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Abstract

We study the geometry of the scalar manifolds emerging in the no-scale sector
of Kahler moduli and matter fields in generic Calabi-Yau string compacti-
fications, and describe its implications on scalar masses. We consider both
heterotic and orientifold models and compare their characteristics. We start
from a general formula for the Kéhler potential as a function of the topologi-
cal compactification data and study the structure of the curvature tensor. We
then determine the conditions for the space to be symmetric and show that
whenever this is the case the heterotic and the orientifold models give the same
scalar manifold. We finally study the structure of scalar masses in this type
of geometries, assuming that a generic superpotential triggers spontaneous su-
persymmetry breaking. We show in particular that their behavior crucially
depends on the parameters controlling the departure of the geometry from the
coset situation. We first investigate the average sGoldstino mass in the hidden
sector and its sign, and study the implications on vacuum metastability and
the mass of the lightest scalar. We next examine the soft scalar masses in the
visible sector and their flavor structure, and study the possibility of realizing
a mild form of sequestering relying on a global symmetry.



1 Introduction

The low-energy effective action of string models with minimal supersymmetry, obtained
by compactification on a suitable internal manifold with an appropriate gauge bundle over
it, displays a number of generic features in the weak-coupling and large-volume regime.
One of these properties is that there are always at least two neutral chiral multiplets that
universally appear. These are the dilaton S, which is related to the string coupling, and the
overall Kahler modulus T, which is related to the volume of the compactification manifold.
Besides these, one of course requires the presence of some non-vanishing number n of
charged chiral multiplets &<, for the model to possibly be viable at the phenomenological
level. Ignoring any other field, the structure of the low-energy effective theory for these
fields is then quite universal and fixed [1]. The effective Kéhler potential, which controls
the kinetic energy, is dominated by a non-trivial classical contribution. Additional effects
coming from possible classical background fluxes or quantum corrections can usually be
neglected, since they represent small corrections to the non-vanishing classical result. One
then finds the following simple expression:

K =—log (S+58) —log (T +T - 1/36%%)°. (1.1)

In this situation, the scalar manifold is thus the product of two maximally symmetric
coset spaces, with constant sectional curvatures given by R = —2 for the first factor and
R = —2/3 for the second factor, and topologically of the form:
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(1.2)

The effective superpotential, which controls the potential energy, has instead an essentially
trivial classical contribution. Additional effects coming from possible classical background
fluxes (see for instance [2, 3, 4] and [5] for a review) or non-perturbative quantum correc-
tions like gaugino condensation [6, 7] may thus play a crucial role. One can then imagine
an essentially arbitrary and generic result:

W =W(S,T,®%). (1.3)

This gives a simplified picture of the minimal situation that might be expected in string
models, which has been extensively studied in the past.

In practice, however, generic string models involve many more neutral moduli and
the situation correspondingly gets much more involved. In particular, while the dilaton
stays on its own the overall Kahler modulus gets in general replaced by a number 1 + m
of Kéhler moduli T4, out of which 1 controls the overall volume of the compactification
manifold and the other m the sizes of its non-trivial cycles. In addition, there may also
be other qualitatively different types of non-minimal moduli, like for instance complex
structure or bundle moduli. But these are not universally present and do not necessarily
mix to the universal ones or the matter fields. It makes thus some sense to completely
ignore these in a first attempt of generalization. In such a more general situation, the
low-energy effective theory becomes less restricted and displays a much larger spectrum
of possibilities [8]. The Kéhler potential is still dominated by a classical contribution,
but this is no longer completely fixed and rather depends on the topological data of the



compactification manifold and the gauge bundle over it. It turns out that it takes the
following general form, characterized by some real functions N* which are in principle
arbitrary but usually quadratic, and some real function Y which should be homogeneous
of degree three in its arguments but not necessarily polynomial:

K = —log (S+58) —logV (T*+T4- N4>, 0%)). (1.4)

In this situation, the scalar manifold is no longer completely fixed. More precisely, it is
the product of a first factor which is the same maximally symmetric coset manifold as
before, with constant sectional curvature R = —2, and a second factor which is now a
more general space of the no-scale type, with sectional curvature R = Ry,y that is in
general non-constant but still quite restricted:
SU(1,1)
M=—""x Myn. 1.5
o) Y,N (1.5)
The superpotential is instead, as before, dominated by additional unknown effects and
can thus a priori take an arbitrary and generic form:

W =W(S, T4 o). (1.6)

This gives a somewhat more realistic picture of the generic situation that might be ex-
pected in string models, which has been less studied so far.

One of the biggest phenomenological concerns in string models is spontaneous super-
symmetry breaking. A first crucial issue is of course to understand the dynamical origin
of this breaking within the microscopic theory. We shall however not touch this problem
and simply assume very optimistically that while the Kahler potential K is approximately
fixed the effective superpotential W can be completely generic. This can then lead to a
vacuum that spontaneously breaks supersymmetry, with arbitrary values for the auxiliary
fields of chiral multiplets. For simplicity, we shall assume that the values of the auxiliary
fields of vector multiplets are negligible, as it naturally tends to be the case, and thus
ignore vector multiplets altogether. A second important issue is then the structure of the
scalar and fermion masses. For generic directions in the chiral multiplet space, these two
kinds of masses significantly depend both on the form of K and W, and therefore nothing
very predictive can be said from the knowledge of the one without the other. It however
turns out that while their common supersymmetric part depends more on W than K,
their relative non-supersymmetric splitting depends more on K than W. This suggests
that one may be able to derive some constraints on the structure of these splitting from
the knowledge of K without W. This is indeed the case, as can be seen from the fact
that the general expression for this mass splitting depends only on the sigma-model Rie-
mann tensor, which characterizes the geometry of the scalar manifold, and the Goldstino
vector defined by the auxiliary fields, which characterizes the direction of supersymmetry
breaking in field space. Assuming vanishing and stationary vacuum energy, one finds:

1 =
Amiy = — {Rm@ — 3979k + gzing)]F Kpt. (1.7)

For a given K the forms of g; 7 and R; 77 are fixed, and by varying W one may only change
the point at which these are evaluated and the vector F'X with which they are contracted.



The vanishing of the cosmological constant moreover implies that g, ; FX F L_3 m% /2 and
for fixed gravitino mass mg o one may thus vary only the direction defined by the Goldstino
unit vector f! = F!/|F|. The final observation is now that for those special directions
in the chiral multiplet space for which supersymmetric mass terms are not allowed and
vanish, any information on the non-supersymmetric splitting naturally translates into an
information on the absolute masses too.

It turns out that there are two particularly important kinds of special directions of the
above type in the chiral multiplet space, for which not only supersymmetric mass terms
are not allowed, but the masses of the corresponding fermions are actually fixed while the
masses for the corresponding scalars are entirely controlled by the above splitting effect.
The first special direction is the Goldstino direction f! within the hidden subsector of fields
with non-vanishing VEVs [9, 10]. Indeed, in this direction the fermion is the would-be
Goldstino mode, which would be forced to have a vanishing mass by the superGoldstone
theorem in the rigid limit and is actually eaten by the gravitino through the superHiggs
mechanism in the local case. As a result, the average mass of the two real sGoldstino
scalar partners is equal to the splitting matrix along this direction, and thus reads

mi; = (2= 3Rk FLFIFRFE) m3 - (1.8)

The second kind of special directions are actually all the flavor directions v! within the
visible subsector of fields with vanishing VEVs and standard model quantum numbers
[11, 12]. Indeed, in this subspace the fermions correspond to the ordinary quarks and
leptons and are thus not allowed to have direct mass terms, because these are forbidden
by the standard model gauge symmetries. As a consequence, the mass matrix of the
scalars in this sector, which are the squarks and sleptons, is equal to the splitting matrix
along this subspace, and is therefore given by

m2, = (1—3RIJKLUI®JfoL) m§/2. (1.9)

It is evident from the structure of egs. (1.8) and (1.9) that the knowledge of the curvature
tensor R;jrj of the scalar manifold is a quite crucial information. Indeed, for mef

to be positive one needs the sectional curvature R(f) = —R;jxrf". fj foE in the plane
defined by the vector f! to be larger than the critical value —2/3, while for m2; to be
universal and positive one needs the bisectional curvature R(v, f) = —R; vl o/ fEfL
in the planes defined by the orthogonal vectors v! and f! to be independent of v! and
larger than the critical value —1/3. For the dilaton sector alone, the situation is fixed
and one finds a negative contribution to me 7 and a universal contribution to m2;. For
the no-scale sector on its own, there are instead various possibilities. In the simplest
case of maximally symmetric manifold, one finds a vanishing contribution to me 7and a
vanishing contribution to m2; [14, 15, 16]. In the more general case of non-maximally
but still symmetric manifolds, it has been shown through an exhaustive study of all the
possible cases that the contribution to m%cjz is always negative or at best vanishing [17],
while the contribution to m?; is always allowed to vanish and thus be trivially universal
[18, 19]. In the most general case of non-symmetric manifolds one has instead a richer set
of possibilities which were only partly studied so far, both for the contribution to m%c 7 [20]

and the one to m2; [21]. But one can show that there always exists at least one special



choice for f! such that R(f) = —2/3 and R(v, f) = —1/3 for any v, leading to vanishing
contributions for both me 7 and m2;. Notice finally that if one allows the addition of
an extra unspecified sector to uplift the cosmological constant along the lines of [4], the
situation becomes more flexible and the impact on hidden-sector and visible sector scalar
masses has been partly studied in [22, 23] and [24]. But here we will exclude this option
and only consider those fields that are honestly described by the effective theory.

The aim of this paper is to study the general structure of the curvature for spaces of
the general type (1.5), focusing on the second factor My y. We will first do this in full
generality for arbitrary functions Y and N4, and compute both the Riemann tensor and
its covariant derivative in terms of derivatives of these functions, in order to be able to
describe how the geometry changes when departing from the particular case of symmetric
manifolds. We will then specialize to the case of generic weekly coupled string models
based on compactifications on a Calabi-Yau manifold with a holomorphic vector bundle
over it, where the function Y can be parametrized in terms of the intersection numbers
dapc of the Calabi-Yau manifold while the functions N4 can be parametrized in terms of
some matrices céﬁ related to the topology of the gauge bundle over it. We will study both
heterotic and orientifold constructions, and show that these two classes of models produce
scalar manifolds which are in some sense dual to each other and coincide whenever they
are symmetric manifolds. We will then study the conditions that d4pc and céﬁ have to
satisfy for these manifolds to be symmetric, and we will identify two kinds of combinations
of these parameters, denoted by aapcop and bég , which control the departure of such
geometries from each other and from the common special case of symmetric spaces. We
will finally use these results to study the structure of the average sGoldstino mass (1.8)
and the soft scalar masses (1.9) in such models, as functions of the numbers d4pc and
céﬁ, and investigate the conditions under which these may respectively be positive and
flavor universal, as required by phenomenological considerations. Special attention will
be devoted to the role of the parameters a4pcp and bég that control the deviation from
the symmetric situation.

