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 A fully coupled model was proposed for the migration of VOCs in unsaturated 

landfill liners. 

 

 Finite deformation of soil was considered in the new model. 

 

 The transport of gas phase VOCs was found to dominate the migration 

progress.  

 

 The temperature gradient can accelerate the breakthrough of VOCs in an 

unsaturated liner. 

 

 The mechanical consolidation slowed down the motion of the VOCs. 
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Abstract14

A fully coupled thermal–hydraulic–mechanical–chemical (THMC) model was15

proposed to describe the migration of volatile organic contaminations (VOCs) in16

unsaturated landfill liners. The vertical soil stress, capillary pressure, air pressure,17

temperature increase, and solute concentration were selected as the primary vari-18

ables. Finite deformations were described using Lagrangian coordinates. Non-19

isothermal moisture transport was found to be dependent on both the temperature20

gradient and the concentration of the VOCs. The VOCs were assumed to exist21

and be transported in three phases in the soil: solid, liquid, and gas. An illustra-22

tive example of an unsaturated landfill with a compacted clayliner was presented.23

For the case considered, the transport of gas phase VOCs was found to dominate24

the migration progress. Moreover, the temperature gradient can accelerate the25

breakthrough of VOCs in an unsaturated liner, while the mechanical consolida-26

tion slowed down the motion of the VOCs.27
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1. Introduction30

Solid waste landfills can pose major environmental threats to the quality of31

groundwater resources. Unlike inorganic compounds, VOCs can diffuse through32

the geomembrane, then breakthrough the underlying barrierand contaminate the33

surrounding groundwater. Understanding the progress and minimizing the migra-34

tion of VOCs in landfill liners aids both barrier design and analysis of existing35

landfills.36

Most research in the area has focused on the transport of the liquid phase.37

For example, Kim [1] modeled VOC solute transport through a leachate drainage38

layer overlying a geomembrane and the compacted soil layer underneath. The39

leaked leachate was approximated as uniform flow over the whole surface area of40

soil liner. The seepage velocity was evaluated by an equivalent hydraulic gradient,41

which depends on the height of the leachate level accumulated on the geomem-42

brane. The medium was considered to be fully saturated with dissolved VOC due43

to aqueous phase advection and diffusion. Nguyen et al. [2] compared the perfor-44

mance of different composite liner systems based on the diffusion of VOCs in the45

liquid phase through a fully saturated liner. In reality, the basal soil liner is always46

unsaturated [3]. Fityus et al. [3] employed a steady-state unsaturated moisture47

distribution to model the mass transfer through a partiallysaturated soil liner in-48

corporating only the liquid phase. However, VOCs can residein the gas phase49

in addition to the solid and liquid phases [4]. Therefore, gas-phase motion in the50

pores of an unsaturated soil liner and its contribution to VOC migration should be51

investigated to ascertain its contribution to VOC transport in landfills.52
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Moisture transport in unsaturated soils is affected by temperature gradients,53

which, for example, can cause liquid-to-vapour phase changes and vice versa,54

as well as vapour phase transport. A series of laboratory experiments were car-55

ried out by Nassar et al. [5] to investigate heat, water, potassium chloride, and56

benzene transport in unsaturated soils under isothermal and non-isothermal con-57

ditions. They concluded that the effect of temperature and temperature gradients58

should be included to describe the movement of volatile chemicals in soils.59

Although the temperature generated by the breakdown of solid waste in a land-60

fill is not in general extremely high (between 30◦C and 60◦C [6]), the transport61

of volatile organics can be influenced by different factors:62

(1) The temperature gradient can act as a driving force in moisture transport.63

Especially for unsaturated soil with a connected pore air phase, the moisture64

flow caused by water vapour density variations can play an important role65

[7]. In this case, multi-phase flow modelling is necessary.66

(2) Further, a rising temperature influences the contaminant transport due to its67

effect on the gaseous mixture of water vapour, dry air and VOCgas.There-68

fore, generally speaking, non-isothermal multi-phase moisture flow should69

be included in modelling VOC transport within an unsaturated landfill clay70

liner with inter-connected pore air.71

An analytical solution is available for volatile organic contamination (VOC)72

transport in a porous medium [8].Not surprisingly, it includes several assump-73

tions and does not account for transient fluid and gas velocities inducedby con-74

solidation and temperature gradients. For such phenomena,numerical models are75

3
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essential. Some progress has been made using numerical solutions to couple non-76

isothermal moisture flow with solute or toxic gas transport in unsaturated soils.77

For example, Nassar and Horton [9] included three fully-coupled partial differ-78

ential equations connecting the heat, water, and solute transfer to describe their79

simultaneous transfer in a rigid unsaturated soil. Thomas and Ferguson [10] de-80

veloped a fully coupled heat and mass transfer model describing the migration of81

liquid water, heat, air, and contaminant gas through an engineered clay liner, but82

without including deformations.83

Small soil deformations were incorporated for non-isothermal moisture trans-84

port in an unsaturated landfill liner [11, 12]. However, small-deformation models85

could overestimate the transit time of contaminants acrossa landfill liner with86

increasing discrepancies for increasingcompressibility of the liner [13]. There-87

fore, finite deformation formulations should generally be utilized to address the88

geometric non-linearity [14, 15].89

In summary, existing models of the migration of VOCs in landfill soil liners90

have at least one of the following assumptions:91

1. The soil liner is under an isothermal condition;92

2. The soil liner is fully saturated;93

3. VOC transport occurs only in the liquid phase although thesoil liner is94

unsaturated;95

4. The soil liner is rigid;96

5. The soil liner deformation is determined by a small-strain model.97

Meanwhile, there is increasingly more interest in VOC emissions through the98

landfill cover [16, 17, 18], because the landfill emissions are regulated based on99

4
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emissions of non-methane organic compounds rather than methane in some coun-100

tries (for instance, in the US). Landfills generally have three types of covers: daily,101

intermediate, and final. Many daily covers are approximately 30cm thick exposed102

layers of clay soil over refuse. Therefore, there is a strongdesire to model VOC103

through soils experiencing temperature gradients with variable water saturation.104

To overcome these restrictions, the present study proposesa mathematical105

model for non-isothermal, multi-phase moisture and VOC transport (in solid, liq-106

uid and gas phases) for unsaturated soil, incorporating finite deformations. The107

model is benchmarked against an example of isothermal moisture transport in a108

soil column and an analytical solution describing multi-phase VOC transport in109

unsaturated soil. Then, the breakthrough of the VOCs in an unsaturated CCL110

(Compacted Clay Liner) is examined. The influences of various factors such as111

mechanical consolidation, the temperature gradient, the soil velocity, finite defor-112

mations, mechanical dispersion, and the water vapour diffusivity in the presence113

of VOC vapour are investigated. The contribution of dispersion (diffusion and114

mechanical dispersion) in the gas phase is also examined.115

2. Model Formulation116

The main processes considered are mechanical consolidation, and moisture,117

VOC and heat transport. Correspondingly, the model consists of an equilibrium of118

forces for the solid phase, mass balances for moisture, gas and VOC, and balance119

of energy. The primary variables selected are the capillarypressure,pc, pore120

air pressure,pa, increase of absolute temperature,T, and the liquid VOC mass121

concentration,cl. In deriving the basic equations, the following assumptionsare122

made:123

5
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1. The pore fluid flow in both the liquid and gas phases are driven by pres-124

sure, viscous and gravity forces.Knudsen diffusion, which may become125

pronounced when the gas molecules collide primarily with the pore walls126

rather than with other molecules [19], is not accounted for in this work, be-127

cause the gas permeability coefficient of CCL considered is 10−12 m2 and128

thus much greater than the threshold value of 10−14 m2[20]. Also, data as-129

sociated with the Knudsen diffusion coefficient and its variation with water130

content and temperature are not available for CCL experiments.131

2. Diffusion and convection drive the movement of the water vapour.To model132

the multicomponent gas mixtures, the dusty gas model including the Knud-133

sen diffusion is frequently used [19]. An alternative approach [9], which is134

used in this paper, can be used when Knudsen diffusion can be neglected.135

Nassar and Horton’s (1997) approach accounts for partial pressure gradi-136

ents and binary gas-phase diffusion, which are important factors for multi-137

components gas.138

3. Heat flow occurs by conduction and convection and boiling,freezing, and139

thawing are not considered [9]. The approximation of local thermal equilib-140

rium is used which means all phases within a representative element volume141

(REV) of soil have the same temperature. This assumption is acceptable as142

the energy exchange between the phases is significantly faster than the en-143

ergy transport within a phase. This is valid for small grain sizes and their144

linked large specific soil surface area between the phases [21].145

4. The soil liner is intact, namely there is no presence of inorganic pollutant or146

the associated chemical reactions with soil liner.Sorption is assumednot to147

change the soil porosity.148

6
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2.1. Coordinate systems149

A Lagrangian coordinate system (z, t) is used withξ(z, t) as the particle dis-150

placement andξ(z, 0) = z. The relation between the Lagrangian and Eulerian (ξ, t)151

coordinate systems then implies that for any variableF(z, t) = f (ξ(z, t), t):152

∂F
∂z
=
∂ f
∂ξ

∂ξ

∂z
,
∂F
∂t
=
∂ f
∂ξ

∂ξ

∂t
+
∂ f
∂t
=
∂ f
∂ξ

vs +
∂ f
∂t
, (1)

wherevs = ∂ξ/∂t is the solid velocity.153

Since the same amount of solid remains in each soil representative elementary154

volume (REV), the continuity equation for the solid phase takes the form:155

ρs(z, 0)(1− n0)∆z= ρs(1− n)∆ξ, (2)

whereρs is the soil grain density,n = e/(1 + e) is the current porosity, andn0 =

n(z, 0) is the initial porosity. The Jacobian,M, for the coordinate transformation

is:

