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Plasma turbulence is explored in the scrape-off layer of tokamak devices using three-dimensional

global two-fluid simulations. Two transport regimes are discussed: one in which the turbulent

fluctuations saturate nonlinearly due to the Kelvin-Helmholtz instability, and another in which the

fluctuations saturate due to a local flattening of the plasma gradients and associated removal of the

linear instability drive. Focusing on the latter regime, analytical estimates of the cross-field

transport and plasma profile gradients are obtained that display Bohm-scaling diffusion properties.

[http://dx.doi.org/10.1063/1.4789551]

Plasma dynamics in the edge of magnetic fusion devices

largely govern the performance of the entire device.1 Of key

interest is the scrape-off layer (SOL) region, in which the

magnetic field lines are open and terminate on the machine

vessel. The plasma dynamics in this region, which involve

the interplay between the plasma fluxes from the core region,

the turbulent transport across the magnetic field lines, and

the losses to the vessel walls, determine the peak heat loads

at the vessel—one of the most critical issues in fusion reac-

tors. A widely accepted theoretical model of the SOL region

remains elusive, compromising our ability to reliably predict

the performance of future devices such as ITER.

In this Letter, we present three-dimensional two-fluid

simulations of plasma turbulence in the tokamak SOL. Using

an approach similar to the simulations in, e.g., Refs. 2 and 3,

we evolve the full profiles of the various quantities with no

separation made between perturbations and equilibrium, and

therefore we explore the self-consistent evolution and struc-

ture of the plasma profiles in the presence of (i) the plasma

and heat flowing from the tokamak core to the SOL, (ii) the

cross-field transport produced by plasma turbulence, (iii)

plasma flow along the field lines, and (iv) plasma losses at

the sheaths where the magnetic field lines terminate on the

walls. We focus on a relatively simple configuration: circular

magnetic flux surfaces and a toroidal limiter placed on the

high-field side equatorial midplane of the device, with negli-

gible E� B shear flow. This relative simplicity allows ana-

lytical progress and the identification of the mechanisms that

presumably underlie the physics of more complicated config-

urations. In fact, we derive analytic estimates of the SOL-

turbulence saturation level, perpendicular transport, plasma

profile scale-lengths, and other quantities that are in reasona-

ble agreement with the simulations over a wide range of pa-

rameters. These indicate the turbulent fluctuations are

roughly comparable to the time-averaged quantities, develop

across a radial zone that is intermediate between the macro-

scopic equilibrium scale length and the microscopic scale

length of linear modes, and lead to Bohm-type transport

scaling.

The SOL simulations evolve the drift-reduced Bragin-

skii equations (see, e.g., Refs. 4 and 5) in a limit that can

capture the resistive-ballooning dynamics, while remaining

relatively simple: Ti � Te, large aspect ratio, and circular

flux surfaces. The main results reported here have been

observed in simulations over a range of magnetic shear and

b values (jŝj� 3, a ¼ Rq2b0� 0:1), but most simply from an

electrostatic model with ŝ ¼ 0

dn

dt
¼ 2c

eB
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In Eqs. (1)–(5), pe ¼ nTe; Ĉ ¼ �sinðy=aÞ@x

�cosðy=aÞ@y; r2
? ¼ @2

x þ @2
y , df=dt¼ @tf �ðc=BÞ½/; f �;

½f ;g� ¼ @xf@yg�@yf@xg;x¼r2
?/, jjj ¼ enðVjji � VjjeÞ, Xci

¼ eB=ðmicÞ, a is the minor radius, x is the radial coordinate,

z is parallel to B, y is perpendicular to both x and z (equiva-

lent at large aspect ratio to a poloidal coordinate) with y¼ 0

and y ¼ 2pa¼ Ly corresponding to the limiter plates at the

high-field side equatorial midplane. The source terms

Sn ¼ Sn0exp½�ðx � xSÞ2=k2
S�, ST ¼ ST0exp½�ðx � xSÞ2=k2

S�
mimic the plasma flowing from the tokamak core and thus

the x > xS region is one of the interest in our simulations

(we neglect ionization, recombination, and radiative losses).
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Here, we present simulations with kS ¼ 5qs though we have

checked that our main findings do not significantly depend

on this parameter. We consider Eqs. (1)–(5) in a domain that

covers the full toroidal angle, extends radially from x¼ 0 to

x ¼ Lx and poloidally from y¼ 0 to y ¼ Ly. Neumann

boundary conditions are applied along the x direction.

