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Aspects of linear Landau damping in discretized systems
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Basic linear eigenmode spectra for electrostatic Langmuir waves and drift-kinetic slab ion temperature
gradient modes are examined in a series of scenarios. Collisions are modeled via a Lenard-Bernstein
collision operator which fundamentally alters the linear spectrum even for infinitesimal collisionality
[Ng et al., Phys. Rev. Lett. 83, 1974 (1999)]. A comparison between different discretization schemes
reveals that a Hermite representation is superior for accurately resolving the spectra compared to a
finite differences scheme using an equidistant velocity grid. Additionally, it is shown analytically that
any even power of velocity space hyperdiffusion also produces a Case-Van Kampen spectrum which,
in the limit of zero hyperdiffusivity, matches the collisionless Landau solutions. © 2013 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4792163]

I. INTRODUCTION

First predicted analytically' and later observed experi-
mentally,” collisionless Landau damping is one of the most
well known phenomena in plasma physics. The Landau solu-
tions, all of which are damped for electrostatic Langmuir
waves, arise after a Laplace transform with respect to time of
the linearized governing equations and dominate the solution
for large times. The advantage of such an approach is that it
naturally includes the initial condition which is necessary
when solving differential equations. However, Van Kampen
searched for solutions with a time dependence of exp(iwt)
and discovered a continuum of singular solutions that are
marginally stable.’ It was demonstrated that the interplay of
these modes leads to a damping of all moments of the distri-
bution function, e.g., the electrostatic potential, given a
smooth initial condition. An important conceptual point in
the collisionless case that resolves this apparent contradic-
tion is that the Landau approach applies to the electrostatic
potential and not to the distribution function. Indeed, only
moments of the distribution function with respect to velocity
are damped but not the distribution function itself. Subse-
quent studies added collisions as a natural extension of the
mathematical model. Using a simplified collision term of a
Fokker-Planck type, Lenard and Bernstein found that the
results of Landau do not change qualitatively in the presence
of collisions,4 i.e., the Landau solutions change continuously
with the collision frequency. Later, however, a similar inves-
tigation was conducted also for the Case-Van Kampen spec-
trum, and it was found numerically® as well as analytically®
that collisions alter the Van Kampen spectrum completely;
the continuum of marginally stable modes vanishes, and
instead the spectrum consists of countably infinitely many
eigenvalues that converge to the collisionless Landau solu-
tions when the collision frequency tends to zero, i.e., colli-
sions represent a singular perturbation of the system.

In this work we reexamine, analytically and numeri-
cally, several examples of basic kinetic eigenvalue problems,
providing new insights into various aspects of the eigenmode
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spectra. The cause for the qualitative change of the spectrum
that comes with introducing collisions is traced back to the
second-order velocity derivative of the distribution function. In
fact, this term alone is sufficient for reproducing the observed
results. This we verify numerically and additionally show ana-
Iytically that any even power of velocity space hyperdiffusion
alters the spectrum in the same way, which is noteworthy con-
sidering that such terms are used extensively in computer sim-
ulations. Although the latter is performed mainly for numerical
reasons, our analysis suggests that they capture more physical
effects than might be expected at first sight.

For the collisional slab drift-kinetic model with ion tem-
perature and density gradients, we shall focus our study on
numerical approaches and compare different numerical
schemes. We find that a truncated Hermite representation of
the distribution function is in many ways superior to a finite
differences approach on an equidistant velocity grid although
the latter finds a wide application in numerical simulations.

One of the main motivations for this work was also the
correct interpretation of the Case-Van Kampen-type spectral
analyses, e.g., those performed with Gene,” which has
become an important task considering the various applica-
tions of linear eigenvalue computations.®!" The results of
this study are also expected to provide insights into the non-
linear effect of turbulence which is driven by the unstable
linear eigenmodes studied here. Microturbulence and the
associated transport in fusion plasmas frequently retain sig-
natures of the underlying linear eigenmode spectra.'>™'®
Moreover, it has been shown recently that the interaction of
unstable and stable eigenmodes at comparable scales facili-
tates turbulent saturation by providing an energy sink at the
same scales as the energy drive.'®"""'° Thus, a careful study
of both the unstable and stable parts of the linear eigenmode
spectra is expected to lay the foundation for a deeper under-
standing of the saturation mechanisms which determine the
level of heat transport in fusion plasmas.

The reminder of this paper is organized as follows. In
Sec. II, we reproduce some known results, but in a mathe-
matically more consistent way, by formulating the problem

© 2013 American Institute of Physics
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of plasma oscillations in the language of operator theory.
This will illustrate the origin of the Van Kampen continuum
and give a sufficient condition for its existence. Sec. III deals
with the numerical implementation of the collisionless and
collisional cases. We study the applicability of two different
numerical schemes: finite differences on an equidistant grid
in velocity space and a truncated Hermite representation. In
Sec. IV we investigate analytically whether a diffusion term
alone is sufficient to reproduce the qualitative change of the
Case-Van Kampen spectrum observed numerically. The
computation is generalized to an arbitrary even derivative
with respect to velocity and conducted in a similar way as in
Ref. 6. It is also noted that the solution of the initial value
problem via a Laplace transform in time yields the same
dispersion relation, i.e., collisional Case-Van Kampen and
Landau solutions are the same when considering such dissi-
pation terms. In Sec. V, the obtained results are summarized.

