INSTABILITY OF TYPE II BLOW UP FOR THE QUINTIC
NONLINEAR WAVE EQUATION ON R3*!,

JOACHIM KRIEGER, JOULES NAHAS

ABsTRACT. We prove that the blow up solutions of type II character constructed
by Krieger-Schlag-Tataru [21] as well as Krieger-Schlag [20] are unstable in the
energy topology in that there exist open data sets whose closure contains the data
of the preceding type II solutions and such that data in these sets lead to solutions
scattering to zero at time ¢ = +-00.

1. INTRODUCTION
We consider the quintic focussing wave equation on R**!, of the form
ou=1u’,0=0"—n (1.1)

in the radial context, i. e. u(t,x) = v(t,|x|). This equation is of energy critical
and focussing type and serves as a convenient model for more complicated energy
critical models, such as Wave Maps in 2 + 1 dimensions with positively curved
targets, or Yang-Mills equations in 4 + 1 dimensions as well as related problems
of Schrodinger type. In fact, for example recent progress on (1.1) in [4] has led
to analogous progress for the energy critical focussing NLS in 3 + 1 dimensions,
[26]. The focussing character of (1.1) leads to finite time blow up, which is most
easily manifested by the explicit solutions of ODE type

(3

(T 1)}

for arbitrary T. Truncating the data of these solutions at time ¢ = O to force finite-
ness of §53[u?(0,-) + |V,u(0, -)|*] dx, one easily verifies that

u(t,x) =

lim | [u?(z,-) + |Vou(t,)[*] dx = +oo
t—T R}

One says the blow up is of type I. By contrast, a finite time blow up solution with

lim supf [12(1,-) + |Viu(t, ) [*] dx < +o0
R3

t—T
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where T is the blow up time is called of type II. Existence of the latter type of
solution for (1.1) is rather subtle and appears to have first been accomplished in
[21], see also [20], and Hillairet-Raphael’s paper [11] for more stable blow up
solutions in the 4+ 1-dimensional context. The works [21], [20] show that denoting

uy(t, x) = /l%u(/lt, Ax), 1> 0
problem (1.1) admits type II blow up solutions (of energy class) of the form

u(t,x) = Wy (x) + (t,x), A(t) = (=)', t€ [-10,0), 19 < 1, (1.2)
for v > 0, with W(x) denoting the ground state static solution
1
W(x) = ———
(1+ 552
3

More precisely, the solutions constructed in [21], [20] admit a precise description
of the radiation term &(¢, x) inside the light cone {r < |¢| of the form

R
VBT

=

e(t,x) = 0(A ), R = A(1)|x],

and furthermore &(t,-) € H' with

1
I(&s el w2y i<y S (AD]e]) 2
By contrast, outside of the light cone, we can only assert that

H Vt,xs

|23z < Os

where we may arrange for 0, to be arbitrarily small. Indeed, this is consistent with
the fact proved in [5] that type II blow up solutions must have energy strictly larger
than that of the ground state.

We also mention that analogous infinite time blow up solutions were constructed
in [4]. See also [11] for type II blow up with a different rate for the energy critical
NLW in 4 + 1 dimensions.

The remarkable series of papers [5] - [8] recently gave a complete classification
of the possible type II solutions, on finite or infinite time intervals, in the radial
context for (1.1). These works show that any type II solution decouples as a sum
of dynamically rescaled ground states +W at diverging scales, plus an error that
remains regular at blow up time (or radiates to zero in the infinite time case). In
these works, it is intimated that all such type II solutions ought to be unstable in
the energy topology, and in fact ought to constitute the boundary of both the set of
solutions existing globally and scattering to zero, as well as those blowing up of
type L. Indeed, it is only the latter two which are readily observable in numerical
experiments.

The recent work [18] gives a rather precise description of the instability of the static
solution W with respect to a suitably strong topology.

Here, we show that the solutions constructed in [21], [20] are unstable in the energy
topology, provided ¢ has sufficiently small energy. Specifically, we have



UNSTABLE TYPE II BLOW UP 3

Theorem 1.1. There exists 6. > 0 with the following property: let u(t, x) be one
of the type II blow up solutions constructed in [21], [20]

u(t,x) = Wy (x) + &(t,x), A(t) = (=) 7 (1.3)
satisfying the a priori condition

limsup |V, xe(t, )|z < 64, 10 S 1
tG[—to,O) N

Then there exists an open set of data U in the energy topology at time —ty, with

(u(—to,-), u(—10,-)) € U,

and such that all data in U lead to solutions existing globally and scattering to
zero in forward time. Also, there is an open set of data V with

(u(—lo, -), M,(—l‘(), )) € ‘_/,
with the property that all data in V lead to finite time blow up.

