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Abstract

Let F be a number field, 7 an irreducible automorphic representation of GL, (F)\G L (Af) with
unitary central character, and y a Hecke character of analytic conductor Q. We are interested
in bounding L(1/2,7 ® y) in terms of Q.

If 7 is cuspidal, then we get a Burgess-like bound as L(1/2,7 ® y) < Qz 81-20)+¢

, where
0 = 0 < 1/2 is any exponent towards the Ramanujan-Petersson conjecture. The implicit
constant depends polynomially on the analytic conductor of 7.

If 7 is the unitary Eisenstein series representation induced by the trivial character, then we get
L/2,m®y) < Q%_ﬁ(l_za)”. As a consequence, we get a subconvex bound for the L-function
L(1/2,y) < Qi~2a(1-200+¢

The proofis based on an idea of unipotent translation originated from P.Sarnak then devel-
opped by PMichel and A.Venkatesh, combined with the method of amplification.

Key Words: Automorphic Representation, Automorphic L-Function, Subconvexity






Résumé

Soient F un corps de nombres, 7 une représentation automorphe irréductible de GLy (F)\GL2(AFR)
admettant un caracteére central unitaire, et y un caractéere de Hecke avec conducteur analytique

Q. Nous nous inéressons a borner L(1/2, 7 ® y) en fonction de Q.

Si 7 est cuspidale, alors nous obtenons une borne du type Burgess comme L(1/2,7® y) <
Q%’%(l’zg”e, ol1 0 < 6 < 1/2 est un exposant vers la conjecture de Ramanujan-Petersson. La
constante implicite depend polynomialement en le conducteur analytique de 7.

Si 7 est une représentation de séries d’Eisenstein unitaire induite par les caracteéres triviaux,
alors nous avons L(1/2,1® y) < Q%_ﬁ(l_zg)”. Par conséquent, nous obtenons une borne de
sousconvexité pour la fontion-L: L(1/2, y) < Qi_i(l_zg)“.

La preuve est basée sur une idée de translation unipotente provenant originalement de
PSarnak, ensuite développée par PMichel et A.Venkatesh, combinée avec la méthode d’ampli-

fication.

Mots-Clés : Représentation Automorphe, Fonction-L Automorphe, Sous-convexité
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Introduction

0.1 A BriefIntroduction to the Problem of Subconvexity

Generally speaking, the type of problem we are interested in is the subconvexity of Ranking-
Selberg L-functions, particularly for GL, x GL;. More precisely, let F be a number field with its
ring of adeles A. Fix an automorphic representation 7 of GL,(A). We know that 7 = ®/,7, asa
restricted tensor product of unitary irreducible representations 7, of GL,(F,). Let y vary over
Hecke characters of F*\A*. The analytic conductor of y is denoted by C(y) = C(y)C (0,
where C r(x) is the usual conductor of y, and C(y) is formed from the parameters of y at
infinite places. We can form the Rankin-Selberg L-function L(s, 7 x y) initially defined for
Rs > 1 as an Euler product. Similar properties hold for L(s,y). They can be analytically
continued to all s € C. Furthermore there is a functional equation linking L(s,7 x y) (resp.
L(s,y)) to L(1 - s, x ¥) (resp. L(1 —s, ¥)), which implies the convex bounds

L(1/2,7 x x) <e.pn CONY2TE,L(1/2, 1) <er CY4E, Ve > 0.

The generalized Lindeldf hypothesis, which is a consequence of the generalised Riemann
hypothesis, implies that we can replace 1/2 by 0 in the above estimation. Any bound in
between as

L(1/2,7 x x) <e.px COPY20 Ve >0 0.1.1)

for some constant 0 < 6 < 1/2 is a subconvex bound.

When F = Q, & is cupidal with trivial central character, and 7, is a discrete series represen-
tation of GL, (R), there is a unique modular form f € Si.(N) for some k, N € N, which is also a
newform and Hecke eigenform, generating = and having Fourier expansion at infinity as

F@=Y Apmn'T " As(1) =1,z € C,3(s) > 0.
n=1

Assume that the image of y is finite, thus y comes from a Dirichlet character still denoted
by x:(Z/dz)* — C! for some integer d > 0. Then C(y) = Cr(p) = d, and the L-functions are
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defined by

o ] (o)
Lis,txy)=L(s,fxx)=). %,L(s,x) =) %,%(s) > 1.
n=1

n=1

The analytic continuation and functional equation are then classical. Historically, certain
bounds are critical. When y = y i.e. d = 1, Weyl obtained in [34]

LA/2+iT,50) = ((1/2+iT) < |7|H/471/12%e
i,e.6=1/61in(0.1.1). When d # 1, Burgess in [3] obtained
L(1/2+iT,y) <er |d|V/A71/16%€ (0.1.2)
i.e. 6 = 1/8 in the level aspect of (0.1.1). Similar results for L(s, f x y) can be found in [16]
LA/2+i7, f x ) < g |TI2|d|} /271220
and in [5]
LQ/2+1T, f x )) ¢ p |72 d| 271 Be, (0.1.3)

The generalisation to number fields in the level aspect of the above results for 7 cuspidal was
obtained by Venkatesh in [33]

1 (1-20)2

L(172,7t x ¥) K¢ Fn,Coy) Cr(x)2™ 147120

+€
and by Blomer and Harcos for totally real F in [6]

L(1/2,7t % ¥) K¢, F,Co(y) Cf(x)%—%(l—ze)u.

Here and in all the following, 0 is any constant towards the conjecture of Ramanujan-Petersson
(@ = 0). We can take 6 = 7/64 thanks to [4]. In their joint paper [28], Michel and Vankatesh
gave a hybrid bound as (0.1.1), with § uniform in all aspects.

0.2 AnApplication

Besides of being a consequence of the (generalized) Riemann hypothesis, the subconvex-
ity problem is intimately related to various problems of equidistribution among which we
mention one problem of Linnik. Let g be a ternary positive definite quadratic form with
coefficients in Z. For a positive integer d, define

Rq(d)={(a,b,c) €2’ | gla,b,c) = d}, Vg1 R) ={(x,,2) eR®| q(x,y,2) = 1}.



0.3. Statement of the Main Results

1

We say that d is representable by q if % ,(d) # @. We ask if = 2 4(d) is equidistributed as
|

d — co among representable integers. We adelize this problem by introducing the quaternion
algebra B associated with g. We then define the algebraic group G = PB*. To each d, we
can associate a torus T = T; c G such that the above Linnik’s problem is translated into the
equidistribution of T;(@Q)\T;(A) inside G(Q)\G(A) all projected to some quotient by some
compact subgroup of G(A). The Waldspurger’s formula

B L(1/2, 7"\ L(1/2,7" x xq)

If e(t.g)dt® = o (Wons T 80)
T(F)\T(A) § CF l:[ v ey Lv, 8v

then relates the problem to the subconvexity of L(1/2,7" x y,), where 7’ is the Jacquet-
Langlands lifting of the automorphic representation = of G(A) which contains the pure tensor
e, and y 4 is the quadratic Hecke character associated with the quadratic extension QWad) Q.
In particular C(y4) = C¢(xq) = d. The product of local terms a, (W, ,, Ty, g») decreases as
|d|~'/?. Therefore the convex bound is not sufficient for this application, and the subconvex
bound as in [33] is already good enough. For more details, please consult [15].

0.3 Statement of the Main Results

Let , my, my be generic automorphic representations of G(A) = GL,(A), where at least one
of m1, 7, is cuspidal. Let y be a Hecke character. Denote by C(x) (resp. C(y)) the analytic
conductor of 7 (resp. ¥).

Ph. Michel and A.Venkatesh in [28] solved the subconvexity problem for GL;. In fact, the main
result of that paper is the existence of some § > 0 such that

L(1/2,7) X 72) Kpen, Clz) 4704 Ve > 0.

That is to say, if one fixes 1, then we have subconvex bound for L(1/2,7, ® n3) as C(r,) tends
to infinity. As a preliminary result, they also obtained the following subconvex bound

L(1/2,7 % 1) <pex CoY270%€ ve > 0.

The main result is to give an explicit value for ¢.

Theorem 0.3.1. For any cuspidal automorphic representation n of G(A) and any Hecke char-
acter y of analytic conductor C(y) = Q, we have

L/2,w®)) <pen QV270% Ve>0

with

Note that under the Ramanujan-Petersson conjecture (8 =0), 6 = 1/8.
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Remark 0.3.2. This bound, when 6 =0, is called a Burgess-like bound in view of (0.1.2). The
best known value 6 = 7/64 is due to Kim and Sarnak in [25] over Q, and to Blomer and Brumley
in [4] over an arbitrary number field.

Remark 0.3.3. In [7], Blomer, Harcos and Michel first established such a Burgess-like bound in
the level aspect for F = Q. It was then generalized in [5] and [6] by Blomer and Harcos to any
totally real number field F. Theorem 2 of [5] (0 = 1/8) is the best bound for F = Q in the level
aspect. In the case F = Q and y is quadratic, 6 = 1/6 was obtained by Conrey and Iwaniec as
Corollary 1.2 of [14].

Another result is

Theorem 0.3.4. Let y be a Hecke character of A with analytic conductor C(y) = Q, we have
L(1/2,7) <pe QY470 e >0

with

0.4 Plan of the Thesis

Chapter 1 is concerned with some technical but fundamental aspects of the proof of Theorem
0.3.1:

In Section 1.1 we provide notations and conventions. In Sections 1.2 to 1.4 we recall how
Hecke’s theory can be extended from K-finite vectors to smooth vectors. In Section 1.5 we
discuss Whittaker models and their norms. In Sections 1.6 and 1.7, we discuss various forms
of the spectral decomposition of automorphic functions. In Section 1.8 we use results from
the Section 1.5 to construct and study local test vectors to be used in the sequel. In Section 1.9
we discuss the decay of matrix coefficients of automorphic representations.

Chapter 2 complements the technical aspects needed for the the proof of Theorem 0.3.4:

In Section 2.1 we recall Hecke-Jacquet-Langlands theory of L-functions in the case of the
Eisenstein series which concerns us. In Section 2.2 we generalize results from Section 1.7 to
all compact reductive groups. This is practical for giving Sobolev inequalities on homoge-
neous spaces of such compact groups. In Section 2.3 we study the intertwining operator in
unitary principal series representations. This will be used to control the constant term of our
degenerate Eisenstein series.

The proofs of the main results are outlined in Chapter 3. In Section 3.1 we start the proof of
Theorem 0.3.1 by first giving the intuition, then setting up the amplification method. We split
to two sorts of arguments: local ones and the global one. Then we give more details for the
global argument by stating all intermediate lemmas. Note that most of the lemmas are stated

4



0.4. Plan of the Thesis

without proof. The details of proof follow in Chapter 4,5. In Section 3.2 we extend our method
to treat the case of the Eisenstein series from 7(1,1). This follows exactly the discussion in
Section 5.1.7 of [28]. In particular, it uses twice the argument given in Section 3.1.

Chapter 4&5 complement the discussion in Section 3.1. In Chapter 4 we deal with the local
arguments and prove Proposition 3.1.1. In Chapter 5 we conclude the proof by putting local
estimations into the global arguments.

Chapter 6 complements the discussion in Section 3.2. Section 6.1 presents our method of
smoothly truncating an Eisenstein series and gives a bound of the Sobolev norms of the
truncated function in terms of the height of truncation. Section 6.3 generalizes the machinery
of treating contribution from constant terms of Section 5.2.

A suggested order of reading the paper is as follows: Chapter 0 - Chapter 1 - Section 3.1 -
Chapter 4 - Chapter 5 - Chapter 2 - Chapter 6 - Section 3.2.

The difference in methods between this paper and [28] is explained in Remark 3.1.11.






1] Preliminaries: Cuspidal Case

1.1 Notations and Conventions

From now on, F is a number field of degree r = [F : Q] = r; +2r», where r; is the number of real
places and r» is the number of complex places. Vr is the set of all places of F. For any v € Vg,
F, is the completion of F at the place v. A = A is the adele ring of F. A* is the idele group.
We fix once for all an isometric section Ry — A™ of the adelic norm map |-|: A* — R,, thus
identify A* with R, x A where A is the kernel of the adelic norm map. We'll constantly
identify R, with its image under the section map. Let Fo, = H F, and Fécl,) be the subgroup of

v|oo

F}, of adelic norm 1. A is the subring of finite adeles. A; is the unit group of A¢.

We denote by v = Hw,, the additive character v = yg o Trg/g, where g is the additive
v

2mix

character of Q\Aq taking e on R. At each place v € Vg, dx, denotes a self-dual measure

w.r.t. ¥,. Note if v < oo, then dx, is the measure which gives the ring of integers G, of F,

the measure q;d”/z, where g, is the cardinal of the residue field of F,, and H q,‘f” is the
v<oo
discriminant of F. We set v(y) = —d,. Define dx = H dx, on A. The quotient measure

veVg

on F\A has total volume 1 (c.f. Proposition 7 [26] Chapter XIV). Define for s € C, if v < 0o
(o(s) = A =g, if vis real {,(s) = Tr(s) = n*'?T'(s/2), if v is complex {,(s) = I'c(s) =

dx
2(2m)~°T'(s). Take d™ x, = ¢, (1) ﬁ as the Haar measure on the multiplicative group F,f, and
Xy

d*x =[] d" x, as the Haar measure on the idele group A™. If y is a character of F,, (resp. A*),
v

define the real part of y to be the real number R(y) satistying |y (2)| = III?(X), Vte F, (resp.

ly (O] =1t120 Ve AX).

Unless otherwise specified, G = GL, as an algebraic group defined over F. Hence G, =
GL,(Fy). If v is a complex place, then K, = SU,(C); if v is a real place, then K, = SO2(R);

. u 0 N 1 x
if v < co then K, = G(@,). Z,,:{z(u):(O ):ueFU}, NV:{n(x): 0 1 :xeF,,},
u




Chapter 1. Preliminaries: Cuspidal Case

0
Ay=1ay = (i)j ) :y€eF, } If v|oo, we denote their Lie algebras by 3, n,, a,, the Lie algebra

of K, by ¢, and the Lie algebra of G, by g,. We also write B, = Z, N, A,. If g, € Z,N,a(y)K,,
!/
define the local height function H,(g,) = |yl,. For g = 1_[ gy, define the global height func-
v
tion H(g) = HH,,(g,,). The probability Haar measure on K, is dk,. Z,(resp. N, resp. A,)
v

is equipped with the measure d ™ u (resp. dx resp. d”* y). Consider the Iwasawa decomposi-
tion G, = Z, N, A,K,, a Haar measure of G, is given by dg, = d  udxd” y/|yl,dk,, which in
fact gives K, < G, the measure q;d” for v < co. View Z,\G, as N, A, K,, equipped with the
measure dg, = dxd” y/|y|,dk,. The center of G(A) is Z = H Z,. Denote A = HA,,. The

veVg v

quotient group Z\G(A) is equipped with the product measure dg = ]_[ dg,. The quotient

veVr

measure on X (F) = ZG(F)\G(A) is also denoted by d g, with total mass Vol(X(F)). K = H K,

veVgp

is equipped with the product measure dk = [ [ dk,. Write Ko = [| K, and Kp = [] K.
v

v|oo V<00

Given a Hecke character w, L*(G(F) \G(A),w) is the space of Borel functions ¢ satisfying

Vye GF),p(yg) =¢(g);Vze Z,¢p(zg) = w(2)p(g);

9= [ lp@Pdg<co.
X(F)

Let L(Z)(G(F)\G(A),w) be the (closed) subspace of cusp forms ¢ € L?(G(F)\G(A), w), satisfying
f pn(x)g)dx=0,a.e.g € G(A).
F\A

Denote by R the right regular representation of G(A) on L*(G(F)\G(A),w), and by Ry the
subrepresentation L3(G(F)\G(A),w). We know that each irreducible component 7 of R
decomposes into 7 = ®'U7ry where 7, are irreducible unitary representations of G,. R =
Ry @ R;o5 ® R, is the spectral decomposition. Ry decomposes as a direct sum of irreducible
G(A)-representations, whose components are called cuspidal representations. R, is the
sum of all one dimensional subrepresentations. R, is a direct integral of irreducible G(A)-
representations, expressed via Eisenstein series. Components of Ry and R, are the generic
automorphic representations. Let 6 be such that no complementary series representation

with parameter > 0 appears as a local component of a cuspidal representation. Recall that a
G(F,)
B(F,)
complementary series if s is a non-zero real number in the interval (—1,1). |s|/2 is called its

principal series representation 7 (uy, t2) = Ind (41, to2) with I,ul,uz_l(t)l =|t;,VteF,isa

parameter.

