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Abstract Gaussian measures uf’ are associated to some stochastic 2D models of turbu-
lence. They are Gibbs measures constructed by means of an invariant quantity of the system
depending on some parameter § (related to the 2D nature of the fluid) and the viscosity v.
We prove the existence and the uniqueness of the global flow for the stochastic viscous sys-
tem; moreover the measure u?” is invariant for this flow and is the unique invariant measure.
Finally, we prove that the deterministic inviscid equation has a 1#V-stationary solution (for
any v > 0).

Keywords Gibbs measures - Stochastic analysis - Invariant measures - 2D turbulence

1 Introduction

The goal of this paper is to study a class of mathematical models related to 2D fluids through
their statistical properties and in particular their invariant measures. From a theoretical point
of view, 2D turbulence is not simply a reduced dimensional version of 3D turbulence be-
cause a completely different phenomenology arises from new conservation laws in two di-
mensions, energy and enstrophy. Energy and enstrophy input are usually implemented nu-
merically using a Gaussian stochastic forcing which is white noise in time. We refer to the
paper [6], where an overview of 2D turbulence is described thoroughly.

There is an extensive literature about the existence and uniqueness of solutions of
the stochastic 2D Navier-Stokes equation. Its long time behavior has also been exten-
sively studied, including the existence and uniqueness of invariant measures (see, e.g.,
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260 H. Bessaih, B. Ferrario

[20] and the references therein including the results of Flandoli, Hairer, Kuksin, Kupiainen,
Maslowski, Mattingly, Shirikyan, Sinai).

As far as the 2D Euler equation is concerned, a recent paper [7] constructs invariant
measures of general types including the Gaussian measures we are interested in. However,
the techniques used in [7] are different from ours and the measures are described through a
variational formulation.

The study of qualitative properties of the invariant measures is an interesting problem
both from the mathematical and physical point of view, but many open questions still wait
for an answer. Among the non trivial invariant measures there is a Gaussian measure, called
the Gibbs measure of the enstrophy (see [1, 2, 13, 16]), which is a stationary measure both
for the 2D Navier-Stokes with additive space-time white noise and for the 2D deterministic
Euler equation. However, it is not known if this is the unique invariant measure.

Our contribution in this paper is to be able to prove existence and uniqueness of an
invariant measure of Gaussian type for a very general model that does not include the 2D
Navier-Stokes equation but that has all the peculiar features of 2D fluids, like conservation
of energy and enstrophy. We point out that the Gaussian invariant measure that we consider
here is not the Gibbs measure of the enstrophy considered for the 2D stochastic Navier-
Stokes or deterministic 2D Euler equation in previous papers [1, 2, 4, 13, 16], but has a
more regular support. In particular, the support of this measure is a Sobolev space of non
negative exponent.

From the mathematical point of view, the equations of fluid dynamics or of models related
to turbulence can be represented as an abstract stochastic evolution equation in a Hilbert
space of the following form

du(t) + [vAu(t) + B(u(), u(t))]dt =/ Qdw(r), 1)

where w is a cylindrical Wiener process and Q is a linear operator; the coefficient v > 0 is
the viscosity. More details on the functional setting will be given in the next section.

For the abstract model (1) under suitable assumptions on the operators A, B and Q, we
prove that it is well posed in the support of the Gaussian measure 1#’; this is done following
the technique of [20], differently from [2, 13, 16]. Then, we prove that uf" is an invariant
measure, and that there exists at most one invariant measure; uniqueness of the invariant
measure is proved by means of Girsanov theorem. Finally, for the deterministic and inviscid
model (Q =0, v = 0), we prove that there exists a stationary solution, whose marginal at
fixed time is this Gaussian measure.

We provide an example of equation of the form (1) for which our results hold: the shell
model of turbulence given in Sect. 4 with the peculiar properties of 2D fluids. Shell mod-
els of turbulence have been introduced as a simplified phenomenological model of fluid
dynamic equations in order to investigate a number of properties which are out of reach
at present for the more realistic models. This is because, although departing from reality,
they capture some essential statistical properties and features of turbulent flows. On the
other side, even if the 2D Navier-Stokes/Euler equations can be formulated at the abstract
level as Eq. (1), they do not satisfy all the assumptions of our theorems (see Remark 4.2 in
Sect. 4). Our hope is to weaken these assumptions and still be able to use the analysis used
here.

As far as the content of this paper is concerned, in Sect. 2 we introduce the operators
associated to the model (1) with their properties and the Gibbs measures pf’. We introduce
the (linear) Ornstein-Uhlenbeck equation with a suitable noise so that " is its unique in-
variant measure. In Sect. 3, we deal with the viscous stochastic case; we prove the existence
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and uniqueness of strong solutions and that uf" is the unique invariant measure. Moreover,
some ergodic properties of this measure with its rate of convergence are shown. In Sect. 4,
we introduce a particular example, shell models of turbulence with an emphasis on the Sabra
model. The coefficient B characterizing the measure -’ will be related to the coefficients
a and b of the Sabra model through condition (59). Section 5 is devoted to the deterministic
inviscid model, in particular we present our results for the inviscid Sabra model with g = 1.
For any v > 0 we prove the existence of a stationary process whose law at any fixed time
is uhv.

2 Introduction to the Model and Functional Setting
2.1 Operators and Spaces

Let (H, |- |) be a real separable Hilbert space endowed with an inner product denoted by
(-,-), and A an unbounded self-adjoint positive linear operator on H with compact resol-
vent. We denote by 0 < A; < A, <--- the eigenvalues of A and by ey, e, ... a complete
orthonormal system in H given by the eigenfunctions of the operator A

Ae, = Aye,.

‘We have that lim,,_, o, A,, = 00.
Let H, = span{ey, e, ..., e,} and IT, the projector operator onto H,,.
For any o € R we can define the power operators A* as

o0

A“x:ikf,‘(x,en)em D(Aa): x:ixnen:Z)\iax5<OO :
n=1 n=1

n=1
We set
H* = D(A*?).

Each H is a Hilbert space with scalar product (i, v)y« := (A%?u, A%?v). We denote by
Il -l the norm in H* and by (-, -) the H* — H~* duality paring.