Remark 1.1. It remains to show that the any open subset of the set of blow up data
V contains data leading to type I blow up.

The idea of the proof is as follows: Fixing a smallness parameter 6; > 0, which
quantifies the smallness of the perturbation applied to the explicit type II blow up
solution, we intend to apply the ejection type argument of [16] at some time —#; >
—to, t; = 11(61), by applying a suitable small excitation in the unstable direction
of the linearization around W. The reason that we can only implement the ejection
at time —¢; comes from the fact that we need to ensure that the scaling parameter
A(t) experiences sufficiently small marginal changes' in re-scaled coordinates past
time —t1, depending on ¢;. Specifically, we shall arrange that the solution exits a

suitable small neighborhood of S := {W,} >0 in forward time past 1 = —¢; very
quickly. On the other hand, we also need to arrange that this perturbed solution
remains stable on [—ty, —t;] and indeed is essentially 6;-close to u at t = —1y. In

fact, the solutions thus constructed will be a one parameter family (parametrized by
01), but a simple perturbative argument then gives the desired open set of solutions
U at time t = —ty. In fact, it is assuring that the perturbed solution remains close to
u(t,-) on [—19, —t;] which causes most of the difficulties, and forces us to exploit
the precise structure of the solutions constructed in [21], [20].

We observe here that the construction in this paper appears to be of much wider
applicability, and in particular ought to be able to handle instability if blow up
solutions with rates much closer to !, such as the logarithmic type corrections
considered in [11].

2. CONSTRUCTING A STABLE SOLUTION ON [—fg, —t1].
Our point of departure are the solutions

urf(t, x) := Wy (x) + &(t, x), t € [—19,0)

IThis may be the reason why the type II blow up here is also referred to as slow blow up
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constructed in [21], [20]. We aim at perturbing these on an interval [—#y, —#; ] with
t =01 < ty. Let

H:=—n—5W*
and let go be its unique negative eigenstate, see e. g. [19]. Introducing the re-scaled
variables

1
T=—(—=t)"",R=A0)r,
v
it is then natural to consider the perturbed approximate solution
i (t, x) == Wy (x) + &(t, x) + nayp(t, x)

where we put
1
Nhyp(t, x) = ae =D g0(R), 1; = -7, i=0,1,
14

with a = iéYN for some large N to be chosen. Also, —kﬁ is the unique negative
eigenvalue of H, with corresponding eigenmode gg. Our first problem is to show
that this can be completed to an exact solution on [—#, —#;], by adding a suitable
n(t, x). In effect, we shall work with

(7, R) := Rn(t, x)

To find this function, we employ the Fourier theoretic methods developed in [21].
Thus, using terminology developed there, we write

H(r.R) = xa(t)0a(R) + j:o x(r.)9(R. £)p(&) de.

where the function ¢;(R) = Rgo(R) is the unique negative eigenmode associated
with the operator

H = —0% — SW*(R),
while ¢(R, £) constitutes the distorted Fourier basis. Also, p(¢) denotes the spec-
tral measure associated with this operator. By the corresponding Fourier inversion

theorem, we have
o0

w0 = [ 7 RIBR dR x(56) = [ R0(R.£) R

0 0

We shall use the HﬁR norm to control 7(7, R), which shall be handy in the section
on the ejection process. From [21] we recall that

(e, < (@)l + Ixa()

li(e gy, < KO (O + xa()

In this section, we shall write
[x(@)ls := KO )z

Also, for the source terms, we use the norm

(5. )y 1= I x(r. ) |2



UNSTABLE TYPE II BLOW UP 5

Proposition 2.1. There exists ij(t, ), T € [10, T1], with
- —(N—1 . —N
|70 gz, < 877N, Py fi(r )| < 677V Reo(R),
such that
U +1
solves (1.1) on [—ty, —11].
Proof. We first consider to what extent the expression iij;(f, x) is an approximate
solution of (1.1). Observe that
(=07 + &)iugy + ity = (=07 + B)ayp — SW gy + A =t B+ A,
where we put
- Cwd kool
A= 2 C/’kW/I(t)g Mhyp

Jk+1=5,

j<4,1#0
We commence by bounding the various constituents:

The terms B: This can be written as a linear combination of terms of the form

(t4(5)) e T agy(R), (fﬁ(l)),%ekomT)a(RaR)go(R)a
/ 2.1)
(/}IT(tt)))zekO(”T)a(RaR)zgo

Labeling these terms B;, i = 1,2, 3, we then infer the following key bounds
HR/Fz(T)B,-HH(}R s N lehm=) ¢ grpNe—h(n=1) j — 123

The terms A: These are bounded by using
Ny = O(6Ne= (=D = O (577~ (V=1 =h(m=1)).