Il. MATHEMATICAL PROPERTIES OF THE LANGMUIR
WAVE MODEL

The starting point of our investigation is the model of
one-dimensional collisionless electrostatic Langmuir waves
with immobile ions distributed homogeneously in space. The
dynamics are governed by the linearized Vlasov equation for
the electron distribution function g(z, v, f) combined with the
Poisson equation. Space and time quantities are normalized to
the Debye length, /p, and the electron plasma frequency, w,.,
defined as ip = \/eokpTo/(noe?) and wp, = /noe?/(meto),
respectively. The thermal velocity we set as vy, = ApWpe.
Using these units, we redefine further g — gno/vm,
E — kgToE/(eip),z — zAp,t — t/wpe, and v — vUy,, Where
E denotes the electric field. The full distribution function is
split into an equilibrium part fo(v) and a small perturbation
g1(z,v, 1) that is to be computed. Linearizing the Vlasov equa-
tion yields

+o0
0g1 0g) o . OE
E"‘UE—E(Z,I)%—O, g—— J gl<Z,U,f)dU. (1)

We shall also assume that the distribution is periodic in
space with period L. Hence, it suffices to consider only the
interval z € [0,L]. Such a treatment suggests the use of a
Fourier series representation in space defined by

OES

e~ -

[rereta: = 1o = S iwer, @
0 k

where k takes discrete values given by k = n2n/L and
n € Ny. In what follows, we search for functions of the form
g, (k,v,t) = f(k,v,w)e”", where f(k,v, ®) is determined by
the equation

+00

of (k,v,0) = kuf (k,v,®) — %% Jf(k, v,o)d.  (3)

—00

This system can be viewed as an eigenvalue equation with @
as an eigenvalue and the right-hand side as a linear operator
A in velocity space acting on f, i.e.,

Phys. Plasmas 20, 022108 (2013)

+00

(AF)(0) = kef (0) + Y(v) jﬂv’)dux @

—00

where (v) = —(1/k)(9fy/0v). For a proper eigenvalue
equation one has to specify also the domain of definition of
the operator A. An important observation is that the first part
on the right-hand side of Eq. (4) is, up to the multiplicative
factor k, the position operator from quantum mechanics for
which one usually uses the Schwartz space S as the func-
tional domain. We recall that S is the space of all C* func-
tions which, as well as all their derivatives, decrease faster
than any polynomial for large absolute values of the argu-
ment. In the explicit examples that shall be discussed in this
paper, ¥/(v) has the form of a Gauss function multiplied by
some polynomial, i.e., ¥(v) € S and, therefore, the right-
hand side of Eq. (4) is well defined for all f € S.

A:SCLHR, (1 +x%)dx) — S c LR, (1+x)dx), (5)

where L*(R, (1 + x?)dx) =: ‘H is the functional space of all
functions over the real numbers that are square integrable
with respect to the measure (1 + x?)dx. It is immediately
clear that H is a Hilbert space with respect to the scalar
product

+00

f,8)y = J ]W(l +v%)g(v)dv, (6)

—00

where f stands for the complex conjugate of f. This turns A
into a densely defined operator, i.e., A is defined on a func-
tional space that is dense in a Hilbert space. In order to estab-
lish the connection to the physical problem one should
elaborate on the physical relevance of the functional space
‘H. A reasonable condition is to demand that the particle den-
sity is always finite, ie., [ g(z,v,f)dv < oo for all r € R
and z € [0,L]. Since the one particle distribution function is
per definition non-negative and the smallness condition
lg1] < fo applies for all ve R, it follows also that
g1(z,v,t) € L'(R) with respect to v. Further, the perturba-
tion g;(z,v, 1) should have no singularities as a function of z
and v. From this and the previous considerations follows im-
mediately that f(k,v, ) € L'(R) with respect to v. Since all
velocity moments of the distribution function have to be fi-
nite, it holds that lim,_,+, v"f(k,v,w) — O for all n € N,
which together with the absence of singularities means that
flk,v,0) € L2(R,dx), ie., f(k,v,0) €LY (R dx)NL*(R,dx).
The space H that we used is dense in L' (R,dx) NL*(R,dx).
The operator A consists of two parts Ay and A, defined as

+00

Af)(0) == kif (0),  (A)(0) :=¢<U>Jf<u’>dv'. @)

—00

Ay is essentially the position operator known from quantum
mechanics which is self-adjoint on S. It is also well known
that the position operator has only an essential spectrum that
consists of the whole real axis. An important point is that A;
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is bounded on H, ||A;]|;, < /7|[¥|l,; < oo, which together
with the fact that its range is finite dimensional implies that
A, is compact on H. According to a theorem of Weyl (p.
113, Corollary 2 in Ref. 20), in this case the essential spec-
trum of A is the same as that of A, i.e., Ges5(A) = 0,55(A1).
From this follows that every real number belongs to the spec-
trum of A, which is the result of Van Kampen.3 However,
the theorem of Weyl does not exclude the possibility that
there exist also complex values of o that belong to the spec-
trum of A. One way to determine this is to find the resolvent
operator of A — . After a simple computation, one finds
that it is given by

1 U(v) 1

Ra(w) = -
a() kv — o kv—cu(l+ JHO Y () d')
p.v. v
o kU — o
+00 d .
v
X p.v. J m, (8)

where the first term should be understood as a multiplication
operator and the second one as an integral operator with p.v.
denoting the principal value of the integral (this form of the
resolvent operator has been given independently in Ref. 21
where a similar problem is discussed. However, the model of
magnetized plasma presented there deviates considerably
from the one studied here). Having the above form, one can
easily verify that R4(w)(A — w) = (A — w)Ra(w) = id on
‘H, which can be viewed as the definition of the resolvent op-
erator and that R4 () is bounded on H when both 3(w) # 0
and 1 —|—p.v‘fj§ ;{/'L(f(l dv # 0 (here id and & denote the iden-
tity operator and the imaginary part of a complex number,
respectively). It is clear that R4(w) has poles at every real
number. This gives again the continuous spectrum discov-
ered by Van Kampen. However, R4(®) has poles also for
frequencies which satisfy the relation

+o00
1+ po. J V) 4y )
kv — wg

These solutions we shall call the discrete part of the Case-Van
Kampen spectrum. We note here that, in the drift-kinetic sys-
tem discussed in Sec. III, the discrete part of the collisionless
Case-Van Kampen spectrum is connected to the unstable drift
waves that arise in the case with background gradients. Thus,
the mathematical foundation for a broader class of eigenmo-
des is already observed even in the simple electrostatic Lang-
muir wave system. For (v) a real valued function, the
solutions of Eq. (9) are either real or appear in complex conju-
gate pairs. Considering the definition of the Landau contour,
one should note that all unstable (3(w) > 0) Landau solutions
coincide with the unstable Case-Van Kampen solutions.