Let B: H x H — H™~' be a bilinear operator; we assume that there exists a positive
constant ¢ such that

|Bu,v)||_, <clullv]. )

We consider the finite dimensional approximation of the bilinear operator B; this is the
bilinear operator BM defined as

BM(u,v) = My BT yu, Iyv)

for any M e N. For each BY we have the same estimate as (2) (with the constant ¢ indepen-
dent of M).

For any v > 0, let P be the Gaussian measure A\ (0, %A‘ﬁ) (see, e.g., [14, 23]). Heuris-
tically

1B (du) = “%efv\lul\%du”

where Z is a normalization constant to make " a probability measure.
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Besides the basic properties of the operators A and B given above, we present other
important assumptions.

Condition (C1): For any v > 0, the operator vA generates an analytic semigroup of con-
tractions in H, i.e. for any p > 0 there exists ¢, , > 0 such that

Cpv
|APe™ x| < 22 x] Vi>0,x € H. 3)
tP

Condition (C2): The bilinear operator B satisfies the following properties:

@) (Bu,v), w) =—(Bu, w), v)
(i) 3B > 0 such that (B(u, u), APu) =0

for any u, v, w giving meaning to the above relationships.
Condition (C3): For each n, set B, (u, v) = (B(u, v), e,). Then, for some 8 > 0 we have

/|Bn(xvx)’2llﬁ’v(dX) <00 Vn (4)

and B, (x, x) independent of x, (where x =), x,e,). Moreover, for some 8 € (0, 1]

M
A}@w;/KBM(x,x) — B(x,x), &) " (dx) = 0. )

Condition (C4): There exist 8 > 0 and « € [0, 8) such that the embedding H? C H% is
Hilbert-Schmidt, i.e.

o0

Y wf < oo

n=1

Condition (C5): for « and g given in (C2) and (C4), B : H* x H* — H?~! is a continuous
operator, i.e.

| B, v)|,_, <cllullalvle Yu,veH* (6)
B—1

Moreover, if @ > 0 we assume

|Bu,v)|, , <clullvlley YueH, veH®". (7

a—1 —

Remark 2.1 (i) We have the relationships corresponding to assumption (C2):

(BM(u,v), w) = —(BM(u, w), v), ®)
(BM(u,u), APu) =0. €

(ii) From (C2 i) we have
(Bu,v),v)=0 and (BY(u,v),v)=0. (10)

(iii) By means of the bilinearity and of estimate (6) we have

Jim [ BY (@, v) = B, v)|,_, =0 Vu,veH".
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(iv) Since o > 0, the inequality (7) implies
|B@. v, , <clulallvlle VYu,veH" 1D

Moreover,

lim |BY(u,v) — Bu,v)|, ,=0 Vu,veH". (12)
M— o0

(v) Assumption (C4) implies that the space H® has full measure u?’, i.e. ufv(H®) = 1.
However, for Gaussian measures in infinite dimensional spaces we have u?"(H?) =0 (see,
e.g., [23]). Also

/ |u* d P’ < o0 / lul% dp? = +o0.
(vi) Assumptions (C4) and (C5) imply that (4) holds.

We denote by L7 (14%") the space of measurable functions ¢ defined in the support of the
measure 1%V and such that f lp|Pd b < oo.

2.2 The Equations
Set Q =2A'"# in (1), that is we consider the following nonlinear stochastic equation
du(t) + [vAu(t) + B(u(r), u()) Jdt = V2A-Pdw (1). (13)
In addition we deal with the inviscid and deterministic equation
Z—l:(t)—l—B(u(t),u(t)) =0 (14)
and with the viscous linear stochastic equation
dz(t) + vAz(t) dt = vV2A-Bdw(t). (15)
(10) implies a formal law of conservation of E(t) = % lu(2)|? in Eq. (14). We recall that in
hydrodynamics the quantity E(¢) is the energy, which is a conserved quantity in the motion
of incompressible inviscid fluids.

Relationship (ii) in assumption (C2) implies that Sg(z) = % lu () ||%; is a conserved quan-
tity for Eq. (14), that is formally we have

ds .
d—t"(t) = (i), Au()) = —(B(u(®), u(®)), APu(t))=0.
The Gaussian measure %" = N (0, iA‘ﬁ ) can be described heuristically as
/.Lﬁ’v(dl/l) — ule—vsﬂ(u)du”.
VA

Therefore it makes sense to see if the measure -, described by means of the invariant
quantity Sg, is a stationary statistical solution for the inviscid equation (14). To this end,
we will first prove that uf is a stationary measure for the stochastic viscous equation (13)
looking for a dynamics in the space H* of full measure 1.#¥. However, the basic stochastic
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case to deal with is the linear equation (15) for which we recall well known properties (see
[14]). Let us mention here that the stochastic forcing term is infinite dimensional and acts
on all the components e, of H.

Proposition 2.2 Let assumptions (C1) and (C4) be satisfied.
Then, for any z(0) € H* there exists a unique strong solution to Eq. (15) such that

z€C([0,T]; H*) P-a.s.

The stationary process solving Eq. (15) is
t
c@) = ﬁ/ e VIS AI-Bdw(s)
—00

and the law of ¢ (¢) is u?" for any time .

Remark 2.3 (i) For 2D Euler equation with 8 = 1, the energy E is finite 1!""-a.s., whereas
the enstrophy S; is infinite '"-a.s.

(ii) It is possible to define a formally invariant measure constructed by means of the
invariant £ = %|u|2

1
B.v d —« —vE(u)d ”
uPV(du) —Ze u

This has been already considered for shell models of turbulence in [4].

3 Stochastic Viscous Models

We consider Eq. (13); first we prove that there exists a unique solution for any initial data
in H*. The solution is strong in the probabilistic sense and uniqueness is in pathwise sense.
Moreover, we show that u?" is the unique invariant measure associated with this stochastic
equation.

3.1 Strong Solution

We look for dynamics in the state space H* with 0 < o < 8 fulfilling assumptions (C1),
(C2), (C4), (C5). We consider any finite time interval [0, T'].

Theorem 3.1 Let assumptions (C1), (C2), (C4) and (C5) be satisfied.
Then, for any u(0) € H®, there exists a unique solution u to Eq. (13) such that

ueC([0,T]; H*) P-as.
Moreover, the process u is a Markov process, Feller in H*.