A compact open subgroup K } < G(Ay) is said to be of (congruence) type 0 if for every finite



1.2. L-function Theory for K-finite Vectors: Cuspidal Case

place v, there is an integer m, such that the local component

KL:KB[’"U]::{(? Z eG@,)|c=0 moda)f,"”},

where @, is a uniformiser of the local field F,. Let ¢ € m be a pure tensor vector in an
automorphic representation. Suppose for every v < oo, ¢ is invariant by Kg[m,,] but not
by Kg[m,, — 1], then define m, = v(¢). Define v(r) = v(1,) = ggrn v(¢p). The local con-

ductor C(m,) = (Dﬁ(” Y. We similarly define the principal congruence subgroups K,[n] :=
a b
c d

For any semisimple (real) Lie group G, denote by 6 the Casimir element. In our case, G = GL;.

€eGOy)la-1,b,c,d—1=0 moda)ﬁ}.

At each place v | oo, Z,\G, is semisimple, and A, = —6€7,\g, — 26k, is an elliptic operator on
Zy\G,. Note that here we calculate €k, by using the Killing form of Lie(Z,\G,) instead of its
own Killing form.

If A is a positive semi-definite operator on a Hilbert space V, we denote by A® the operator
which acts on the eigenspace V} for the eigenvalue A of A by the multiplication by A° for
Vs =0. Note that A need not have discrete spectrum, i.e. V) need not be a subspace of V. This
notation concerns in particular A, €k, etc.

1.2 L-function Theory for K-finite Vectors: Cuspidal Case

The proof of the fact that the representation of G(A) on L%(G(F)\G(A), w) decomposes as a
discrete direct sum of irreducible representations, as in Lemma 5.2 of [18], actually gives
important information on K-finite vectors in an irreducible component 7. They consequently
have representatives in the space of smooth functions on the automorphic quotient, and are
rapidly decreasing in any Siegel domain (Lemma 5.6 of [18]). Let the superscript “fin” mean
“K-finite”. The rapid decay is important, because it adds to the description of W}:‘n, the image
of i c L(z) (G(FH)\G(A), w) under the Whittaker intertwiner

p— Wy(g) ZL\Acp(n(x)g)W(—x)dx (1.2.1)

the important growth property, which is essential for the uniqueness of Whittaker model at
archimedean places (Section 2.8 and 4.4 of [2] for local uniqueness, Section 3.5 of [2] for global
uniqueness). If ¢ has a prescribed K-type and is a pure tensor, i.e. W, (g) = H Wop,v(gv) splits,

v
Wy, v(a(y)k) is forced to have rapid decay at oo, thus has nice behavior around 0

W0 (@) )] < 1yIL/270%€ ve > 0. 1.2.2)

Now let y be a character of F*\A™ and s € C. Jacquet-Langlands [23] defined a functional on



Chapter 1. Preliminaries: Cuspidal Case

7™, called the (global) zeta-functional :

0
(s, 0) = f PaM I 2a* yvpemap =7 . (1.2.3)
F*\A* 0 1

Since ¢(a(y)) is rapidly decreasing at oo, it is also rapidly decreasing at 0 since

-1
play) = pway) = w(y) welaly ™)), w= (1 )

Thus {(s,¢, x) is well defined for all s, and the functional equation characterizes the left
invariance by w of ¢

(0,0 =C0-s,we,0™ 'y ™. (1.2.4)
If ¢ is a pure tensor in 7" = @/ 711", i.e. W, factorizes, then since
P(g) = tZF Wp(a(t)g), (1.2.5)
el
we can see

(G000 =140 Wop,00 X0 W), R() > 1+6

with
(s, W(p,vav)'(//v) =fo W(p,v(a(_)/)))((y)ly|s_l/2dxy.

The convergence is justified by the above local growth property of W,, , and the fact that on an
unramified finite place v, the local zeta-function equals

(s W0, Xon W) = L(S, Ty ® x0) = (1= o X0 (@), ) T (L= v X0 (@,) g, ) !

dG(Fu)

where 7, =In B

(4y,Vvy) determines 1y, vy,.

The analysis of local zeta-functions shows that {(s, Wy, », Xv, ¥ ), as Wy, varies over WJE%,

have a “common divisor” L(s,7, ® x,), which is a meromorphic function on s such that
e(s, W(p,l/r Xv» Wu)

L(s,my® x0)
function on s € C, and equals 1 for almost all places v. Furthermore, there is a functional

, originally defined for R(s) > 6, can be analytically continued into an entire

equation
(S Wop,00 X0» W) =5, wWy 0y x5 0
¢ W X0,V G(S,JTU,XV,W,,)=( Lald ”_17‘”_1% (1.2.6)
L(s,mty ® x0) LA-sm,00,' Y

where e(s, 7y, ¥y, ¥,) is an entire function of exponential type. Define usual and completed
L-functions as

L(s,mey) = H L(s,my®),), Als,m®)) = HL(S,]TU®XU)v§R(S) >1+0
14

v<oo
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1.3. Smooth Vectors in Different Models

then the analytic continuations and functional equations of these L-functions follow from the
well-definedness of { (s, ¢, x) and (1.2.4), (1.2.6). The identity

Cs, W, 0s X, ¥ v)
(9, x)=L(s,mt®)) (8, Wo,v» X v»s

can be evaluated at s = 1/2 without analytic continuation of any integral. Thus

_ L(/2,m,®%,)
Laiz,meyp = [1CQ/2 Wy xown) ™[] )

(2,9, 7). (1.2.7)
v|oo V<00 ((1/2» W(p,y»vaWy) »x

1.3 Smooth Vectors in Different Models

For any Lie group G and a unitary representation (p, V) of G, let p™ be the subspace of smooth
vectors in V. This is naturally a Fréchet space, defined by the semi-norms || X.v|, X € U(g). If
V < L*(M) is realized as a space of functions on a orientable real manifold M equipped with a
smooth (right) G-action, and with a G-invariant volume form, then we can talk about Sobolev
functions for the action. Note that the action p : G — U(V) need not coincide with the regular
representation on L?(M) induced by the action of G on M. One may think about p = 7 (1, 2)
in the principal unitary series of G = GL» (R).

Definition 1.3.1. With the above notations, a function f on M is called Sobolev (for the G-
action), if it is smooth for the differential structure of M, and if its class [f] in V c LZ(M) is

nam,oo

a smooth vector. We write V°° or p , if nam is the name of the model, or just p™ if the

underlying model is clear, for the space of Sobolev functions.

nam,oo]

We obviously have [p c p*. Reciprocally

Lemma 1.3.2. Assume that:

1. Forany pe M, themap s, : G — M, g — p.g is a submersion at the identity e € G.

2. The action of any element X € g on V. n C*°(M) corresponds to a smooth vector field v(X) on
M.

Then every vector v e p™ c L*(M) has a representative in C*°(M).

Definition 1.3.3. Fix a basis 98 of g, for any positive integer d > 0, one can define a Sobolev
norm on p=° by
Sy = max [X..X.vl.
Xi€B,1<d

In fact, since the condition and the conclusion are of local nature, one may interpret everything
on the open set C,, of some euclidean space, diffeomorphic to some open neighborhood U, of
some point p € M. The assumptions 1,2 ensures that the Sobolev norms SZ are equivalent to
the usual Sobolev norms on Cj, in the underlying euclidean space. One can apply the classical
Sobolev embedding theorem.

11



Chapter 1. Preliminaries: Cuspidal Case

Corollary 1.3.4. Under the assumptions of the above lemma, for any p € M, there is an integer
dst.VfeL*(M)np*™,

sup | f(q)| <p,u, S5UD.
qel,

The assumptions of the above lemma apply in the following situations:

— p € R is a subrepresentation of the right regular representation on automorphic quotient
space. In such a situation, we say that p is realized in the automorphic model: “aut”.

— p =m is locally in principal unitary series with induced model, we say that p is realized in the
induced model: “ind”.

— p = Wy is the Whittaker model of a generic automorphic representation . We say it is realized
in the Whittaker model.

— p = K is the Kirillov model of a generic automorphic representation 7. We say it is realized
in the Kirillov model.

Definition 1.3.5. IfG is a totally disconnected group, acting on a totally disconnected space M,
then a function f on M is said to be smooth, if it is locally constant on M and K -finite for any
maximal compact subgroup K of G.

1.4 Smooth Vectors and Extended L-function Theory

We generalize the theory of L-function to smooth vectors. Use Corollary 1.3.4 and compactness
of F\A, one may easily see (Corollary I.1.5 [12]) that the Whittaker functional

[:R® —C,p— Wy(1)
is in the continuous dual space of R* verifying
lR(n(x)g)) =y (X))
and is related to the Whittaker intertwiner (1.2.1) by
Wy (g) = I(R(g).¢g).

When we restrict to an irreducible component 7 of R, or more precisely to ®),75° < 7%, it splits
as
!
I=®,l,

where [, are local (continuous) Whittaker functionals of 75’ verifying
Inx)w) =y,x)(w), wen.

The study of [, v < co is the same as in the K, -finite case. So the uniqueness, the local
functional equation (1.2.6), the rapid decay and the controlled behavior at 0 (1.2.2) remain

12



1.5. An Identification of Norms

valid. For a v|oo, the uniqueness of [, is established by Shalika [31]. So one can define the
smooth Whittaker model associated with a unitary irreducible representation r, by

W2 = {Wy(g) = Iy (m, (9 w); w € 75} (1.4.1)
as well as its smooth Kirillov model
Ky ={Kyw(y) = Wyla(y); weny}. (1.4.2)

The rapid decay at infinity of the local Whittaker functions W,,(g) can be found in Lemma
[.1.2 [12]. Note that here, the rapid decay property is derived from the continuity of /,. In fact,
much more information is obtained by Jacquet, as a special case in Proposition 3.6 [11], where
the behavior of W, (g) is completely characterized, which implies rapid decay and (1.2.2) in
this situation. Consequently the rapid decay of ¢ € ®,75° < 7°° < Rg° follows, by using (1.2.5).
Furthermore, local functional equations (1.2.6) are obtained by Jacquet [22] with absolute
convergence for R(s) > 6 as in K, -finite case.

Remark 1.4.1. For a proof that rapid decay at infinity and local functional equation imply the
controlled behavior at 0, see Proposition 3.2.3 [28].

1.5 An Identification of Norms

A by-product of the above theory, already known in the K-finite case, is the identification of
the norm on 7 € Ry and the natural norm we put on global Whittaker models.

Lemma 1.5.1. If7 =&/, m, c Ry and ¢ € ®',n5° is a pure tensor, then

Cv@) [pr ke, | Wow(@ )P d* ydk

L(1,7wy x7y)

(discF)3"2A* (1,7 x 71)
Afr(2)

[

veVr

2 _
1% ) =

where A is the complete Dedekind zeta-function, A(s,m x7T) = H L(s,myx7y) is the completed
veVp
L-function associated with 7 x 1 and A* (1,7 x 7) is its residue at 1.

Remark 1.5.2. By [21], C(m)™° < L*(1,mx7) < C(m). Here C(n) = Coo () Cy (1) is the ananlytic

conductor of 7. Cr(m) is the normal conductor. L(s, 7w x 1) = H L(s,m, x 7t,) is the incomplete
V<00

Rankin-Selberg L-function.

The proof of Lemma 1.5.1 is a standard use of Rankin-Selberg’s method (c.f. [28] 4.4.2) : Unfold,
forRs>1

f 0P EGs, )(g)dg
ZG(F)\G(A)

to get
fm KIW(p(a(y)k)szs(a(y)k)lyl‘ldxydk

13



Chapter 1. Preliminaries: Cuspidal Case

:f Wy (a()K)P1yIStd* ydk
A*xK

|S—1/2 | . |1/2—S
’

where fsen(|- ) is a spherical flat section, and

Es,NH@= )  fig. (1.5.1)
YEB(F)\G(F)

Then take the residue at s = 1. In fact, E(s, f) converges for R(s) > 1, has a meromorphic
continuation to all s € C, and is of moderate growth for any given s (see for example section
3.7 of [2]). On an unramified place v, for a spherical W, ,, one has

$v29) [px i, [Wo,w (@O PIyly d* ydk
L(s,my x7y)

=Wy, p(D)I? (1.5.2)

which is 1 for a.e.v. The product 1_[ L(s,m, x ,) converges for R(s) > 1. Thus
veVp

discF)3/?
| P@PQEG Pgdg = 2D " (5,7, Ad)
ZG(F)\G(A) Ap(2s)

I Cv29) [px e, W@ PIyly ™ d* ydk

= JRs> 1.
VEVR L(s,my x7y)

By the local behavior (1.2.2), one can evaluate the integrals on the right of s = 1. We can do
more by taking into account the theory of Kirillov model.

a b "
DeﬁneBl(F,,)z{(O 1):a€Fv,b€F,,}.

Proposition 1.5.3. There are only two types of unitary irreducible representations of By (Fy):
1. A character of F; = By (F,)/ N,,.

a b
2. The representation of By (F,) on L? (F,f) defined by the formula : (0 1) fx) =w(bx) f(ax),
where is a nontrivial character of F,. Differenty give equivalent representations. In particular,
there is only one non one-dimensional unitary irreducible representation of By (F,). Let’s denote
this model by o ().

A riguous proof of this proposition, in the case of an archimedean field, can be found in [27]
Page 34 (29); and in the case of a non archimedean filed, can be found in [8] Chapter 8.

We finally deduce:

Proposition 1.5.4. Let  be the local component on v of a generic automorphic representation.
Fora W € W;° in the Whittaker model one actually has

f IW(a(y)k)Ideydk=f W (a(y)*d”y.
F;xK, F;

14
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As a consequence, the formula in Lemma 1.5.1 becomes

, _ (discPH)Y?A*(1,7, Ad)
el %) ) [1

veVr

$v@) [px [W,u(a(y)))?d™ y
L1, 7wy x7y) ’

Remark 1.5.5. The norm identifications actually justify the notations Wy’ and K3° as smooth
vectors in their completions Wy, and Ky,

We have similar relation for Eisenstein series.

Proposition 1.5.6. Ifm = n(x1, x2) is (unitary) Eisenstein, and ¢(g) = E(0, f)(g) with E(s, f)(g)
defined as in (1.5.1), forsome f = fv € a1 in the induced model, then one can define the
v

Eisenstein norm of ¢ by
Il = [ 10 Pdk.

The following relation holds

2
(discF)"* [T ol )2 (W0 (@)*d” y = @l
veVr (U(l) F,f

and the local data are defined as the analytic continuation in (y1, x2) of

Wy,v(8) = Wf,v(g)sz fo(wn(x) @y, (-x)dx.

Remark 1.5.7. One can interpret Wq),,,(a(y)))(z,,,(y)_1 Iyl_l/2

as the Fourier transform of x —
f(wn(x)). The above norm identification is then a formal consequence of Plancherel formula

as discussed in 3.1.6 of [28]. One can also use Theorem 4.6.5 of [2].

1.6 Spectral Decomposition

The spectral decomposition, in the L? sense, is established in the first 4 sections of [20], which
gives

ioco ds
R= @ HGB/- @ ﬂs’£4_ni$ @ x odet (1.6.1)

7 cuspidal —loo EeF\AD YeF\AX y2=w

where, 75 = (|- |5, wE || 7). Note that ¢ = 7_g 1. According to Proposition I.1.4 of
[11], the above spectral decomposition has an analogy for smooth vectors, namely

ico ds
R°= @ %o D 55— @D  xodet (1.6.2)
7 cuspidal -io0c poam T AR e
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Chapter 1. Preliminaries: Cuspidal Case

with convergence in the topology of R*. We are going to establish

Theorem 1.6.1. Suppose ¢ € R™, viewed as a function on G(A), then the following decomposi-
tion
Z (¢, y odet)

Vol(xX(F) X °det®)+ YooY (el

7 cuspidal ec B (m)

p(8) =
FEF\AY y2=w

oo ds
+ ) > f {p, E(s, ODE(s, D)g)
ceFAD PEB(15) Y~ 100 T
converges absolutely and uniformly on any compact subset, where 98(?) means taking a basis
of ¢ consisting of K -isotypical pure tensors. We may assume that if ¢ is K, [n,]-invariant, then
every function appearing at the right hand side is K, [n,] -invariant for any finite place v. K,
need not be the standard maximal compact subgroup of G,,.

Remark 1.6.2. Therefore, thesum Y is actually finite and the number depends only on F
¢ efm
andny,’s.

If we consider the theory of Whittaker model as a theory of spectral decomposition with
respect to the left action of N(A), then we further have

Theorem 1.6.3. Conditions are the same as in the above theorem. ¢ € R>, as functions on

G(A):
=N+ Y Y, (pe ) Wlal@g)+
7 cuspidal e€ B(m) aeF>
ioco ds
> Y f (p,E(5,@)) ) Woslal@)g)—
—ioco QEF” 4mi

FeFrAD PEB )

converges absolutely and uniformly on any given Siegel domain.

Remark 1.6.4. In practice, the basis 98(?) will be chosen so that the components of its elements
at some archimedean place v are K, -isotypic where K, is the standard maximal compact
subgroup of G,.

