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Abstract

We investigate lower and upper bounds for the blowup times of a system of semilinear
SPDEs. Under certain conditions on the system parameters, we obtain explicit solutions of
a related system of random PDEs, which allows us to use a formula due to Yor to obtain
the distribution functions of several explosion times. We also give the Laplace transforms at

independent exponential times of related exponential functionals of Brownian motion.
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1 Introduction

Existence and nonexistence of global solutions for semilinear parabolic equations was investigated
initially by Fujita [4], who proved that for a bounded smooth domain D C R?, the equation
ou(t,x)
ot
with Dirichlet boundary condition, where 5 > 0 is a constant, explodes in finite time for all
nonnegative initial values u(0,z) € L(D) satisfying [, u(0,2)(z)dx > A5, Here A > 0 is the
first eigenvalue of the Laplacian on D and 1 the corresponding eigenfunction normalized so that

[¢llgr = 1.

In a previous work [2] we investigated blow-up times of semilinear SPDEs of the prototype

= Au(t,z) +urP(t,z), =€ D,

du(t,z) = (Au(t,:r) + uHﬁ(t,x)) dt + ku(t,z)dWy, x€ D, (1.1)

with Dirichlet boundary conditions, where {W;} is a standard one-dimensional Brownian motion.
We obtained bounds both for the probability of finite-time blow-up of u(t,z), and for the prob-
ability of nonexplosion of u(t,z) in finite time. In case of K = 0, the bounds we found give the
result of Fujita quoted above. We refer to [2] for definitions of blow-up times, and for types of
solutions of SPDEs. In [2] it is also shown that the asymptotic behavior of (1.1) is determined to

a great extent by the distribution of the exponential functional

/t exp{KBW, — B(A + K%/2)r} dr.
0
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Functionals of the above form arise in many applications, specially in Financial and Actuarial
Mathematics [3, 6, 14] and have been investigated by different methods and by various authors
[1,3,7,8,9, 12, 13, 14].

From the results of [2] it follows that for initial values of the form u(0,z) = k¢(x), z € D,

where k > 0 is a parameter, the explosion time p of (1.1) satisfies o, < p < ¢*, where
t
oy = inf {t >0: / exp{kBW, — B(A + K?/2)r} dr > 1/(ﬁk:ﬁ||z/1||§o)} ,
0
t
o* = inf {t >0: / exp{kBW, — B(A + &%/2)r} dr > 1/(Bk" ([ *(z) dm)ﬁ)} .
0

Let us mention that the density of fg exp{kBW, — B(A +k%/2)r} dr, t > 0, can be obtained from
Yor’s formula ([14], Ch. 2 and [13], Proposition 2; see also [8]). The upper bound ¢* of g was
achieved in [2] by determining the blow-up time of a subsolution of Eq. (1.1), while for the lower
bound o, a scheme of successive approximations for the mild solution of (1.1) was used.

Our aim in this paper is to obtain lower and upper bounds for the blow-up times of the system

of semilinear SPDEs

dui(t,z) = [(A+V)ui(t,z) +ub(t, z)] dt + rui(t, ) AW,
dus(t,z) = [(A+ Va)ua(t,z) + ui(t,z)] dt + koua(t,z) dW;, x € D, (1.2)

with Dirichlet boundary conditions
u;(0,2) = fi(r) >0, z € D and wu;(t,z) =0, t>0, z€ 0D, i=1,2. (1.3)

Here p > ¢ > 1 are constants, D C R? is a bounded smooth domain, V; > 0 and x; # 0 are
constants, i = 1,2, and {W;}, is a standard one-dimensional Brownian motion defined on some
probability space (2, F,IP). As in [2], we are going to consider weak solutions of (1.2)-(1.3).
Below we are going to take the initial values of the form f; = k;3 for some constants k; > 0,
1 = 1,2. Also, we are going to set V; = A + K)? /2,1 = 1,2. These choices make it possible to
obtain explicit solutions of a related system of random PDEs, and to use Yor’s formula and some
extensions of it. Moreover, in contrast with the case treated in [2], the blow-up times of (1.2)
are finite with probability one; see e.g. [7], Prop. 6.4 and [9], Section 2. For general constants
K1, ko and p > ¢ > 1, we obtain random times 7., 7°* such that 7., <7 < 7**, where 7 is the
blow-up time of (1.2). Moreover, we show that the distributions of 7., and 7** are given in terms

of exponential functionals of the form
! t
A**(t) — / 6aWT A ebWT dr and A**(t) — / 6aWT V. ebWT dr.
0 0

By adapting a method of Jeanblanc, Pitman and Yor [5] to our setting, we obtain the Laplace
transforms of A**(0)) and A,.(0)) at random times 6, which are exponentially distributed with
parameter A, for any value of A\ > 0. From this we can derive upper bounds for probabilities of
the form PP{7 > 60,} for each A > 0.