The rest of the paper is organized as follows. In section 2 we study the curvature of
a generic no-scale manifold. In sections 3 and 4 we specialize to the cases of heterotic
and orientifold models and work out more concretely the form of the curvature tensor
and the conditions under which it is covariantly constant. In section 5 we summarize
the general features, similarities and differences of the scalar geometries emerging from
these two classes of models, and discuss the common case where they are coset spaces. In
section 6 we apply these results to the study of the average sGoldstino mass and derive the
conditions under which this can be positive and thus allow for a metastable vacuum. In
section 7 we similarly apply the same results to the study of the visible soft scalar masses
and discuss the conditions under which these can be flavor universal. Finally, in section 8
we summarize our results and state our conclusions.

2 General no-scale manifolds

The scalar manifolds describing the no-scale sector of Kahler moduli and matter fields of
a string model enjoy, as already said, some general features that strongly constrain their
geometry. The coordinates Z° split into two subsets T4 and ®, such that the Kahler



potential takes the following general form:
K=—logY(J%), JA=T4+T4 - N4(d% &°). (2.1)

The function Y has the general property of being homogeneous of degree three, that is:

0
A

The functions N4 may instead be arbitrary, the only crucial property of the variables J4
being that:
0 0 0

0JA ~ 9TA ~ 9TA” (2.3)

This type of manifolds, called no-scale manifolds, enjoys a series of simple special
properties, which have far reaching physical consequences. In terms of K = —logV, the
homogeneity constraint (2.2) implies that JAOK/0J4 = —3. But K; = 0K/0J40J4 /07",
and in particular K4 = 0K/0J4, so that this homogeneity constraint can be rewritten in
the following simple form:

KaJ4 =-3. (2.4)

Taking a derivative of this relation, it follows that K;4.J ALK, =0. Acting then on this
with the inverse metric one deduces that

Ki=—-5,J4. (2.5)
Form these two properties it finally follows that there is a no-scale structure, namely:

KK =3. (2.6)

2.1 Geometry

Let us now examine the impact of these properties on the geometry. To start with,
it is convenient to write down what happens for a generic Kahler manifold where the
Kahler potential is parametrized as K = —logY, with completely arbitrary Y. It is
straightforward to show that K; = —Y;/Y and K* = (1 — Y, Y 'P7Y;/Y) "Y1y, and
that the metric and its inverse can be written as

9i5 = —YYZj Y{Z/gj ) (2.7)

g7 = —yyi_ (1 B ypy;pqu>1 yliry y- sy, (2.8)
The Christoffel symbols are instead given by:

Py = Yig n VijYp  9iYi + grYi _ (2.9)

Y Y2 Y



The Riemann tensor is then found to read:

L . VS __
Yv@]pq YVZPSY Jq

Rizpg = 9i79p7 + Gia 9p71 =~ — — y2
Y YWY \Y, Y Y Y YT YigYisY®
+ <1— — q) T R T v (2.10)

Finally, one may try to compute the covariant derivative of the Riemann tensor, but this
produces a quite complicated expression:

VnRizpq = complicated expression . (2.11)

Let us now see what happens if the manifold is of the no-scale type discussed above.
The generic no-scale property K; K’ = 3 has a very simple and straightforward conse-
quence. Indeed, it implies that (V;Y17Y;/Y)(1 — Y,Y P9V, /Y)~1 = —3, that is:

Yy iy, = ; Y. (2.12)
The more specific homogeneity properties K4 J4 = —3 and K = —5f4J A which also imply
the no-scale property K; K’ = 3, have further consequences. They respectively imply that
YaJ4 =3Y and Y"Y; = 1/26% J4, which also give the no-scale property Y;Y7Y; = 3/2Y.
To work out the most relevant implications of these relations, we may start from the no-
scale relation written as Y;K! = —3Y, and deduce by taking further derivatives and
making use of the homogeneity properties that Y; K! = —2Yj, Yilel = -Y;;, Yijlel =0
and Yy K! = —2Y;, YWKZ = Y3, Kj,;lKl = 0. Finally, recalling that K; = —Y;/Y and

)

thus K’ = —Y?/Y, one arrives at the following relations:
vY!=3Y2, (2.13)
VY =2YY;, V3V =2YY,;, (2.14)
YiY' =YY, YpY' =YYy, (2.15)
YijuV'=0, Y V'=0. (2.16)

By taking various derivatives of these relations, one can also further deduce that:
YigY' = =297+ YaY";,
l l
YY" =YYy = Yig Vi + YigY g
Yiy'Yi = =Y Yiji + iV,
l 2 l
YYy¥' = Y2 4 VYV~ YY"y,

Coming back to the geometry, we now see that the relation (2.12) descending from
the no-scale property implies that the factor (1 —Y,Y'P7Y;/Y)~! appearing in (2.8) and
(2.10) simplifies to a constant and is equal to —2, while the properties (2.15) descending
from homogeneity further imply that the last three terms of (2.10) cancel out. To sum up,
one then has K; = —Y;/Y and K' = —2 Y'lin]— = —5f4JA, and the metric and its inverse
read:

Yii  YiY:
95=—v + 37 (2.21)
g7 =YY L oy liry y iy, (2.22)



The Christoffel symbols are as before
Yiik n VijYp  9iYi +9rYi

Lijg=—+ v v (2.23)
The Riemann tensor is instead given by the following very simple expression:
Yig  YipsY i
Rigpg = 9i3 9pg + 9iq 9p5 — Z;/pq - Zp;,Q = (2.24)

Finally, after a straightforward computation using several of the above identities, the
covariant derivative of the curvature tensor is found to be completely symmetric in its
holomorphic and antiholomorphic indices as implied by the Bianchi identity and reads

VnRiqu = gnjripq + gijrnpq + gpjrinq + gnqripj + giqrnpj + gpqrinj

Yo Rizpg + YiRuga + Yy Rimg
_ PmkRkjp(j o ankRkaq o ankRkjuj _ ~n-hgpq - ngpq p-ng

Y
n Y09i39p5 + Yi9ni9pq + YpGii9ng + YnGiaGp; + Yignadp; + YpGiqon;
Y
Yooy YeirYg  Yan'Vig (2.25)
Y Y2 Y2 '

The above expressions represent novel general results for the form of the geometry of
no-scale manifolds, which are rather similar in form to those holding for special Kahler
manifolds. We see that generic no-scale manifolds are neither homogeneous nor symmetric,
since a priori V,,R;zq # 0. On the other hand, there exist particular no-scale manifolds
which are coset spaces, and correspondingly V,,R;;g = 0, but clearly there can be only
a finite set of these, and this must be a subset of all the possible Kéhler coset manifolds
described in [25].

2.2 General properties

Using the various identities listed above, it is straightforward to show that all the geo-
metrical quantities that have been computed enjoy some universal properties along the
special direction defined by the unit vector

, 1 ,
kE'=——K". 2.26
7 (2.26)

For the metric on has
gi k7 = ki, (2.27)
g k'K =1, (2.28)
for the Christoffel symbols
2 ; 1

T kP =— 2Ky, T,0ki=—— (g +KyK'), 2.29
ijk ] \/§2 J ijk \/g(gzk_{_ l k) ( )
ik — 7.

Tyn W R = _ﬁju (2.30)
_pinipk

Py KRR = ==, (2.31)



for the Riemann tensor

. 1
Rifp(j ]Cq - —ﬁrip] ) , (232)
Rifp(j ]{?p];?q § (gU + Kle j) s lepq kj];?q g Kip s (2 33)
Rigp KPR = 2 Fi (2.34)
Rizpg k'K kP KT = % : (2.35)
and finally for the covariant derivative of the Riemann tensor
_ 1 _
VnRZ’qu kp — 0, VnRiqu k‘q — —% (anijp + Rl'ququ) 5 (236)
VaRizpg K'kP =0, VuRipg Pk =0, V,RipgKkT =0, (2.37)
Vo Rizpg K"Kk kPET = 0. (2.38)

With the help of the above properties, it is now straightforward to demonstrate that
the sectional curvature in the plane defined by the special vector k% is equal to —2/3
and that the bisectional curvature in the planes defined by the special vector k' and
any orthogonal vector v’ in the visible subsector is equal to —1/3, as anticipated in the

introduction: R(k) = —2/3 and R(v,k) = —1/3.

3 Heterotic models

Let us now consider the more specific case of heterotic string models compactified on a
Calabi-Yau manifold X with a holomorphic vector bundle over it [26, 27, 28]. In this
setting, the Kihler moduli T4 are associated to harmonic (1,1) forms w4 on X, which
A on X, while the matter fields ¢ are associated
to bundle-valued harmonic (1,0) forms u, on X. The relevant numbers defining the

are dual to the harmonic (2,2) forms w

low-energy effective theory are then given by the following integrals:
dABC:/ wa ANwp ANwc , (3.1)
X
céﬁ = / wA A tr [ug A ig) . (3.2)
X

We will take the point of view that a priori d4pc can be an arbitrary symmetric symbol
and similarly that céﬁ can be an arbitrary set of Hermitian matrices, and study the low-
energy effective scalar geometry as a function of these parameters.

3.1 Kahler potential

The effective Kéhler potential for the Kéhler moduli 74 and the matter fields ®* can be
worked out by dimensionally reducing the kinetic terms of the ten-dimensional supergrav-
ity theory describing the heterotic string below the Planck scale down to four dimensions,
retaining only the harmonic components of the fields. The full moduli dependence was



worked out in [29, 30], and the leading matter field dependence in [31], while the full
matter field dependence was studied only more recently in [21, 32] (see also [33, 34, 35)),
generalizing the results that were available from [8] for the special case of orbifold lim-
its. The complete result depends on the parameters dspc and céﬁ and takes the form
K = —logVY, where the function Y depends only on certain combinations of fields. More
precisely, we have

Y=V, (3.3)

where V denotes the volume of the Calabi-Yau manifold and is given by the following
expression in terms of the real geometric moduli fields v*:

V= % dapcvivBoC . (3.4)
The real fields v4 are then linked to the following real combination of complex fields:

JA=T44 T4 — ;0700 (3.5)
The relation between the v and the J# is in this case trivial and given simply by

JA =4, (3.6)
It follows that Y can be explicitly written in terms of the variables J4 and simply reads

Y = % dapcJ TP IC . (3.7)

We see that Y is a homogenous function of degree three in the variables J4, and we
therefore have a no-scale manifold. Moreover, the function Y is in this case a simple cubic
polynomial in the variables J*, involving only integer powers of them.