We begin with some local Sobolev type analysis.

1.6.1 Local Bounds of K-isotypical Functions

Lemma 1.6.5. Let v be a finite place, and n be a unitary irreducible representation of G,.
Suppose W € W;°, the smooth Whittaker model of m w.r.t. v, is invariant by K, [m], then we
have the following Sobolev inequality

|W (na(y)k)*Vol(1 + @7'0,) < IWI*1y(p=v)-m € Ny, y € Fj k€ Ky
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1.6. Spectral Decomposition

with the convention 1 + @0, = @) . On an unramified place (m = 0), recall that

al+1 _ 41
W(na@,)k) = q,"* ———2—1;5

for some|ayaz| = l,q,jg <|la| = qg

We leave the proof to the reader.

Lemma 1.6.6. Let v be a real place, and n be a unitary irreducible representation of G, with
central character w. If W € W;°, then

Vne NR),ye R* ke SO, ([R),N=1 (mod2),N>0
W (na(y) k)l <ne lyl™N max(lyl6, |yl ST,  (W).

Suppose further W € Wﬂﬁn transforms under the action of K, = SO, (R) accroding to the character

cosa sina .
Ky = ( ) — pima.

—sina cosa

Then we have the following Sobolev inequality, uniform in m,
W (na(y) k)| <00 Iyl max(lyl, 1yl DA W]
where Ay is the eigenvalue for W of the elliptic operator A, = —6g, +2€x,, and N' depends

onlyon N and w.

1 0 1
LetU = ( 0), T = (0 0) be elements in the Lie algebra of GL,(R), then

0
TW(a(y)) =-2niyW(a(y),U.W(a(y)) = y@W(a(y)).
We may only consider the case y € R. Then for Vx, y € R}, we have
y
(—2niyNWaly)) = TN.W(a(x))+f UrN.W(a(u)d* u.
X
Note that
y y y
|/ UTN.W(a(w)d  ul < (f IUTN.W(a(u))IZqu)UZ(f d*ul'?
X X X

<|uTN.W|log(y!x)|"2.

Thus
I(=2miy)NWa()| < TN W(a)| + 1UTN. W||log(y/x)|*2.
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Chapter 1. Preliminaries: Cuspidal Case

Integrating against min(x, 1/x)dx/x for 0 < x < oo, using Cauchy-Schwarz and v1/2(v/a +

\/E)S\/a+b,weget
21(=2nipNWay) < ITV.W| + IIUTN.Wllf min(x, 1/x)|log(y/x)|*2d* x.
0

Using the bound |log f| <, max(z¢,t™ ), we get
21(=2xiNW(ay)| < ITV. W+ 1UTY . W max(yl6, |yl ™).

Thus the first inequality follows for k = 1. The general case follows by noting Sy, ; (k.W) <y
Sh+1(W), since the adjoint action of K on g has bounded coefficients.

The second follows from the equivalence of two system of Sobolev norms, one is S7’s, the
other is defined with A, and I € Z(g). The proofis technical. We give it in the next section (
Theorem 1.7.1).

Before proceding to the complex place case, let’s first recall that the irreducible representa-
tions of SU,(C) are parametrized by m € N, denoted by (p;, Vin). Here V,, is the space of
homogeneous polynomials in C[z;, z»] of degree m + 1, equipped with the inner product

(P1,P2) =f P1(z1,22)P2(21,22)dz1d 2.
|2112+|222<1

The action of SU;(C) is given by

u.P(z1,22) = P((z1,22).u).

Let Py, (21, z2) be a multiple of z{"‘k zéc , normalized s.t. they form an othonormal basis of

Vin. Now let 7 be a unitary irreducible representation of G(C). Let W, ;. € an span the
pm-isotypical subspace, with W, ;. corresponding to Py, . Since p, is unitary, we have the
following relation

m m
Y Wi k(WP =Y Wy k(8)1%, Vi€ SU(C).
k=0 k=0

Therefore, we only need to bound W, (a(y)) in order to bound W, ;.(g). This works exactly
as in the real place case. We omit the proof.

Lemma 1.6.7. Let v be a complex place, and n be a unitary irreducible representation of G,
with central character w. If W € W;°, then

Vne N(C),yeC* ke SU>(C),NeN

(W (na(n k)| <ne lyl, Y max(1yl5, 1y1, %) STy, (W).

Suppose further W € an transforms under the action of K, = SU,(C) accroding to p, and
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1.6. Spectral Decomposition

corresponds to some Py, .. Then we have the following Sobolev inequality, uniformly in m,
W (na(y) )l <n,u6 11, max(yls, lyl; )4 W]

where Ay is the eigenvalue for W of the elliptic operator A, = -6, +2€k,, and N' depends
onlyon N and w.

1.6.2 Proof of Theorems 1.6.1, 1.6.3
We first deal with the cuspidal parts in the equations of Theorems 1.6.1, 1.6.3.

Let e € m < Ry be a K-isotypic vector, with local Whittaker model W, ,. Denote by n, the
K,-type of W,,, (or the weight & level), i.e.
—if v < o0, then W, , is K, [n,]-invariant. For a.e.v, n, =0.

—if v is a real place, then W, , transforms under SO, (R) as e’

—if v is a complex place, then W, transforms under SU»(C) as some P,, .

Collecting all the estimations in the previous subsection, using Lemma 1.5.1 or Proposition
1.5.4 with Jle]l =1 and C (1) < A 00 = H Ae,vs Cr(m) = 1_[ qﬁ” we obtain

v|oo V<00

We(nak) <pne lYINANS(TT gv¢ T1 L7y x 71,)Vol(l + @} 6,) ™!

v<oo v<00,n,#0

T Lvg=vw)-n, where [yloo = [] 1¥10-

V<00 Voo
The term 1_[ L(,m, xm,)Vol(1+ a),',l”@,,)_1 can be bounded from above by a constant

v<00,n,#0
depending only on n,, v < co, we thus get

N’ -N
We(na(y)k) <EN.e,(n) e Aeool Vo' L1 Lomizvw)—n,-

V<00

Now since

e(na(y)k)= Y Wela@na(y)k)= Y. We(rn'alay)k),n’ = a@)na(@)™

aeF* aeF>

we have

Y IWela@na( k)l <gne Cliy, v <o)AY S 1ayl TT lu@yzvwi-n,-

aeF~ aeF* V<00

Consider the splitting A* ~ A' xR, and write y = y £ s.t. y; € Al and t € R, — A* with trivial
finite components. We need only consider y; in a fundamental domain of F*\A!. Since the
quotient F*\A! is compact, we may assume that there exist 0 < ¢ < C s.t. for any place v,
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Chapter 1. Preliminaries: Cuspidal Case

c<|y1vly = Candfora.e. v,say Vv > vy, |y1,4|y = 1. So the condition imposed in ]_[ implies
V<00

lal, < c‘lqﬁ”_v(w) and |a|, < 1,Vv > vy (one may choose vy big enough depending only on

ny’s) in oder to get a non zero contribution. Thus, @ runs over the non zero elements in a
lattice of F, depending only on n,’s. Therefore

-N -N -N
Z |a_)/|oo H 1v(ay)2v(1//)—ny <Kpn,,v<o0 |)/|oo <EN [y~
aeF* v<oo

We conclude

Y [Welal@na(y)k)l <gn,ny,v<oo Aol yI V. (1.6.3)

aeF~

Now let’s turn to the Eisenstein parts of Theorems 1.6.1, 1.6.3.

Using Lemma 1.5.6 instead of 1.5.1 in the above argument, we get

Y |Wosal@na(y)k)l <gnn,v<co Ay ool V17N (1.6.4)

aeF*

We have an expression for the constant term

E(s,®)n(8) = Ps(8) + M(s)Ds(8)-

A)

®;|x belongs to some irreducible component o of Resg( e = Ind?mB(AU & &Y. From

basic representation theory, it is easy to see that
D (k) = Vdimo < o(k).v,vg>4,0, 09 €0 of norm 1,0(b).vg = (E,wg‘_l)(b).vg.
Thus follows the bound (R(s) = 0)
|@5(na() k) = yI"21®s(k)] < [y"*Vdimo <, veo0 191" Ak, (@)1

where Ag_ () is the eigenvalue of @ for the Casimir of K.,. Note that M(s) is unitary for s € iR
and doesn’t change the K-type, thus

IM(5)®5(na(y) k)| <n, v<oo IYIM* Ak, (@)12,
Hence

|E(s,®) y(na(y) k)| <, poo |V 2 Ak (@)12 < |12 A L2 (1.6.5)

D,5,00°

Theorems 1.6.1 & 1.6.3 will be established using the following generalized Weyl’s law
Theorem 1.6.8. Given a sequence of non-negative integers it = (n,) y<co With n, =0 for a.e.v.
Define

Kfin[fl] = H Kylnyl

v<oo
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and consider the space RX"'™ = 12(G(F)\G(A), w) "™ It is actually a representation of
G(Foo) x Kf. The operator A, = H Ay is self-dual and commutes with the action of K. We

v<oo
have A} € is of trace class in R*/""'" | More precisely,

dr

o0
e,00 + D;;,00
Y3 Mool YD | NAapy00l T E
e T @ J-oo 27

= O0e(VOl(Z(A)G(F)\G(A)/ K inln])).

Here A, runs over the discrete spectrum of Ao, and Ae,, o runs over the continuous spectrum
0f Aoo.-

Remark 1.6.9. We only need a weaker version here. Namely, we only need A;ON to be of trace
class for some N > 0.

Remark 1.6.10. If instead of K¢;uln] we consider K x K¢inli], the above theorem would
coincide with the traditional geometrical Weyl’s law. Note that this kind of Weyl's law was
already used to establish theorems like 1.6.1 for K, -fixed case, e.g. [15]. Weyl's law is at the
heart of the theory of analytical spectral decomposition.

Remark 1.6.11. This theorem will appear as a part of the Ph.D thesis of Marc R. Palm at
Gottingen.

Definition 1.6.12. (c.f.page 292 [9]) The Schwartz function space R® is the space of smooth
functions ¢ in Ind%}\)) cp@» Which are rapidly decreasing in any given Siegel domain, as well
as X.@ forany X € U(g).

The above argument also gives

Corollary 1.6.13. We have R° < R® < R™.

Remark 1.6.14. Ifwe take into account the central character, namely, if we write R, instead of
R, we have R;Rj), c Rfuw,. In particular, if the central character is the trivial character wy, Rj)o is
a ring for the pointwise multiplication.

1.7 Two Sobolev Norm Systems

Let v be an archimedean place, and 7 be a unitary irreducible representation of G, with a
fixed central character w. Let {I1, ..., I;} be a basis of Z(g,). In our case, r = 1 if v is a real place,
and r = 2 if v is a complex place. We define the Sobolev norm system
HZ(v)=  max A p).
d( ) i1+--~+i,<+2j:d” 1 rAuvl
Theorem 1.7.1. The Sobolev norm system H is equivalent to the Sobolev system S, for  a local

component of an automorphic representation. If the parameter s of m belongs to iRuU [-0,0]
with 8 < 1/2, then the implicit constants in the above equivalence depend only on 6.
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The rest of this section is devoted to the proof of Theorem 1.7.1.

1.7.1 visareal place

-1 0
The Hecke algebra /7, = U(g) @ € * U(g), where € is the Dirac measure at ( 0 1). Thereis a

classification of unitarizable irreducible (#,, K;,) modules (c.f. for example 4.A [18]). Each of
them 7 (u;, yp) is parametrized by s1, 52 € C, my, mp € {0,1}. Put s=s1 —$p, t =81+ 2 € iR, m=
my — my. There are 3 different series: 1. s € iR; 2. 0 < s < 1 but only s < 26 is possible for the
local component of an automorphic representation; 3. 0 < s = p € Z, s— m is an odd integer. In
each case, there is an orthogonal, not necessarily normalized, basis consisting of K, -isotypical
vectors, {ex}. In cases 1 and 2, k runs through k= m (mod 2), andinthecase 3, |k|=z p+1,k=

0 1 1 i 1 —i
: . l),]=id}
-1 -1

WVi=1,
-1 0/ "7 |i -1
Hep=ikeg Vier=(s+1+k)epo; Voep=(s+1—-k)er_s; J.er = teg

p+1 (mod 2). There is a basis of gc, {H:( , Vo=

with explicit action given as

1—32+k2)
—) €.
8 4k

Consider a general vector v = Zakek, ay € C. In the case 1, Theorem 2.6.2 of [2] implies
k

Ay.er=(

llexll = 1. We easily deduce

IH.vI%, Ve vl Vo vl® < 16114, % 0%,

I'((s+1)/2)T'(s/2)
Fs+1+Kk)/2)T(s+1-k)/2)

In the case 2, |lexll® = V7@
a consequence

| according to Theorem 2.6.4 of [2]. As

lexs2ll*  s—1-k lex_al®? s—1+k
27 o |<pl,— 2o = | < 1.
llexll s+1+k ekl s+1-k

We get
IH.vI% IV, vl I Vo.vl|* <q 16]ALY2 . v)%

In the case 3, it can be inferred from Theorem 2.6.5 of [2] that 7 (1, p2) has the following model:
Let H* be the Poincaré half plane, and H™ be its opposite. The space is, with the coordinates
z=x+1y

dxd
L2(HY) = {f:[H]J—r —-C, holomorphic:[ﬂ)If(z)lzy’”“% <oo}.
y

Therefore one may take, for |[k| = p +1

ep(2) = (z— i)" KPRz 4 jyk=p=DI2y L sani<o-
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1.7. Two Sobolev Norm Systems

Change to the Poincaré disk model, one calculates easily, with B(:,-) the Beta function
lexll? = m4 PB((kl-p-1)/2+1, p).

Consequently
lex2l® o llexzl?

2
, <k
lell? lexll?

IH.vI% IV, vl Vo v)* < 16]1A,.v)12.

We conclude that in all cases
2 2 2 2
| H.v|% Ve vll5 Vo vl” < 1Ay vl

thus ST < 4 H; < S3;, and the two systems are equivalent.

1.7.2 visacomplex place

The unitary irreducible series 7 (i, p2) are parametrized by sy, 52 € C, ky, ko € Zwith t = s1+$52 €
iR, s=s;— s> €iRand ,Ltj(pei“) = pzsfeikfg,j =1,2.0rt=851+5€iR0<s=8—5 <20,k =
k2. Let nyg = k1 — k2. We may suppose ny = 0 after exchange u; and p, if necessary. The

e™ :0<k<n,n=Inl,n=lnol (mod 2)}

representation 7 (y1, 2) has an orthogonal basis { "

determined by

X
eu’y ((y1 J/z) &) = mp2 (21l yalen (), g € G,

iocl i
(no) [ € 0 e 0 _ yingay ,i(n-2k)a _
en,;(( 0 e"'“l)“( 0 e"'“Z))_e e 2,Yue K, =SUz(C)

LA Y _nong (PR ok, MOk
))z(cosﬁ) 2 k(smﬁ)k 2 Pﬁ 2 )(0052,6)

2

o) (( cosf sinp

mk*\-sinf cosfB
where P,(Ca’ﬁ ) are the Jacobi polynomials. Alternatively,

- n—ko _k
(ng) _ <pn(U)Z{l kZéc, 2 OZ20>pn

n,k - n—ko k() }’l—k() k()

,n—2k0: no.

It will also be convenient to extend by 0 to all integers n, k. The (complexified) Lie algebra SU,
i -1/2) . i/2
H, = ), Xe== -1 .
-1 1/2 i/2

(no) _ -0 (no) (no) _ ., (no) (no) _ 1. ,(no)
Hg.en'k =i(n 2k)en’k,X+.en'k =(n k)en,kH,X_.en’k = kenyk_1

has a basis

which act as
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Chapter 1. Preliminaries: Cuspidal Case

Ayl = (1= 5* = nf)/8+ n(n+2)/4)els.

It is obvious then that A;l_e is of trace class in 7 (u1, t2). A standard argument then shows
that it suffices to prove Theorem 1.7.1 for v running over an orthonormal basis. The Cartan
complement p of SU, has a basis (We ignore the center)

1

Using the recurrence relations of Jacobi polynomials (c.f. [1]), we can find

Yo = ad(Xy)(Hy), Y- = ad(X-)(Hy).

Hy.o™) = 2(k+1)(k+no+1)2k+ng+2+2s) o)
nk QRk+ny+1)R2k+ny+2) n+2,k+1

+

2sng(n—2k) (no) . (M+ng)(4k —n+ ng)(2s—2k+ nyp) )
Qk+ng)(2k+no+2) ™k 22k + ng) 2k +ng +1) n-2,k-1'

Since
Y+ nno)_X+H e HX+ (Vlo) Y e(no) X_ H e(no) HX_ (ﬂo)

we can only consider the actions of Hy, Hy, X, X_ if we don’t want to optimize.