The eigenfunctions fa()V) of A have the form f(fjv) = —%
+ ko (kv — w)(1 +p.v.fj:§ kl/:,(il dv') and are also given in

Ref. 3. For w real, f(f)v) (v) are distributions and belong neither
to L nor L. Therefore, in strict mathematical terms, real fre-
quencies belong to the spectrum of A but are not eigenvalues.

Phys. Plasmas 20, 022108 (2013)

If S(wo) # 0, then fa()L/) € 'H, i.e., the discrete part of the spec-
trum of A that does not lie on the real axis consists of mathe-
matical eigenvalues. Using the explicit form of the

eigenfunctions f;f)v)(v), one can verify that in contrast to the
statement in Ref. 22, eigenfunctions corresponding to differ-
ent frequencies are not orthogonal with respect to the scalar
product

v

Qg —
_ [ f)g()
<f7g>f0 - J f(]( ) dUa (10)

but, instead, for Langmuir waves we have

1.
S = —gifor # o an

According to the classical paper of Case,”* one should expect
“a continuum of solutions for all real v such that not simulta-
neously #(v;) =0 = A(;),” where n(v) denotes our V(v),
v = w/k and A(v;) is the left-hand side of Eq. (9). This, how-
ever, cannot be a condition for the existence of the continu-
ous part of the spectrum because, as the theorem of Weyl
shows, the addition of a compact operator A; to the self-
adjoint A, does not change its continuous spectrum. The op-
erator A inherits the continuous part of its spectrum on the
real axis from Ay and since #(v) is present only in A;, no
condition involving #7(v) can influence the existence of the
continuum as long as ||#(v)||,, < oo which is fulfilled for ev-
ery physically reasonable equilibrium distribution function.
For real discrete v;, the condition given in Ref. 23 reads
n(v;) = A(v;) = 0. However, as we see from Eq. (8), it is not
necessary that 5(v;) = 0. To summarize, as long as A is
compact, there is a continuum of eigenvalues that covers the
whole real axis. The discrete set of complex solutions satis-
fies the condition given by Eq. (9).

lll. NUMERICAL SCHEMES FOR DISCRETIZED
SYSTEMS

While one can extract some analytical results in the col-
lisionless case, including collisions into the model makes it
mathematically much more difficult. For obtaining results in
this case, it is therefore necessary to approach the problem
numerically which is the goal of this section. We also study
a different model where background temperature and density
gradients are taken into account. A numerical study, how-
ever, introduces the important question of which is the most
appropriate discretization scheme to use. Here we compare
the results obtained with a finite difference scheme on an
equidistant velocity grid versus those achieved via a Hermite
representation of the distribution function and conclude that
the latter is in many aspects superior to the first.

A. Collisionless Langmuir waves

First, we consider an equidistant grid of N points on the
velocity axis that covers the interval [— vy, Unmay]. All func-
tions of velocity turn into vectors in R" and the operator in
Eq. (4) becomes a matrix, M, the eigenvalues of which
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represent the Case-Van Kampen spectrum. The details of the
numerical representation we use here are discussed in Ref.
24. In the discretized system, one can easily solve for the
time evolution of the distribution function, F (¢), which is
given by F(t) = =™ . F(t = 0) and for smooth initial con-
ditions leads to an oscillatory behavior of the perturbation in
velocity space that gets more and more rapid with time. This
is the well-known linear phase mixing which results in an ex-
ponential decay of all moments of the perturbation. Solving
numerically for the eigenvalues of the matrix M, one con-
cludes that they all lie on the real axis but are not equidistant
and accumulate at the points corresponding to the real part
of the two least damped Landau solutions. This leads to the
question if all Case-Van Kampen eigenmodes are equally
important for the numerical description of the system. The
eigenvectors of M form a complete basis in R" and can be
used as such to decompose any initial condition Fo. When a
Maxwellian initial condition is decomposed on the basis of
linear eigenmodes, one observes that the modes having fre-
quencies clustered near the real part of the frequency of the
least damped Landau solutions possess the largest coeffi-
cients. However, if one constructs a reduced initial condition
composed of only this subset of modes, the corresponding
initial value computation does not reproduce the exponential
decay associated with Landau damping. This suggests that
the interplay of all modes with non-negligible coefficients is
essential for obtaining the damping.

B. Collisionless slab ion temperature gradient (ITG)
modes

As a natural next step, we extend our study to a drift-
kinetic slab ITG model.>*° Electrons are assumed to be adi-
abatic and only the E x B drift is taken into account. We
consider only electrostatic perturbations in a strong homoge-
neous magnetic field in the z direction, B = Bé,, and pre-
sume a plasma in a local thermal equilibrium where
temperature and density vary in the x direction. The thermal
ion velocity is defined in this case as vy := \/kgTi(x0)/mi,
where X, stands for a reference position along x, m is the par-
ticle mass, and the subscript i stands for the ion particle spe-
cies. We consider only one ion species with the charge +e.
The time scales in this model are given by the gyrofrequency
w, = eB/m;. One also defines the thermal ion gyroradius
p; = Upi/w,. After integrating the drift-kinetic equation
over v, the resulting distribution function g(7,v),t) =:
foi(x,v)) + g1:(F, vy, 1) is normalized over ng;(xo)/vm,; and
the electron potential ¢ over kgT;(xo)/e. For the temperature
and density we adopt T — T/T(xo) and ng; — no;/noi(xo)-
The linearized equations describing the system in this case
read

1 Ogii v 0gii _ 99 Ofoi _3790% —0: (12a)
0. Ot 1752 dy dv 0z Ox '
T,( i
L (x -
=T i\r,v ,t dv 5 12b
® o () J 1i( I ) I (12b)

where p, = p;/R, 1 =T.(x)/Ti(xo) and fp; and gy; denote
the equilibrium and perturbed ion distribution functions,

Phys. Plasmas 20, 022108 (2013)

respectively. Eq. (12b) represents the adiabatic response of
the electrons and couples the electrostatic potential to the
perturbed ion distribution function. Note that x only appears
as a parameter in Eqs. (12a) and (12b) and the equations are
thus local in this direction. Without loss of generality one
may thus reduce the study to the reference position x = xg
which is equivalent to setting k, = 0. In Egs. (12a) and (12b)
we have normalized x and y with respect to the microscopic
scale p; and z with respect to the macroscopic scale R which
characterizes the variation of temperature and density in the
x direction. For the temperature and density gradients we use
the local approximation