3.2 Canonical parametrization

We now want to study the above space at a given reference point, which can be thought
of as the one defined by the VEVs (T'4) and (®®) that the scalar fields eventually acquire
in the presence of a non-trivial superpotential. For simplicity, we shall restrict to the
situation where the moduli have sizable VEVs whereas the matter fields have negligible
VEVs, that is:

(TY 40, (@) =0. (3.8)

For any given reference point of the type (3.8), it is possible to define a particularly
convenient canonical parametrization, in such a way as to simplify the form of the metric,
the Christoffel symbols and the curvature tensor at that point. To this aim, we proceed
along the lines of [36, 37] and consider the field redefinitions

HA A B &
T4 =U%BTH, &% =Vv%o°, (3.9)
together with the parameter redefinitions

dapc = UM U YU edppr . ¢y = UBV 1,V %0 (3.10)



Under the above combined transformations, with U AB a real matrix, VO‘B a complex matrix
and « a positive real number, the real geometrical moduli transform simply as 64 = U ABUB
and the Kéahler potential remains unchanged, modulo an irrelevant Kéhler transformation:

K=K -loga. (3.11)

We may now choose U AB and VO‘B in such a way that the VEVs of the fields are aligned
along just one direction, the VEV of the metric becomes diagonal, and the overall scale
of these two quantities is set to some reference value. We may furthermore choose a to
set the overall scale of the intersection numbers to a convenient value. More specifically,
we shall require that in the new basis the reference point should be at

V3

the metric at that point should take the form
(Gap) =048, (§ap) = dap. (9ap) =0, (3.13)

and finally the Kahler frame should be such that at that point

(K)=0. (3.14)
It is easy to get convinced by a counting of parameters that it is indeed always possible
to impose this kind of conditions. Moreover, by comparing the expressions for the VEVs
of the fields, the metric and the Kahler potential with the values required in the previous
equations, we deduce that the new values of the numerical coefficients d ABc and ééﬁ must
take the following form:

; 2 ; 1 ; .
dooo = 7 dooa = 0, doap = 7 dab, dape = generic, (3.15)
égﬁ = % dap s Cop = generic. (3.16)

Notice finally that from the point of view of the Calabi-Yau manifold, the canonical frame
just corresponds to a convenient choice of basis for harmonic forms, which is suitably
oriented with respect to the Kahler form and normalized in such a way as to get unit
volume, since (64) = /3 664 and (9) = 1. Moreover, by comparing with the general
results of section 2 we see that the canonical frame essentially corresponds to choosing a
parametrization such that the special direction k'’ is identified with one of the fields, since
(k') = 6.

3.3 Geometry

Let us now explore the geometry at a given reference point by using the new canonical
coordinates. For notational simplicity, we drop from now on the hats referring to the
definition of this special frame, and also the brackets referring to the special point.

We start by computing the first five partial derivatives of V, which are the basic
ingredients that we need. It is convenient to introduce the following notation:

dap = dapcJ®, (3.17)
dy = %dABCJBJC. (3.18)

10



In terms of these quantities, one easily finds

Vi =daJit, (3.19)
Vi = dapJ{ TP +daJj, (3.20)
Vigp = dapc it TP IS +dap(J4J2 + J5TF) (3.21)
Vigpa = dapc (T3 15 Ig +3 p.) + dag (J5 Jpa+Jig 57) (3.22)
Vijpgn = dapc (JHTRIS +5p.). (3.23)

Using these expressions and going to the canonical frame at the reference point, one then
obtains the following non-vanishing entries for the derivatives of Y = V:

Ya=da, (3.24)
Yip=dap, Yo5=—0ap, (3.25)
Yape = dapc, Yias = —daxcly, (3.26)
Yapep =0, Yapas = —danxclg, Yag,s = dxy (chachs + cscys) » (3.27)
Yageor =05 Yapcas =05 Yaups = daxy (chpels + cascls) - (3.28)

The parameters in these expressions are now given by d4 = 3/2d 00, dap = V3 dapo and
dapc taking the already studied restricted form. Moreover, it will also be useful to define
the following combinations of the parameters d4pc and cﬁﬁz

1
@ABCD = 3 (dapxdxcp+ dapxdxpe+ dacxdxpp)

1
-3 (dapdep+ dapdpc+ dacdsp)

+ %(dAdBCD +dpdacp + dcdapp + dpdapc) , (3.29)

baF = 2 ({e*,cPh, — dapxcds + dapdas — dacs — dpels) (3.30)
Tolas = %([CA,CX]O(BCVX(;-F [, X s+ [cA,cX}yécfﬁ—l— [cA,cX]chf(;) . (3.31)
These quantities are completely symmetric in their indices of type A, B,--- and vanish if

one of these is equal to 0, meaning that aapcxdx =0, béé(dx =0 and T(i(ﬁ,yédx =0.

Starting from the above expressions, it is now straightforward to compute all the
geometric quantities we are interested in. The metric is trivial and its non-vanishing
entries are

9ap = 04B, (3.32)
9o = Oap - (3.33)

The Christoffel connection is instead non-trivial, and its non-vanishing entries are

Tapc = —dapc + (dapdo + 2 p.) — 2dadgdc, (3.34)
T gas = —Cag - (3.35)

11



The Riemann curvature tensor is found to be given by

Rapep = 04B0cD + 0apdpc — dacxdxBD (3.36)
Ro5.5 = CagCs + CasCs » (3.37)
Ryap = 64B0ap — daxdpy (X" )ap + dapxcly. (3.38)

Finally, the covariant derivative of the Riemann tensor reads

VaRpepp = —2aaBpxdxcE (3.39)

VaRpeas = aABCXCffg +2 dcbﬁgB - dABbefgC + dAcxbgng + dBCngng

AB C AC B BC A
_{b ,C }aﬁ + [b ,C ]aﬁ + [b ,C ]aﬁ’ (3.40)
VaR, 5.5 = 7'0‘44575 + bﬁgcvx(; + bg}g{cfﬁ + bfgcfﬁ + b,’?ﬁxcgi; . (3.41)

We thus see that the manifold is a symmetric space with covariantly constant curvature
if and only if the quantities a4pcp, bﬁBB and Tfﬁy s identically vanish.

4 Orientifold models

Let us now consider the other specific case of orientifold string models of the O3/07 type
based on a Calabi-Yau manifold X with D7-branes supporting a non-trivial vector bundle
and wrapping on some four-cycles C' of X (see [38, 39] for a review). In this case, the

A on X which are dual to

Kihler moduli T4 are associated to harmonic (1,1) forms w
the harmonic (2,2) forms w4, while the matter fields ®* are associated to bundle-valued
harmonic (1,0) forms u, on C' C X. Notice that for later convenience we use here opposite
conventions compared to the heterotic case for the position of the index labeling harmonic
forms and their duals. Denoting by i the embedding map defining C' in X and by i* its
pullback on forms, the relevant numbers defining the low-energy effective theory are then

given by the following integrals:
dABC:/ wA AP AWE, (4.1)
X

céﬁ = / W A tr [ug A dg) . (4.2)
C

We will again take the point of view that a priori d4B¢

can be an arbitrary symmetric
symbol and similarly that céﬁ can be an arbitrary set of Hermitian matrices, and study

the low-energy effective scalar geometry as a function of these parameters.

4.1 Kahler potential

The effective Kéhler potential for the Kihler moduli 74 and the matter fields ®* can, as
before, be worked out by dimensionally reducing the kinetic terms of the ten-dimensional
supergravity theory describing the unoriented string below the Planck scale down to four
dimensions, retaining only the harmonic components of the fields. The full moduli and
matter field dependence was worked out in [40, 41, 42|, generalizing the results that were
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previously known for the special case of orbifold limits (see for example [39]). The complete

dABC

result depends on the parameters and céﬁ and takes again the form K = —logY,

where the function Y depends only on certain combinations of fields. More precisely, we
have in this case

Y =V, (4.3)

where V denotes the volume of the Calabi-Yau manifold and is given by the following
expression in terms of the real geometric moduli fields v4:

V= % d*B% qvpve . (4.4)
The real fields v4 are then linked to the following real combination of complex fields:
JA=TA 4+ T4 — ;000 . (4.5)

The relation between the vy and the J4 is in this case non-trivial and defined by the
following equation:

v 1
JA = % = 5 dABC’UBUC . (46)

It follows that in general Y cannot be explicitly written in terms of the variables J4 and
is only implicitly defined:

Y =Y(J). (4.7)

We see that Y is as before a homogenous function of degree three in the variables J4,
and we therefore have again a no-scale manifold. However, the function Y is in this case
no-longer always a simple cubic polynomial in the variables J#, and generically involves
non-integer powers of them.

4.2 Canonical parametrization

We now want to study the above space at a given reference point, corresponding to the
VEVs (T4) and (®%) that the scalar fields eventually acquire. For simplicity, we shall
again restrict to the situation where the moduli have sizable VEVs whereas the matter
fields have negligible VEVs, that is:

(T4 #0, () =0. (4.8)

For any given reference point of the type (4.8), it is again possible to define a par-
ticularly convenient canonical parametrization, in such a way as to simplify geometrical
quantities at that point. To this aim, we proceed along the same lines as before and
consider the field redefinitions

T4 = UTE, &% =V%of, (4.9)

together with the parameter redefinitions

d*PC = o TUARUPRU RdPEE | ey = U gV 7,V %k (4.10)
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Under the above combined transformations, with U AB a real matrix, V% a complex matrix,
and « a positive real number, the real geometrical moduli transform as 94 = /a U 1B ug,
and the Kéahler potential remains unchanged, modulo an irrelevant Kéhler transformation:

K=K —loga. (4.11)

We may now choose U AB and V% such that the VEVs of the fields are aligned along just
one direction, the VEV of the metric becomes diagonal, and the overall scale of these two
quantities is set to some reference value. We may furthermore choose a to set the overall
scale of the intersection numbers to a convenient value. More specifically, we shall require
as before that in the new basis the reference point should be at

V3

(T4) =576 +i(---), (9% =0, (4.12)

the metric at that point should take the form

(9a8) =048, (9ap) =0ap, (Gap) =0, (4.13)

and finally the Kéhler frame should be such that at that point

(K)=0. (4.14)

It is again easy to get convinced that it is indeed always possible to impose this kind of

conditions. Moreover, by proceeding as in the previous section, we deduce that the new

values of d4BC and ééﬁ must satisfy the following properties:

1

d°0 = % , d0e =0, d% = 75 %ot d®° = generic, (4.15)
égﬁ = % dap s Cap = generic. (4.16)

Notice finally that from the point of view of the Calabi-Yau manifold, the canonical frame
just corresponds as before to a convenient choice of basis for harmonic forms, which is
suitably oriented with respect to the K&hler form and normalized in such a way as to
get unit volume, since (04) = /3049 and (9) = 1. Moreover, by comparing with the
general results of section 2 we see that the canonical frame again essentially corresponds
to choosing a parametrization such that the special direction &’ is identified with one of
the fields, since (k%) = 8.