The plasma sheath losses are implemented at the limiter

plates, y¼ 0 and y ¼ 2pa, by using Bohm’s boundary

conditions for the parallel velocities, Vki ¼ 6cs and

Vke ¼ 6csexpðK � e/=TeÞ, while Dirichelet boundary con-

ditions are imposed for the other fields. Simulations with

other sets of both perpendicular and parallel boundary condi-

tions, as well as other limiter positions, suggest that these

elements do not impact our main results. Equations (1)–(5)

are solved by the GBS code5 using a finite difference scheme

with Runge-Kutta time stepping. Small numerical diffusion

terms are added, as described in Ref. 5.

Simulations have been performed over a range of

parameters, including the safety factor q¼ (2, 4, 8, 16),

� ¼ e2n=ðmirkÞ ¼ ð0:01; 0:1; 1; 6Þcs=R; me=mi ¼ 200; Ly

¼ ð200; 400; 800Þqs; R ¼ 500qs. The strengths of the den-

sity and temperature sources have been varied by a factor of

four. The simulations are started with small amplitude ran-

dom noise; the sources then introduce plasma and heat,

increasing the plasma pressure and triggering curvature and

pressure-gradient driven instabilities. After a transient phase,

a quasi-stationary state is reached in which the plasma, gen-

erated by the source and transported by the turbulent dynam-

ics in the radial and parallel directions, is eventually

removed from the system by the losses at the limiter plates.

Fig. 1 shows a snapshot of plasma turbulence in this quasi-

stationary state, revealing the presence of plasma blobs, a

prominent feature of the SOL dynamics.7

Turbulence in our system stems principally from the

resistive ballooning mode and, depending on the simulation

parameters, drift waves (DWs) can also be active. Resistive

ballooning modes have maximum growth rates comparable

to the ideal interchange mode c2 � c2
s=ðRLpÞ ¼ c2

b and occur

when the resistivity is sufficiently high. The instability

threshold follows from the vorticity equation [Eq. (2)]: the

polarization drift term @tr2
?/ must exceed the line bending

term proportional to rkjk; with Ohm’s law [Eq. (4)],

jk � rkrk/, this condition yields k2
? > 4pV2

Ak2
krk=ðcbc2Þ

¼ k2
b. On the other hand, when gradients become sufficiently

steep, DW can play a role. DW have peak growth rate,

c � cs=Lp, in correspondence of kyqs � 1.6

Through our simulations, we explore two mechanisms

that saturate the growth of the linear modes. The first is the

Kelvin-Helmholtz (KH) instability, which is excited by the

radial streamers and associated velocity shear arising from

the primary instabilities. It is typically triggered when the

nonlinear and linear terms in the vorticity equation become

competitive, @tx � ðc=BÞ½/;x�, leading to ~/ � Bc=ðckxkyÞ
(we denote equilibrium, time-averaged quantities with an

overbar, and fluctuating quantities with a tilde, e.g.,

/ ¼ / þ ~/). The pressure fluctuations can be estimated

from a similar balance in the continuity and temperature

equations [Eqs. (1) and (3)] as @tpe � ðc=BÞ½/; pe� or

c~pe � ckype
~/=ðBLpÞ, or with the previous estimate for ~/:

~pe=pe � 1=ðkxLpÞ. Assuming Ln � LT � Lp, the radial heat

flux, Cx ¼ ðc=BÞ~pe@y
~/ , is therefore Cx � pec=ðLpk2

xÞ, and

the associated anomalous diffusion coefficient

D ¼ CxLp=pe � c=k2
x . Finally, since the KH instability has a

peak growth rate at kx � ky, we are led, assuming KH is

dominant in the saturation mechanism for the turbulence, to

the usual mixing length result, DKH ¼ c=k2
y , for the anoma-

lous diffusion coefficient. In the standard reference-case that

DWs are the dominant primary instability, this gives a Gyro-

bohm diffusion coefficient D � qscsðqs=LpÞ.
In addition to the KH instability, a second possible tur-

bulence saturation mechanism present in the simulations is

the local nonlinear flattening of the plasma gradients by the

primary modes, which requires (for example) @xpe � @x ~pe.

Following nonlocal linear theory methods (outlined, e.g., in

Ref. 8 for DW and Ref. 9 for curvature-driven modes), one

can estimate the typical radial extension of the linear modes

present in the SOL in usual turbulence regime of kyLp > 1

and within the hypothesis, satisfied in our simulations, that

the pressure gradient varies on a spatial scale comparable to

Lp. For both DW and ballooning modes, one finds

kx �
ffiffiffiffiffiffiffiffiffiffiffi
ky=Lp

p
, an intermediate scale between the turbulence

and equilibrium scale lengths. With the hypothesis that the

radial width of the modes is carried over by the turbulent

eddies, one therefore obtains a characteristic amplitude for

the pressure fluctuations ~pe=pe � 1=
ffiffiffiffiffiffiffiffiffi
kyLp

p
. With the rela-

tion between ~/ and ~pe obtained earlier from the pressure

equation, the estimates for the heat flux and anomalous diffu-

sion coefficient, assuming the gradient removal is the mecha-

nism at play, are Cx � pec=ky and DGR ¼ cLp=ky. In the case

of DW, this gives a Bohm diffusion coefficient D � qscs.