= ——=c . 1
noy dix L, const. (13)

Ly and L, we shall refer to as gradient lengths which are nor-
malized over R. After a Fourier transformation with respect
to y and z, using the assumption that the perturbation of the

ion distribution function is proportional to e, one arrives
at the eigenvalue equation
+00
CU ! !
p—fli:kHUHfli_T“(UH) 0i(v))) J J1i (e, ky Ky vy, 0)dvy, - (14)
*
—00

where OC(U ‘) = ky/(ZLT) — ky/Ld — kHUH — kyl)ﬁ/(Q,LT),fo[(UH)
= eXP(iUU/z)/\/E’ and  gui(ky, ky, vy, 1) =1 frilky, Ky,
v, w)e”"". The discretization procedure is the same as for
Langmuir waves. The spectra that the corresponding matrix
produces are shown in Fig. 1 where the blue asterisks and
green crosses denote the continuous and the discrete part of
the Case-Van Kampen spectrum, respectively. The latter is
defined by Eq. (9). Because of the numerical discretization
scheme the asterisks are contained on a finite interval in the
w-plane that corresponds to the interval [—Unqy, Unay] 10 ve-
locity space. Those discrete eigenvalues that stand out from
the continuum part are computed directly by the numerical
eigenvalue solver together with the blue asterisks. For the
green crosses that are embedded into the continuum we used
approximate solutions of Eq. (9). For comparison, the colli-
sionless Landau solutions are also plotted (red circles). They
solve the analytical dispersion relation

1+ ! + b, vz[-2 o2
© 2kip.Ly V2kp, 2\/§kﬂ p2Ly
) k k
+ 4 y Y =0 15
V2kyp. V2K 2\5’€|LT> "

that arises after applying a Laplace transform with respect to
time on Eq. (14). Z denotes the plasma dispersion function as
defined in Ref. 27.

It is evident that the Case-Van Kampen spectra of drift-
kinetic slab ITG and Langmuir waves display a great deal of
similarity. In both cases one observes the kinetic modes on
the real axis that result from the first part of the linear opera-
tor. For some parameters there are also (possibly complex)
eigenvalues present that result from the second part of the
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-~ -1 - -
< <
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3 < 3 ©
- g o) FIG. 1. Evolution of the discrete colli-
“r -3 O “r -3 0O sionless Case-Van Kampen eigenmodes
O o (green crosses) and the collisionless
4 O o) 4 'e) Landau solutions (red circles) with
. respect to the temperature and density
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 gradient lengths. For large gradients the
m(‘““)/(ﬂikn) ;R(“f')/(f’ikyl) ion acoustic mode emerges which is
almost marginally stable and practically
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1 1 2] Van Kampen eigenmodes. The unstable
® discrete Case-Van Kampen modes
0 o ¥ = 1 0 AL & match the unstable Landau solutions
— X — and the blue asterisks represent the con-
=z -1 =z - X 1 tinuum part of the Van Kampen spec-
oY oY trum. k, = 0.3, k| = 0.03.
= ) @) y il
=-2 e o) =g S
= =
o 5 (@) o | @ 5 O @)
O
-4 S O -4 O
-6 -4 -2 0 2 4 6 -5 0 5 10
R(w)/(piky) R(w)/(piky|)

resolvent operator in Eq. (8) and that we call the discrete
Case-Van Kampen spectrum. To this set belongs also the
isolated mode on the right which is very close to one of the
Landau solutions. The latter is due to the fact that for
|R(w)| > |S(w)]|, the plasma distribution function equals
nearly the principle value integral for the corresponding
complex frequency. We shall refer to this mode as an ion
acoustic mode. This association is also mathematically
motivated. It is well known that ion sound waves due to den-
sity gradients have frequencies that are proportional to
ky/(kjLq). Using the drift-kinetic Landau dispersion relation,
one can derive a differential equation that governs the move-
ment of the Landau solutions in the complex frequency plane
with respect to any of the parameters. For 1/Ly =0 it is
immediately seen that the frequency of solutions with negli-
gible damping/growth rate also scales as k, with the propor-
tionality constant of 1/(kjLy).

In Fig. 1, one can also follow the movement of the
eigenvalues and the Landau solutions in the complex plane
resulting from varying the gradient lengths. Correspond-
ingly, not only the position but also the number of existing
discrete eigenvalues change. For one set of parameters given
by the condition kj/kf = 4(1 + t)LLa/(t*(La — 2Lr)), one
of the discrete eigenvalues on the real axis coincides with
one of the Landau solutions that by further increment of the
temperature gradient becomes the instability. For k, = 10k,
and L; = 10 this is realized for Ly = 2.5 and shown in Fig.
1(b). This condition also means that for given gradient
lengths, there are always &, and k|| values such that the ratio
ky /Ky fulfills the upper condition, and there is an undamped
Landau solution with the same frequency as one of the dis-
crete Case-Van Kampen eigenvalues. In conclusion, despite

the singular nature of the collisionless Case-Van Kampen
modes with real frequency, the discrete Case-Van Kampen
spectrum shows an interesting connection to that part of the
Landau solutions that has a clear physical interpretation,
namely, the instability and the drift wave.

It is noteworthy that the discrete Case-Van Kampen
eigenvalues have the same dispersion relation (Eq. (9)) as
the nonlinear undamped Bernstein-Greene-Kruskal modes
when the amplitude of the latter tends to zero.”®

C. Comparison between different discretization
schemes for the collisional case

Up to now, we discussed only collisionless systems.
One could argue that such a model is a good approximation
of hot fusion plasmas since the collision frequency in such
plasmas is small. However, it has been shown numerically’
and later proved analytically® that for any non-zero collision
frequency, collisions are important even for a correct qualita-
tive description of the system (at least, if collisions are
modeled via the Lenard-Bernstein collision operator first
introduced in Ref. 4). In that case, the Case-Van Kampen
spectrum becomes fully discrete, and it is the same as the
corresponding Landau solutions.