Case 1: s€ iR. Then we are in the unitary principal series case and the norm structure is the
standard L norm on SU,(0).

(n—Kk)'k!
T oy () (n+ 1)

et

One easily verifies IIX.e(n'?;’C) I < ||A3v/2.e(rl'f,‘i) I, X =H;,Hb, Xy, X_, hence

IX.v]l < [|AY.vI,Vven™, X = Hy, Hy, X+, Y.

Case2:0<s<20<1. Then ny=0, thus n=0 (mod 2). Let’s write e(slg)

the dependence on s. The norm structure is defined via the 1ntertw1n1ng operator (with

(0) i to emphasize
analytic continuation for s < 0)
M(s)ey) () = f P (n0g)dx = Ay ()¢, V().

(s=1)---(s—nl/2)

L 1.7.2. A =(-D""?
emma nk(8) = (=1) TG+ (s+n/2)

Therefore,

”e(SO)HZ_( )n/ZTE (3_1)(S—n/2) (n—k)'k'
s(s+ 1) (s+n/2) (HUPn+1)

With this, we easily see

IX.v <g IA%.01,Yv e n™, X = Hy, Hy, X, Y.
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1.8. Construction of Automorphic Forms from Local Kirillov Models

1 0
To prove the lemma, first consider n = 2k. We know eésléﬂl)c((o 1)) = P,(CO'O) (1)=1,s0

1 0 7l 1-r
Azk,k(5)=M(S)€£ls’,S)((0 1)):E (PP war.
’ -1

Now we can use the recurrence relation of Legendre polynomials to establish

22k +1)
Azk+2,k+1(8) = Tﬂzk,k(s +1) + Aok-2,k-1(9).
. n(s=1) _ . .
The first two values are easy to obtain A¢o(s) =7/s,12,1(s) = — 6D By induction, we get
s(s
(s—1)---(s—k)

A =(-DF .
2k = D o T k)

Since M(s) commutes with the action of G,, it commutes with the action of X, X_. It follows

that A, k(s) = Ay, n/2(8), Vk. This proves the above lemma and concludes the proof of Theorem

1.7.1.

1.8 Construction of Automorphic Forms from Local Kirillov Models

Suppose 7 is cuspidal. The norm identifications tell us that, given a pure tensor ¢ € ®', 75,
resulting from (1.2.1), the W, ,, or the K, , must be a smooth vector in Wy, or K5,. Conversely,
if we are given K, € K77, which uniquely determine corresponding W, € W°, and form
Wi(g) = H W, (gy), and ¢ by (1.2.5), are we sure to get an element in 7°°? The converse

theorem,vas is discussed in the section 5.2 of [11], gives an affirmative answer. Note that, to
determine W, from K, for an archimedean place v, a concrete way is to apply the Casimir
element € of GL,(R) in the real case, or the two embedded Casimir elements of GL;(R)
in GL,(C) to get partial differential equations, since these elements should act as scalars
depending only on 7, then solve the corresponding Dirichlet problems.

Alternatively, maybe also more naturally and directly, if one wants to avoid the converse
theorem, one may decompose W as an infinite sum of K-isotypical Whittaker functions, then
change the order of summation to show that ¢ is a convergent (thanks to the local and global
estimations in the above sections) infinite sum of K-isotypical functions in 7, with rapidly
decreasing spectral parameter for K, thus is itself in 7.

If 7 is Eisenstein, the situation is simpler. In fact, W, , determines ¢ at v in the induced model
on a dense open subset, thus determines the corresponding function in the induced model.
Then we apply (1.5.1).
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Chapter 1. Preliminaries: Cuspidal Case

1.9 Decay of Matrix Coefficients

Consider a place v, let ) be the complementary series representation of G, with parameter
A/2 and with trivial central character. It has a unique K, invariant unit vector w®. The
elementary spherical function associated with r is defined to be (following Harish-Chandra’s
notation)

Pu(8) = (ma(g)w’, ).

Its limit when A — 0, denoted by ¢, = Z,, is the Harish-Chandra function. They are all
positive and bi- K, -invariant.

Theorem 1.9.1. Let i be any unitary irreducible representation of G,. Let x1, xo be 2 K, -finite
vectorsinn. Then

1 Ifn is tempered, then

1/2

(7m(g)x1, X2) < dim (K, x1) 2 dim (K, x2) Y2 [ x1 1| - [ %212, (2).

2 Ifm is in the complementary series with parameter A2, then for any € > 0, there is a
Ay€)>0

(m()x1, %2) < Ay(€) dim(Kyx) "' dim(Ky ) 2l - 221 2 (8) 47
Heredim(K, x) = dimspan(K, - x) is the dimension of the span of x by K, action.

The tempered case is well known in [13]. The non-tempered case, first proved in Theorem
2.11 [32] for real case, then recaptured in Lemma 9.1 [33], essentially is based on the following
estimation

Ayt M =, =l 1.9.1)

This is an elementary exercise in analysis, we leave it to the reader.
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¥4 Preliminaries: Eisenstein Case

2.1 L-function Theory for K-finite Vectors: Eisenstein Case

Before generalizing, let’s first consider a very general but motivating question. Given a group
G, a subgroup H, and a (unitary) irreducible representation 7 of G. A general question is to
determine which irreducibles of H occur in the restriction of = to H, and with what multiplicity.
This is called the question of "Branching Rules". If we take G = GL,(A), H = Z A with notations
as in section 2.1, and let o be an irreducible representation of H which coincides with 7 when
restricting to Z, then with obvious notations, one has

dim¢ Hompg, (Resle”n,,,ay) =1,Vve Vg,

dim¢ HomH(Resgn,U) <1.

Here, 0 need not even be unitary. If the restriction of o to A is given by the (quasi-)character
X_1| . |—S+1/2

an element in Hompg, (Resg”unl,, 0,). Their converging product

, then the local zeta-functional { (s, -, ¥y, ¥,) introduced in the previous section is

[T ¢G5y [ Sdets)

v|oo v<oo L($, Ty ® ¥ )

is an element in HomH(Resgn,a). When 7 is a cuspidal representation realized in the
space of automorphic functions, the global zeta-functional {(s, -, x) is another element in
Hom H(Resgn, o). As we have seen, their proportionality is given by L(s, 7 ® y).

When 7 is an Eisenstein series representation, the local candidates of Hompg, (Resfl”yny, o)
and their converging factors still make sense, as is shown in the sections 4.5, 4.6, 4.7 and 3.7
of [2]. But the global one defined in (1.2.3) is no longer a good candidate since it does not
converge any more. A remedy is provided by

(s, = fF @@y, 2.1.1)
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Chapter 2. Preliminaries: Eisenstein Case

where ¢ is the constant term defined by

on(g) =f pn(x)g)dx.
F\A

However, { (s, ¢, y) is still not defined for all s but only for s > 1. In the range Rs > 1, it is easy
to see that (1.2.7) continues to hold. As we shall see soon, the global zeta-functional can be
analytically continued. This is reminiscent of Tate’s thesis: the global zeta-functional in the
GL, case there is also an analytically continued one. In order to apply the Poisson formula,
one should single out the contribution at the origin and analytically continue it.

For our purpose, we are particularly interested in the principal series 7 = (1, 1) induced from
trivial characters. We restrict ourselves to this case, even though the following treatment is
applicable to a wider situation. If f; € Ind$(|-|7,|-|77) is a flat section with f, € 71", we define
the normalized Eisenstein series as

@(8) =Ar(1+27)E(f7)(8) lr=0, (2.1.2)

where E(f;) = E(7, fo) is the usual Eisenstein intertwiner defined as in (1.5.1), and Ag(s) =
A(s, 1) is the completed zeta-function. As (4.11) of [28] shows,

on@a®g) =1y1"?on(g) +1y1"loglylALD) folg), (2.1.3)

where A}‘}(l) is the residue of Ar at 1. The global zeta-functional can be rewritten as

((s»(p)X):‘/lvl 1((/’_(PN)(a(y))X(y)|y|s_1/2dxy
yl=

+ fl | l((p(a(y))—(pN(wa(y)))x(y)lyls_uzdxy
yl=
- f on@) Ly x Wyl 2d>y
FX\A*

+f enwa) < x Wyl 2d*y.
F*\A*

@ —y israpidly decaying in any Siegel domain. In particular (¢ —¢y)(a(y)) is rapidly decaying
as |y| — oco. Note that

pla(y)) —pnwa(y)) = (we - wq)N)(a(y‘l)),

is also rapidly decaying as |y| — 0, since we is also K-finite. We deduce that the first two
integrals are convergent for all s € C. The last two integrals can be calculated explicitly. They
are 0 unless y(y) = |y|"? for some o € R, in which case they converge for s > 1 and are equal
to Vol(F*\AW) times

on(1) foM pn(w) Jo(w)
- — + ; . — + ; .
s+ioc  (s+io)? 1-s—ioc (1-s—io)?
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2.2. Two Sobolev Norm Systems (continued)

The above terms obviously admit analytic continuation to s € C. We can also see the obvious
functional equation from it. Let’s sumarize:

Proposition 2.1.1. Define C = Vol(F*\AW) if r is Eisenstein and y(y) = |y|'°, and C = 0 other-
wise. We define the global zeta-functional as

C(s,w,x)=fll 1((,o—qu)(a(y)))((y)Iyls_mdxy
yl=

s—1/2dx

+[|| 1(qo(al(y))—qDN(wa(y))))((y)|y| y
yS

C(- (PN(.l) N fo(.l) 3 (PN(W.) N fo(w? .
s+ioc (s+io)? 1-s—ic (A-s—io)?
Then (1.2.7) holds. It satisfies the functional equation (1.2.4).

Remark 2.1.2. In fact, the above theory in the last 2 sections is valid for smooth (not necessarily
K -finite) vectors as we explain in the next sections.

2.2 Two Sobolev Norm Systems (continued)

We may need Theorem 1.7.1 for more groups, namely for a general compact reductive group.
In this case, the unitary irreducible representations of G are classified by the theory of highest
weight (c.f. IV.7 [24]).

Fix a Cartan subalgebra ) of g. Recall hr = ih. Let ® = O(hc : g¢c) be the set of roots. Choose
an ordering which determines @, as the set of positive roots. Denote by II the resulting
set of simple roots. Then there is a one-one correspondence between the set of irreducible
representations and the set of dominant analytically integral linear functionals A on h¢. If
®, is the representation corresponding to A in the above correspondence, then the induced
representation ¢, on gc is given by the Verma model L(A + §), where § is half the sum of all
positive roots (c.f. IV.8 [24]). We also denote by ¢, its extension to the universal enveloping
algebra of gc. Let T be the torus corresponding to h. Let T be the torus in the universal
covering group G of G corresponding to h. Then the character y, of ®, is given on T by
(Theorem 4.46 [24])

A =D®" Y (detw)é s (D). (2.2.1)
weW

Here, W is the Weyl group. f,l(eH) = eum,VH eh Ve b[’R, and H — e is the exponential
map from b to T. detw is computed for the linear action of W on hg. D(z) is the Weyl’s
denominator

D) =& [] A-é_a®) = Y. (detw)é,s(0). 2.2.2)

aed, wew
It should be understood that y, descends to T when A is analytically integral. If {ei}?i isan
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Chapter 2. Preliminaries: Eisenstein Case

orthonormal basis of @}, then we have the dimension formula (Theorem 4.48 [24])

<A+6,a>
dy = Maco. : 2.2.3)
Ha€¢+ <d,a>

dy
By definition, y,(g) = ) <®;(g)e;, e; >. We deduce that

i=i

dy
12K =Y <@ (e)e;, @p(e)e; >, VX €g, Vs, tER,

i=i

02 (s—HX & 2
| = - Xe:ll“.
FyeY ls=r=0 Xa(e ) ;ncm( Jeill
2 d2
But o ls=t=0 xa(e¥ %) = 3 ls=0 x1(e*X), we get the inequality
d2
lpp(X)eill* < — =7 ls=0 xae™). (2.2.4)

We shall apply (2.2.4) to a basis of g and compare the right hand side with [[¢) (A)e; ||2.

Lemma 2.2.1. The Laplacian A acts on ®, as multiplication by

cp=<AA>+2<A,6>.

In fact, we only need to consider the effect of A on the highest vector v, in L(A +0). Let
gc=bhce Z gq be the root decomposition. Let H, € h¢ be such that B(Hy, H) = a(H),VH €

acd

bc, here B(:,*) is the Killing form. Choose E; € go s.t. B(Eq,E_¢) =1, then [Ey, E_4] = Hy.
%c = {Hp,Eq : P €11, € @} is a basis of gc. Write the dual basis with respect to B(:,-) by
B ={Hy, E, : feTl,a € D}. Itis easy to see Hk € hr, E,, = E_4. We thus get

A=) HgHp+ ) E-oEq=) HgHp+ ) Ho+2 } E_qEa.
Bell aed Bell aed, acd,

If v, is a highest vector of @,, it is killed by E,, @ € ®., hence

Ppa(d).va = 2 MHOAHp) + Y AHa) |va=cavp.
Bell aed,

Now if Ey = Xg +iY, with Xg, Yy € g, then E, = X, — iY, € CE_,. One may adjust s.t.
_ i

E_, = —E,. Consequently, [Xg, Y,] = _EH“' P =1{iHpg, Xq,Yy : p€Il,a € ®,} is a basis

of g w.r.t. which the Sobolev system S, can be defined. Furthermore, the conjugation relations
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2.2. Two Sobolev Norm Systems (continued)

Ade*Xa(e’Ye) = ¢~ 2 Ha AdeYa(e5%w) = o7 Ha tell us

SXa)

1Y) = yale 2 o), ya (@) = ya(e? o),

2

since y is central. We therefore only need to consider ——— [5=0 ¥ A(e!SHa

) for a € ®,. From
Weyl’s formulas (2.2.1),(2.2.2) and (2.2.3), we know that for any regular H € b, as functions of s,
the numerator and the denominator of y A(eSH ) vanishes at s = 0 up to order r; = |®.|. Define

an(\, H)= ) (detw)(w(A+6)(H)".
weW

We then get the Taylor expansion of y,(e’) at s=0

00 Sn—nr 00 Sn—rJr
n /’LvH n O,H _1.
(n;a( ) o )(n;a( ) o )

Note the easy trivial bounds
lan(A, i Hg)l < [WIIA+ 81"l ™,

and the fact that a,(0,i H,), a € @, n € N are constants depending only on the structure of G,
we deduce

2

—— ls=0 wae ey < lay, (A, iHy)l +1ar, 11 (A, i Hg) | + lar, 12(A, i Hy)|

<G IA+68)"2.

Butby Lemma2.2.1, ¢y = A+ 5112, we thus get

. @ isHyy)1/2 +2)/2
Ilpa(iHa)eill < (—ﬁ ls=0 x2(e"*7) " <¢ c;'* )2,
dy
Finally, for a general vector v € @, write v = )_ v; with v; € Ce;, then
i=1

&4 (ro+2)/2 & (r+2)/2
. . r T
IpaGHVI < Y Ipa i H)vill < ¢V 72 Y lugll < U272y v
i=1 i=1

We observe from (2.2.3) that
dy < IL+61™ < cf % (2.2.5)

Therefore
lpali Ha)vll < ¢ vl = lpaa™ vl

which concludes Theorem 1.7.1 for G compact.
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Chapter 2. Preliminaries: Eisenstein Case

2.3 Unitary Principal Series and Eisenstein Intertwiner

Take the unramified principal series representation n; = 7(|-|%,|-|”7). Let eg) denote the
unitary vector of weight and level 7i = (n,), in 7, with n, being defined as in Section 1.6.2.
Denote by M(1) the standard intertwining operator from 7, to m,,. Recall from the section 4
of [20] that, after analytical continuation we can write

_ AF(l —2‘[)

M@) =
Ar(1+27)

R(1)

where R(7) takes the spherical function taking value 1 on K to the spherical one taking value 1
on K, and is unitary if 7 € iR.

Proposition 2.3.1. We have R(T)el? = /lﬁ(r)e%_” with

7l

m=2 f41-27 Ml2 j_ 27 o 1= gy 720
wo- T T 222 1 (52 1 (et
vreal \k=0,2|k +l+2r v complex \ k=1 T21 v<00,1,>0 1-gqg,

If we write M (1) H M,(),R(1) = H R,(1),A5(1) = H An, () with notations of obvious mean-
v v v

=2 Je41-21
ing, then in the proof of Theorem 1.7.1 we have already obtained A, (7) = H —ifv
21k, k=0 k+1+271

ny/2
v - 2T
1s a real place nv( ) k 1I v 1S a complex place

K, [m]

0
It is a classical result on conductors that, for 7, =7, 7, is of dimension m + 1. It is also

0 1
easy to see that KO[m]\K,/K2[m] has a full set of representatives {1, (1 ol ((Df,), l1<sl=

a b d b
m — 1}, such that the double cosets are invariant under the anti-involution ( d) — ( )
c c a

[m]

Thus (K3, Kl(,)[m]) is a Gelfand pair. Therefore nf{”) is spanned by the KS [m]-invariant vector

of every unitary irreducible representation of K, occurring in Res%’nv = Indg’(’@ )(1, 1). For
simplicity of notations, let’s suppress the index v from now on, and denote the unitary vector

invariant by K° [1], orthogonal to JTKO ”_1], by e%r). Each egﬂ generates a K-subrepresentation
K,
B(0,)
to K. Since M(7) intertwines the action of G thus K, we must have that M (T)egﬂ is proportional
(-7
l

which are distinct one from the other, in Ind 1,1),and e}” = eEO) is fixed as upon restriction

to e, ’, which explains the existence of 15 (7).