M =
∂ξ

∂z
=

1− n0

1− n
=

1+ e
1+ e0

, (3)

wheree0 is the initial void ratio.156

2.2. Force equilibrium157

The lateral soil pressure,σl is related to the vertical pressure,σv by the earth158

pressure coefficient at rest,K0 [22, 23, 24]:159

σl + pa = K0(σv + pa). (4)

Hence, the net mean stress is:160

7
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σ∗ =
σv + 2σl

3
+ pa =

1+ 2K0

3
σv + pa. (5)

Here, the tension stresses are taken as positive andpa is the pore air gauge pres-161

sure.162

For the compaction-induced soil lateral pressure, the value of K0 increases163

rapidly with the degree of saturation around the optimum water content, and may164

exceed 0.9 when the water content is above the optimum [24]. In engineering165

practice, the landfill clay liner is required to be compactedwith the water content166

usually above the optimum [25]. Therefore,K0 is taken as 0.9 in this study.167

The force equilibrium of the soil is described in terms of vertical soil stressσv168

by:169

∂σv

∂z
− b

∂ξ

∂z
= 0, (6)

whereb denotes the body force:170

b =
{[

θρl + (1− n)ρs
]

−
[

θ0ρl + (1− n0)ρs
]}

gi. (7)

Here,θ andθ0 represent the current and initial water volume fractions, respec-171

tively, ρl denotes the density of liquid water,gi is the gravitational vector taken172

with positive being upwards (and equals the acceleration due to gravityg, when173

the vertical coordinate,z, is opposite the direction of gravity; otherwise,gi = −g).174

The masses of dry air and water vapour are negligibly small and are ignored.175

8
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2.3. Moisture and heat energy transfer in the spatial coordinate system (ξ, t)176

2.3.1. Mass balance for water177

The liquid water and water vapour flux in an unsaturated mediacan be written178

as:179

ql = ρlθvli − ρlDT
∂T
∂ξ
, (8)

qv = −D∗
∂ρv

∂ξ
+ ρv(n− θ)vai. (9)

The second term on the right-hand side (RHS) of (8) represents the water flux180

due to the thermal gradient,DT is a phenomenological coefficient relating the181

water flux to the temperature gradient,T is the absolute temperature increase, and182

D∗ describes the effective molecular diffusivity of the watervapour.According to183

Darcy’s law,the intrinsic or linear average velocity of each individualliquid phase184

in soil is:185

vli = −
kl

θ

∂

∂ξ
(pc + pa + ρlgiξ) + vs, (10)

vai = −
ka

n− θ
∂pa

∂ξ
+ vs, (11)

wherekl andka are the mobility coefficients for the liquid pore water and contin-186

uous air phases, respectively,kl = Kl/(ρlg), in which Kl is the hydraulic conduc-187

tivity of the soil medium andvli andvai denote the intrinsic phase average velocity188

with respect to a fixed coordinate system [26] for liquid and vapour water, respec-189

tively. The gravitational contribution tovai is neglected because the density of air190

ρa is negligibly small [27].191

9
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The importance of the compressibility of pore water was demonstrated in the192

prediction of solute breakthrough curves from partially saturated landfill liners193

[28]. The solute was assumed to exist in the solid and liquid phases. For the194

multi-phase VOC transport model in this study, the density of both liquid and195

vapour water are taken as functions of temperature and capillary pressure:196

ρl = ρl0
[

1+ βl (pc + pa) − αlT
]

, (12)

where the initial density of liquid water isρl0 = 998 kg/m3, the pore water com-197

pressibility coefficientβl = 3.3× 109 Pa−1, andαl = 3.0× 10−4 K−1 [27],198

ρv = ρ0h = ρ0exp

[

pc

ρlRv (T + T0)

]

, (13)

in which h is relative humidity andρ0 is the density of vapour at saturation given199

by [29]:200

ρ0 =
1

194.4
exp

[

a0T
′
+ b0

(

T′
)2
]

, (14)

wherea0 = 0.06374,b0 = −0.1634× 10−3, T′ = T +T0− 273, andT0 is the initial201

temperature (K assumed).202

In earlier non-isothermal moisture transport models [30, 29, 11, 27, 12], the203

solid velocity was not included in the expression for the water flux in deformable204

media. Here, the solid velocity is incorporated in both the mass and heat fluxes,205

and also in the liquid linear average velocity. When converted to the material206

coordinate system in the next section, all terms involvingvs are found to disappear207

and no extra complexity in the formulas is introduced.208

The mass conservation equation for the moisture in a deformable unsaturated209

soil is:210

10
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∂

∂t

[

ρlθ + ρv (n− θ)
]

= −
∂

∂ξ
(ql + qv) . (15)

Zhou et al. [27] tookDT as 2.4× 10−10 m2/(s K) in their example of a non-211

isothermal unsaturated soil column, while other researchers have attributed the212

influence of the temperature on the liquid water flux to its effect on the capillary213

potential head, expressed as [9, 7]:214

DT = klρlg
∂Ψ

∂T
. (16)

The temperature-corrected potential head, assumed to be a function of the capil-215

lary potential head,Ψ, and the temperature, is given by [31]:216

Ψ =
pc

ρlg
exp(−CψT), (17)

whereCψ= -0.0068 K−1is the temperature coefficient of water retention [32, 33].217

Considering a gaseous mixture of dry air and water vapour, the effective molec-218

ular diffusivity of the water vapour,D∗, can be expressed as [7, 27]:219

D∗ = Datmνmτ(n− θ), (18)

whereτ is the dimensionless tortuosity factor to account for complexities in the220

pore geometry and the boundary conditions that influence thevapour transport at221

the microscopic scale. Its typical value is less than unity for intact soil, and it is222

temperature dependent[27]. The mass flow factor is defined asνm = pa/(pa− pv).223

Datm is the molecular diffusion coefficient of water vapour in air(m2/s), and is224

expressed in terms of absolute temperature and air pressure(here,pa is in units of225

Pa) [29]:226

11
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Datm = 5.893× 10−6 (T + T0)
2.3

pa
. (19)

Alternatively, the diffusion flux of vapour, which is assumed to be driven by227

the vapour density gradient [11], can be described by an extended vapour velocity228

equation [34]:229

D∗
∂ρv

∂ξ
= nDatmνm

[

∂ρv

∂pc

∂pc

∂ξ
+

(∇T)a

∇T
∂ρv

∂T
∂T
∂ξ

]

, (20)

where (∇T)a/∇T is the ratio of the microscopic to the macroscopic temperature230

gradient. It is introduced since the microscopic temperature gradients in the fluid-231

filled pores are much higher than the macroscopic gradients across the sample as232

a whole. Thomas and Ferguson [10] employed (20) to describe the water vapour233

diffusivity even in the presence of VOC gas.234

When the concentration of the VOCs in the liquid phase increases to a critical235

level, its effect onΨ cannot be neglected. It is considered via the surface tension236

model [35]:237

Ψ = Ψ(Tr)(γm/γw), (21)

whereTr is an arbitrary reference temperature,Ψ(Tr) is the capillary pressure238

head at the reference temperature,γw is the surface tension of a free-water system239

at the reference temperature (J/m2), andγm is the surface tension (J/m2) at a VOC240

concentration ofcl. In view of (17), the capillary pressure head can be expressed241

as:242

Ψ =
pcγm

ρlgγw
exp(−CψT), (22)

12
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The effect of organic chemical concentrations on the surface tension,γm/γw,243

can be calculated for a nonionized organic solute by [36, 37]:244

γm

γw
=

[

Γw + Γ0 (γ0/γw)1/4
]4
, (23)

whereγ0 is the surface tension of the VOCs (J/m2), Γw andΓ0 represent the su-245

perficial volume fraction of water and VOCs in the surface layer, for which data246

are rare in literature. Therefore, the effect of the VOCs on the surface tension of247

a mixed liquid is included by specifying a constant reduction factor forγm/γw. In248

contrast to inorganic species, organic compounds typically decrease the surface249

tension of water. The reduction factor falls within the range of 0.6 to 1 for organic250

concentrations lower than 10 mg/ml or less than 10−3 mol/ml [38, 39].251

In the case of a gaseous mixture composed of water vapour, dryair, and VOC252

vapour, the water vapour diffusion may be influenced by the presence of the VOC253

vapour especially when its mole fraction is relatively large. It can be described by254

[36, 40]:255

D∗ = Dwm (n− θ)5/3 (24)

where the molecular diffusivity of water vapour in a gas mixture (m2/s),Dwm is:256

Dwm =
(

y′2/Di−2 + y′3/Di−3 + ... + y′n/Di−n
)−1

, (25)

in which Di−n denotes the molecular diffusivity for the binary pair, i.e., water257

vapour diffusing through componentsn. y′n is the mole fraction of componentn in258

the gas mixture evaluated on a component-water-vapour-free basis, that is,259

y′2 =
y2

y2 + y3 + ... + yn
. (26)
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For a gaseous mixture that obeys the ideal gas law, the mole fraction equals the260

ratio of the corresponding partial pressures [40].261

2.3.2. Mass balance for dry air262

Air flow occurs as a bulk flow and as a diffusive flow of dry air andthe dis-263

solved air within the pore water. Assuming that the diffusive flux of the dry air is264

very small relative to the bulk flow and can be ignored [11, 27], the mass balance265

for air in a deformable unsaturated soil can be written as:266

∂

∂t
{ρda [n− (1− H) θ]} = −∂qda

∂ξ
, (27)

whereρda is the density of dry air andH is the dimensionless coefficient of solu-267

bility defined by Henry’s law [41]. The dry air flux,qda, is described by:268

qda = Hρda

(

θvli − DT
∂T
∂ξ

)

+ ρda (n− θ) vai. (28)

Since the variation of the pore air pressure from the atmosphere pressure in this269

study is far less than 1 bar, except when the degree of saturation exceeds 0.985,270

and the temperature falls in the range of 283-333 K, the background condition is271

close to STP (standard temperature and pressure). It is thenreasonable to assume272

that the gas mixture obeys the ideal gas law and Dalton’s law [41, 11]. Therefore,273

we have:274

ρda =
pda

Rda (T + T0)
, (29)

pv = ρvRv (T + T0) , (30)

whereRi(i = da, v) is the specific gas constant (the ideal gas constant dividedby275

the molecular weight).276
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When the volume fraction ofVOCin the gas phase is sufficiently small [42, 43,277