The paper is organized as follows. In Section 2, we use a random transformation of System

(1.2) to obtain a related system of random partial differential equations which is useful to obtain



lower and upper bounds for 7. The special case when prko — k1 = gr1 — Ko =: p is dealt with in
Section 3; see theorems 1 and 2 below. In this special setting the relevant exponential functional
is of the form fot epWTdr, and the distributions of 7,4, and 7** can be obtained explicitly from
Yor’s formula. The semi-linear system without the condition prke — k1 = gK1 — K2 is studied in
sections 4 and 5; see theorems 3 and 5, and Corollary 4. We point out that Theorem 1 is in fact
a special case of Theorem 3 and its Corollary 4, and Theorem 2 is a special case of Theorem 5.
The reason why we treat the case of Section 3 separately is that the key points of the proofs of
theorems 3 and 5 appear more clearly and more simply in the proofs of theorems 1 and 2.

For a system of the form (1.2) with V3 = V5 = 0, similar results can be obtained for 7**.
However, in this case 7.4 is given in terms of the solution of a non-homogeneous random Bernoulli

equation for which we were not able to find an explicit solution.

2 A system of random PDEs

Let us define for ¢ = 1, 2,
vi(t,x) = exp{—riWi}u;(t,z), t>0, z€ D. (2.1)
By Ito’s formula,

t 2t
e W =1 — ni/ e FiWsqw, + 2’/ e FiWs (s,
0 0

Putting u;(t, ;) = [pui(t,z)p;(x) de, i = 1,2, where ¢, is any smooth function with compact
support, we get that a weak solution of (1.2) is given by

t t t
wilt, 1) = (0, 07) + / wi(s, (A + Vi)gy) ds + / WP (5, 07) ds + / wils, o) AW, (2.2)
0 0 0

where {j} = {1,2}\{i} and 8, = p, By = ¢q. By applying the integration by parts formula we get
that

viltp) = /D vilt, 2)p() da
t
= w0, 05) + / s duy(s, ;)
0
t (2
+ / Ui(Sa@i) <_Hiem‘Wdes + ?zemes ds) + [e*”iW‘,ui(-,soi)] (t),
0

where the quadratic variation is given by [e™"W- u;(-, ;)] (t) = —K? fg e FiWsu,(s, ;) ds, t > 0.

Therefore,

t
viltio) = vil0,05) + / vils, (A + Vi)r) ds
0

t 5, 2t
+/ e riWs (e”jWSvj) “ (s, ;) ds—2z/ efn’lwsuz‘(sa%)ds
0 0
t 12
= w0+ [ o (A V) - Futse]| ds (2.3
0

t
*/o e W (o)™ (s, 0,) ds.
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Hence, the vector (vi(t,x),va(t,x)) is a weak solution of the system

ov;(t, )
ot

whose integral form is

= (A +Vi— ’4312/2) vi(tax) + 6_Hth (eantUj(tvm))ﬁi ’ UZ'(O,ZU) = fl(x)’ 1= 17 27

¢
vi(t, z) = Vi DT () —i—/ e Vimr?/2T, {e*"‘th"“ (e"iWeru;(t -, ))6’] (x)dr  (2.4)
0

for t > 0, and ¢ = 1,2. Here {T}} is the semigroup of bounded linear operators given by
Tif(z) =E[f(X¢), t <7p|Xo=1], z €D,

for all bounded and measurable f : D — R, where {X;};>¢ is the d-dimensional Brownian motion
with variance parameter 2, killed at the time 7p at which it hits 0D. As above, we denote by

A > 0 the first eigenvalue of the Laplacian on D, which satisfies
AY(z) = —Ap(z), z € D, (2.5)

1 being the corresponding eigenfunction, which is strictly positive on D and 1|gp = 0. Recall
that Typ = e Map, t > 0. We are going to assume that 1 is normalized so that fD Y(x)de = 1.
We write 7 for the blow up time of system (2.4) when the initial values are of the form
fi = L(1)y and fo = L(2)% for some positive constants L(1) and L(2). Due to (2.1) and to the
a.s. continuity of Brownian paths, 7 is also the explosion time of system (1.2) with initial values

of the above form.