Thus we get

[RAZ (@YW i, i, < 472 ()6 e 2ol =20V
and further

HR/FZ(T)UZWHH;R < (5?/172(7_)875%(7177)775(N71)
Also, we get
IRA (@) gy g, < Oy,

IRA2 (@)W} emmyplz, < 877 N TeT oD

Observe that we have (7, R) = O(ﬁ ﬁ) on 7 < R but on the region |7]| > R we
get [ Mnyp| 1 (rer) S € 7. Letus denote A + B := ¢g. Then we obtain the following
equation for n:

D*ij + B, (7)Dii + Lij = k(7)[5(di]; — ug)it + RN(iizr, 77) + Reo] (2.2)
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where we have introduced the notation
L=—05—5W*R), D =0, +B,(7)(Rog — 1),

. _ N\ pes 4 1
N(u”,n) = (uu + E) — Ru” — 514”1—e

Our task is to solve (2.2) on [79, 71] subject to the boundary conditions
i(t1,-) = orfi(T1,) = 0

Fortunately, the operator on the left of (2.2) admits a convenient parametrix, so we
can solve this equation by recourse to the Fourier representation. Passing to the
Fourier side, we obtain the equation

(D2 +B(1)Dr + £)x(1,6) = R(%,2) + f(1,€), € = ( 5; ) 2.3)

where we write
and we have
0 0
D = 0 + (1) A, A = ( 0 A )

as well as

R(r.x)(€) = (= 4B,()YK Doz — F2(0) (I + [A.K] + K + ﬁ—’;mz) © @4

v

5 P ( Kia Kae ) A7)
A, = —260: — (3 LK = L B(1) = ,
é‘: ¢ (2 * p(f) ) (](cd ch 18 (T) /1(‘1')
where the symbols K, etc are operators defined in [21]. Finally, f(, §) represents

the Fourier transform of the source terms.

f(@.&) = F(A2(0)[5(idy; — ug)ii + RN (iisz, 7) + Reo)) (£) (2.5)

The rapid decay of the variable 7(7, R) allows us to solve (2.3) via a direct iteration
scheme, essentially as in [21]. Specifically, we use

&a

2 >,J'>1, (2.6)

(Dz +By(7) D +§))_Cj(7’§) = R(T’ﬁj_l)‘i'fj—l(‘r’ﬁ)’ § = (
with
fim1(r.&) = F(A72(7) [5(a}, — ug)i + RN (1. 7) + Reo]) (€). 722 (2.7)

as well as fy := 0.
To proceed, we observe that the linear inhomogeneous problem

(D2 +B,(1)D; + ) x(1.8) = f(1.€)
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can be solved completely explicitly (imposing vanishing data at infinity). In fact,
the way we have set things up, we can use (See [20])

7] /12 (1) /12 0_)5) : - 22(7)
x(r,&) =& 2 J ) (f) sin [/I(T)f L A (u) du]f(o-, o) & do
2(r
= [ vl e
i 2.8)

for the continuous spectral part, while we have the implicit equation

xq(T) = F Hy(t,0) (fa(0)—By(0)0rxa(07)) do, Hy(T,07) = —%Ifdl’%e"f‘”%"’”'

2.9
Then we have

Lemma 2.2. For N large enough and ty small enough, we have the a priori bounds
xi(x s < 8 0, Do (x, )y < 8, ()] < 8 Y,
|0c(xja) (7)] < 8777

Moreover, for the differences, we have

1. 1
1 =2 1)(@)ls s ()81 @, (g — 21 (@] s (5

IDx(x; = x5 1)(5)s < ()~ ofr™

Proof. We commence by observing as in [21] that

ylape ™,

vy [ (1) 1 N1
sip | | Un o) (o S5 28 do g <~ sup P F(x ) |
>79>0 T A (0') N 51

Here we lose two powers of decay in T due to the singular kernel and the fact that
we integrate over 7. For the first iterate, we can exploit the exponential decay to
lose only one power of 7.