We divide the proof in three steps in the following subsections.
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3.1.1 Existence of Strong Solutions

We use a well known trick to study a stochastic semilinear equation with additive noise (see
[20]).
We set v =u — z. Then

%(r) +vAv(@) + Bu() + 2(0). v(1) +2(1) =0 (16)
with v(0) = u(0) — z(0). Set z(0) =

Proposition 3.2 We consider the same assumptions as in Theorem 3.1. Let v(0) € H*. Then
there exists a solution to Eq. (16) such that

veC([0,T]; H*)NL*(0,T; H'**) P-a.s.

Proof We proceed pathwise. We want to prove that Eq. (16) has a solution P-a.s. In a stan-
dard way (see [27]), we consider first the finite dimensional Galerkin problem associated to
(16), that is

M

‘%(r) +vAVM @) + BY (WM (1) + M @), vM @) + M (1)) =0 (17)

with v™ (0) = IT);v(0) and zM (1) = Ty z(¢). It is a classical result (see [27]) that (17) has a
global solution v¥ € C ([0, T]; Hy;). We are going to get a priori estimates on the sequence
{vM}y, which are independent of M. The estimates will allow to extract a subsequence
converging in a suitable way.

We take the scalar product of the left hand side of Eq. (17) with v™ in H; we get

1d
SO o = = (BY (0 4+ 20 4 2M), o)
=—(B" (™ +zM, M), v™) by (10)
=[BOY+2" )| 0],
se|v“+zMHzM|||vMH1 by 2)
v Cy
<SP+ S P M+ S

by Young inequality, for some positive constant ¢,. Henceforth, we denote by ¢, a generic
constant depending on v, but independent of M.
We use [Ty x| < |x|. Therefore

d
- e e N P e LA N (18)

Hence, Gronwall inequality applied to
d
M < el ezl
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gives

2 cy 52 . 2
sup [V ()]  <e Tl I‘mo,nm(|vM(0)y + Tzl .y m) (19)
0<t<T

and integrating in time (18)

T
v f [ ) [ids < [p" O +Tew (I go 110 [0 o ry. ) + 1200 11)- - 20)

Moreover, when o > 0 we proceed in a similar way: we take the scalar product of the left
hand side of Eq. (17) with A%v™ in H; then

1d

S I oM = = (A5 BY (M 2o M), A )
=[BY M + M+ )
= e[+ MM+ M o], By D)
v Cy Cy
< S e + 5 WM+ ) oI + 5 1
This gives
d
il PR U RN (R R B A P RN T @)

Therefore, using (19) and the fact that « > 0 we get

sup v (1) ”Z < [v"0) ”(ZIECVﬁ{(\uM<t>|2+|\z<t>\\3)dt
0<t<T

T
+cu/ e S M P+ 1) ds ||z(t)||4dt (22)
o3
0

and integrating in time (21) we get a similar estimate for fo o™ (s)|)? T4ad
Summing up, we have

SEPHUMHiOO(o,T;Hﬂ) < 00, 23)

SEPH oM ”2Lz(O,T;H]+0‘) < o0. 24

In addition 2%
d M
—(t)——vAv ) —B"@®) + M0, v (0 +2M0));

using (24)-(23), we have that the first term in the r.h.s. belongs to the space L>(0, T; H*™")
and the second to the space C([0, T']; H*~") (use (11)) and thus in L?(0, T; H*~'). Then

doM |?
sup|| —

. 25
up| <00 25

L2(0,T; H*~ 1)

@ Springer



Invariant Measures of Gaussian Type for 2D Turbulence 267

Since the space {v:v € L?(0, T; H'™*), 2 € L?(0, T; H*~")} is compactly embedded in
the space L2(0, T; H*), from (23)—(25) we get that there exists a subsequence {v™i} weakly
convergent to a v in L*(0, T; H'*), weakly-* convergent in L*°(0, T; H*) and strongly
convergent in L%(0, T; H%). By means of the bilinearity of B, of the strong convergence
result and of (12), we conclude that the limit v fulfills (16).

The fact that v € C([0, T]; H*) comes from a result in Temam [27] (Lemma 1.4,
page 263): if v € L%(0, T; H'**) and % e L*(0,T; H "), thenv e C([0, T]; H*). O

Remark 3.3 We can prove also the uniqueness of this solution v, but we do not need it
here. Anyway, the proof of uniqueness would be based on the same estimates as in the next
Sect. 3.1.2.

‘We conclude for u =v + z.

Proposition 3.4 We consider the same assumptions as in Theorem 3.1. Let u(0) € H*. Then
there exists a solution to Eq. (13) such that

ueC([0,T]; H*) P-as.
3.1.2 Pathwise Uniqueness

Now we prove that the strong solution u constructed in the previous section is pathwise
unique, that is

Proposition 3.5 We consider the same assumptions as in Theorem 3.1. Let uy, u, be two
solutions to Eq. (13) with the same initial data, defined on the same stochastic basis and
with the same Wiener process. Then uy = u, P-a.s., the equality being in C([0, T]; H%).

Proof We proceed pathwise. Let u;,u; € C([0,T]; H*) be two paths (in a set of
PP-measure 1).

Set U =u; —uy. Then U € C([0, T]; H*) and it solves an equation which is determin-
istic (for any path):

dU
— FVAU + B ) = Blup,up) =0; - U(0) =0, (26)

First, we notice that U is more regular than the u;’s (the noise term has disappeared and we
expect more regularity as for Eq. (16)).
By the bilinearity of the operator B, we have

dUu

T +vAU 4+ B(u,,U)+ B(U, u) =0; U(©0)=0. 27)

We get an a priori estimate:

1 d
S lvol;+vlvol,

= —(A"T [B(wi(@), UM) + B(U®), 1())], AT U (1))
= [l o], + leo] Jvol ool by®©
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=S|Vl + Fn o]+ a0 ]jvo].

Therefore
Mool <alluol+ leollvo]
using Gronwall inequality it follows
v ”z <|u©) ||zecv Jolluy ) IG+luz ()13 s (28)
Finally, U (¢t) = 0 for all ¢, since U (0) = 0. O

Remark 3.6 Markovianity is inherited from the Galerkin approximations.
3.1.3 Feller Property

Let us denote by u(t; x) the solution of Eq. (13) with initial data x, by B,(H“) the space of
Borel bounded functions ¢ : H* — R and by C,(H%) its subspace of continuous bounded
functions.