Which of the two saturation mechanisms are at play in

the SOL? Comparing the diffusion coefficients, one finds

DKH=DGR � 1=ðkyLpÞ < 1. Provided that KH is unstable, we

would therefore expect it to dominate, since it will act first

to limit the growth of the linear modes and therefore the

transport to smaller levels than the gradient-removal mecha-

nism. But this prediction is not always consistent with the
FIG. 1. Typical snapshot of plasma turbulence: / (a), pe (b), nVki (c), and jk
(d) are displayed on a poloidal cross section. It is q¼ 4, � ¼ 0:01; Ly ¼ 800.
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simulations. To explore this, we removed the KH instability

from the simulations by replacing / in the Poisson bracket

of Eq. (2) with its instantaneous y-average, h/iy, i.e.,

½x;/� ! ½x; h/iy�. Fig. 2 shows typical snapshots in the

presence and absence of the KH term in a q¼ 4 and q¼ 16

simulations. Contrary to our prediction, in the case of the

q¼ 4 simulation, there are only small changes when the KH

term is turned off, e.g., Lp remains approximatively the

same, suggesting that KH does not play a fundamental role

in the simulations. In the q¼ 16 simulation, however, as is

typically the case in high-q simulations, the turbulent eddies

become elongated when the KH is removed from the

system, and a flattening of the profile is observed, i.e., Lp

doubles. This suggests the KH instability is indeed responsi-

ble for the saturation process in some cases (such as high q)

but not in others.

To explain this, we note that the peak growth rate of the

KH instability for a sinusoidal E� B flow in the x direction,

VE ¼ V0sinðkyyÞex, is given by cKH ’ 0:3kyV0 and occurs at

kx ’ 0:6ky.8 We also note that the turnover time of an eddy

flow with x extension rx is given by seddy � rx=V0. For the

KH mode to grow, one would expect cKHseddy > 1 to be nec-

essary. We have confirmed this threshold in two dimensional

simulations of the vorticity equation, dr2
?/=dt ¼ 0, consid-

ering as initial condition eddies with different elongations:

elongated eddies with cKHseddy > 1 are destroyed by the KH

instability, while cKHseddy < 1 eddies are not affected and

persist in time. For the turbulent eddies rx �
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
and

seddy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lp=ðkyV2

0Þ
q

, therefore, cKHseddy � 0:3
ffiffiffiffiffiffiffiffiffi
kyLp

p
. We

therefore expect that for simulations characterized byffiffiffiffiffiffiffiffiffi
kyLp

p
< 3, KH is stable, and the gradient removal process

leads to turbulence saturation. In Fig. 3(a), we plot the ky

value of the typical turbulent eddies dominating various sim-

ulations versus
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
, also noting the cases in which,

according to our numerical KH shut-off tests, KH plays an

essential role. In agreement with our estimate, the KH-

saturated simulations are characterized by
ffiffiffiffiffiffiffiffiffi
kyLp

p
> 3.

In the present Letter, we focus on the dynamics of the

KH-stable cases. To test if the gradient removal is the satura-

tion mechanism that operates in these cases, in Fig. 3(b) we

show, for the
ffiffiffiffiffiffiffiffiffi
kyLp

p
< 3 simulations, that the radial width

of the eddies, rx, scales according to the gradient-removal

estimate,
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
. Moreover, according to our heat-flux esti-

mate in the case of gradient-removal, Cx � pec=ky, we

FIG. 2. Effect of removing the KH instability from the simulations. A q¼ 4

simulation is considered in (a) and (b) panels, while q¼ 16 in (c) and (d).

We replace ½x;/� ! ½x; h/i y� in (b) and (d). We display / on a poloidal

cross section.

FIG. 3.
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
vs 1=ky (a). Black

squares represent simulations where KH

sets the turbulence amplitude, blue

circles indicate simulations where remov-

ing the KH term does not lead to substan-

tial changes in the turbulence. For the

second set of simulations, we show the

comparison of the eddy radial width ver-

sus the gradient-removal estimate (b), of

the maximum-amplitude mode ky versus

the ky of the mode with maximum c=ky

(c), and of the pressure scale length ver-

sus the gradient-removal estimate (d).