For the time derivative, we get

2(t )
/12( ) HS
where we lose one power of 7 due to the integration. Thus an additional exponential

weight in f improves decay by one power.
We also use the bound

[R. 0@y < 772 (Ix(x. )]s + [xa(D)]) + 77 (|Dex(x. ) s + |0rxa()])

which follows easily from the estimates in [21]; here the implicit constant is in-
dependent of N. To conclude the proof of the lemma, we now need to bound the
contributions from the source terms in f; . For simplicity, we suppress the sub-
script in the sequel.

1 N+1
< — .
7 80 7 )

sup 7D, f U0l (0 S5 2

>10>0
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The contribution from 512(7)(ii}, — ug)7. Recalling the definition of iz, we
have to bound the following list of terms (omitting intermediate terms):

A2 @OF (Wayinpit), AHOF (Wyai), A-2@)F (7). A7 (0)F (&°7)
(2.10)
For the first term, we get

|42 @F Wyt s A2 @IWmi |y < A @l iz, 7],
< 6%"/1_% (T)T_Z(N_l)

which is more than enough since 2(N — 1) > N + 1 for N > 3.
For the second term in (2.10) we use

1 1 1
A 2&(1,R) = xr<yved 2&(T,R) 4+ xR>ved 2€(T,R)
Then, use that
1,3 _
ke d™ R s(r. Ry 5 72

which gives
2 3 ~
[ @O Wixrerei|
3 L3 -
S IERI W i e Drreved KR 6@ R g 1l
S5YT7N71

Next, consider the contribution of )(R>VT/1_%8(T, R). Here we simply use the ex-
plicit decay of W(R) to get

_ _3 -
R TR | I G0 PP %)

which is again better than what we need.

The third term in (2.10) is better than the first (due to the exponential decay of 17;y,,)
and hence omitted. The last term in (2.10) is a bit more delicate: in the interior of
the light cone, the explicit expansion of &(7, R) implies that

_1 _1
H/\/Rgiﬂ'/l ZS(T’R)HH:]R S T 2’
and so we find
— ~ -1 4 = —N-1
2@y < 1426 R, [y, < 077

On the outside of the light cone, we need to estimate

HXR>VT 7)(Vre)e UHLZ + HXR>VT (T)84VRF]HL§R + HXR>VT/172(T)8477HL§R
Here we use the eStlmate
Jrored 2 @ R)| < 72 @@ R i, s,

as well as

1. _1 .
L R) e < 7 HAE Ry

HXR>VTR
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Thus we obtain

HXR>VT/1_2 (T) (VR8)5377H Lzle

1 _1 3 I
< |42 (1) Vrél|gear | YRoveA 2 (T)E(1, R) H%\LVRWEU(T, R)||z=
< 6’1’T7N71
and further

HXR>VT (1)e 4VR77HL2 +H)(R>w ( 8477HL5R

H/\/R>VT 2 T R HL’ H77 T R)HH1
< 6VT7N71
The contribution of the terms RN (iijy, 7). Since we have

N(iyg, 1) = (g + %) ’411 55‘?177

we have to estimate terms of the form
2 NS—ic NG
RA 2( )ull j(E)j’ J = 23
Since we have from Sobolev’s embedding

Ui n N
12 <12, ~ il
and also /1*%1211 € I-'IKIJR N L%, we find

IRa i,

U HH‘ 5?772(1\]71)’ j=2

which is again more than enough. Th1s concludes the proof of the lemma, up to the
statement about the differences and the better decay for the discrete spectral part.
The gains of N~! follow from integrating the weights 7~ (™~1) (and better). The
better decay for the discrete spectral part is a consequence of the exponential decay
of the kernel Hy(t, o) in (2.9). |

The proof of the proposition follows by a simple iteration argument using the
lemma.
O

3. EJECTION PAST TIME = —1].
We next need to show that the solution constructed above with

u(t, x) = Wy (x) + &(t, x) + nuyp(t, x) +n(t, x), t € [—t0, —1]
leads to a controlled exit past time ¢t = —#; from a suitable neighborhood of § :=
{Wi}1>0. Specifically, we shall re-scale by A(#;) and shift the new time origin to
time —t;, which changes the solution to

i;l(t, )C) = W/l(*’lﬂLM_l(*’l)) (x) + 8/1_](t1)(_t1 + t/l_l(—tl),x) + ﬁ, (31)
A(=r1)
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and now we need to track the evolution of 7 in forward time but on a scale of size
at most | log §;|. In fact, the equation for 77 becomes