3 The case pry — K1 = K1 — K2

First we consider Eq. (1.2) with parameters

R,

2
?i, 1=1,2, and pre — K| =qK1 — Ko =: p. (3.1)

pzq>1, Vi=A+
We are going to find random times 7, and 7* which are given in terms of the exponential functional
A = f(f e®Wsds, t > 0, and such that 0 < 7, < 7 < 7*. The density function of A; is given
explicitly in [14], Section 4.
3.1 A lower bound for 7
We are going to obtain a random time 7 which satisfies 7 < 7.
Theorem 1 Assume conditions (3.1), and let the initial values be of the form

fi=L(1)¢ and fo = L(2)y (32)

for some positive constants L(1) and L(2). Let 7 be given by

. [ . 1 1
T*‘mf{tzo‘/o eptpbdr = mm{@—w1<1>||w||%201’<q—1>m1<2>||w||201}}'

Then 7 < T.




Proof. Let v; and vy solve (2.4). Then we have

t
nlts) = M)+ [ AT [ o (r, )] dr
0
t
va(t,z) = eMTyfo(x) +/ AT, [e”Vrol(r,x)] dr, €D, t>0.
0

We define the operators Ry, Ry by
t
Riv(t,z) = eMTfi(z)+ / ePWr A=) (T, v)P dr,
0
t
Rov(t,x) = eAtthg(ac) ~|—/ ePWr eAlt=) (Ty—pv)¥dr, z€D, t>0,
0

where v is any nonnegative, bounded and measurable function. Moreover, on the set t < 7, we
put
1

=

eATTTfl Hgl dr} ,

By(t) = [1—@—1)/;6%

Bo(t) = [1—((1—1)/:6’% eArTrszzoldr]_

Then we have

dBi(t)
dt

= Wit e=DAL I p |PoE BP(1),  Bi(0) =1,
hence

t
By(t) =1+ / Ve @-DAT T 121 BE () di,
0

and similarly,

t
Ba(t) =1+ / ePWrt @A T 1971 B (1)
0

Let us choose v > 0 such that v(t, z) < eMTf1(z)B1(t) for x € D and t < 7. Then eMT, fi(z) <
Riv(t,x) and

¢
Riv(t,z) = eAtthl(ﬂs)—l-/ ePWrA(t=T) (Ty—rv(r,z))P dr
0

t
< M fy(z) + / ePWrtAED By (= 1ATe=D | T f1[[251 By ()N Ty (T f1) () dr
0

t
— Mg 1 pWr
e tfl(x)|: "‘/0 €

= eAtthl(l').Bl(t)a

eATTrfl Hio_l Bf(r) dr

and similarly,
eMT fo(2) < Roult, ) < M, fo(x)Ba(t)

for all u such that 0 < u(t,z) < eAtthg(x)ﬁg(t). Let us take, for z € D and 0 < ¢ < %,
ul(t,2) = M fi(x),  ul(tx) = M fo()

and
ugn) (t,x) = Rluén_l) (t,x), ugn) (t,x) = Rgugn_l)(t,x), n> 1.



We are going to show that the function sequences {ugn)}, {ugn)} are increasing. As a matter of
fact,

©) At L WA ©) 1, )" 0 (1)
uy (¢, z) < e fi(z) +/ ePWrtA(t=r) (T,g,Tu2 (7, :L‘)) dr = Ryuy ' (t,z) = uy’ (¢, ).
0

Now assume that ugn) > ugn_l) and ugn) > ugn_l) for some n > 1. Then

ugn—i-l) _ Rlugn) > :Rluén—l) _ ugn),

where we have used the monotonicity of R; to obtain the above inequality. In the same way is

proved the monotonicity of the other sequence. Therefore the limits

vi(t,x) = nlLrglo ugn) (t,x), wvao(t,x) = nh_)rgo ugn) (t,z)

exist for x € D and 0 <t < %. In virtue of the monotone convergence theorem we obtain that

vi(t, ) = Ryva(t, ), wvo(t,z) = Rovr(t,z), €D, 0<t<m,

and moreover,

At

T;
'Ul(tax) S te tfl(x) ) %7
L= (=) fy e AT a2 ar] ™

At

T,
va(t,z) < e Tifa(z) —.

