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Abstract

This master thesis describes the development in the framework of Fluid-
Structure Interaction (FSI) problems of an efficient and flexible technique treat-
ing the fluid-structure interface and mesh motion problems. The main idea is to
build, through a new hierarchical approach, a tool with accurate identification
capabilities for both the structural rigid movement (translation/rotation) and the
elastic deformation (displacement), with the possibility of facing arbitrary struc-
tural and fluid discretization schemes.

Starting from a review of the state of the art methods, used for these appli-
cations, the different shape representation techniques applied, like Free Form
Deformation (FFD), Radial Basis Function (RBF) and Inverse Distance Weight-
ing (IDW) are introduced and then compared to test their performances in terms
of computational costs and achievable mesh quality. Then, in order to reduce the
complexity of the geometrical model and its description, ad hoc innovative opti-
mization techniques, like a selective approach of the RBF interpolation sites as
well as a domain-decomposition approach for FFD, are presented showing clear
reductions in term of computational costs. Some applications and test-cases,
solved by using an open-source Finite Element library (LifeV), dealing with un-
steady viscous (internal and external) flows, characterized by different Reynolds
number, are shown to highlight the quality and the accuracy of the methods and
their stability. For the implementation of the schemes developed, an efficient
C-++ object oriented code language was used, relying also on Trilinos packages.

Keywords: fluid-structure interaction, mesh motion, non-conformal meshes,
shape parametrization, computational efficiency, shape registration, surface move-
ments, free-form deformations, radial basis functions, inverse distance weighting.
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Sommario

Gli obiettivi di questa tesi consistono nell’analisi e nello sviluppo, nell’ambito
di problemi di interazione fluido-struttura, di uno strumento accurato e versatile
per un’efficiente soluzione delle problematiche legate all’interfaccia tra la griglia
rappresentante il dominio fluido e quella rappresentante la struttura, tenendo
conto del loro movimento durante il processo di simulazione. Le motivazioni
di questo lavoro risiedono nel fatto che in questa tipologia di problemi le diffi-
colta associate all’interazione tra due diversi domini fisici nascono sia dall’utilizzo
di griglie non conformi all’interfaccia, sia dall’esigenza di mantenere una buona
qualita delle griglie a seguito della loro interazione fisica. Pertanto, alla luce di
tali considerazioni, si mostrano le motivazioni seguite per lo sviluppo di questa
metodologia, attraverso un approccio di tipo gerarchico, volto da un lato a poter
interfacciare domini descritti da schemi di analisi indipendenti con discretiz-
zazioni arbitrarie, dall’altro alla possibilita di poter descrivere sia movimenti rigidi
(traslazioni e rotazioni), sia deformazioni elastiche (spostamenti).
A seguito dell’analisi dello stato dell’arte di alcuni degli schemi utilizzati in questo
ambito, con l'obiettivo di metterne in evidenza punti di forza e criticita, vengono
introdotte le diverse tecniche di rappresentazione geometrica utilizzate, tra cui
Free-Form Deformations (FFD), Radial Basis Functions (RBF) ed Inverse Dis-
tance Weighting (IDW), e confrontate in termini di valutazione dei costi com-
putazionali, prestazioni e qualitd ottenibile delle griglie. Successivamente, per
ridurre la complessita ed il numero di parametri legati alle rappresentazioni geo-
metriche adottate (per FFD ed RBF), vengono proposte delle tecniche di ottimiz-
zazione sviluppate ad hoc (basate su domain-decomposition e selezione adattiva
dei punti di controllo) che permettono, inoltre, ai fini dell’analisi, di ottenere una
diminuzione dei tempi di calcolo.
Mediante ’utilizzo di una libreria ad Elementi Finiti disponibile in fluidodinamica
computazionale (LifeV), vengono infine analizzati diversi casi test, basati su prob-
lemi non stazionari di flussi viscosi (interni ed esterni) caratterizzati da diversi
numeri di Reynolds, volti ad evidenziare I’accuratezza, 'efficienza e la versatilita
degli schemi di calcolo proposti. Per quanto concerne la parte implementativa
é stata realizzata una libreria di supporto ed interfacciabile scritta in linguaggio
C-++ orientato agli oggetti, basata su alcuni dei pacchetti di Trilinos.

Parole chiave: interazione fluido-struttura, interfaccia fluido-struttura, movi-
mentazione griglie di calcolo, free-form deformations, radial basis functions, in-
verse distance weighting.
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Introduction

In the last two decades the interest for Fluid-Structure Interaction (FSI) prob-
lems has increased significantly and simulations have become more feasible thanks
to the advances in computers technology and numerical methods. Generally we
deal with a fluid-structure interaction problem when the effect of fluid dynamics
on elastic bodies and vice-versa is of primary interest. Many engineering appli-
cations, like aeroelastic instabilities in aircrafts [43, 44, 93, 94], turbomachinery
design [91], modeling of cardiovascular system [28, 29, 81] and high performance
boat dynamics [74], involve fluid-structure interaction phenomena whose analysis
is crucial for a safe and efficient design and sizing procedure. The main aspect
involved in this kind of problems is the unsteady computation of the dynamics
of different physical domains (i.e. multiphysics) and their coupling with moving
boundary conditions and meshes.

The first issue to be faced is the choice of the approach [35, 46] (either mono-
lithic or partitioned) to be used for the time integration of the coupled system of
fluid-structure equations: solving the problem in a monolithic way means solving
simultaneously flow and structure equations, while using a partitioned approach
we get separately the solution of the fluid and structural subdomains. Mono-
lithic algorithms maintain all the non linearities of the original problem and the
coupling could be taken into account directly, which is advantageous for the sta-
bility of the simulation, while partitioned ones, although they require a coupling
algorithm for the interaction between fluid and structure domains, are more flex-
ible by allowing the possibility of using different numerical schemes and separate
solvers for both physics and coupling conditions.

The second issue to deal with is the correct transfer of physical information
between the fluid and structure subdomains [52, 92, 120|: generally, in fluid-
structure interaction simulations, due to different mesh requirements for fluid and
structure, grids are not matching at the interface. The reasons for non-conformal
meshes come from different requirements on the solution, as the necessity to re-
solve viscous boundary layers for the fluid, the need of different mesh element sizes
for numerical stability issues, and, last but not least, the occurence of coupling
codes generated by different communities. For all these reasons we should be
able to deal, through interpolation and projection operators, with fluid-structure
interface problems involving non-matching meshes and, eventually, with the pres-
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ence of gaps and overlaps between grids. The physical principle generally used
within fluid-structure interface problems is the energy conservation [89, 121] at
the interfaces, thus resulting in a conservative approach: in that way it will be
possible to define an operator for transferring physical quantities (pressure loads,
displacements) from one domain to the other.

The third issue concerns the dynamic mesh handling. Dealing with FSI prob-
lems, within the framework of continuum mechanics, at each iteration we need
to move, once the structural subproblem has been solved and its domain has
been deformed, the fluid mesh accordingly to structural deformations. Thus, in
order to tackle such a problem, a mesh deformation strategy must be designed
with additional requirements like (a) preservation of mesh quality and (b) low
computational efforts.

Summarizing, the main aspects to be faced when dealing with a fluid-structure
interaction problem are:

(i) choice of the approach and the algorithm type: either monolithic or parti-
tioned;

(ii) setting up a methodology for transferring data across interface when dif-
ferent discretization grids are used for both the fluid and the structural
domains;

(iii) employing an efficient and accurate mesh motion procedure for moving
domains during the multiphysics interaction.

A wide variety of approaches, within monolithic and partitioned algorithms, can
be found in literature dealing with different formulations of the problem and so-
lution strategies. In this work, in order to numerically solve FSI problems, we
have chosen to employ a monolithic approach based on a Geometric-Convective
Explicit (GCE) time discretization scheme. This work shows the development of
a tool dealing both with the fluid-structure interface (ii) and moving mesh (iii)
problems. Our goal, concerning the latter, is achieved through a hierarchical ap-
proach based on the kind of displacement we have to describe: in fact we can split
a generic motion into a first global large displacement (rigid translations and/or
rotations) and another local one, represented by small elastic deformations. At
the base of this separation we can build a standard path to be used for moving
mesh problems characterized by the use of shape representations techniques like
FFD [67, 82, 110|, RBF [18, 31, 73] and IDW [124]. In particular, by inves-
tigating their limitations and advantages we will classify them into a standard
path from which we will be able to select, on the base of the displacement to
be described, the most appropriate technique to be adopted. These techniques
are based on the construction of flexible and low dimensional maps, both for
the fluid and the structure domains, by introducing a small set of control points
whose displacements induce the shape deformation.
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Figure 1: Algorithm of the FSI simulation process.

To be more specific, we can formalize the problem as follows: denoting by
OF ¢ R3 and Q5 C R3 the initial domain configurations for the fluid and the
structure, respectively, thanks to the solution of the structural sub-problem we
obtain the displacement field ¢ € Dg leading to structural deformed domain Q°:

¢: 0¥ — (1)

by indicating with Dg := Hé(QS ) the space of kinematically admissible structural
displacements. At this point, once we update the structural configuration we need
also to deform, before advancing the FSI simulation in time, the fluid domain
accordingly. Therefore, such a problem could be set as:

find the fluid displacement field ¢ : QF — QF, such that ¢ € Dy := H&(QF),
that guarantees no compenetrations at the interfaces between fluid and structure
domains, that is TT =T,

(MMP)
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where T'F and T'° indicate the fluid and structure interfaces in the deformed
configuration, respectively, and Q the new fluid configuration. From a practical

.
\C_/

Figure 2: Schematic visualization of the condition to be satisfied at the fluid-
structure interface.

point of view, extracting the displacement values ¢ on I'*, in order to find ¢ for
the fluid domain we proceed as follows:

(i) split ¢ in two components: (;, representing local deformations, and (g, for
global (rigid translations and rotations) ones;

(ii) identify, through an eigenvalue analysis of the structural inertia matrix for
the initial and final configurations, the global component (g;

(iii) recover, employing FFD, RBF or IDW methods, local elastic deformation
CLs

(iv) compute the total fluid displacement field as sum of the previous compo-
nents evaluated: ( = (g + (p.

Then, in order to reduce the computational costs involved in (iii), ad hoc inno-
vative techniques will be proposed, like a selective approach developed to find
the RBF interpolation sites as well as a domain-decomposition approach used
to handle FFD techniques. In particular, concerning RBF strategies, our pur-
pose is to identify a suitable methodology, within the FSI framework, to find
the minimum number and the best location of control points used by such shape
parametrization techniques to describe shape deformations. In order to tackle
this problem, through the computation of the structural eigenmodes within a
bandwidth of interest, it will be possible to have an a priori knowledge of the
structural behavior, as well as its shape deformations, during the FSI simulation
process. To this end, considering each eigenmode computed as a target shape
that we should be able to describe, by means of an optimization procedure it will
be possible to identify the (possible) best set of control points to be employed
within FSI simulations.
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The goal of this thesis is to assess the quality and efficiency of the strategies
introduced applying them to three dimensional unsteady fluid-structure interac-
tion problems of both internal and external viscous flows; the simulations will
be performed using an open-source Finite Element (FE) library, namely LifeV
[3, 49]. The core of such a library is written in C++ language characterized by a
fully flexible hierarchical design. All the C+-+ object oriented modules developed
here have been collected into a tool library, and the purpose of these examples
is also to highlight the versatility of the this tool linked, here, to the FSI solver
adopted.

With respect to the previously introduced background, the whole work has
been organized with the following structure:

Chapter 1: in this first chapter a brief review of the state of the art of the
methods commonly used to deal with fluid-structure interface and
mesh motion problems is presented; they are analyzed to highlight
their advantages and limitations in order to outline all the features
to be introduced and/or improved by this work.

Chapter 2: we introduce the shape representation techniques used like FFD,
RBF, as well as the multivariate interpolation method employed,
namely IDW. We discuss their properties and, by applying them to
several test, we compare their computational costs and geometrical
representation capabilities. Some applications of these techniques
are also presented to highlight their potential for their use within
Reduced Order Modeling (ROM).

Chapter 3: the methodology used for the identification of the structure rigid
translations/rotations is firstly described and then tested thanks to
several examples. The optimization algorithms used for identifying
the best number and position of control points for RBF and to
handle FFD techniques are also presented and applied to some 2D
and 3D problems.

Chapter 4: this chapter provides a description of the equations and algorithms
used to solve fluid-structure interaction problems. In particular we
detail the monolithic approach and the solution strategy adopted
for the numerical FSI analysis performed with LifeV.

Chapter 5: the methods developed are tested within two problems characterized
by different Reynolds numbers in laminar regime. The first dealing
with an FSI problem of an external fluid flow, while the other relies
in an internal fluid flow inside a cylindrical straight vessel.
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Chapter 1

An mtroduction to FSI problems

Nowadays the complexity of geometrical models is increasing for modern de-
sign applications. It is not unusual for a Computer-Aided Design (CAD) model to
use about a thousand curves and surfaces to represent complex shapes like an air-
craft. This level of complexity underscores the importance of automation, and, in
this way, the adoption of strategies in order to reduce the geometrical model order
description would be necessary. Thus, within any multidisciplinary application
like fluid-structure interaction, the problem of setting a consistent and accurate
shape parameterization strategy arises. The shape parameterization should be
also compatible with, and adaptable to, various analysis issues in the FSI frame-
work, such as the fluid-structure interface problems, which consist in the transfer
of data across non-matching grids, and the dynamic mesh handling, concerning
the motion of the fluid mesh due to the structural displacement. Therefore, at
the basis of shape parameterization strategies there is the idea of reducing the
complexity in the description of the geometry of solid objects, as well as their
deformations, such that we can represent them through low dimensional spaces,
instead of using geometrical properties themself. In literature a wide range of
applications dealing with shape parameterization strategies is present, for exam-
ple within optimization problems in aerodynamics [105] and haemodynamics [82]
fields, and sizing procedures (e.g. sail boat design [74]). It is clear that, in such
situations, the adoption of shape parametrization strategies is necessary, since in
order to modify iteratively an initial design shape, we will need to displace only
a small set of control points that control the shape deformation, in order to gain
the optimal one. Such an approach would increase on one hand the reliability of
the optimization process, while, on the other, would reduce drastically the com-
putational effort spent to reach the target shape configuration. At the basis of
these previous considerations the idea of using shape parameterization strategies
in the FSI framework relies: in such situations we deal with deformable objects,
whose deformations are governed by a multiphysics interaction with fluid flows.
Thus, in that case, shape parametrization techniques give the possibility of rep-
resenting the dynamics of the structure and fluid mesh configurations by means
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of a small set of parameters whose displacements control the shape deformations.
In detail, at each FSI simulation time-step, once we solve the equations governing
the physics of the fluid flow, we need to compute the structural deformations due
to the effect of the fluid motion. In this way we get, as solution of the structural
sub-problem, its deformations, resulting in a new domain (and mesh) configu-
ration. It is clear, in such a way, that in order to advance the FSI simulation
process in time, we need to update, also, the fluid mesh configuration in order
to match the deformed structural one at the interface. In this framework, deal-
ing with deformable object, the adoption of shape parameterization strategies
like Free-Form Deformations, Inverse Distance Weighting and Radial Basis Func-
tions, would give to possibility of describing complex structural configurations
(e.g. a whole aircraft), and their deformations, by means of a small set of control
points, thus reducing significantly the complexity of the geometrical model; in-
deed, in this way, we could achieve great reductions in the computational effort,
within the updating of fluid mesh configuration, since to impose its deformations
we have only to move few control points.

(a) Initial configuration. (b) Deformed configuration.

Figure 1.1: Example of application of shape parametrization within the mesh
motion problem: deformation of a carotid artery bifurcation, discretized with
25436 grid nodes, centered by RBF adopting 12 control points (red bullets).

1.1 Motivations

Fluid-Structure Interaction problems are generally characterized by the un-
steady motion of the domains representing both the fluid and the structural parts,
due to their multiphysics interaction as shown in Figure 1.2. A possible approach
to be employed, in order to deal with such problems, consists in solving the fluid
flow equations on a fixed grid, within a so-called Eulerian approach [38]: it is
a method of studying both the fluid motion and the mechanics of deformable
bodies by considering volumes/elements at fixed locations in space.
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Figure 1.2: Example of a FSI problem: on the left-hand-side we illustrate by
different colors the domains involved in the multiphysics problem; on the right-
hand-side we report a numerical solution of the discretized problem (structural
displacement and fluid velocity) obtained with LifeV.

On the other hand, in the framework of F'SI problems, a classical approach
that allows to overcome the adoption of a fixed computational grid is the Arbi-
trary Lagrangian Eulerian (ALE) method, where the fluid grid nodes are moved
arbitrary inside the fluid domain, following the movement of its boundaries, and,
in detail, of the fluid-structure interface due to structural deformations. Neverthe-
less, concerning the ALE approach, new issues arise: at each FSI time iteration,
once known the deformed shape configuration of the structure domain, we need
to:

(i) evaluate the displacement values of the fluid nodes lying over the interface
on the basis of the known structural deformed configuration, when dealing
with either non-conformal meshes or different discretization schemes used to
represent both the fluid and the structure domains (fluid-structure interface
problem);

(74) update the fluid mesh configuration on the basis of the motion computed
for the nodes lying over the fluid interface (mesh motion problem);

(74i) reduce, as most as possible, the computational effort related to the dynamic
mesh handling;

(iv) preserve the quality of the whole fluid mesh during the mesh motion process;

v) guarantee that the global solution does not depend on the mesh motion
g g
procedure;

(vi) be able to deal with complex domains geometries.

Therefore, within the ALE approach, a fluid-structure interaction problem would
become not only a two fields (fluid and structure) but even a three fields coupling
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problem (fluid, structure and mesh). A wide range of approaches have been pro-
posed dealing with mechanical analogies [41] (spring or pseudo-solid analogy) or
based on Laplacian smoothing [56]. In this work we aim at proposing, through
a new hierarchical approach, a numerical strategy able to tackle all the issues
highlighted. In this way, through a comparison of different shape parameter-
ization methods, like Free-Form Deformation, Inverse Distance Weighting and
Radial Basis Functions it would be possible to establish a standard path to be
followed, in the FSI framework, within the fluid-structure interface and mesh mo-
tion problems. Summarizing, our idea relies on the use of shape parameterization
strategies [104] in order to get both a reduction of the computational costs, and
a great accuracy for the mesh handling 33, 64|, with respect to the state of the
art methods that have been used for such applications.

1.2 Background

Nowadays, an increasing number of engineering applications involve the study
of fluid-structure interaction phenomena, whose solution is crucial, and of primary
interest, for an efficient and safe design. In particular, it is possible to high-
light the central role played by FSI analysis in those sizing procedures involving
lightweight aircrafts [42, 100], long-span suspension bridges [115], haemodynam-
ics devices |69, 71, 81| and high performance sail boats |73, 74].

f-velocity (cm/s)
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Figure 1.3: Example of a FSI solution, obtained with LifeV, concerning the fluid
flow past a high-flexible wing-like structure at low Reynolds number (Re ~ 1000):
visualization of both the structural displacement contour and the flow stream-
lines.

Due to the increasing global competition and, also, to the advance in computer
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technology, it has been possible in the last two decades to appreciate a spread
of numerical strategies designed to solve efficiently FSI problems, in terms of
reliability of the achieved results with reduced computational costs. In detail,
within the framework of FSI problems, a great amount of research studies have
been devoted to the development of low-costs numerical strategies able to perform
on one hand the spatial coupling of multiphysics domains in order to deal with
arbitrary discretization schemes adopted for both the fluid and the structure,
and on the other, to reduce the computational costs involved in the dynamic
mesh handling within the ALE-based approach. Within such a framework, it is
worthwhile to survey the evolution in recent years of this scenario, in order to
highlight both the limitations and the advantages of the available state of the
art numerical strategies adopted to tackle both the fluid-structure interface and
mesh motion problems to make a comparison between them and, at the basis of
their drawbacks, to schedule the objectives to be achieved by this and related
future works.

1.2.1 Fluid-structure interface problem

In many engineering applications involving FSI phenomena, generally, we need
to be able to deal with different discretization schemes adopted for both the
fluid and structure domains. In fact, in most cases, we need to use a much
finer mesh for the fluid part instead of the structural one, due to the strict
requirements related to the numerical stability of the flow analysis, and, moreover,
since mainly the fluid interface zone is characterized by higher velocity gradients
(e.g. boundary layer) [55]. In this way, one of the requirements of the FSI
computation is related to the possibility of handling the transfer of physical data
across non-matching grids. It is straightforward that, in order to deal with such a
problem, we need projection and/or interpolation operators. In literature many
different strategies have been developed to transfer data across non-matching
grids, such as nearest neighbor interpolation |32], projection methods |25, 72, 79|,
and methods based on interpolation splines [18, 112, 113]. Most often, the main
idea relies on the fact that energy should be conserved at the interface. Thus,
the coupling scheme should preserve the equivalence of virtual work performed
by fluid loads and structural forces [18]:

SW = 66T fg = 6¢T £, (1.1)

being d¢ and d¢ the nodal values of virtual displacements for the structure and
fluid domains, while fg and fz indicate the structural and fluid loads, respectively.
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(a) Different discretization schemes: panels, (b) Non-conformal surface grids.
for the aerodynamic field, coupled with a
beam structural model.

Figure 1.4: Visualization of possible non-matching fluid-structure grids.