We are going to characterize egr) explicitly. In fact, if we write @, = @"60 — ®"*'@,n > 1, then

DO:B(@’)wN(@’):{(LCZ Z)EK:CE@’X},
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2.3. Unitary Principal Series and Eisenstein Intertwiner

n:B(@)N_(@n):{(Z Z)EK:CE@n},ISnSm,

0
D), =K’[ml=uUS2,,D,

are the double cosets of K w.r.t. B(€) and KO[m]. Forany f € JrKO[m], there is a sequence of
complex numbers f,,0<n<=ms.t. f|p,= fi and f, = fin, Vn = m. We denote the sequence
associated with eET) by a(l, n). It is elementary to calculate the mass d,, of D, assuming the
mass of K is 1. We have

q g "

_ _ _ 41
do—q+1,dn— - 1-g Y,n=1.

Then the a(l, n) satisfy

1 a(l,n)=a(l,])forall n=1and a(0,n) =1 for all n=0;

2 Y a(,ma(l',nd,=0and Y la(l,n)*d, =1.
n=0 n=0

A solution is given by

1 a(0,n) =1;a(1,0)= g ''?,a,1) = -q"'%;

] 1 ] 1
2 a(l,l—l):qsz,/Zfl,a(l,l)z—(q—l)qsz Ztl all,n)=0,0<n<l-2,122.

Since we have

M(r)e(”(n_(a)”))zf el —o" -1 dx+f |x| 27 1P 1 0 dax,
! o ! {l1+0"x «x Ix|>1 F\\1/x+0™ 1

by takingn=1-1if [ >0 or n=0if [ = 0, we easily obtain

() 1-q~ %2 ) 2r1=q
M(T)ey :VOI(@W% D, M(1)e” = Vol (@) q~ TW (
Proposition 2.3.1 follows.

Corollary 2.3.2. Ifwe write
@% = Ap(1+27)E(e)(8) lr=0,

then its constant term is

0 ny—2 2 I’l,,/22 2 )
R LT Dol = S SE S ol e o

vreal2|k,k=0 v complex k=1 v<oo,n,;>0
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Chapter 2. Preliminaries: Eisenstein Case

whereyr, hr are defined by the Taylor expansion of Ar as

hr
Ap(1+5s)= T +7yr+o0(s).

Corollary 2.3.3. If ¢ = Ap(1 +27)E(fs) |r=0 is associated with fy € (1,1)* in the induced
model, with level ﬁf =(ny =0)y<oo, then

sup lon (k)| <ge 164 foll,
keK

where 6k, = H €6k, is the product of Casimir elements of maximal compact subgroups at
v|oo

infinite places. Together with (2.1.3) we get
lon () <F H(g)*log H(QIEY* . foll.
Consequently, given cy > 0,
P(8) — PN(&) KEN,e, Sa(f) H® ™, VNeN,VH(g) = ¢,

@(8) <ke, Sa(fo)H(g)?log H(g), VH(g) = ¢,

The first d depends on N and the degree of F/Q. The second d depends only on the degree of
FI/Q. Norms of fy are calculated in the induced model.

In fact, we decompose fj as

fo= Z,aﬁ(fo)e;?)

use the previous corollary, bounds from the previous section especially (2.2.5) and the obvious
Wely’s law for Indgoo (1,1). Furthermore, the argument in Section 1.6.2 gives,

(g — Pn(8) <EN., Salfo) H(g) ™, VH(g) = co.

Remark 2.3.4. Corollary 2.3.3 is valid for any unitary smooth Eisenstein series.
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k] Outline of the Proof

3.1 Cuspidal Case

The departure point of the proof is Jacquet-Langlands’ generalization of Hecke’s integral
representation of L-function, namely equation (1.2.7) that we copy here

) L/2,7,® yb)
LA/2,mey) =[] /2, Wy, Xu, W) L [1 Lt Ao

/2,0, 7).
oo v 112, Wy oy X W0 $x

with ¢ € 7%° a pure tensor and smooth vector.

Then based on PSarnak’s idea in [30], we consider the following family of test functions
@ = n(t).go, po € 1°° is a fixed pure tensor , t € A.

With this choice, the study of local zeta-functions shows that, under some technical conditions
on ¢y, each local integral reaches its natural asymptotic lower bound for some ¢, = T}, with
[ Tyly = C(X,,)lie. Take ¢ = n(T).¢¢ with T = (T,), chosen above, then we get the estimation
of the product of local terms in (1.2.7):

Proposition 3.1.1. There is a pure tensor ¢ € ®', w5 such that Ve >0

- L(1/2,m,® %)
H((I/Z;Wq),w}(l}ru/y) L. H vE ko

1/2+€
<er Q 3.1.1)
Voo V<00 ((1/2rW(p,l})XUru/U) ¢

where Q = C(y) is the analytic conductor of x.

Recall the global zeta-function defined by

5(1/2,<p,x)=j/;x (¢ —on) (a(y))x(y)dxy,a(y)=(y 1),

where the constant term ¢y = 0 if & is cuspidal. For simplicity, let’s focus on this case. We
want to bound the global zeta-function by some negative power of C(y). To deal with the fact
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Chapter 3. Outline of the Proof

*
that F*\A™ is non compact, we then truncate the integral as f = f h(lyl) and
FX\A* FX\A VA

remark that

* * 12 px 1/2
f play)x(y)d*y < (f ld"y) U (n(1).lgol?) (a(y))d*y) :
F\A* FX\AX FX\A>

The translation 7(f) on |¢q|? is the same as translating the domain of integration a(F*\A*)
into a(F*\A™)n(t). In the classical case (F = Q and ¢ is spherical), the translated domain
is the same as the semi straight-line {yt + yi: y > 0}. As t — oo, the slope of the line tends to
0. The line becomes equidistributed on the modular surface SL;(Z)\H. As a consequence
the n(f) (or n(T)) translation “kills” the portion of |(,00|2 orthogonal to the 1-dimensional
representations. Intuitively,

f lpo(t)>dt — lpo(g)1>dg = (po, Po)- (3.1.2)
a(F*\A*)n(T) Z(A)G(F)\G(A)

In order to diminish the right hand side, we amplify ¢y by defining, for E equal to some
positive power of Q to be chosen, Consider the following average of Dirac measures :

_ 2
o=1IMg ), Ouo,,i071,)

vv'elg

with
Ie={v|qy € [E,2E), T, = 0}, Mg = |Ig| > E/logE,

and take, with @, denoting a uniformiser at the place v,

Po=1/M2 Y 1(@,0,")a@,@;,").00 =0, * o,

vv'elg

where a;( = I/Mé Y x(@y@;}ma(@vﬁ}) is the adjoint measure of o, i.e.
vv'elg v

f h(IyI)n(T).%(a(y))x(y)dxy=f o h(lyDn(T).go(a(y)x(y)d* y.
F*\A* F*\A*

Instead of ¢g, we put ¢; into the above argument. This modification does not change the
quality of truncation on integral. Butin (3.1.2), we get (¢, ¢;) instead, which is some weighted

average of
0] [0
(a(=2) o, a(—2) o), 11, U}, U2, Vb € I (3.1.3)
(Dvi (]

2

Since the decay of matrix coefficients is of local nature, when v, v’l, vy, vé are distinct, the
above term must have size some negative power of E. When v, vi, vy, vé are not distinct, they
are bounded by O(1), and killed by the big denominator Mé Of course this modification will
increase the contribution of non dimension 1 parts of |g|? by some positive power of E as a
factor.
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3.1. Cuspidal Case

Finally, we optimize the choice of E and the truncation on integral to get

Proposition 3.1.2. Suppose 7t is cuspidal. For the same @, there is an absolute constantd >0
such thatVe >0

C(1/2,, %) e Q0% (3.1.4)

1-26 25
, or — using the best known result of [4] i.e. 0 = 7/64.

We may choose ——
8 256

which together with (3.1.1) gives Theorem 0.3.1.

We discuss Proposition 3.1.2 in more detail. In order to simplify notations and for further
convenience, we introduce a functional on automorphic representations:

@— 1T (@) =f playxlyldy.
FX\A
Note that for 7 cuspidal one has
P () = {(s+1/2,¢, 7).

So (3.1.4) is equivalent to
() <en Q_6+6-

There is a local analogue of this functional :
Wp,o = T (W) = fF W, (@ xyl*d”y.

The truncation function h € CZ° (R, ) is made from a fixed function hg such that & is supported
in [Q7*"!,Q*"!]. Here, « € (0,1) is a parameter to be chosen later.

Lemma 3.1.3. We have

M) = fFXW o * h(lyD@(ay) x(d™y + Opy 9y, (Q7¥'276).

Define another functional:
@ — X" () =f h(yDela(y)x(d™y.
FX\AX
We are reduced to examine :
ZX’U*h(QD) = lx’h(U;C * () = LX\AX h(lyl)a% x@la(y)y(yd*y
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Chapter 3. Outline of the Proof

The inequality of Cauchy-Schwarz gives

"0 ) sfFW h(lyl)d*yfFW |0y * @a(y)*h(yDd™y.

(3.1.5)

We then spectrally decompose Ia;( % @ol? in L*(G(F)\G(A),1) as in Theorem 1.6.3, which is

— ll,h

possible because ¢ € R®. Setting [ h we have

"((T)I0’, * @ol*) = 1" (n(D)|&y * ol3)
+ Y TPy (0, * o)
7’ cuspidal

1
) f P (0(T) (P 120, * 0l?) = Pe iz (10, * oY)

EeF\AM

(3.1.6)
(3.1.7)

(3.1.8)

interchanging integrals being verified by Theorem 1.6.3. In every summand of (3.1.7) (resp.

(3.1.8) ) Py (resp. P, ;;) denotes the projection on the space of ' (resp. m(&|- i,
function ) o ®
2 v -1 v
|0, * ol = P e S ,
E vV}, 02, V5€lg Uy ) vy
Let’s write
Scusp(Vl» Ui» U2, Vé) = Z lh(n(T)Pﬂ’
7' cuspidal
hence .
(3.1.7) = o Y ( vy, U2, Uy).
E v1,v,V2,V5€lE vy v
Define
(0] (0]
Sest(v1, V], v2, v3) = " (n(T) (a(== =1"((a(=2
O v O

Seis(v1, vy, v2,05) = ) [ lh(n(T)Pfzr(d(—)(POa(_)(Po)

§eF~ FF\AD

(DUI
—P: ;- (a
f,zr( @,
Therefore,

1 oy
BlLe=— Y oy )x‘l(—)sm(vl, v, V2, V3),
l/

@,
E v1,V},V,V5€lE v 2

1
.1.8) =
3.1 4 M} L ((D

/ /
E v1,V),V2,V,€lE vy vy

vy, Ua, Up).

~1.1717)). The

(3.1.9)

Remark 3.1.4. Not every cuspidal representation n' (resp. not every character &) has a non

trivial contribution in this decomposition. Only the ones which have less conductors than
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3.1. Cuspidal Case

cr;( * (pg on every place v has. The exact choice of the base for spectral decomposition is a subtle
matter. It will be described in Section 5.3. Similarly, the number of ¢’s with non zero contribution
is also finite and depends on F and ¢y.

Lemma 3.1.5. We have
(3.1.6) < g KEST2QETNE,

Recall that, 0 is such that no complementary series representation with parameter > 0 appears
as alocal component of a cuspidal representation. Let A, o (tesp. Aa,,, o) be the eigenvalue
for e (resp. E(®, iT1)) with respect to A, for e (resp. @) runsing through an orthonormal base
B(n') (resp. B(r(&,&7Y)), consisting of pure tensors of 7’ (resp. 7(&|- |77, &[-17'7)). For the
portion (3.1.7)+(3.1.8), an adelic version of Weyl’s law Theorem 1.6.8 is needed. From it we
deduce

Lemma 3.1.6. For a typical term, we have

/ / 2 ~—(1/2-0)+e€
Scusp(Vl» U1, V2, Vz) <K, Em,0,x,ho E“Q ( ) .

Consequently we get
(3.1.7) K¢, F,0,1,ho E2Q (/20

Lemma 3.1.7. For a typical term, we have
! / -1)/2+ 2 —1/2+
Sis(V1, V], V2, V) Ke B ny EQN™V/27€ + E2QT2¥E,

Consequently we get
(3.1.8) e . ny EQXVIZ¥e L 21124,

Lemmas 3.1.5 to 3.1.7 immediately imply

Lemma 3.1.8. We have

lh(n(T”O_;( *(p0|2) <<7'[_K,e EG*ZQ(2+K)€+E2Q*(1/2*6)+€+EQ(K*1)/2+€'

Remark 3.1.9. A comparison between the eigenvalues appearing here and those appearing in
the trace of A;ol should be taken into account, where > 1 will be specified. We'll see this in detail
later.

Remark 3.1.10. We should explain what “typical term” means in Lemmas 3.1.6 and 3.1.7. In
fact, a full list of the types of positions of vy, vy, v2, v, are
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Chapter 3. Outline of the Proof

Case 1: vy, v}, V2, Uy are distinct.

Case 2: v = v, or V| = v3, and there are 3 elements in {v, v}, V2, Uy }.

Case 3: v = vy, or v} = v, and there are3 elements in {vy, V|, v2, v5}.

Case 4: v = v, and V| = V), and there are 2 elements in {vy, v}, v2, V5}.

Case 5: v, = vy, and v} = v, and there are 2 elements in {vy, v}, v2, V3}.

Case 6: V) = UV} = V5 0T V] = V] = U) OF U2 = Uy = V] OF Uy = Uy = U} and there are2 elements in
{v1, v], v, V5 }.

Case 7: v1 = V] = v, = V).

Case 1 is dominant in the sense that there are = Mg possibilities for this case but O(Mf’g) for
the other cases. Therefore it is considered to be typical. We should consider each case and add
together their effects to get the second assertions in Lemmas 3.1.6 and 3.1.7. But it turns out that
it is Case 1 which gives the most significant contribution in any situation that will be considered.

Now it is clear that Proposition 3.1.2 follows from Lemma 3.1.3, (3.1.5) and Lemma 3.1.8, by
solving the equation

: — - — - _1-20
IElEnmaX(Et‘ I,EQ 1/4+9/2yQ K/Z,EI/ZQ(K 1)/4+€)=Q 8 +€

An optimal choice is
—26
E=Q® ,x=1/4+0/6.

Remark 3.1.11. Ifweapply the n(T) translation before the projectionsin (3.1.7) and (3.1.8), and
use a more general result concerning the decay of matrix coefficients, then we find ourselves in

the exact setting of [28], where all the technical calculations are folded in the “Ergodic Principle
in Section 2.5.3.

3.2 Eisenstein Case

Recall that 7 = (1, 1) is induced from the trivial character of B(A). Then the corresponding
L-function
LA/2,m®y) =LA/2, 1)

Therefore, in order to prove Theorem 0.3.4, we only need to give a subconvex bound for
L(1/2,7 ® y). We choose the local data as in the previous section. Then the local estimation
Proposition 3.1.1 is still valid. For this choice, the test function ¢ is K¢-invariant. We need a
proposition similar to Proposition 3.1.2.

Proposition 3.2.1. Suppose n = n(1,1) is Eisenstein. For the ¢ chosen as above, there is an
absolute constant 6 > 0 such that Ve >0

(72,¢, %) Ken Q7O (3.2.1)
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3.2. Eisenstein Case

1-26 25
, or — using the best known result of [4] i.e. 0 =7/64.

We may choose § = ——
12 384

The truncation on the integral works the same way as in the cuspidal case.