(1= (= 1) Jy e leM T, o2 dr]
The assertion follows by choosing the initial values according to (3.2). |

Remark Notice that for general bounded, measurable and positive f;, ¢ = 1,2, the blow-up

time of (1.2) is lower-bounded by the random time

t t
inf {t >0 / PVl eA T f P dr > (p—1)7 or / PV | T fo|| 95 dr > (g — 1)1} ,
0 0

which coincides with 7 when the initial values satisfy (3.2).

3.2 An upper bound for 7

We now set ¢; =9 and V; = A + £2/2 in (2.3), i = 1,2, thus obtaining the system
t
Ui(ta ¢) = Uz(ovw) +/ e—HiWs' (enngvj)ﬁj (571/]) dSa 1=1, 27 (33)
0

where (e“fWSvj)’Bi (s,0) = [p [e"‘jwwj(s,x)]’gi Y(z) dz and B, = p, By = ¢q. By Jensen’s inequal-
ity,

7

&ﬁmwa&WZLL@%mw@waﬂdr = /e (s, )%,
which gives

[ t’ —K; K . — K KA . . . .
&éﬁwzelm(ﬁ”mwmwﬁ)=elm”~mwmww,Zsz je {120}
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In this way, v;(t,v) > h(t), ¢ = 1,2, where

dhy(t) — Wiy (t)P dha(t)

dt dt
and p = pra — k1 = qr1 — k2. We define E(t) = hi(t) + ha(t), t > 0.

= ethhl(t)qv hl(o) = ,UZ'(O7 d})) 1= 1; 2, (34)

Theorem 2

1. Assume that p=q > 1. Then 7 < 7%, where
t
7% = inf {t >0: / e”Ws ds > 2P(p — 1)_1E1_p(0)} .
0

q

2. Letp>q>1, andlet Ay = 21 (g) " and eg = 1A (ha(0)/AY HP=IN(279E(0)7/ Ag) PP
Assume that

_p_
27q60Eq(0) > ESﬂZ Ap. (35)

Then T < 7*, where

t
7" = inf tZO:/e”WSdSZ 1 0 )
0 (g —1)EI1(0)[279¢) — e/ " Y AgE—1(0)]

Remark Notice that (3.5) follows from the condition [, fi(x)y(x) dz > Aé/q, i=1,2.

Proof. Suppose first that p = ¢ > 1. We get from (3.4) that

dE(t)

= () (D). (3.6)

By substituting y = hy/hg into the inequality 1 + y? > 27P(1 + y)P, which is valid for y > 0, we
obtain
hl(t)>p - ( hl(t))p
1+ >27P 1+ ,
<h2(t) ha(t)
hence hY(t) + hbh(t) > 27P (hy(t) + ha(t))? . Plugging this into (3.6) leads to the differential in-
equality

dE(t)
dt
Thus, E(t) blows up no later than the solution I(t) of the equation

> ePWo P EP(1).

dl(t)_ pWto—p 7D =
W_ew IP(t), I(0)= E(0),

whose explosion time is given by

t
7% = inf {t >0: / e”Ws ds > 2P(p — l)lElp(O)} .
0

Now we assume that p > ¢ > 1. We want to lower-bound the solution components of
system (3.4). Our approach to achieve this is an adaptation of the method used in [10], where a

deterministic system similar to (1.2) was investigated.



Let us recall Young’s inequality (see e.g. [11]). Let 1 < b < ooand § > 0, and let a = b/(b—1).
Then

59 5—byb

+ b

From Young’s inequality (3.7) it follows that for any ¢ > 0,

xy < x,y > 0. (3.7)

hE(t) > ehd(t) — e7-a Ap. (3.8)

Indeed, (3.8) follows from (3.7) by setting b =p/q, y = hd(t), z =€, § = (p/q)Q/p, and using that
q < p. We also have
_pb
€0 hQ(O)q - Eg_q Ay > 0. (39)

In fact, if ¢ = 1 then 1 < (hg(())/A(l)/q)p_q, which immediately gives 49 < h1(0). If ¢ =