Define the Markov semigroup P; : B,(H*) — B,(H*) as

P (x) =E[(u(t; x))].
This is a contraction semigroup. Moreover, it is Feller in H®, that is
P, : Cy(H*) > Cyp(H®).
This comes from the estimates for the pathwise uniqueness. Indeed, (28) gives
|t x) —ue; y) Hi < [lx — y|2ec Jollutsilg Hiuts:y) 5 s (29)

for t > 0 fixed. By (22) we get a uniform estimate of |[u(-; x)”%x((),T;H”) when ||x||, is
bounded, i.e.

VR>03Cg:  sup [u(;0)||¢orp ey < Cr- (30)

Ixlle<R
Hence, when ||x — y|lo — O from (29) and (30) we get |lu(t; x) — u(t; y)|lo — 0. We
conclude that ¢ (u(t; x)) — ¢u(t; y)) for ¢ € C,(H*) and therefore E[¢ (u(t; x))] —
E[¢ (u(t; y))] by the dominated convergence. This means that P,¢p € C,(H*) for any ¢ > 0
and ¢ € C,(H®).
3.2 Invariant Measure

We prove the following theorem:

Theorem 3.7 Besides the assumptions of Theorem 3.1 we consider (C3). Then, uPV is the
unique invariant measure for Eq. (13), in the sense that

/P,d)duﬂ‘” =/¢d;ﬁ*" Vo e £' (1) and t > 0. (31)

@ Springer



Invariant Measures of Gaussian Type for 2D Turbulence 269

First, we show that u#" is an invariant measure for the nonlinear equation (13) in the
sense that

/P,qsdw“ =/¢d,ﬁ'“ V¢ € Cp(H") and ¢ > 0.

Then, we prove the same relationship for all ¢ € £!'(u#") by extending P, from C, to
L'(uP"). The next step is to prove the uniqueness of the invariant measure.
A consequence of this result is the following

Corollary 3.8 Given any initial data with law u?", there exists a unique stationary solution
of Eq. (13) whose law at any fixed time is uf".

Finally, in Sect. 3.2.4 we analyze the rate of convergence of P,¢, as t — oo.
3.2.1 Existence of the Invariant Measure

We know that the linear stochastic equation (15) has u?” as unique invariant measure, that
is u# is the unique probability measure such that

/ E[¢(2(1; 1) [P (dx) = / U (dx) Vi =0,¢ € By(H")

(see [14, 15]). Actually we can define the latter relationship for all ¢ € £7 (u?"), given any
1 < p<oo(see, e.g.,[11,12]).

Now, we want to show that u#" is an invariant measure also for the nonlinear equa-
tion (13).

Following the lines of [4], we define the measure /Lﬁ,}v = ®§W:| N(O, %A;ﬁ ) on Borel
subsets of R¥. In a standard way, taking as initial value ™ (0) a random variable of law
,uffl’v then the Galerkin system

du™ (1) + [vAu™ (1) + B (u™ (1), u (1)) ]dt = Ty~ 2AF dw(r) (32)

has a unique strong ,u’:,}” -stationary solution; the important point is that ,u’:,f is an invariant
measure for (32) (see Sect. 3.2 in [4]). Thus, the infinite dimensional equation

dUM (1) + [vAUM @) + BY (UM (1), UM (1)) ]dt = V2A'F dw(r) (33)

has a u?’-stationary solution (notice that UM = u™ + (I — IT);)z). Passing to the limit as
M — oo we get that also Eq. (13) with initial data of law " has a u?’-stationary solution,
that is

/P,qsd;u‘f-“ :/mmﬁ'“ Vi >0,¢ € Cy(HY). (34)
3.2.2 Extension of P,

In this section, we assume (C3). Now we want to improve (34) considering ¢ € £'(u?").
To this end, we use an approximative criterium of Eberle [17]. The result of this section will
be useful to prove results in Sect. 3.2.4.

We introduce the Kolmogorov operator associated to the stochastic equation (13). Let
FCp° be the space of infinitely differentiable cylindrical functions bounded and with
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bounded derivatives; ¢ € FC;° means that there exist m € N, peC 5> (R™) and multiindices
(i1, 12, ..., 1,) such that

p(x)=0((x.e1), (x, €, ..., (x,e,)).

We set % =2 with x; = (x, ¢;). FC;° is a dense subset of L£P(uPv) for any p > 1.

T 0x
We define the Kolmogorov operator first on these very regular functions ¢ € FC.° as

592 9 8
Ko =Y [}\j ﬁ—(p(x)—B,(x,x)%(x)—vijj—d)(x)}. (35)
J

8xJ2- 0x;

J

We have that K¢ € L' (u?") for any ¢ € FC;° (use that, thanks to (4), each B; € L' (u#")
and the sums are finite).

First, we prove that 1%V is an infinitesimally invariant measure for Eq. (13) in the sense
that

/qud,uﬁ’” =0 V¢eFCP. (36)

Indeed, we can write K as the sum of two operators, K = Q + L, with domains FC;° and
we have the infinitesimal invariance for both these operators. We integrate by parts:

: 09 99 ’
/ O0¢pdul’ = / E, [k} ! @u)—vk,-xja—w(x)]uﬁ' dx)=0 (37
and

a
[roautr == [ 5005 con i)
j J

= —v/Zkaj(x,x)xjci)(x)uﬂ’”(dx) =0. (38)
J

=0 by (C2ii)

We have used that each B; does not depend on the variable x;.

Moreover, (36) implies that the Kolmogorov operator (K, FC;°) is dissipative on
LP(uP) for any 1 < p < oo (see Lemma 1.8 in [17]). Hence it is closable in £7(uf")
(see [26]).

Now we have

Proposition 3.9 Besides the assumptions of Theorem 3.1 we consider (C3). Then, the
closure operator K of the Kolmogorov operator (K, FC°) in LY (u#") generates a sub-

Markovian strongly continuous semigroup T, = Kt in LY (ub).
Moreover, 7, is the only strongly continuous semigroup on £' (") which has generator
that extends (K, FC;°) (see Appendix A in [17]).