(=07 —H)i = 5(W* - W#)n + N(@), H = —a— 5SW*
A(—1

with data at the new time origin corresponding to ¢ = #; given by

(7 2 li—o = (A2 (1) mmp (71, ), A2 (1) Oty (71, )

where we write

= ~\5
=N = (Wi en o (50 + 820100 (1:%) +171)

A(=11)

5 4 ~
- (WA(—11+/,1—1(—11)) ()C) + 8/1—1(11)(t’ )C)) - 5W4(7r1+m—1(7t1)) n

A(=11) A(—1)
Re-labelling
uy = W/l(—t1+[/171(—/1)) (.x) + 8/171(11)(1‘, x),
A(=11)
we then obtain the equation
(=0? — H)ij = 5(W* — w*

A=ty +0a=1(=11))
A(=1)

)it + A+ B (3.2)

where we put

A= 5[(Wﬂ(—t1+trl(—f1)) (x) + 8/1*‘(11)07 x))4 - W‘/l‘(—t] +=1 (=) (x)]f]

A(=11) A—11)

5
S5—jj
B:= E Cjuy, '
=

Note that while in the preceding section the coordinate change r — 7 ~ A(1)t, |x| =
r — R = A(f)r was time dependent, here we have a time-independent coordinate
change

;A I(t_ﬂn;(_[l))’ r— |x| = A(=n)r

We then split
= 6(0g0(1x]) + les e = Py
Observe that
5(0) = A (=n)a, 7e(0,+) = 0
Then we have the following

Lemma 3.1. There is some 69 > O sufficiently small but independent of §| with the
following property: denoting

=

b:= a/l(—l‘l)f s
if bekaT < 60,0 < T,

8(1) ~ be !, [1ie(t, )| 2 < [ble
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Proof. We use a simple bootstrap argument, exploiting the fact that this is a pertur-
bative statement. Thus we make a bootstrap assumption of the form

Mekdt
K
for some suitable large K(absolute constant, which is large but small enough com-
pared to 6, 1, and then improve these bounds by a factor 2. We start with the
bounds for 7., for which we have the equation

(—0? — H)ij. = P (5(w*—w!

A=ty +12~ L (=11))
A(=1p)

16(1)] < 2[ble"", (et ) 2 < (3.3)

Ji+A+B)=:F (3.4)

From Duhamel’s principle, we infer

felt, ) = _JO W

We estimate each of the constituents of F(s,-), making use of the bootstrap as-
sumptions:

PgoLF(S,')dS

. . . L 4 4 ~
(i) The contribution of F1 := P . (5(w*— W/l(ft1+(r,{71)(7t1)) )ii). Here we use the
=

algebraic structure of the scaling parameter A(¢) to infer

A=t + 1271 (=11))
| A=)

Then restricting ¢ to [0, C|log 6], we get the bound

t
tl/l(ll)

~ 1= 0(——)

tsin([r — 5] VH) t e
‘L Tﬂ(&')ds”ﬂ; < [b] Jo(t_ s)n/l(n)e &
<« Mek”t

Next, we continue with the contributions of the terms A and B:

(ii) The contribution of the term A. These terms fall under the general form

e WA J ~ :
FZ’J T W/l(7r1+tA71(7t1)) 8/171(11)77’ 0< J <4
A(=11)
Observe as in the preceding section that
- R - -
8/171(“)(—& + td l(tl),X) = O(W), t.= —tl + tA l(tl)

provided
A ~ 1 A(t) » t, RS 11A(—1)

Thus imposing these restrictions we get the uniform bounds

Wrstia—m Fa.i(s. ) < [n ()] 7 [ble™
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On the other hand, in the region R > t;A(—#;) we can use the uniform HR2 RO

L16ez r-pound on £,-1(,y, from which we infer in particular the bound

1

HXRZM(*II)SA_](H)HLT-‘ S (tl/l(_tl))i7
and then again
Weena—n) F2.i(s: ) < [na(1)]|ble*

In summary, we obtain

‘Jsm \/;]{\/7)

provided # « t;A(—ty), which is the case due to r = O(]log 1) .