44], it can be assumed that the presence of the VOCs does not significantly alter278

the density and pressure of the dry air and the water vapour. Applying Dalton’s279

law to the pore air mixture, the pore air pressurepa is the sum of the dry air280

pressurepda and the vapour pressurepv:281

pa = pda + pv. (31)

Substituting (30) and (31) into (29) leads to:282

ρda =
pa

Rda (T + T0)
−

Rv

Rda
ρv, (32)

where the specific gas constant,Rda = 287.1 J/kg K,Rv = 461.5 J/kg K.283

The above approach is applicable to the case with a relatively large VOC mole284

fraction in the gas mixture. Since the density of the VOC vapour (ρVOC) can be285

expressed in terms of the adsorption coefficientH and the liquid concentration of286

the VOCs,cl, by ρVOC = Hcl , this additional compound does not add an extra287

unknown. Using Dalton’s law of partial pressure yields288

pVOC = ρVOCRVOC (T + T0) , (33)

pa = pda+ pv + pVOC, (34)

and289

ρda =
pa

Rda (T + T0)
− Rv

Rda
ρv − −

RVOC

Rda
ρVOC, (35)

whereRVOC is the specific gas constant for the VOC.290
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2.3.3. Heat energy balance291

For a unit volume of a deformable unsaturated medium, conservation of heat292

energy can be written as:293

∂Φ

∂t
= −

∂qT

∂ξ
, (36)

whereΦ andqT are the heat capacity of the soil and the total heat flux per unit294

volume, respectively. Besides the heat content in an individual phase, considering295

the contributions of the latent heat of vapourization and exothermic process of296

wetting of the porous medium,Φ can be written as [27]:297

Φ =
[

ρs(1− n)Cs + ρlθCl + ρv (n− θ) Cv + ρda (n− (1− H) θ) Cda
]

T

+ L0ρv (n− θ) + ρlθW,
(37)

whereCi (i = s, l, v, da) is the specific heat capacity of each constituent in the298

soil, L0 is the latent heat of vapourization, andW (J/kg) is the differential heat of299

wetting given by [31]:300

W =
Hw

ρlδ
exp

(

−
θ

δS′

)

, (38)

in which S′ = 107 m−1 is the specific surface of the material and the material301

constant values areHw=1 J/m2, δ = 10−9 m in accordance with [27].302

Heat transfer mechanisms in our model include conduction, convection, the303

vapourization of heat, the gradient of the water potential,and the differential heat304

of the wetting flux. When expressing the gradient of the differential heat of wet-305

ting flux as the liquid water flux multiplied by the coefficientof the differential306

heat of wetting (W), qT can be written as [45]:307
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qT = − λ
∂T
∂ξ
+ (ρs (1− n) vsCs + qlCl + qvCv + qdaCda) T + qlW

+ L0qv − D∗c
∂

∂ξ
(pc + pa + ρlgξi) ,

(39)

whereλ = (1 − Sl)λdry + Slλsat is the thermal conductivity (where the degree of308

saturationSl = θ/n, λdry = 0.5 J/(s m K), andλsat = 2 J/(s m K) [27]). D∗c =309

(T + T0)DT relates the water potential gradient to the heat flux [46, 47]. For the310

case where there is a relatively large VOC concentration in all three phases, the311

heat transfer parameters employed should be measured specifically to incorporate312

the effect of the VOCs.313

2.3.4. Organic solute transfer314

VOCs may reside in the soil in a liquid, gaseous, or a solid phase [4], and315

their transport can be due to diffusion and advection in boththe liquid and vapour316

phases. Ignoring the degradation of the VOCs in the soil, their mass conservation317

is expressed as:318

∂cmt

∂t
= −∂qct

∂ξ
, (40)

wherecmt denotes the mass of the contaminants per unit volume of the soil matrix,319

andqct represents the total VOC flux. In accordance with [36], we have:320

cmt = (1− n) ρsS + θcl + (n− θ)cg, (41)

whereS is the adsorbed concentration (mass per mass soil) and can bedivided into321

two parts [48], which is that sorbed from the water phase and from the air phase.322

Local chemical equilibrium is assumed between each phase, i.e., the concentration323
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of the VOCs in one phase can be evaluated from that in another phase. Assuming324

a linear partitioning coefficient between the soil phasesi and j, Hi j [36, 5], we325

have326

S = Hslcl + Hsgcg,

cg = Hglcl

(42)

whereci (i = l, g) denotes the mass of the VOCs per unit volume of the liquid and327

gas phases, respectively. They are related byHi j (i, j = s, l, g), the linear partition-328

ing coefficients between the individual soil phases. Nassaret al. [5] found that329

the liquid–solid partitioning coefficient,Hsl = 0.343× 10−3m3/kg (which depends330

on the water mass content, kg water per kg soil), and the dimensionless Henry’s331

constant,Hgl = 0.2 (which depends on the temperature and the relative humidity).332

The sorption of VOC from the vapour phase onto soil minerals,namely,Hsg, is333

strongly dependent upon the pore water content, the soil type, and the chemical334

properties of the sorbing VOC [5, 49]. It can be around 1,000 times theHsl for335

dry soil [50]. Hgl for benzene is taken as 0.191 [51]. The partitioning coefficients336

are assumed to be functions ofσ∗, pc, pa, andT for the sake of generality in the337

derivation of the related equations and coefficients. The linear sorption relation-338

ship employed here is valid because the concentrations of the VOCs in a landfill339

liner are normally very low [52, 48].340

For the VOC transport mechanism, advection is caused by moisture trans-341

port (liquid and vapour) and by the solid grain motion for thedeformable porous342

medium considered, while dispersion is caused by mechanical dispersion and343

molecular diffusion:344
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qct = − θDlc
∂cl

∂ξ
− (n− θ)Dgc

∂cg

∂ξ
+ ρsvsS +

ql

ρl
cl

+ (n− θ)
(

vai + vg

)

cg,

(43)

whereDic (i = l, g) is the hydrodynamic dispersion coefficient and the thermal345

diffusion effect is represented through the temperature-dependent diffusion coef-346

ficient in each phase. Here, the VOC advective flux in the gas phase has two parts:347

vai is driven by the air pressure gradient and the equivalent vapour diffusion veloc-348

ity, andvg is due to the water vapour density gradient. In previous studies, Thomas349

and Ferguson [10] took into account the first part, while Nassar and Horton [36]350

considered the second part. However, in general both of themshould be incorpo-351

rated, by analogy with the derivation of the water vapour transport equation.352

When defining the total concentration of the VOCs (41) and their flux (43), the353

bulk density of the soil,ρsb, is often used to express the solute mass sorbed onto354

the solid phase [36, 8]. However,ρsb varies with porosity changes. Therefore,ρs355

is employed here, for convenience in explicitly describingthe varying porosity.356

The hydrodynamic dispersion coefficient for VOCs in the liquid phase,Dlc, is357

given by [36]:358

Dlc = 0.001D0
e10θ

θ
+ Dhw, (44)

whereDhw = αLw|vli | (αLw = 0.004 m [53] is the longitudinal dispersivity) is the359

mechanical dispersion coefficient of the VOC.D0 is the mass diffusivity of the360

organic chemical through water, and can be expressed through the Wilke–Chang361

equation [40] (which is also quoted by [36]):362
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D0 =
7× 10−12√φMw (T + T0)

µwV0.6
i

, (45)

whereφ is the dimensionless association factor of the solvent (2.6for water [36]),363

Mw is the molecular weight of water, andVi is the molal volume of organic solute364

at the normal boiling point, which can be estimated from additive methods [37] as365

224 cm3/mol and 98 cm3/mol for toluene and benzene, respectively.366

The dynamic viscosity of water,µw (mPa s), is [27]:367

µw = 661.2(T + T0 − 229)−1.562 . (46)

Liquid state theories for calculating diffusion coefficients are quite idealized368

and none can be considered as universally satisfactory for calculations [37]. Equa-369

tion (45), which has an error around 10% [37] is one of the estimation methods370

for the binary liquid diffusion coefficient of a liquid at infinite dilution. .371

The hydrodynamic dispersion coefficient for VOCs in the gas phase,Dgc, is372

[36]:373

Dgc = ΩDgm+ Dhg, (47)

whereDhg = αLg|vai| (αLg is the dispersivity and is taken to be 1 cm [54] in this374

paper) is the dispersion coefficient of the VOC in the gas phase. The molecular-375

diffusion coefficient of an organic compound in a gaseous mixture (water vapour,376

air and VOC),Dgm, can be calculated via (25), whileΩ = (n− θ)2/3 is a factor rep-377

resenting the tortuosity. The binary diffusion diffusivity (m2/s) for gasi through378

gasn in the vapour phase can be calculated from [55, 40, 37]:379
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Di−n =
1.43× 10−7 (T + T0)

1.75

P (Mi−n)
1/2

[

(Σv)
1/3
i + (Σv)

1/3
n

]2
, (48)

whereMi−n = 2(1/mi + 1/mn)
−1, mj( j = i, n) (g/mol) is the molecular weight for380

the gases (j = i, n), Σv (no units) is the sum of the atomic diffusion volumes for381

each gas component [37] (18 for water vapour, 19.7 for dry air, 90.96 for benzene)382

andP is the air pressure (= pa) with units in bar.383

Since each VOC compound has a different specific gas constant(due to its384

unique molecular weight) and partitioning coefficient, onemass conservation equa-385

tion can be written for each individual component when the VOCs are a multi-386

component mixture. There is no extra theoretical complexity except that more387

computational effort is required. In this paper, only a single compound is consid-388

ered.389

2.4. Moisture and heat energy transfer in the material coordinate system (z, t)390

The mass balance equation for moisture is:391

∂

∂t

{[

ρlθ + ρv (n− θ)
]

M
}

= − ∂

∂z

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

]

,

(49)

whereM on the left hand side (LHS) accounts for deformation of a representative392

element volume (REV) relative to the spatial grid. The spatial gradient involved393

in the water flux on the right-hand side is implemented by transforming to the394

material coordinate system, i.e.,∂(·)/∂ξ = M−1∂(·)/∂z.395

The mass balance equation for dry air is:396
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∂

∂t
{ρda [n− (1− H) θ] M} = − ∂

∂z

{

Hρda

[

−kl
∂

∂ξ
(pc + pa + ρlgξi) − DT

∂T
∂ξ

]

+ρda

(

−ka
∂pa

∂ξ

)}

.