Lemma 3.2.2. Ify(y) = |y|'" for somet € R, then

Kp-on) = f a7 RUYD (@ — @) (@) x (N d*y + 0 (Q X2 4 Q- 1702+
FX\A*
Otherwise, the estimation is the same as in Lemma 3.1.3

=g = [ o hiyDe-gn)@)rmd y+0Q ")

We are reduced to control
(ol * (p—n)) = [FXW h(yNoy * (@ —en) (@) x(d™y.
We write ¢g as a sum of ¢ «, ¢1,1 and ¢,. Here

P1,00 + 91,1 = 1 = Alc, u)(@o)

is the truncated function of ¢ defined in Section 6.1. ¢ ; is the one-dimensional portion of
¢ defined by

(1, x' odet) N
p11= Y = ——L—"yodet(g).
Y eF\A% y2=1 VOZ(X(F))

Note that ¢ is K¢-invariant as ¢ is, 80 are @1, and ¢1,1. Consequently, we write
(0, (9 — o)) = V(0! % (n(T)1,00)) + IV (0, % 1,1)

+101 (0, ((T)2)) = V" (0, % oo ).

The treatment of lx'h(a;( * (n(T)1,00)) is the same as in the cuspidal case discussed in the
previous section, except that we should extend the estimation of the constant contribution for
(1,00- This is given in Section 6.3.2, especially by applying Corollary 6.3.2 to ¢1 = @2 = @1 co.
We thus have

lX,]’l(O./X % (n(T)(p],oo)) <<F,€,K maX(EQ_(1/4_9/2)+£,EI/ZQ(K_D/4+€) x

/ !
V1,V),02,U5€lE

max IIAE;’DHG( (m )<p1ooa( )qoloo)ll”2
A

-1+ 1/2—- 1/2+
+QE™ 1,00l T N Ao 1,00/ 7TE

-1)/2 3/8— 2 5/8+
+QE V210 138 IAZ .01 0o lPBTE
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Chapter 3. Outline of the Proof

Together with Corollary 6.1.5 (with r = 1, 2 there), we get
Lemma 3.2.3.

l"'h(a; * (N(T)P100) <Eexpy 61/2+6maX(EQ—(1/4—9/2)+6,El/ZQ(K—l)/4+E)

+CeQeE—1+e + CE‘Q(K—I)/Z.

In order to estimate lx’h(agc * (1 1), we first estimate the coefficients (@1, ¥’ o det). Note that

(o, ¥ odet) =0

since ¢y is an Eisenstein series, thus orthogonal to the one-dimensional representations. We
deduce

K1, x' o det)] = [{¢p2, ¥’ odet)| < fy lp2(g)ldg,

where . is a Siegel domain containing a fundamental domain of Z(A)G(F)\G(A). Recall

P208)= Y @on(yQu(HYyg) -o).
YEB(F)\G(F)

For ¢ > 1, the number of y € B(F)\G(F) s.t. 3g € &, H(yg) > c is bounded by a constant

depending only on F, thus using (2.1.3) we get

d)(
ly

f 92(g)dg < f Gon(a b Y dk <. V7 ol
5% ly|>c,keK I

Combining with the trivial bound Jooxh( ¥’ odet) < gy logQ, we obtain

Lemma 3.2.4.

: _ -1/2
I h(tf;C xp11) = 07y 1) <pe 7 PTOQE

The implicit constant depends on the norm of ¢ in the induced model.

Bounding oh (a;C * (o, N) is just an easy consequence of (2.1.3).

Lemma 3.2.5.
l)(,h(agc " (PO,N) — ZX'U*h((PO,N) <Fe Q(K*l)/2+€'

The implicit constant depends on some Sobolev norm of ¢y in the induced model.

It remains the term lx’h(cf;( * (n(T)@2)) = IX7*"(n(T)@,). The following idea is again to use the
equidistribution property of the torus {a(y)n(T)}. Note from Corollary 2.3.3 that ¢ n(g) <F
H(g)'"?logH(g) ||<513<c/j+6-f0||- By Corollary 2.3.2 and (2.1.3), we have (pg)N(g) =2yrH()'"? +
hpH (g)” 2log H(g), where cpg = (pg is defined in Corollary 2.3.2. Thus for some constant cr
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3.2. Eisenstein Case

depending only on F,

lpo.n (@) <F 164+, foll p) v (8), H(g) = ck.

If we decompose (pg = (p(l)'oo + (p(l)'l + (pg as what we did for ¢g, then we have
l92()| <F 6. foll 99 (), Ve = cr.
Consequently, IIX’”*h(n(T)(pZ)I <F ||‘€2if+e.f0|| l”*h(n(T)(pg). Thus we have a bound
[IE7 M (n(T) o)l <5 16 foll x (117*"(n(T) () — 9§ )]

+HI7 M (@h I+ 17 M (T I+ 117" (00 D).

The discussion in Section 5.4 applies to [7* "n(T) ((pg —(pgy ~), after discarding the amplification.
Thus
| lU*h(n(T) ((pg _ (p8YN)| <<6 Q('K—l)/2+€.

We have already seen that (pg,N(a(y)) =2y¢lyY? + hplyY%1log H(g), thus
|lU*h((p8YN)| <<E€ Q(K—l)/2+€

l”*h((p?yl) also gives

The method of Lemma 3.2.4 applies to
7M@) Dl <pe Q"

The method of Lemma 3.2.3 applies to [”*"(n(T)¢] ) gives
lU*h(n(T)(p(l),oo) <Eeng) Cl/2+€maX(EQ—(1/4—9/2)+e,El/ZQ(K—l)/4+€)

+C€QeE—1+e + CEQ(K_D/Z.

We obtain

Lemma 3.2.6.
|lx.a*h(n(T)(p2)| <Fexpn Cl/2+emax(EQ—(1/4—0/2)+6’El/2Q(K—1)/4+€)

+C€Q€E—1+6+C€Q(K—1)/2+Q(K—l)/2+6+C—I/ZQE.

Collecting Lemma 3.2.2, 3.2.3, 3.2.4, 3.2.5 and 3.2.6, we are reduced to solving

. - - —(1- — — — _1=26
mmmax(Q K/Z’Q(K 1)/2,01/2EQ (1 26)/4,01/2E1/2Q(K 1)/4,E 1,C 1/2): v

x,E,c
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Chapter 3. Outline of the Proof

An optimal choice of parameters is given by

1+260 1-20 1-20
K:T’E:Q 2 c=Q 6 .

Proposition 3.2.1 follows.
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Choice of ¢, and Local Estimation

In this chapter we define the vector ¢ of Proposition 3.1.1. Recall that it is of the shape
¢ = n(T)po. Here ¢q € 1 is a pure tensor corresponding to Wy(g) = H Wo,»(g,) in the Kirillov

14
model of . Recall also that we only need to specify W , for every place v € V.

4.1 Archimedean places

We first make the notion “Analytic Conductor” precise. The general definition, for both GL;
and GL, representations, is given in 3.1.8 [28]. In this paper, we're particularly interested in
GL, case. Using the notations from 3.1.8 [28] and from Chapter XIV § 4 [26], one easily sees

ip+m

that if F, =R and y,(a) = Sgn(a)mlali‘p, then py, = , m € {0, 1} thus we may define

ip+m

C(Xv):2+| |

If F,=Cand y,(a) = (%)mlaliz"’, then py, = i +|m|/2, we may define

Clxy) = @ +ligp+ml/2))>.

Lemma4.1.1. Letp € S(F,)) (i.e. ¢ as well as all its derivatives decay faster than any polynomial
of |t as|t| — +oo and more rapidly than any polynomial of |t| as|t| — 0). Let C = C(x,) be
the analytic conductor of . Set, fort € F,;,

Go(xv, t)=fF XYy (tx) xy(x)dx.

Then forany NeN,1/2<a<f<1

1+t C _ _
N, (=N, cV2ma by,

C |t

|Ge (X v> )] <, N,a,p Min((
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Chapter 4. Choice of ¢, and Local Estimation

This is essentially the Lemma 3.1.14 of [28]. Let’s recall the proof: Note that C is comparable
with the maximal absolute value among eigenvalues of y, for a fixed F,, -invariant basis of
differential operators of degree [F, : R]. The first two bounds then follow from two different
kinds of integration by parts. For the third bound, apply the local functional equation as in
Tate’s thesis, we obtain
Jr, @+ 0y, (01x1%d™ x

YXv, ¥y, 1 —a)

where @ = W € S(F,) is the Fourier transform of ¢(x)|x|%. Recall if we fix a small € > 0, and
let @ € [1/2,1 —€], by (3.5) of [28], and the third property after Theorem 3 of §3 [26]

Gp(tu, 1) =

1Y X0 Wo, 1 — )| = C¥12

Then after some evident change of variables, one gets
1Gyp (X v, D) =¢ C“Z‘“|t|“|fF (rx)|x—1* "y (x - Ddx|
But for any § > 0, ®(x) <B,¢p |x|_ﬁ, thus
Gy (v D] <e,pp C127% t|“‘ﬁfFv x| Plx—11%"dx

The integral converges if 1/2 < a < f < 1. Under this condition, we get
Gy (v, D] g p,p C212] 5P

Corollary 4.1.2. For anye > 0 there is a Cy depending only on ¢ and €, such that for C = Cy
there exists t with |t| € [C'™¢,C1*€], s.t. IGy(y, D) =, CV27E.

Apply the Plancherel formula for L*(F, )

1+|t| 2N C 2N
| (x)|2dx=f 1Gg(xv, DIPdt < f (——) dt+f (—)
fFu ¢ F, LAy ¢N ltl<ct-e C [t|=Cl*e |

+(CcHe—cl=e max G . ,
( )|t|E[C1*€yCI+e]| fl’()(v )|

The result follows by taking N =1 + [é] (N>1/2+ 2—16 suffices) for example.
Choose Wy , € S(F,) and T, = ¢ as in the above corollary, s.t.
L2, n(Ty) Wo,00 Xor Wo) e, COxu) %7€ (4.1.1)
Corollary 4.1.3. Forany0<e < 1/2, and any o € R varying in a compact set
U2+e |g-1/2+€)

1Gp(xul-15, )] <e,p min(C™
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4.2. Non-Archimedean places

N(B-1/2)

We have |Gy (Y, 1)l <q,,N,¢ min(CY2 %1% P, |1NC™N) < ¢ ¥ . Take a = 1/2, 8 ap-
proaching 1 and N big enough. Considering Gy (x4!- 17, t) = Gg|.js (x v, ) gives the result.

Remark 4.1.4. If C(x,) < Co, note that Gy(x, t) can be extended to an analytic function on
t and y, not identically 0 for any fixed x,. Since C(x,) < Cy defines a compact region for x ,,
a routine argument gives the existence of a finite set A c R depending on ¢ and Cy s.t. for
any such y,, 3t € A, |Gy(xv, D)l >¢ e 1. Thus Corollary 4.1.2 remains true if the condition
t| € (C'7¢,C €] is replaced by |t| € [C12,2C]. We note that C(y,) > 1 by definition. We take
T, = t accordingly.

4.2 Non-Archimedean places

We study the local analog of the generalized Gauss sum as in the previous subsection. For
simplicity, we assume that the conductor of v, is @,. Take the convention n(a)?,) =1.

Lemma 4.2.1. Let W transform as w, under translations by a(0),). Suppose the conductor of
wyXy isl+@,0, andR(s) =o. Then ifr >0,1>0

(s +1/2,n@, YW, xo,w ) = g 2q~ 7 1w@} L.

Ifr>0,1=0,
((s+1/2,n@, YW, xu, ) = 0.
Ifr=0,1>0
. = k ko—sk_ _ 1 I-1 -1 ~s(-1)
{(s+1/2, (@, YW, X0, W) = Y W(@)xu(@,)"q, —ﬁW(‘Dv Wo(@0)™ g,
k=1 v
Ifr=0,1=0

{(s+1/2,n@, YW, xu,w,) = Y W@5 xu (@)% g, k.
k

In factfor r >0, {(1/2, n(a);l)W,X,,) = W((Df,_r))(,,(a)y)l_rf vy (@, Ywyx,(y)d* y, the inte-
oy

gral being a Gauss sum with absolute value g~"'2. The following corollary is Lemma 11.7 of
[33].

Corollary 4.2.2. Letr be the conductor of w, ). If w, is spherical, take Wy , to be the spherical
vector. If 7ty is ramified, take Wy ,(y) = wy(¥)1y(y)=0- Then ifr >0

(s, (@, Y Wo,00 X0 W) = ;2.

Ifr=0,
C(s, WO,U»XU;WU) =L(s,7y® xv).
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Chapter 4. Choice of ¢, and Local Estimation

Asa consequence

L(1/2, ® 1
1—[ | ( Ty XV) < H Wc(ww{y)l&
v<oo C(L12, n(TY)Wo,0, X v, W) v<oco,w,yyramified 1-q, )2
1/2+€
<enr [ CO)'™*e. (4.2.1)

V<00

Note that (3.1.1) is established by (4.1.1) and (4.2.1) once T = (T}), and ¢ = n(T)¢ are chosen,
where ¢ corresponds to (W, ,) .

Proposition 4.2.3. The function ¢ corresponding to H Wo,v in the Kirillov model of w verifies
v

@Yo € R®.

This is an obvious consequence of the discussion in the section 1.8. In fact it is easy to verify
@0 € Ry°, then we apply Corollary 1.6.12.

4.3 A Calculation in Unitary Principal Series

First consider a finite place. We are interested in consequences of Lemma 4.2.1 in the case of a
unitary principal series representation. We may assume v(y) = 0. For simplicity of notations,
we omit the subscript v. Assume that the representation takes the form 7 = 7(¢,¢™!) for some
unramified unitary character ¢ of F*. For an integer m > 0, we are interested in vectors of 7
invariant by K 0 [m]. Let W, denote the Whittaker model of 7.

Lemma 4.3.1. IfW € W, is invariant by KO [m], then we have
W (@)l < (v(y) + D(m+ D g™ 21w l1y1M2 1,450,
the implicit constant being absolute. As a consequence,

1 (@ HW)| <e (m+1)g™2 ¢ "9 W |, Ve > 0,R(s) = 1/2 +e. 4.3.1)

Recall that for any f € i (Ml there is a sequence of complex numbers f,,,0 < n < ms.t.
1 0
f1B@ywn@)= fo, f( ‘1 )= fu, VXEO,.

Therefore, if
W(a(y) =Wr(a(y) =& (plyl'’? fF fwn(x)y(-xy)dx
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4.3. A Calculation in Unitary Principal Series

denotes the Whittaker function of f, then we obtain, with ¢ = ¢(®)

v(y)
W) =& Wy Lug=0fo—a o PPV + 1 -g™H Y fu 2.

n=1

If v(y) = m, we rewrite

m—1
Way) =& Wy 1g=0(fo+ Q=g Y fut?+
n=1

t2m _ t2(v(y)+1) 4 th _ t2(v(y)+2)

e

If t = 1 we can analytically continue the above formula. By the discussion in the section 3.1.6
of [28], we have

m—1
IWIZ=0-g Y7 folP+ Y 1flPg " A =g D+ fulPg™™.

n=1
We apply Cauchy-Schwarz and get the lemma.

We apply the second case of Lemma 4.2.1 to the above W = Wy and obtain for (s) =1/2+¢/2
(4.3.1) by noting
-(-1)/2

k=1 k=1 B

The analog of (4.3.1) at an infinite place is just a consequence of integration by parts. Take the
case of a real place for example, if W € W;° then we know that W (a(y)) is of rapid decay as
|y| — oo, controlled by |y|'/?
G. Consequently

as |yl — 0, as well as X.W for any X in the enveloping algebra of

s 1
" (n(yw) = —;f n(0).UW @)yl 2+ (s—Dn@).Wa)yl* 2dy,R(s) = 1/2 +e.
F
The right side converges thanks to the upper bounds of W(a(y)),U.W (a(y)), where recall
1
U= ( 0). We then use the local functional equation to see
M W) =y(s - 12,79 (wone).w).

The gamma factor y(s— 1/2,7,9) = y(s—1/2,&,9)y(s — 1/2,E71 ) is of size =, C(&)12€ 5|12,
while the integral is bounded, separating the contributions from |y| < 1 and from |y| > 1,

01
as < |lw.n(®). W+ |IT.w.n(t) W|, with T = (0 0) in the Lie algebra of G. We do similar
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Chapter 4. Choice of ¢, and Local Estimation

estimation for n(¢).U.W. Using Theorem 1.7.1, We thus find
[ ()W) < 1217 sI72HC@E) A WL, Ve > 0,R(s) = 1/2 +e. (4.3.2)

Finally, note that if v is a complex place, the proof of Theorem 1.7.1 given here implies that we
should replace [|A.W| by [A®. W] in (4.3.2).
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5.1 Truncation

The goal of this section is to establish Lemma 3.1.3.
Fix a function hy € C*°(R*) supported in (0,2] such that kg |(,1;= 1 and 0 < hg < 1. Denote
by .4 (-) the Mellin transform. For any A > 0, let hg 4(#) = ho(¢/ A). The following relation is

immediate:
M (0 * ho,gx1)(8)] < 4RO QTCFIRE gz () ().