4.3 Geometry

Let us now explore the geometry at a given reference point by using the new canonical
coordinates. For notational simplicity, we drop from now on all the hats referring to the
definition of this special frame, and also the brackets referring to the special point.

We start as before by computing the first five partial derivatives of V, which are the
basic ingredients that we need. In this case, there is an additional difficulty compared
to the previous case, due to the fact that the relation between J4 and v4 cannot be
explicitly inverted, in general. Fortunately, one can however get around this by just using
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the implicit definition of the J# in terms of the v4. The Jacobian of this transformation
is (9JA/(3UB = d4B, where d4B = d4B%y¢, and its inverse is Ova/0JP = dAB, where dap
is the inverse of the matrix d45. Let us also introduce the two new symbols d 4 = v4 and
dABC = dAEdBchngFG. These satisfy simple algebraic properties: dABJB =1/2 dA
and d apcJC =1 /2 d 4B. Moreover, they depend on J A but their derivatives with respect
to these variables have a very simple structure: (9dA/(9JB = dAB, adAB/&]C = —dapc
and BdABC/BJ = —dABFdFGdGCD dADFdFGdGBC dACFdFGdGBD It is then possible
to express all derivatives of V in terms of the following quantities:

JA =4, d4 = %dABCUBvC , (4.17)
dap : inverse of d4B = g4AB% (4.18)
dapc = dapdprdocd®Fc . (4.19)

After a straightforward computation, one finds that the first five derivatives of V can be
written in the following form:

v, = %JAJ;‘, (4.20)
_ 1y oA 15 04
Vlj - §dABJZ' Jj + 5 dAJl] ) (421)
L3 A 1B 1C 5 A A
Vip = —5danc JPIC + §dAB(JU JP+ IR, (4.22)
1~ -
Vijpg = gdABXdXYdYCD(Jf‘JjBJCJP +2p.)
15 A 1B 1C A 1B A 1B
—5dapc(J T} Ty +3p.) + dAB(JU Jog + Jig T (4.23)

1~ ~
Vigpan = _EdABXdXYdYEZdZKdKCD (JATPIS TP TE + 14 p.)
1~ ~ 1~
+5dapxd™ dyop (J5) T3 I7 +17p.) = gdapc (S5 Ty ]y +5p.) .(4.24)

Using these expressions and going to the canonical frame at the reference point, one then
obtains the following non-vanishing entries for the derivatives of Y = V?:

Ya=da, (4.25)
Yap=dap, Yo5=—0ap, (4.26)
Yape = dapc, Yaas = —daxcls, (4.27)
o o X - XY XY
Yaged = —204BcDs Yapas = —daBxChs, Yass = dxy (CapCstcascys) ,  (4.28)
Yagepr = (aapexdxpr +9 p.) +2(aapepde +4 p.), (4.29)
Yigcas =2a sy Yanges =d (cXcY—{—cch) (4.30)
ABCap ABCX af Aaﬁfy(s AXY afByd adyB) .

The parameters in these expressions are now given by d4 = 3/2d 00, dap = V3 dapo and
dapc taking the already studied restricted form. To simplify the notation, we have lowered
all the indices in these quantities with the trivial metric at the reference point. Finally,
we introduce as before for convenience the following combinations of the parameters d4pc
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and céﬁ:

1
@ABCD = 3 (dapxdxcp+ dapxdxpc+ dacxdxpp)

1
—3 (dapdep+ dapdpc+ dacdsp)

+ %(dAdBCD +dpdacp + dedapp + dpdapc) (4.31)

bAL = %({CA7CB}a/3 — dapx s+ dapdas — dacky — dBcg‘ﬁ) , (4.32)
s = 3 ([ et [ X ot [ X peda b [ X peds) . (433)
These quantities are completely symmetric in their indices of type A, B,--- and vanish if

one of these is equal to 0, meaning that aapoxdx =0, bAXdX =0and 7 ﬁvédx =0.

Starting from the above expressions, it is now straightforward to compute all the
geometric quantities we are interested in. The metric is trivial and its non-vanishing
entries are

9aB = 048, (4.34)
9o = Oap - (4.35)

The Christoffel connection is instead non-trivial, and its non-vanishing entries are

Tape = —dapc + (dapdc + 2 p.) —2dadpdc, (4.36)
T p0g = —Chg - (4.37)

The Riemann curvature tensor is found to be given by

Rypep = 0aBdcp +0apdpc — dacxdxpp +2aapep , (4.38)
Raﬁ,yg = Cé(BC,YX(; + Cé((gc,)fﬁ s (439)
Ro3a5 = 04B0ap — dax dBY(CXCY)aﬁ + dABXCffg . (4.40)

Finally, the covariant derivative of the Riemann tensor reads:

VaRpeps = —aappxdxcor + (aacexdxpp + apcexdxap + apcexdx AB)
— (aaBcxdxpe + aapcxdxBe + apexdx A

+aapexdxpc + aapexdxBc + aBpExdx AC)

—2(aaBpodr + aapprdc) (4.41)
VaRpeas = — GABCX Cag + 2 debyl — dapxbay +dacxbag + dpoxbys
AB C AC B BC A
—{v"",¢c }a6+ e ]a + [67¢, %] WL (4.42)
VAR, 5.5 = Tagys + b3 ¢ + bis g + b5  cag + b5 el (4.43)

We thus see that the manifold is a symmetric space with covariantly constant curvature
if and only if the quantities aapcp, bA% op and 7, Bvé identically vanish, exactly as before.
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5 General features of the geometry

From the results of the previous two sections, we discover that the form of the tensors
characterizing the geometry of the scalar manifolds of heterotic and orientifold models are
very similar in the canonical frame. This similarity is best and most concisely exhibited by
explicitly splitting the indices parallel and orthogonal to the special direction defined by
the canonical frame: A = 0,a. The parameters specifying the model and also the vacuum
point are then summarized in the previously defined quantities dqp. and c2 45 where we have
again dropped the hats for simplicity. It is however useful and convenient to introduce
some specific notation for various combinations of these parameters, which will turn out
to play special roles in the following. Recall first that the parameters controlling the
deviation from the coset situation have the same expressions (3.29), (3.30), (3.31) and
(4.31), (4.32), (4.33) in both models, and their only common non-trivial components are
those where all the indices are orthogonal:

1 1
Qabed = 5 (dabrdrcd+ dadrdrbc+ dacrdrbd) - g (5ab6cd+ 5ad5bc+ 5a05bd) ) (51)
1
aﬁ = _{C b}ag 3 ab6aﬁ dabr Cap (52)
1
Tagys = 5([c ,C ]aﬁcwg + [, ¢ ]aécgﬁ + [c“,cr]wcgﬁ + [c“,cr]wcg(5> . (5.3)

Let us next introduce also some short-hand notation for the following additional combi-
nations of parameters, which will allow us to write the geometry in a nice and compact
form:

Labed =

2
<dabrdrcd+ dadrdype— dacrdrbd) + § (5ab50d+ dadObe — 6ac6bd> > (54)

1

1
5
[ ]aﬁ 35(1175046 dabr Cap - (55)

yaﬁ

Finally, in the applications that we will discuss in the last two sections, it will also be
useful to define the following last couple of quantities:

1 1
Aabcd = _Z (dabr‘dr‘cd+ dadrdrbc_ 2 dacrdrbd) - g (6ab6cd+ 5ad5bc_ 2 5a05bd) ) (56)

Bap = —[ g (5.7)

5.1 Generic case

Let us first consider generic models with generic values of the parameters du,. and Cop-
These correspond to generic choices of Calabi-Yau manifolds and holomorphic vector bun-
dles over them. With the help of the above notation, we can make the results of the
previous two sections more explicit and compare them more efficiently. The metric is in
both cases simply

95 =1, 9up = Oab, (5.8)
gaﬁ = 50{5 .
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The Christoffel connection is also identical in the two cases and given by

2 2 2

F00(7) = _ﬁ ) Fab() = _%(gaba FOal; = _ﬁaaba Fabé = _dabc, (510)
1

POO&B = _ﬁ5a57 PaaB = —CZB . (511)

The Riemann tensor can instead be written in the following simple way, with the upper
and lower signs applying respectively to heterotic and orientifold models:

2 2 2 1

Roooo = 5+ Bovap = 3 9ab, Hatpo = 3 0abs Raped = 7 dabe » (5.12)

Raz’,cg = ZTabed + Qabed » (513)
1

Ragyg = 3 (5046575 + 50,5575) + cgﬁcfﬂ; + 02502;5 , (5.14)
1 b b L

RaBO() = g 5045 ’ RaBal; = _ygﬁ - bgﬁ ) RozBOT) - ﬁcaﬁ : (515)

Finally the covariant derivative of the Riemann tensor also differs only by a few signs for
heterotic and orientifold models and reads:

2
Vo Ry = iﬁaabcda (5.16)
3+1 1Fx1 1F1
VaRpede = — Aabdrree + (aacerdrbd +2 P-) T T (aabcrdrde +5 P-), 5.17

ot
—_

vaRbﬁaB = /3 af

Va RbEaB = ( Lagber "= dabr b+ daer brb+ dper b~ { bab’ c* } + [bac, Cb] + [bbca Ca] )aﬁ )

‘A

(
2 pab (
(
Vg5 = Tapys T bapchs + baschs + bi5chs + b55¢hs - (

17)
18)
5.19)
5.20)

The space is thus generically not symmetric and becomes so if and only if the parameters
dgpe and cgﬁ are such that agpeq = 0, bgbﬁ =0 and Tgﬁ,ﬂ; =0.