(50)

Heat energy conservation gives:397

∂

∂t
(ΦM) = −

∂

∂z

{

−λ
∂T
∂ξ
+

[(

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

)

Cl

+

(

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

)

Cv +

(

Hρda

(

−kl
∂

∂ξ

(

pc + pa + ρlgξi
)

− DT
∂T
∂ξ

)

+ρda

(

−ka
∂pa

∂ξ

))

Cda

]

T +

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

]

W

+L0

(

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

)

− D∗c
∂

∂ξ
(pc + pa + ρlgξi)

}

.

(51)

Mass conservation for the VOCs is given by:398

∂

∂t
(cmtM) = −

∂

∂z

{

−θDlc
∂cl

∂ξ
− (n− θ) Dgc

∂cg

∂ξ

−
[

kl
∂

∂ξ
(pc + pa + ρlgξi) + DT

∂T
∂ξ

]

cl − ka
∂pa

∂ξ
cg +

D∗

ρv

∂ρv

∂ξ
cg

}

.

(52)

Equations (49–52) can also be developed via coordinate transformations. The399

method for tacklingvs is analogous to that used in Appendix C of [13]. The proce-400

dure is demonstrated in Appendix B. WhenM = 1, the equations can be reduced401

to the geometric linear model without considering the soil velocity. Expanding402

the terms on the LHS of each equation yields:403
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E11
∂σv

∂t
+ E12

∂pc

∂t
+ E13

∂pa

∂t
+ E14

∂T
∂t

= − ∂

∂z

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ
− D∗

∂ρv

∂ξ
− ρvka

∂pa

∂ξ

]

,

(53)

E21
∂σv

∂t
+ E22

∂pc

∂t
+ E23

∂pa

∂t
+ E24

∂T
∂t

= −
∂

∂z

{

Hρda

[

−kl
∂

∂ξ
(pc + pa + ρlgξi) − DT

∂T
∂ξ

]

+ ρda

(

−ka
∂pa

∂ξ

)}

,

(54)

E31
∂σv

∂t
+ E32

∂pc

∂t
+ E33

∂pa

∂t
+ E34

∂T
∂t

= −
∂

∂z

{

−λ
∂T
∂ξ
+

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

]

ClT

+

(

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

)

CvT + Hρda

[

−kl
∂

∂ξ
(pc + pa + ρlgξi) − DT

∂T
∂ξ

]

CdaT

+ρda

(

−ka
∂pa

∂ξ

)

CdaT +

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

]

W

+L0

(

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

)

− D∗c
∂

∂ξ
(pc + pa + ρlgξi)

}

,

(55)

and404

E41cl
∂σv

∂t
+ E42cl

∂pc

∂t
+ E43cl

∂pa

∂t
+ E44cl

∂T
∂t
+ E45

∂cl

∂t

= −
∂

∂z

{

[

θDlc + (n− θ) DgcHgl

] ∂cl

∂ξ
− (n− θ) Dgc

∂Hgl

∂ξ
cl

−
[

kl
∂

∂ξ
(pc + pa + ρlgξi) + DT

∂T
∂ξ

]

cl − ka
∂pa

∂ξ
Hglcl −

D∗

ρv

∂ρv

∂ξ
+ Hglcl

}

.

(56)

The coefficientsEi j (i = 1− 4, j = 1− 5) used in (53)–(56) are formulated in405

detail in Appendix A. The spatial coordinateξ is determined by:406
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ξ = z+
∫ L

z

e0 − e(ζ)
1+ e0

dζ. (57)

Thus, the first-order PDE:407

∂ξ

∂z
= 1+

e0 − e(z)
1+ e0

, (58)

with boundary conditionsξ(L, t) = L was constructed to findξ.408

2.5. Constitutive relationships409

A non-linear elastic soil model is used here. Generally, both state surfaces for410

the void ratio and the liquid water content can be postulatedas [27]:411

e= fe(σ
∗, pc,T), (59)

θ = fθ(σ
∗, pc,T). (60)

Considering (5),e andθ actually depend on the four primary variables. Thus, we412

have:413

e= fe(σv, pc, pa,T), (61)

θ = fθ(σv, pc, pa,T). (62)

Lloret and Alonso [56] give an extensive review of a number offorms of state414

surfaces and concluded that the following formulation gives the best description415

of the soil behavior (also employed in [12]):416
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e= a+ bln(−σ∗) + cln(−pc) + dln(−σ∗)ln(−pc) + (1+ e0)αTT, (63)

wherea, b, c, andd are model parameters. The thermal coefficient of volume417

change,αT , can be expressed by [29]:418

αT = α0 + α2T + (α1 + α3T)ln

(

σ∗

σ∗0

)

. (64)

Here,σ∗0 is the reference net mean stress andαi (i = 0, 1, 2, 3) are the model419

parameters.420

The water retention curve and the hydraulic conductivity for a clay liner at a

reference temperature ofTr can be described by [56] (employed in [30]):

θ = {a′ − [1 − exp(−b′pc)](c
′ − d′σ∗)} e

1+ e
, (65)

wherea′, b′, c′, andd′ are model parameters.421

The unsaturated hydraulic conductivity of a deformable soil under isothermal422

conditions,Kl, is given by [57]:423

Kl = klρlg = A

(

Sl − Slu

1− Slu

)3

10αke, (66)

whereSl is the degree of saturation andA, Slu, andαk are the related constants.424

The mobility coefficient of the continuous air phase,ka, is [57]:425

ka =
B
µa

[e(1− Sl)]
β , (67)

whereµa is the dynamic viscosity of the pore air andB andβ are model constants.426

The governing equations are solved using the multiphysics modelling software427

package COMSOL 3.5a [58]. In the model, the spatial domains were discretized428
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into unstructured Lagrange-linear elements with a maximumglobal element size429

of 10−2 m, and maximum local element size at the end boundaries of 10−3 m. The430

sub-time steps were set to 1h and 1d in the two benchmark problems, respectively.431

The corresponding solutions have been confirmed to be independent on the sizes432

of time-steps and meshes.433

To verify the present model, the model was reduced in order tobe validated434

against benchmark problems in the literature. The first example is for the Isother-435

mal moisture transport in a deformable soil column[27], while the second example436

is for the multi-phase VOC transport [8]. The compersions between the reduction437

from present model and the previous analytical solutions show an excellent agree-438

ment.439

3. Application: VOC transport through an intact CCL440

3.1. Problem description441

The liner system investigated here is of a type widely used inwaste impound-442

ments and is assumed to be of sufficiently large extent to justify a one-dimensional443

analysis. As schematically shown in Figure 1, the compositelandfill consists of444

animpermeable geomembraneimpervious to the diffusion of an inorganic solute,445

an underlying clay soil layer such as an engineered compacted clay layer, and a446

second leachate collecting system. In this paper, only the CCL is modeled, the447

effects of the overlying geomembrane and the second leachate collecting system448

below CCL on the porous flow and VOCs transport are represented with proper449

boundary [13]. The CCL is assumed to be intact during the VOC breakthrough.450

Initially, the VOC-free CCL has a uniform pore air pressure (1 bar) and tem-451

perature ofT0. To account for the initial steady liquid distribution withgravity, a452

linear variation of the pore water pressure is assumed as in [29]:453
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Figure 1: Schematic of a composite landfill liner [28].

pc(z, t = 0) = pcr + ρl0gi (L − z) . (68)

Here,pcr is the reference capillary pressure andL is the thickness of the CCL. The454

initial uniform net mean stress isσ∗0.455

At the top of the CCL, a time-dependent temperature increaseis imposed. It456

increases rapidly to a fixed value, and then decreases gradually to zero.457

T(z= 0, t) =































































t/t1∆T, 0 ≤ t ≤ t1

∆T, t1 ≤ t ≤ t2

[1 − (t − t2) / (t3 − t2)] ∆T, t2 ≤ t ≤ t3

0, t ≥ t3

(69)

Here,∆T is the maximum temperature increase andti (i = 1, 2, 3) are the times at458

which the temperature changes due to waste degradation.459

The waste filling process is approximated by a linear ramp loading [13]:460
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σv(z= 0, t) =



























t/t′∆Q, 0 ≤ t ≤ t′

∆Q. t ≥ t′
, (70)

where∆Q is the maximum surcharge andt′ is the time taken by the landfill to461

reach its full capacity.462

The impervious geomembrane means that the liquid water massflux equals463

zero,ql(z= 0, t) = 0, and the pore air pressure gradient vanishes, i.e.,∂pa(z= 0, t)/∂z=464

0.465

VOC vapour can permeate through a non-porous geomembrane atthe molecu-466

lar level. The process occurs in three steps [59, 60]. First,the permeant dissolves467

and partitions at the geomembrane surface. Second, it diffuses through the ge-468

omembrane in the direction of lower chemical potential. Finally, it evapourates or469

desorbs onto the ambient receiving medium.470

The VOCs diffuse through the thin (relative to the CCL) geomembrane at the471

top boundary, with a flux given by:472

f (0−, t) = −PG
cl(0+, t) − c0

h
, (71)

wherec0 is the concentration of the VOCs in the liquid phase at the topside473

of the geomembrane, which has a thickness ofhGM. PG is the product of the474

diffusion coefficient for the solute in the geomembrane (DG) and the partitioning475

coefficient of the solute between the geomembrane and the adjacent fluid (SG)476

[14]. A good contact between the geomembrane and the CCL is assumed, and477

consequentlycl(0+, t) is the same as the concentration at the bottom surface of the478

geomembrane. Then, the flux in the CCL at the interface is:479

28



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

f (0+, t) = −θDlc
∂cl

∂z
(0+, t). (72)

Equating (71) and (72) [13], a Neumann boundary condition for the solute con-480

centration is obtained:481

∂cl

∂z
(0, t) − PG

θ(0+, t)hDlc
cf (0, t) = −

PG

θ(0+, t)hDlc
c0. (73)

At the bottom of the CCL, the second leachate collecting system is often made482

of gravel material with a high hydraulic conductivity. Therefore, the flow of pore483

water contained in the CCL driven by the capillary pressure and temperature gra-484

dients is assumed to drain freely and the gradient of the solute concentration is485

assumed to be zero (Danckwert’s boundary condition, [61]),although different486

interpretations of this condition are possible (e.g., [62]):487

pc(z= L, t) = pc(z= L, t = 0),

pa(z= L, t) = 1 bar,

T(z= L, t) = T0,

∂cl

∂z
= 0.