Ng et al.” use a Hermite representation in order to com-
pute the Case-Van Kampen spectrum. Our first goal is to
investigate if the same result can be obtained by using finite
differences on an equidistant grid in velocity space which is
the most common one used in numerical studies, e.g., in
GenE. Later, we will also determine which part of the
Lenard-Bernstein collision operator is responsible for the
qualitative change of the Case-Van Kampen spectrum. In
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this part we shall focus on the drift-kinetic slab ITG model,
since it is more relevant for our future work. However, the
statements that we are going to make about the usefulness of
different discretization schemes apply in the same manner
also to Langmuir waves. Modifying Eq. (14) by a Lenard-
Bernstein collision operator formulated in the parallel veloc-
ity direction leads to

+00
w ’ !
p_fli = kyoyfii — vo(oy) )foi(vy) J Sui(ey vy, )dv
v i Pfu
L , 16
+lp* h +UH8UH + avﬁ (16)

where v denotes the collision frequency normalized over the
gyro-frequency w,. Derivatives are modeled numerically by
centered finite difference schemes defined as

ofii 1 - 0%fy; 1 .
— (X —X)Fy — Xy —2[+X_)-F
8UH_)2AU||( i 1) ’ 8vﬁ _)Avﬁ( +1 + 1) ’
(17)

where X_; = XL and the elements of the matrix X ; are
given by (X41);; = d;11,. For the Hermite representation,

f]i(ky, kH’ U||, (D) = ZZO:O a,,(ky, kH, w)H,,
(0/v/2)e "1 is used where H,(x) = (—1)"(2"aly/7) "/
e“d"e™ /dx".  With
H,,(UH/\/E)e*”\Z\/Z is an eigenfunction of the collision oper-
ator in Eq. (16) with the eigenvalue —n, and the integral
of fi;(ky, k|, v, ®) over v reduces to \/f{/ﬁao(ky,k“,w).
The eigenfrequencies @ in the Hermite representation are

the  expansion

these definitions, the function

(a) v=10.1 \/5[)11\7”; velocity discretization
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given by a recurrence relation for the coefficients a, that
reads

0] Tk,
a, = O2pdn—2 + (/1 + 101,)dy—
kjjp.. V2Lrk w2 (Vi tn)n-1
r .
+ léon—m—y a, +vVn+la,.;  (18)
Lak kyp.

and is derived in the same way as the analogous recurrence
relation in Ref. 5. The collisional Landau solutions that arise
in our slab ITG model are determined by the dispersion
relation

el bk
- ot )
T Zp*kﬁLT 2p*kﬁLT
+ iex ﬁ . L zpikﬁ/l’zfﬁo)/yfl
’ VZ p*kH
szﬁ o) pikﬁ K, o
A ' 3 +
2 v’ 12 202k Ly Pk

<]

k(1 1\ . Kk
k(L b5 ) —o 19
T (Ld 2LT) o) T (1%

]

where 7y denotes the incomplete gamma function as defined
in Ref. 29.

The upper part of the spectra that one obtains this way
for different collision frequencies is shown in Fig. 2 where
the Case-Van Kampen modes (blue crosses) have been com-
puted numerically with different discretization schemes and
the Landau modes are the solutions of Eq. (15) (collisionless
case, red circles) and Eq. (19) (collisional case, black

by v = 0.1\/§p,¢k||; Hermite representation
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’ Pikil| Piky| dau solutions; black diamonds: corre-
(c)v=102 \/ﬁp,:k“; velocity discretization (d)v= ().2\/5,(;,:1.:”; Hermite representation sponding collisional Landau solutions;
0 0 ky =0.3,k; =0.03. The number of
@ @ velocity grid points used equals 128 and
) ) is the same as the number of polyno-
s 6% ﬁé O% 6)0 mials in the truncated Hermite scheme.
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diamonds). For a view on the whole spectra one can consult
Ref. 24 where also the question of numerical convergence is
discussed. Here, relatively large gradient lengths have been
chosen such that there are only damped solutions. By
increasing the temperature gradient, the left one of the two
isolated modes becomes unstable and the right one moves
further to the right while its damping rate decreases. An
increase of the density gradient makes the right mode practi-
cally marginally stable and increases its frequency even fur-
ther such that it becomes the ion acoustic mode. Performing
the limit v — 0, smaller structures in velocity space develop,
which requires that the resolution in velocity space increases
in order that the spectrum converges. In case of the finite dif-
ference approach, the form of the converged spectrum can be
obtained by increasing the number of points on the interval
[—Umaxs Umax] While keeping the collision frequency fixed.
With this discretization scheme, it is observed that for small
collision frequency only two of the Case-Van Kampen
modes agree with the corresponding Landau solutions. Even
a velocity resolution of nearly 32 000 points could not pro-
duce more pairs of Case-Van Kampen modes which lie in
the vicinity the Landau solutions. Another issue concerning
the finite difference scheme is the fact that it produces a large
number of numerical, i.e., non-physical, modes that have a
rather small damping rate. For some values of the parame-
ters, a subset of those numerical modes can be less damped
even than the least damped Landau solutions. An initial
value computation in this case shows, however, that the elec-
tric field still decreases with the rate of the least damped
Landau solution, i.e., the interplay of those modes is such
that they do not change the expected behavior of physical
quantities like the electric field or the electrostatic potential.
This is also the main reason for calling those modes non-
physical.

In Ref. 24 we observed numerical recurrence in the ini-
tial value simulation for both collisionless Langmuir waves
and slab ITG modes. Recurrence also manifests itself clearly
when using a collision operator of a Krook-type. However,
with the Lenard-Bernstein collision operator the recurrence
is eliminated, which represents another advantage since such
a non-physical phenomenon is undesirable for computer
simulations.