We postpone the proof of this result and continue our analysis. Since FC;° is a core for
the infinitesimal generator of T; in £! (%) by density from (36) we get that

/?qsd/ﬂ“ =0 V¢ e D).

@ Springer



Invariant Measures of Gaussian Type for 2D Turbulence 271

This is equivalent to
/ T,pdu?’ = / pdu?’ V¢ e £'(ufV)andt > 0. (39)

The semigroup {7;};»0 provides a martingale u*’-stationary solution to the stochastic
equation (13) (see, e.g., [17] and references therein). Therefore {7;} is an extension of { P}
on L'(u#V). Henceforth, we denote these semigroups in C,(H%) and £'(ufV) with the
same symbol P;. Finally, (39) means that (31) holds true.

Now, we go back to the proof of Proposition 3.9. We refer to [17] for all the details; in
particular, we use Theorem 5.2, Corollary 5.3, Lemma 5.11 and (5.46) at page 226 of [17]
with p=1.

Proof of Proposition 3.9 From Lumer-Phillips theorem we know that the closure of the
operator (K, FCy°) in L'(uP V) generates a strongly continuous semigroup 7; if and only
if the range of (A — K, FC{°) is dense in £! (%) for some (and all) A > 0. To prove the
density result, we use an approximative criterium:

VF e L'(uP") Ve >0 e FC*: (A= K)o —F|| 1y 50, < (40)
Now, we take F € L£!(uf). Then there exists a sequence {F"}yen with FY € C°(RY)
and

lim [ FY —F| i 0 =0, sxp” FY|, <oo. (41)

N—oo

On the other hand, the assumption B, € £2(#") (for any n) implies that BN € £>(u?") for
any N, and therefore there exists a sequence {C"}ycy with CV € Cp°(RY — R") and

1
R R (42)
Bearing in mind (5), this implies that
”HNB -cv H L£2(ubv) = ”HNB - BY H L£2(ubv) + ”BN -c” ”52(“;‘3-\») -0 (43)

as N — oo.
For each N, we introduce a regularized finite dimensional Kolmogorov operator KV
acting on functions ¢ € C°(R"):

8xj 8Xj

N, 92 3 9
(KNg)(x) = Z[x} ﬂa—):f(m -cy 022 (o) - vxjxj—‘ﬁ(x)].
J

j=1
It has smooth coefficients. Therefore, given FV € C3°(RY) and A > 0 the equation
(A —KY)pN =FV (44)

has a unique solution ¢" € C°(R"); moreover

Mo, = I1FV],- (45)
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Vd¢ 2
11)‘1 |

Further, setting [v/A” D¢/ |2 = Y7

by a straightforward computation we have

K(¢V) =20 K" + 2|V AP D" .

Using the infinitesimal invariance (36), we have
_ 2 w
[vA! ﬁD¢N||£2(Mﬁyv) = —/¢NK¢Nduﬂ
/¢ ﬂ v f¢ KN Nd B.v
_/¢N Z(B —CN)@duﬂ’” +/¢N(FN
= J I 8xj

= “d)N ”c,, ”HNB —-cV ||£2(,u‘iV) D¢N ||L2(;u‘5v‘1)

e, IFY e, + 2197 ,)-

Using (45) and the fact that 2, " | D" ||2, i, < WA DN 2
that there exists a constant Cg ; > 0 such that

L2 for B <1, we get

126" 2y = Coal F¥ N, [1+ 1In B = €] 2] (46)

Let us go back to (40); by (44) we have

N )
— N_F—= N E — N_; N
*r—-K)p F_(K )qb +F'—-F= le C] + F" — F.

Integrating with respect to the measure ©?” we get

ua—mw—FuW)f/ L A

= ”HNB _CN||£2(M/3.V)”D¢N”£2( ) + ”FN - F”Ll

b (uh-)

by Schwarz inequality. Using (46) we find

|G- = K" = F 11y < Cpa[TIvB = C| 2

(uhv) F" ch[l + HHNB -c” “Lz(uﬂ"")]

N
+ ”F - F”Ll(#ﬁ,v)'

Bearing in mind the assumptions on the approximating terms and (43), we find (40). O
Remark 3.10 Because of the invariance of the measure -, the contraction semigroup P,

in Cp(H®) can be uniquely extended to a strongly continuous contraction semigroup in
LP Py also for any p > 1. Indeed,

|Pp0)|” =|E[p(u(t: ))]|” <E[|p(ut; x))|"] = P1¢I”(x)
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and by the invariance of the measure u?-’
/ |PglPduf < / PlglPdut" = / 17 duf.

Since C,(H®) is dense in £P(#"), we can uniquely define the semigroup on L£? (1f") for
any p > 1. We use the same symbol P, to denote all these semigroups.

Notice that in condition (C3) we require f |B, (x, x)|>uu?’ (dx) < oo for any n. Therefore
K : FC{® — L2(uP"). Moreover, according to Corollary 5.3 of [17], we have that the re-
striction of 7, to £2(#") is a strongly continuous semigroup on £2(1+#") and the generator
of this semigroup again extends (K, FC;°). In the sequel we will use the same symbol to
denote these semigroups in both spaces £'(u?") and £2(u?").

3.2.3 Uniqueness of the Invariant Measure

Now we prove that Eq. (13) has at most one invariant measure. We use the results of
Sect. 3.1.

Proposition 3.11 With the assumptions of Theorem 3.1, there exists at most one invariant
measure for Eq. (13).

Proof Let R(t,x,-) be the law of z(t; x) and P(t, x,-) be the law of u(¢; x). Then any
R(t, x, -) is equivalent to the Gibbs measure wh (see, e.g., [15]); we write it as R(¢, x, -) ~
whv. Moreover we have that

T
/|\/A/-“—IB(z(t),z(t))‘2dt<oo P-a.s. 47)
0
and
T
/|\/A/3*IB(u(t),u(t))|2dt<oo P-a.s. (48)
0

P{z € C([0, TT; H*)} = Plu € C([0, TT; H*)} = 1.

