the external force density.

The momentum density consists of two parts:! a matter part p™®(n,v) and
an electromagnetic part p™ (D, B), i.e.
p(n,v,D,B) =p™(n,v) + p*"(D,B), (26)
where
mat(n v) = m(n)v, (27)
‘"(D,B) =D x B. (28)
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Note that the definition (28) of the momentum density, which is Minkowski’s defi-
nition,® accounts for the contributions of the electromagnetic fields in the vacuum
and the contributions of the interaction between the electromagnetic fields and the
matter fields. In the vacuum, the auxiliary electric permittivity and the magnetic
permeability tensors € and p reduce respectively to 9l and ppll, and the auxiliary
magnetoelectric tensor a vanishes. Thus, using the constitutive equations (11) and
the definition ¢=2 = oo, the momentum density (28) in the vacuum reduces to

1
pcm(E’ H) = 2 E x H7 (29)
c
which is Abraham’s definition of the momentum.!?!
Similarly to the momentum density, the stress tensor o(n,u,v,D,B) con-

sists also of two parts: a matter part o™ (n,u,v) and an electromagnetic part

o™ (n,u,D,B), i.e.
o(n,u,v,D,B) = a™(n,u,v) + o (n,u,D,B). (30)
The continuity equation (25) for the momentum can be split according to
PR 4 (V. v)phat — . gmat — pext 4 gem (31)
P+ (V. -v)p™" =V .o = —f" (32)
where f°™ is the electromagnetic force density exerted by the electromagnetic fields
on the matter fields. Since the matter fields and the electromagnetic fields are both

part of the local system, the electromagnetic force density f°™ is considered as

an “internal” force of the local system. Thus, the force density £ represents the
external force density of the non-electromagnetic fields.

The scalar product (p°™ + (V - v)p®™) - v is a relativistic correction. Thus, in
a nonrelativistic framework, the scalar product of the continuity equation (32) and

the velocity vector v reduces to
(V.o - v="1f".v. (33)

The definition (28) of the electromagnetic momentum p®, Ampere-Maxwell’s
law (18) and Faraday’s law (19) imply that the scalar product p“™ - v satisfies the
dynamical equation,

(DxB) +2(V-v)DxB)—(D-V)v)xB=-Dx ((B-V)v))-v
=(-Dx(VXE)-Bx(VxH))- v, (34)

where the terms on the LHS are relativistic corrections that are neglected in a
nonrelativistic framework and the dot on the righthand corner of the first brackets
on the first line denotes a material time derivative. Thus, in the nonrelativistic
limit, the dynamical equation (34) reduces to

(Dx(VXE)+Bx (VxH)) -v=0. (35)
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Using the vectorial identities,
Dx(VXE)=DVE—-(D-V)E=DVE+ (V-D)E-Vp:-(DOE)
and
Bx(VxH)=BVH-(B-VVH=BVH+ (V-BH-Vp:-(BoH),
and Gauss’ law (12) and Thomson’s law (13), Eq. (35) is recast as
(Vpe- (DOE+BoH)) -v=(DVE+BVH)- v, (36)

where the index p B denotes that there is a dot product between the covariant
differential operator V and the contravariant electromagnetic vector fields D and
B, respectively.

In order to recast the terms DVE and BVH on the RHS of Eq. (36) and
obtain explicitly Eq. (33), we need to introduce the Legendre transform of the
electromagnetic part of the internal energy density £5™(n,u, E,H). The Legendre
transform £5™(n, u, E, H) is defined as

ou™ ou™

D+

£ (n,u B H) = S D S

‘B —u"(n,u,D,B). (37)

Using the expression (23) for the electromagnetic part of the internal energy density
and the differential relations (21), the Legendre transform (37) is found to be

L5 (nyu, E;H) = %(E -D(n,u,E;H)+H-B(n,u,E,H)), (38)

where the integrability conditions are:

oL, (n,u, E, H)

D(n,u,E, H) = OE :
(39)
B(s,n4,E,H) = w.