(h2(0)/Ag/ ")~ then eoh(0) — /"™ Ag = (h5(0)/AF'")-0 = 0, and if €9 = (271E1(0) /Ag)?~ 9/

we obtain

 2799(0)
Ao

i

() 040

which together with the inequality (Ag/(279E%(0)))?/? > Ag/h%(0), render that the expression in
brackets is lower-bounded by zero.
It follows from (3.4) and (3.8) that

eohd(0) — eg/(p_q)Ao

_p
dhl(t) Z eth [thg(t) _ 60qu0:| ’
dt
and therefore JE( ,
di ) > ePWt [h(f(t) + eohd(t) — 6[§HIA0:| . (3.10)

Setting y = e(l)/qhg(t)/hl(t) and using again the inequality 1+ y? > 279(1 + y)9, we see that

RI(t) + eohd(t) = hI(t) [1 + (el/q h2(t>>q] > 94 (hl(t) n eé/qhg(t))q > 979¢ B4(1)

O ha(t)
because €y < 1. Plugging this into (3.10) renders
dlflit) > ePWe [2—‘1603"1(1:) — eg%q AO} . (3.11)
Due to assumption (3.5) we get E(t) > E(0) > 0 for any ¢ > 0. Moreover, (3.11) transforms into
%qu)) > e/t [2460 — % dt (3.12)
which gives
ETNt) > ET(0) (3.13)

1—(¢—1)E71(0) [2—q60 _ Eg/(p_q)AOE_q(O)] IS ePWads

In this way E(t), and therefore (hi(t), ha(t)), is going to blow-up earlier than the random time

T* given by

1
(¢ — 1)E11(0) [Q—QEO _ 6Ié/(p—q)AOE_q(O)]

t
7% = inf tzo:/ W ds >
0



4 A more general case

In this section we consider system (1.2) under the assumptions p > ¢ > 1 and V; = A + k2/2,
i =1,2. Let us again write 5; = p, 5 = q and j € {1,2}\{i}. We have from (2.4)

t
0

Theorem 3 Assume that p > q¢ > 1 and V; = A + k2/2, i = 1,2, and let fi = L(1)¢ and
fo = L(2)¢ for some positive constants L(1) and L(2). Let Ty be given by

t
Tex = inf {t 2 0: / e(pﬁ2*N1)WTdT 2 1 —
’ (= DL DY)

t
or / elam—r2)Wr > ! — }
0 (¢ — DL (2)[¥]|&

Then Ty < T.

Proof. Let us define, for i = 1,2,
t
Riv(t,) = ATifi(a) + [ e (o))
0

and
-1/(8;-1)

t
Bi(t) = [1 S [ T
0
Proceeding in the same way as in the proof of Theorem 1, we get that
Ul(t7x) = RIUZ(t7$)7 ’Ug(t,.’lf) = jz2'U1(tax)

as long as t < 5, and x € D. Moreover,

At g,
vi(t, ) < i fi(w) -
(1 (B; = 1) fy eV W A 02 ] 7
= L)y (x)
- 1
|:1 - (/Bl — 1)L(i)5¢—1”¢”€é—1 f(;‘, e(ﬁinjfm)WTdr] B;—1
by our choice of f; and fs. .

Corollary 4 Let the random time 7' be defined by

t
7 = inf {t >0: / max {e(p”*’“)WT,e(q"‘r’”)WT} dr
0

. 1 1
- { (- DI Wl (o= DI @] }} |

Then 7 < Ty



In order to obtain an upper bound for 7 when p > g > 1land V; = A + ﬁ?/Q, i=1,2, we first
notice that a sub-solution for Eq. (3.3) is given by the solution of

dh;t(t) — €(pnz—n1)Wth2(t)p, dh;t(t) = e(qu—HZ)Wthl (t)q’ hi(()) = Q}i(O’ ¢), 1=1,2. (4.1)

Working with system (4.1) as we did with (3.4) in the proof of Theorem 2, we get that

_pP_
B 5 i [, o) [omscy ) — 7 g

and in case of p = g,

dE(t)
dt

> min {e(p’”_”l)w’f, e(pm_M)Wt} 27PEP(t),

which can be handled using the same method as in the proof of Theorem 2.1. In this way we

obtain the following result for the explosion time of system (1.2).