In order to express the relation between the two displacement entities, it is
possible to introduce a transfer matrix H, such that:

¢ =Hs. (1.2)

When we assume that 01 is equal to zero, for each arbitrary d¢, we gain the
relation between the structural virtual displacements and the fluid ones

5¢ = Hés. (1.3)

Thus, concerning the load transferring, thanks to (1.1) and (1.2), we obtain:

fg = H” f5. (1.4)

In this way, when a transfer matrix H exists, it is possible to obtain the so-called
“conservative” coupling approach, that relies on the fact that energy should be
conserved at the interface [18, 94, 122]. With such a strategy, only one trans-
formation matrix is needed to perform both the transfer of displacements and
pressure loads between the two discrete interfaces. On the other hand, in or-
der to tackle fluid-structure interface problems, two different matrices could be
involved in transferring pressure loads and displacements, leading to a “consis-
tent” approach. In general, to obtain a consistent interpolation, a constant pres-
sure/displacement field should be exactly interpolated across the interfaces; in
practice, such an approach, results in the fact that the row-sum of H should be
equal to one. A wide range of coupling methods, based on multivariate interpo-
lation schemes, have been used in order to find the coupling matrix H. Among
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them, the Nearest Neighbor Interpolation (NNI) strategy [116] is very likely the
simplest: in this method, the generic nodal value belonging to the unknown grid,
is forced to be equal to the value of its closest node belonging to the known grid.
In this way the transformation matrix becomes a boolean matrix, with a single
one in each row, leading, indeed, to a consistent interpolation approach. Such
a strategy, although on one hand is characterized by a certain efficiency of im-
plementation (basically based on a search algorithm), on the other suffers from
some limitations. As a matter of fact, when the field to be interpolated is not
smooth enough, or when the fluid and structure grids differ significantly, (e.g. the
case represented in Figure 1.4b), the achievable results would be inaccurate. In
the framework of the numerical strategies used to deal with fluid-structure inter-
face problems, it is possible to highlight the class of Weighted Residual Methods
(WRM) [25]. With such an approach, relation (1.3) is found through the impo-
sition of the conservation of loads and displacements, using a weak formulation,
across the interface thanks to the introduction of weighting functions w;(x). In
this way, once we have introduced a set of weighting functions w;(x), denoting
by I' the fluid-structure interface, the equality relation between the fluid and the
structure displacements on I' could be expressed as follows:

/F wi(x) ¢(x) dy = / wi(x) s(x) d. (15)

r

At this point, by introducing the expression representing the approximation for
each displacements fields, through, for example, a Ritz-Galerkin method, we ob-
tain:

€00 =D Newl) G s = Do N0 (1.6)

where Ny ¢ represent the interpolation basis functions for the fluid and the struc-
ture domains, respectively, while ¢, and ¢; indicate the nodal displacement values
for the fluid and the structure. In this way, we can firstly introduce (1.6) into
(1.5), and, then, by choosing as weighting functions the ones used in (1.6), ac-
cordingly to the Galerkin method [95], we obtain:

i {/F Np 1 (x)Npg,i(x) d’V} Cp = n;l {/F Ns, j(x)Ng i(x)dy|s;, fori=1,... ng
(1.7)

where § indicates either the fluid or the structural domain, such that ng € {n,, ns}.
It is possible to achieve (1.3) by defining:
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Hpr = Z [ Np k(Xx)Ng i(x) dv] , fori=1,...,ng (1.8)
k=1 LT

Hzs = [/ Ng, j(x)Ng,i(x) dv} , fori=1,... ng (1.9)
=1 M

yielding:
HﬁF C = Hﬁs S. (110)

Finally, we can define the transformation matrix as it follows:

¢ = Hg} Hgs (1.11)
N——

H

A third class of strategies that have been employed in order to tackle the fluid-
structure interface problem is based on the use of Radial Basis Functions [18, 20].
Expansions in Radial basis functions allow to approximate both multivariate func-
tions and scattered data. They have been known, tested and analyzed for several
years now and many interesting interpolation properties have been identified
[122]. Generally, it is possible to define a radial basis function as a real-valued
function whose values depends only on the distance from the origin, such that:

o(x) = (||, (1.12)

or alternatively on the distance from another point c, called center, that leads
to:

o(x,¢) = o(||x —cl)). (1.13)

where the norm represents, usually, the Euclidean distance. Therefore, any func-
tion ¢ that satisfies the property ¢(x) = ¢(||x]||) is a radial function. Indeed, it is
possible to classify RBFs in two different categories: the first made up of globally
supported functions, the second of compactly supported functions. In Section 2.3
we will investigate the behavior of the local/global supported basis functions, and
derive the mathematical formulation leading to the definition of the interpolation
matrix H of (1.3), suited for the RBF strategy. Such a shape parametrization
technique is characterized by a very high flexibility since it is possible to get it
involved both in the fluid-structure interface and mesh motion problems. Fur-
thermore, one of the greatest advantages of this method lies in its applicability
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in almost any dimension (whence its versatility) because there are generally little
restrictions on the way the data are prescribed. In literature it is possible to find
a wide range of its applications, spanning many fields like numerical aeroelasticity
[44, 94], high performance sail boat design |73, 74] and haemodynamics |81], in-
volving the data-transfer across non-matching discretization schemes adopted for
the structure and the fluid grids. In such cases, RBF strategy has demonstrated
to represent an high-reliable methodology since it allows the spatial coupling
between arbitrary schemes, adopted for both the fluid and structural domains,
providing an high-accuracy of the achieved results. At the basis of the previ-
ously introduced background, the state of the art methods commonly adopted to
tackle the transfer of data across non matching fluid-structure grids within FSI
problems are:

(i) Nearest Neighbor Interpolation [116];
(ii) Weighted Residual Methods [25];

(iii) Radial Basis Functions [20].

1.2.2 Dynamic mesh handling

In this Section we focus our attention on the dynamic mesh handling within
fluid-structure interaction problems. In order to solve the governing equations
for both the fluid and structure on moving domains, accordingly to the ALE
approach, we need a mesh motion routine: in fact, due to the multiphysics in-
teraction between the fluid and the structure, during the FSI simulation the
computational grids will move, resulting in geometrically deforming boundaries.
The displacement of the interface boundary nodes is considered to be given as
solution of the structural sub-problem. Moreover, in those cases involving time-
varying boundaries, one of the most important aspects to deal with, concerns
the requirement of keeping a high mesh quality: in fact, when elements or vol-
umes of the computational grids suffer from excessive deformations, the solution
of both the fluid and the structural sub-problems would get inaccurate, leading
also to instabilities of the coupled FSI process. Therefore, the main requisites
that must be respected when handling the mesh motion problem rely on the ()
preservation of the mesh validity (no negative Jacobian), keeping also (i7) a high
mesh quality (in terms of elements orthogonality and skewness). In literature,
a wide range of mesh deformation methods have been presented using different
approaches to calculate the motion of the computational grids. When dealing
with structured meshes, the Transfinite Interpolation technique [32] represents
the most suitable method to be adopted: within this strategy the displacement
of the interface boundary points is interpolated along grid lines through the en-
tire computational mesh to find the displacements of all interior mesh points.
Nevertheless, this strategy does not best suite those cases involving unstructured



10 An introduction to FSI problems

meshes, employed to deal with complex geometries (where the use of unstructured
meshes represents more often the unique choice to be adopted). One of the most
popular mesh deformation strategy, applicable to both structured and unstruc-
tured meshes, is represented by the so called spring analogy [41]: it basically relies
in the representation, by means of a linear /torsional spring, of the point-to-point
connection of every two neighboring mesh points. This method has been proved
to lack in robustness, in particular when dealing with arbitrarily unstructured
meshes, since an high mesh quality is preserved only when setting specific spring
stiffness values, in a very problem-dependent way. In the framework of mesh
motion strategies for FSI, it is possible to highlight a class of techniques that
involve the solution of a partial differential equation, defined on the fluid mesh
region, with boundary conditions, expressed in terms of displacement, given on
the fluid-structure interface. Within such strategies, the most common adopted
techniques are represented by the Laplacian [56] and Solid Body Rotation Stress
(SBRS)[39] methods. Concerning the first, its main idea relies on the possibility of
assigning largest displacement values close to the moving boundaries while small
ones at large distances. The Laplace equation to be solved is defined as it follows:

V- (yVu) =0, (1.14)

being u the displacement of the grid nodes, and v the coefficient of diffusivity,
considered in order to control the magnitude of the nodal displacement. Namely,
a common choice for the diffusivity coefficient reads as:

1

BREE

g (1.15)

which expresses an inversely proportional relation between the diffusivity coef-
ficient and the Euclidean norm of the distance from the deforming boundary,
||x||, raised to the o power. In order to maintain robustness and a smooth mesh
motion, « is generally chosen to be equal to two guaranteeing a quadratically
decreasing diffusion coefficient. Concerning SBRS, the problem to be solved to
evaluate the mesh motion is governed by the linear elasticity equation:

V-o=f, (1.16)

where o represents the stress tensor, while f the body forces term. By expressing
(1.16) in terms of strain, thanks to the elastic constitutive relation, we get:

V[ ATr(e)l + 2ue] =1, (1.17)

being T'r(-) the trace operator, while A and p are the Lamé constants defined as
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it follows:

vE FE

Maroaow M aar

(1.18)

where E represents the Young modulus and v the Poisson coefficient [39]. We
can also write the kinematic law, between the strain and displacement fields:

1
€= §(Vu+VuT+VuT - Vu), (1.19)

where it is important to observe the presence of the term Vu’ - Vu that allows
rigid rotations of the mesh. At this point, rearranging (1.19), (1.17) and (1.16)
we obtain the final expression for the solid body rotation stress equation:

V- [(Vu+vVu®) - AV - u] =0. (1.20)

In this context, £ > 0 may be seen as the stiffness of the material, where large
FE indicates rigidity. Poisson’s ratio v represents a measure of how much the ma-
terial shrinks in the lateral direction as it extends in the axial one. Such robust
strategy leads to an high mesh quality although, like for the Laplacian-based
method, a tuning operation for the coefficients A and p is necessary. Neverthe-
less, solving the Laplace or the SBRS equation will drive to sparse systems, such
that standard iterative techniques, like the Pre-conditioned Conjugate Gradient
(PCG) method, can be used to solve the problem.

Among the state of the art methods employed in order to handle the mesh mo-
tion problem for FSI, within an ALE approach, it is possible, finally, to highlight
the RBF strategy. As introduced in Section 1.2.1, the application field of radial
basis functions is very wide, since they have been used in computer graphics,
geophysics, and in multiphysics simulations like fluid-structure interaction. Mesh
deformation strategies based on RBF interpolation result in high quality meshes,
as will be shown in Section 2.3, even in those cases involving large structure ro-
tation angles [85]. Generally, the RBF interpolation procedure is used to transfer
the known interface boundary node displacements to the interior fluid grid nodes:
it is based on the adoption of a set of interpolation sites, or control points, whose
displacement values are known, in order to get the ones related to the inner fluid
mesh. In this way it is possible to adopt, as interpolation sites, all the nodes lying
on interface boundary, since any restriction limits both the number and the lo-
cations of the control points. Therefore, one of the possible aspect to be studied,
within this strategy, consists in automating and standardizing the choice of the
interpolation sites, in terms of their number and locations. Summarizing, some
of the strategies most commonly adopted to handle the mesh motion problem
within FSI are:
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(i) Transfinite Interpolation techniques [32];
(ii) Laplacian-based methods [56];
(iii) Solid Body Rotation Stress [39];
(iv) Radial Basis Functions [73].

At the basis of the previously introduced background we can also state the pos-
sibility of substituting the most common adopted Laplacian-based methods (for
example in LifeV [49]), within the dynamic mesh handling, by RBF strategies:
to this end, in this work we will investigate both RBF and Laplacian strategies
to handle the mesh motion problem within many examples of FSI problems (as
reported in Chapter 5).

1.3 Objectives and approaches

In many engineering applications the correct analysis of fluid-structure in-
teraction problems is crucial. In this multiphysics framework we have different
fields to be coupled that are represented not only by the fluid and the structure
domains, but, also, by their computational grids, or meshes. In fact, dealing
with an ALE approach, adopted in order to solve this complex phenomena, we
need to be able to tackle the problem related to the preservation of high mesh
quality in order to maintain a high accuracy of the flow solver. Furthermore, in
this scenario, it is usual to adopt different discretization schemes for both the
fluid and the structure: in this way the need for interface schemes arises, based
on interpolation and/or projection algorithms. The main goal of this work con-
sists in the comparison of different shape parametrization schemes involved in the
framework of the FSI problems, and, in particular, to handle the dynamic mesh
motion problem and also the possibility of transferring data across non-matching
computational grids. Through the adoption of shape parametrization strategies
we would firstly analyze their suitability for these contexts, and, at the basis of
the achieved results, to suggest a hierarchical path to be followed when dealing
with such problems. Our hierarchical approach could be seen as a result gained
at the basis of the many test-cases solved in 1D, 2D and 3D frameworks, as it
will be shown in Chapter 2. In detail, thanks to the comparison in terms of com-
putational cost and accuracy of the achieved results, we aim to identify, among
Free-Form Deformation, Radial Basis Functions and Inverse Distance Weighting,
the most suitable application field for each of them in the framework of both
the fluid-structure interface and mesh motion problems. Besides the implemen-
tations and the tests of these numerical strategies for FSI applications, from the
analysis of the state of the art methods summarized in Section 1.2.1 and 1.2.2,
we decided to improve some features that characterize shape parametrization
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strategies studied. In particular we aim at introducing several ad hoc procedures
able to perform a dimensionality reduction for the shape parametrization: in this
context we will introduce novel techniques to solve the curse of dimensionality,
especially for the RBF method, in terms of both the number of parameters to be
employed to control the shape deformations and their locations. Moreover, at the
basis of the possibility of dealing with FSI problems involving the multiphysics
interaction between fluid flows and deformable free-bodies (not constrained), we
decided to develop a numerical routine able to recover the rigid movements that
will eventually characterize the structural dynamics. In fact, in those cases, the
global structural displacement could be seen as made up of two different parts:
a (small) deformative component and a (big) rigid one. While for the first we
employ shape parametrization techniques, for the other we need to correctly iden-
tify the entity of rigid translation and/or rotations as output from the structural
solver.

Summarizing, the main goals to be achieved by this work read as:

(i) the employment, in the framework of FSI problems, of several shape parametriza-
tion techniques in order to deal with:

(a) fluid-structure interface problems;

(b) mesh motion problems;

(74) the evaluation and comparison, through several test-cases, of their perfor-
mances in terms of computational costs and accuracy of the achievable
results, in order to establish between them a hierarchical pattern to face
the problems (a) and (b);

(7ii) the development of numerical strategies in order to further reduce the di-
mensionality for the geometrical model described by shape parameterization
techniques;

(7v) the identification of the rigid displacement components, translations and/or
rotations, as output from the structural solver;

(v) to validate the strategies outlined within the study of 3D FSI unsteady
problems, dealing with both internal and external fluid flows, considering,
also, different Reynolds numbers;

In order to meet the objectives outlined for this work, we have decided to
build a tool library, written in C++ code within an object-oriented framework,
to be possibly linked to the different software employed to solve the set of partial
differential equations that govern the fluid-structure interaction problem (that
will be outlined in Chapter 4). In detail, to test the mesh-tool library developed
within FSI problems, we considered an opensource library, namely LifeV [49]: it
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would be adopted for the study of both an application in the haemodynamics
framework, concerning, in detail, an internal fluid flows at low Reynolds number
through a high-elastic structure, as well as an external fluid flow past a flexible
obstacle within the field of large structural displacements. On the basis of the
fully-flexible implementation of the numerical schemes developed, together with
the high-fidelity Finite Element library adopted, it will be possible to test the
proposed hierarchical strategy to show both its accuracy and its computational
costs with respect to the results achieved.



Chapter 2

Shape parametrization techniques

This Chapter introduces some shape parametrization techniques used for
treating both fluid-structure interface and mesh motion problems. In general
shape representation strategies rely on mapping a reference domain, 2 C R”,
through suitable parametric maps 7'(x, p), x € €2, built by introducing a small
set of control points, the so-called parameters pu € R", whose possible displace-
ments induce the shape deformations. In this way, thanks to control points
displacements, it would be possible to represent efficiently a family of admissible
shape configurations. In this class of methods two strategies are represented by
Free Form Deformation and Radial Basis Functions; we can also classify the latter
with Inverse Distance Weighting techniques as methods belonging to multivariate
interpolation strategies, which is an area of data fitting used to find the surface
by providing an exact fit to a series of multidimensional data points. It is called
multivariate since the data points are supposed to be sampled from a function of
several variables.

«0.5

Y -10 -10 T Y -10 -10 T
(a) Target function. (b) RBF interpolant, Gaussian basis.

Figure 2.1: RBF interpolant, obtained by means of 13 interpolation sites (red
bullets), applied to the Octave sombrero function [4].
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By using RBF (as schematically shown in Figure 2.1), the function values
at the unknown points is estimated as a sum, weighted by mean of radial basis
functions, of the function values known at the scattered (or interpolation) points;
with IDW the interpolating surface is obtained as a weighted average of the scat-
tered points and the weight assigned to each one diminishes as the distance from
the interpolation point to the scattered one increases.

In this Chapter, in order to face the fluid-structure interface and moving mesh
problems, all the shape parametrization techniques proposed will be employed
as illustrated in Figure 2.2: in particular, we are going to apply, in order to
solve efficiently the problem of data transferring across non-matching grids, both
IDW and RBF, while for the dynamic mesh handling we will also consider FFD
techniques.

Fluid/Structure Mesh Motion
Interface problem problem
RBF FFD
IDW
RBF

Figure 2.2: Application fields for shape parametrization techniques.

This Chapter has been organized as it follows: in Sections 2.1, 2.2 and 2.3 the
shape parametrization strategies considered, as well as IDW, are introduced and
detailed; in Section 2.4 we propose some applications of coupling schemes relying
on multivariate interpolation methods for treating the transfer of data between
non-matching grids, while in Section 2.5 we deeply analyze the mesh motion
problem and we apply the numerical schemes introduced with two- and three-
dimensional test-cases. Starting from these applications we will both compare
methods through a computational costs analysis, as shown in Section 2.4 and
2.5, and outline a selective way for their use on the base of their properties.

2.1  Free Form Deformation

In the recent past the problem of shape parametrization of solid objects
bounded by topologically complex surfaces has become of great importance and a
significant issue in a few research fields, particularly in the framework of optimiza-
tion design problems and within Reduced Order Modeling (ROM). In that way a
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variety of techniques has been developed and, among them, Free Form Deforma-
tion: employed in the beginning [110] as an important tool for computer-assisted
geometric design and animation, nowadays it is mostly adopted in several engi-
neering application fields concerning optimal design. Indeed, within optimization
sizing procedures, when it is necessary to iterate on several shape configurations
to reach the optimal condition, thanks to the possibility of describing complex
solid objects shapes and their deformations by a low dimensional space, FFD
represents one of the best options to be possibly taken into account. In literature
it is possible to find a wide range of applications of FFD techniques used to deal
with optimization problems, and it has been adopted, particularly, within aero-
dynamics [9], haemodynamics [13] and high performance boat design [74]. With
respect to the previously introduced background it must be remarked the novelty,
introduced by this work, of applying FF'D to mesh motion problems for FSI. As
shown in Figure 2.3, FFD technique does not operate directly on the geometri-
cal properties themself, but it leads to local and/or global shape deformations
thanks to the use of a parametric map Trpp(-, 1) on a reference and parameter-
independent domain configuration 2 by introducing a small set of control points
who play the role of parameters, p, to be perturbed (displaced) in order to obtain
the shape deformation.

Figure 2.3: Example of local (a) and global (b) shape deformations obtained
using FFD technique [110].

One of the key-points of this method relies in the possibility of parametrizing
arbitrary solid object shapes and their own meshes: by introducing a perturba-
tion to the control points positions we can simply get a family of admissible shape
deformations and, consequently, of mesh deformations.

Let us now consider the FFD mathematical formulation for the three-dimensional
case: in this way, we start considering a physical reference domain 2 of coordi-
nates x = (x1, 2, x3), and D, such that Q@ C D, with D representing a paral-
lelepiped that could be considered as a fasten box containing our domain. Map-
ping D through an affine, differentiable and invertible map ¥(x), we transform
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it to the unit cube domain D of coordinates X = (s,t,u), with (D) = (0,1) x
(0,1) x (0,1), and we introduce a user-defined lattice of (L+1)x (M +1)x (N+1)

: 0 .
control points P7,

Plpn={l/L,m/M, n/N}Y", —with [=0,...,L (2.1)
m=0,...,.M
n=20,...,N

where L, M and N represent the number of control points in the z1, x5 and x3
directions, respectively.

fixed reference domain deformed parametric domain

D

o —— | Dl
FFD map

affine map V¥ e
G—O——C—9 Pi»(0) G—O6——C—9 Pin(p)
. O
o O O O T (. o -, O 0
b o) D(p

O o O O parameter vector d o O
G——C———=3 G——C———=3

FFD control points parameters = displacements

of control points

Figure 2.4: Schematic view of the FFD shape deformation procedure: we remark
that, although in this example we do not displace the control points lying on the
external boundaries, it is possible in general to displace them to get the deformed
parametric domain.

In order to describe possible deformations of the solid object embedded within
D we introduce a parameter vector p,,, . of dimensions ((L + 1) x (M + 1) x
(N + 1)) x 3 representing control points displacements in s, ¢ and u directions,
as schematically shown in Figure 2.5:
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Figure 2.5: Schematic visualization of unperturbed control points (red bullets)

P?,m,n and their admissible displacements.

Once we have introduced the parameters vector u € RVo*3 where N¢ rep-
resents the number of the parameters, we denote the perturbed control points
configurations as:

Pl,m,n(llf l,m,n) = Plo,m,n + Y l,m,n; (22)

thus, it is possible to define the parametric map TFFD : 150 x RNex3 s D as
follows:

where

b (%) = bf (s)bM (£)b] () (2.4)
= (?) (%) (ij) (1 —s)l7tsh (1 —)M=mem (1 — )N ="

represents the tensor product of unidimensional Bernstein basis polynomials de-
fined on Dy:

h

e = (7)o

( |
WMty = (M>(1—t)M_mtm, (2.5)
(

V() = x)uu)Nnun.

3
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Finally, in order to find the free form deformation map Trrp(x, ), we have to
compose ¥V and Trrp as schematically depicted in Figure 2.4 and formalized be-
low:

Trrp(x, p) = (U o Tppp o U)(x, @) (FFD map)

From a computational point of view, the whole process represented in Figure 2.4
could be split in two different steps: an offfine (expensive) stage, to be completed
before running the FSI simulation, that consists in building and storing the FFD
map on the initial reference domain, and the online (cheaper) one, involving
real-time evaluations of the map on the new domain configuration obtained as
deformation of the initial one during the simulation process.

It must be remarked that, although FFD is characterized by high flexibility
and easiness of handling, it suffers from some limitations. The first lies in the
fact that design variables may have no physical significance: they are defined
in a parametric domain that could not be expressed into a particular unit of
measurement by definition. Moreover FFD is not interpolatory and, therefore, in
order to solve (MMP), parameter values could not be found directly, as will be
fully detailed in Section 2.1.1. Finally, all the control points are restricted to lie
on a regular lattice and, in that way, local refinements could not be performed.

2.1.1 FFD application for mesh motion problems

We focus now on the application of the FFD technique in the framework of
moving mesh problems for FSI: as shown schematically in Figure 2.2, in this
work, that method will get involved only for that purpose. When dealing with
an FSI simulation, once we compute the solution (in terms of stresses and dis-
placements) of the structural sub-problem, we need to update the fluid domain
configuration accordingly to the structural displacement. Therefore the objec-
tive is to avoid (or minimize) the presence of localized gap and/or overlap zones
that could arise between the fluid and structural domain interfaces when updat-
ing the domain configurations. In order to tackle this problem, by employing
FFD techniques, two first clear difficulties should be underlined which rely in
(7) the non-interpolatory nature of this method and in (éi) the lack of physical
links between control points perturbation and domain deformations. We can for-
malize the mesh motion problem as it follows: let’s denote as Q% c R3 and as
QF C R® the initial reference domain configurations for the structure and the
fluid domains, respectively, and we consider their discretizations (or computa-
tional meshes) Qg € R™*3 and Qf € R"*3 being ns and n; the chosen numbers
for structural and fluid grid nodes. Moreover, we assume hereafter matching
fluid-structure grids at the interface. As solution of the structural sub-problem
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initial domains configuration deformed domains
o or
Qs Trrp(-, 1) 0s
FFD map
affine map ¥ it

G—O——C—=9 Pi»(0) G—O6—C—9 Pin(p)
¢ O O ¢ TFFD(',M) O o O O
O O O O parameter vector p ) O O O
G——C—o—03D G——C—o—03D
FFD control points parameters = displacements

of control points

Figure 2.6: FFD shape deformation procedure applied to the mesh motion prob-
lem: with QF and Q° we indicate the deformed fluid and structural domains,
respectively.

we get the nodal displacement values dg, such that dg : QO — QY where QF in-
dicates the final deformed structural mesh configuration. By introducing I'* and
I'¥, two linear selection operators which allow to extract from the whole list of
domain nodes those who lie on the interfaces, the mesh motion problem consists
in finding the fluid nodal displacement values dp, leading to the deformed fluid
configuration

dp: QF = QF (2.6)

that guarantees no-compenetrations across interfaces between fluid and structure
(to avoid the situation depicted in Figure 2.7):

QFnQy =0. (2.7)

Thus, when the goal is to move fluid domain in order to fit the updated struc-
tural configuration at the interface, necessarily an optimization algorithm must
be employed. In detail, since to move the fluid grid nodes we need to perturb the
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Fluid

- Overlap |:| Gap

Figure 2.7: Presence of gaps and overlaps across interfaces to be avoided during
the mesh motion process [33].

parameters vector p, we can consider a cost functional:

T () =l T5() = T7(Q5 (1) N1z (2.8)

that evaluates the Ly norm of the difference between the structural and the fluid
grid nodes positions over the interface. Thanks to the definition of J () we will
be able to address the fluid mesh configuration matching the structural one at
the interface by minimizing J(p) (as fully detailed in Algorithm 2.1). In this
way, on the basis of the considerations previously introduced, in order to solve
the mesh motion problem by employing FFD techniques we can proceed as it
follows:

1. offtine stage:

(i) generate the fluid QF (x) and structure Q(x) meshes;

(i) map QF(x) to the unit cube domain D(X) through ¥ (affine map
operator):

(05 (x)) = (0,1) x (0,1) x (0,1) = D(X) (2.9)

(ili) introduce, in the new parametric domain D(x), a lattice of
(L+1) x (M +1) x (N + 1) control points P

(iv) compute and store the FFD map Trpp(x, p);

0 .
l,m,n>’

2. online stage, for each FSI time iteration t", with n > 0:

(i) solve the fluid sub-problem, compute pressure and velocity fields;



2.1 Free Form Deformation 23

(ii) transfer the computed fluid solution to the structural solver to update
the boundary conditions;

(iii) solve the structural sub-problem to get dg, that defines the new struc-
tural configuration Q7 (x);

(iv) evaluate the stored FFD map on QF (x);

(v) define the parameters vector g € D = [fhmin, fhmaz) ¢, being D the
space of the admissible N, parameters values;

(vi) initialize p to zero values;
vii) compute the new fluid mesh configuration Qf (x) by solving the fol-
g h g
lowing optimization problem:

min J(p) = min || T5(Q5) T (1) .. (2.10)

pneD pneD

With respect to equation (2.10), we indicated with QF (x, u) the fluid mesh con-
figuration modified by mean of control points perturbations, such that for zero
values of p we have QF (x, ) = QF (x, p) while, when 7 (i) reaches its minimum
value, QF (x, u) = QF (x, ).