It is straightforward to show that for a given Calabi-Yau manifold, the scalar man-
ifolds of the heterotic and the orientifold models coincide if and only if aupeq = 0. In
such a situation, we see from the formulae derived in previous section that the metric,
the Christoffel connection, the Riemann tensor and the covariant derivative of the Rie-
mann tensor do indeed coincide for the two models. In fact, one can easily check that
in that case the whole Kahler potentials coincide for the two models. Indeed, it can be
shown that the condition ag.g = 0 which is equivalent to apapcp = 0 also implies that
dxyzdxapdycpdzpr) = 4/3 dapcdper). This last relation then directly implies that
Y and thus K coincide in the two models, as can be seen by comparing (3.7) and the
square of (4.4) with the relation (4.6). This result generalizes a similar observation done
in [43, 44] for models with only moduli fields to models involving also matter fields, with
the significant difference that the coincidence of the scalar manifolds of the two kinds of
models no-longer implies that they are symmetric spaces, since one may have bgbﬁ #£0

and/or 755 5 # 0.
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5.2 Coset case

Let us next discuss the special models with particular values of the parameters dg,. and
cgﬁ such that not only agp.q = 0 but also bg% = 0 and Tgﬁw = 0. These correspond to
very special choices of Calabi-Yau manifold and holomorphic bundle over it, which can
for instance naturally arise from orbifold constructions. In such a situation, the scalar
manifolds of the heterotic and the orientifold models not only coincide but reduce to a
coset manifold. It is therefore of some interest to understand when this can occur.

The possible solutions to the three equations agpeq = 0, bgbﬁ =0 and Tgﬁy s = 0 can in
principle be classified, and define a finite list of possibilities for such coset spaces, which
must be a subclass of all the possible Kéahler symmetric manifolds described in [25]. For
models with only moduli fields, this classification has been explicitly carried out in [37, 45].
The basic observation is that the condition a,p.q = 0 which can be rewritten as a4gpcp =0
is also essentially equivalent to the condition dxypdxapdycp) = 4/3 dpadpcpy- This
is easier to study and its solutions were shown to correspond to all the possible special
Kahler symmetric manifolds. For models with also matter fields, a similar classification is
presumably possible. The basic missing ingredient would be a general study of the other
condition bg% = 0, and also Tgﬁ,ﬂ; = 0 although this last condition seems to be most of
the times automatically satisfied (see the examples below) and we will therefore consider
it on a different footing. The solutions plausibly provide most of the possible extensions
of special Kéhler symmetric manifolds to Kéhler symmetric manifolds by the addition
of matter fields besides moduli fields. We will however not attempt here to perform a
complete classification.

It is rather straightforward and instructive to verify that the standard coset scalar
manifolds arising in the simplest orbifold string models in the untwisted sector do indeed
represent non-trivial solutions of the three equations agp.q = 0, bgbﬁ =0 and Tgm& = 0.
To see this, let us assume that the matrices ¢® are all traceless and form a compact
Lie algebra, so that [ca,cb] = i fapec with completely antisymmetric structure constants
fabe- Onme then automatically gets Tgﬁw = 0. The condition bgbﬁ = 0 implies instead
{ca,cb} = dapeC® + 2/3 041, meaning that dgp. is the completely symmetric invariant
symbol of this algebra. One then finds that tr(c®c®) = k6up, fare = —ik ‘tr([c?, ?]c?)
and dgpe = £ 1tr({c?, ?}cf), where k = tr(1)/3. One finally has to impose the condition
aapeq = 0, and this dramatically reduces the possible algebras. The simplest possibility is
the SU(3) algebra generated by the 3x3 matrices A%, and one can then choose ¢* = A\*® 1.
Other similar solutions can then also be obtained by replacing SU(3) with one of its
maximal-rank subalgebras SU(2) x U(1) and U(1) x U(1). In this way, one obtains (see
for example [19]) the following standard coset no-scale manifolds, with m = 8, 4 or 2
non-minimal moduli and n = 3k, 2k + k' or k + k' + k” matter fields:

SU(3,3 + k)
U) % SUG) x SUB R’ (5:21)
SU(2,2 + k) L SULL+K) (5.22)
U)xSU2)xSU2+k) UQ)xSU1+FK)’ '
SU(1,1+ k) SU(1,1+K) SU(1, 1+ k") (5.23)

U x SUL+ k) UML) x SUL+ &) UL x SUL+ &)
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To conclude this section, let us discuss the meaning of the parameters agped, bgbﬁ and
Tgﬁ,\/ s in the simplest situations. In the trivial case where there is only one modulus and an
arbitrary number of matter fields, the above quantities do not exist and one always gets
a maximally symmetric coset space. The simplest non-trivial case is therefore when there
are two moduli fields and one matter field, so that all the indices a,c,--- and o, 3, -
take a single value and can be dropped. In the canonical frame, and denoting for short
d = d111 and ¢ = ci,, the definitions (5.1), (5.2) and (5.3) then give

a:gdZ—l, bch—%dc—%, T=0. (5.24)
Notice also in passing that from (5.6) and (5.7) one gets « = 0 and 5 = 0. One may then
wonder whether it is possible to understand in a simple and intuitive way the origin and
the meaning of the conditions ¢ = 0 and b = 0, and perhaps work out their generalization
to a generic frame. It turns out that this is indeed possible in this simple situation.
The basic reason is that there is a unique candidate coset space for this type of models,
which is SU(1,2)/(U(1) x SU(2)) x SU(1,1)/U(1) and can be described by a Kéhler
potential of the form K = —n'log(T'+ T'— ®'®') — n" log(T" + T") with n’ +n" = 3.
The conditions for getting a coset space in this class of models must then correspond to
the conditions under which the Kéahler potential K = —log [1/6 dABCJAJBJC], where
JA=TA+ T4~ céﬁqﬂéﬁ with A, B,---=0,1 and «, 3, -+ = 1, takes this simpler form,
modulo a field redefinition from T, T2, &' to 7", T”, ® and a Kihler transformation.
It is now straightforward to determine under which circumstances this is possible. A first
condition is that the cubic polynomial defined by the intersection numbers d 4p¢c factorize
into two factors. This is possible if and only if the discriminant A of this polynomial
vanishes, so that there is one real simple root R; and one real double root R, where:

A= —27<d300d%11 — 3d(2)01d(2)11+ 4d000d311+ 4d801d111 — 6d000d001d011d111) R (5.25)

d 2 3 3 1

Ry = —ﬁ " dos \/dgm — 5 dooodoo1 o1 + 5 dGoodint (5.26)
d, 1 3 3 1

Ry = —ﬁ + dooo \/dgm — 5 dooodoordor1 + 5 oot - (5.27)

In that case the Kéhler potential factorizes into the sum of one trivial and two non-trivial
pieces: K = —log [1/6 dooo] —log [JO—Rl Jl] —2log [JO—RQJI]. A second condition is then
that the matter fields appear either in the second or the third term but not simultaneously
in both. It is straightforward to check that this requires that either ¢, — Ric}y or ¢ —Rachy
vanishes, or equivalently that their product vanishes. To sum up, the two conditions for
the space to degenerate into a coset are in this case:

A=0, (5.28)
(091 —Rlch)(cgl —R2C%1) =0. (5.29)
It is now straightforward to verify that in the canonical frame one has A = —24 a, and that
whenever a = 0 one finds (¢{;—Rjcl;)(c);—Raci;) = —b. This shows that the combination

of the two conditions (5.28) and (5.29) is equivalent to the combination of the conditions
a = 0 and b = 0 in the canonical frame, and evidently represents their generalization to
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arbitrary frames. From the above reasoning, it is however also clear that in the more
general case where more than two moduli fields and/or more than one matter field are
present, the situation is much more complicated to study from this frame-independent
perspective. On the other hand, the conditions in the canonical frame simply generalize
to the conditions agpcq = 0, bgébﬁ =0 and Tgﬁw =0.

6 SGoldstino mass and vacuum metastability

As a first application of the results derived in the previous sections, let us consider the
condition for the existence of a metastable supersymmetry breaking vacuum. This is con-
trolled by the sign of the average sGoldstino square mass and depends on the holomorphic
sectional curvature of the scalar manifold along the Goldstino direction f!. More precisely,
assuming for simplicity a negligibly small cosmological constant, the average sGoldstino
mass is given by

m2; = 3(R(f)+ 2 ) md,, (6.1)
where the holomorphic sectional curvature R(f) is defined as

R(f) = =Ry f I (6:2)
and the vector f! is subject to the following constraint:

1P =gif'f =1 (6.3)

A necessary condition for metastability is that me 7> 0, which implies R(f) > —2/3. This
condition becomes also sufficient whenever the superpotential can be arbitrarily tuned,
and the upper bound represented by me 7on the square mass of the lightest particle can
then be saturated. In the presence of a positive cosmological constant V' parametrized by
v=V/(3 m§/2) this bound becomes stronger and reads R(f) > —2/3 (1 +~)~! [46]. The
effect of vector multiplets has instead been studied in [47], and it has also been pointed
out in [48] that in the presence of broken gauge symmetries the lightest scalar is in fact a

combination of the sGoldstino and the complex partners of the Goldstones.