For any ¢ > 0, choose y; € A™ such that |y;| = f, and define

f :f palyy)x(yynd™y,
Fx\/\(l)

then
+00
erU*ho,Q—K—l () = f O * ho,erfl (t)f(t)dx L.
0

Note that . (f)(s) = I* ' (), Mellin inversion gives,

s d
|l75'0*h0,0"(‘1 (@) = |f M (0 * hO'Q—K—l)(_S) IXH ((P)_S|
Ris) 2mi

=-1/2—¢

« Q—(K+1)(1/2+e)f Lt (ho) (- ) Y ()1 ds.
R(s)=—1/2—¢

According to (1.2.7), one can write

s R lxvl'lf’(l’l(T YWo.p)
M (@) = Loy, s +1/2) [ 11 ((T,) Wo ) v) Wo.v
Y ' v1|_o[o v UI;[)OLWU@XU,HUZ)

=L9mey,s+1/2) [T ¥ (n(T,)) W),

vesS

where S is the subset of places v for which T, # 0. From Corollary 4.1.3 and Corollary 4.2.2, one
sees that for each v € S, |1V (n(T,) Wy )| <ep0 C(x»)~"2*€ and the product of the implicit
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Chapter 5. Global Estimation: Cuspidal Case

constants tends to 0 as S increases. So

[T 1M (n(T) Wo,p) e Q1.

vesS

By the convexity bound together with bounds towards the Ramanujan-Petersson conjecture,
we have
LOmey,s+1/2) < (1 +|sD?Cre p)''?*, R(s) = —1/2—e.

Note that C(n ® §) < C(7)C(y)?, we finally get
lx,o*hon_K_l ((,0) <<6,(,00,h0 Q—K/2+€.

Similar argument, using Mellin inversion for Rs = 1/2 +¢, gives

l)(,a*(l—h Q—K/2+€

O,Q’(_l) ((p) <<€,(p0,h0
Lemma 3.1.3 is proved by taking h = hg gx-1 — by g-<-1.
We will need to exploit the Mellin transform of h further. Since for any 1 € C.(R.)

M (W) (s+ n)
s(s+1)---(s+n-1)"

A (h)(s) = (-1)"

we have, for h = hy 4,
MR (5) = AST Al (RSP (5).

For h = hy gx-1 — hy g-«-1, we thus have for n > 1

(Q(K—l)s _ Q_(K+1)s)./ﬂ(h(()n))(s+ n)

_(_ n
A (h)(s) = (-1) s(s+1) - (s+n—1)

Note that h(()") is supported in [1,2] and

_ _ 2
2K|S| IOngaX(Q(K 1)§R(s), Q (K+1)?R(s)) ”h(()l’l) ”oofl t?R(S)+ndX t

FAWIOIES Is(s+1)---(s+n—1)]

2xlog Qll " lloo Q" VR
[(s+1)---(s+n-1)]

KR(s)+n R(s) =0, (5.1.1)

2klog QI )" eoQ< VR

Gt Grnon] X <0 (5.1.2)

KR(s)+n
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5.2. Estimation of the Constant Contribution

5.2 Estimation of the Constant Contribution

Writing the Fourier expansion
Po(8) = Y. Woplal@)g),

aeF*
we obtain
0] 0} _ D) n)
(a(=L)poa(=2)pn(g) = Y. Wolal@)ga(—2)Wy(ala)ga(—2)).
Dy, @y aEeF* Dy} v

As a consequence, we get a Rankin-Selberg like equality for R(s) big enough,

I ((ac

n) 0]
") Wolaly) a(—=2

NIyI*d™ y. (5.2.1)
(Dvi ‘Dvé

2u) poa(2yg,) )—f Wo(a(y)a(
(Dyi(poawyé(pON_Ax otalyla

This integral splits into product of local factors

0] n)
YWolapa(—NIyld*y=[] | Wo,l@amPlylid”y-
‘Dvi ‘Dvé vjoo Y Fy

f Wola(y)al(
AX

Lis+1,mx7)  $v25+2) [px Wou(@(y)a(uy) Wo,v(ay)a(w,)lylyd*y
(r2s+2) jexo L(s+1,my x 7Ty) ‘

Here, u,, i), are suitably chosen according to {v1, v}, v2, v3}. For almost all v, the local term
equals 1. This identity admits meromorphic continuation to C and is holomorphic for (s) > 0.
By the convergence of L(s, 7 x ), we have

L(s+ 1,7 x )

(r2512) <1, for R(s) =€ >0.

If v is a ramified place for 7, we can always say that the corresponding local factor is bounded
by some constant depending only on R(s), 7. So we may only consider unramified places of 7.
On such a place, W, , is spherical and is the new vector (c.f. (1.5.2)). If a1,,, a2,, are the Satake
parameters (Ja;,,a2,,| = 1), then

m+1 m+1
a -
— 1,v 2,V
Wo,p(a(@™) = q,""*———="_ m=0,
A, —A2p

Wo,v(a(@})")) =0,m < 0.

Hence the corresponding local term is explicitly computable. We do the calculation of one
case and leave the others to the reader. Let u, = @,,u, =1 (i.e. v = vy and v # v}, v2, V}), then

(u(25+2) [px Wop(a(y)aluy) Wo,u(a(y)aw))lyl;d*y (- nytr g, g,

v

L(s+1,m, x7y) 1—g,;252
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Chapter 5. Global Estimation: Cuspidal Case

where tr, = a1,y + a2, 1y = a1,,@2,,. Let max(lay yl, |az, ,]) = qg”, then |tr,| < qg” we get, for
€ > 0small,

= —s—1y ,—1/2
(try — mytryq,° g,

1 _ q;23—2

Similarly, we deal with all the other cases and get

| <« qu”zltr,,l,%(s) =e.

{u(25+2) [ Wo,u(a(y)a(un) Wo,v(a(y)alu))lyl;d™ y

-1/2
= <Le,n q [tryl.
v<oo L(s+1,myx7y) 1_[ v

— / !
V=01,V,,V2,0,

Inserting it to (5.2.1), we obtain

s (0] Dy, _ _
M@= poa(=2)p)N) <er  [1  a, 21tr,,R(s) =€ >0.
(DU{ (Dl/é V=U1,V],V2, V)
Note that
' I _ 5 Wy, Dy, ds
Sest(V1, V7, V2, V) = A(h) (=)™ ((a(=—)poa(—=)Py)N) =,
R(s)=€ (D,/1 (D,,é 21l
which with (5.1.2) gives
Scst(v1, Ui: U2, Vé) <fgne klog QQ(HK)EE_z H [tryl.

— ! !
V=U1,U,, 02,1,

Lemma 5.2.1. We have Ramanujan conjecture on average, i.e.

Y |tryl <e MpE®
quIE

In fact, by the theory of Rankin-Selberg, L(s,7 x ) is meromorphic and only has possible

simple poles at s = 0, 1. This implies Z ;@) <. N Ve > 0. Here, A, (a) is
a ideal of ENp(a)<N
the Hecke eigenvalues which coincides with tr, when « is the prime ideal corresponding with

v. Using (3.1.9), we obtain Lemma 3.1.5 from Lemma 5.2.1.

5.3 Estimation of the Cuspidal Constribution

The goal of this section is to establish Lemma 3.1.6. Recall that we are reduced to estimate

@,
L)go).

Scuspr, Vi, v, v5) = Y. 1"(n(T)Py(al ~
Uy

7' cuspidal

(Dyl
Ypoa(
(D,,i

The projector P is realized by the choice of a basis of 7/, denoted by B(n'; v1, v}, v, V}). Itis
determined by the choices of local basis of 7}, denoted by B, (n'; v1, v}, v2, v5). When there is
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5.3. Estimation of the Cuspidal Constribution

no confusion, we may write them shortly as & resp. 98,. There are related with each other by
B = ®Iy=%vy € — (We,v)v-

Here, W, , is the component at v of e in the Kirillov model. We may also write it as e, if there
is no confusion. According to Remark 1.6.4, we only need to choose %, for v < co.

Definition 5.3.1. Denote, for any subgroup H < G(F,) and g € G(F,), HS = gHg™!. Then
the Harish-Chandra’s function Z5° associated to the Borel subgroup B(F,)® is given by, with
notations in Section 1.9

28°(8) =E,(8; " 880)-

Definition 5.3.2. Suppose v(n') = m. For any integer n, recall that the space of Kg [n]-invariant
vectors of ', is of dimension max(n — m+ 1,0). A standard basis of level n consists of, for each
integer | s.t. m < | < n, a vector invariant by KB [{] and orthogonal to all the vectors invariant
by K, 2 [{ — 11, and vectors orthogonal to the space of K S [n]-invariant vectors. A nice basis of level
n w.r.t. g € G, consists of the g translates of the vectors of a standard basis of level n. Define the
maximal compact subgroup K, of G, associated with the above nice basis to be

K:=K§.

If A, is a standard or nice basis of level n, we write 9;, to be the elements in B, invariant by
KS [n] or its corresponding translate. We also call the basis as in Remark 1.6.4 standard. At an
infinite place, we define %,, = %8,,. We write

* _ o op*
B =0,8,

If &8, is of level n, then

Y dim(Kye,) < q) (5.3.1)

e,€RB;

We choose %, and K, explicitly as follows:
Dy

Dy

(0]
Case 1: vis different from vy, v}, v2, V5 resp. v = vy = vp resp. v = v} = v,. Since a( l)(poa(@—vz)a0
1 v
is Kg[v(cpo)] resp. K,(,)[v((po)] resp. Kg[v((po)] invariant, we take 98, to be a standard
basis of level v(¢pg) resp. a nice basis of level v(¢) w.r.t. a(®@,) resp. a nice basis of level v(¢g)

W.I.T. a(a);l).

a@,) a(@,")

] a(a)v)

@ Dy, _
Case 2: v = v) Or v, Tesp. U = v} or U,. Since a((D—m)tpoa((D—vzﬂpO is KS[U((pO) +1 resp.

v Uy
KS [v(po) + 1] invariant, we take 98, to be a nice basis of level v(¢p) + 1 w.r.t. a(®@,) resp. a

standard basis of level v(¢pg) + 1.

)@, is KL [v(¢o) +21%®) invariant, we

, P Dy, Dy,
Case3: v=v; = v, or v = vy = v;. Since a(—)popa(
2 1
@y @y,

take 98, to be a nice basis of level v(¢g) +2 w.lr.t. a(@y).
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Chapter 5. Global Estimation: Cuspidal Case

Then we rewrite

@y @

Seusp(V1, V1, v2,05) =Y Y (a(=L)poal(—2)p,, &) 1" (n(T)e). (5.3.2)
T ecB* (Dyi (Dyé
We have
h B ds
I"(n(T)e) = M) (=9I (n(T)e) —, (5.3.3)
R(s)=0 27i

and since the vector e is a pure tensor,

. . " (T W, )
H = ! Il o vl ev)
l (n(T)e)—L(s+1/2,n)V|loo|l (n(T,))We,,,)U|<OO| TSR

The convexity bound gives
IL(s+1/2,7)] < Cr' ® |- )4 < (1 +s) /> Ci’) 4+, Ve > 0.

Lemma 5.3.3. Let I; be the set of places v s.t. v € {v1,v}, v, v} and n, is unramified, o', is
ramified. Let I, be the set of places v s.t. v € {v1, v}, v2, Vy} and 7, ', are unramified. Then we
haveVe >0

I (U(T) )] Ze.0,p, 1+ IsD)V2HE TIOR3 [T gum4+e T dim (K e,) 2.

,00
vely vel,

Write
M, (e) = sup|C () V41" (n(T,)) W, )1, Y vloo,

seiR

" (n(T,)W,
Mv(e) =sup|C(7‘[/U)1/4+€ (n( l/) e,v)

— |,V <oo.
seilR L(s+ 1/2,7I/v) |

To prove Lemma 5.3.3, we estimate the local terms M, (e) case by case. This is technical and
will be given in the following subsections. Lemma 5.3.3 will be a consequence of Corollary
5.3.5,5.3.8, Lemma 5.3.6, 5.3.9, 5.3.10, as well as Lemma 1.5.1 and the remark following it (with
llell x(r) = 1). Recall the following bound resulting from (5.1.1)

d
f |l () (=)](1+ 15D /2 2= <, 2x108 QA -
iR 2mi

From it we obtain

l)w (
a
(Dli 0

(5.3.2) <) > Kal

e

V2 \— h
(Dvé)%,eﬂ x |1 (n(T)e)|

—1/24+0+¢
<X Fe, 0,90,k |T| ||Pcusp

® ®
A5/4+2€ U1 V2 \—
oo a(—wvi )cpoa(a)l/ JPo | |lIx

2
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5.3. Estimation of the Cuspidal Constribution

Y Y et Il wo+D I1 (w(go) +3)S(1, ) (5.3.4)
7' exn€® 00Xy v<oo, T, #0 v<00,T,=0,v(¢pg)>0
with
Sth,I)=T] Y s <[] Y dim(K;e,).

vel, e, €%, vel, e, €%,

Dy,

Itis easy to see that || Peysp

@
ArE (d(w—vl)(l)oa(

/ ®,,
U1 &)

)60)) | is bounded above by some Sobolev

norm of ¢,. In a typical situation as mentioned in Remark 3.1.10, distinguishing v(z") = 0 and
v(n') = 1 and using (5.3.1) we get

Shyb)< [] qu<E.

ve{v.v),vs, vy}

Therefore
(5.3.4) <, E*(trace of AL} 79)'2,

which proves the first part of Lemma 3.1.6. The second part follows from similar bounds for
S(I1, I,) in the other 6 situations mentioned in Remark 3.1.10.

5.3.1 AtvsuchthatT,#0

In this case, 28, is given by the first case of Case 1, hence is standard. Note that
1T (T W) = fF An=T) ay)n(Ty) We,p, We,n) y1°d” y.
By Theorem 1.9.1, we get,
11 ((T)) We, )P < Ay (€) dim(Kyey) | We, o1 fF Ey(n(=T)a@)n(T,)) "*°¢d*y. (5.3.5)

Lemma 5.3.4. Foranye >0, we have

| (T W)l <o 1Tyl 2707 dim (K, ) [ We, .

Corollary 5.3.5. There exist a constant C(0,¢€) depending only on 0 ande s.t.

If v|oco, then we have
My(e) = CO, A1 T, 1, 20+ | W 1.

v

Ifv < oo, then
_ /
M, (e) < C0,6)| T, ;2 0+ g3 9 1wy, , 1.
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Note that dim(K,e,), C(1,) < A,y if v|oo, and e, is KS [v(go)] invariant by the choice of %4,
v < V(o) if v < 0o, we deduce the corollary from the lemma by noting that

Ky KDw(po)]] < ™.
Let us now prove Lemma 5.3.4 place by place.

At aReal Place: F, =R

0
Recall the (bi-K,-invariant, ( 0 1)-invariant) Harish-Chandra’s function as in [15] 5.2.2 is
given by:

er/2 0
E,,(( 0 e_r,z)):‘B_l/z(coshr),r>0.

For some absolute constants a, § > 0, we have

PB_1/2(coshr) < e 2 (a+ Br).

-1

+
We make a change of variable ¢ = 4 2y and get

fR Eyn=Tayn(T,)' *a*y

<201+ T2 2 (1+log(l+ Tﬁ))“*’f (t—-1)"V2*%a + Blogr)' =20
1

+17 240/ 4 Blog(r + 1))1‘29L
?-1
<o (1+ T2 (1+log + T2) 2.
We get the lemma at v using (5.3.5).
Ata ComplexPlace: F, =C

The Harish-Chandra’s function as in [15] 5.2.1 is given by:

0 2logt
-2 o0

=" %)
Mo Y -tV
When we evaluate it at n(—T,)a(y)n(T,), the corresponding ¢ satisfies

| Ty ly —1/?
Iyl '

2

P+t 2=yl + 1y +

This expression being invariant by the change of variable y — y~!, we get, with the change of
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5.3. Estimation of the Cuspidal Constribution

-1
variable r = M
_ " 2logt _ "
f 2, (=T a)n(T,)'2°d y=2f (S8,
(o ly>1 £—t1
log(r+1)
1-20 oo 1+ log2 0 dr
<20 +|T,/*)" 2 (log2(1+|T |2))1‘29-2nf ( 1-2
Y 8 Y 1 Vr—1 Vri-1

< (1+ T2 (1+log(l+ T2) 2.
We get the lemma at v using (5.3.5).
At aNon Archimedean Place
The values of the Harish-Chandra function associated with the standard Borel subgroup can

be inferred from the Macdonald formula, Theorem 4.6.6 of [2], by letting &y — 1, = 1.