We can now describe the optimization algorithm involved for the solution of
problem (2.10). In order to find a set of suitable control point displacements able
to update the fluid mesh configuration leading to no-compenetrations between
domains across the interface, we adopted a greedy algorithm [98|. In particular,
within our context, at each stage we firstly evaluate the cost functional J(w);
then, in the hypothesis of dealing with conformal meshes at the FS interface, we
evaluate the difference in the Euclidean norm between I'S(Q9) and I'F(QF ().
In detail, we firstly compute:

6337]6 — FS(QE(I,]{:)) - FF(Q}}:(I7]€)) fOl“ k' - 1, e ,nl“, (211)
€y7k - FS(QE(%k)) — FF(Qﬁ(y’k,)) for k - 1, e ,n]_‘, (212)
€z7k == FS(QE(Z,]Q‘)) - FF(Qg(Z,kJ)) fOI' k == 1, e ,nl“, (213)

being nr the number of nodes lying on the FS interface and {Qfé " Qféj k) Qi(i 5

the x, y and z coordinates of the k-th fluid and structural grid node. Moreover,
with e; ,, we indicate the difference at the interface grid node % in the [ direction.
At this point by evaluating e(x), whose node-wise expression reads:

ek:\/eivk—i-e;kjLez’k for k=1,...,nr, (2.14)

we further look for the node of coordinates X = (Z,7, 2) corresponding to the

}
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maximum value of e(x), such that max{e}~, = ¢ for k = k, in order to perturb
its closest control point of a priori fixed quantity du along the direction:

z, if e, il >le,zl and e, i| > e, il;
y, if ]ey7g| > \e%,;] and ]eyV,;] > ‘627];‘; (2.15)
z, if e il >le, il and e, ¢| > le, zl-

This methodology lies on the idea of approximating a global minimum by com-

puting local ones. Algorithm 2.1 shows schematically all the steps involved to
solve the problem 2.10.

Algorithm 2.1 Greedy algorithm used to solve problem (2.10)

Require: initialize p = 0, dr =0
Let n =0 — Q= Qf

repeat
for k =1,...,npr — compute e, , €, k, €. and ey
Find x s.t. max | e(x) ||

x €TF(Q)NIS ()

Evaluate the direction x, y or z where to perturb the control point
Move nearest control point to X: fin,11 = fn + dp
Evaluate dZ,, through FFD map Trpp(X, t,,, )
Update the fluid configuration: dZ,,(QF, (x, ) — QF .1 (x, p)
Evaluate the cost functional J =| T'9(Q5(x)) — IF(QF .., (x, 1)) ||,
n —n+1

until stopping criteria J < TOL is met.

Set QF (x) = QF  (x, p)

As stated before, by acting in this way, the convergence to a global minimum
is not guaranteed: moreover, within applications involving FFD techniques, it
must be underlined that, generally, the optimal solution may also not exist. In
fact, when our goal is to describe with the FFD map a local displacement due to,
for example, elastic localized deformations the behavior of the methodology pro-
posed could fail, if considering a small number of parameters (control points). In
that case, we can classify our system as not observable resulting in a non-existing
optimal solution to be reached. In that way, when dealing with local displace-
ments to be described, we should consider a great number of control points in
order to guarantee the observability and the controllability of our process. Since
now we remark that the choice we have made, related to the displacement of
one control point per iteration, although it would decelerate the process leading
to convergence, it represents the unique possible way to be adopted when the
structural displacement to be recovered is localized (e.g. see example illustrated
in Figure 2.9).
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In order to clarify the mesh motion procedure proposed, now two examples of
two- and three-dimensional test-cases are shown. For both of them the goal con-
sists in updating the fluid mesh configuration to match the simulated structural
deformation: in particular, as illustrated in Figure 2.9, for the 2D case we will
consider a localized deformation while, for the 3D, a global one. In that way it
will be possible to analyze the achievable mesh quality and computational costs
involved. Moreover, with them, we will clarify also the idea of the observability
of the systems to be studied in relation to different control point settings that
will be adopted for the simulations. In our first example we deal with a rectangu-
lar (green) obstacle, representing the structure, inside an outer (blue) rectangle,
representing the fluid domain. We will describe, employing the FFD technique,
the imposed structural deformed configuration (%) depicted in Figure 2.9. For
this example we considered different sets of control points in order to show on
one hand the achievable mesh quality, and on the other both the convergence
behavior of the greedy algorithm adopted and the computational cost related to
the different numbers of parameters. Concerning the measure of the mesh qual-
ity adopted, we will consider the Jacobian measure, which calculates the partial
derivatives of the quad-element shape functions with respect to the Cartesian
coordinate system, scaled within the range [0,1] [6].

2.5F
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Figure 2.8: Initial fluid-structure domain configurations (left) and their discretiza-
tion (right) for the 2D example considered.

Figure 2.10 illustrates some results obtained for this test-case and Table 2.1
shows the computational costs involved. From these results is possible to observe
how high is the sensitivity of the FFD technique to the number of control points:
only if we consider a large number of parameters, satisfactory results could be
achieved. One of the drawbacks of this strategy lies in the positioning of control
points: in this case it would be enough to locate few control points (by creating a
so-called “patch”) around the structure domain, but, in order to place them inside
a regular lattice defined on the whole domain, this number necessarily increases.
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Figure 2.9: Visualization of both the final deformed fluid and structure domains;
the deformed structural configuration was obtained by means of FFD technique

by mapping only (2°.
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Figure 2.10: Visualization of the different simulation settings considered (left)
in terms of control points adopted, red bullets, and corresponding fluid meshes

updated (right).
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We could also observe that, owing to the non-interpolatory nature of the
method, also with a number of control points of the order of fluid mesh nodes
(ny = 915), it would be never achieved the condition of perfect matching between
fluid and structural domains at the interface in the final deformed configuration,
as shown in Figure 2.11. With respect to Figure 2.12, the contour plot of the mesh
quality measure considered are illustrated for all the three different simulations
settings: it is possible to appreciate how the scaled Jacobian assumes values
within the range [~ 0.7, 1|, meaning high mesh qualities. The quad-elements
that compose the fluid mesh, for all the three cases considered, do not exhibit
significant distortions in their deformed configuration, leading to high quality
measures: in fact, from this point of view, we observe how FFD techniques lead
to a smooth grid deformation that, in detail, involves mostly that region of the
fluid domain closest to the deformed structural one. With respect to Figure
2.11 it is possible to notice that, once we have updated the fluid configuration,
localized gaps between the fluid-structure interfaces are still present.

Figure 2.11: Zoom visualization of the non-matching fluid-structure interfaces
condition (simulation performed using 676 control points).

This is due to the fact that FFD, generally, should be employed to describe
global displacements instead of local ones. In Table 2.1 an analysis of the com-
putational costs involved for this numerical simulation are reported, while Figure
2.12a shows the cost functional 7 (@) behavior versus the number of iterations of
the greedy algorithm adopted for all the different simulation settings.

Control points J reduction [%] C.PU t{me Iterations
number per iteration [s]
25 59.3% 0.01 212
126 87.1% 0.013 4000
234 89.83 % 0.02 800
456 94.52 % 0.03 1500
088 96.7 % 0.05 2000

Table 2.1: Visualization of both the FFD computational costs and the reduction
rate of the cost functional with respect to its initial value.
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We still underline the impossibility of the method proposed to achieve an
optimal result when considering a small number of control points. In fact, even
if the greedy algorithm is able to find a solution, which is the best related to
the insufficient number of parameters used to control the shape deformation, the
quality of the solution may not be so good. In order to find satisfactory solutions a
greater number of control points should be adopted. Particular attention should
also be dedicated to the number of iterations needed by the greedy algorithm
to reach the convergence: by increasing the number of control points we also
increase the space of the admissible parameters displacements to be activated by
the algorithm, thus requiring more iterations of the greedy algorithm, as shown
in Figure 2.12a.
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(a) Convergence of the Greedy algorithm for (b) Visualization of the tendency of the
different numbers of control points. computational costs.

A final consideration, concerning the 2D example: greedy algorithm conver-
gence slope is independent of control points number after a reasonable number
of control points activated; moreover, we state the parabolic rise of CPU compu-
tational time, needed per iteration, when increasing the number of parameters.
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Figure 2.12: Mesh quality achieved for the 2D example. The computed quad-
elements Jacobian shows conservation of the grids high-quality for all the simu-
lation settings.
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In the next example, as shown in Figure 2.13, we deal with a 3D test-case
(representing a quite classical configuration for an internal fluid flow). As noticed
within the previous example, FFD technique lacks in describing localized shape
deformations, therefore, the aim of this test is to analyze and test FFD behav-
ior into a three-dimensional framework and, also, to highlight its suitability to
manage global shape deformations.

Figure 2.13: Fluid (blue) and structure (red) discretized domains considered for
the 3D example.

As previously done, we impose a structural deformation, illustrated in Fig-
ure 2.14, by displacing structural grid nodes from their initial positions: such
a deformed configuration is assumed to be global, so that it involves the whole
structural domain. This deformed structural configuration has to be considered,
also, as a target shape to be fitted at the interface by the new configuration of
the fluid domain.

Displacement (m)

0, 00 016

" ﬁlumpw’os H(I)I".l\QIIHH

-5,62e-07 0,19

Figure 2.14: Structural deformation simulated.
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In order to study the properties of the method, for this three-dimensional
test we considered different control points setting characterized by an increasing
refinement in all the three directions. Figure 2.16 illustrates one of the configu-
ration adopted: in particular, here we considered L = 3 control points in the z
direction, M = 3 for y and N = 6 for z, respectively, resulting in a total number
of 54 parameters.

(a): Front view. (b): Lateral view.

Figure 2.15: Visualization of one control points setting adopted for the 3D ex-
ample analysis.

Figure 2.16: Isometric view of control points (red bullets) and fluid mesh (blue).

In Table 2.2 the main results obtained employing FFD technique in order to
update the fluid mesh configuration are reported. We expect to obtain a bet-
ter convergence, in terms of the number of iterations needed to reach acceptable
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results, since the final shape to be recovered does not involve localized deforma-
tions.

Control points J reduction |%)] C.PU t1_me Iterations
number per iteration [s]
9 59.3 % 0.01 8
125 84.7 % 0.04 10
490 87.45 % 0.20 49
972 97.55 % 0.51 362
1694 99.2 % 0.95 084

Table 2.2: FFD computational costs for the 3D example.

As the number of control points increases as better solution can be achieved: in
particular when considering 1694 control points (with a number of fluid grid nodes
ny = 4998) we could get the best result to the detriment of computational costs.
As expected, here, dealing with global shape deformations, FFD technique shows
better results than the ones gained within the 2D case: satisfactory performances
are reached by means of a smaller number of iterations to be done to reach
convergence. Moreover, when we consider 3D configurations, as clearly shown
in the Table above, the iteration time raises significantly. In Figure 2.17a the
behavior of the functional cost J versus iteration number is depicted, while in
Figure 2.17b we evaluate the computational costs, in terms of iteration time,
increasing the number of the control points.
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(a) Greedy algorithm convergence for different  (b) Visualization of the computational costs
control points settings. tendency.

Also for the 3D case it is possible to appreciate the sensitivity of the con-
vergence of the greedy algorithm with respect to the number of control points:
in detail the greedy algorithm needs more iterations to reach convergence as the
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number of the control points increases too. Concerning the final value of the
cost functional, acceptable results are achieved only by using large numbers of
parameters; finally, we can also uphold the computational cost tendency, that, as
for the 2D case, shows a parabolic behavior by increasing control points number.

2.2 Inverse Distance Weighting

One of the most commonly used techniques for the interpolation of scattered
data is the Inverse Distance Weighting strategy [111]. With respect to Figure 2.2
we will employ this method in order to solve both the fluid-structure interface and
mesh motion problems. The IDW algorithm is an average moving interpolation
that is usually applied to highly variable data. The main idea of this interpola-
tion strategy lies in fact that it is not desirable to honour local high/low values
but rather to look at a moving average of nearby data points and estimate the
local trends [33]. The IDW technique, therefore, calculates a value for each grid
node by examining surrounding data points that lie within a user-defined search
radius. The node value is calculated by averaging the weighted sum of all the
points. Data points that lie progressively farther from the node influence much
less the computed value than those lying closer to the node. This point-to-point
interpolation technique has the flexibility to handle arbitrary mesh topologies
and, moreover, it is robust in case of large deformations. In contrast to RBF
interpolation (that will be introduced in the next Section 2.3) this method re-
sults in an algebraic expression for the internal (flow) point displacements (fluid
mesh) as function of the boundary deformation (representing the deformation
of the structural interface). This explicit evaluation reduces the computational
costs significantly and simplifies a lot the implementation of the mesh deforma-
tion routines.

We can now consider the simplest form of inverse distance weighting interpo-
lation proposed by Shepard [111]: a generic way to find an interpolated value u at

a given point x from a set of samples uj, = u(xy), with k = 1,2,..., N, is given by:
ad w(x, Xy)
u(x) = Uk (2.16)
Y w(x,x;)
j=1

where, in general, w(x,x;) represents the weighting function:

w(x,x;) =[x —x; || 77, (2.17)

being || x — x; ||> 0 is the Euclidean distance between x and data point x;, and
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Figure 2.17: Visualization of the influence area (red) considered for the IDW
method, within the 2D example introduced in Section 2.1.1.

p is a power parameter, typically equal to 2. Such an algorithm has both clear
benefits and drawbacks. Among its benefits we could underline the easiness of
its implementation, the possibility of dealing with N-dimensional spaces and the
capability of working with any type of grid. On the other hand we have, within
its original Shepard’s formulation, low performances due to high interpolation
costs (which are of the of order of O(N)): since too much weight is assigned
also to distant nodes by considering, with respect to (2.16), N equal to the total
number of grid nodes. In this way, in order to get such a situation depicted in
Figure 2.17, simple control checks could be adopted. In particular, we decided,
in order to reduce the computational effort, to involve in (2.16) a reduced set
of grid nodes lying in surroundings of the x, by simply implementing a selective
test based on the Euclidean distance between x and the scattered data positions
x;. Therefore, dealing with a set of scattered data N, we can build, in order to
perform the inverse distance weighting interpolation (2.16), a subset N such that
N C N, where each element u(x) € A satisfies the following relation [124]:

| x—x||< R, (2.18)

where R indicates the user-defined radius of the sphere of influence adopted to
improve the performances of the method. In Sections 2.4 and 2.5 some applica-
tions of the method proposed will be presented within fluid-structure interface
and mesh motion problems, in the framework of two- and three-dimensional con-
figurations.
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Figure 2.18: Schematic representation of the Inverse Distance Weighting inter-
polation process.

2.3 Radial Basis Functions

We focus now on the introduction of Radial Basis Functions interpolation
technique in order to face both the fluid-structure interface and mesh motion
problems, as illustrated in Figure 2.2. Interpolation with RBF nowadays has
become a powerful tool in nonlinear multivariate approximation theory through
scattered data and in the shape parametrization field due to its great approxi-
mation properties [20]. This technique is still based on the use of a set of pa-
rameters, the so-called “control points”, as for FFD, but RBF is interpolatory. In
fact, thanks to RBF interpolation process, the function values computed at the
control points are exactly the ones of the function to be interpolated. This is
due to the definition of the RBF map (2.19), which is made up of a sum of basis
functions ¢, centered at each control point X, that allow to recover the exact
function value at least over the interpolation sites! (as shown schematically in
Figure 2.1). Another important key-point of RBF strategy relies in the way we
can locate control points: in fact, instead of FFD where control points needed to
be placed inside a regular lattice, with RBF we have no more limitations. In this
way, instead of FFD techniques, we have with RBF the possibility to perform
localized control points refinements.

'Within RBF strategy, the terms “interpolation sites” and “control points” assume exactly
the same meaning [18].
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RBF shape parametrization technique is based on the definition of a map,
M(x) : R* — R", that allows the possibility of transferring data across non-
matching grids and facing the dynamic mesh handling. The map introduced is
defined as it follows:

Ne
M(X) = p(X) + Zv ol X = Xe,

), (2.19)

where p(X) is a low-degree polynomial term, ~; is the weight, corresponding to
the a-priori selected N, control points, associated to the i-th basis function, and
(]| X — X¢, ||) a radial basis function based on the Euclidean distance between
the control points position X, and X. A radial basis function, generally, is a
real-valued function whose value depends only on the distance from the origin,
so that ¢(x) = ¢(|| x ||). Among the most common used radial basis functions
for modeling 2D and 3D shapes, we can consider:

a) Gaussian splines [20]: (| X)) = e IXIP/r*,

VX + 72,

(I +r2)12

X/ )1 | X /.

(L= IX| /)3 (4l Xl /r + 1).

b) Multi-quadratic biharmonic splines [106]: o(||X]]

d) Thin-plate splines [37]: o1 X]|
e) Beckert and Wendland C? basis [18]: (|| X]]

(a) axt
(0) X
(¢) Inverted multi-quadratic biharmonic splines [20]:  ¢(||X]|)
(d) Xt
(e) X

where r represents a scaling factor controlling the basis shape, the subscript
+ indicates that only positive values must be considered?. In order to show the
basis function behavior within interpolation process and to better understand
the role of the parameter r, with respect to Figure 2.18, all the basis functions
introduced are plotted. It must be remarked, in that way, the key-role played
by the scaling factor r, whose values affects significantly [20] both the stability
and the accuracy of the interpolation process. In fact, as we increase the value
of r, we increase the influence area of each control point as well. Therefore, it is
standard practice to choose values of r such that each basis function includes, at
least, all the closest neighbor control and interpolation points.

2Negative values are set to zero.
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Figure 2.18: Visualization of different radial basis functions considered (a)-(e)
and their sensitivity to the scaling factor r.
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With respect to (2.19), generally a linear function is chosen to represent the
polynomial term p(X) = ¢ + QX, where, for the three-dimensional case, ¢ € R?
and Q € R332, In detail, ¢ and Q represent the constant and the linear terms
of the polynomial p(X), respectively. In that way we can rewrite the RBF map
expression as it follows:

M(X) =c+ QX + W'd(X) (2.20)

being d(X) = {6(|X—Xc, ), -, 6([X—Xey, [)} € RY and W = 31, ..., ] € RA<3.
The map (2.20), at this point, is function of 3 x N. 4+ 12 unknowns coeffi-

cients to be computed thanks to the interpolation conditions: in fact, we look

for a transformation which is defined by moving control points from the ini-

tial shape configuration to the deformed one. In this way, defining their initial

Xe = [Xet, ..., Xey, ] € RY*3 and the final Yo = [Yeu,..., Yo, | € RV
positions, the unknown N, x 3 weights collected in W are found by fulfilling the
interpolation constraints:

M(Xe) =Y, Vi=1,...,\.. (2.21)

When considering the polynomial term p(X) = ¢+ Q X, in order to find the resid-
ual 12 unknown coefficients, the system is completed by additional constraints,
which can represent the conservation of total force and momentum [86], such that:

Ne

>y =0, (2.22)
Ne - Ne Ne
Z %'Xcu = Z %’Xcz,z‘ = Z ’Yz‘Xca,z', (2-23)
i=1 i=1 i=1

being X¢, = (Xc14, Xe2.i, Xes.i). Moreover, in order to express, in our parametrized
framework, the control points position in the deformed configuration, we can
write:

Y, () = X, + 11 (2.24)

where IT € RVe*3 represents the displacement of control points, which are gen-
erally located on the boundary of the shape to be deformed. Finally, within
the variables introduced, we can write the parametric RBF mapping operator
M(,II) : R? — R? as it follows:

M(X,TI) = c(T1) + Q(IT)X + W(IT)"d(X), (RBF map)
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where the coefficients c(IT), Q(II) and W (IT) satisfy the constraints (2.21), (2.22)
and (2.23). We can rewrite the constraint relations into a more suitable way, sig-
nally to best-fit the fluid-structure interface and mesh motion problem applica-
tions: in that way it will be possible to compute the unknown coefficients values
as solution of a linear system such that the parametrization term is held in the
right-hand-side:

Dee 10 X W YC(H)
1Z 0 0 Y = 0 . (2.25)
X 0 0 QT 0
oo

where Do € RV*Ne represents the interpolation matrix, component-wise Dcg,; =
o(|| X, — Xg, ), and 1 € RNe*! represents a unit vector. It must be underlined
that when considering, with respect to (2.19), the polynomial term p(X), the
RBF interpolation problem always admits a unique solution, being the left-side
matrix symmetric and positive definite |[20]. When dealing with interpolation
problems involving a small number of control points the system (2.25) would be
solved easily by means of suitable direct methods. Notwithstanding, difficulties
may arise due to matrix high-condition number related to both the employment
of large control points number and high scaling factor values [20]. In fact, if we
consider very wide and flat basis functions we would not be able to distinguish
the contribution of each control point on a near interpolation point, resulting in a
close to singular matrix. Once calculated through (2.25) the unknown coefficients
of the RBF interpolant, it will be possible to evaluate the global RBF map. From
a practical point of view, in order to perform the interpolation on a set of N;
interpolation points {X;, }2\[:’1 we can directly compute their function values Y
as it follows:

\%\%
Y[ = [ DIC 1[ X[ } CT , (226)

Hic

where Dy € RVP*Ne | and component-wise reads Dyc, , = ¢(|| Xy, — X¢, ), with
1, € RVix1 indicating a unit vector and X; € RN1x3 represents the matrix con-
taining the coordinates of the interpolation points. At this point, by introducing
expression (2.25) in (2.26) we obtain:

-1

DCC 10 XC YC(H)
Y; = [Dic 1; X;] 1L 0 o0 0 (2.27)
Xe 0 0 0

e
H
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We can define the interpolation matrix H from control points to the interpolation
ones by considering the first Mo columns of H (due to the definition of the vector
in the right-hand-side in (2.27), whose latest four elements are zero), such that:

Y, =HYc (2.28)

By acting in this way no orthogonal projection and search algorithm is needed,
but the computation involves the inversion of a relatively small (depending on the
number of the control points) matrix. From a computational point of view, it is
not useful to assemble the whole matrix H, due to high costs involved O(N; xN?).
In that way it is better to first multiply Hgg, defined in (2.25) with [Y¢, 0, 0]7
and then, multiplying the resulting vector with H;¢, defined in (2.26), for a
computational effort of order O(2N7 x N.). Moreover, the interpolation matrix
could be also evaluated once for all (offline) at the beginning and stored, so that
in run-time (online) the first method would cost only O(N7 x N,), twice as fast
as the second approach. At that point, in order to highlight the potentiality
of this shape parametrization strategy, some applications of RBF technique are
proposed in Figure 2.19 and 2.20.

(a) Initial configuration. (b) Final deformations.

Figure 2.19: Geometrical transformation on a carotid artery bifurcation operated
by radial basis functions with 12 control points.
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(a) Initial configuration, from below. (b) Initial configuration, from above.

(¢) Deformations and comparison.

Figure 2.20: Simulated aeroelastic deformations on a complete commercial air-
craft configuration operated by radial basis functions, centered in 10 control
points.