Lengths are normalized to qs.
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expect that the transport is dominated by the mode with the

highest c=ky. In Fig. 3(c), we show the comparison between

the ky of the mode that dominates the spectrum of / (or pe or

n) in the simulations and the ky of the mode corresponding to

the highest value of c=ky, as obtained from the linear mode

analysis carried out for each simulation. The good agreement

suggests that gradient removal is indeed the mechanism at

play in the KH-stable simulations.

With this understanding of saturation mechanism, we

now analyze the scaling of the plasma profiles. Assuming that

parallel losses dominate at the limiter plates and, according to

Bohm’s criterion, can be expressed as pecs,
10 one can time

and flux-surface average the leading order terms for the

density and temperature equations, obtaining dhCxiy=dx
� pecs=ðqRÞ in the source-free region. Approximating dhCxiy=
dx � hCxiy=Lp and using the estimate hCxiy � cpe=ky, one

obtains the pressure scale length Lp � Rqc=ðkycsÞ, which is

intermediate between macroscopic and turbulent scale

lengths. The comparison between this Lp scaling and the sim-

ulation results is shown in Fig. 3(d).

Assuming the ballooning mode is the dominant instabil-

ity, consistent with our simulations as well as experimental

observations in the far SOL,11 we can now obtain a self-

consistent estimate of the plasma scale length in the SOL.

Assuming c � cb, one obtains Lp � R1=3ðq=kyÞ2=3
. Moreover,

one expects (from the peak of c=ky, for example) that

ky � kb, where kb is the typical resistive ballooning mode

wavenumber given earlier. Substituting kk � 1=ðqRÞ into kb

finally leads to Lp � R5=7q8=7½
ffiffiffi
2
p

csc
2=ð4prkV2

AÞ�
2=7

, which

favorably predicts a rather broad SOL for large, ITER-scale

machines. With this and other estimates, the KH-stable pa-

rameter regime is
ffiffiffiffiffiffiffiffiffi
kyLp

p
� ½4prkV2

ARq3=ð
ffiffiffi
2
p

csc
2Þ�1=14 < 3,

which is consistent with the linkage in our simulations of

high-q and saturation due to the KH instability.

Accurate measurements have been carried in the SOL of

the Alcator C-Mod tokamak, using standard Langmuir

probes and gas puff imaging. In Ref. 12, an inner-wall lim-

ited, nearly circular Ohmic plasma is described, similar to

the scenario analyzed herein. The measurement data show

across the SOL that Lp ’ 1 cm and Ln ’ 2 cm (profiles are

steeper closer to the last close flux surface and less steep in

the far SOL), while the correlation length in the poloidal

direction shows ky ’ 2:5 cm�1. In particular, it is observed

that
ffiffiffiffiffiffiffiffiffi
kyLp

p
’ 1:5; therefore, we expect that turbulence is

saturated by the gradient removal mechanism. In fact, the ra-

dial eddy extension is rx ’ 1 cm in agreement with our esti-

mate, rx �
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
’ 0:65 cm. The relative fluctuation

level of light emission in the experiment is about 40%, the

same as our prediction ~pe=pe � 1=
ffiffiffiffiffiffiffiffiffi
kyLp

p
’ 0:6. We note

that also in the TCV tokamak13 and in other tokamaks (see

Ref. 14 for a review), fluctuations of order unity have been

observed in the SOL, a higher value than expected in the

case of KH saturation. Regarding the estimate of the plasma

scalelength, based on c � cb, one obtains Lp � R1=3ðq=kyÞ2=3

’ 4 cm which is in reasonable agreement with the measure-

ment in the far SOL measurements.

In conclusion, in the present Letter, we have carried out

an analysis of turbulence in the SOL in a relatively simple

scenario, revealing the mechanisms that set the amplitude of

the turbulence. This has led to estimates of cross-field trans-

port, plasma scale lengths, and other quantities. In the typical

case, that the gradient-removal mechanism is at play in set-

ting the turbulence level, the transport displays Bohm scaling

in the canonical setting of DW and a related scaling for resis-

tive ballooning modes. We note that Bohm-diffusion scal-

ings are pointed out by experimental results in the SOL (see

Ref. 10 for a discussion), and the claim has been made also

in the core (see, e.g., Ref. 15). As in simpler plasma geome-

tries,6 our analysis underscores the importance of simulating

the full evolution of the plasma profiles without separation

between the fluctuation and equilibrium scales. Further

investigations are needed in order to extend our analysis to

the description of diverted tokamak where experimental

observations suggest a size-independent scaling for Lp.16
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