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Abstract-Within the context of ancillary services provided to
active distribution networks by distributed storage systems
(DSSs), the paper focuses on the problem of optimally locating
DSSs in order to maximize their support to the network voltage
control. In particular, the paper proposes an optimal planning
procedure that accounts specifically for the minimization of the
network voltage deviations based on the formulation of a mixed-
integer linear programing problem. In view of the large size of
the problem, its solution relies on the so-called benders
decomposition technic. The paper discusses the performance and
the sensitivities of the proposed method as function of different
scenarios accounting for various loads and distributed generation
(DG) profiles as well as for different number of DSSs. An
application example, referring to the IEEE 13 busses test feeder,
is finally included to demonstrate, and discuss, the efficiency of
the proposed method.

Index Terms- Distributed energy storage systems, active
distribution networks, optimal location, mixed integer non-linear

problems, benders decomposition, voltage control.

I. NOMENCLATURE

’V_ Voltage magnitude of bus 7 at time ¢

[

a’ﬁ| W| Vf)ltage magnitudc? sensiti\{ity of bus i

oP. @ with respect to active/reactive power

! ! injections at bus j, at time ¢

av, av, Partial derivatives of the voltage phasors

oP, 00, of bus i with respect to the active/reactive
power at bus j at time ¢

V..V Voltage phasor of bus 7 at time ¢, and

R relevant conjugate

Ve Magnitude of the voltage reference

AP, Variation of Active power
produced/absorbed at bus j by energy
storage at time ¢

AQ;, Variation of reactive power

produced/absorbed at bus j by energy
storage at time ¢

u; Binary variable associated to the
presence of energy storage at bus j
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CS Power rating of each energy storage unit
! at bus j (MVA)
i,j Indexes of network nodes without the
slack bus
t Index of time
n Index of benders iteration
Aux! Auxl.z, Auxiliary variables for the linearization

it

of the objective function

Cap Maximum power of the DSS at node j

max, j

II. INTRODUCTION

HE lack of direct controllability of distributed generation

(DG) by distribution networks operators (DNOs)
represents one of the main obstacles to maximize the
penetration of traditional and renewable distributed energy
sources. The difficulties associated to the near-term
deployment of dedicated telecommunication infrastructures, as
well as to the availability of advanced SCADA implementing
active control functions, is contributing to the delay of DG
direct control. One of the most promising near-term solutions
that allow to postpone, in principle, the investment of the
above-mentioned dedicated telecommunication
infrastructures, is the possibility to indirectly control active
distribution networks by means of dispersed storage systems
(DSS) (e.g. [1-4]). Indeed, the availability of DSSs allows, in
principle, to develop advanced control functionalities aimed at
providing networks ancillary services like voltage and power
flows controls. At the same time, DSSs provide typical energy
balance support for the compensation of hourly, daily and
weekly load/renewables absorption/generation variations (e.g.
(31, [5D-

In this context, one of the main issues associated with the
deployment of DSSs in active distribution networks is related
to their optimal size and location. Various objective functions
can be used for the relevant planning and site selections.
Typical application examples refer to peak shaving [6] and
energy compensation of renewable energy resources [7].
Additionally, in view of the peculiar electrical characteristics
of the power distribution networks', DSSs can provide
ancillary services like voltage control support [2] and, in case
of islanding operation, frequency control [4].

" A peculiar characteristic of distribution network is the non-negligible
ratio between short circuit resistance and reactance. This involves, as known,
the inherent coupling of voltages variations with both active and reactive
power injections.
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In this respect, the literature on this subject has treated the
following aspects: in [8] a methodology for sizing energy
storage devices in microgrids context is presented. The authors
used genetic algorithm to find the optimal capacities of energy
storage with an objective function formulated to minimize the
operation costs of microgrids. In [9] a methodology for
allocating energy storage systems in a distribution network has
been proposed with the aim of decreasing wind energy
curtailment and minimizing annual cost of the electricity.
Additionally, the subject of optimal DG location and sizing
has been largely discussed with reference to various goals (e.g.
[10-13]). In particular, the problem of loss minimization by
optimal planning of DGs is discussed in [10]. In [11] and [12]
a multi-objective problem including investment, operation,
maintenance, loss, and capacity adequacy costs is used for
siting and sizing of DGs. The problem of optimal DG
placement in a liberized context is investigated in [13] where
two different objective functions, namely, social welfare
maximization and profit maximization, are taken into account.