2.4 Some applications of multivariate interpola-
tion methods

We focus now on some applications of the numerical schemes proposed, in
order to investigate both their interpolation properties and computational costs.
In particular we will study two different interpolation problems concerning one
and two-dimensional cases. In the first 1D example [33], the multivariate interpo-
lation strategies considered in this work, RBF and IDW, are compared within a
smooth analytical test-problem in order to be able to investigate their properties
separately. In that way, on an analytical-defined boundary, we have considered
different discretization for both the fluid and structure grids. In detail the bound-
ary shape is described by:
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b(z) = 0.5sin(27x), =z € [-0.5,0.5]. (2.29)

On this boundary we state that fluid and structural meshes are non-conformal
since they differ by their discretization: in detail, we fix the number of fluid grid
nodes to be equal to ny = 2560, while the number of the structural ones will
change with the following law:

n,=2%.10, k=0,1,2, 3, 4,5,6. (2.30)

In the structural points we imposed an assigned displacement in the form of
a cosine d(x) = cos(2mx) to obtain the final analytical deformed configuration.
Within this example, we will test the capabilities of the methods proposed and we
will compare, in the framework of RBF technique, all the radial basis functions
introduced and depicted in Figure 2.18. With respect to the previously introduced
background, in Figure 2.21 we illustrate the problem settings:

— b(z)
— b(z) + d(x)
135 0 0.5

Figure 2.21: 1D interpolation problem settings.

The displacement imposed at the structural points is interpolated, thanks to
RBF and IDW techniques, in order to obtain the displacement values in the fluid
domain. With respect to Figure 2.22, the Ly-error of the displacement in the flow
point versus the number of structural points is shown, with different values for
the shape influence factor r:
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Figure 2.22: Lo-error of the displacement in the flow point obtained by considering
two different values for the shape factor.

On the base of these results it is possible to underline the sensitivity of the
radial basis functions adopted, related to the shape factor r.

Interpolation error
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Figure 2.23: Wendland and Beckert (W&B) C? basis functions sensitivity to scale
factor 7.

In particular, since both the Multi-quadratic biharmonic (MQ) and Thin-
plate splines (TPS) are globally supported functions, as shown if Figure 2.18¢ and
2.18d, respectively, their behavior is not influenced significantly by changes in the
shape factor. On the contrary, being the GS, TPS and W&B compactly supported
radial basis functions, they suffer from scale factor values variations: particularly,
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for larger values of r we can achieve more accurate solutions [73]. Certain high
sensitivity to r is related to the Wendland and Beckert C? basis functions: for
this reason we investigated their behavior considering greater values for r, as
shown in Figure 2.23. From this analysis both the MQ and TPS basis functions
would represent a good choice in terms of accuracy of the achievable solution and
non-sensitivity related to the scale parameter . On the other hand, with respect
to Figure 2.24, they are characterized by a slightly higher computational effort if
compared to the other radial basis functions adopted (even if it is generally much
smaller than the time needed by the flow solver, within the FSI problem).

0

10
10”
.
E 107
E g
O
10_3’ -GS E
' —-—MQ
-~ IMQ
——TPS
10_4 ‘ ——W&B
10' 10° 10°

Structural grid nodes number

Figure 2.24: Computational effort for the fluid-structure interface 1D example,
with r = 0.005.

At this point, we focus our attention on the inverse distance weighting tech-
nique in order to solve the same 1D problem: as seen in Section 2.2 we consider
a parametric analysis by adopting different values for the radius of influence R.
Since the problem to be solved is characterized by smoothness of the displacement
to be transferred between non-matching grids, we expect to obtain great results
in terms of accuracy of the solution with low computational costs as shown in
Figures 2.25 and 2.26, where it is possible to look at the improvement in the re-
sults achieved. We obtained, as expected, good results in terms of interpolation
error (comparable to the ones we achieved with RBF) with a slight computa-
tional effort that is quite not dependent from both the number of structural grid
nodes and from the chosen value of R. By looking at Figure 2.25 we can also
observe how the curve related to R = 0.5 shows better results, with respect to
others, when dealing with the coarse structural grid; on the other hand, for the
finest structural discretization, the curves related to smaller values than R = 0.5
(in detail for R = 0.01, 0.05, 0.1) would provide better results. In fact, as the
number of structural grid nodes increases, to adopt smaller values for the radius
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Figure 2.25: Ly norm of the interpolation error for the parametric analysis of the
1D example using IDW technique.
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Figure 2.26: Computational costs involved using IDW technique for different radii

of influence.

of influence represents a better choice, since to recover local deformations it is
preferable to weight the contribution of those nodes lying in its closeness, thus by
choosing small values for R. To better assess the interpolation properties of dif-
ferent radial bases and inverse distance weighting method, we have performed a
second 2D test [73], that, unlike the first one, is characterized by a not smoothed
function to be interpolated, defined as it follows:

f(z,y) = sin(2mx) cos(3my) ™,  x,y € [—1,1]. (2.31)
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We assumed that the solution is given over a 25 x 25 quadrilateral uniform struc-
tured grid (structure mesh) and it is interpolated over a uniform and structured
(fluid) grid (whose number of nodes is equal to ny = {900, 1600, 2500} for each
of the analysis that we performed), thus non-conforming to the structural one.
Also, in this case, we consider as control points for the RBF interpolation the
whole number of fluid grid nodes that compose the fluid mesh. In Figure 2.27a
and 2.27b it is possible to visualize the structural mesh realized and its function
contour plot:

(a) Structural mesh. (b) Function contour plot.

Figure 2.27: Representation of both the structural mesh (on the left-hand-
side) and the function to be interpolated (on the right-hand-side) over the non-
matching fluid grid.

In Figure 2.28 both the Ly norm of the interpolation error and the compu-
tational costs are shown. Results are in agreement with the theory: in fact, the
error decreases as the support radius increases; it is important to observe that, in
relation to Gaussian splines (GS), the error decreases only when considering small
values for the parameter r, while for larger values, the problem becomes unstable
due to the ill-conditioning of the matrix Heoe, defined in (2.25). In that case
round-off errors get amplified and the interpolation becomes completely biased.
Moreover, it is possible to state the best behavior, in terms of accuracy, of the
MQ basis functions, such that they guarantee acceptable solutions independently
both from the grid nodes number and from the scale factor. It is also important
to remark the fact that the reported results have been computed without the use
of the polynomial term in the interpolation process, due to the fact that, since all
control points are coplanar, the corresponding matrix H¢c would become singu-
lar. Concerning the computational costs, as seen for the 1D example, the CPU
time needed by the interpolation process is, for every basis considered, quite low
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with a linear increasing tendency related with the number of the fluid grid nodes.
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Figure 2.28: Results obtained within the 2D example adopting RBF method.
Comparison of the accuracy achievable with different basis functions and their
computational effort.

Finally, it is possible to show the results obtained thanks to IDW technique:
in that case, we decided to speed-up the method by adopting, as criterion to
be used to find those points considered in the weighting process, not the ones
lying witin an inscribed sphere of radius R, but the closest Np points to the
interpolation one. At the base of this choice there is the fact that the function to
be transferred across non-matching grid is not smoothed and its values change a
lot from one point to the other: in such a case the adoption of a selection method
like the one proposed is more suitable. In Figure 2.29 the main results obtained



48 Shape parametrization techniques

within this example are illustrated .
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Figure 2.29: Results obtained within the 2D example adopting IDW method.
Comparison of the accuracy achievable with different numbers of neighbor weight-
ing points and their computational effort.

With respect to Figure 2.29a, we can observe that the curve related to the
coarse fluid mesh (ny = 900) drives to best results: this is due to the fact that the
number of fluid nodes is is quite the same (instead of the other two cases where
ng = 1600, 2500) of the structural ones ny = 750, resulting in nearly conformal
fluid-structure meshes. We can conclude that, at the base of the jeopardizing
behavior of the function to be interpolated, in this case the choice of radial basis
functions strategy would be preferable. In fact, it is possible to underline that
when dealing with fluid-structure interface problems characterized by the transfer
of patchy data across interfaces, the use of RBF method represents quite a unique
choice in order to get good results with an acceptable computational effort [52].

2.5 Comparison within dynamic mesh handling

While in the previous section we compared, within 1D and 2D examples,
the interpolation properties of the multivariate interpolation methods in order
to solve the fluid-structure interface problem, here we focus our attention on the
potentialities of FFD, RBF and IDW techniques concerning the mesh motion
problem. In particular, we are going to compare these strategies through the
3D example introduced in Section 2.1. In this way, at the base of the results
previously achieved by adopting the FFD method, we will compare both the
computational costs and the achievable mesh quality using both the IDW and
RBF strategies. It must be remarked, concerning RBF method, that one of its
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advantages is that the same map used for transferring data across non-matching
grids, can be exploited for moving the fluid mesh, accordingly to the interface
deformation. In that way it would be enough to enlarge the set of interpolation
points to all the interior nodes of the fluid mesh. In detail we decided to test these
methods with respect to such an example, in order to assess the most suitable
strategy to be adopted within the test-case of internal fluid flow that will be
proposed in the last chapter of this work. The analysis pattern has been organized
as it follows: we will perform a set of parametric simulations involving the RBF
strategy, by testing the different basis functions with several scale factor values,
r; therefore, we will face the problem adopting the IDW method considering
different values of the radius of influence R. Finally, at the base of the results
obtained, it will be possible to identify the most suitable strategies to be taken
into account in Chapter 5, when dealing with the FSI simulation. In Figure 2.30
are proposed the results obtained within the numerical simulations performed
using RBF.
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Figure 2.30: Results obtained within the 3D example adopting RBF method.
Comparison of the accuracy achievable with different basis functions and their
computational effort.

We considered, as control points, all the fluid nodes lying on the fluid-structure
interface and, indeed, in order to highlight separately the performances related
to solution of the mesh motion problem form the fluid-structure interface one,
we have chosen to deal with conformal meshes. By looking at Figure 2.30a, for
values of r greater than 0.3 the L, norm of the error between the structural and
the fluid grid nodes positions over the interface is small (~ 107®) and, moreover,
it does not change from one basis function to the other. If we consider the
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interpolation errors reported in Figures 2.28 and 2.30a, it is possible to state
that Thin-Plate splines, among the other RBF basis functions, have a very small
dependence on the choice of r, since the error is quite independent from variations
in the support radius. Being TPS basis functions quite independent from r, its
related computational time, as shown in Figure 2.30b, would not change with
respect to variation of such a parameter. At the base of their better results
(which are not highly dependent from the choice of r) and from their quite low
computational costs, within RBF strategies we decided to select as basis functions
to be adopted for the FSI analysis in Chapter 5 the Multi-Quadratic biharmonic
splines and Thin-Plate splines. Finally, in Table 2.3 we report the main results
obtained thanks to the use of IDW technique by varying the value of the radius
of influence:

R L, interface error CPU time [

0.010 1.445E~4 0.89
0.1008 1.112E~ 1.82
0.2006 8.732E° 1.97
0.3004 6.671E° 2.02
0.4002 2.198E~° 2.09
0.5000 1.021E7° 2.15

Table 2.3: Results obtained within the 3D example, adopting IDW method.
Comparison of the accuracy achievable with different radii of influence R, and
their computational costs.

From these results it is possible to appreciate on one hand the accuracy of the
method, in terms of achievable Ly norm of the error (also when small values of R
are taken into account), on the other hand its cheapness in terms of computational
costs which, indeed, do not arise significantly from 2D to 3D environments. At
the base of the previously obtained results we propose, within FSI moving mesh
problems, the use of IDW technique instead of both RBF and FFD. In fact, al-
though RBF leads to great results, it is whatever more expensive, and, also of
primary importance but not handled in this work, it may not be highly suitable
for a parallel computational environment due to the dense pattern of the interpo-
lation matrix H [73]. With respect to FFD technique, on the base of the results
obtained, we can state that it is unacceptably expensive since to update the fluid
mesh configuration we have to solve an optimization sub-problem; moreover, due
to its limitation of not being interpolatory, as well as its severe restrictions on
control points locations, it seems to be not so suitable for this kind of applications.

We need to remark, at the end of this chapter, that although in this work
shape parametrization strategies (FFD and RBF) will be adopted to handle both
the mesh motion and interface problems for FSI, they represent also an excellent
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tool within Reduced Order Modeling (ROM). Within such a framework the aim
is to reduce as most as possible the computational and geometrical complexities
in systems governed by partial differential equations, in particular for those appli-
cations requiring an ever increasing level of accuracy leading to high-complexity
models and to a curse of dimensionality. In general, to the end of replacing a large
scale model (from a computational and a geometrical point view) by a model of
very lower dimensions, shape parametrization strategies would give the possibil-
ity to represent and describe complex geometries through low dimensional spaces
instead of using geometrical properties themself. As we have shown, RBF and
FFD represent good choices, since they allow significant reductions in the num-
ber of parameters able to describe and parametrize complex geometrical models.
In literature a wide range of applications of RBF and FFD employed to handle
shape parametrization within reduced order modeling are present. For example,
in [67, 74], FFD techniques are used in optimal design of high-performance sail
boats: in that case FFD aimed at shape optimization on ship-related geome-
tries, like a bulb and a rudder of a sail boat. Indeed, within applications from
the haemodynamic framework, in [81] RBF strategy has been used within the
development of a new model reduction technique aimed at real-time blood flow
simulations on a given family of geometrical shapes of arterial vessels: in de-
tail, to describe and parametrize a set of arterial vessel geometries. Within FSI
problems, a lot of work has also been devoted to the study of the parametric fluid-
structure coupling, like in [69, 70, 71, 97], by means FFD techniques. Indeed,
among shape optimization problems within the framework of ROM techniques,
FFD |9, 82, 105] and RBF [62, 63] have been used to parametrize geometrical
objects, with applications spanning many engineering fields like aerodynamics,
haemodynamics and naval engineering. At the base of this brief bibliographic
survey, devoted to highlight the central role of shape parametrization techniques
within ROM strategies, relies the idea for future works where we aim at using
FFD and RBF parametrization not only to tackle the mesh motion and inter-
face problems for FSI, but also to extent their application fields into the ROM
scenario.






Chapter 3

Dimensionality reduction for shape
parametrization

In this Chapter we focus our attention on the development of shape parametriza-
tion techniques that will allow to overcome some of the limitations that charac-
terize the state of the art of the strategies proposed, namely of FFD and RBF,
within their applications to the mesh motion problem. In particular, the first
issue to be faced, related to these techniques, lies in the choice of the control
points setting, and, in detail, of both the number of parameters to be taken into
account, and their locations. As we have seen in Chapter 2, both the accuracy
and the computational costs of these techniques show a significant sensitivity
related to the control points pattern adopted: here we will propose, concerning
FFD and RBF, different strategies in order to be able to tackle these problems in
a deterministic way, such that it will be possible to standardize this procedure,
leading to a reduction of the computational costs too. In order to tackle such
problems, in literature a wide range of empirical strategies is presented [114]:
they try to identify the best control points setting by performing a sensitivity
analysis of the achievable results considering different, a priori, parameters pat-
terns, and, at the end of this simple procedure, they select the one leading to the
best results in terms of mesh quality. It is possible to understand how, in such
an empirical way, the final result would be affected by the user-defined choices
made when building the candidate setting configurations for the control points,
and, in particular, no guarantee is provided, related to the fact that the optimal
configuration found represents really the best. Basically, here we propose, con-
cerning RBF and FFD techniques, a methodology to overcome these problems
through a high-fidelity deterministic procedure: the goal in the FSI framework
will consist in the establishment of a standard path able to automatically drive
to the optimal control points setting in order to represent both the initial shape
configuration and its deformation during the fluid-structure interaction process.
Moreover, another important issue to be taken into account when dealing with
F'SI problems is related to the possibility of studying the multiphysics interaction
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between fluid and structure when the latter consists in a free-body, that, during
the simulation process, would not only get deformed, but, it could be subject to
rigid translations and /or rotations. In that way, we need to estimate the entity of
such a structure movement, in order to treat correctly the mesh motion problem
and to be able to update the fluid mesh accordingly to the structure behavior.
With respect to the previously introduced background, this Chapter has been
organized as it follows: in Section 3.1 we propose the strategy considered in or-
der to tackle the problem of the identification of structural rigid translations and
rotations, showing both its possible application fields and limitations. Within
the identification of suitable control points settings for mesh motion problems
within FSI, throughout Section 3.2 we present the procedure adopted for the
adaptive selection of parameters for RBE technique. Furthermore, in Section
3.3, we propose a patch-approach for the FFD strategy, designed to overcome
the FFD limitations in performing localized control points refinements. Finally,
Section 3.4 detail the hierarchical pattern designed for the mesh handling tool
realized, highlighting its potentialities and selective approach.

3.1 Identification of free-body rigid movements

In this section we aim at dealing with those fluid-structure interaction prob-
lems involving, as structure, free-bodies (not constrained ones): in such cases,
during the simulation process, the structure would be subjected to both defor-
mations and rigid movements due to the effect of fluid forces acting on structural
external surfaces. Within Chapter 2 we dealt with shape parametrization tech-
niques within FSI moving mesh problems, in order to update the fluid mesh
configuration to match the computed structural one at the interface: in that
case, the displacement to be described was related only to elastic deformations.
In such a case involving free-bodies, in order to solve efficiently the mesh motion
problem, we should be able to know the entity of both the two displacement com-
ponents (rigid and deformative). Therefore we can split, within that framework,
the structural displacement in two different components: a global large one, re-
lated to structural rigid translations and /or rotations and, the other, due to small
elastic deformations. If we denote by ¢ € Q° the total structural displacement
field, we can proceed performing its separation as it follows:

S =¢r+ (3.1)
where:
(i) <g, represents the structural rigid movements;

(i1) <p, indicates the small deformative component.
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It is important to remark the fact that we have classified as large and small, the
rigid and elastic components of the displacement, respectively, since the first in-
volves a perturbation of the whole structural domain, while, the second, generally
leads to localized shape deformations. Here, our goal, is to set up a methodology
in order to identify both the rigid translations and rotations, while, for the recov-
ery of the deformative component, it will be employed the shape parametrization
techniques introduced within Chapter 2. In particular we can observe that the
motion of the fluid mesh, when considering free-bodies, can be known a priori
(e.g. the case of imposed forced oscillations of an airfoil, aileron deflections, etc.)
or it can be the output returned by the structural sub-system: here we focus on
the latter case, that leads to an identification problem of the structural transla-
tions and rotations. With respect to Figure 3.1 and 3.2, we illustrate the idea of
separation of the global displacement in two different components: starting from
an initial reference configuration of a commercial aircraft, we obtain the final one
by simulating aeroelastic deformations and, then, applying a rigid pitch rotation.

Ve

Figure 3.1: Initial (left-red) and target (right-green) shape configurations of a
commercial aircraft.

Figure 3.2: Visualization of the different displacement components defining the
final configuration: deformative (left-orange) and rigid (right-blue) components.

At this point, after this brief introduction, it is possible to detail the method-
ology employed to recover both the rigid translations and rotations values. To
this end we can denote by Qff, € R"*3 and by QfF ., € R™*® the structural
mesh, with n, indicating the number of structural grid nodes, at the generic
time-steps t; and t¢;,1, respectively, expressed into a global fixed reference coor-
dinate system 7 (X), with X = [x”,y”,z”], as illustrated in Figure 3.3. On the
basis of the knowledge of the initial and final structural domain grids configura-
tions, we would be able to find the unknown values of both the rigid translations,
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T<X) T<X[3e+1)

Figure 3.3: Structural mesh configurations at different time steps of the FSI
simulation.

s = {4, Sy, 8,17, and rotations, 8 = {0,, 0,, 6.}, that occurred between t; and
ti+1. Considering both the structural discretized configurations, 2} ; and €.,

it is possible to compute their barycenter, with respect of the coordinate system
T (X), as it follows:

k=1
p— —’ 3.2
Xp o (3.2)

where {x;};2, represent the structural grid nodes coordinates. Evaluating the
expression (3.2) for both the two configurations, sz and Qfﬂ-ﬂ, we get their
barycenter, Xxp, and Xp, ,, that represent the origin of the body coordinate sys-
tems 7 (Xp,) and 7(Xp,,,). At this point, in order to identify the values of
the rigid translations, it is possible to subtract the coordinates of the computed
barycenters as it follows:

(3.3)

S =Xp — XB..

(3

i+1

Once computed the values of rigid translations, we can proceed evaluating the
three unknown rotations @ € R®. First of all, we translate Qﬁz 41, With its coor-
dinate system 7 (Xp,,,), of a quantity -s, in order to match the origins of both
the systems 7 (Xp,,,) and 7(Xp,): in this way we isolate the rigid rotation term
from the translation one. It is possible to evaluate the inertia matrices, related
to sz and Qfmﬂ, as it follows:

ns (Ve +22) —Twyk —Tp2k
I= Z mp | —aye (@R +2) —ven | (3.4)
k=1 — X2k —ykze  (Th +Up)
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being xy, yr and 2, the coordinates of each structural grid nodes, defined with
respect to T (Xp,), and {my}}=, = 1. Thanks to the evaluation of (3.4) for both
Qf and QfH, we obtain I; and I, ;. In order to compute the orientations of each
axis belonging to 7(Xp,,,) and 7(Xp,), we can solve the eigenproblems related
to I; 11 and I;, respectively, defined as it follows:

Liiyisi = MNi1Yit1s (3-5)
Ly, = Ny

where the eigenvectors obtained as solution of the eigenproblem (3.5) represent
the orientation of the axes Xp,,, = [Xg, ,,¥5,,, %5,,,), while the others ob-
tained from (3.6) represent the orientation of Xp, = [xj ,y5,,2zp,]. In order
to solve this problem we have employed the LAPACK-DSYEV routine of the
Teuchos Trilinos package [58], that is generally used to compute eigenvalues and
eigenvectors for symmetrical matrices, by implementing a QR based factorization.
It is possible, at this point, to establish through the introduction of a rotation
matrix R(@), one relation between each axes pair (e.g. between xp, , and xp,).
In detail, the orthogonal rotation matrix corresponding to a clockwise left-handed
rotation, with Euler angles 0., ,, 6, and x-y-z convention, is given by:

cos by costl, —cosl,sind, +sinb,sinf,cosb, sinb,sinf, + cosl,sinb, cosb,
R(0),,. = |cosf,sinf, cosb,cosb, +sinb,sinf,sinf, —sinb,cosd, + cosf,sinb,sinb,
—sin 6, sin 6, cos 0, cos 0, cos 0,

Thanks to the hypothesis of small angles (in detail, —10° < o < 15°, that leads
to cosa ~ 1, sina ~ «), we get the expression of the linearized rotation matrix

R(0), defined as it follows:

) 1 -6, 0,
RO)=|6 1 -6,|, (3.7)
-6, 6, 1

where we need no more to indicate the dependency related to the order of the
applied rotations, due to the hypothesis of small angles adopted. Now we can
write three relations, one for each axes pair, in order to find the rigid rotation
angles occurred between the FSI simulation time-steps t; and ¢;, 1. Thanks to the
definition of the linearized rotation matrix is it possible to write:

xBZ'+1(1) 1 —Qz Qy xBi(l)
TBit1 ¢ = | - 1 -0, TBig ¢ (3.8)
TBi+1(s) —0, 0, 1 LB,
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where TBigy LB and T, represent the components of the computed eigenvec-
tor xp; projected on the global reference coordinate system 7 (X). By rewriting
(3.8) as it follows:

TBit1 ) 0 TBig  —TBig, 0, TBig,
TBitly ¢ = | —TBig, 0 TR, Oy p + SZTBiw ¢ > (3.9)
TBitle, L TBip  TTBig) 0 . TBi)

A

is possible to observe easily that, in order to get the unknown angles of rotations,
we need to invert the matrix A, which is clearly singular, since det(A) = 0.
Therefore, we overcome such a problem by proceeding as it follows: since the
global reference coordinate system 7 (X) is defined by:

1
X=[x"y"z"=]0
0

o = O

0
01, (3.10)
1

=

we can evaluate, by employing (3.8) applied to eac
011, between T (Xp,,,) and T (X):

axes pair the rotation angles,

1 _02i+1 9y7¢+1
XBi+1 = 92i+1 1 _inﬂ X (3.11)
_eyiJrl Oz it+1 1

and, in the same way, we can find 0;, between 7 (Xp,) and T (X):

1 _921' eyi
Xp, = | 6., 1 —6,|X (3.12)
_Qyi ‘9% 1

In both (3.11) and (3.12) the angle values are given through simple algebraic
relations, that, in detail, for the case related to 8;, are given by:

0z, = ZBi@gy — T YBi>
Qyi = _ZBi(l) = :L‘Bi<3)a (313)
0., = YBiqy = T LBiggys

At this point, once we have found both 6;,; and 8;, it is possible to compute the
values of rigid rotations 6, between 7 (Xp,,,) and 7 (Xp,), as it follows:

41

0 = 0i+1 - 01' (314)

In order to better assess both the accuracy and the limits of applications of the
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method, we performed several tests by considering, as structure, a commercial air-
plane. In detail, we started considering the aircraft whose barycenter is centered
in xz, = {0, 0, 0}7, and we imposed different combinations of both translations
and rotations, to be recovered by the algorithm proposed, and simulated aeroe-
lastic deformations (as shown in Figure 3.3). Our goal consists in recovering, as
best as possible, the rigid components of the total applied displacement. With
respect to Figure 3.6, it is possible to appreciate the main results obtained:
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Figure 3.4: Representation of both the translations and rotations imposed simul-
taneously.
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Figure 3.5: Visualization of the gained results related to the translations recovery.