Using the electromagnetic constitutive relations (11), the Legendre transform (38)
can be recast as

L5 (n,u, E, H) = %(E(m u)-(EQE)+ pu(n,u)- (HoH))
+ (a(n,u) - p(n,u)) - (Ex H). (40)

The constitutive relations (11) imply that the gradient of the Legendre trans-
form (40) is of the form,

V(" =DVE+ BVH + %((E ®E)Ve+ (HOH)Vpu)
+EcH)V(a- ). (41)
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Substituting the relation (41) into Eq. (36), the latter reduces to
(Vo - DOE+BOH-/("1))-v

— (_%((E OE)Ve+ (HOH)Vu) — (EQH)V(a- u)) v. (42)

By identification of Egs. (36) and (42), the expressions for the electromagnetic
stress tenor o™ and the electromagnetic force density f™ are found to be

1
o =DOE+BoH- Z(B-D+H- B)I, (43)

P = L(BOB)Ve + HOH)Vu) - (BoH)V(a-p).  (44)

Using the electromagnetic constitutive relations (6), the definitions (5) of the phe-
nomenological tensors, the vectorial relation,

Vpl=—p’vp, (45)

and the weak coupling condition (8), the electromagnetic force density (44) is recast
in terms of the intensive electromagnetic fields E and B and the susceptibility
tensors Xe, Xm and xo as

me — _fC _fnl _fa7 (46)
with
fe

1
560(E OE)Vxe.,

1
= 580(63 ® B)VXxm,

£ =¢0(E®cB)VXxa,

where f¢ and f™ are respectively the electric and magnetic ponderomotive force
densities, and f* is the magnetoelectric ponderomotive force density. The negative
signs in the relation (46) is due to the fact that the electromagnetic force density
fe™ is defined as a force density exerted by the electromagnetic fields on the mat-
ter fields whereas the ponderomotive force densities ¢, f™ and f¢ are defined as
force densities resulting from the response of inhomogeneous matter fields to the
presence of electromagnetic fields. In particular, the magnetoelectric ponderomotive
force density f¢ results from the response of the inhomogeneous magnetoelectric
susceptibility tensor x.(n,u) to the presence of the electromagnetic fields E and
B.

Since, the magnetoelectric susceptibility tensor X (n,u) is a function of the
matter fields n and u, we predict that spatial inhomogeneities in a matter con-
tinuum that exhibits a linear magnetoelectric coupling in the presence of uniform
electromagnetic fields E and B generates a magnetoelectric ponderomotive force.
We believe that the existence of such a force has never been established before. In
order to verify the existence of the magnetoelectric ponderomotive force, we suggest

1350150-9



S. D. Brechet, A. Roulet & J.-P. Ansermet

the following experiment. An inhomogeneous magnetoelectric sample is placed on
a cantilever in an electric field E oscillating at an angular frequency w; and in a
magnetic induction field B oscillating at an angular frequency ws, i.e.

_ w1t
E = Ege™1?",
B = Byeiv2t,

For such a set-up, the definition (46) of the magnetoelectric ponderomotive force
density predicts that the cantilever should detect a force oscillating at an angular
frequency w = wy + wo.

4. Conclusion

By splitting the continuity equation (33) for the electromagnetic momentum (28),
in the nonrelativistic limit, into a matter part (31) and an electromagnetic part (32),
and using Maxwell’s equations (12), (13), (18) and (19), and the Legendre trans-
form (38) of the internal electromagnetic energy density, we determined the ex-
pression (46) for the electromagnetic force density. Thus, we obtained an explicit
expression for the “magnetoelectric” ponderomotive force density f <.

We also suggested an experimental verification of such a force by applying al-
ternating electric and magnetic fields at distinct frequencies on an inhomogeneous
material exhibiting a magnetoelectric coupling.
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