Py Fa (s, ) ds|  « |K| M j=1,2,3,4

(ii) The contribution of the term B. Here we use the bound

g " (s, ) |y < [,

which leads to

vH b
‘f upl[ S— /,7]( ’.)]dsH , & uekdf,j:2,3,4,5
VH e = K
since |b|efe" < 8 « 1 by assumption. This concludes the bootstrap for the contin-

uous spectral part 7.
We next turn to the discrete part, i. e. the evolution of the function 6(¢). As in [16],
we can write

5(1) = (2kq) ™2 [n (1) + n_(1)],

where we have

k t
ny(t) = (Ed)%beikdf + J e (F (s,), gop ds
0
It remains to bound the integral term in the right. We control the various ingredi-

ents of F:

(i) For the contribution of fi(t) := (S(W* — Wﬁ(fqﬂrl(fq)) )1, g0, wWe have
A(=11)

t ! b|
ikd(t—s) d < b kdtJ N d |_ kat

e N NS e —ds K e

], e A s 5 e | s«

(ii) For the contribution of f>(r) := (A, go), we obtain the exact same bound by
exploiting

|b|ek“’

j bl s —, j - 1’2, 3’4
‘< W €110y 80| [t1A(11)]? /
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In effect, here one obtains exponential temporal decay in the region R > t;A(—1;),
due to the exponentially decaying go.
(iii) For the contribution of f3(¢) := (B, go), we have the bound

/(o)) < b2,
whence
f 6]
J eI fi(s)]ds < b « = e
0

where we used the assumption |b|ef’ < |b|ekT < §.

This concludes the bootstrap, and the lemma easily follows from this. O
The precise statement which shall imply Theorem 1.1 is now furnished by

Proposition 3.2. Let ii(t, x) be the solution considered in (3.1). Then there exists
atime T > 0 with
ek T ~ 59 » 6,

and a decoupling

i(T,-) = Woy + oy, |1 —ar| « 1,
and such that .
Fars N*8ary =0, A = ROg + 3
and furthermore
Fags8ayy ~ bekdT
Here g, is the negative eigenmode of the linearization around W,,.

Proof. The argument here is essentially the same as in [18]. In light of (3.1), we
have to satisfy the vanishing condition

<W/l(7t1+T/l_1(7t1)) — WQT + 8/1—1(“)(_1’1 + T/l_l(—tl),x) + ﬁ(T, -)’ A*g6¥7> =0
A(—17)
1 (3.5)
with T chosen to satisfy |b|e*¢” ~ §). Since we have the bound

}|‘9/1*1(11)(_t1 + T/l_l(—tl),x) + f](T, .)H["Ilzd S o < 1,
R2dR

and the non-degeneracy condition
[KOAWala=1, A*gala=1)| ~ 1

holds, see [18], an application of the implicit function theorem implies the exis-
tence of ar dp-close to 1 such that (3.5) is satisfied. Furthermore, since

‘<W/l(7t1+T/171(7t1)) - War,ga7>\ ~ 5(%,
A(—1y)
we also find
Wy sra=t—yy — War + 5/1—1(t1)(_f1 + T/l_l(_fl)’x) + (T, ), 8ar)
A(—11)

~ bede

as desired. O
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4. ProoF oF THEOREM 1.1

Having fixed a very small 6; > 0 and constructed the solution i on the time
interval [0, 7] as in the preceding proposition, and recalling that this solution, when
re-scaled by A(—t;), can be extended from time —¢; backwards to time —fy as
described in the last section but one (i. e. the solution u;; + 1 constructed there), a
simple continuous dependence argument reveals that perturbing the data of u;; + 7
at time t = —fy by a sufficiently small amount in the energy topology, we obtain
another solution which extends to time t = —#; and such that re-scaling and shifting
the time origin at to time # = f; as in the preceding section, the corresponding
solution also extends all the way up to time ¢+ = T, and satisfies the conclusion
of Proposition 3.2. Now let i(z, x) be as in the preceding section. Then denoting
S := {(W,,0)}1=0, we have?

dist;1, ;2 (0], S U —8) < 643

In fact, this can be arranged by picking ¢; small enough. On the other hand, by
Proposition 3.2, we have

disty1, 2 (#[T], S U =8) ~ 6o » 0

This is a consequence of [16], Lemma 2.2. But then equation (3.44) as well as
Proposition 5.1, Proposition 6.2 in [16] imply that picking a < 0 in the definition
of 7y, in the last section but one leads to a solution #(z, x) which exists globally in
forward time and scatters towards zero. On the other hand, picking a > 0 leads to
ii(t, x) blowing up in finite forward time. Since we have

s+ n(2.3) = Wagp + e(t.)) [=t0l . o < 81

according to Proposition 2.1 and d; > 0 was arbitrary, Theorem 1.1 is proved.
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