Figures 3.5 and 3.6 demonstrate the quality of the strategy proposed: for
all the possible combinations of rigid translations the estimation of the error is
absolutely trivial while, concerning rotations, the results are in agreement with
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theory due to the great results obtained with the exception of large angles (even
if the errors are of the order of one degree).
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Figure 3.6: Results obtained within rotations recovery: on the left-hand-side we
make a comparison between the angles imposed and the ones estimated, while,
on the right-hand-side, we report their corresponding errors.
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3.2 Adaptive selection of RBF interpolation sites

In this section we focus our attention on the choice of the interpolation sites,
within RBF method, to handle moving mesh problems for FSI. As introduced
in Chapter 2, RBF technique relies on the use of a (possible small) set of con-
trol points whose displacements induce the shape deformation. Here, we aim at
proposing a standard methodology dealing with the identification of the best set
of parameters to be taken into account, in order to employ RBF strategy within
the dynamic mesh handling. Since now, we have assumed that both the number,
and locations, of control points should be fixed a priori by the user, in a problem-
dependent way: in this Section we propose an innovative methodology that could
be employed in order to overcome such a limitation. We have seen, with respect
to Section 2.3, that the RBF accuracy and computational costs, show a quite sig-
nificant sensitivity related to the number of parameter adopted for the analysis:
in such a situation, when any physical criteria is adopted to choose the control
points setting, an incorrect choice of both the number of parameters and their
sites, would drive to both a loss in computational time, when we adopt excessive
number of control points, and, suddenly, inaccurate results, when the parameters
employed are not enough to describe the shape deformations. Therefore, in the
FSI framework, the main questions consist in how to represent shapes, and their
deformations, using shape parametrization strategies, like RBF. In literature a
wide range of studies is present [114], related to the identification of the best
control points setting to be adopted: they are based on the idea of finding a
possible best set by mean of several screening tests and sensitivity analysis per-
formed considering a progressive growing number of parameters, and, in a trivial
way, finally they consider the one showing best results in terms of accuracy of the
solution computed. Such an approach, as stated before, is clearly characterized
by a certain lack in precision and uncertainty, since the parameters pattern is
established without any idea of the real (physical) shape deformations that will
occur during the FSI simulation process. Moreover, in that way, is not possible
to generalize the whole process, since the control points setting would change
in a very problem-dependent way. On the basis of this introduced background,
here, we propose a high-fidelity approach designed to better assess the choice of
both the number of control points as well as their locations, through a physical
approach suited for FSI problems. The first issue to be faced, in order to outline
such a procedure, deals with the estimation related to the shape deformations
(structural displacements) that will occur during the FSI simulation process. If
we will be able to find a set of likelihood shapes to be captured by the RBF
method, the problem of finding the best parameters set, would be solved through
an optimization algorithm, by placing control points in order to recover the target
shapes. Thus, our main idea relies on estimating these target shapes through the
computation of the structural eigenmodes: such an approach lies on the physical
principle that, during the F'SI simulation, the structural behavior could be well-
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represented, and approximated, by the superposition of its normal modes. In
fact, in structural dynamics or aeroelasticity problems, such an approach is em-
ployed when we are interested in approximating the spatial displacement ¢(x, t) of
the structure using much fewer degrees of freedom than is necessary to solve the
discretized equations of motion resulting from a finite-element or finite-difference
approximation. Intuitively, the first N,, eigenmodes represent good candidates
for a general basis to approximate the displacement since, with respect to (3.15),
the exact displacement can always be obtained as a linear combination of these
eigenmodes:

<(x,t) = iNi(X) q:(1), (3.15)

where q;(t), i = 1,..., N, represent the time-harmonic part of the solution and
N;(x) are the so-called eigenmodes that determine completely the spatial depen-
dency of the displacement. Indeed, by introducing a finite-element discretization
for the structural continuum, in order to obtain the eigenmodes N;(x), we have
to solve the following generalized eigenproblem:

w*Mgs =K, (3.16)

where M € R"*" and K € R"*"s represent the mass and stiffness matrices of
the structure, while w indicate the eigenvalues of the structural system, whose
corresponding eigenmodes are collected within N;(x). In the framework of our
FSI mesh motion problem, one of the issue that could arise is related to the
number of structural eigenmodes to be taken into account for our procedure: the
choice of the bandwidth N, is highly problem-dependent and, in detail, is re-
lated to the purpose of our FSI analysis. Generally, when we are interested in the
global behavior of rigid structural system, small values of N,, could be taken into
account, while, when dealing with FSI problems high-flexible systems, NV,, should
increase. In fact, as illustrated in Figure 3.7, it is possible to rank eigenmodes
with respect to the frequency w: the more frequency increases, the more oscil-
lating (in space) eigenmodes would be evaluated. A common adopted technique,
within that issue, relies in the computation of an initial greater number of N,,
eigenmodes in order to perform, then, a sensitivity analysis evaluating the con-
tribution of each of them to the global response. In that way it will be possible
to truncate our basis, identifying the bandwidth of interest. Once we have intro-
duced the way adopted to find the target shapes to be described, we can proceed
detailing the strategy employed to find both the number of control points and
their locations. For that purpose we employed an optimization method, based
once again on a Greedy algorithm [98], that has been previously introduced in
Section 2.1.1. After we have identified the NN,, target shapes, the aim is to find
the best set of control points able to describe all these configurations (eigen-
modes). Generally, as stated before, higher shape complexities are related to the
high frequency eigenmodes, thus, within our procedure, we start identifying the
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parameters pattern able to describe the shape related to the N,,-th eigenmode.
In this way, we can formalize the problem for the 3D case as it follows: we denote
by € the initial structural discretized domain (e.g. Figure 3.7a), and by V the
space of the admissible structural configurations, whose elements are represented
by the eigenmodes {Q}N™ | such that dim(V) = N,,. Our goal consists in find-
ing the best set of parameters, II(x) € R*3 able to accurately capture all the
shape configurations belonging to V.
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Figure 3.7: Eigenmodes and generalized displacements computed for a one edge
clamped steel plate (1 m x 1 m x 0.1 m). Analysis performed using Msc-Nastran,
a commercial Finite Element code.

In this way, we can start identifying the set of control points able to recover
firstly the most complex shape (as an example see Figure 3.10), in the space V,
and then, to verify if it is sufficient to describe the others. In detail, our identifi-
cation procedure will take into account as first target shape QNm, and, then, the
others {Qk}}g:Nm_r We can focus now on the use of the Greedy algorithm [9§]
in order to find II(x). As we have introduced, we have two iteration loops: the
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outer that considers the eigenmodes computed in a decreasing order (from Q N,
to Ql), and an inner one, that for a fixed target shape to be captured finds both
the number of control points and their sites. We can now deeply analyze the
inner loop devoted to the identification of II(x). At each iteration of the inner
loop, namely for each ix, we firstly compute the nodal values of the difference
between €, and Q () then, we identify the locations, X = {(xT, y7, z"} with
X € R%3 of the nodes where the differences in the z, y and z dlrectlons reach
their positive maximum and negative minimum values. At that point, thanks
to the interpolatory behavior of RBF [20], it will be possible to locate, there,
a maximum of six control points: in such a way we can control the local error
between €2, and lek). We have indicated with QO”“) the modified initial structural
configuration, which is obtained thanks to control points displacements imposed
in order to match Qg’“)(fc, U, Z) with Qk(f, U, Z). At each iteration, once we add
few control points, we can evaluate the cost functional 7*), that is defined as it
follows: A

Qélk) _ Qk

j(ik) = ||= A
ol —

(3.17)

Lo

Such a functional, at each iteration ¢, represents a non-dimensional measure of
how much the error between the shape recovered Q((f’c) and €, has been reduced
with respect to its initial value, namely between Qél) and Q. We considered as
stopping criteria, for the inner loop, a minimum value, TOL, to be reached by
the cost functional, such that J%) < TOL. At this point, since we have reached
convergence, we have a set of identified parameters, II(x) € RY*3  that will
be used as starting control points set for the outer loop, considering the others
eigenmodes. Generally, since the first eigenmode considered, whose corresponding
eigenvalue is the highest in the bandwidth selected, is the most complex from a
geometrical point of view, the set of control points found for k£ = N,, should be
able to describe, also, the others. Nevertheless, if necessary, when iterating on the
outer loop, it will be possible to enrich the set of parameters previously found, in
order to refine the accuracy of our basis made up of control points. With respect
to Figure 3.8, a schematic outline of the strategy proposed is represented, applied
to the example of the plate that we have previously introduced. It is important
to remark the fact that such a strategy should be employed offline, namely before
running the FSI simulation: in fact, to start the algorithm proposed, we need to
compute the structural eigenmodes within a bandwidth of interest; as result, the
algorithm provides a set of control points to be exploited for the dynamic mesh
handling within the FSI simulation, namely online. The approach proposed let
us overcome the curse of dimensionality and the arbitrary related to the choice
of parameters since we do not consider, as RBF control points, all the nodes of
the fluid-structure interface, but only a small part of them.



3.2 Adaptive selection of RBF interpolation sites 65

Outer loop
_Compare
) and Ql()lk)
k=N, =5 Inner loop

|

Find nodes
corresponding to
maximum and minimum
local errors

|

Place control points

!

Move control points

|

1 = 1 + 1 Update Qéﬁ'k)

Evaluate the cost
functional 7 ()

|

Convergence test

No

J) < TOL

‘ Yes

Figure 3.8: Schematic outline of the algorithm proposed: we start recovering the
N,,-th eigenmode within the bandwidth selected, namely QNm such that k = N,,,
and, when convergence has been reached, we switch to QNm_l and we repeat the
inner loop.
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3.2.1 Some applications of 3D examples

In this section we propose two examples that show the application of the
algorithm proposed, suited for RBF technique, to find both the number of control
points and their locations in order to describe accurately a family of different
shapes (structural eigenmodes). In detail, we will perform these test applied to
both the case of the plate introduced in Section 3.2 and of a beam model of
the aircraft Fokker 28 [50]. Concerning the first one, we have identified in our
bandwidth of interest (chosen to test only the behavior of the algorithm) the first
fifth eigenmodes, depicted in Figure 3.7. As stated before, within our procedure,
we start considering the fifth mode, and, then, we will shift to the lower ones:
in Figure 3.9 it is possible to understand the behavior of the cost functional
J %) versus the iterations number, within the recovery of the fifth eigenmode.
In this case, in order to show the consistence of the method, we did not fixed
any tolerance, and, for that reason, the lowest value of J) is reached when
the number of control points introduced by the algorithm equals the number of
structural grid nodes (n, = 444).

10 10
8
_2 e 2
10+ £10°
5
a
o
107 Z10'}
1S
O
_6 0
10 5 10 :
10° 10’ 10° 10° 10’ 107
Iterations number Iterations number
(a) Cost functional. (b) Control points number

Figure 3.9: Results of convergence gained for the recovery of the fifth eigenmode.

Furthermore, once we have fixed the tolerance to TOL = 0.05 we obtained,
as result, a number of control points No = 49. Such result has been obtained
by forcing control points to be placed over the fluid-structure interface. With
respect to Figure 3.10, it is possible to appreciate the control points sites over
the initial undeformed shape and the corresponding achievable deformations, re-
lated to different inner loop iteration numbers i5 (within the recovery of the fifth
eigenmode). As outlined in Figure 3.8, with the identified set of parameters
I1(x) € RYe*3 it is possible to iterate on the other lower eigenmodes: we have
to check if such set IT(x) is still able to describe {Qk}llc:Nm—l' Within Table 3.1
we report the results obtained:
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Number of 70 final

Figenmode iterations 7, value
Q4 1 0.0471
23 1 0.0114
Qs 1 0.0239
0 1 0.0100

Table 3.1: Results obtained applying the algorithm to {Qk}}c:Nm—l‘
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Figure 3.10: Snapshots taken from the recovery of the 5-th eigenmode: interpo-
lation sites (left-hand-side) and achievable deformations (right-hand-side).

Table 3.1 shows that the initial set of control points, built to describe the fifth
eigenmode, has also been able to represent accurately the lower ones: in that way
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no further parameters needed to be adopted. At the basis of such a result, with
respect to Table 3.1, we have a number of iterations i;, = 1 for each eigenmode
considered (for k = 4, ..., 1), since the set of parameters gained to recover Qs was
also sufficient to capture the others {Qk}iz4. As second example, we have tested
the behavior of the algorithm proposed in relation to the eigenmodes computed
for a commercial aircraft depicted in Figure 3.11, namely the Fokker F28.

(a) Fokker 28. (b) Beam model.

Figure 3.11: Representation of the aircraft considered and its corresponding beam
model.

In order to set up the beam model, the main prerequisites that we have
followed consist in a correct representation of the mass distribution, of the inertial
properties and of the dimensions of the real aircraft [50]. On the basis of these
considerations, all the structural and nonstructural mass contributions have been
taken into account: in order to appreciate the high-fidelity of the model, with
respect to Table 3.2, the comparison between the weights, of both each structural
subcomponent belonging to the beam model and the real aircraft, is reported.

Nonstructural .

Component Beam Real mass Weight [kg]
p model [kg| aircraft [kg| Fuel system 600.04
Wing 2576.96 2579.09 Hydraulic system 80.57
Horlzgntal 407 494 4075 Electrlcal system 875.90
tail Environmental 445.10

Vertical control system ’

tail 393.095 392.81 Avionics 764.62
Fuselage 3927.85 3927.81 Flight control system 501.98
Nacelle 569.40 569.40 Furniture 1940.76
Oils 169.26

Table 3.2: Distribution of nonstructural masses and weights validation.
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At that point, in order to apply the algorithm developed within the choice
of RBF interpolation sites, we computed the first 15 eigenmodes of the aircraft:
within such bandwidth selected we will start recovering the 15-th mode and, then,
we will shift to lower ones.

(c) 12-th eigenmode, w = 4.74 Hz. (d) 15-th eigenmode, w = 7.28 Hz.

Figure 3.12: Representation of some eigenmodes, computed with Msc-Nastran.

14 ‘ ‘ .
——Eigenmode ;5 200

. N ——Eigenmode Q5
—=—Eigenmode Q14

—=—EKigenmode QM

0.8+ —e—FEigenmode flw H ) o_e/‘,/"
g 150 ——Eigenmode (3 "
0.6/ 2
) ~§ 100
0.4+ E
5
50
0.2} “
00 5 10 15 00 5 10 15
Iterations number Iterations number
(a) Cost functional. (b) Control points number.

Figure 3.13: Convergence properties within the description of the first 15-th,
14-th and 13-th aircraft eigenmodes.
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For this example, unlike the previous one concerning the plate, the set of
control points adopted to recover the 15-th eigenmode was not sufficient, as it is
shown in Figure 3.13, to describe the others. In fact, since we fixed the tolerance
to TOL = 1E —1, the control points found for k£ = 15, was not able to capture the
14-th mode, resulting in a necessary enrichment of the space of parameters IT(x).
In Figure 3.13b is it possible to appreciate the growing number of control points
related to both the iterations of the inner loop (on a fixed curve) and to the outer
one (in that case we refer to different curves). Thus, as shown in Figure 3.14,
we illustrate the growing number of parameters, as well as their locations, across
different iterations considering the different eigenmodes {Qk}}f’: 15: the control
points found for £ = 15 are illustrated with red bullets, the ones added when
dealing with the 14-th eigenmode are represented in green, while the last ones,
identified for £ = 13, in blue.

Figure 3.14: Visualization of the growing number of control points over the frame
of the aircraft configuration.

Once we have iterated on the 13-th eigenmode, with the identified set of
N, = 161 control points, we were able to describe accurately the lower first 12
ones since, at their corresponding first inner loop iteration, the cost functional
had values which were lower than the fixed prescribed tolerance.
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3.3 Domain-Decomposition approach for free-form
deformations

In this Section we focus our attention on free-form deformation techniques,
and, in detail, we will propose a numerical strategy that will allow us to overcome
some of its limitations. As we stated throughout Section 2.1, the most severe re-
striction related to its use within dynamic mesh handling lies in the impossibility
of performing local control points refinements since parameters must be located
into a regular lattice embedding the solid object to be represented. The main
idea, in order to tackle such a problem, relies in considering the whole fluid do-
main as composed by different elementary patches: thanks to such decomposition
we can build for each patch, or some of them, different localized FFD maps in
order to manage mesh deformations within each single patch. To better assess
the method introduced and to demonstrate its efficiency, we will test this strategy
within the 2D problem introduced within Section 2.5:

25 1 25
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1 1 1
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0 1 0
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(a) Initial configuration. (b) Final configuration.

Figure 3.15: Representation of the 2D problem setting.

In order to describe such a structural deformation, we firstly decomposed the
undeformed fluid domain in four different patches, QF @) with i =1,...,4, such
that QF W U QF@ U QF® U QF @ = OF as illustrated in Figure 3.16, and,
then, we built a local FFD map only for (F®),

OF@)

Ore
Orm OF @

Figure 3.16: Domain decomposition adopted for the example to be solved.
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In such a way, the problem consists in applying the Algorithm 2.1 to the patch
selected. Within this approach, since we mapped through FFD technique only
a portion of the global domain, we are now allowed to adopt a smaller number
of control points thanks to the fact that they are located in crucial sites, in the
nearness of the structural domain. Thus, we show the results obtained by means
of the patch-approach proposed, and, also, we compare them with respect to the
ones gained in Section 2.5, where we considered the FFD map extended to the
whole fluid domain QF.
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Figure 3.17: Results obtained considering different numbers of control points
placed within the patch QF ).

With respect to Figure 2.12a, where the results gained considering the FFD
map extended to the whole domain are reported, it is possible to appreciate the
accuracy of the approach, achieved by means of smaller control points number.
In this way it will be possible on one hand to reduce the number of parameters
involved within the FFD strategy, on the other we improve the quality of the
fluid mesh deformed. Nevertheless, it is necessary to remark the fact that in
order to achieve satisfactory results related to the grid quality, the user-defined
patch adopted, namely OF (3) should not be excessively small, in the sense that
it should not limit the space where the mesh will get deformed. Concerning the
measure of the mesh quality, within Figure 3.18 we show the scaled Jacobian
values of the deformed fluid mesh as well as its related histogram. Generally an
element is said to be “inverted” (or not valid) [128] if its related scaled Jacobian is
negative or equal to zero. On the basis of the achieved results it is possible to state
the good quality of the deformed mesh (corresponding to high scaled Jacobian
values) since this measure keeps values within the acceptable range [~ 0.4, 1.
Furthermore, as indicated by the histogram, only a small number of elements has
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a quality indicator that equals the lower bound 0.4.
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(a) Scaled Jacobian of the deformed fluid (b) Histogram representing the occurrences
mesh, gained with a number of control (number of elements) within each mesh
points N, = 194. quality bin.

Figure 3.18: Mesh quality measure (scaled Jacobian) obtained adopting the
patch-approach proposed.

Finally, it is possible to make a comparison of the computational effort be-
tween the results achieved thanks to the patch-approach proposed and the ones
related to the classical FFD strategy (which consider the map extended to the
whole fluid domain). With respect to Table 3.3, the main results towards such
a comparison are illustrated: in detail it is possible to highlight the reduction,
gained thanks to the approach proposed, of the total time needed to perform the
fluid mesh deformation:

FFD on QF FFD on QF ®)
N J Computational N J Computational
¢ reduction [%] time [s] ¢ reduction [%)] time [s]
25 59.3 21.2 25 65.4 0.38
126 87.1 52.0 50 84.1 0.51
234 89.83 16 78 88.5 3.38
456 94.52 45 120 93.2 0.86
588 96.70 100 194 99.3 1.20

Table 3.3: Comparison of the accuracy and computational costs between the FFD
map applications extended to the whole fluid domain (left-hand-side), and only
to one of its patch (right-hand-side).
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On the basis of the results obtained, we could review the importance of FFD
techniques used to handle mesh motion problems thanks to the new proposed
patch-approach, based on domain decomposition, since it drives, as shown in Ta-
ble 3.3, to clear reductions in the computational effort and it allows the possibility
of making control points refinements.

3.4 Qutline of the hierarchical pattern

In this section we detail the hierarchical strategy developed, within the FSI
framework, in order to deal with both the fluid-structure interface and the mesh
motion problems. With respect to the previously introduced background, and
in particular, on the basis of the several tests performed, we outline a standard
path suitable for shape parametrization techniques. Within sections 2.4 and 2.5
we highlighted both the limitations and the advantages of IDW, RBF and FFD
strategies: in detail, we tried to identify for each of them, the application field
best suited for their use. In fact, it could be possible to highlight, concerning
IDW, its great potentiality and flexibility related to the handling of the mesh mo-
tion problem, instead of the fluid-structure interface one. RBF has demonstrated
to be globally robust in dealing with both these problems, while FFD, even if it
represents an efficient tool within shape parametrization to handle the mesh mo-
tion problem, its adoption would lead to high computational costs. Nevertheless,
we have shown that, thanks to the patch-approach within the free-form deforma-
tion strategy, we can both reduce its computational effort and we make FFD able
to describe local deformations, even if actually it has to be used in a problem-
dependent way, since the domain decomposition has not been automatized for
treating arbitrary domain configurations yet.

Fluid-structure interface problem
IDW RBF

. !
|

N
~

IDW FFD RBF
Dynamic mesh handling
Figure 3.19: Possible combinations of solution strategies to be employed. The

bold arrow indicates the combination adopted: IDW for the dynamic mesh han-
dling and RBF to face the fluid-structure interface problem.

The mesh tool developed, written in C++ code, has been organized to be fully
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flexible, thanks also to the adoption of an object-oriented framework to guarantee
the possibility to choose the solution strategy desired, among the ones illustrated
in Figure 3.19.
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Figure 3.20: Framework of the mesh toolbox developed: we have highlighted with
two different blocks those operations to be performed online and offline. More-
over, by different colors we have clarified the aim of both the eigenmodes compu-
tation and the domain decomposition techniques, related either to the adaptive
choice of interpolation sites within RBF, and to the FFD strategy, respectively.
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The use of both the RBF technique, to deal with fluid-structure interface
problems, and the IDW, for the dynamic mesh handling, has proven to represent
the most efficient and robust choice to be adopted. With respect to Figure 3.20, it
is possible to appreciate the design of the approach proposed where we have split
in two different stages the whole FSI simulation process. We have highlighted the
offline stage, related to all these actions to be performed before running the FSI
simulation, and the online one, dealing with all these procedures to be adopted
when the simulation takes place (iteratively). Concerning the offline stage, once
generated the computational grids for both the fluid and the structure domains,
and their Finite Element discretizations, we underline the possibility of adopting,
either the adaptive selection of RBF interpolation sites, when this method would
be employed to handle the mesh motion problem, or the domain decomposition
technique, related to the patch-approach, when we employ the FFD method.
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RBF selective
approach

FFD patch
approach

Figure 3.21: Flux diagram which summarizes the main selection criteria (blue
rectangles) followed to choose the technique to be adopted within the dynamic
mesh handling.