According to Theorem 9.2 in [18] (see also [19]), (47)—(48) imply that the measure
P(t,x,-) is equivalent to R(¢, x, -). On the other side R(z, x, ) ~ R(s, y,-) ~ P, hence
we get

For this wuse that ||B(x,x)|[g—1 < c||x||§ from assumption (6) and that

P(t,x,)~ P(t,y,-) ~ub’

for any x,y € H* and ¢ > 0. Using Doob theorem (see, e.g., Theorem 4.2.1 in [15]), we
deduce that there exists at most one invariant measure. O

By means of the existence result of the previous section, we get that u#" is the unique
invariant measure for Eq. (13). Moreover, it is strongly mixing

lim P(t,x, ") = u®"(I") (49)
t—00
for arbitrary x € H* and Borel set I" in H®.
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3.2.4 Rate of Convergence
Now, we consider the semigroup P, in £?(11#") (see Remark 3.10).
We recall the “Carré du champ” identity. For the reader’s convenience we give the proof

(see, e.g., [11]).

Proposition 3.12 Besides the assumptions of Theorem 3.1 we consider (C3). Then, we have
/¢?¢d,ﬁv” =—f|m0¢|2duﬁv” V¢ € D(K). (50)
Proof First we take ¢ € FC°. A straightforward computation yields that
K¢> =2¢K¢ +2|VAIF Dg|’.
By the p#”-infinitesimal invariance, we have [ K¢? duf’ = 0; thus

/¢>K¢duﬂ’“ = —/|\/A1*5D¢}2duﬁ’”. (51)

Now, taking ¢ € D(K), we use that FC{° is a core for K ; therefore there exists a sequence
{¢»} C FCg° such that

¢ —> ¢, K¢, —> K¢ inl*(u”").
From (51) we get

f| \ Al_ﬁD(d’n - ¢m)|2dﬂﬁqv = f |¢n - (Pm”K(d)n - ¢m)‘d:u“ﬁ’v~

Hence, the sequence {~/A!=# D¢, } is a Cauchy sequence in £>(u?") and we get (50). [

Now, given ¢ € L2(uP") we set ¢ = [ ¢ dpuP’; then we have the following theorem on
the rate of convergence of P;¢ ast — oo.

Theorem 3.13 Besides the assumptions of Theorem 3.1 we consider (C3). Then
f P (x) — G| P (dx) < e / |6 () — @1 (dx)
forany ¢ € L2(uP") and t > 0.
Proof Let us define the space
L(uf) ={¢ e L2 (") : ¢ =0} (52)
it is not difficult to prove that it is invariint for the semigroup P; (see [ 1_2]).
First, let us take ¢ € L3(u") N D(K); then P,¢ € L5(P") N D(K) and by the Hille-

Yosida theorem

d —_
5 ho=KFo.
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Therefore, bearing in mind (50)

50 f P dpf = / P¢ KPpdul" = —/|mDXP,¢>|2du’3’”.
Since a Gaussian measure fulfills the spectral gap inequality (see [8]) we have
/}«/A‘—D P ) 1 (dx) = 2 /[P,¢>(x)]2 B (dx)
where A; > 0 is the first eigenvalue of the operator A. By the two latter relationships we get

d
E/lwlzduﬂ’“ < —)»1/|P,¢|2duﬂ*”.

Hence, using Gronwall lemma, we have that for any ¢ > 0
/ |Pp|>duf’ < et / lpI>duf” V¢ e £i(n”") N D(K). (53)
Now we take ¢ € D(K); replacing ¢ with ¢ — ¢ in (53), we obtain that
[1po-araw = [|p@ -t < [1p-FRan.

Using that D(K) is dense in £ (1#") we get the result. O

4 An Example: Shell Models of Turbulence

Shell models of turbulence describe the evolution of complex Fourier-like components of
a scalar velocity field. Here, we present the details for the SABRA shell model (see [24]),
but the same results hold for the GOY shell model (see [21, 25]). In recent years, there
has been an increasing interest in these fluid dynamical models, both for the deterministic
and the stochastic case (see also [3, 5, 9, 10]). From the analytic point of view as well
as for numerical computations, they are easier to analyze than the Navier-Stokes or Euler
equations. But, they retain many important features of the true hydrodynamical models.

Instead of dealing with complex valued unknowns we deal with the real and imaginary
part of each component of the scalar velocity field (for the basic settings we follow [4]); this
defines a sequence {u,}, with u, € R?. For x = (x, x,) € R® we set |x|> = xl2 + x22 and the
scalar product in R? is x - y = x;y; + X2 2.

Then, using the notations of Sect. 2.1, we define the basic space H as

H= {u:(ul,uz,...) € (RZ)OO:ZIMHI2 <oo}.

n=I1

The basis in H is given by the sequence {ei ), e(lz), eél), eéz), ;1), egz), ...} of elements of

(R?)>, where
el = ((0,0),...,(0,0),(1,0),(0,0),...)

e =((0,0),...,(0,0), (0, 1), (0,0),...)

with the nonvanishing vectors in place n.
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The eigenvalues are
An = kA"

with A > 1.

Let us check the validity of assumptions (C1)—(C5).

Inequality (3) holds with ¢, , = (%)1’. We can take any o < B to fulfill (C4).

We set k, = ~/A,. The bilinear term B is defined by means of the components B, =
(Bn.1, Bn.2) as follows (see, e.g., [4]):

Bi1 (1, v) = aky[—us2v3,1 + uz1v32],

54
By (u,v) = —akou; - v3,
By 1(u,v) = aks[—u3 v +u3,1v42] + bko[—u; pv31 + 1y 1v32], 55)
Bz,z(bh v) = —aksus - v4 — bkyu; - v3
and forn > 2
By 1(u, v) = akyq1[—tni12V042,1 + Uny1,1V042,2]
+ bk, [—Up—1 2Vn41,1 + Un—1,1Vn41,2]
+aky_i[tp—12V4—2,1 + Up_1,1V4-2]
+ bk [Up—22Vs—1,1 + Up—2,1Vn—12], (56)
B, 2(u,v) = —akyy1ltny1,1Vn42,1 + Ung1,2Vn42.2]
— bk, [Up—1,1Vn41,1 + Un—1,2Vn41,2]
- akn—l[un—l,lvn—Z,l - un—l,Zvn—Z,Z]
- bkn—l[un—Z,lvn—l,l - un—Z,Zvn—l,Z] (57)
where a and b are real numbers such that
a+br*¥ =@+ b1 (58)
for some 8 > 0, that is
a
R — 59
a+b 59