(74)

The model parameters employed in the following analyses arebased on recent488

studies of solute transport in clay liners [63, 14]. The values of the parameters489

used are shown in Tables 1–4 unless stated otherwise.490

The coupled non-linear equations are solved using the multiphysics modelling491

software package COMSOL 3.5a, which solves Equations (6), (53)–(56), and (58)492

simultaneously. Consequently, the two-way coupling of themoisture and the VOC493
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Table 1: Soil parameters employed in numerical simulations.

Parameter Value

Initial concentration in the landfill,c0 100 mg/dm3

Maximum waste loading,∆Q 2× 105 Pa

Loading period,t′ 2 y

Geomembrane thickness,hGM [14] 0.0015 m

Mass transfer coefficient of geomembrane,PG [14] 4× 10−11m2/s

CCL thickness,L 1 m

Magnitude of acceleration due to gravity,g 9.81 m/s2

Initial compressive stress,σv0 [12] -200 kPa

Reference capillary pressure,pcr [12] -2.8 kPa

Earth pressure coefficient at rest,K0 0.9

Temperature coefficient of water retention,Cψ [32] -0.0068 K−1

Temperature increase at the top boundary,∆T 30 K

Initial temperature in the liner,T0 288 K

Temperature changes parameters,ti (i = 1, 2, 3) 1 y, 10 y and 10 y respectively
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Table 2: Soil components properties.

Parameter Value

Soil solids

Density of the solid phase,ρs 2.7× 103 kg/m3

Specific heat capacity,Cp,s [14] 800 J kg−1 K−1

Soil liquid water

Initial pore water density,ρl0 [14] 0.998×103 kg/m3

Phenomenological coefficient relating

liquid flux to temperature,DT [27]
2.7× 10−10 m2/(s K)

Reduction factor of surface tension due to

VOC, γm/γw

0.8

Specific heat capacity,Cp, f [14] 4180 J kg−1 K−1

Soil air

Henry’s solubility coefficient for air,H

[14]
0.02

VOC transport

Specific gas constant for VOC,RVOC

8.3144621/MW J/(kg

K), whereMW is molar

weight of VOC (78.114

g/mol for Benzene)

Partitioning coefficient,Hsg 1.8×10−3 m3/kg

Longitudinal mechanical dispersion coef-

ficient for liquid phase,αLw

0.004 m
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Table 3: State surface functions for unsaturated soil [12]

Void ratio
a b c d αT (K−1)

5.5 -0.4 -0.25 0.02 2.5×10−4

Volumetric water content
a′ b′ c′ d′

0.9 -0.8 -10−8 10−5

Table 4: Liquid mobility in unsaturated soil [12].

Hydraulic conductivity
A (m/s) Slu αk

6 ×10−14 0.05 5

Conductivity of air
B (Pa m/s) µa (N s/m2) βk

1.8×10−12 1.0×10−5 4

transport is implemented.In the model, the system was discretized into unstruc-494

tured Lagrange-linear elements with a maximum global element size of 10−2 m,495

and maximum local element size at the end boundaries (where the most rapid496

changes occur) of 10−3 m. The setting of sub-step size along the lines is corre-497

sponding to the waste filling process. The external loading increases from zero498

to its maximum in the first 2 y and then keeps steady. The sub-time step was499

set to 10−2 y in the simulation of the first 2 y, after which it was increased to 1500

y in the following simulation period. All aforementioned time-steps and meshes501

have been checked through a convergence tests and then used in the following502

numerical examples.503
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3.2. Results and discussion504

3.2.1. Geometric non-linearity and soil velocity505

One of the important features of the present model (FD) is that it accounts506

for the finite deformation of the CCL, namely, the geometric non-linearity. In507

addition, the soil velocity is included. Two other models were constructed for508

comparison. The first one is a small deformation model (SD1),which does not in-509

corporate the soil velocity occurrence in both the mass flux and the linear average510

velocity of the liquid phasevli andvai. The second (SD2) is also a small deforma-511

tion model, the difference with SD1 being that it considers the soil velocity.512

As illustrated in Figure 2, the small deformation model underestimates the513

transit of the contaminant. Relative to the finite deformation model (FD), the small514

deformation models SD1 and SD2 assume that the thickness of the soil is constant515

even though consolidation causes soil contraction. As a result, it takes the VOCs516

longer to breakthrough the CCL. In previous research on non-isothermal mois-517

ture transport in deformable soil, the solid velocity was neglected based on the518

assumption that it is relatively small. However, Figure 2 demonstrates that includ-519

ing soil mobility can accelerate the transport of VOCs.It is noted that even with a520

small solid velocity, the capacity of the solid to transportsolute ((1−n)ρsvsS) may521

become non-negligible because of a relatively large solid density. Therefore, the522

present model not only is theoretically consistent by considering the soil velocity523

but also accommodates the geometric non-linearity.524

Since there is a significant advective VOC flux (the advectiveflux is approxi-525

mately 50 times the diffusive flux, especially when the temperature increases,∆T526

is higher), the VOC concentration level at the exiting boundary may exceed that527
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Figure 2: Effect of geometric non-linearity and soil velocity on VOCs breakthrough.

in its vicinity. With a temperature decrease, and an advective flux gradually van-528

ishing, the VOC concentration at the bottom boundary gradually decreases due to529

the dispersion of mass to the adjacent zone, until steady state is reached.530

3.2.2. Two-way coupling coefficient D∗ andρda531

The water vapour diffusivity,D∗, can be calculated using (24), (25), (48),532

which we refer to as method WVD1. This approach requires two-way coupling of533

the moisture, heat, and the VOC transport to provide real-time values of the con-534

centration of the VOCs when determiningD∗. Alternatively,D∗ can be approxi-535

mated by (18) and (19) (method WVD2), so that the solution of the VOC trans-536

port can be decoupled and calculated sequentially after solving for the moisture537

and heat transport. However, Figure 3 demonstrates that WVD2 overestimates the538

water vapour diffusivity and predicts a faster contaminantmigration as a result.539
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Figure 3: Effect of different methods for estimations of water vapour diffusivity on VOCs break-

through.

For either WVD1 or WVD2, the final levels of the total VOC concentration are540

identical, regardless of the temperature gradient. As explained in the last section,541

the concentration level at the exit boundary undergoes a decrease, especially for a542

greater temperature gradient. This is probably caused by the relatively larger ratio543

of advection to the effective dispersion in the advection–dispersion equation. On544

the other hand, whether considering VOCs or not when calculating the density of545

dry air,ρda does not make a discernible difference on the VOC transport progress546

(results not shown).547

3.2.3. Total constitution of the concentration of the VOCs548

In the literature, there is no consensus on an expression forthe total concentra-549

tion of VOCs in unsaturated soil. While Thomas and Ferguson [10] only focused550
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on retention of VOCs in the aqueous and gaseous phases, most researchers con-551

sider that the VOCs also reside in the solid phase, due to sorption. However,552

different description are used. For example, some have described the sorbed con-553

centration as being from either the aqueous or gaseous phases [64, 36], but others554

have included adsorption from both fluid phases [48, 8].555

Figure 4 illustrates the liquid phase concentration and thetotal concentration556

level at the bottom boundary. ‘ExpCtoti’ represents three kinds of model: with the557

expression for the total concentration used in the present model (i = 1), excluding558

any contribution of adsorption from the gas phase (i = 2), and no adsorption onto559

the solid phase (i = 3). Although the liquid and gas phases are assumed to be560

in equilibrium in this study, it means that the transfer kinetic comes to a steady561

state, namely the concentration of the VOCs in one phase can be evaluated from562

that in another phase. However, the concentration in liquidand gas phases are563

not necessary to be identical. Therefore, the sorption was separated from both the564

liquid and gas phases565

As expected, the more complete adsorption mechanism results in slower VOC566

transport due to retardation.The difference of the final total concentrations in Fig-567

ure 4(b) caused by their different constitutions are significant. Therefore, more568

experiments are needed to clarify which expression of the adsorption is appropri-569

ate. A higher temperature increase at the top boundary leads to a larger carrying570

capacity of both the liquid and gas phases. Consequently, the migration of the571

VOCs is accelerated.572

3.2.4. Longitudinal mechanical dispersion (Dhw and Dhg)573

Based on the assumption that the pore water flow velocity in fine-grained soils574

due to mechanical consolidation is low (less than 10−6 m/s), mechanical disper-575

sion can be neglected [65, 14]. However, Zhang et al. [28] confirmed that the576
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Figure 4: Comparison of the different expressions for the total VOC concentration on the predicted

breakthrough.
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mechanical dispersion could double the final advective emission at the bottom577

of a partially saturated CCL when the molecular diffusion coefficient decreases578

within a practical range. In this section, the effect of mechanical dispersion on579