The default path followed by our hierarchical approach is the one character-
ized by the sub-sequential blocks linked by black arrows: as default choice for the
fluid-structure interface the RBF method is adopted, while, for the mesh motion,
the IDW technique, respectively. Nevertheless, if desired, it will be possible to



3.4 Outline of the hierarchical pattern 77

switch easily from one strategy to the other one, as illustrated in Figure 3.20 by
the dashed colored lines. Concerning the dynamic mesh handling, with respect to
the flux diagram illustrated in Figure 3.21, since IDW has shown a good compro-
mise between the accuracy of the achievable results and its computational costs,
this multivariate interpolation strategy has been chosen to be adopted in order to
move and update the fluid mesh configuration after structural deformations. In-
deed, although FFD and RBF have demonstrated to represent a valid alternative
to IDW, they still suffer from some limitations. Concerning FFD techniques, as
we have detailed in Section 2.1.1, it would not be adopted in those cases involving
both localized deformations as well as complex domains configurations since it
is not interpolatory, leading, during the mesh motion process, to an unaccept-
able presence of gaps and overlaps over the fluid-structure interface (as shown in
Figure 2.11). On the other hand, when the FSI problems involves localized de-
formations related to simple geometrical domains, the patch-approach developed
for FF'D would represent a valid choice to be taken into account. Regarding the
RBF strategy, although it actually represent a robust and powerful choice (in
terms of accuracy of the achievable mesh quality), we have demonstrated that,
with respect to IDW technique, it is more expensive from a computational costs
point of view. Nevertheless, by using a selective approach for the identification
of both the number of control points and their sites, the costs would get slightly
reduced. In order to treat the data transfer across non-matching grids, the RBF
strategy, based on the adoption of multi quadratic biharmonic splines has been
privileged with respect to IDW, since its use would guarantee an high-quality and
robustness of the interpolation process. At the basis of the possibility of dealing
within FSI problems with free-bodies we have included, as shown in Figure 3.20,
a block dealing with the estimation of both the rigid translations and rotations
as output from the structural solver, in order to be able to update accurately the
fluid mesh configuration with respect to such movements too.






Chapter 4

Fluid-Structure Interaction
modeling

In this Chapter we focus on the mathematical modeling of the FSI problem.
We introduce the equations that describe both the fluid and the structure physics,
as well as the numerical strategies adopted to solve the coupled FSI problem in
a monolithic way [35]. In Section 4.1 we introduce the reference frameworks that
will be employed in order to derive the FSI model, in detail the Eulerian, the
Lagrangian and the Arbitrary Lagrangian Eulerian (ALE) formulations. Then,
through Sections 4.2 and 4.3, the equations governing the physics of both the
fluid and the structure are derived. At the basis of the mathematical model
achieved, it will be possible to further proceed by introducing, in Section 4.4,
the time discretization of both the fluid and structure problems by means of the
Geometric-Convective Explicit scheme, that will be fully detailed. Throughout
Section 4.5 the weak formulation of the FSI problem, as well as its space dis-
cretization, are proposed. Moreover we will derive the algebraic system describ-
ing the fully-discrete FSI problem as well as its solution strategy, with respect
to Section 4.6, adopted within the LifeV environment. We anticipate that for
the numerical solution of the fluid-structure problem we adopted LifeV, that is a
state of the art finite element library providing many solution schemes for the FSI
problem. Moreover, concerning the time discretization and the discrete form of
the coupled FSI problem we will follow the approach proposed in |28, 87], while
for the algorithm part (Section 4.7) we refer to [29].

4.1 Eulerian, Lagrangian and ALE formulations

The choice of an appropriate reference system represents a key-aspect when
dealing with the mathematical modeling and the numerical simulation of contin-
uum mechanics problems characterized by moving boundaries. In general, one
of the most commonly adopted formulation within Fluid-Structure Interaction
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problems makes use of two classical descriptions of motion: the so called Ar-
bitrary Lagrangian-FEulerian (ALE) formulation relying on both the Lagrangian
and Eulerian kinematics descriptions. Such a formulation, introduced by [88],
was developed in an attempt to combine the advantages of the above classical
kinematical descriptions, and to minimize their respective drawbacks as far as
possible. At this point, before introducing the main aspects that characterize the
ALE frame, we briefly introduce both the Lagrangian and the Eulerian descrip-
tions of motion. Lagrangian formulation is commonly adopted within structural
mechanics, and its description is based on the fact that each individual node of
the computational grid follows the material particle during motion, such that it
allows an easy tracking of free surfaces and interfaces between different materials
(as shown in Figure 4.1). Moreover, it has also been extensively used within the
treatment of materials with history-dependent constitutive relations [23]. On the
other hand, purely Lagrangian methods typically result in severe mesh distortion
and the consequence is ill conditioning of the element stiffness matrix leading
to mesh lockup or entanglement, such that the need for expensive re-meshing
arises. In the framework of Eulerian description, which is the most commonly
used strategy within fluid dynamics, the computational mesh is fixed while the
continuum moves with respect to the grid. Such a formulation allows the possi-
bility of handling with relative ease large distortion, while its weakness relies at
the expense of a precise definition of the interface, as well as the resolution of flow
details. At the basis of the drawbacks of purely Lagrangian and purely Eulerian
descriptions, the ALE formulation has been developed in order to combine the
best features of both classical formulations. Within such a description the nodes
of the mesh can be either moved to follow the continuum in a Lagrangian man-
ner, or be held fixed as in the Eulerian description, or even be moved in in some
arbitrarily specified way to give a continuous rezoning capability. At the basis of
this freedom in moving the computational mesh, the possibility of handling great
distortions of the continuum relies, such that we overcome both the limitations
of purely Lagrangian formulation and we improve the resolution afforded by a
purely Eulerian approach. In Figure 4.1, we depict a schematic representation of
the Eulerian, Lagrangian and ALE descriptions. In order to introduce the math-
ematical models lying at the basis of such formulations, we need to introduce the
notation that we will adopt hereafter in this chapter. The position of a material
point in the reference (Lagrangian) configuration is denoted by *, while if we refer
to the current (Eulerian) configuration we will omit . Furthermore, as previously
introduced, we assume that the reference configuration is at its natural state, that
is when the Cauchy stresses are zero everywhere. Thus, let us denote by QCR?
and €, C R3 the reference and current domains configurations, respectively, and
by x € Q) and x € Q, the coordinates of two points belonging to the reference
and current configurations.



4.1 Eulerian, Lagrangian and ALE formulations 81

4y +Y  EULERIAN
T
f /|
| (
—
=X =X
F Fat
y Y LAGRANGIAN
%x ;\
AY AY
’ ALE
2 X L X

1= Tl] L= 1(1

Figure 4.1: Representation of Eulerian, Lagrangian and ALE formulations [19],
respectively.

In order to describe the kinematics of the continuum media, we adopt a
frame of reference with respect to the X coordinate if we refer to a purely La-
grangian formulation, on the other hand, by adopting x, we rely on an Eulerian
description. We can further define a function ¢ representing the motion, being
¢ : QO xRY = Q C R3, such that o(%,t) represents a deformation evolving in
time. At the basis of such a definition, the relations between Lagrangian and
Eulerian frames of reference read:

>
©
2
=

(4.1)

where we assume that ¢! always exists due to the hypothesis of dealing with
continuum media, such that during motion the domains would not be lacerated.
The Jacobian of such a transformation J = (9x/0x) could also be interpreted
as the relative volume increment between current and reference configurations,
namely: J dQ) = dQ). Moreover, we can define the so-called deformation gradient
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F, whose expression reads as:

S 9¢i

F =V¢, component-wise F,; = e (4.2)
Ly

As previously introduced, the description of the mechanics of continuum media
with respect to X, or material point, is called Lagrangian: within such a formula-
tion a scalar or vectorial field V is defined Lagrangian as well, since it is defined
in Q. By adopting an Eulerian frame of reference we need to define a fixed con-
trol volume Vg, such that Vo C Q,, V¢t € (0,7) C R. Furthermore, a scalar or
vectorial field V' is called Eulerian since it is defined in €2;; thus, the Eulerian
counterpart of the Lagrangian vector field is V(x,t), for x € Vo C €. Within
an Eulerian approach, since x = ¢(X,t), to express the total time derivative of
V(x,t) we need to use the chain rule:
dV(x,t) 0V 0¢

PVt == = o at

ov

(d%xmﬂ+5; (4.3)

On the other hand, the total time derivative within a Lagrangian formulation

coincides with the partial derivative, since X is expressed in the reference config-
uration:

~

dV(x,t) OV (k1)

dt ot (44)

Thus, we can define the velocity of the material point u with respect to a La-
grangian and an Eulerian formulations as it follows:

e Lagrangian: u = Dyp(X,t);
e Eulerian: u = 9,¢(¢"(x,1),1).

A this point, in order to account for the displacement of the fluid domain we need
to introduce the ALE description, which is obtained by modifying the Eulerian
one in such a manner that the fixed control volume is no longer constant but it
follows the material particles of the moving boundaries. On this idea the ALE
formulation relies. To this end we define a reference control volume ¢ A C R3,
such that the ALE map reads:

A:QuxRY = Q4 Cc Q. (4.5)

At the basis of the above definition we have that, for each ¢ > 0, A maps the
reference control volume to the arbitrary domain €24 in the deformed configu-
ration. Thus, for a given function which is defined in the current configuration,
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g:Q x (0,T) — R, we indicate by g = g o A™! its counterpart within the refer-
ence one {2. Furthermore, it is possible to define the ALE time derivative:

dg(x,t)
ot

RIE

=P o () (46)

We can also introduce the domain velocity w, whose expression reads as:

_dx

dx|  0A
VT

= o (A (17)

Finally, it is possible to introduce one of the key-ingredients that we will further
adopt in order to derive the fluid equations, namely the Reynolds’ transport the-
orem (also known as the Leibniz-Reynolds’ transport theorem) [99] that yields
the following relationship between Lagrangian and Eulerian perspectives:

%/Qtfdﬂt_/ﬁ[g—{+v-(fu)}d§z_ Qg—{dﬁ+/mfu-nd% (4.8)

where we indicated with 8 the boundary delimiting the reference domain con-
figuration.

4.2 Derivation of the fluid equations

In this Section, following the approach of [28], we report the conservation
laws for mass and momentum with respect to the Eulerian and ALE frames of
reference. In detail we will deal with an incompressible Newtonian fluid model,
such that the conservation laws that we will derive will describe the Navier-Stokes
(NS) equations as well. In order to derive the model that describes the physics of
the fluid, we prefer to firstly introduce a general formulation for the conservation
of both a scalar, a(z,t), and vectorial, a(x,t), fields within an Eulerian frame
of reference. At the basis of the equations introduced, in detail of (4.11) and
(4.12), later it will be possible to derive easily the other ones suited for the fluid
domain. By indicating with V' C R?® an arbitrary control volume in the current
configuration, and being 0V its surface boundary, the momentum conservation,
in the Eulerian form, for scalar and vectorial fields read:

D
Ft/va(x,t) ), = . ¢(x,t)-nd7+/vb(x,t) sy, (4.9)

E/a(:c,t)th:/ @(:c,t)-nder/b(x,t)th, (4.10)
Dt Vv ov 1%
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being [, ¢(x,t) - ndy the flux of a across 9V and ¢ the Eulerian vector de-
termining the flux; b and b represent the source/sink terms for the scalar and
vectorial case, respectively. At this point, using the Reynolds transport theorem,
the conservation law, in the Eulerian form, for a generic scalar field « reads:

v ot ov v

while for a vectorial field o we get:

o

—th—/ (@—a@u)-ndv—l—/bdﬁt. (4.12)
v ot v v

In this way it is possible to further proceed writing the mass and momentum
conservation laws for the fluid domain with respect to the Eulerian frame of ref-
erence. Concerning the mass conservation, with respect to (4.11), by taking the
density of the continuum medium as the scalar field o and by setting to zero both
the flux and the source/sink terms, we obtain:

9
7%?d9t:b/ —pru-npdy, (4.13)
1% ov

Thanks to the divergence theorem the above equation can be rewritten as it fol-
lows:

@Eah_/—qumm. (4.14)
v Ot 1%

At this point, on the basis of the hypothesis of incompressibility of the fluid and
employing the localization argument, we get:

V-u=0 in (4.15)

which represents the mass conservation for an incompressible fluid in the Eulerian
frame of reference. In order to write the momentum conservation law, with re-
spect to (4.11), we consider a to be equal to the vectorial field pru, ® represents
the flux vector op - ng, while the source/sink term b indicates the momentum
generated by the volume forces fr (per unit mass) acting on the fluid. On the
basis of this setting we can write the momentum conservation law as it follows:

dpru
v Ot

dQ; = / (af —pru®u) - ngdy +/ prir dSl. (4.16)
oV v
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Since the fluid model that we considered is the Newtonian one, through the con-
stitutive equation it is possible to relate the fluid stress tensor o to the fluid
velocity u. Within such a model the stress tensor depends linearly on the sym-
metric part of the velocity gradient:

or = pur(Vu+ (Vu)") — pl, (4.17)

where p denotes the fluid pressure; the above relation is generally adopted in
fluid dynamics to model Newtonian viscous fluids. By substituting the consti-
tutive relation in (4.16), and employing once again the divergence theorem we get:

0
/ g};u dQ, :/ prAu —Vp — pp(a- V)u+ ppfr dQ;. (4.18)
1 \4

By employing the mass conservation law to simplify the left-hand-side of (4.18),
as well as the localization argument for the whole equation, the momentum con-
servation law can be written pointwise as it follows:

0 )
ppa—ltl + pr(u-V)u+ Vp — upAu = ppfr in . (4.19)

The governing equations, (4.15) and (4.19), gained for the fluid domain are the
Navier-Stokes equations, which in the Eulerian frame are the following:

ou
PFop +pr(u-V)u+ Vp — upAu = ppfr (4.20)

V-u=0

In order to write the above system of equations with respect to the ALE frame
of reference, due to motion of the fluid domain €2;, we apply the chain rule to the
velocity time-derivative:

=— +w-Vu (4.21)

Thanks to the above relation we obtain the Navier-Stokes equations within the
ALE formulation:

ou

prar| F prl(u—w)-Vju+ Vp — upAu = ppfr

1 (4.22)
V-u=0
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4.3 Derivation of the structure equations

In this Section we will derive, thanks to the momentum conservation law,
the equation of motion for the structure with respect to a Lagrangian frame of
reference. By indicating with V' an arbitrary control volume in the current con-
figuration, and being 9V its surface boundary, the momentum conservation reads:

D

Dt v 1% oV

where we indicated with f; and p the force terms per unit mass and per unit
surface, respectively. Thanks to the Cauchy relation, p = on, together with the
Nanson’s formula, which relates the element area between the current and the
reference configurations, namely ndS = J F-ThadS, it is possible to write:

D B ~ ~ N
— / Jpsds dV = / Jpsfs dV + / JoFThdsS, (4.24)
Dt Jy v ov

where we adopted, also, the relation dV = JdV. At this point, in order to
achieve the final expression of the momentum conservation law, we introduce the
first Piola-Kirchhoff stress tensor:

Y =JoF T (4.25)

At the basis of this definition, and thanks to the divergence theorem as well, it
is possible to rewrite (4.24) as it follows:

D B ~ ~ “ ~
—/ﬁsdst:/ﬁsfsdv+/v-§]1dv. (4.26)
Dt Jy v v

Finally, adopting both the localization argument and the fact that V is fixed, we
obtain:

_ 9%dg

Pom — V-3 = psfs, (4.27)

which represents the equation of motion for the structural sub-system. It is pos-
sible to proceed by detailing the constitutive law adopted in order to model the
mechanical behavior that describes the structure material. In this way, we intro-
duce firstly the second Piola-Kirchhoff stress tensor:

>y =F1%,, (4.28)

this choice is due to the fact that 3;; is symmetric, it respects the axiom of frame



4.3 Derivation of the structure equations 87

indifference as well, and it would be adopted to write the constitutive law, instead
of 3;. In particular 3;; is independent from rigid motions (frame indifference):
we can explain this concept through the introduction of a rotation tensor R, that
is orthogonal (RR? = I); by indicating with (.) the rotated entities, we can write:

S =JF'eF ! = JF 'R (RoeR")(RF 1) = 2y, (4.29)

such that ¥;; = ¥;;. As strain tensor to be adopted in the constitutive law we
refer to the Green-Lagrange one:

~

€= %[(V&S)T +Vd, + (Vd,)T - vd,)]. (4.30)

If there exists a scalar valued strain energy function W depending on €, such that:

ow(e)
o€

=3X((€), (4.31)

the material is called hyperelastic. As strain energy function we adopted the
St. Venant-Kirchhoff one, that is defined as it follows:
Ly

W(e) = 5 (tr(€)% + Lytr(€?)), (4.32)

where L, and L, represent the Lamé coefficients defining the mechanical charac-
teristics of the material. In this way, taking the derivative of (4.31) we gain:

Since expression (4.33) is linear, it is possible to rewrite it into a more compact
way:

3 =C : € (component-wise X7, = Cirs€rs), (4.34)

being C a fourth-order tensor. Instead of using, as shown in (4.32), the Lamé
constants to characterize the St. Venant-Kirchhoff materials, we will refer here-
after to the Young modulus £ and the Poisson ratio v; equation (4.35) expresses
the relation held between the two sets of coefficients:

3L1 + 2L2 FEv
E=L""2""2 I =
*Li+ Ly’ T a-20)(1+v)
L E
_ ! Ly = (4.35)

2(Ly + Ly)’ 2(1+v)
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We remark that the constitutive law introduced is nonlinear in the displacement
&S, since both 3;; and € are nonlinear in F. In order to get the expression of
linear elasticity adopted in our formulation, we further proceed by neglecting the
terms which are of order higher than one in (4.30), leading to:

A A A A A A

(VA" +Vd, + ((Vd,)" - Vd,)] ~ =[(Vd,)" +Vd,] = €,  (4.36)

N | —

€ =

where € indicates the symmetric part of the displacement gradient and, thus, it
best suites those cases involving small deformations. At this point, we further
simplify equation (4.33):

Li(tr(e)+2le =%, =F 'Y, =~ %, (4.37)

Thanks to the simplifications introduced, finally we get the equation of the linear
elasticity:

9%dg

o V - (Ly(tr(€))I + 2Ly €) = psfs. (4.38)

4.4 Coupling conditions and three fields formula-
tion

Since we have derived, in the previous Sections, the equations that model
both the fluid and the structure physics, here we will introduce the coupling
conditions adopted to get the coupled FSI problem. With respect to Figure
5.14, we illustrate the notation that will be followed hereafter to describe the
boundaries adopted to model the coupled FSI problem. With I we represent
the fluid-structure interface in the reference configuration, on which the coupling
conditions are expressed as it follows:

e continuity of the velocity;
e continuity of the stress;

e continuity of the domain displacement.
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Q7

Reference configuration Current configuration

Figure 4.2: Notation adopted for both the domains and the Fluid-Structure in-
terface.

The last coupling condition is due to the adoption of the ALE frame to model
the fluid flow: it indicates the geometric adherence between the fluid domain and
the material particles of the structure across [. On the basis of the previously
introduced background, the whole system of equations that holds the FSI prob-
lem reads as:

Viu = 0 in QF,  (4.39)
Ju :
PP +prl(u—w) -Viu+Vp—ppAu = ppfr  in QF, (4.40)
A
CPds o R .
psW -V 2[ = pgfs m Qf, (441)
d )
% = uoA, onl, (4.42)
&Fﬁp + E[ﬁs = 0 on F, (443)
d )
% — wod; onl, (4.44)

where equations (4.42), (4.43) and (4.44) indicate the coupling conditions. More-
over, in this work, we decided to set to zero both the terms fr and fg, since we do
not account for the gravity forces. Once we have outlined the system of equation
governing the fluid-structure interaction problem, we can introduce a more com-
pact notation, that we will adopt in the following Sections, to describe it as being
made of three coupled sub-problems. In this way we refer to the fluid problem as:

F(up,dp,ds) =0, (4.45)
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where up represents the unknown fluid variables urp = (u,p). Such a problem,
at every ¢t > 0, relies on finding the unknown fluid pair up given the struc-
ture displacement as, or the traction vector ¥;ng (or a combination of both as
well), and the fluid domain displacement dr. We define the structure problem as:

S(up,dg) =0, (4.46)

representing the equation of motion (4.27) of the structural system. In this case
the unknown is the structural displacement as, to be found for a given fluid
velocity u, or traction vector opip (or a combination of both as well). We in-
troduce the geometric problem, that is defined as it follows:

M(dp,ds) =0, (4.47)

where the operator M represents the mesh motion solver, thus defining the ALE
map A. Such a problem is coupled to the geometric adherence condition dr = dg
on I'. This work focuses on the comparison of shape parametrization strategies
(i.e. RBF and FFD), as well the IDW technique, involved in solving such prob-
lem. Once we compute, for a given structural displacement, the new fluid mesh
configuration, the ALE mapping can be defined as:

i A(R) =&+ dp(d). (4.48)

Before performing the time discretization of the system of equations that holds
the FSI problem, it is worthwhile to survey the possible numerical strategies to
be adopted in order to solve it. The solution of the FSI problem can be obtained
by using either a modular (segregated) or non-modular (monolithic) strategy.
The latter approach is followed when both the fluid and the structural problems
are solved simultaneously within a single solver, while the first involves the adop-
tions of pre-existing fluid and structural solvers which are coupled through (4.42),
(4.43) and (4.44). In the framework of partitioned strategies we can identify ex-
plicit or implicit schemes, the latter requiring sub-iterations among the fluid and
structural solvers. Within explicit partitioned procedures the fluid and structure
sub-problems are solved once (or just few times) per time step: such an approach
is typical in aeroelasticity and rather inconvenient in haemodynamics [61]. In
fact, it can be shown that an explicit approach to FSI problems with significant
added-mass effect (like haemodynamics where the structure and fluid densities
are similar) is instable [24]. Therefore, to avoid fluid-solid sub-iterations, we use
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a non-modular or monolithic strategy, where the fluid and the solid are treated
as a single problem. In detail, on the basis of the state of the art solvers imple-
mented within the finite element library LifeV, we decided to adopt a monolithic
approach to solve the FSI problem using, as time discretization, a Geometric-
Convective Explicit scheme (GCE), whose hypothesis and characteristics will be
fully detailed in the next Section.

4.5 Geometry-Convective Explicit time discretiza-
tion

In this Section we focus our attention on the time discretization of the FSI
problem. In detail, the numerical scheme that we adopted is the Geometry-
Convective Explicit [12] one: such a strategy, as will be clarified in this Section,
would give us the possibility of studying, within a monolithic approach, the be-
havior of different mesh motion strategies like RBF, FFD and TDW, since the
geometry problem (4.47) is solved separately once per time step, apart from the
coupled system of equations that govern both the fluid and the structure physics.
In order to assess the hypothesis of such an approach we need, firstly, to pay
attention on the time discretization of the fluid problem. A large variety of
time discretization schemes of the incompressible Navier-Stokes (NS) equations
on moving domain is present in literature: nevertheless, the adoption of the ALE
formulation imposes some constraints. In fact, the way we discretize in time the
convective term in (4.19), namely ([(u — w) - V]u), plays a fundamental role in
determining the order of the time advancing scheme, as well as its stability prop-
erties. In this way, it is possible to highlight within the coupled FSI problem
several levels of nonlinearities, with some of them related to the choice of the
ALE frame:

i) (u-V)u, which is the convective term of the NS equations in fixed domains;
ii) (w - V)u, that represents the advective term due to the ALE formulation;

iii) dp = dp(dg), the dependence of the fluid domain displacement on the
structural one.