Within the context of ancillary services provided to active
distribution networks, this paper proposes an algorithm for the
optimal location of DSSs for voltage control support. The
proposed algorithm makes use of voltage sensitivities as a
function of the nodal power injections. It aims at minimize the
voltage deviations of an active distribution network over an
extended time period as a function of the location of the DSSs.
In particular, as it will be discussed next, the original problem
consists of a mixed integer linear one. Benders decomposition
[14], widely used in power system problems such as security
constraint unit commitment and power system planning [15-
17], is adopted to decompose the original problem into a
mixed-integer linear master problem and a linear sub-problem.
Application examples are finally provided in order to show the
features of the proposed algorithm and its benefits.

The paper is organized as follows: section 2 is devoted to
the formulation of the problem with particular reference to the
description of the proposed method. By making reference to a
modified IEEE 13-bus test feeder [18], section 3 discusses
robustness and sensitivity of the proposed method against
different load and DG production scenarios as well as different
maximum number of DSSs units. Section 4 concludes the
paper with final remarks concerning the applicability of the
proposed procedure.

III. PROBLEM FORMULATION

The context of the problem refers to active distribution
networks characterized by the presence of non-dispatchable
generation without the possibility to take advantage of
demand-side management. We assume to know the phasors of
phase-to-ground voltages in all the network busses at a generic
time ¢. The objective of the problem is to find the best
locations of DSSs that can contribute at most to minimize the
voltage deviations in all the network busses. Since DSSs are
assumed to be used for network control purposes, the
procedure makes only reference to the DSSs siting problem
and it does not considers the problems of sizing of DSSs
reservoir and related investment costs. It is assumed that the

maximum amount of total DSSs power is given. Additionally,
it is assumed that the various DSSs locations have equal
installation and operation costs.

In view of the above, the objective function could be
formulated as follows:

0bj=22(

Where the sum of the differences between the reference
voltage magnitude and the network buses ones are minimized
over a given period of time”. At bus i the voltage could be
expressed as the initial voltage of it plus a variation provided
by the DSSs:

Vi |V
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In order to link the variations of the bus voltages to the
DSSs power injections, the proposed procedure uses the
voltage sensitivity coefficients. As known, each coefficient
linearizes the dependency between the i-th bus voltage
magnitude variation and the j-th bus injected active or reactive
power variation. The typical procedure for the computation of
these sensitivities is the use of an updated Jacobian matrix
derived from the load flow problem (e.g. [19-21]). An
analytical expression of these coefficients, that does not use
the load-flow Jacobian matrix, has been recently proposed in
[22]. In such an approach they are expressed as follows:
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It is therefore possible to compute the total variation of the
voltage at bus 7 as due to the DSS power absorption/injection
at bus j:

s 7, i

J an,r " anvt

It is important to note that in (5) the inputs of the problem
are the sensitivities that are function of the loads/injections in
the network. It is clear that in (5) only nodes with connected
DSS can inject/absorb power. The locations of the various
DSSs are the unknowns of the problem and the objective is to
find their optimal locations in order to obtain the minimum
amount of the overall network voltage deviations within a
specific time horizon. In order to account the presence or not
of a DSS to a specific node, binary variables u; are

Alv,

AQ;,) )

introduced in the constraints of the problem as listed below.

J(AP, Y +(A0; ) < Clu, (©)
Zu ; < max number of nodes (7
®)

sz =Total Capacity
j

2 Note that the slack-bus voltage is not considered in the objective
function.
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Equation (6) refers to constraint associated to the apparent
power rating of the DSS unit connected at node j. Equation
(7), and (8) provides constraints to the total number and total
power rating of DSSs. The total power of DSS that can be
installed at each node is limited by a minimum and maximum
power rating (constraints (9), and (10)).

Cf 2 u; X Min Storage power rate

C f < Max Storage power rate

A. Solution methodology

The above-formulated optimal problem is certainly a large-
scale mixed integer non-linear one. As known, the solution of
large-scale optimal problems can be obtained by using, in
general, heuristic and non-heuristic methods. In this paper we
have chosen decomposition methods to break down this
problem into smaller ones. In particular, the so-called benders
decomposition procedure is used here to decompose the
problem into a master and a sub-problem. As the objective
function and the constraint (6) are non-linear, they are suitably
linearized, as explained in the following, to formulate the
problem in a simpler way.