VOC transport is reexamined in a multi-phase context.580

The mechanical dispersivity is often obtained by fitting measured breakthrough581

curves with analytical solutions of the advection–dispersion equation. However,582

there is the so-called dispersion-scale effect, namely, the dispersivity changes with583

the distance over which the contaminants travel. A good firstapproximation is to584

use a value of one-tenth of the transport distance for the longitudinal dispersivity585

if there is not enough information [66]. In this section,αLw = 0.1 m[67] was used586

to examine the effect of mechanical dispersion.587

Figure 5 illustrates the distribution of the VOCs’ dispersive flux in both the588

aqueous and gaseous phases. For the unsaturated soil considered here, the gas589

molecular diffusive flux is over four orders greater than thegas mechanical dis-590

persivity flux, so the mechanical dispersive flux is small compared with the dom-591

inant diffusive flux through the gas phase (which is at the scale of 10−6 g/(m2 s)).592

Therefore, the mechanical dispersion in unsaturated CCL inthe considered cases593

can be neglected (as shown in Figure 6).594

3.2.5. Mechanical consolidation and temperature increase595

When the waste is added at the top boundary, the clay liner undergoes mechan-596

ical consolidation, which can cause advective pore flow and thus is expected to597

help accelerate VOC transit. To investigate the contribution of mechanical consol-598

idation in an unsaturated CCL, the present model was reducedto ‘NoSV’, which599

does not include variation of the vertical stress. A comparison was made between600

it and the present model (Model Cpt). Figure 7a and the case with ∆T= 30 K in601
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(a) Aqueous phase flux
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(b) Gaseous phase flux

Figure 5: Distribution of VOCs’ dispersive flux (αLw = 0.1 m): red curves for T = 30 K and black

curves for T = 0 K.
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Figure 6: Effect of mechanical dispersion on VOC breakthrough (αLw = 0.1 m).

Figure 7b demonstrate that including the vertical compressive stress, namely, the602

mechanical consolidation, seems to predict a slower transport of the VOCs, which603

is contrary to the conclusion for their transport (in the solid and liquid phases)604

within a saturated or partially saturated CCL. This is due totwo effects: First, the605

gas phase diffusion dominates the transport progress for unsaturated soil instead606

of the advective flux in the liquid phase for saturated soil; second, the mechanical607

consolidation compacts the CCL and reduces the effective gas diffusion due to608

the lower void ratio. For the cases with larger temperature gradients, the effect of609

soil contraction due to mechanical consolidation is balanced by the swelling due610

to heating. Thus, the influence of mechanical consolidationon the movement of611

the VOCs is limited. Furthermore, both the liquid phase concentration and the612

total concentration of the VOCs at higher temperature gradients have higher peak613

values than at lower temperature gradients. This phenomenon is a result of the614
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advective transport due the higher temperature gradient. Gradually, the concen-615

tration level decreases with decreasing advective fluxes ofthe VOCs.616

In Figure 7b, the total concentration for ‘Model Cpt’ surpasses that of ‘Model617

NoSV’ for cases with∆T= 0 K after a certain period. This is because the total618

sorptive capacity of a unit volume of solid is greater than that of a unit volume619

of pore fluid. When the soil is compressed and the void fluid is expelled, a unit620

volume of soil can carry more VOCs. Therefore, mechanical consolidation does621

not always lead to a faster transit of multi-phase VOCs within an unsaturated soil.622

Figure 8 indicates that the lower pre-consolidation stressand the consequent623

larger initial void can speed the migration of the VOCs. Three pre-consolidation624

stress levels are considered here: PS1 withσv0 = −200 kPa, PS2 withσv0 = −100625

kPa, and PS3 withσv0 = −50 kPa. The values of the corresponding initial void626

ratio are 0.628 (0.646), 0.775 (0.815) and 0.920 (0.980), respectively. The values627

in brackets are the void ratios at the CCL bottom (the void ratio increases linearly628

from top to bottom due to the distribution of the initial capillary pressure).629

A higher temperature increase at the top boundary was observed to shorten630

significantly the time required for breakthrough. This is because the gas phase631

VOC diffusion increases rapidly with increasing temperature and dominates the632

migration progress.633

3.2.6. Contribution of the gaseous phase634

In this section, a model (NoGas) without VOC flux in the gas phase is setup635

by lettingHgl = Hsg = 0 in the present model. As illustrated in Figure 9, incor-636

porating the gas phase can dramatically speed up the migration of VOCs for both637

non-isothermal and isothermal soils. This is attributed tothe greater magnitude of638
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Figure 7: Effect of mechanical consolidation and temperature increase on VOC breakthrough.
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Figure 8: Effect of pre-consolidation stress (σv0) and temperature increase on VOC breakthrough

(a′ = 0.9).
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Figure 9: Contribution of the gas phase to VOC breakthrough (a′ = 0.9).
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the diffusion coefficient (around 10−7 m2/s) for the gas phase relative to that for639

the fluid phase (around 10−10 m2/s).640

Since gas phase diffusion depends on the gas saturation,Sg = 1 − θ/n, a641

parametric study on the initial volume water content,θ, was performed to examine642

the influence of the degree of saturation on VOC migration. Figure 10 shows that643

lower water content leads to faster VOC migration in unsaturated soil, predicted644

by three-phase transport model, which is in the opposite direction to the trend for645

the two-phase (aqueous and solid phases) model (NoGas). In the former model, a646

lower water content means a larger gas saturation and a larger gas flow pathway.647

In contrast, it results in a smaller pore water fraction, which impedesthe VOC648

transit according to the model NoGas.649

Therefore, gas phase transport plays a crucial role in the VOC transport within650

unsaturated soil. As reported in the literature, some researchers attributed the ob-651

served faster VOCs breakthrough than the estimation of the pure-diffusion model652

to the mechanical consolidation of soil liner [13, 68]. However, other researchers653

[14, 15] suggested that the influence of mechanical consolidation on solute trans-654

port was not important, especially when the compressibility is low and decreasing655

of hydrodynamic dispersion due to soil compression is significant. The present656

results redirect ourattentionto examine whether the soil liner is fully saturated. If657

it is not, the gaseous phase VOCs transport could be a primaryreason for acceler-658

ated VOC transport.659

4. Conclusions660

A one-dimensional non-isothermal multi-phase (solid, liquid, and gas phases)661

moisture and VOC transport model for a non-linear elastic porous medium was662
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Figure 10: Effect of water content on VOC breakthrough: Solid line is the present model and

dash-dot line is for the NoGas model.

developed. The model proposed in this study is theoretically consistent for a de-663

formable soil column by including the soil velocity in the linear average pore fluid664

(liquid and gas) velocities and taking into account the massflux due to the motion665

of the soil. Based on the present model, benzene migration ina solid waste landfill666

CCL under top surcharge and temperature gradient conditions was investigated.667

Mainly, the following conclusions can be drawn:668

1. The assumption of small deformations (neglecting changes of the soil col-669

umn) and ignoring the motion of the soil underestimates the transit of the670

VOCs;671

2. A two-way coupling approach is essential to get an accurate determination672

of the water vapour diffusion coefficient in the presence of VOC vapour;673
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3. Taking into account the adsorption of the VOCs from both the gas and fluid674

phases in the composition of the total concentration can considerably slow675

down the migration progress predicted by the model;676

4. The mechanical dispersion of the fluid phase can be neglected because the677

related VOC dispersion fluxes are several orders of magnitude less than the678

diffusive flux in the gas phase.679

5. The shrinking of the pores in the soil due to mechanical consolidation helps680

to prevent VOC breakthrough, but a higher environmental temperature in-681

creases the VOC gas phase diffusion, which plays a predominant role in an682

unsaturated soil liner.683

6. Furthermore, the deviation of saturation from the fully saturated state can684

significantly speed up the motion of VOCs. Therefore, a non-isothermal685

multi-phase moisture and VOC transport model is essential to obtain a re-686

liable prediction of the migration of VOCs in an unsaturatedsoil liner ex-687

posed to heating and compression.688

References689

[1] J. Y. Kim, Migration of volatile organic compounds from the landfill liner690

systems, Environmental Engineering Research 2 (1997) 233–243.691

[2] T.-B. Nguyen, J. Lim, H. Choi, T. D. Stark, Numerical modeling of diffu-692

sion for volatile organic compounds through composite landfill liner sys-693

tems, KSCE Journal of Civil Engineering 15 (2011) 1033–1039.694

[3] S. G. Fityus, D. W. Smith, J. R. Booker, Contaminant transport through an695

unsaturated soil liner beneath a landfill, Canadian Geotechnical Journal 36696

(1999) 330–354.697

46



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

[4] W. A. Jury, D. Russo, G. Streile, H. El-Abd, Evaluation ofvolatilization by698

organic chemicals residing below the soil surface, Water Resources Research699

26 (1990) 13–20.700

[5] I. Nassar, L. Ukrainczyk, R. Horton, Transport and fate of volatile organic701

chemicals in unsaturated, nonisothermal, salty porous media: 2. experimen-702

tal and numerical studies for benzene, Journal of HazardousMaterials 69703

(1999) 169 – 185.704

[6] R. K. Rowe, Long-term performance of contaminant barrier systems,705

Geotechnique 55 (2005) 631–678.706

[7] J. Philip, D. De Vries, Moisture movement in porous materials under temper-707

ature gradients, Transactions of the American GeophysicalUnion 38 (1957)708

222–232.709

[8] C. Shan, D. B. Stephens, An analytical solution for vertical transport of710

volatile chemicals in the vadose zone, Journal of Contaminant Hydrology711

18 (1995) 259 – 277.712

[9] I. N. Nassar, R. Horton, Heat, water, and solution transfer in unsaturated713

porous media: I. theory development and transport coefficient evaluation,714

Transport in Porous Media 27 (1997) 17–38.715

[10] H. R. Thomas, W. J. Ferguson, A fully coupled heat and mass transfer model716