In the class of models that we considered, the hidden sector triggering supersymmetry
breaking can involve both the dilaton S and a subset of the Kéhler moduli and matter fields
Z' = T4, &>, We can thus have f° # 0 and f? # 0. Since the dilaton sector and the Kihler
moduli plus matter field sector are factorized, it is convenient to introduce an angle 6 to
explicitly parametrize the splitting of the Goldstino direction along the two corresponding
submanifolds and rewrite f° = sinf ¢° and f* = cos h’, where now |g| = 1 and |h| = 1.
We will imagine here that such a direction can a priori be arbitrary, as in [11, 12] (see also
[13]), and shall not discuss the possibilities offered by specific effects like classical fluxes or
non-perturbative quantum corrections (see for example [49, 50, 51, 52]) for recent studies
on this). Recalling that the sectional curvature of the fixed coset manifold SU(1,1)/U(1)
describing the dilaton is constant and equal to R(g) = —2, and parametrizing the sectional
curvature of the generic no-scale manifold My, x describing the Kéhler moduli and matter
fields as R(h) = —2/3 4+ X(h), one can then write R(f) in the following form:

R(f) = ~2sin0 + (= + (1)) cos*0. (6.4)
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The average sGoldstino mass is correspondingly written as

mfcf = | —4 sin*0 + 4 sin6 cos?0 + 3% (h) cos? m§/2 . (6.5)
The quantity ¥(h) can be non-zero only if the no-scale manifold My, y differs from the
minimal possibility SU(1,1 4+ n)/(U(1) x SU(n)). It measures the amount by which
the sectional curvature deviates from the critical value —2/3, and controls therefore the
possibility of making m? 7 # 0 even when # = 0. A quite explicit but still general expression
for it can be derived by using the general properties of the geometry of no-scale manifolds
derived in section 2, with Y homogeneous of degree three in J4 and N4 function of
®>®P under the simplifying assumption that the matter fields take vanishing expectation
values. Using the short-hand notation in which at the considered point the moduli index
A is split into the values 0 corresponding to the direction parallel to k&4 and the values
a corresponding to the directions orthogonal to k4, and reading off the values of the
metric, the Christoffel symbol and the Riemann tensor with at least one parallel index
from egs. (2.27)—(2.35), one then finds:

S(h) = Agseg h*Rhh? + 4 B o 5 hORPhRP + B35 h*RPRTRS — 2.7 (h)S, ().

where
1 1 rs TS
AaEcJ = § (ga?)gca? + gaczgc?)) - RaEcJ + Z (FraEg FEJc + ch?g F§BC) ) (66)
1 1 3
BaEaB = gga?)gaB - RaEaB + §Fra?)grsr§Ba ) (67)
1 . _
Eaﬁfyg = g (gaﬁgfyg + gaggfyﬁ) - RaB'yg + FraBgrsFES'y + FraggrsFEB'y ’ (68)
and
1 0 . T 1 =3 -3
S,(h) = 7 (h#h® + hyhY) — 3 (T,5h®h" + 2T, 5h*R7) . (6.9)

The explicit form of the normalization condition for A is:
RO + go5h®hP + g, 5hR° = 1. (6.10)

Using the same strategy as in [20], we now observe that a simple bound on ¥(h) can be
obtained by dropping the sum of squares in the last term, which give negative-definite
contributions, and keeping the first three terms, which have a priori indefinite signs. A
necessary condition for the existence of any direction h along which 3(h) is larger than 0
is then that the sum of these first three terms be larger than 0 for some h. In fact, the
maximal value X, of the sum of these three terms represents an upper bound on how big
the full ¥(h) can be, and thus on its maximum X,,,. We thus deduce that

E(h) < Emax < Zup (6.11)
where:

Sup = max {Aaw B RPhCRY + 4 B o5 h*RPhORP + B 5 hORPRTR } . (6.12)
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We now want to evaluate more explicitly the quantities X(h) and 3, in the specific
cases of Calabi-Yau string models of the heterotic and orientifold types, where the Riemann
tensor and the Christoffel connection have a more constrained form parametrized in terms
of some numbers dapc and céﬁ. To do so, it is very convenient to go to the canonical
frame defined in sections 3 and 4. In this way, one can use the simple characterization of
the geometry derived in section 5, and after a straightforward computation one finds that
the quantities (6.6), (6.7) and (6.8) reduce to the following combinations of the quantities
(5.1), (5.2), (5.6) and (5.7):

AchJ = Fagbed + Qaped » BaBaB = bg{% + g% , Eagvg =0. (6.13)
One then finds

S(h) = (= Gabed + Qabea) BRRCRT + 4 (b3%; + B35 ) h*RPhe B

2
. L 707a 0ra 1 bre a 1a7fB
zza[ﬁ(hh +hh>+2(dabchh +2ca5hh>] : (6.14)
and thus
Sup = max { (= Qated + Capea) RORPRRT + 4(b% + B2 RORP R P } : (6.15)

We see that the structure of ¥(h) is very similar in heterotic and orientifold models, the
only difference being the sign with which the a parameter related to moduli enters, as
already noticed in [20], while the b parameter related to matter fields enters with the
same sign. The average sGoldstino mass correspondingly also takes very similar forms.
We further notice that Y(h) has a very simple dependence on h°, while the functional
defining X, does not depend at all on h°. This results in two distinct behaviors for
directions h! that are parallel and orthogonal to k’. In the parallel direction defined by
taking h° = 1 and h® h® = 0, one finds a trivially vanishing ¥(h). In the orthogonal
directions defined by taking h® = 0 and h%, h® # 0, one instead finds a generically non-
trivial and potentially positive ¥(h). Notice also that in hybrid directions where h® =
and h°, h® # 0, one finds again a vanishing ¥ (h) if the further constraints cgﬁho‘ﬁﬁ =0
hold true. In such a situation, the sGoldstino mass would then be given by the following
bounded expression:

msz = [—4 sin*6 + 4 sin6 cos? m§/2 it h* = cgﬁho‘ﬁﬁ =0. (6.16)

The above remarks also show that ¥, > 0, because the functional involved in the expres-
sion (6.15) always takes a vanishing value along the parallel and the hybrid directions and
possibly a positive value along some orthogonal directions.

6.1 Necessary conditions for metastability

A first non-trivial question about ¥(h) is to determine whether it can be positive, since
this would allow for the existence of metastable supersymmetry breaking vacua even when
the dilaton does not contribute to supersymmetry breaking. In the hope of finding some
simple necessary conditions for this, one may then try to compute the sign of the associated
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Yup and determine for which models it can be positive. To proceed, we parametrize the
complex Goldstino variables in terms of a modulus and a phase, as h’ = hie®'. We then
notice that when all the phases vanish, the terms involving the quantities agp.q and ﬁg%
drop out, and the functional problem substantially simplifies. Let us then restrict to the
situation where we deliberately fix 6° = 0 and optimize only with respect to the real
variables h?, subject to the constraint ZZ(BZ)Z = 1. This defines the new quantity

Sup = max { & agpeq KRR + 40, RO ). (6.17)
h

Clearly the extremum iup of the simplified functional for real A’ will in general be smaller
than the extremum X, of the full original functional for complex hi. But it is legitimate
to hope that the gross behavior of iup as a function of the parameters of the models could
still give a reasonable indication of the gross behavior of X,,. We have numerically checked
in some simple classes of models that this is indeed the case. We will therefore perform
an analytical study of the properties of the simplified iup and then give a qualitative
discussion of the properties of the true ;.

To discuss the maximization defining iup, it is convenient to introduce two angles
and £ to explicitly parametrize the distribution of the real Goldstino direction Rt along
the three different types of fields arising in the no-scale sector and rewrite h° = cos x Z°,
he = sinx cos £ §% and h® = sin y sin £ 2%, where now |Z| = 1, |§| = 1 and |Z| = 1. In this
way, one can rewrite

Yup = rréagg { sin4x<:|: a(f) cos*€ + 4b(7, 2) cos®¢ Sin2£> } , (6.18)
X7 7y7z
where
a(§) = aaea §"5°G°G b5, 2) = b3y Gz (6.19)

It becomes now obvious that 3, can be positive only if +a(§) or b(§, Z) can be positive.
We therefore conclude that:

Yup > 0 requires (£a)y, = max {+a(§)} >0 or by = max {b(g,2)} >0. (6.20)
u 9.z

For fixed * and 2% and thus a and b, the extrema of the functionals F(y) = sin*y and
G (&) = £ acos*¢ +4bcos’E sin¢ are straightforward to find. For F(x), the are always two
extrema: the first is at x = 0 and gives F' = 0, the second is at x = 7/2 and gives F = 1.
For G(&) there are in general three extrema: the first is at £ = 0 and gives G = =*a,
the second is at £ = 7/2 and gives G = 0, the third is at xy = arccos/2b/(4bF a)
and leads to G = 4b?/(4b F a). Notice however that while the first and the second
of these always exist, the third exists when b ¢]min{0, +a/2}, max{0, £a/2}[ implying
that 4b62/(4bF a) < max{0,2b} but not when b € ] min{0, +a/2}, max{0, +a/2}[implying
anyhow that 4b%/(4b F a) < max{0,+a}. These results confirm that the maximum of
the product functional F'(x)G(§) can be positive only if a > 0 or b > 0, while it is zero if
a <0 and b < 0. Moreover, they allow to compute the precise value of iup and to derive
a simple bound on it. With an obvious notation one finds:

Slup = max {0, (£a)up, <%)up}

< maX{O, (ia)up,Qbup}. (6.21)
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This concludes our analytic study of the necessary conditions for metastability in the
approximation in which the sGoldstino direction is assumed to be real and without relying
on the dilaton. The result (6.21) shows that for coset spaces where agp.q = 0 and b“b =0
one always finds Eup = 0 since (ia)up = 0 and by, = 0, while for non-coset spaces where
Gaped 7 0 O b“b # (0 one can obtain Eup > 0 only if (+a)yp > 0 or byp > 0. This generalizes
the result that was derived in [20] (see also [46, 53]) for models with two moduli and no
matter fields to models with an arbitrary number of moduli and matter fields.

The maximization defining the true X, is more complicated, but as already antici-
pated its behavior is qualitatively similar to that of f)up, as a matter of fact. The main
difference is that the necessary condition to get 3, > 0 is not exactly given by a sharp
conditions related just to agp.q and bg%, but is slightly affected also by agpeq and ﬁg%
More precisely, one finds a slight blurring of the sharp conditions that were required for
iup > 0, and the requirements (+a)up < 0 or by, < 0 are now only qualitatively true far
away from the transition points where (£a)y, ~ 0 or by, ~ 0. This blurring is however
quite limited and not always efficient. For instance, in the particular case of coset spaces,
where agp.q = 0 and bg% = 0 but in general agpeq # 0 and ﬁg% # 0, one manifestly has
iup = 0, but as a matter of fact one can verify case by case that one also finds ¥,, = 0
and in fact X, = 0, as was first derived in [17] for a large class of examples. In that
case, we therefore see that the absence of the terms involving aqp.q and baﬁ is the crucial
feature, while the presence of the terms involving ap.q and ﬁg% is essentially irrelevant, in
the sense that the maximal value of ¥, is realized along directions such that these terms
vanish. More in general, we found evidence through numerical investigations that also for
generic non-coset spaces the crucial features are again controlled by aqpeq and baﬁ, while
the presence of the terms involving agpeqg and 5% 5 gives only small effects. To sum up, this
leads us to argue that if neither (+a)yp nor by, are positive then the average sGoldstino
mass is essentially bounded:

mfcf < | —4 sin®6 + 4sin%6 cos?0 m§/2 when (£a)yp,bup S 0. (6.22)

In particular in such a situation one would get mfc =

case, m S 0 in the moduli dominated case, and m2

S —4 mg /2 in the dilaton dominated
S 1/27713/2 in any case.