At each time-step all these nonlinearities can be solved by means of a Newton, or
Fixed Point algorithm [95]. Within this choice relies the Fully Implicit (FI) time
discretization which leads to an accurate and robust time discretization, although
it represents an expensive approach. By modifying the way the nonlinear terms
are discretized in time, we can obtain different approaches. By indicating with
the superscript n + 1 the current time-step, the nonlinearity due to (u- V)u can
be discretized in time, given an extrapolation u* of the fluid velocity from the
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previous time-step, as it follows:

(u* - V)u"t. (4.49)

Thanks to this choice the convective term (u - V)u becomes linear. A good
candidate to approximate u* corresponds to u”, such that u* = u”. Such an
approximation is suitable when the characteristic Reynolds number of the fluid
flow is not very high (condition fulfilled when dealing with fluid flows in laminar
regimes). Moreover this approximation for the convective term is used, e.g. in
[36, 47]. In order to deal with the second nonlinearity, namely the advective term
(w - V)u, it can be discretized in time as it follows:

(w* - V)u" (4.50)

being w* an explicit extrapolation of the fluid domain velocity. The way we ap-
proximate this advective term, together with (4.49) leads to a linearization of the
convective term appearing in (4.19). Concerning the third nonlinearity, due to
the moving fluid domain, is it possible to handle it by considering the fluid do-
main at the previous time-step n, as a suitable approximation of the current one,
on the basis of the hypothesis of small displacements. Its explicit treatment, to-
gether with (4.49) and (4.50), leads to the Geometric-Convective Explicit scheme
[29, 12|, in which the fluid problem is linear. By following such an approach,
the coupled time-discrete system of equations written in a compact way, at the
time-step t"*!, reads:

+1 gn+l Jn+ly
Fr(up™,dy",dg™) = 0,

n/..n+1 Jn+l o

S (uF 7dS ) - 07

M (g dg) =

In this way it is possible to write the time discretized equations, in strong form
(with the fluid momentum equation written in non-conservative form), that de-
fine the GCE scheme:

proa™ 4 pp((W" — W) V) u"tt = Vot = ppfptt in Q£+1v
Voutt = 0 in Qf
psdude™ — V- SpT = pefitt in OF
(5,5&2“ —u"lo Ap.. = 0 on T,

A Antl o~
Stag+ ot hp = 0 on I
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where with §; we denoted the first order discrete time derivative for the fluid
problem, and with d;; the second order one adopted within the structure equa-
tion. As previously introduced, the geometry problem

M(d dy) =0, (4.51)

is solved separately once per time step, whose solution defines both the ALE map
At,.., and the new fluid domain configuration Q = A; . (). Concerning

tn+1
the fluid domain velocity w1, it is computed as it follows:

n+l Jn+1 -1
w = 5tdF o Atn+1‘

(4.52)

By adopting this approach we gain also the advantage of dealing with a linear FSI
problem, since the structural model considered relies on linear elasticity as well.
As already mentioned, we remark that the choice related to the GCE approach is
due to the flexibility given by such formulation: in fact, it isolates the geometry
(or mesh motion) problem allowing the possibility to use, and compare, all the
strategies that have been introduced in Chapters 2 and 3.

4.6 Weak formulation of the F'SI problem

In this Section we will firstly derive the weak formulation of the fluid-structure
interaction problem [36, 87| and, then, we will report, within the GCE time dis-
cretization scheme, the linear system that holds the coupled fluid-structure prob-
lem [29]. To gain the weak form of the FSI system it is previously necessary to
define the following functional spaces:

(UF = {v:QF 5 R v=voAlveH (O},

U = {v:Q% = Rive H Q%

Ut = HY2(T1),

Q ={q: 0 =R, q=qo A" |G L*(Q")},

VI = {v:0f 5 R v =vo A Y[V e H(Q), Ve =0},
VF = {v: Q% 5 RY v e HI(Q9)Y, vipg = 0},

(4.53)

\

where with LP and HY we indicated the Banach and the Sobolev spaces, respec-
tively [95]. Moreover, d represents the space dimensions (2 for the bi-dimensional
case, 3 for the three-dimensional one), while the subscripts '3, and 'Y indicate
the Dirichlet boundaries (without the interface I') of Q5 and QF. Before deriving
the weak formulation of the coupled fluid-structure problem, we prefer to better
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asses the way through the coupling conditions are enforced: concerning the ve-
locity continuity, it is imposed in its strong way, while the continuity of stresses is
imposed weakly, by equating the variational residual of the two momentum equa-
tions (of both the fluid and the structure) restricted to the interface. To clarify
the latter coupling condition we can write, firstly, the variational formulation of
the fluid momentum equation for an arbitrary vy € VI

[ (2
o pF@t

Vi +prl(u—w)-Vju-vp+0op: Vvp — prFVF) dQf +
A

—/F gN - trp(vp)dy = /crpnp ~trp(vp)dy.  (4.54)
I

N r

By operating in the same way for the structure problem, choosing as test function
vg € V%

5d . ) A
/ (ps atzs * Vs — (v : ZI) * Vg — pst : Vs) dQS - / gg : trf‘(VS)d7 =
Q T

S
N

= / X hg - trp(ve)dy.  (4.55)

r

With T3 and Tk we indicated the Neumann boundaries (without the interface
T) of Q5 and QF, while g) € (HY2(I'3))% and gl e (H'/2(T'%))? represent the
given boundary data. Once we express the stress tensors in their reference con-
figuration, the stresses continuity across [ in its weak form reads:

[E[ﬁs'vfd’?—i-/&pﬁp'vfd;y:o va EUf. (456)
r r
By introducing two linear continuous lift operators, namely Zg : U LN VI and

Zs : UY — V5, and by considering equations (4.54) and (4.55), it is possible to
write:

_o°d : : A A
(5.5 Tston)) dvs [ (505 9Ts00) — s Tslor) afr~ [ g Tuturiy +
Q Q r

S
N

+/ ouo A"
A pF—at

~

A

-Ip(vp) + prl(uo Al —wo AT - @]u o At “Ip(vp) +

+65 V- Tp(vp) — prfe 'IF(Uf)> A — / g - Ip(vp)dy =0 Vg € Ut
r

S
N

(4.57)
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Thus, the weak coupling condition on the stresses continuity can be achieved
by choosing test functions which, restricted to the fluid-structure interface, are
matching. To this end, we can further introduce the functional space

Sy = {(vr,vs) € VI x VPltrp(ve o A1) = trp(vs)}

that guarantees automatically, for all the (vp,vs) € S, the stress continuity
across the interface. It is possible now, once we clarified the way the coupling
conditions on the velocity (in strong form) and the stresses (weakly) are enforced,
to introduce the global weak formulation of the FSI problem following [87, 115].
The weak formulation of equations (4.22) and (4.27) reads:

Weak-formulation 3.1 (FSI problem): for each t € (0,T), findu € U, p € Q;
and dg € U?, such that u = gP on T'L and ds = gL on T'}), satisfying:

[ (2
or pFatA

82d .
/QS (ﬁsﬁ-vs%-ih : va> d0° :/QFprF-deQer

+/ ﬁsfs'VsdQS—/ gg'VFd'Y_/ gy vedy
9] re rs

N N

V(vp,vs) € S, (4.58)

vr+prpl(u—w)-V]ju-vp+op: VVF) dQf +

/F u-VgdQ' =0 VYqeQ,. (4.59)
Qt

We remark that, assuming matching grids and equal interpolation spaces for the
fluid velocity and structure displacement, the Dirichlet boundary conditions (con-
tinuity of velocities) are enforced strongly, by discretizing directly

ods .

W =uo At on F, (460)

while the Neumann boundary conditions (on stresses) are imposed weakly, given
the boundary data g¥ € (HY2(T'3))¢ and g¥ € (HY/2(I'§))%. In order to obtain
the Finite Element (FE) discretization of the F'SI problem, we consider its vari-
ational formulation and we approximate, by means of finite dimensional spaces,
the functional spaces introduced through (4.53). In this way, with the label , we
indicate the approximated spaces, spanned by a basis of shape functions defined
in the reference domain, {1;}/*,, being N = dim(U/},). In this way, the fluid
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velocity u is approximated on QI as it follows:

u(z,t) ~ uy(z, t) = Zui(t)wi(A,;;(x)). (4.61)

We aim, now at writing the fluid-structure system yielded by the linearized and
fully discretized FSI problem. We start by introducing the unknowns for the fluid
problem: ui*! and uj;". They represent the arrays of nodal values for the veloc-
ity and pressure unknowns of the inner and of the interface nodes, respectively,
since we will distinguish, in the resulting algebraic system, between the degrees of
freedom lying on the FS interface, and those who are internal to Q" and (S, The
structural unknowns are (AigJrl and (Algrl, in accord with the same notation that
we have previously introduced. Since the geometry (or mesh motion) problem
is solved separately once per time-step due to the GCE time discretization, the
fluid-structure coupled problem discretized in space leads to the following linear

system:

( un+1 )

FFF FFF 0 O 0 Fil bFF
Frr Frr| O 0 I Up. bpr
0 O [Sss Ssr | O dgft b= bss . (4.62)
0 0 |Srs Srr | -1 ditt bsr
0 T |0 -I/Af[0 | [ X “I/AdE,
\

that within a more compact notation reads:
1. n+1 1
ALsupsr = brgy. (4.63)

With respect to system (4.62), we remark the separation within the left hand
side matrix A’ on two different levels: at the first, within the whole matrix
structure, we identify three main blocks which represent the fluid, the structure
and the interface sub-problems; furthermore, as previously introduced, within
the fluid and structure parts, we separated those degrees of freedom lying on
the F'S interface, form the others, that are inner to Q" and OS. In detail, the
block (1,1) represents the discretized fluid problem equations, the block (2,2)
indicates the discretized solid problem, while the off-diagonal terms enforce the
coupling conditions between the two fields. Moreover, with respect to (4.62), the
right-hand-sides are composed by the volume forces and the terms of the time
discretization that depend on the previous time-step, while within the vector of
the unknowns ulsh}, the Lagrange multiplier A has been introduced to enforce
the coupling conditions across the fluid-structure interface. On the basis of the
introduced background it is possible, finally, to summarize the main aspects that
characterize the solution strategy for the FSI problem within a monolithic GCE
approach:
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e define an appropriate extrapolation of both the geometric and convective
(4.49) terms. Concerning the first, on the hypothesis of small displacements,
we can handle it by considering the fluid domain at the time-step t", as a
suitable approximation of the current one. For the latter, we approximate
(u-V)u as (u" - V)u"l. In this way we split the geometric part of the
problem from the fluid-structure one;

e hence, at each time-step we solve separately the geometric problem. We
compute, by means of FFD, IDW and RBF techniques, the fluid displace-
ment d’5"! and we move the fluid mesh accordingly;

e by using the resulting fluid mesh velocity w’=", we replace the convective

term in the fluid momentum equation by [(u™ — w™) - V]u"*!;

e finally, once we solved the geometry (mesh motion) problem, the unknowns
vector is upgr = {uk, d%, AT17; for a given ulkg;, the coupled fluid-structure
problem reads in finding u/:5} such that:

n+l,.n+1 _ p.n+l
Afsiursr = brgr.

4.7 Programming features of the FSI solver

Throughout this section we outline the solution strategy adopted within the
FSI solver employed, namely LifeV. In detail we aim at giving an overview, by
means of a block scheme, of the global pattern followed by the code in order to nu-
merically solve the FSI problem within a Geometric-Convective Explicit scheme.
To this end, as shown in Figures 4.3 and 4.4, we illustrate the whole pattern,
as well as the classes involved within such a Finite Element library, that allow
the user to solve the FSI problem. We refrain from detailing the implementa-
tive aspects of the numerical procedures, since we like better to describe the way
through such a code solves the FSI coupled problem within a monolithic CGE
scheme. Thus, to better assess the diagrams reported in Figures 4.3 and 4.4,
we report below a brief description of the objects involved within the numerical
solution of the FSI problem:

e main: it is the function used to call the methods of the classes involved in
the solution of the FSI problem. Thus it manages the numerical solution of
the FSI problems. Moreover, the BoundaryConditions and ud_functions
files have to be set in order to properly handle the boundary conditions of
the problem:;

e data: it is the file that contains all the parameters to be properly set before
running the FSI simulation. In detail, we need to specify those parameters
that would control and menage the numerical solution of the problem. In
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detail, there, we select the mesh motion strategy to be employed. By means
of GetPot [1]| the data chosen are stored within the FSIData class;

FSISolver: it is a class that handles FSI iterations. This class contains
four main methods, namely setData, setup, initialize and iterate.
The first of them is used to load the data of the FSI problem, the setup
method initializes the variables of the problem, while initialize sets the
initial condition for the time scheme. The method iterate menages the
temporal loop of the FSI simulation;

FSIOperator: this class menages the definition of the solver for the FSI
problem. Within such an class, the main methods are represented by:
partitionMeshes, used to manage the solid and fluid meshes, setupFEspace
that handles the FE space, setupDOF employed to manage the degrees of
freedom of the F'SI problem:;

OseenSolver: it is a class used to handle the fluid domain physics, by
means of the Oseen equations [14].

VenantKirchhoffSolver: it is a class used to handle the structure domain
physics within the hypothesis of linear elasticity.

FSIMonolithic: this pure virtual class handles the monolithic solver for
FST problems. The method updateSystem, basically, updates the vectors
of the previous time steps by shifting on the right their old values, while
solveJac solves the linearized FSI problem.

FSIMonolithicGE: this class, derived from FSIMonolithic, implements the
Monolithic Geometry-Convective Explicit solver; in order to solve the ge-
ometric sub-problem, as shown in Figure 4.4, the method evalResidual
recalls the numerical strategies that have been implemented within the
class ALEMeshMotion. In detail, to face the dynamic mesh handling it is
possible to employ either the FFD, or the RBF, or the IDW strategies.
Such a choice has to be set within the data file.

NonLinearRichardson: this template menages the numerical solution of
the linearized coupled FSI problem by means of a Newton algorithm. In
detail it firstly calls the method evalResidual of the FSIMonolithicGE
class to solve the geometry problem (4.47) and to compute the initial resid-
ual of (4.62); then, it calls the methods solveJac and evalResidual of
the FSIMonolithic class in order to reach the convergence for the Newton
algorithm. In detail, until Newton algorithm has not reached convergence,
at each Newton-iteration the first method computes the Jacobian matrix,
while the latter evaluates the residual of the system (4.62).
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main.cpp
GetPot
—— Loading data and meshes: data FSIData
- FSISolver E FSIOperator
- »| OseenSolver
Fluid
> VenantKirchhoffSolver

Structure

FE discretization and set up of fluid and structure domains

Y

FSISolver::iterate()
The numerical solution of the FSI prob-
lem is managed by the method iterate

FSIMonolithic: :updateSystem()

It calls:

NonLinearRichardson

FSIMonolithicGE: :evalResidual

while (residual>tolerance)
FSIMonolithic::solvelJac
FSIMonolithic::evalResidual

FSIMonolithic: :updateSolution()

Figure 4.3: Block diagram illustrating the solution strategy of the FSI problem
adopted within LifeV. We provide an overview of the whole solution pattern
menaged by the main.cpp file, thanks to a fully flexible object-oriented code
architecture. We indicate, by red color, where the class ALEMeshMotion get
involved to tackle the dynamic mesh handling.
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FSIMonolithicGE: :evalResidual |

. e Solve the geometry (mesh motion) problem (4.47)
: by means of FFD, IDW or RBF methods implemented :
. within the class ALEMeshMotion to compute dj"' !

. . +1
e Compute the fluid mesh velocity wi

e Assemble, with respect to (4.62), the fluid,
F, and the structure, S, blocks of A%EL}

e Update, with respect to (4.62), the right-hand-side
due to the applications of boundary conditions

e Solve the system (4.62) and get the first residual
Figure 4.4: Block diagram highlighting the numerical procedures employed by
the call of the method FSIMonolithicGE: :evalResidual; in detail we illustrate
schematically the way through we have introduced within LifeV the numerical

strategies (by means of the class ALEMeshMotion) that solve the mesh motion
problem.



Chapter 5

Simulations and results

In this Chapter we will focus our attention on both the test and the perfor-
mances evaluation of the numerical strategies proposed to handle the dynamic
mesh motion problem within FSI. Here, we aim to validate the mesh handling
strategies developed within several examples of FSI problems, dealing with both
internal and external fluid flows at low Reynolds numbers; in detail, the purpose
of these tests is to verify the applicability of the shape parametrization techniques
in such situations involving small and large structural displacements. In this way,
by considering fluid flows in laminar regimes and high-elastic structures as well,
we will investigate on one hand the robustness of the strategies proposed, while,
on the other, we would compare their related computational costs. We remark
the fact that, although we will investigate the behavior of shape parametrization
methods with respect only to the mesh motion problem, it would be possible to
employ the toolbox developed within fluid-structure interface problems too. At
the basis of this choice there is the reason that the novelty of this work is mostly
related to the application of such parametrization strategies to mesh motion prob-
lems. Moreover, since we have carried out, as shown in Chapter 3, several strate-
gies to perform a dimensionality reduction for shape parametrization involved in
the mesh motion problem, here we aim to test also those strategies within FSI
simulations involving small and large structural displacements. This Chapter has
been organized as it follows: in Section 5.1 we will outline the main measures
to be adopted and properly monitored to quantify and verify the mesh quality;
in Section 5.2 we will propose the main results gained with respect to the FSI
simulation of an external laminar fluid flow past an elastic obstacle, and, within
this example, it will be possible to highlight the effectiveness of those strategies
proposed in Chapter 3, in detail of both the adaptive choice of the RBF interpo-
lation sites, and, concerning the FFD method, its related domain-decomposition
approach. In the same way we will propose, in Section 5.3 the results obtained
with respect to an FSI simulation dealing with an internal fluid flow.
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5.1 Measures of mesh quality

In order to test the mesh handling toolbox developed within FSI simulations,
it is worthwhile to survey all the mesh quality measures considered in this work
[6, 51, 90]. Concerning the computational grids employed in our several test, we
have considered meshes made up of tetrahedral elements. To better assess both
the meaning and the definitions of such quality indicators suited for this element
type, in Figure 5.1 we depict a simple tetrahedral element:

4

Figure 5.1: Schematic representation of a tetrahedral element.

being Pj its vertices and Lj its edges. Furthermore, it is possible to define the
following edge vectors:

LOZPI_P07 L3:P3_P07
L1:P2_P17 L4:P3_P17
Ly =Po— P2, Ls=P3—Pa.

In order to outline the mesh quality measures, it is previously necessary to intro-
duce the geometrical entities involved within their evaluations. In this way we
can define the tetrahedron edges length as L; = ||L;||, whose maximum and min-
imum values are indicated by L., = max(L;) and L,,;, = min(L;), respectively.
The volume of the element considered can be computed as:

(Lz X Lo) . L3
6 )

V =
while the surface area of such element reads as:

1
A= §(HLz x Lol| + [|Lg x Lol| + [|Lg X L[ + [|Lg x Lal|).
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Furthermore we can define with R;, and R,,; as the inradius and the circum-
radius, respectively, of the tetrahedron: in detail they represent the radii of the
circumscribed and inscribed spheres of this tetrahedron. Concerning their geo-
metrical definition, they are defined as it follows:

3V
Rin = i
A
_ |JILsl? - (Lg x L) + | La||* - (g x L) + || Lol|* - (L x Lo

Rout - 12V .

It is possible, now, to outline the mesh quality measures considered in this work.
The first is the so-called edge ratio, defined as it follows:

Lmax

I (Edge Ratio)

p:

As second measure, we can consider the estimation of the element distortion:
such a quantity measure would indicate how well-behaved the mapping from pa-
rameter space to world coordinates is. In order to perform this test, we can define
a master tetrahedron whose vertices are:

Py = (-1, Y2 _ZVv°
0 ( ) 3 ) 9 )7
~ —/3  2V6
P, = (1, Y2 2V
1 (7 3 ) 9 )7
- -2v3 26
P2 = (Oa 3 y 9 )7

and its volume is represented by V,,. In this way, to evaluate the element dis-
tortion, we firstly evaluate the Jacobian determinant of the map at the element
Gauss quadrature points, G = {g;}; thus, by considering its minimum value, we
get:

minj{det(c](gj))}vm'

5:
V

(Distortion)

As third mesh quality measure we considered the radius ratio, defined as the quo-
tient of the two radii previously introduced, R,,; and R;,, normalized by %, so that
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an equilateral tetrahedron (such that {L;}?_, = L) has this measure equal to one:

Rout
3R

(Radius Ratio)

T =

A further way to assess the mesh quality relies in the evaluation of the minimum
dihedral angle: it is defined, in degrees, as the angle between two faces of the
tetrahedron that are adjacent along the edge L;:

180°
N ™

Bi

arccos(n;, - nj,),

being n;, and n;, the normal versors to the two tetrahedron faces that are adja-
cent to i-th edge. In this way the minimum dihedral angle reads as:

B = min;f;. (Minimum Dihedral Angle)

Another strategy to evaluate the mesh quality, for tetrahedral elements, is related
to the measure of the shape metric. This quality criterion measures the likeness
of the element to the reference one (e.g. an equilateral tetrahedron). Its value is
equal to one for a perfect element, while it decreases as the element becomes of
worst quality. We remark the fact that, in the case when shape metric reaches
negative values, it means that at some points negative Jacobian values has been
reached as well. The shape quality criterion is held by the following expression:

6v2V
0= =i=5 -3°
dimo L}

Finally we need to check that the elements volume do not assume negative values
during the simulation process:

(Shape)

V >0. (Volume)

Moreover, we need to evaluate the elements volume reduction, at the basis of
the fact that excessive contractions would address to bad mesh quality. Table
5.1 summarizes the main mesh quality measures considered: we indicate also, for
each of them, an acceptable range that would represent good elements quality:
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Criterion Values for Acceptable
equilateral tetrahedron range
(Edge Ratio) 1 1-3
(Distortion) 0 05-1
(Radius Ratio) 1 1-3
(Minimum Dihedral Angle) 70.53° 40° - 70.53°
(Shape) 1 03-1
(Volume) 0.1179 positive

Table 5.1: Mesh quality measures considered and their related acceptable ranges.

At the basis of the mesh quality measures introduced, together with the scaled
jacobian indicator as well (whose acceptable range is 0.4 - 0.8), throughout Sec-
tions 5.2 and 5.3 we will validate all the mesh motion strategies proposed within
the solution of many FSI problems.

5.2 External fluid flow past flexible obstacle

In this example we will compare the techniques developed to tackle the mesh
motion problem within a FSI simulation of an external fluid flow past a flexible
obstacle, whose numerical solution has been obtained by using the FE library
LifeV. Such an example illustrates how the fluid flow can deform structures and
how to solve the flow in a continuously deforming geometry using the Arbitrary
Lagrangian-Eulerian approach. The model geometry consists of a horizontal flow
channel in the middle of which there is an obstacle, a narrow vertical structure.
The fluid flows from left to right, except where the obstacle forces it into a narrow
path in the upper part of the channel, and it imposes a force on the structure’s
walls resulting from the viscous drag and fluid pressure. The structure, being
made of a deformable material, bends under the applied load. Consequently, the
fluid flow also follows a new path, so solving the flow in the original geometry
would generate incorrect results. The ALE method handles the dynamics of the
deforming geometry and the moving boundaries with a moving grid. Thanks
to mesh motion strategies developed we compute new mesh coordinates on the
channel area based on the movement of the structure’s boundaries and mesh
smoothing. The Navier-Stokes equations that solve the flow are formulated for
these moving coordinates. Concerning the geometry of the problem to be studied,
we considered as dimensions for the flow channel a height of 8 mm, a width of 7
mm, and a length of 20 mm. The vertical structure is 1 mm wide (with a square
cross section) and 5 mm high. The fluid is a water-like substance with a density
pr = 0.998 gcm ™ and dynamic viscosity u = 0.01 poise. In order to study the
behavior of the different mesh handling strategies proposed, we assume that the
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structure consists of a flexible material with a density pg = 2.7 gem™ and a
Young modulus E = 4F + 6 dynecm™2. For the Finite Elements discretization
we considered Py elements for the structural displacement and, also, for both the

fluid pressure and velocity variables, stabilized by Interior Penalty (IP) |21, 22].

Figure 5.2: Visualization of the domain geometry: we indicated, by different
colors, all the different surfaces related to the boundary conditions of the FSI
problem.