Figures 2(b) and 2(d) display again the Case-Van
Kampen spectrum for collisional slab ITG modes, but this
time obtained via the Hermite representation where the
number of Hermite polynomials used equals the number of
velocity points in Figures 2(a) and 2(c). The Hermite repre-
sentation was introduced already in Ref. 30 for the study of
experimental measurements of ion distribution functions
which also motivated the theoretical studies that followed. In
contrast to matching backward and forward recurrence rela-
tions for every eigenvalue in the case of small collision fre-
quency as performed by Ng ez al.,” we simply truncate the
series at some finite order. This leads to a simple matrix
eigenvalue equation which is readily solved numerically and
yields good results for the less damped eigenmodes.

The comparison with the corresponding collisional Lan-
dau solutions shows a very good agreement in the upper part
of the complex w-plane where there is a matching of many

Phys. Plasmas 20, 022108 (2013)

Landau solutions with Case-Van Kampen eigenvalues. Non-
physical modes exist in this case only under the matched sol-
utions which is not critical since these modes are strongly
damped. The level at which the matching stops and only the
numerical modes are present shifts upwards when collision
frequency decreases and above a certain value of N (nearly
100) is practically not influenced by N any more. This
implies that there exists a lower limit on the collision fre-
quency below which it is impossible to properly resolve the
eigenvalue spectrum with standard numerical methods.
Fig. 2 illustrates that, first, for a fixed collision frequency,
the Hermite representation produces more matchings of Lan-
dau modes than the finite differences and, second, increasing
v leads to a much greater improvement in the Hermite case
than in the case of the finite difference scheme on an equidis-
tant velocity grid. Note also that for a certain set of parame-
ters, some of the non-physical modes can move so close to
the real axis that there are no matchings any more and the
whole Case-Van Kampen spectrum consists of numerical
modes some of which are less damped than the least damped
Landau solutions. An initial value computation in this case
however still leads to electric field and electrostatic potential
that decay with the damping rate of the least damped Landau
solution and again no prominent numerical recurrence is
observed.

The next step in our investigation is to determine which
term in the collision operator is responsible for the qualita-
tive change observed in the spectrum. As discussed more
thoroughly in Ref. 24, the unexpected change comes from
the second derivative of f; with respect to the parallel veloc-
ity. By leaving only this part of the collision operator and
removing the other two, one obtains with the velocity discre-
tization the same type of spectrum as shown in Figures 2(a)
and 2(c). The same applies also to any derivative of an even
power of the distribution function with respect to velocity.
We shall elaborate on this and specify our statements in a
more mathematical fashion in Sec. IV. While the velocity
discretization appears to be rather robust regarding differ-
ent collision operators, this is not the case with the Her-
mite representation since its advantage in the case of the
Lenard- Bernsteln operator Cp, is that the functions bn(uH)
=H,(v/ V2)e~ * used as a functional basis are the eigen-
functions of thls operator, i.e., (Crb,)(v))=—nb,(v)). A
substitution of C; in this case with a second derivative with
respect to v)| alone yields entirely different and non-physical
results. This can be easily deduced from the equations since
now the Hermite functions are not eigenfunctions of the op-
erator but instead 0"b,, /Ov]t o< \/(m+1)...(m~+n)b,, which
corresponds to a matrix tne spectrum of which is ¢={0}
and not {—n},., as for C.. Therefore, in the Hermite repre-
sentation one should not use hyperdiffusion-like terms as a
simple dissipation source. A possible analogue would be
—(=C.)",ne N, as suggested by Parker.”'

IV. ROLE OF HYPERDIFFUSION TERMS

Next, we investigate analytically the effect of
hyperdiffusion-like terms in the linearized system of equa-
tions in both the case of Langmuir waves and slab ITG
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modes. A similar problem has been discussed in Ref. 6
where the analysis is performed for the Lenard-Bernstein
collision operator which can be formulated in one dimension.
In numerical computations, one often makes use of a so-
called hyperdiffusion term which is proportional to the 4th
derivative of the particle distribution function with respect to
velocity. Such a term is also called numerical dissipation,
and for this purpose one can use any even derivative of the
distribution function in velocity space.*?

A. Langmuir waves

For a better understanding of the problem, we first con-
sider one-dimensional electrostatic Langmuir waves and use
the same notation as in Refs. 5 and 6 according to which
Q := w/(v/2k), u:=v/v/2. This will facilitate comparison
with the results obtained there. Thus, the linearized Boltz-
mann equation reads

+00
7

st~ 00~ [ sl =io(52). o)

—00

where 17(u) = —ome™ /y/7 with o = 1/k* € R, the term
on the right-hand side in the brackets produces dissipation
for every even number 7, and ¢ is some small positive param-
eter which we shall refer to as collision frequency. g(u)
denotes here the same quantity as f(k, v, w) in Eq. (3) where
for the ease of notation we have suppressed the arguments k
and o. In order to solve this equation, we perform a Fourier
transform with respect to velocity

+00 +00
1 . 1 .
Glp) =—— w)e™du = g(u) = —— J G(p)e P"dp.
(r) VT J g(u) 8(u) W (p)e”"dp
(21)
With this definition, Eq. (20) becomes
dG
=t (p" — Q)G(p) = %G(O)pe’p2/4. 22)
P

We have written the equation as an ordinary differential
equation because there are only derivatives with respect to p
and the other variables can be regarded as parameters. The
solution of the above equation is

o & n+1 .
-~ v Q
G(p) ZG(O)exp( penr A p)

P
X Jxexp(ni 1x"“ — /4 - iQx)dx

+Cexp ( # P iQp>, (23)

where a and C are some constants. At this point, it might
look surprising that the general solution of an ordinary first-
order differential equation depends on two constants instead
of only one. However, one should note that the two constants
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are not independent from each other. We shall see that
demanding that G(p) is absolutely integrable determines
both constants. This condition also assures that g(u) is a con-
tinuous function. Actually, our analysis will show that G(p)
is even a Schwartz function which automatically implies the
same for g(u). Since n is even, the second term in the solu-
tion diverges as exp(—p"*!) when p — —oo. Thus, C has to
be zero in order that the inverse Fourier transform of G(p)
exists. This, however, is not a sufficient condition. It is also
necessary that the first term in Eq. (23) goes to zero rapidly
enough when p — —oo. This can be achieved by demanding
that @ = —oo. This choice is unique because there is only
one function that solves Eq. (22) and does not belong to the
kernel of the operator. With the above values for the con-
stants ¢ and C G(p) goes to zero rapidly enough for p — —oo
such that it is absolutely integrable for large negative values
of the argument. Next, we focus on the case p — +4o0. This
limit is slightly more problematic because the integral in Eq.
(23) diverges when p — 4-o00. On the other hand, the absolute
value of the prefactor in front of the integral goes rapidly to
zero when p increases. In order to clarify this limit, we esti-
mate |G(p)| from above as follows:

153

n+l _ ox Q
Py S( )p)

’ 2
& X

—
’ Jxexp<n+1 4

6(0) = 3 6(0)exo -

X

o &
< Z|G(0 - og(Q
< 516( )IeXp< paY S( )p)

X

R . 2
& X
J ‘X‘exp (n—‘—lanrl — Z —+ %(Q)X) d.x :f(p)

(24)

The function f{(p) is positive definite, and we are interested in
its behavior for p — oo. By taking its derivative one finds
that

a

iy 7= (=" = 3@ ) () +31GO - bl 25)

2

Here, Q is merely a parameter and can therefore be neglected
in the prefactor in front of the first term in Eq. (25) for large
values of p, and the second term tends rapidly to zero when
its argument increases. This gives the relation

N
Jim () =~ lim 'f(p) (26)

Since f(p) is positive definite, df (p)/dp < 0 for large p, i.e.,
f(p) decreases monotonically with p when p — +o0. In this
case there are only two options for the behavior of f(p) at
large p: it can tend to some positive constant or to zero. First,
assume that lim, ... f(p) = const > 0. Then the limit in Eq.
(26) equals —oo which contradicts the assumption we made
and also the fact that f(p) is positive definite. Therefore, f(p)
must go to zero for p — oo. In order to satisfy the positive
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definiteness of f(p), its derivative also should go to zero for
large p which means that f(p) tends faster to zero than p”
tends to infinity. Since f{p) is an upper bound for |G(p)| and
n > 2, it is clear that for large values of the argument |G (p)|
should decrease fast enough such that it is integrable. The
integrand in the first term is also a continuous function. Since
integration is a continuous operation, the integral is also con-
tinuous. Thus, |G(p)| is a continuous function which
decreases rapidly enough for p — *oo such that it can be
integrated, i.e., ff:;|G(p)|dp < 0o, which means that the
solution

Glp) =

zG(O)exp ( ﬁp"“ + lQp)

X 2
x | xexp e Y iox ) ax 27)
n+1 4

—00

has a Fourier transform,
consistent.

The next step is to find the dispersion relation which
arises from the self-consistency condition for p =0. This
yields

0
2
o & X
-2 LAV B
2JxeXp<n+1 4

i.e., the Fourier analysis is

iQx> dc=0. (28)

To the best of our knowledge, the above integral cannot be
expressed in a closed form by using only elementary func-
tions or the well-known special functions and is, therefore,
rather inconvenient to work with. For this reason we make
an expansion of the integrand in Eq. (28). Since ¢ is propor-
tional to the collision frequency, writing the exponential of
ex"t1/(n+ 1) as a series will help us determine the asymp-
totic behavior of the dispersion relation when the collision
frequency tends to zero. At this point, one might be tempted
to exchange summation and integration since all the integrals
that emerge this way exist. However, such a term by term
integration cannot be justified mathematically in this case.
Since we are interested only in the asymptotic behavior
& — 0, we apply the method of Borel summation, a simple
description of which is given in Ref. 33 and the references
therein. For that reason exp(ex"*!/(n + 1)) is represented as

& il & il
=1
orlye ) v
x2(n+1)
+ £ —t)ex x"“)dt
J(nJrl)z( ) p(” 1
0
(29)
Further calculations will be facilitated by the relation
0 .0 70
J xpe—xz/4—iQk‘dx — ol J e—x2/4—iQxdx I+l dgg’ )
—00 —00
(30)
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which applies to all r € IN(, where Z is the plasma dispersion
function defined in Ref. 27. The above expression can be
easily verified by induction when one takes into account that
Z(Q) = iy/me ¥ (1 + erf(iQ)) and Z'(Q) = —2(1 +QZ(Q)).
Now, we estimate the difference, D, between the exact inte-
gral in Eq. (28) and its approximation achieved by taking
only the first two terms on the right-hand side of Eq. (29)
into account. A straightforward computation yields

0
2(n+1)
D= J o /A ! xJ(aft) 0D gt i
(n+1)>*
0 2ntl) |
< J efxz/47i§lx X . ‘X‘J(g _ t)etx”*'/(nﬂ) dtdx.
g (n+1)

€1y

For n even and x € (—o0,0] one can estimate the integral
over ¢ from above as

& €
t 1
—t —— ") dt < (e —t)dt =& (32
[ exp (pe Y < [to-nar =3 )
0 0
This leads to an upper bound for D given by

0
D < v J ‘x‘x2("+1)e_xz/4+(“’:(g)xdx = 82Cn (Q),

(33)

where C,(Q) is a constant that depends on 7 and Q but not on
¢ and is finite for every finite Q. Although C,(Q) — oo for
$(Q) — —oo, setting a maximal damping rate above which
modes are of no physical importance gives us a global upper
bound for C,, that is independent of Q in that part of the com-
plex plane. Therefore, by replacing the integral in Eq. (28)
with —2(1+QZ(Q))+i""' 42 7(Q), one only introduces

n+14Q"2
an error of the order of &7, i.e., the dispersion relation reads

e dn-H

n+]adQn+l

1+ o+ aQZ(Q) + "+ (QZ(Q)) + 0(%) =

(34)

From the above expression it is clear that in the limit ¢ — O,
one recovers the well known Landau dispersion relation for
a collisionless plasma. For the sake of completeness we also
compute the first order contribution. Its exact form, however,
depends on n. For a standard hyperdiffusion term (n =4) the
dispersion relation up to first order in ¢ is

1+ o+ aQZ(Q) + ia~ [( 320 +224Q° — 264Q)

+(—32Q° 4 240Q" — 360Q° + 60)Z(Q)] + O(&?) = 0.