incorporating contaminant gas transfer in an unsaturated porous medium,717

Computers and Geotechnics 24 (1999) 65–87.718

47



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

[11] H. R. Thomas, Y. He, A coupled heat-moisture transfer theory for de-719

formable unsaturated soil and its algorithmic implementation, International720

Journal for Numerical Methods in Engineering 40 (1997) 3421–3441.721

[12] Y. Zhou, R. K. Rowe, Modeling of clay liner desiccation,International Jour-722

nal of Geomechanics, ASCE 5 (2005) 1–9.723

[13] G. P. Peters, D. W. Smith, Solute transport through a deforming porous724

medium, International Journal for Numerical and Analytical Methods in Ge-725

omechanics 26 (2002) 683–717.726

[14] T. W. Lewis, P. Pivonka, D. W. Smith, Theoretical investigation of the ef-727

fects of consolidation on contaminant transport through clay barriers, Inter-728

national Journal For Numerical And Analytical Methods In Geomechanics729

33 (2009) 95–116.730

[15] H. Zhang, D.-S. Jeng, D. Barry, B. Seymour, L. Li, Solutetransport in nearly731

saturated porous media under landfill clay liners: A finite deformation ap-732

proach, Journal of Hydrology 479 (2013) 189–199.733

[16] J. E. Bogner, J. P. Chanton, D. Blake, Effectiveness of aflorida landfill bio-734

cover for reduction of ch4 and nmhc emissions, Environmental Science and735

Technology 44 (2010) 1197–1203.736

[17] C. Scheutz, J. Bogner, J. Chanton, D. Blake, M. Morcet, Atmospheric emis-737

sions and attenuation of non-methane organic compounds in cover soils at a738

french landfill, Waste Management 28 (2008) 1892–1908.739

48



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

[18] C. Schuetz, J. Bogner, J. Chanton, Comparative oxidation and net emissions740

of methane and selected mon-methane organic compounds in landfillcover741

soils, Environmental Science and Technology 37 (2003) 5150–5158.742

[19] B. E. Sleep, Modeling transient organic vapor transport in porous media with743

the dusty gas model, Advances in Water Resources 22 (1998) 247–256.744

[20] C.-S. Fen, W. Liang, P. Hsiesh, Y. Huang, Knudsen and molecular diffusion745

coefficients for gas transport in unconsolidated porous media, Soil Science746

Society of America Journal 75 (2011) 456–467.747

[21] A. Geiges, Examination of the assumption of thermal equilibrium on the748

fluid distribution and front stability, Ph.D. thesis, Institut fur Wasserbau,749

Universitat Stuttgart, Germany (2009).750

[22] J. L. Boyd, V. Sivakumar, Experimental observations ofthe stress regime in751

unsaturated compacted clay when laterally confined, Géotechnique 61 (4)752
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Appendix A: The coefficients used in the governing equations880

The coefficientsEi j (i = 1−4, j = 1−5) used in (53)–(56) are given as follows.881

For the case of a finite deformation, i.e.,M , 1,882

E11 =
1+ 2K0

3

[

1+ e
1+ e0

(ρl − ρv)
∂θ

∂σ∗
+

1
1+ e0

(ρlθ + ρv − ρvθ)
∂e
∂σ∗

]

, (75)

E12 = θ
1+ e
1+ e0

∂ρl

∂pc
+

(

e
1+ e0

− θ 1+ e
1+ e0

)

∂ρv

∂pc

+
1+ e
1+ e0

(ρl − ρv)
∂θ

∂pc
+

1
1+ e0

(ρlθ + ρv − ρvθ)
∂e
∂pc

,

(76)
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E13 = θ
1+ e
1+ e0

∂ρl

∂pa
+

(

e
1+ e0

− θ
1+ e
1+ e0

)

∂ρv

∂pa
+ E11

3
1+ 2K0

, (77)

E14 = θ
1+ e
1+ e0

∂ρl

∂T
+

(

e
1+ e0

− θ 1+ e
1+ e0

)

∂ρv

∂T

+
1+ e
1+ e0

(ρl − ρv)
∂θ

∂T
+

1
1+ e0

(ρlθ + ρv − ρvθ)
∂e
∂T

,

(78)

E21 =
1+ 2K0

3

(

− (1− H) ρda
1+ e
1+ e0

∂θ

∂σ∗
+

ρda

1+ e0
[1 − (1− H) θ]

∂e
∂σ∗

)

, (79)

E22 =

[

e
1+ e0

− (1− H) θ
1+ e
1+ e0

]

∂ρda

∂pc
− (1− H) ρda

1+ e
1+ e0

∂θ

∂pc

+
ρda

1+ e0
[1 − (1− H) θ]

∂e
∂pc

,

(80)

E23 =

[

e
1+ e0

− (1− H) θ
1+ e
1+ e0

]

∂ρda

∂pa
+ E21

3
1+ 2K0

, (81)

E24 =

[

e
1+ e0

− (1− H) θ
1+ e
1+ e0

]

∂ρda

∂T
− (1− H) ρda

1+ e
1+ e0

∂θ

∂T

+
ρda

1+ e0
[1 − (1− H) θ]

∂e
∂T

,

(82)

E31 =
1+ 2K0

3

(

E311
∂e
∂σ∗
+ E312

∂θ

∂σ∗

)

, (83)

E311 =L0
ρv

1+ e0
− L0

ρvθ

1+ e0
+Wρl

θ

1+ e0
+ClTρl

θ

1+ e0

+CvT
ρv

1+ e0
−CvT

ρvθ

1+ e0
+CdaT

ρda

1+ e0
[1 − (1− H)θ],

(84)
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E312 = − L0
ρv(1+ e)

1+ e0
+Wρl

1+ e
1+ e0

+ClTρl
1+ e
1+ e0

−CvT
ρv(1+ e)

1+ e0
−CdaT(1− H)ρda

1+ e
1+ e0

+ ρlθ
1+ e
1+ e0

∂W
∂θ

,

(85)

E32 =E321
∂ρv

∂pc
+ E322

∂ρl

∂pc
+CdaT

[

e
1+ e0

− (1− H)θ
1+ e
1+ e0

]

∂ρda

∂pc

+ E311
∂e
∂pc
+ E312

∂θ

∂pc
,

(86)

E321 = L0
e

1+ e0
− L0

(1+ e)θ
1+ e0

+CvT
e

1+ e0
−CvT

(1+ e)θ
1+ e0

, (87)

E322 =W
(1+ e)θ
1+ e0

+ClT
(1+ e)θ
1+ e0

+ ρlθ
1+ e
1+ e0

∂W
∂ρl

, (88)

E33 =E321
∂ρv

∂pa
+ E322

∂ρl

∂pa
+CdaT

[

e
1+ e0

− (1− H)θ
1+ e
1+ e0

]

∂ρda

∂pa

+ E31
3

1+ 2K0
,

(89)

E34 =E321
∂ρv

∂T
+ E322

∂ρl

∂T
+CdaT

[

e
1+ e0

− (1− H)θ
1+ e
1+ e0

]

∂ρda

∂T

+ E311
∂e
∂T
+ E312

∂θ

∂T
+Cs

ρs

1+ e0

+

[

Clρlθ
1+ e
1+ e0

+Cvρv

(

e
1+ e0

− θ 1+ e
1+ e0

)]

+Cda
ρda

1+ e0
[e− (1− H)θ(1+ e)]

(90)

and883

E41 =
1+ 2K0

3

[

E411
∂e
∂σ∗
+ E412

∂θ

∂σ∗
+

ρs

1+ e0
cl
∂Hsl

∂σ∗

+
1

1+ e0
ρscl

∂
(

HsgHgl

)

∂σ∗
+
∂ξ

∂z
(n− θ) cl

∂Hgl

∂σ∗
,

















,

(91)
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where884

E411 =
θ

1+ e0
cl + Hglcl

1− θ
1+ e0

, (92)

E412 =
∂ξ

∂z
cl − Hglcl

∂ξ

∂z
, (93)

E42 =E411
∂e
∂pc
+ E412

∂θ

∂pc
+

ρs

1+ e0
cl
∂Hsl

∂pc

+
ρs

1+ e0
cl

∂
(

HsgHgl

)

∂pc
+
∂ξ

∂z
(n− θ) cl

∂Hgl

∂pc
,

(94)

E43 =
3

1+ 2K0
E41, (95)

E44 =E411
∂e
∂T
+ E412

∂θ

∂T
+

ρs

1+ e0
cl
∂Hsl

∂T

+
ρs

1+ e0
cl

∂
(

HsgHgl

)

∂T
+
∂ξ

∂z
(n− θ) cl

∂Hgl

∂T

(96)

and

E45 =
ρs

1+ e0

(

Hsl + HsgHgl

)

+ θ
∂ξ

∂z
+ (n− θ)

∂ξ

∂z
Hgl. (97)

For small strain deformations, i.e.,M = 1,885

E′11 =
1+ 2K0

3

[

(ρl − ρv)
∂θ

∂σ∗
+ ρv (1+ e)−2 ∂e

∂σ∗

]

, (98)

E′12 = θ
∂ρl

∂pc
+ (n− θ) ∂ρv

∂pc
+ (ρl − ρv)

∂θ

∂pc
+ ρv (1+ e)−2 ∂e

∂pc
, (99)
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E′13 = θ
∂ρl

∂pa
+ (n− θ)

∂ρv

∂pa
+ E′11

3
1+ 2K0

, (100)

E′14 = θ
∂ρl

∂T
+ (n− θ)

∂ρv

∂T
+ (ρl − ρv)

∂θ

∂T
+ ρv (1+ e)−2 ∂e

∂T
, (101)

E′21 =
1+ 2K0

3

[

− (1− H) ρda
∂θ

∂σ∗
+ ρda (1+ e)−2 ∂e

∂σ∗

]

, (102)

E′22 = [n− (1− H) θ]
∂ρda

∂pc
− (1− H) ρda

∂θ

∂pc
+ ρda (1+ e)−2 ∂e

∂pc
, (103)