(recall that A > 1). This condition implies (C2 ii), whereas (C2 i) holds for any real a and b.
For instance, let us check that (58) implies (C2 ii). We have

o0
ZkﬁﬂBn(u, u)-u,

n=1

[a + b2 — (@ + D) k2Pt (i - ) (1 2+ Unsr, 1)

o0
D kP [Bua(, w)n s + Buo(u, )iy o]
n=1
o0
n=1
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Relationship (5) of (C3) holds for 8 > %; this includes the interesting physical case of
B =1 (see Sect. 2.2). Indeed, for the SABRA shell model

0 forn <M -2,
—aky (Xp 1 Xp41,2 — XM 2XM41,1) forn=M—1
B\ (x,x) — By (x,x) = ' ’ ’
—aky 1 (Xp41,1XM42.2 — Xm412XM42,1)

—bky (Xp—1,1Xp412 — Xm—12Xm41,1) Torn=M
and

0 forn<M -2,
—aky (—Xp 1 XpM41,1 — XM,2XM41,2) forn=M—1
BY,(x,x) = Byo(x,x) = ’

n,2 5 k
—akpy 1 (=XM1, 1XM42,1 — XM41,2XM42,2)

—bky (=Xp—11Xp41,1 — Xm—12Xm41,2) forn=M.

Therefore
M

Z|Brly — B,

n=1

P—|BY  — By +|BY — By[

SO

M 2 2

: Z M 2 v . 8l a” aup  a 24 2,2-48 | _

A}EI})O/ |Bn —B,,| dy,ﬂ SA}E@E[}\TﬂkM +)\'TﬁkM+l +b kM i|—0
n=1

This holds for g > 3.
Moreover we have (see [4])

Lemma 4.1 Forany a1, 05,03 €R
B:H*" x H? - H™™ witha; +ar+az > 1
and there exists a constant ¢ (depending on a, b, . and the o;’s) such that
| B, v) ||7a3 <cllullg,Ivlle, YueH*,veH®™.

This implies that conditions (C5) are true: (6) for any % <a < B and (7) for any «.
We finally point out that our results of Sect. 3.2 hold also in any space L£? (") with

p=1,2,... (see Remark 3.10). Indeed, we have
/|B,,(x,x)|q,uﬂ’”(dx)<oo Vn,q eN; (60)
for g =2 this is (4) of (C3).

Remark 4.2 The stochastic 2D Navier-Stokes equation and the deterministic unforced 2D
Euler equation can be represented by Eqs. (13) and (14) respectively (—A is the Stokes
operator and B(u, v) is related to the term (u - V)v). However, not all assumptions (C1)—
(C5) are fulfilled. Indeed, (C1) holds true, (C2) holds true for § = 1 (the peculiarity of 2D
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hydrodynamics, and the conserved quantity S, is the enstrophy); for 8 = 1 (the choice is
imposed by (C2)) condition (4) of (C3) holds. Condition (C4) holds if modified allowing
a < 0; this makes a big change in the analysis of existence and uniqueness of solutions in
the space H* (see [2, 13, 16]). Condition (C5) changes, but the new estimate allows anyway
to get existence and uniqueness of solution.

Hence, we can conclude that with some modifications a similar set of conditions is ful-
filled by the stochastic 2D Navier-Stokes equation and the deterministic unforced 2D Euler
equation, except condition (5) of (C3). This reflects the fact that for the 2D Navier-Stokes
equation with space-time white noise it has been proven existence and uniqueness of the so-
lution for p!V-almost every initial data, and that !V is an invariant measure, but no results
on the uniqueness of the invariant measure are known.

5 Inviscid Models

We are interested in the deterministic inviscid and unforced dynamics represented by
Eq. (14). We have that the measure 5V is infinitesimally invariant for Eq. (14); now
(L, FCy) is the Liouville operator associated to the deterministic inviscid equation (14).
Hence, the problem is to see if there exists a global dynamic leaving p?V invariant.

Here, we present our results for the SABRA shell model with g =1 (the physical rele-
vant case) only to make simpler the exposition, but it can be generalized to the other fluid
dynamicals models.

Equation (14) is formally obtained from Eq. (13) setting v = 0 and considering a vanish-
ing right hand side. More generally, we can consider the nonlinear viscous equation

duf (1) + [veAu® (1) + B(u* (1), u* (1)) |dt = v2e dw(t), >0, (61)

with ¢ > 0. When ¢ =0 we get Eq. (14) (with 8 = 1). Our results of the previous sections
hold true for any ¢ > 0.

Therefore, we shall consider the limit ¢ — 0 in the viscous stochastic case to get the
inviscid deterministic one (see also a similar case studied in [22]).

The fact that the measure u!V is an invariant measure for any & > 0 can be easily
checked. We proceed as in the previous section, but now the Kolmogorov operator asso-
ciated to Eq. (61) is K® = e¢Q + L; bearing in mind (37) and (38) we get that p'*” is an
infinitesimal invariant measure for the operator (K, FC;°). And for any ¢ > 0 the operator
(K*, FCp?) is dissipative on LP (') forany 1 < p < oo.

We are going to prove that when the initial data is a random variable with law p'-”, then
Eq. (14) has a solution which is a stationary random process, whose law at any fixed time is
,l,Ll’V.

An important property is the integrability of B with respect to the measure u'*".

Proposition 5.1 Ifv > 0, then for any a < 1 we have
/HB(x,x)HZMl‘”(dx) <00
forany p e N.
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Proof We write the proof for p =2 but it is the same for the other values of p, since u!" is
Gaussian and the B,,’s are second order polynomial. We have

2 v
/|Bn‘1(x,x)| p(dx) = /|akn+1[—xn+1,2xn+2,1 + Xpt1,1X042.2]
+ bkn[_xn—l,an-H.l +xn—l,1xn+1.2]
2 v

+ (@ + bYky—1[Xy—12Xn—2.1 + Xn—11Xn—22]| 1"V (dx)

= 2/{a2k3+1[x3+1,2x3+2,1 +x2+1,1x§+2,2]
+ bzkz[x3—1,2x3+l¢l +x3—1,1xn2+1,2]
+(a+ b)zkﬁ_l ['xr%—l,Z‘xr%—Z,l + xi—l,lxs—z,z]}ﬂl’v(dx)
16 _ _

= _{a2k5+1()‘n+l)\n+2) ! +b2k2()‘-nfl)‘-n+l) !
V2
+ (a+ bV ko (yeihn2) '}

4
== {@27+ 0% + (@ +b)* 2
0

Similarly, we estimate [ | B, »(x, x)|*u"" (dx). Therefore

/”B(x,x)”i,ul’”(dx)Z/Z)»ﬂBn(X,X)’zMI’U(dX)
n=1

[e°]

< Cv,ko,)»(|a|2 + |b|2) Z)LZn(a—l)

n=1

which is finite if @ < 1. O
Here is our main result.