Theorem 5 Letp > q > 1.
1. If p=q then 7 < 7%, where

t
7 = inf {t >0: / min {e(p”T”l)WT, e(p’“f'”)WT} ds > 2P(p — 1)1E1p(0)} .
0
2. If p > q and (3.5) holds true, then T < 7** where
t
™ = inf {t >0: / min {e(p’”_"””l)wﬁ e(qm_’”)w’”} dr
0

1

>
(4= 1)E-1(0) [27960 — e/ P~ 49 E-1(0)

Remark Setting ¢ > 0 and

((q — 1) ET1(0)[2 % — €/ (p*@AOE—Q(O)])_l . ifp>gq,
M = (4.2)

2°(p — 1)~ E1=P(0), ifp=gq,
we get
t
P{r* >t} = IP{/ min {e(p’”*’“)WT,e(q”r”?)WT} dr < M}
0

_ IP{e_ Jy min{er2=r0)Wr elar1—r2)Wr} gy > eiM}

[ il ]

IA

’

where we used Chebyshev’s inequality. A similar estimate for the distribution function of 7., but
involving the functional fot max {e(p’”_”l)w"", e(q"“l_””?)W*} dr, can be obtained using that 7/ < 7.,.
The Laplace transforms of the random functionals f09 max {eaWT, ebWT} dr, foe min {e“WT, ebWT} dr
where 6 is an independent exponentially distributed time and a > 0, b > 0 are constants, are

given in Theorem 7 below.
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5 The Laplace transform of a Brownian motion functional

Let a,b € (0,00) be given constants, and let F' : IR — (0,00) be the locally bounded function
defined by
F(Z) = e“zl[om)(z) + €bzl(,ooyo)(2:).

Hence,
F(z) = min{e®, eb*}, %f a <b,
max{e®, e}, if a > b.

We want to investigate the functional of Brownian motion A!" defined by

t t
Alelmw@¢y3£(&qu@amy+&%1kwmwn0d& (5.1)

Let 6j, be an exponentially distributed random variable of parameter k, independent of {W},
and let gg, (w) be the last zero of W (w) before (w). Our first aim is to calculate the Laplace
transform of AFk , which follows from a simple adaptation of the approaches in [5] and [14]. In

fact, as in [5] we can write
IE [exp {—Agk}] =E [exp {—Ag)k H E [exp — {.Aé; — .Ag;k H , (5.2)

and substituting A\F' instead of F' in the above equality, where A > 0, we get an expression for
the Laplace transform of Agk in terms of the two expectations in the RHS of (5.2). Let {¢;} be
the local time at 0 of {Ws}, and

Ts:=1inf{t > 0: ¢, > s}

the inverse local time. Using formula (2.4) in [5] we obtain that

E [eXp {—Agk }] - k:/ooo dlTE [exp— {k;n + Afl}] . (5.3)

From Corollary 3.4 and Theorem 3.1 in [5] we know that for general F,

E [exp — {k;n + AL H = exp {; (@) (k,0) + é (@) (k, 0)} , (5.4)

where ®%'(k,t) =: u(k,t) is the unique bounded solution of the Sturm-Liouville equation

L (B Yo voy=1
2 - 2 9 - Y
and Fy := F|r,, F_(2) := F(—z), 2 > 0. In our case

Fi(z)=e¥ and F_ (2)=e¢ %, 2z22>0.

The remaining expectation in the RHS of (5.2) can be written as

E [exp {—Ag; — Al }] - ];/Ooo dt [®F (k, t) + 7 (k,1)] ; (5.5)

11



2 2
see [5], Corollary 3.2. We are going to calculate the functions <I>%F+(k‘, t) and - (k,t) in our

special setting. The Sturm-Liouville equation corresponding to ’\72F+, A >0, is given by

1 " k2 )‘2 at
§U (a,k,t) = ) + 5e U(a,k,t), U(a,k,0)=1. (5.6)

When a = 2 we can use Yor’s solution of the previous equation, according to which

Kk()\et)
Ki (M)

2
U2,k t) = = &% (&, 1), (5.7)

where K, is the usual modified Bessel function with index v. When a # 2 we solve (5.6) by
means of a change of variables. We set t = 2s/a and for simplicity denote U(a, k,t) by v(k,t).