(35)

The analysis in this part regarded so far only the Case-Van
Kampen spectrum, i.e., we searched for solutions with a time
dependence of e~ On the other hand, one could solve the
initial value problem by using a Laplace transform with
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respect to time. For a Lenard-Bernstein collision operator,
this results in the same dispersion relation as the one derived
in Ref. 6. It is straightforward to analyze the linearized Vla-
sov equation with hyperdiffusion-like terms using such a
Laplace transform. In this case, we found the same disper-
sion relation as in Eq. (28), i.e., the Case-Van Kampen spec-
trum coincides with the Landau solutions also when the
dissipation term is of the form —ig(—i"9"g/Ou"), which is
consistent with the results of our numerical analysis.

B. Slab ITG modes

In the following, we study the effect of hyperdiffusion
terms on slab ITG modes which is slightly more complicated
than for Langmuir waves, but the main idea remains the
same. The linearized Vlasov equation is given in Eq. (14). In
order to make the notation more convenient, we redefine the
quantities there as follows:

e ok U,
V2 VAl VY
g(u) = fri(...,vy,...)

V2foi(v)), (36)

and go(u) ==

where after the local approximation for the gradients, the
equilibrium ion distribution functlonzls a function only of the
parallel velocity and is given by e 'l / V27, With this new
notation and after adding a hyperdiffusion-like term Eq. (14)
becomes

+00

K K 2
Q — = e Ndu'
g = ug+\/_( Tu +u+ -T2 T) J g(u")du

. ,0"8
e (l W). 37

After Fourier transforming Eq. (37) with respect to u, one
arrives at a first-order ordinary differential equation which reads

K 1 K 2
frng O 2 - - /4
G ( )<4L p +2p Ld)e

(38)

dG n__
ap P+ " Q)G )

and is of the same type as Eq. (22). The differential operator
on the left-hand side of Eq. (38) is the same as that in Eq.
(22) and, therefore, has the same kernel. The only difference
is the right-hand side. However, this difference is only quan-
titative and not qualitative because in both cases the right-
hand side is a Schwartz function. The general solution of the
above differential equation reads

G(p) = Cexp( il "+‘+lQp>

G(0 _ ¢ ntl 0
+1G( )exp( pet Al p)
P
XJ i z—i—lx—i—K ex L)C”Jrl—x—z—le dx,
a2 )P\t 4
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where C and a are arbitrary constants that are fixed by
demanding that G(p) should have a Fourier transform. This
leads to C=0 and a = —oo as for electrostatic Langmuir
waves. Derivation of the dispersion relation requires setting
p=0. The resulting integral is again rather sophisticated
and, to the best of our knowledge, cannot be expressed in a
closed form using elementary functions or the well-known
special functions. Therefore, we proceed as before and apply
the method of Borel summation to the infinite series that the
integrand can be represented as. After completely analogous
calculations one derives the dispersion relation up to order ¢
which reads

I
1++KQ+Z(Q)< QZ+Q+—K>
T LT

L, 2Lr

3 TP
{LTQ—FZ(Q)( Q+Q+Ln ZLT)}

e dn+1
n-+ 1dQn+l
+0(*) =0.

+ in-‘rl

(40)

By taking the limit ¢ — 0, one arrives at the Landau disper-
sion relation for collisionless slab ITG modes.

As a last point we note that solving the initial value
problem via a Laplace transform in time leads again to the
same solutions as those composing the Case-Van Kampen
spectrum.

In conclusion, velocity space hyperdiffusion effectively
captures some important physical properties of the genuine
collision operator as also the Lenard-Bernstein operator does.
However, in contrast to the latter, hyperdiffusion in velocity
space conserves not only particle number, but it implies mo-
mentum (for n > 2 also energy) conservation, too.

V. SUMMARY

We have investigated the linearized problem of electro-
static plasma oscillations numerically and analytically. In the
collisionless case, we showed that formulating the problem in
the language of operator theory provides an elegant explana-
tion of the continuous and discrete parts of the Case-Van
Kampen spectrum. Additionally a sufficient condition for the
existence of the former was given. For the slab ITG modes,
the discrete part of the collisionless spectrum is related to pos-
sible instabilities and drift waves that arise in the presence of
background gradients. A numerical investigation of collision-
less Langmuir waves and slab ITG modes showed that Case-
Van Kampen modes tend to gather above the least damped
Landau solutions but, nevertheless, all the modes are needed
in order to reproduce the effect of Landau damping.

The collisional system was treated first numerically
using different discretization schemes. A finite difference
scheme on an equidistant velocity grid, which is quite com-
mon in numerical studies, yielded a large number of non-
physical modes with small damping rates. In extreme cases,
some of those artificial modes are less damped even than the
least damped Landau solutions which could potentially make
the analysis more difficult if the latter are unknown. Note
that such numerical modes do not influence the temporal
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evolution of moments of the distribution function, e.g., of
the electrostatic potential. However, discretization via
expansion of the perturbation into a basis of Hermite polyno-
mials multiplied by a Gauss function leads to a spectrum
with more identifiable Landau solutions. Moreover, all non-
physical modes present in this case are more strongly
damped than the physical Landau solutions. In contrast to
the finite difference scheme, the Hermite representation pro-
duces spectra wherein all modes with small damping rates
have a straightforward physical interpretation. This may
prove beneficial for the analysis of numerical simulations of
nonlinear models. In this sense, a truncated Hermite repre-
sentation is superior to a finite difference scheme on an equi-
distant velocity space grid.

From our numerical analysis, it became apparent that
the qualitative change of the eigenvalue spectrum for any in-
finitesimal collision frequency is due only to the second de-
rivative of the perturbation with respect to velocity. This we
then investigated also analytically and showed that any even
power of velocity space hyperdiffusion leads to Case-Van
Kampen eigenvalues that match the collisionless Landau sol-
utions when the hyperdiffusivity tends to zero. Although
such hyperdiffusion terms are used primarily for purely nu-
merical reasons, our analysis shows that they correctly repro-
duce important physical effects, e.g., Landau damping.
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