@, 0 1-
EU(m:EU(( 0 1))=q;”’2+nq;"’2—q” =0

Apply (42) of [15] to the torus T = n(-T,) Z, A,n(T}), the local integral can be calculated and
bounded as, with d = max(0,—v(T}))

ay"” fF Ev(n=To)anT)' " d*y

v

2 d-1 qd—n_qd—n—l 2
=2 ) S, ) o5, 2 - )
n>2d n=1 qy—{qy
1 ~ d_2 d-1 ~
+ y d_lEv(O)l 20+ qu q;_l EU(Zd)l 20
qv —qu v~y

< CO)max(1,|T,)" "2 (1 + max(1,log| T, ))* 2.
We get the lemma at v using (5.3.5) and conclude the lemma. We record the following estima-

tion: for some constant C'(6) depending only on 0,

a;" fF Eay))Pd* y<2) (n+1)g,""* P +1<C'0) (5.3.6)

v n>0

5.3.2 At vsuchthat T, =0, 7, ramified

The number of such places is finite and depends only on 7. 2, is given by Cases 1,2,3.
Applying (5.3.5) (with T}, = 0) and (5.3.6) we get similarly to section 5.3.1

Lemma 5.3.6. For Ve >0, there is a constant C(0,¢€) s.t.

M, (e) < C0,) g2 " P * 32w, .

59



Chapter 5. Global Estimation: Cuspidal Case

This follows from the bound dim(K; e,) < gL¥?*? . a suitable translate of e, is at most

Kg[v((po) + 2] invariant, and v (') < v(¢@o) + 2.

5.3.3 At v such that T, =0, 7, unramified, 7/, ramified

In that case v € {v1, v}, v2, v5}. So the number of possible places is at most 4 and v(n') < 2.
By the theory of new vectors and conductor, we know that y — W, ,(a(y)) is supported in
{y € F) : v(y) = m} for some integer m = 0 (c.f. [10]). Therefore, by Cauchy-Schwarz (since
s € iR) we deduce

Lemma 5.3.7. We have

I (W)

-8 —d, /2
— 2 = I (W, )l < g, I We .
L(s+1/2,7,) ov v ov

Corollary 5.3.8. Foranye >0, there is C(€) depending only one s.t.

M, (e) < Cle)g ™4+ g, "2 W, , .

5.3.4 At v such that T, =0, 7, unramified, n'v unramified

If v ¢ {v1, V], v2, v3} then e, is spherical and we have

Lemma 5.3.9. Forv ¢ {v, v}, vz, vy}, we have

[We,ul

VL2, 7, x 7).

My(e) =

Note that almost all v are in this category.

If v € {vy, v}, v2, 3}, then we apply (5.3.5) and (5.3.6) to get

Lemma 5.3.10. For v € {vy, v}, 2, Uy}, there is a constant C(0,€) depending only on 6 ande,

My(e)=C(8,¢) dim(K;ev)llz I We,y”
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5.4. Estimation of the Eisenstein Contribution

5.4 Estimation of the Eisenstein Contribution

The goal of this section is to establish Lemma 3.1.7. First we rewrite

oo @y Dy, _ )
Seis(v, V1,02, 1) = ) 2 <alg poal gy E(®, i) >
EeFPO\AD PEB(M(E,E1) Y~ v v,

"(n(TY(E@®, i) — EN(®, iT)))dT.

The treatment of lh(n(T) (E(®,it) — En(®,iT))) is similar to that of lh(n(T) e) in the previous
section, except that we can take 6 = 0. One starts with

lh(n(T)(E(CD, i1)—En(®,iT))) = f
R(s)>

M) (=) ((T)E@, i1) - En(®, ir)))d—s.
1 2mi

with

I (a(T)(E(®, 1) — En(®, i )))_A(s+ir+1/2,§)A(s—ir+1/2,§—1) 5.4.1)
n , 1T N , 1T = A(1+2i1’,§2) 4.

M L +2i1, &)1 (n(T,)) Wa,. 1)
o LS +iT+1/2,§)L(s—iT+1/2,¢,1)

where A(-,¢) is the completed (GL;) L-function. (5.4.1) has an analytic continuation and
admits simple poles at s = 1/2 + i7 only when ¢ = 1 is the trivial character and 7 # 0.

If £ = 1, we shift the integral into i*s = 1/2 + €. The local factors for which T, # 0 are bounded
by using (4.3.1), (4.3.2). For those for which v € {vy, v}, v, v5}, T, = 0, we use instead

AR 1+2
1 (W, )| < | Weo, ol lyl**%€d” y.
suppWo,,,v

Together with (5.1.2), we deduce that they are of size O, (Q*~V/2*¢E).

We then shift the contour to Rs =0 if { # 1, and the estimation is just as in the cuspidal case:
In order to bound the contribution on the line R (s) = 0, we use the bound

11 (n(T) Wa,,,0)I* < dim(K, W) | Wa, ]I fF Eo(n(=Tyay)n(T,)d"y.

Since E, is a matrix coefficient, one alwayshas =, <1,s0 £, < E},’e for any € > 0. We get

[ (n(T) Wa,, )| < 1+ 1T, )~ (dim(K, Wa,, ) V2 | We,, ol

Similarly to the previous section, using the convexity bounds for GL; L-functions, the contri-
bution on the line R(s) = 0 is bounded by O, 7 «,n, (EZQ_” 2*€) This completes the proof of
Lemma 3.1.7.
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6.1 The Truncation Process

We use a truncation process slightly more general than the one in the section 5 of [20]. We'll
assume the knowledge of that paper and use the results of that section implicitly in the sequel.
Recall the height function H(g) defined by

€lx
gOl

a 0
0 b

K H(g) =%
g_b'

Definition 6.1.1. A function f : B(F)\G(A) — C is an admissible truncator if its support is
contained in {g: H(g) = c} for some c > 0 and transforms under Z(A) as a Hecke character w.
This character is called the central character of f .

Definition 6.1.2. Given an admissible truncator f, the associated truncation operator A(f) is
defined by

ANPE@=9@- Y  fog,
YEB(F)\G(F)

where @ : G(F)\G(A) — C has the same central character as f. The sum overy is finite.

If ¢ is continuous, and ¢ — f is rapidly decaying in any Siegel domain, then A(f)(¢) is rapidly
decaying in any Siegel domain, thus lies in LZ(G(F)\G(A), w). Let u € C°°(R) be real valued and
satisfy

suppuc[1,00), U|p2,000=1,0=u<1.

If ¢ is a unitary Eisenstein series constructed from a smooth vector in the induced model,
then f(g) = ¢n(g)u(H(g)/c) is an admissible truncator for any ¢ > 0, and A(f)(¢) is rapidly
r

decaying in any Siegel domain. Similarly, if ¢ = ]_[ ¢' is a finite product of Eisenstein series
i=1

r .
constructed from smooth vectors in the induced model, then f(g) = u(H(g)/c) H (pﬁv(g) is an
i=1
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admissible truncator. We make the convention

Ale, w)(p) = A(f) ()

for the above defined f when there is no confusion.

d
Consider X = ]_[ E;, where VE;Jv|oo s.t. E; is in some fixed basis of g,. We call d the degree
i=1

d )
of X. For any o € {0,1}%, we write X7 = I1 E:.T(”, where E? =1 is the identity in the universal
i=1
enveloping algebra. Suppose ¢ > 1.
If H(g) > 2c, then
r . r . r .
XA, w)(@)(g) =X.9@-X.([e\)(© = > [1X79'@-]]X7.0x(©&)]
i=1 0;€{0,1}4,y ;0;=(1,,1) \i=1 i=1
But it is easy to see

r . r . r . . . )
[Tx7 0" =[] X7 .0k =Y (X7 .07 = X0 [ X0 [T X700
i=1 i=1 j=1 i<j i>j

Since X“i.¢" — X7 .(pfv is rapidly decaying, X.A(c, u)(¢) is, too. Corollary 2.3.3 gives

XAl (@) () <en []5 (0 Hg™.

Here [ depends on the degree of F/Q, d =deg X and N.

If H(g) < 2c, then

X.Alc, ) (@) (g) = X.0(g) — > X7 (uH@/e) [T X7 .oy (@)
oi€{0, 34,5 0:=(1,+,1) i=1

Lemma 6.1.3. For any X as above, we have

X.H(g) <q H(g),

where d is the degree of X.

d
Corollary 6.1.4. We writelogl = )_ 0¢(j), then
=1

X0 (u(H(g)/¢)) <y jog) 1.
The implicit constant is some Sobolev norm of u of order depending on |o|.
In fact, H is the spherical function in Indg(l, 1), thus if g = znak is the Cartan decomposition
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6.2. Truncation on the Integral

with ko being the infinite part of k,
X.H(g) = H(g) X.H(koo).

Then it is routine to check X.H (ko) <4 1 by the compactness of K, and the boundedness of
its action on goo. The corollary follows easily by the chain rule of derivative. We conclude

X.Ae, u)(@)(g) = X.0(g) <pa, [[SM(p") (H(g)*log H(g))" ,VH(8) = co.

1

for some ! depending on the degree of F/Q and d = deg X by Corollary 2.3.3.

Proposition 6.1.5. The L? norm of X.A(c, u) () satisfies

IX.Ae, (@) <e gar [T ("~ V/2 ve > 0.

1

Where | depends on F,d =deg X, r.

6.2 Truncation on the Integral
In view of Proposition 2.1.1, we only need to consider the poles of
M (0 hy gx) (=) IV (9 — )

at s=—-1/2— it and 1/2 — it. Here recall that we are assuming y(y) = |y|'*. The residues are
equal to

M0 * hy g-+-1) (112 + iT)pn()resp.. (0 * hy g-«-1)(=1/2+ iT)pN (W),
which, in view of ¢ N(g) = po n(gn(T)), (5.1.1) and (5.1.2), are of size
Oc (9o, n()Q™ V%) resp. O (o, n (wn(THQ HV/2¥¢).
The first one is already absorbed in O, (Q®~1/?*€). Recall the equation (2.1.3), we deduce that
@on(wn(T)) = O (ITI71€) = 0. (Q7).

Proposition 3.2.2 follows.

6.3 Estimation of the Constant Contribution (Continued)

We extend our result in Section 5.2 to any function ¢, which lies not necessarily in one
irreducible cuspidal representation.

Lemma 6.3.1. Let 1,7, be two generic automorphic representation of R,,, which are unram-
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Chapter 6. Global Estimation: Eisenstein Case

ified at every finite place. Given ¢\ € n7°,¢2 € n5° invariant by Ky, if at least one of my, 7 is
cuspidal, then

a(—)wla(—)wz <pe klogQQ* Ve
CD”z N

||<p1||1 N2l AL @1 IIFIAL 2 €

E2 []  max(try,l, ltra, ).

— / !
UV=V1,0,02,0,

Ifboth 1,y are (unitary) Eisenstein, then

((a(—)(pla(—)q)z) ) < e kKlogQQIHVEp=2¥e
LD,,Z N

€ 4 4
N1 T2l A -1 1551 A 02115

1- /4— 1/4— 3/4+ 3/4+
+Q K”(,OIHEIS €”(p2”Els 6‘”Aoo (PIHE 6”Aoo-(pZHEis ‘.

First we consider the case that at least one of 71,7, is cuspidal. If W}, W5 are the functions in

the Whittaker model of 7}, 12 corresponding to ¢y, @2, then we get, with similar notations as
in Section 5.2,

ll-v((a

L(s+ 1,7 x 73) (25 +2) [px Wi p(a(y)a(uy) W,y (a(y)a(w))lyl;d*
(F(25+2)

- _) ) [T Wiwla)Wa(ay)lylsd”y-
U2 N

v|oo Fy

- (6.3.1)
v<oco L(s+ 1,71,y x 7T2,p)

On the line R(s) = € > 0, similar argument shows, for example for u, = @, u), = 1

$o(25+2) [rx Wo,u(a(y)a(uy)) Wo,p(a(y)a(u)lylyd*y _ (i -m, i g, g,V ?
L(s+1,m, x7y) 1- g2

-1/2
<e l_[ qy max(|try, |, [tra, y1),
V=UL,V,02, 0

(6.3.2)

where try,, (resp. trp,,) is the Hecke eigenvalue of ¢ (resp.¢») at v. At infinite places, we use
Cauchy-Schwarz to see

f Wi, (a(y)Wa,,(a(y)lyl;d™y < \/f IW1y(a(y))|2Iy|€dxyf [Wa,, (a()12|y15d* y.
vlooV F v|oo

(6.3.3)
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6.3. Estimation of the Constant Contribution (Continued)

Using Holder’s inequality and Proposition 1.5.4, we see

1-€/2 €/2
1 [, w@orivsay<T1 ([ waaoiasy) ([ imaoeiytdy)

v|oo F; v|oo

€/2
(F (2) 2 1 o 2
<KF — [l 117 1] T T, " .1l ) (6.3.4)
(dISCF)“zL*(l'nl X 11) Uz;;l’,Z} vlr_e[all Y vcolr;[plex Y
y o1} ., [0 i : R
where T, = 0 ol T, = 0 o] &€ elements in the corresponding Lie algebras. As the proof

of Theorem 1.7.1 shows, we have a bound for a single term

ITT 7o [] 7071l <k IA%-@1l. (6.3.5)

vreal vcomplex

Putting (6.3.2), (6.3.3), (6.3.4) and (6.3.5) into (6.3.1) we get, for R(s) =€ >0

s (D) @Dy, _ _ _
M a=2)p1a(=2)p,| | <ge CaCu) il ™2 12l <2 AL, o1 162 1AL, .o |2
Dy Do,

[T "2 max(try,l, [t 6.3.6)
V=U1,V],V2, V)
. s 1AL .ol .
With (5.1.2) and C(m11)” <F H(p—ll’ we obtain the first part of Lemma 6.3.1 from (6.3.6).
1

We turn to the case when both 7; and 7, are Eisenstein. We assume 7 = n()(l,wxl_l),nz =
(Y2, w), 1y with y1, ¥ two Hecke characters. We have an obvious equality

M {a@2pa25,| | = 1" a0 va2)g, | +
(D,<P1 <P2N— (D’(Pl,N (D,<P2,N

,,
51 ) U )

"a=He1a=2)9,| -a=")pna(—
(( @y @y 2]y @y @y

2 1 2

Wz,N) .

The second term at the right side of the above equation can be treated in the same way as in
the case where at least one of 71, 7, is cuspidal, except that we should use Proposition 1.5.6
instead of Proposition 1.5.4. For the first term, suppose ¢; is constructed from f; (i =1,2) in
the induced model by the formula (1.5.1). Then we have

pin=fi+M(f;),i=1,2,
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Chapter 6. Global Estimation: Eisenstein Case

where M(-) is the intertwining operator. Hence, we are reduced to bound 4 terms like

Dy, Dy, Oy, 172, Dvy 172 — x —_—
(2 3 (Ot Dz P f LRIy - O FD.
o, 0, @ A

’ / ,,
) vy Va

It is non zero only if y, 73 is trivial on F*\A", in which case the integral is bounded by a
constant multiplied by

f yIRYDA* y = Op(QY).
FX\A*

The restriction of f; to K, v|co lies in IndI;: ()(i,w)(l._l), where T, = B, N K, is a sub-torus of K.
Let f = f; ,, and decompose it into K, -isotypic part as

f= Z as(f) fo

oek
with
fo k) = V/do (kov, v0), ag (f) =, fir).

Here v, vg € V;; are unitary and satisfy
N NS |
t.vo = (xi,wx; )t )vo.
We get a Sobolev inequality

fo = Y 10 (HVdg| <ue 1€ FI < 1INk, 177+, Ye >0

o€k

where 0, = 1/2if v is real and o, = 3/4 if v is complex. We have used results from Section 2.2,
especially (2.2.5), and Hoélder’s inequality in the last inequalities. We conclude by noticing
€k, - fl <u 1Ay. £ that

)
[

1/4—€ 1/4—€ 3/4+€ 3/4+€

)
h v Vp\— -1
1" a( l)wl,Na((D—Z)q)z,N) <pe l91llgs lo2llgis NAs0-@1ll5is 1A 25 Q.
vy v

Corollary 6.3.2. Let @1, ¢ € R, be Ky-invariant, without one dimensional part in the spectral
decomposition in the sense of Theorem 1.6.1. Then

1
M

E v1,v},v3,V5€l

@y

® ® @y, _
2 X(—l)x_l(i)lh((a( ”l)tpla(ikpz) )<<F,E
Dy Dy, Dy, Dvy "y

,KlogQQ(K+l)€E—2+€ . ”(p]_ ”1/2—6”(’02”1/2—6”Aoo.(p1 I|1/2+€||Aoo(p2”1/2+€

-1 3/8- 3/8-€ ) A2 5/8+€ | A2 5/8+
+Q - 1 IP M2l T N AG- 1 1PN A2 7757

In fact, since the decomposition in Theorem 1.6.1 converges uniformly and absolutely on
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6.3. Estimation of the Constant Contribution (Continued)

1 ()} Dy,

any compact, the operator —- > r (=) x‘l(i)lh commutes with the spectral
E v1,V}, 02, V5€lg vy @y,

decomposition of ¢, p,. We then apply the above lemma to each term after the spectral

decomposition.
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