1 2 k2 N2 2
52}22 <k‘, ;) = <2 + 2628> v (k, ;) , v(k,0)=1,

Then we have,

and J )
S a a
v =uiz = 2ol = (3) ol

Therefore,

la® , 2s k2 N2 9 2s

-z 22 ) = [ 2o 4 22 k22

2458<’a> <2+26 \"a )
or

1, 25\ [2k%  2)\% ,, 2s
2vss<k,a>—<a2+a2e vk,a .
Putting w(k,s) = v(k,2s/a), we get w'(k,s) = (2/a)v'(k,2s/a) and (w”)%(k, s) = 5" (k,2s/a).

Hence, w satisfies

1a? 2k 27
§Zw”(k,s) = <a2 + ?62 ) w(k, s),
and ) )
1 8k 8\
iw”(k, s) = <a4 + a4625> w(k, s),

which is the equation (5.6) with a = 2 and new constants k and A. Thus, by (5.7), w has the

form
Kk’ ()\’et) 4k 41

ith k' = —, N =—
Kk-/()\l) w1 a27

W(k,t) = a2’

and therefore
Ky /a2 (4/\e“t/2/a2)

A;F*' = =w(k,a =
T (k,t) = v(k, t) = w(k, at/2) Foarrur (D)

2
To calculate & - we proceed in the same fashion, but now using the fact that the corresponding

Sturm-Liouville equation (for a = 2) has as solution

Ik()\e_t)
U2,k t) =0 (kt) =22 ¢>0,
(2uht) = 0 (k1) = 525
where I, is the other modified Bessel function. Hence,
2 I AP/ [b?
T (k,t) = o ( ) iso

L2 (4N/07) 7
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We now continue with the development of (5.4). We recall from [14] (pag. 131) that
AKp1(A) = =AK,(A) + kKi(A)  and M1 (\) = ML (N) + kI(N), (5.8)
2 2
where the derivatives are with respect to A\. The derivatives of o P (k,t) and % - (k,t) at the

point t = 0 are given by

Y Ky e (40/a?) (0/2) (40 /a?)
<‘I”F>t<’“0) - Ronya (0] a2)

Q 4k/(a2) B K%+1(4)\/a2)
a \4\/(a?) Ky a2(4\/a?)

a4k (@)K (4N/a)
2\ a2 Kyj a2 (40 /a?) ’

where in the last equality we used (5.8). In a similar way,

(<p> T (NP (/2)(AN) <<4A/b2>f4k/b2_1<u/bz> ) 4k> |

t(k’ 0) = Ly 2 (4N/02) D) L2 (40 /62) b2

Substituting the two expressions above into (5.4) we obtain the following.

Lemma 6 For all a,b € (0, 00),

k2 L. !
IE |exp — ?TH—?ATZ =expy 5 R(a,\kE) + S(b,\k)) ¢,

where
4 4 4 4
2o K a (*) 3 La (7)
a a? =5+1 \a 4k b 4k b2 S—1\b
Rla,\M k)=~ | —*———+——— | and Sb\k)==|—5— —2—F7— 5.9
@b =5 | Ty a0 =5 | 3~ (5.9)
a2 @ b2
Putting together (5.2), (5.3), (5.5) and Lemma 6 we get the following formulas.
Theorem 7 Let a,b € (0,00). The Laplace transforms of Ag;k and Agk are given by
B e T4, | - k/oo exp d — L (R(a, A k) + S(b, A, k) b dl = 2k (5.10)
—, P T2V 7 " R(a, M)+ S0, NE)
and
’\2AF k2 0o K47k- (%‘6%> I% (%\e%’)
]E[eZ ak} = / 2 L4 2| da, (5.11)
R(a,\, k) + S(b, X\ k) Jo K (%) Iy (32)
a b

where R(a, A\, k) and S(b,\, k) are given by (5.9).

Corollary 8 Let 0y be an exponentially distributed random wvariable of parameter k > 0, inde-
pendent of {W;}, and let P := min{pka — K1,qr1 — K2} and Q := max{pra — K1,qr1 — K2} be
strictly positive. Then,

k2eM

o P
(P, \/i k) + S(Q,\/Z k) /0 K (ﬁ) Im (Q)

Pir>0.1<
{r > k}_R

where M is given by (4.2), and R and S are given by (5.9).
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Proof. From the definition of 7** (see Theorem 5) we know that for any s > 0,

P{r > s} <P{r** > s} = P{AF < M},

where AL is given by (5.1) with a = P and b = Q. Using Chebyshev’s inequality as before we get
P{AL < M} < eME [exp{—AL'}]. The result follows from (5.11), putting A = v/2 and s = 6;.. B
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