Let us ﬁnally discuss the meaning of the signs of (+a)up and byp, in the generic frame
in which the model is defined. Recall first that the quantities dgpe and cgg defined in the
canonical frame implicitly depend on the original parameters d4pc and céﬁ as well as on
the reference point P. The same is therefore true also for the quantities agpq and bg%
as well as their extrema (+a)y, and byp. A crucial question is then whether the signs of
(£a)yp and byp are fixed within a given model specified by a choice of parameters dapc
and cgﬁ or can instead be changed by changing the point P within the given model. To
try to answer this question, we notice that the generalizations of the quantities Faqpeq
and bg% defined in the canonical frame to an arbitrary frame are essentially given by the
quantities Agpeg and B gpas deﬁned in (6.6) and (6.7), at least if one ignores the effects
of the terms involving ap.q and . This shows that the behavior of £a,p.q is sensitive
to moduli but not matter fields, Whlle the behavior of baﬁ depends both on moduli and
matter fields. One can then try to evaluate more explicitly these expressions to understand
how they are allowed to depend on P. In the simplest non-trivial case of models with two
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moduli fields and one matter field, this can indeed be done rather explicitly thanks to the
fact that all the indices can take a single value and can thus be dropped. One is then
left with just two parameters A and B which are in one-to-one correspondence with the
parameters +a and b controlling the deviations from the coset space situation (since in
this case 7 = 0), and this allows to argue quite sharply about what kind of dependence on
P is allowed. We first notice that the sign of A cannot change when continuously changing
P. Indeed, if A = 0 for some P then it is effectively as if one had a coset space, since
when studying A one can focus on moduli fields and completely ignore matter fields so
that the value of B does not matter, and one must then get A = 0 at any other P too.
This statement can be explicitly checked. Indeed, a straightforward computation shows
that A = —A/24e*®det™3g, where A is given by (5.25) and the remaining factor depends
on P but is not allowed to change sign. We next notice that the sign of B can instead
change when continuously changing P, because even if B = 0 at some point P one does
not necessarily have a coset space, since when studying B one must consider both the
moduli and the matter fields so that the value of A matters. If however one starts from a
situation where A = 0, then even B is no longer allowed to change sign by continuously
changing P, because if B = 0 for some P one has a coset space and one must then have
B = 0 also at any other P. These statements can be verified numerically, but we were
not able to find any simple universal expression for B that could make them manifest. In
more general situations with more than two moduli fields and/or more than one matter
field, the situation is clearly more complicated, since there are more parameters. It is then
a priori always possible that A(y) and B(y, z) change sign when changing continuously P,
because this does not imply that all the components of Ayp.q and Bgpas go through zero
simultaneously. In other words, in this more general case the coset space situations do no
longer separate the parameter space into semi-disconnected parts.

6.2 Upper bound on the mass of the lightest scalar

A second non-trivial question about (k) is to compute the maximal value ¥,ax that it is
allowed to take, since this allows to set an upper bound on the mass of the lightest scalar
relative to ms/, which can have relevant cosmological implications (see for instance [46,
55]). To facilitate the discussion, we again introduce two angles x and  and parametrize
the complex Goldstino direction A’ in the usual form h° = cos y 2°, h* = sin y cos £ y* and
h* =sin xsin§ 2%, where |z| =1, |y| =1 and |z| = 1.

A general preliminary information that can be easily extracted concerns the absolute
maximum that can be achieved for ¥(h) within each class of models by suitably dialing
not only the Goldstino direction h* but also the parameters dgp. and c e To derive such
an absolute bound, we note that from the definitions of agpeqd, Qaped, bgbﬂ and ﬁg% it follows
that in eq. (6.14) the first term involving +agpeq + Qapeq can be arbitrarily large in the
heterotic case but at most unity in the orientifold case, while the second term involving
bgbﬁ + ﬁg% can be arbitrarily large in both cases. This means that when only moduli fields
participate in supersymmetry breaking one gets 3(h) < +4o0o for heterotic models but
Y (h) < 1 for orientifold models. On the other hand, when also matter fields participate in
supersymmetry breaking one gets ¥(h) < 400 both for heterotic and orientifold models,
and the situation therefore significantly improves. These extreme values of ¥(h) can be
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obtained when the parameters dqp. and cj 5 are either very large or very small, implying
that agpeq and bgf’ﬁ are necessarily non-zero and the model is thus far away from any coset.
By studying these limits one can then determine more explicitly the behavior of 3(h) and
its maximum Y.« in these asymptotic regions.

Let us first consider the case where some of the parameters d ;. and CZB are large. In
such a situation one may keep only those terms in (6.14) that involve two powers of the
parameters d,p. and cgﬁ. This leads to the following expression:

Dl 62) =ity | (= 05 0 ) + 5 ) ) coste

(X Jeelw. 2P =D dr(0) () ) cos”€ sin’e
-2 Zr(cr(z))2 sinﬂ : (6.23)

where
dr(y) = drab ag7b7 Czr(y) = drabyayb7 (624)
(z) = cgﬁzo‘éﬁ, Ce(y,z) = & y*z®. (6.25)

In this regime, the maximization of ¥ with respect to the angles x and & can be performed
explicitly. When |d| > |¢|, only the terms quadratic in dgs. matter, and we see that these
are positive for heterotic models and negative for orientifold models. The maximum X«
is then obtained for y = 7/2 and £ = 0 in heterotic models and for x = 0 in orientifold
models:

max czr 21 (heterotic) ,
oo me{Sldwr} ) 626)

0 (orientifold) .

When on the contrary |c| > |d|, only the terms that are quadratic in Cap matter. The
maximum Y, is then obtained both in heterotic and orientifold models for y = 7/2 and

¢ =arcsin /Y 62/ (2D, [é]> + X,.(¢")?), and one finds:

2(3 [ee(y, 2)) }
23 ey, 2)IP + 20, (c(2))? )

Finally, when |c| ~ |d| one finds two different extrema, which generalize those seen above

2

Y max = max {

(6.27)
Y,z

and compete against each other. The values of ¥ at these two extrema can be computed
explicitly, although we do not report their expressions here, and ¥, is then given by the
maximum of these two extrema.

Let us next consider the case where all the parameters dg;. and cgﬁ are small. In such
a situation one may keep only those terms in (6.14) that involve no power of dg. and Cap-
This leads to the following expression:

(x, &y, 2) ~ sinty [(—% + 2—1:1 (y)) cos*e — %(20825 sin%¢
+ sin?y cos?y [—g K(z,y) sin%} , (6.28)
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in terms of the following functions of = and y, which take values in the interval [0, 1]:

a 1 —=Q | ~,,Q b, ~
C) = Py v, ri(x,y) = 0a(xy" +3y") (5" +1y") . (6.29)

In this regime, the maximization of ¥ with respect to the angles x and £ can again be
performed explicitly. For heterotic models, all the three terms are semi-negative definite.
The maximum is thus obtained for y = 0 and gives the value 0. For orientifold models,
the first term is instead semi-positive definite while the other two terms are as before
negative-definite. The maximum is then obtained for y = 7/2 and £ = 0 and gives the
value ((y). Since max, ((y) =1 we then get:

0 (heterotic),
Ymax { ( ) (6.30)

1 (orientifold) .

The above results for the asymptotic behavior of ¥, can be schematically summa-
rized in the following simple way. When |d|, |¢| > 1, one can have two types of behaviors:
if |d| > |c| then Ypax ~ |d|? for heterotic models but ¥,.x ~ 0 for orientifold models,
while if |d| < |c| then Syax ~ 2/3 |¢|? both for heterotic and orientifold models, and when
|d| ~ |c| there is a transition between these two behaviors. When |d|,|c| < 1, one finds
instead the following behavior: Y. =~ 0 for heterotic models and Y. =~ 1 for orientifold
models. In terms of a and b, this implies in particular that

{—4 sin*f + 4sin0 cos?0 + (1 +1) acos49] m§/2 ,a>1,bka,
mef ~ {—4 sin* + 4sin%6 cos?6 + 2bcos40] m§/2 , b>1laxkb, (6.31)

{—4 sin* + 4sin%6 cos?6 + g(l F1) 00849] m§/2 , a~ -1 bk 1.

7 Soft masses and flavor universality

As a second application of the results derived in the previous sections, let us consider the
condition for the flavor universality of soft supersymmetry breaking terms. This is con-
trolled by the structure of soft scalar masses and depends on the holomorphic bisectional
curvature of the scalar manifold along a given visible sector direction v! and the Goldstino
direction f!. More precisely, assuming again for simplicity a negligibly small cosmological
constant, these masses are given by

1

myy = 3(R(v7 )+ g) m3 (7.1)

where the holomorphic bisectional curvature R(v, f) is defined as

R(v, f) = =Ry o o f5FE, (7.2)

and the vectors v/ and f! are subject to the following constraints:

g[jvlfljjzla g[jflszla ngUIfJZO' (73)
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The condition of flavor universality is that m2; be independent of v!. A particularly
simple and appealing first step in this direction could be to require that m2; = 0 for every
v!, which implies R(v, f) = —1/3. In the presence of a positive cosmological constant V
parametrized by v = V/(3 m§/2) this condition becomes R(v, f) = —1/3(1 +v)~1. The
effect of vector multiplets is instead discussed for example in [56, 57, 58|.