Theorem 5.2 For any v > 0, there exists a yu'"'-stationary process, whose paths solve
Eq. (14) P-a.s. In particular, the paths are in C*(R; H*) (for any 0 < § < % and o < 1).

Proof We fix v > 0 arbitrarily. According to Corollary 3.8, Eq. (61) has a unique u'’-
stationary solution v°; this process is a strong solution and has paths in C ([0, 0c0); H*) a.s.
(for o < 1, but we always think of o as much close to 1 as possible).

First, we prove that the sequence {v°}o-.<; is tight in Cg([O, T1; H%) for any Se O, %)
and @ < «.

We write Eq. (61) in the mild form:

() =2"(t) — f e AT B (D% (5), U0 (s))ds, (62)
0
where

t
Eg(t)=e—vsAt63(0)+/ 87VSA(t7S)\/Zdw(S)

0
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is the u!*"-stationary solution of the linear equation
dz° (1) + ve AZ° (1)dt =~ 2edw(t)

with the initial data of law u '’
We consider the two terms in the right hand side of (62). Using the u!”-stationarity we
have that for any 0 < 4§ < % there exists a constant Cs > 0 such that

sup ]E[HES H C5([0,T];H’1)] = 65' (63)

0<e<l

We take n € (0, 1) and set y = o — 2n. For the convolution integral in (62) we have

p

/A efveA('*X) B (ﬁg (S), v* (S))ds

0

T
-
T
+/ dt
0 Y
T t !
5/ tl”1<‘/ ||e,ng(t7s)B(Ee(s)’EE(S))”Sds>d[-|—/ HB(ES(I),EE(I))”;;dl
0 0 0
T t P
+ve / < / ||Ae*““<’*5>B(68(s),W(s))Hyd5> dt
0 0
T t
5/ tﬁ*'(/ |B(@(s), v (S))”pds)df"'/ |8 @), 5 )]}t
0 0
T t P
+ve f < / ||A1*’?e*”8A<'*‘Y>A"B(v€(s),Ws))”de) dt
( T”+1>/ |B(@*@).7°0)]dr

LIB@E (), T e, \
+U8/0 </o§ e (t —s)i-n ds) dr by (3). (64)

For the latter integral we use Holder inequality and get that

( ! ||B(5£(S),5€(S))||ad )p
s
0 (t—s)t-n

e

Hence, for p > % — 1 we have

wLpO,T;HY)

/ e—UEA([—X)B(ES (s) (S)
0

dt+/ |B(@ @), v M)];dt

/ veAe AT B(V (), v (s))ds
0

/.

)

p

/' e_”A(‘_S)B(ES (s), Eg(s))ds

0 wlr,T;HY)
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T T
5(%?’—1—1)[ HB(EE(:),?(;))”;’dz+ugT'"/ |B@* 1), v )| dr (65)
0 0

for some positive constant m =m, ,, p.
Integrating with respect to the measure 1%’ and using the invariance we get

. P
E / e_"SA('_S)B(ES(s),ig(s))ds
0 WLp,T;HY)
1 P m P, 1v
§T(1+—T + veT >/||B(x,x)|}au (dx). (66)
p

Now, we use that W17 (0, T) c C*([0, T]) if 1 — % > §. Then, using the previous esti-

mates in (62), given any 0 < § < %, p> ﬁ and p > % — 1 we have

sup ]E[”ig ”Zﬁ([o,ﬂ;m)] < 0. (67)

O<e<l

On the other hand, the space C%([0, T1; H) is compactly embedded in CS([O, T1; H?) if
§ <dand 7 < y; this follows from the compact embedding H” € H” and from the Ascoli-
Arzela theorem. Because these results hold for any § € [0, %) andy <y <a < 1 (with p big
enough, but we use (60)), we can consider any § < % and any y < 1. The tightness follows
from (67) as usual by means of Chebyshev inequality. And to simplify notation henceforth
we consider the tightness in the space C*([0, T]; H%) (8 < % and @ < 1).

By the tightness result and Prohorov theorem, the sequence of the laws of v° has a sub-
sequence {v*"}>° | weakly convergent as n — oo (with &, — 0) in C 310, T1; HY) to some
limit measure. By a diagonal argument, this holds for any 7" and therefore the limit measure
leaves in C?([0, oo); HY). By Skorohod theorem, there exist a probability space (Q, F s ]f"),
a random variable ¥ and a sequence {9°} such that law(9°) = law(9°), law(?) = u'*¥ and o°
converges to ¥ a.s. in C*([0, co); H?).

We now identify the equation satisfied by 7. We are going to prove that P-almost each
path solves (14).

It is enough to control the behavior of the terms with B. First

eI B (5 (5), 575 (5)) — B(D"(s), 8"(5))
= e HAI[B (57 (5), 57 (5) — B(* (), 7°(9))]
+ [ 4 — I]B(5(s), 3°(s)).

When we consider the second addend in the mild form expression, it trivially converges to
zero; but for the convergence of the first one it is enough to verify that

t
/ |B(5"(s), 3" (s)) — B(8"(5), 2" (5)) | ,_,ds — 0
0
as ¢ — 0; for this we use the bilinearity and the estimate (11).

Similarly we work on the time interval [—T7,0] by considering the reversed-time
parabolic nonlinear equation

du’ (1) + [—ve Au* (t) + B(u® (1), u® (1)) dt = V2edw(t), t<0. (68)
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It has a unique w'V-stationary solution v®; this process is a strong solution, has paths in
C¥((—00,0]; H%). The tightness and the convergence are obtained in the same way as
above. O
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