With respect to Figure 5.2, the boundary conditions applied to the problem
read as:

e fluid domain, inlet (blue): parabolic inflow velocity profile;
e fluid domain, outlet (green): stress free;

e fluid domain, walls (grey): no-slip condition, u = 0;

fluid-structure domains, interfaces (red): coupling conditions of velocities
(2.21) and stresses (2.22);

structure domain, basis: clamped, as =0;

with respect to the notation that we have previously introduced (Chapter 4).
Regarding the simulation time, we considered ) = 0s, ty = 0.03 s with a time-
step At = 0.001 s. Concerning the parabolic inflow velocity profile, by indicating
with H and W the flow channel height and width, respectively, its analytical
expression is defined as it follows:

i . =5+ - 9)
VFinflow — Umaz (1 (%)2 + (%)2 ) (5'1)



5.2 External fluid flow past flexible obstacle 107

being vy = 100 cm s™1. In this way, during the simulation process, the inflow
velocity profile has been set as:

(5.2)

Vg ift>0.01s

inflow ’

{vpinﬂow 100¢, ift <0.01s
VFinﬂow =

such that for ¢ > 0.1 s we have at the inlet surface, for z = 0mm, a velocity
profile that reaches its maximum value VFinﬂow(%, %, 0) = Umaz- Thanks to the
simulation settings introduced, we will deal with a laminar fluid flow, since the
Reynolds number is equal to Re = 670, by considering, as velocity, U = %vmax.
With respect to Figure 5.3, we illustrate the meshes considered for both the fluid

(left) and the structural (right) domains.

Figure 5.3: Computational meshes realized for the fluid (left) and the structural
(right) domains.

In Table 5.2 we provide the details of the elements that compose the meshes:

Nodes Triangles Thetrahedra

Fluid domain 19989 8732 106422
Structure domain 336 428 1254

Table 5.2: Details of the computational grids realized.

With respect to Figure 5.4, we report the main results obtained for this ex-
ample, in terms of both the structural displacement and the fluid flow velocity.
On the basis of the physical results illustrated, obtained using as mesh motion
strategy the Inverse Distance Weighting technique, we can report, also, the main
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results related to the mesh quality measures, with respect to other mesh motion

strategies (RBE and Laplacian).
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Figure 5.4: Visualization of the simulation results: we illustrate the structural
displacement contour, the fluid flow velocity streamlines and, finally, the parabolic

inflow velocity profile (Re = 670).
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Figure 5.5: Mesh quality measures obtained using the IDW mesh motion strategy.
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Figure 5.6: Mesh quality measures gained using the RBF mesh motion strategy.
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Figure 5.7: Mesh quality measures gained using the Laplacian mesh motion strat-
egy.



112 Simulations and results

Among the mesh motion strategies considered to solve such an example, we
dealt with the RBF method based on the reduction of the interpolation sites:
to this end we illustrate in Figure 5.8 the first three structural eigenmodes com-
puted for the elastic beam, and, moreover, we show the main convergence results
obtained in order to locate the control points over the structure.

Generalized
displacement (-)
£0,75
EO.S
‘0,25
0

) First eigenmode. ) Second eigenmode. ) Third eigenmode.

Figure 5.8: Visualization of the first three structural eigenmodes computed for
the identification of the RBF interpolation sites.

10 ‘ —=—Eigenmode 3
- - -Tolerance
-1
10 prmmm o s s s N
Eigenmode 1
10_2 Eigenmod‘eQ ‘ ‘ ‘ -
1 2 3 4 5 6
Iterations number

(a) Cost functional behavior vs iterations num- (b)  Interpolation
ber. sites.

Figure 5.9: Visualization of both the control points sites over the initial structural
shape, and the greedy algorithm convergence.

With reference to Figure 5.9, once we fixed for the greedy algorithm a tolerance
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value of TOL = 10E — 1, we obtained as final number of control points No = 19.
In detail, since we have considered in our bandwidth of interest the first three
structural eigenmodes, as schematically illustrated in Figure 3.8 we started by
recovering the third one: to this end we have found that 19 control points were
enough to recover such eigenmode. Thus, with this set of parameters found we
were also able to capture the second and the first eigenmodes (see Figure 5.9a),
since for 75 = 1 and i1 = 1, respectively, the initial value of the cost functional
J (defined in (3.17)) was already lower than the fixed tolerance. In that way
it will be possible to reduce, for the RBF mesh motion strategy involved in the
FSI simulation, the number of control points since we can consider, over the
the fluid-structure interface, not the total structural nodes number, Nl*? = 188,
but only some of them. Regarding the FFD technique we considered only its
related domain-decomposition approach: this choice is due to the fact that in
the FFD original framework, the constraint held by placing the control points
into a regular lattice within the whole fluid domain would drive on one hand to
unacceptable computational costs, on the other to a lack in accuracy. In Figure
5.10 we illustrate in green color the part of the domain involved in the FFD
mapping and mesh motion procedure.

Figure 5.10: Representation, with green surfaces, of the local 3D box embedding
the structure domain (red), to be mapped through the FFD technique.

In detail, as dimensions for the green patch we considered a width of 4, mm,
a height of 6.5mm and, as length, 8 mm. Concerning the number of control
points, we employed within the patch 18 points in the z direction, 4 in z and 10
in the y ones, respectively. At the basis of the analysis pattern introduced for
both the FFD domain-decomposition approach and the RBF strategy involving
a reduced set of the control points, with respect to Figure 5.11 and 5.12 we illus-
trate the main results concerning the comparison of the mesh quality measures
(indicated in Table 5.1) between the FSI simulation time of t = 0.03 s, related to
the maximum structural displacement, and of ¢ = 0.
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Figure 5.11: Mesh quality measures gained using the RBF mesh motion strategy

with a reduced set of control points.
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Figure 5.12: Mesh quality measures gained using the FFD domain-decomposition
approach mesh motion strategy.
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Regarding the mesh quality measures, reported in Figures 5.5, 5.6, 5.7, 5.11
and 5.12, we did not show the curves related to the Volume measure: during the
simulations performed, involving the different mesh motion strategies, it has never
occurred to find negative volume values; for that reason we decided to report all
the others mesh quality measures. At this point, to better asses the accuracy
of the results achieved thanks to the adoption of such mesh motion strategies
proposed, in Figure 5.13, we report a comparison between the structural tip
displacements gained thanks to each shape parametrization technique:

2
1.5+
TS
;\)
o]
0.5+ —LAP I
—IDW
—RBF
—RBFgiq
0 | | | —F¥Dparcu
0 0.005 0.01 0.015 0.02 0.025 0.03

Time [ s |

Figure 5.13: Comparison of the structural tip displacements obtained within
different mesh motion strategies.

Figure 5.13 illustrates the dimensionless structural tip displacements, ob-
tained as ratio between the physical tip displacements and the structural cross
section (I = 1 mm), versus the simulation time. Moreover, within the above Fig-
ure, we indicated by RBFg¢ and FFDparcy, the RBF strategy involving the
reduced set of control points and the FFD domain-decomposition approach, re-
spectively. At the basis of the results achieved, we can assess the accuracy of the
strategies proposed: in fact, all the techniques employed show the same behavior,
a part from the FFD domain-decomposition approach; nevertheless, although it
is not in perfect accord with respect to the other strategies, we can state that, if
on one hand it differs from the others for very small values, on the other hand
it is not interpolatory, leading to a lack in accuracy. Concerning the costs, in
Table 5.3 we report the computational efforts related to each mesh motion strat-
egy employed: in detail, we show the mean time needed, for each FSI simulation
time-step, to update the fluid mesh configuration on the basis of the structural
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displacement computed at each FSI iteration. From a mesh quality point of view,
all the strategies tested do not show significant drops in the quality measures,
since they are kept, above all, within their acceptable range (reported in Table
5.1). As conclusion of this first example, we can state that the IDW technique
represents a good compromise between the accuracy of the achieved results, in
terms of mesh quality, and the computational effort, such that it uphold the
results gained with respect of the several test performed in Chapter 2.

Method Computational
time [s]
Laplacian 18.11
IDW 11.92
RBF 32.01
RBFgiq 24.19
FFDparcu 92.18

Table 5.3: Computational costs involved in the mesh motion procedure within
the FSI external fluid flow example.

5.3 Internal fluid flow in a cylindrical straight ves-
sel

In this Section we will show the main results obtained in the study of a laminar
fluid flow inside a cylindrical straight vessel. The aim of this second example is to
study the behavior of the mesh motion techniques proposed, in detail IDW, FFD
and RBF strategies, and compare them with a Laplacian based method. In this
way we will firstly show the results obtained by adopting as fluid and structural
meshes the discretizations whose characteristics are reported in Table 5.4, then,
by considering other coarser and finer discretizations, (see Table 5.5) we will
evaluate the computational costs. Concerning the geometry of the fluid domain,
we considered for the undeformed straight cylinder a radius R = 0.5cm and a
length L = 5c¢m; for the structure domain, embedding the fluid one, we chose
an outer radius R,,; = 0.6 cm, such that its thickness is ¢ = 0.1 cm. Moreover,
for the fluid domain, we considered a density pr = 1.0gem ™3 and a dynamic
viscosity pp = 0.03poise. The structure is characterized by a Young modulus
E = 6 E + 6dynecm™2, by a density ps = 1.2gcm™ and by a Poisson ratio
of v = 0.45. Concerning the time discretization of the problem we have chosen
as time-step At = 0.001s, while the simulation time is ty = 0.01s. For the
Finite Element discretization we considered P; elements for both the structural
displacement, and the velocity and pressure fluid quantities, stabilized by Interior
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Penalty (IP) [21, 22]. The boundary conditions applied to the problem are defined
as it follows:

e fluid domain, inlet: flux imposed;
e fluid domain, outlet: stress free;

e fluid-structure domains, interfaces: coupling conditions of velocities (2.21)
and stresses (2.22);

e structure domain, basis: embedded;

e structure domain, outer surface: stress free;

Structure domain

Structure bases

Inlet

Outlet

" Fluid-Structure interface

3

Structure outer
surface
Fluid domain

Figure 5.14: Visualization of all the different surfaces related the assignment of
the boundary conditions of the problem.

Concerning the inlet boundary condition implemented for the fluid domain,
we have imposed a variable flux value characterized by a behavior, that, with
respect to the simulation time, is represented in Figure 5.15.
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Figure 5.15: Visualization of the inlet flux profile, and its samples, considered for
the FSI simulation.

For this example we considered a structured mesh for the fluid and the struc-
ture domains, whose properties are reported in Table 5.4:

Domain  Vertices Triangles Thetrahedra Total elements

Fluid 1029 952 4560 5512
Structure 840 1680 2400 4080

Table 5.4: Details of the mesh properties for the fluid and the structure domains.

In Figures 5.16, 5.17, 5.18 and 5.19 we illustrate some snapshots of the struc-
tural deformed configuration at different simulation time-steps, gained by using as
mesh motion strategies IDW, RBF, FFD and Laplacian techniques, respectively;
through Figures 5.20 and 5.21, the fluid pressure and velocity contour plots are
visualized within the application of IDW strategy. Finally, with respect to Fig-
ures 5.22, 5.23, 5.24 and 5.25 we evaluate the mesh quality measures obtained
thanks to the different mesh motion strategies considered.
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Figure 5.16: Visualization of the structural deformed configurations at differ-
ent simulation time-steps obtained using, as mesh motion technique, the IDW

strategy.
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Figure 5.17: Visualization of the structural deformed configurations at differ-
ent simulation time-steps obtained using, as mesh motion technique, the RBF

strategy.
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Figure 5.18: Visualization of the structural deformed configurations at differ-
ent simulation time-steps obtained using, as mesh motion technique, the FFD

strategy.
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Figure 5.19: Visualization of the structural deformed configurations at different
simulation time-steps obtained using, as mesh motion technique, the Laplacian
strategy.
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Figure 5.20: Representation of the fluid-pressure contour plot, inside the whole
deformed structure, at different simulation time-steps, using as mesh motion
strategy the IDW method.
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Figure 5.21: Representation of the fluid-velocity contour plot, inside the whole
deformed structure, at different simulation time-steps, using as mesh motion

strategy the IDW method.
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By the analysis of the previous results, in terms of the deformed structural
configuration, we can appreciate the high accuracy of the mesh motion strategies
considered, since, among them, the global behavior is similar, and, moreover, the
peak values of the structural displacement are quite the same. Concerning the
mesh quality measures we can state that, during the FSI simulation, each quality
indicator keeps values within its relative acceptable range indicated in Table 5.1.
At this point, we decided to evaluate the computational costs related to the
dynamic mesh handling by considering different discretizations for both the fluid
and the structural domains. In detail we will evaluate, on the basis of the different
meshes whose properties are indicated in Table 5.5, the mean time (across the
different time iterations) needed to update the fluid mesh configuration due to
the structural displacement.

Domain  Vertices Triangles Thetrahedra Total elements

S 437 196 1728 92224
Structure 456 912 1296 2208
Fluid 1029 952 4560 5512
Test #2 —ofcture 1840 1680 5100 1080
Fluid 1869 1416 8880 10296
Test 73 —tiucture 1176 92352 3360 5712
Tost 24 __Fluid 5053 2968 25560 98528
Structure 4960 5280 21600 26880
Tost 5 Fluid 9452 1436 496983 54134
Structure 7072 7488 308883 38376
Tost g Fluid 13300 5476 71196 76672
Structure 10500 9120 48960 58080

Table 5.5: Mesh properties of the many different discretizations adopted for both
the fluid and the structural domains to evaluate the computational costs.

At the basis of these discretizations adopted, in Figure 5.26 we illustrate the
curves of the computational costs versus the growing number of fluid elements.
In particular, we report a comparison between IDW, RBF and Laplacian strate-
gies on the left, while, on the right-hand-side we show the behavior of the FFD
technique: concerning the latter, although it drives to a high accuracy of the de-
formed fluid mesh, from the costs point of view it is not competitive if compared
to the others. As a matter of fact if one one hand we can compare on the same
magnitude scale the times related to the IDW, RBF and Laplacian methods, the
FFD one represents a too expensive strategy. Concerning the first three tech-
niques (RBF, IDW and Laplacian), which are compared on the left-hand-side of
Figure 5.26, we can state that when dealing with coarse grids, the costs are equiv-
alent, but, as the fluid elements number increases, the IDW strategy represents
the cheapest (better) solution.
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Figure 5.26: Analysis of the computational costs vs. the fluid elements number:
on the left-hand-side we compare the mean time needed by the IDW, RBF and
Laplacian strategies, while, on the right-hand-side, we report only for the first
three meshes considered, the ones related to the FFD method.

We can conclude that the IDW strategy represents, within the dynamic mesh
handling, a good compromise between the accuracy of the achieved results and
the computational costs, driving also to a high quality of the deformed fluid grid
as well. Concerning the other shape parametrization techniques, if on one hand
they could represent a valid alternative to IDW method when dealing with coarse
meshes, as the elements number increases, they would be less competitive. Nev-
ertheless, in the framework of Reduced Order Modeling (ROM) and Reduced
Basis (RB) methods [69, 80, 96, 102], shape parametrization strategies would
play an important role, especially for those applications requiring real-time eval-
uations and /or repeated output evaluations for different values of some inputs of
interest. In such situations [70, 71, 81, 82, 83|, the possibility given by FFD and
RBF strategies to handle both the mesh motion issue in FSI problem, as well as
the shape parametrization to control and modify the shape configuration, would
represent a great advance in that scenario, that both the IDW and the Laplacian
based methods do not provide at the moment.






Conclusions and future perspectives

In this work we have compared shape parametrization strategies, like Free-
Form Deformations and Radial Basis Functions, as well as Inverse Distance
Weighting techniques for the dynamic mesh handling for three-dimensional un-
steady Fluid-Structure Interaction problems. Since shape parametrization strate-
gies allow to represent shape deformations by means of low dimensional spaces
(control points), we have tested their abilities within mesh motion problems for
FSI in order to update the fluid mesh configuration due to structural displace-
ments. Moreover, we have tested these techniques for the transfer of data across
non-matching fluid-structure grids. The result of this work is the development of
a mesh handling toolbox, able to deal with both mesh motion and fluid-structure
interface problems for FSI; moreover such a toolbox can be easily linked with
different state of the art FSI solvers (like LifeV, OpenFoam, etc.) thanks to the
high flexibility of the code realized. In Chapter 1 we have detailed the motiva-
tions, as well as the objectives, that justify such a work. In Chapter 2 all the
shape parametrization strategies considered, as well as the IDW techniques, are
introduced. Furthermore, we have compared them on some one-,two- and three-
dimensional examples. In detail it was possible to highlight the great potential
of RBF technique in order to tackle both the fluid-structure interface and mesh
motion problems, even if, concerning the latter, IDW performances (in terms of
computational costs) were the best. For mesh motion problems, FFD strategies
appeared too much expensive in terms of costs. As a result of these consider-
ations, we proposed, in Chapter 3, some numerical procedures that lead to a
quite significant reduction of costs with respect to both RBF and FFD tech-
niques. In detail, concerning RBF, computational costs were reduced thanks to
the adoption of a reduced set of parameters used to describe the shape defor-
mation, while, with respect to FFD, such a goal was achieved by means of a so
called “domain-decomposition approach”. Through Chapter 4 we have introduced
the mathematical model adopted for the FSI coupled problem: firstly we have
recalled the equations describing both the fluid and structure physics, then we
have introduced the space and time discretizations. Moreover, an overview of
the Finite Element library (LifeV) adopted to numerically solve the FSI problem
is proposed. Finally, in the last chapter of this work we tested the tool library
developed by the numerical solution of many FSI test-cases (of both internal and
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external fluid flows).

Concerning the dynamic mesh handling, among the mesh motion strategies
considered, the Inverse Distance Weighting behaved as the best one, with respect
to the achievable mesh qualities and to the computational costs. On the other
hand, in order to tackle the fluid structure interface problem, Radial Basis Func-
tions led to a great accuracy of the achieved results, even in those cases dealing
with the transfer of patchy data across non-matching grids. At the basis of these
considerations our hierarchical approach relies, gained as result of the many test
proposed within this master thesis.

Concerning the future developments of this works, the testing of the mesh
handling toolbox with respect to fluid-structure interface problems within FSI,
could be seen as a last step in order to fully validate the work developed, since in
this work we were mainly interested to face the dynamic mesh handling. More-
over, from an implementative point of view, although the code has been optimized
to work in a serial way, we are supposed to re-organize it in a parallel framework,
since we expect to improve significantly the performances, in particular with re-
spect to IDW strategy. Finally, one of the greatest development of such a work
relies in the application of shape parametrization strategies within Reduced Or-
der Modeling: in detail by using FFD and RBF parametrizations not only to
tackle the mesh motion and interface problems for FSI, but also to extent their
application fields to such problems requiring significant reductions of both the
geometrical and computational complexities.
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Appendix A

List of symbols

Introduction:
Symbol Description Unit of measure
OF Reference fluid domain configuration -
O° Reference structural domain configuration -
Qr Deformed fluid domain configuration -
0o Deformed structural domain configuration -
¢ Fluid displacement field |em]
S Structural displacement field |em]
re Deformed fluid interface configuration -
s Deformed structural interface configuration -
(L local (deformative) component of ¢ |em]
(o global (due to rigid motions) component of ¢ [em)]
Chapter 1:
Symbol Description Unit of measure
E Young’s modulus [dyne cm™1)
N(x) Interpolation basis function -
w(x) Weighting function -
a(+) Prefix used to indicate a virtual entity -
10} Radial Basis Function -
vy Diffusivity coeflicient -
r Fluid-structure interface -

=

>~

Lamé coeflicients
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Symbol Description Unit of measure
v Poisson’s ratio -

c Center of the radial basis functions |em)
f Body forces -
fr, fs  External forces acting on fluid and structural nodes | dyne |
H Transfer matrix -
u Displacement of grid nodes |em)|
€ Strain tensor -
o Stress tensor -
S, ¢ Structural and Fluid nodal displacements | em |
Re Reynolds number -
Chapter 2:
Symbol Description Unit of measure
N Set of scattered data -
N, Number of RBF control points -
M(-, ) RBF interpolation map -
J Cost functional -
ng Number of fluid grid nodes -
N Number of structural grid nodes -
n Number of nodes lying over the
r fluid-structure interface i
r Scaling factor for RBF [ em |
" n-th time interation [s]
N¢ Number of control points for FFD -
R Radius of influence for IDW [ em |
T(-, p) Parametric map -
Trrp(-, p) FFD map -
TOL Tolerance -
D Space of admissible parameters values for FFD -
re rs Linear selection operators -
O Reference domain -
Q Current domain configuration -
QOr Reference fluid domain configuration -
Or Current fluid domain configuration -
05 Reference structure domain configuration -
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Symbol Description Unit of measure

O Current structure domain configuration -

Qn Discretized domain in the reference configuration -

Qp Discretized domain in the current configuration -

dg Structural displacement [ em |
Do Control points initial positions [ em |

Xeo RBF control points position [ em |

i} Parameters vector -

v Affine, differentiable and invertible map -
Chapter 3:

Symbol Description Unit of measure

N¢c Number of control points -

Ny, Number of eigenmodes considered -

J () Cost functional at the i,-th iteration -

T() Frame of reference with respect to (-) coordinates -

SR Rigid component of the structural displacement | em |

95 Deformative component of the structural displacement | em |

w Eigenvalue [H z|

O i-th reference domain patch -

s Rigid translations [em)]

0 Rigid rotations |deg]

I Inertia matrix -

M Mass matrix -

K Stiffness matrix -

R Rotation matrix -

R Approximated rotation matrix -

Xp Body coordinates [ em |

0 Rigid rotations | rad |

I Set of parameters -
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Chapter 4:

Symbol Description Unit of measure
P Fluid pressure | dynecm™2 |
€ Green-Lagrange strain tensor -

r Fluid-Structure interface -

Q Current (Eulerian) domain configuration -

PF Fluid density [ gem™ |

s Structure density [ gem™ |

IF Fluid dynamic viscosity [ poise |

A ALE map -

dp Fluid domain displacement [ em |

dg Fluid domain displacement [ em |

dg Structure velocity [ ems™ |

F Deformation gradient -

fr Fluid volume forces [ dyne em™3 |
fs Structure volume forces | dynecm™3 |
n Normal unit vector -

u Fluid velocity [ ems™! |

X Point belonging to the current domain configuration | em |

X Point belonging to the reference domain configuration | cm |

w Mesh velocity [em s
or Cauchy stress tensor for fluid -

Y First Piola stress tensor -

T Second Piola stress tensor -

Chapter 5:
Symbol  Description Unit of measure

.

N

SIS

Vertices of the tetrahedral element -
Edges of the tetrahedral element

Volume of the tetrahedral element [ em? |
Surface area of the tetrahedral element [ em?
Edge ratio, mesh quality measure -
Distortion, mesh quality measure -
Radius ratio, mesh quality measure -
Minimum dihedral angle, mesh quality measure | deg |
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Symbol  Description Unit of measure
o Shape, mesh quality measure -
At Simulation time-step [ s]

VEmflow Inflow velocity value [em s
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List of acronyms

Acronym Meaning

ALE
B&W
CAD
CFD
CMCS
CPU
FE
FEM
FFD
FSI
GCE
GS
DW
IMQ
IP
MMP
MQ
NNT
NS
PCG
RB
RBF
ROM
SBRS
TPS
WRM

Arbitrary Lagrangian Eulerian
Beckert and Wendland

Computer Aided Design
Computational Fluid Dynamics
Chair of Modelling and Scientific Computing
Central Processing Unit

Finite Element

Finite Element Method

Free Form Deformation

Fluid Structure Interaction
Geometry Convective Explicit
Gaussian Splines

Inverse Distance Weigthing
Inverted Multi-Quadratic biharmonic splines
Interface Problem

Moving Mesh Problem
Multi-Quadratic biharmonic splines
Nearest, Neighbor Interpolation
Navier Stokes

Preconditioned Conjugate Gradient
Reduced Basis

Radial Basis Function

Reduced Order Modeling

Solid Body Rotation Stress

Thin Plate Splines

Weighted Residual Methods
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