The decomposition of the problem has been implemented
as follows. A master problem is defined (as a mixed integer
linear one) in order to determine the location of the DSSs.
Then, the resulting values are imposed to a sub-problem. The
solution of the sub-problem allows defining a set of dual
values indicating the change in the objective function resulting
from marginal variation in the DSS capacities. These are
returned to the master problem as a feedback in order to setup
an iterative procedure. Actually, benders cut is generated from
these dual values governing the determination of the master
problem solution. This process is iterated between the master
problem and the sub-problem until it converges to the optimal
solution. The stopping criterion of the iterative procedure is
set when the variation of the objective function is negligible in
comparison to the previous iteration.

The detail about the proof and the criteria for the
convergence of the benders decomposition can be found in
[14].

1) Master problem
The initial master problem determines the location of DSSs
regardless of the sub-problem. Afterwards, at each iteration, a
cut from the sub-problem is added to the master problem that
is formulated as follows:
MinZ

Z20b"+Y, Y (dual’ x(C’ -5 y) (D)
t

Where Obj" and C;, are respectively the values of the

objective  function and DSSs apparent power in
correspondence of the previous iteration n. The values dual’,

are dual multipliers of the power rating constraint for all
buses. The constraints of the master problem are equations (7),
(8), (9), and (10).

2) Sub-problem

The sub-problem objective is to minimize the voltage
deviations using the available DSS units. The objective
function is the same as (1) and the constraints are (2), (5), and
(6).

Since the objective function (1) is not linear, two auxiliary
variables have been defined to linearize it. Thus, the sub-
problem is reformulated in terms of a new objective function
V., given below:

MinV,

Dev

Vo 23S (Aux!, + Aur) (12)

The following constraints are also added to the problem to
ensure that the new formulation is equivalent to the original
one.

Auxl.l,t — Amcir = Vref —‘W (13)
Aux;, 20 (14)
Aux}, 20 (15)

Concerning the constraints of active-reactive powers
injected/absorbed by DSSs they are represented as described
next.

As known, DSS units are typically DC sources, therefore,
they are interfaced with the grid by means of power electronic
sources. These elements can be controlled to operate in all
four quadrants delivering/absorbing the real/reactive power
[23] and limited up to their rated current. As a consequence,
the capability curve of DSS units can be represented, in the P-
Q, plane as shown in Fig. 1. As this constraints are also non
linear, they are linearized, as shown by Fig. 1, by merging 12
linear boundaries approximating the original curve.
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Fig. 1. Linearization of the DSS capability curve power constraint.

With reference to L1-L12 boundaries of Fig. 1, we can
express the constraint (6) as follows:

Cap,,,; = Cf (16)
_Capmax‘/ < AP” < Capmax,‘i 17)
1
AQ, <—F——(AP ,-Cap, ) Ll (18)
7 (\/5 _ 2) 7
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AQ, <L2,13,L4,15L6
AQ,, > L7,18,L9,L10,L11,L12

Where Cap,,, ; refers to the maximum power of the DSS

bounded by constraint (6) given by the master problem. The
dual multipliers of the constraint (16) are used to form the
appropriate cut for the master problem. They show the
incremental change in the objective function value while
taking into account the increase of one DSS power. By adding
the benders cut to the master problem, this last one is solved
using the new constraints defined by (11). Fig. 2 summarizes
the whole flowchart of the proposed procedure.
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Fig. 2 Flowchart of the proposed methodology

The above/described method is implemented within
MATLAB/GAMS interface. The CPLEX solver is used to find
the solution of both master and sub-problem. It is worth noting
that for the solution of problems with integer variables,
CPLEX uses a branch and cut algorithm which solves a series
of linear program sub-problems. The linear problems are
solved by CPLEX’s state of the art dual simplex algorithm
[24].

IV. SIMULATION AND RESULTS

This section of the paper presents the use of the proposed
method with reference to the IEEE 13 nodes test feeder. The
schematic of this network is shown in Fig. 3. It is supposed to
have non-dispatchable DG units composed by photovoltaic
panels (PVs). Concerning the representation of the network
loads, they are considered as voltage independent PQ
absorption. The time series related to active load absorption
make reference to experimentally data. The power factor of
loads is considered constant during the whole time series.

The power injections of PVs have been represented by
voltage-independent active power injections with null reactive

component. It is assumed that the non-dispatchable PV
injections are in correspondence of nodes #646, #684, #675,
and #633 with a maximum rated power of 400 kW each. The
relevant time series make reference to real measured solar
irradiation in the central region of Europe. The total load and
PV generation curves are shown in the Fig. 4 with reference to
a one-year time horizon.