E′23 = [n− (1− H)θ]
∂ρda

∂pa
+ E′21

3
1+ 2K0

, (104)

E′24 = [n− (1− H) θ]
∂ρda

∂T
− (1− H) ρda

∂θ

∂T
+ ρda (1+ e)−2 ∂e

∂T
, (105)

E′31 =
1+ 2K0

3

(

E′311

∂e
∂σ∗
+ E′312

∂θ

∂σ∗

)

, (106)

E′311 = T (1+ e)−2 (ρvCv + ρdaCda) + L0ρv (1+ e)−2 , (107)

E′312 = T
[

ρlCl − ρvCv − ρdaCda (1− H)
]

− L0ρv +Wρl + ρlθ
∂W
∂θ

(108)
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and

E′32 =E′321

∂ρv

∂pc
+ E′322

∂ρl

∂pc
+CdaT [n− (1− H) θ]

∂ρda

∂pc

+ E′311

∂e
∂pc
+ E′312

∂θ

∂pc
,

(109)

where886

E′321 = (n− θ) (L0 +CvT) , (110)

E′322 = (W+ TCl) θ + ρlθ
∂W
∂ρl

, (111)

E′33 =E′321

∂ρv

∂pa
+ E′322

∂ρl

∂pa
+CdaT [n− (1− H) θ]

∂ρda

∂pa

+ E′31

3
1+ 2K0

,

(112)

E′34 =E′321

∂ρv

∂T
+ E′322

∂ρl

∂T
+CdaT [n− (1− H) θ]

∂ρda

∂T

+ E′311

∂e
∂T
+ E′312

∂θ

∂T
+Csρs (1− n)

+Clρlθ +Cvρv (n− θ) +Cdaρda [n− (1− H) θ]

(113)

and887

E′41 =
1+ 2K0

3

[

E′411

∂e
∂σ∗
+ E′412

∂θ

∂σ∗
+ E′413

∂Hsl

∂σ∗

+E′413

∂
(

HsgHgl

)

∂σ∗
+ E′414

∂Hgl

∂σ∗

















,

(114)

where888

E′411 = cl (1+ e)−2
[

ρs

(

Hsl + HsgHgl

)

+ Hgl

]

(115)
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E′412 = cl

(

1− Hgl

)

, (116)

E′413 = cl (1− n) ρs, (117)

E′414 = cl (n− θ) , (118)

E′42 =E′411

∂e
∂pc
+ E′412

∂θ

∂pc
+ E′413

∂Hsl

∂pc
+ E′413

∂
(

HsgHgl

)

∂pc
+ E′414

∂Hgl

∂pc
, (119)

E′43 =
3

1+ 2K0
E′41, (120)

E′44 =E′411

∂e
∂T
+ E′412

∂θ

∂T
+ E′413

∂Hsl

∂T
+ E′413

∂
(

HsgHgl

)

∂T
+ E′414

∂Hgl

∂T
(121)

and

E′45 = (1− n) ρs

(

Hsl + HsgHgl

)

+ θ + (n− θ) Hgl. (122)

Appendix B: Coordinate conversion for the governing equations889

As an example, consider the transformation of the moisture mass balance

equation (15) from (ξ, t) coordinates to (z, t) coordinates. Inserting (8–11) into

(15) yields

∂

∂t
[

ρlθ + ρv (n− θ)
]

= −
∂

∂ξ

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ
+ ρlθvs

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ
+ ρv (n− θ) vs

]

.

(123)

Apply the transformation formula (1) and multiply both sides byM to get890
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∂ξ

∂z
∂

∂t

[

ρlθ + ρv (n− θ)
]

− vs
∂

∂ξ

[

ρlθ + ρv (n− θ)
] ∂ξ

∂z

= −
∂

∂z

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

]

−
[

ρlθ + ρv (n− θ)
] ∂vs

∂z
− vs

∂

∂z
[

ρlθ + ρv (n− θ)
]

.

(124)

The first term on the LHS and the second term on the right-hand side can be891

simplified using the product rule of differentiation,892

∂

∂t

[

ρlθ + ρv (n− θ)
∂ξ

∂z

]

= −
∂

∂z

[

−ρlkl
∂

∂ξ
(pc + pa + ρlgξi) − ρlDT

∂T
∂ξ

−D∗
∂ρv

∂ξ
− ρvka

∂pa

∂ξ

]

,

(125)

which is with the same as (49).893

Nomenclature894

a0, a constant used in calculating the density of the vapour at saturation

A, a constant used in calculating the hydraulic conductivity

b0, a constant used in calculating the density of the vapour at saturation

B, a constant used in calculating the mobility coefficient forthe pore air

b, soil body force, ML−2T−2

Cl, specific heat capacity of pore liquid in soil, L2T−2K−1

Cda, specific heat capacity of dry air in soil, L2T−2K−1

Cv, specific heat capacity of water vapour in soil, L2T−2K−1

Cψ, the temperature coefficient of water retention, K−1

cmt, mass of contaminants per unit volume of soil matrix, ML−3

cl, VOC concentration in the liquid phase
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cg, VOC concentration in the gas phase

Datm, the molecular diffusion coefficient of water vapour in air,L2T−1

D0, mass diffusivity of organic chemical in water, L2T−1

D∗, effective molecular diffusivity of water vapour, L2T−1

Dhg, mechanical dispersion coefficient of the gas phase, L2T−1

Dhw, mechanical dispersion coefficient of the VOC, L2T−1

Dlc, hydrodynamic dispersion coefficient for the VOCs in the liquid phase, L2T−1

Dgc, hydrodynamic dispersion coefficient for the VOCs in the gasphase, L2T−1

Di−n, molecular diffusivity for the binary pair, L2T−1

DT , phenomenological coefficient relating the water flux to thetemperature gradient, L2T−1oK−1

Dwm, molecular diffusivity of water vapour in a gas mixture, L2T−1

e, void ratio

e0, initial void ratio

PG, mass transfer coefficient of the geomembrane, L2T−1

g, magnitude of acceleration due to gravity, LT−2

gi, gravity acceleration vector, LT−2

h, relative humidity

hGM, thickness of the geomembrane, L

Kl, hydraulic conductivity, LT−1

ka, mobility coefficient for gas, L2TM−1

kl, mobility coefficient for liquid, L2TM−1

H, dimensionless solubility coefficient

Hi j (i, j = s, l, g), linear partitioning coefficients between the individualsoil phases

Hw, a constant in calculating the heat of wetting, MT−2

K0, earth pressure coefficient at rest
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L0, latent heat of vapourization, L2T−2

L, thickness of the CCL, L

M, Jacobian of a coordinate transformation

Mi−n, equivalent molecular weight, Mmol−1

mj( j = i, n), molecular weight for the gas component, Mmol−1

n, current soil porosity

n0, initial soil porosity

P, air pressure with units in atmospheres

pa, gauge pore air pressure, ML−1T−2

pc, capillary pressure, ML−1T−2

pcr, reference capillary pressure in the CCL, ML−1T−2

∆Q, maximum surcharge, ML−1T−2

qct, total VOC flux, ML−2T−1

ql, liquid water flux, ML−2T−1

qT , heat flux, MT−3

qv, water vapour flux, ML−2T−1

Rda, specific gas constant for dry air, L2T−2K−1

Rv, specific gas constant for water vapour, L2T−2K−1

RVOC, specific gas constant for VOC vapour, L2T−2K−1

S, VOC concentration adsorbed to solid phase

S′, specific surface of the material, L−1

Sl, degree of saturation

t, time, T

T, temperature increase, K

∆T, maximum temperature increase, K
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Tr , an arbitrary reference temperature, K

T0, initial temperature, K

vai, average air velocity, LT−1

vg, equivalent vapour diffusion velocity, LT−1

vli , average fluid velocity, LT−1

vs, solid velocity, LT−1

W, differential heat of wetting, L2T−2

y′n, the mole fraction of componentn in the gas mixture

z, material coordinate, L

Greek symbols895

ξ, spatial coordinate, L

λ, equivalent thermal conductivity of unsaturated soil, MLT−3K−1

λdry, thermal conductivity of completely dry soil, MLT−3K−1

λsat, thermal conductivity of fully saturated soil, MLT−3K−1

Γ0, superficial volume fraction of water in the surface layer

Γw, superficial volume fraction of VOC in the surface layer

γ0, surface tension of the VOC, ML−3T−2

γw, surface tension of a free-water system at the reference temperature, ML−3T−2

γm, surface tension of pore water in the presence of VOCs, ML−3T−2

σ∗, net mean soil stress, ML−1T−2

σ∗0, initial uniform net mean stress in the CCL, ML−1T−2

σl, lateral soil stress, ML−1T−2

σv, vertical soil stress, ML−1T−2
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ρda, density of dry air, ML−3

ρ0, density of vapour at saturation, ML−3

ρl, density of the pore liquid, ML−3

ρl0, initial density of the pore liquid, ML−3

ρs, density of the soil grains, ML−3

ρv, density of water vapour, ML−3

ρVOC, density of VOC vapour, ML−3

αk, a constant to calculate the hydraulic conductivity

αl, thermal expansion coefficient for pore water, K−1

αLg, longitudinal dispersivity parameter for the gas phase, L

αLw, longitudinal dispersivity parameter for the liquid phase, L

β, a constant used in calculating the mobility coefficient forpore air

βl, pore water compressibility coefficient, Pa−1

δ, a constant in calculating the heat of wetting, L

νm, the mass flow factor

τ, dimensionless tortuosity factor

θ, volume water content

θ0, initial volume water content

Ψ, capillary potential head, L

Ψ(Tr), the capillary pressure head at the reference temperature, L

Φ, heat capacity of the soil, ML−1T−2

φ, dimensionless association factor of a solvent

µa, dynamic viscosity of the pore air, MT−1

µw, dynamic viscosity of the pore water, MT−1

Ω, factor representing the tortuosity in calculating the dispersion coefficient of the VOCs in the gas phase
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Σv, sum of the atomic diffusion volumes for each gas component
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