In the class of models that we considered, the visible sector containing the standard
particles must consist of a subset of the matter fields &%, while the hidden sector can
involve the dilaton S and a subset of the Kihler moduli and matter fields Z? = ®*, T4,
We thus have v° = 0, v4 =0, v® # 0, f5 #0, f4 # 0 and f® # 0. As before, it is
convenient to introduce an angle # and write f° = sinf ¢° and f* = cos# h’, where now
lg| =1 and |h| = 1. We will again imagine that the Goldstino direction can a priori be
arbitrary, as in [11, 12], and shall not discuss the possibilities offered by specific effects
like classical fluxes or non-perturbative quantum corrections (see however [53, 54] for some
recent studies on this applying to the minimal situation studied in this paper). Noticing
that the bisectional curvature of the fixed coset manifold SU(1,1)/U(1) describing the
dilaton is trivially R(v,g) = 0, and writing the bisectional curvature of the generic no-scale
manifold My y describing the Kéhler moduli and matter fields as R(v, h) = —1/3+Z(v, h),
one can then write R(v, f) in the following form:

R(v, f) = 0-5in0 + (3 +E(0,h) ) cos®0 . (7.4)
The soft scalar masses are correspondingly written as:
m2; = [sinQG +3Z(v, h) 00829] m§/2 . (7.5)

The quantity =(v,h) can be non-zero only if the no-scale manifold My n differs from
the minimal possibility SU(1,1+n)/(U(1) x SU(n)). It measures the amount by which
the bisectional curvature deviates from the critical value —1/3, and controls therefore
the possibility of making m2; # 0 even when § = 0. A quite explicit but still general
expression for it can be derived by using the general properties of the geometry of no-
scale manifolds derived in section 2, with ¥ homogeneous of degree three in J4 and N4
function of ®*®”, under the simplifying assumption that the matter fields take vanishing
expectation values. Using the same short-hand notation as in the previous section, in
which at the considered point the moduli index A is split into the values 0 corresponding
to the direction parallel to k4 and the values a corresponding to the directions orthogonal
to k4, one finds:

(v, h) = Pogay v Th + Qo5 v TR + %FWBUO‘@B(}LOB& +R%h%) . (7.6)

o afy V3
where:
1
PaBaE = §gaBgaB - RaBaEa (77)
1
QQB’\/g = §(ga8975 + gaSnyB) - RaB»yS . (78)

The explicit form of the normalization conditions is:

gagvo‘f)g =1, [hY)?+ gal;haﬁg —i—gagho‘ﬁﬁ =1, gagvo‘ﬁg =0. (7.9)
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Moreover, invariance under the visible sector gauge symmetries clearly implies that
2 g0h’ = 0. (7.10)

We now want to evaluate more explicitly the quantity = in the specific cases of Calabi-
Yau string models of the heterotic and orientifold types, where the Riemann tensor and
the Christoffel connection are parametrized in terms of some numbers d4pc and cﬁﬁ. To
do so, it is again convenient to go to the canonical frame defined in sections 3 and 4. In
this way, one can use the simple characterization of the geometry derived in section 5, and
after a straightforward computation one finds that the quantities (7.7) and (7.8) reduce
to the following combinations of the quantities (5.2) and (5.7):

1
b b
Pogas = bap + Bap — §dabr025 v Quprs = —(Capcss + cascss) - (7.11)
One then finds:

1 5 —
E(v,h) = (bgbﬂ + ﬁg% — §dabr025)va®5h“hb - cgﬁcfﬂ;vaf)ﬁh“’h‘s

- %cgﬁv%ﬁ (hOR7 + 7Oh7). (7.12)
We see that the structure of Z(v,h) is absolutely identical in heterotic and orientifold
models. The soft scalar masses correspondingly take the same form as derived in [21]
in both types of models. We further notice that Z(h) has a very simple dependence on
hO. This results again in two distinct behaviors for directions h’ that are parallel and
orthogonal to k. In the parallel direction with h? = 1 and h%, h* = 0, one finds a trivially
vanishing Z(v, h). In the orthogonal directions with h° = 0 and h% h® # 0, one instead
finds a generically non-trivial Z(v, k). Notice also that in hybrid directions where h* = 0
and h°, h® # 0, one finds again a vanishing Z(v, h) if the further constraints cgﬁho‘ﬁﬁ =0
hold true. In such a situation, the soft scalar masses would then become flavor universal:

my = sin®0m3 5 if h® = cgh“h’ = 0. (7.13)

7.1 Possibility of mild sequestering

We have just seen that one can achieve the critical value Z(v,h) = 0 in a rather simple
and quite generic way by requiring the Goldstino direction h' to be such that h* = 0 and
imposing that h® satisfies the further constraints cgﬁho‘ﬁﬁ = 0. Such Constraints always
admit at least one solution, which is h* = 0. This corresponds to taking h* parallel to k*,
which has indeed been shown to always yield =(v, h) = 0. Under favorable circumstances,
there may however also exist more general solutions with A% % 0. Whenever they arise,
these correspond to a more general choice for h?, which also yields Z(v,h) = 0 but in
a potentially more flexible way. One may then try to investigate when such particular
directions exist and whether it is possible to force the Goldstino direction to align along
them as a result of a global symmetry, thereby realizing the idea of mild sequestering
proposed in [59] (see also [60]). It was however shown in [21] that this is possible only
whenever the matrices cgﬁ span a Lie algebra and du. are the symmetric symbol of this
algebra. This leads to the conclusion that such a mechanism is really natural only in
models where the scalar manifold is a coset, and much less natural in models where the
scalar manifold is generic.
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8 Conclusions

In this work, we have presented a general study of the geometry of no-scale Kéahler mani-
folds. We first derived a simple and novel general formula given by (2.24) for the curvature
tensor of a completely generic no-scale Kahler manifold, in the parametrization that nat-
urally emerges in string models with some numbers of moduli 74 and matter fields ®2,
as a function of the metric and the third and fourth derivatives of e®. This result re-
sembles very much the expression for the curvature tensor of special Kédhler manifolds in
special coordinates, and displays some peculiar properties. Most importantly, we showed
that at every point of such a no-scale Kéhler manifold there exists a special direction
along which the sectional curvature has a universal critical value. We then studied in
more detail the two classes of no-scale manifolds emerging from heterotic and orientifold
string models based on a generic Calabi-Yau internal manifold with a generic gauge bun-
dle over it, characterized by some intersection numbers d4pc and some matrices cég. We
restricted for simplicity to points where only the moduli fields and not the matter fields
have non-vanishing values, and introduced a canonical parametrization at such a point,
where the special direction of critical curvature is aligned with one of the moduli fields
TP, while the other orthogonal directions are associated to the other moduli fields 7% and
the matter fields ®“. We were then able to derive two very simple and similar expressions
for the Riemann tensor in these two classes of no-scale manifolds, which are given by
eqs. (5.12)—(5.15) as functions of the non-trivial components du. and ¢4 in the canonical
frame defined at the reference point under consideration. We then gave a completely al-
gebraic characterization of the conditions under which such manifolds become symmetric
cosets, showing that the deviations from such a situation are essentially controlled by two
combinations of parameters, called aspcq and bg% and defined by (5.1) and (5.2). This
allowed us to argue that while in the case of one modulus field and any number of matter
fields one unavoidably gets a maximally symmetric manifold, and in the case of two mod-
uli fields and zero matter fields one finds a disconnected one-parameter family of models
separated by a unique possible coset manifold, in all other cases one obtains a connected
multi-parameter family of models where possible coset manifolds represent isolated points.
We then observed that the no-scale manifolds arising in heterotic and orientifold models
display a kind of duality, in the sense that the associated Riemann tensors differ only
by the sign of the contribution depending on agp.q, while all the remaining terms and
in particular those depending on bg% have the same sign. As a result, the heterotic and
orientifold no-scale manifolds coincide if agpq vanishes, while bg% may still be arbitrary,
so that one may or may not get a coset manifold.

As an application of the results that we derived for the geometry of no-scale Kéahler
manifolds, we studied the general structure of those scalar masses that are entirely con-
trolled by supersymmetry breaking splitting effects, in string models where the universal
dilaton sector and a generic no-scale sector involving an arbitrary number of Kéhler moduli
and matter fields are included. We used for this the general form that the Kahler potential
must take in such a situation and assumed that a completely generic superpotential may
arise and trigger supersymmetry breaking in way involving all the above fields. As a first
application, we studied the average sGoldstino square mass me 7 in the hidden sector of
superfields taking non-vanishing expectation values, defined by the Goldstino direction f*
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of supersymmetry breaking. This direction has components f° and f#, f* in the dilaton
and no-scale sectors, with a relative magnitude that is weighted by an angle 6. We derived

an explicit expression for mic

7 in the canonical frame, given by egs. (6.5) and (6.14), and
showed that it is essentially controlled by the quantities aqp.q and bg% that parametrize
the deviations of the geometry from a coset situation. More precisely, what matter are
the extremal values (+a)up and by, that can be achieved for their contractions +a(y) and
b(g,z) along real normalized directions g* and Z® in the subspaces of the non-minimal
moduli 7% and the matter fields &%, the two signs applying respectively to heterotic and
orientifold models. We first showed that a qualitative necessary condition for being able
to achieve even for vanishing 6 a positive m%cf, which is necessary and sufficient for the
existence of a metastable supersymmetry breaking vacuum if one allows the superpoten-
tial to be tuned, is that at least one of the two quantities (+a)up, and b,y be positive. We
then also derived an upper bound on the absolute magnitude of mic 7» which also repre-
sents an upper bound on the mass of the lightest particle in the hidden sector, given by
(6.31). In particular, this formula shows that when the effects of moduli fields dominate
one finds at best msz o~ 2am§/2 for @ > 1 in heterotic models and msz ~ 16/5 m§/2
when a ~ —1 in orientifold models, while when the effects of matter fields dominate one
can achieve mef o~ Qbmg /2 for b > 1 in both models. We finally argued that m?f‘f‘ can
generically be made hierarchically larger than mg /2 by suitable choosing the vacuum point
to make a or b large. More precisely, with a single modulus and any number of matter
fields mic 7 1s bounded, and with any number of moduli and zero matter fields it can be
arbitrarily large in heterotic models and is bounded in orientifold models, but in any other
situation one can get an arbitrarily large result both for heterotic and orientifold models,
except for the isolated cases corresponding to coset manifolds. As a second application
we studied the soft scalar square masses m2; in the visible sector of superfields taking
vanishing expectation values, defined by an arbitrary direction v® in flavor space. We
presented a simple general expression for m?2; in the canonical frame, given by egs. (7.5)
and (7.12), and emphasized that it is identical in form for heterotic and orientifold models.
We first investigated the conditions under which m?; can be flavor universal, as required
by phenomenological considerations. We then showed that m?2; may be forced to be fla-
vor universal by suitably orienting the Goldstino direction and that this mild sequestering
mechanism may be implemented by postulating the existence of some approximate global
symmetries in the hidden sector.

To conclude, let us remark that the general and model-independent results we derived
for m%c 7and m?2y also display interesting correlations. Most importantly, we see that when
the Goldstino direction satisfies the constraints f* = cg5f* fB = 0, one interestingly finds
that me 7 is given by the bounded and sign-indefinite result (6.16) and m?; is given by the
flavor-universal and positive result (7.13). This seems to suggest that there is no cheap
way of simultaneously achieving a large m%c 7 and a flavor universal m2g.
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