Concerning the assumptions related to: (i) maximum
number of nodes where DSSs could be installed and (ii) total
DSS power, they have been assumed equal to 5 and 2 MVA
respectively.
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Fig. 3. Topology of the IEEE 13 node test feeder. Adapted from [18].

By making reference to a simulation window of 364 days
discretized in 15 minutes time-intervals, i.e. 96 time intervals
per day (see Fig. 4), Table I shows the results related to the
optimal allocated DSSs capacities at each node of the network.
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Fig. 4. Total load absorption and PV injections within a time window of one
year.
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TABLEI
DSSs power in optimal solution
Node number #671 #0684  #633 #0645  #675
DSSs power (kVA) 631 290 365 250 464

The value of the objective function, that represents the total
voltage deviation for all the considered time intervals and for
all the nodes, is shown in Fig. 5. As it can be seen, the
procedure allows to clearly identifying a minimum of the
objective function.

The distribution density of the voltages corresponding to all
network nodes for the whole simulated period is shown in Fig.



6. In particular, Fig. 6a) refers to the case without DSSs whilst
Fig. 6b) refers to the case in which DSSs are installed in
agreement to the optimal location reported in Table 1. As it
can be observed, this last case results into voltages densities
closed the value of 1 p.u..
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Fig. 5. Total voltage deviation in each iteration (i.e. trend of the objective
function as a function of the iterations).
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Fig. 6 Distribution of voltages in the network nodes and in all time periods

To further support the effectiveness of the proposed
method, we here propose a sensitivity analysis of the optimal
location solution against the variation of the maximum
number of nodes where DSSs can be installed. In particular,
this number is varied from 0 to 5 by keeping constant the total
DSSs power (i.e. 2 MVA). In order to perform this analysis,
we have selected two generic weeks of the entire time period
(for instance, the first week of the year and a week in the
middle of the year). For each time period of the selected week,
we have computed the norm of the network voltages. The
cumulative distribution functions of these norms are shown in
Fig. 7 for the six analyzed cases. The results of this figure
show that, with a fixed amount of total DSSs power, when the
number of possible nodes where DSSs could be installed
increases the overall network voltage could be better
controlled. Additionally, all cases referring to the presence of
DSSs shows better voltage controllability compare to the case
without DSS.

In order to verify the robustness of the proposed method
against different scenarios (i.e. determine whether the optimal
location of DSS remains essentially unchanged with different
boundary conditions), we here compare the optimal solutions
of the problem obtained by using two sets of power
absorptions/injections. The first data set refers to a time
window corresponding to the first six months of the year

whilst the second one makes use of the subsequent six months.
The relevant results are shown in Table II. Although the first
and second half of the considered time period (i.e. one year)
are not completely symmetrical (see Fig. 4.) the proposed
method results into optimal locations which are essentially
identical (with the exception of nodes #633 and #634). Even
the allocated power of DSS units shows a consistency between
the two obtained optimal solutions. These results allow to
conclude that, if the considered time window is representative
of the majority of the changes in power injections and
absorptions, the obtained optimal location remains unchanged.
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Fig. 7. CDF of voltages norm for different number of DSSs location.
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TABLE II
Optimal solution for the first and second half of the year
Node number #671 #0684  #633 #0645 #675 #634
DSS power corresponding 605 260 0 208 510 417
to the first scenario (first
half of the year) (kVA)
DSS power corresponding 640 310 408 230 412 0

to the second scenario
(second half of the year)
(kVA)

V. CONCLUSIONS

The paper has focused on the description of a planning
procedure applied to the optimal siting of DSSs with the
purpose of maximizing their impact in terms of voltage
support to active distribution networks. The paper has shown
the formulation of the optimal problem and has also proposed
a feasible procedure for its solution based on the use of the so-
called benders decomposition methodology.

The use of the proposed procedure for the optimal siting of
an a-priori fixed total power of DSSs in the IEEE 13 bus test
feeder, has shown its capability to find optimal DSS locations
accounting: (i) a large time horizon, (ii) a realistic distribution



network configuration and (iii) realistic load and renewables
power absorption/production profiles.

The sensitivity analysis discussed in the paper has allowed
to verify the performances and the robustness of the proposed
method against the variation of both load/injection scenarios
and number of maximum DSS units to be installed in the
network. These characteristics represent major advantages of
the proposed approach as it could take into account scenarios
referring to seasonal changes of both loads and stochastic DG
production.
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