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Abstract— Collision Warning Systems (CWS) are safety sys-
tems designed to warn the driver about an imminent collision.
A CWS monitors the dynamic state of the traffic in real-
time by processing information from various proprioceptive
and exteroceptive sensors. It assesses the potential threat level
and decides whether a warning should be issued to the driver
through auditory and/or visual signals. Several measures have
already been defined for threat assessment and various CWS
have been proposed in literature.

In this paper, we will focus on two time-based measures
that assess both front and rear collision threats. In particular,
a new threat metric, the time-to-last-second-acceleration (Tlsa),
for lead vehicles in rear-end collision is proposed and compared
with its counterpart, the time-to-last-second-braking (Tlsb) [18].
The Tlsa is a novel time-based approach that focuses on the
lead vehicle (as opposed to the following vehicle). It inherits
the properties of the Tlsb and, as such, is coherent with the
human judgement of urgency and severity of threats. It directly
quantifies the threat level of the current dynamic situation
before a required evasive action (i.e. maximum acceleration)
needs to be applied. Furthermore, different warning thresholds
are proposed by considering the average driver reaction time.
Its effect on decreasing the severity of a rear-end collision
is studied and its reliability is tested using a well-established
physics-based robotics simulator, namely Webots [13].

I. I NTRODUCTION

Rear-end collisions occur when the front bumper of a car
strikes the back bumper of its leading car. According to the
National Highway Traffic Safety Administration (NHTSA),
rear-end crashes are the most frequently occurring type of
collision. They account for approximately 29% of all crashes
in the U.S. and result in a substantial number of injuries
and fatalities each year, making them the most common
type of accident [4]. In the U.S., rear-end accidents cause
950’000 injuries and 2’000 deaths each year. NHTSA also
claims that 90% of rear-end accidents are caused by delay in
driver recognition and could be prevented if the driver would
become aware of the situation just one second earlier.

A considerable amount of research [2, 5, 6, 11, 15]
has been conducted to try to prevent such accidents by
integrating a CWS on-board of the rear vehicle. The equipped
vehicle uses both proprioceptive sensors (to estimate its
speed, acceleration or tire friction) and exteroceptive sensors
(to estimate range or range rate) to compute an assessment
of potential collision threats in real-time. When the CWS
detects a threat, the driver is usually warned through auditory
and/or visual signals.
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Fig. 1. Schematics for the study of a longitudinal rear-end collision: the
following vehicle VF traveling at velocityvF and constant acceleration
aF is at a bumper to bumper distanceR (range) from the lead vehicleVL,
and approaching it at a closing speedRR (range rate).VL is traveling at
velocity vL and accelerationaL.

This paper aims to convey the idea that until all vehicles
are equipped with such systems, it is important to not
only consider threat measures for rear vehicles but also for
front vehicles. To the best of our knowledge, only very
few approaches have been implemented on leading (front)
vehicles [3] and none focus on a time-based (rather than
a distance-based) metric. Hence, we will propose a new
collision warning metric (calledTlsa), inspired by theTlsb

measure [18] that informs the front vehicle’s driver that he
or she will be part of a rear-end collision. This warning
signal may allow the driver to take an evasive action such as
pressing the throttle when enough driving space is available,
or, allow the vehicle to automatically honk or flash the
braking lights to warn the following vehicle. In both cases
the front car’s belt mechanism may tighten and the headrest
may move forward in a preemptive manner (mainly avoiding
a whiplash - the most common rear-end collision injury).

A. Problem Formulation

As shown in Figure 1, our study considers longitudinal
rear-end collisions consisting of two vehicles traveling be-
hind one another on a straight road. In order to assess the
collision threat, we need to take into account the dynamics
of the situation and the measures that describe it. In other
words, we have a leading vehicleVL and a following vehicle
VF . Both travel on a straight line and, as such, our dynamical
system can be represented as a statex that includes the
gap R between the vehicles (range), the speed of both
vehiclesvL and vF and their current accelerationaL and
aF . The equipped vehicle (VL for Tlsa and VF for Tlsb)
can also estimate its current maximum accelerationamax

H and
decelerationamin

H knowing its current engine torque and using
a tire-road friction coefficient monitor, as reviewed in [12].
Hence we havex = [R, vL, vF , aL, aF , a

max
H , amin

H ]T. All the
value ofx (exceptamax

H for VF andamin
H for VL) are directly

measurable by either vehicle and may be affected by noise.
Finally, we will use the following notation to denote the gap
closing speedRR = vL−vF (range rate) and the gap closing
accelerationaR = aL − aF .



II. BACKGROUND

In this section, we summarize two important concepts:
the driver reaction time and the assessment of the impact
severity.

A. Driver Reaction Time

In order to correctly assess the threat of a potential
collision, we need to take into account, not only the dynamics
of the current situation but also the driver reaction time. The
driver reaction time is a major parameter in CWS and much
research is performed on measuring human driver reaction
times to different stimuli under various situations. It hasbeen
shown that driver reaction times can be approximated with
a lognormal probability distribution with parametersµ and
σ2 [2, 17].

Most research focus on reaction times involved when
pressing the brake pedal due to an imminent frontal threat.
Two main situations are analyzed. One is the normal driver
reaction time towards common unexpected canonical traffic
signals (e.g., lead vehicle brake lights or the amber traffic
light). The other is the driver reaction time to unexpected
artificial warning signals (e.g., red icon appearing in the
front of the driver or auditory warning signals). Research
experiments on artificial visual warning systems by means of
sudden appearance of a red square reported an approximate
1.13s reaction time average [14]. The driver reaction time
to an unexpected auditory signal is estimated to be 0.99s
on average [9]. The driver reaction time to both visual and
auditory signals is the shortest with a 0.9s on average [10].
Table I (reported and corrected here from [18]) reviews
the driver reaction times in response to different types of
unexpected stimuli (visual and/or auditory).

Note that, for simplicity, we will consider the reaction
time of pressing the throttle pedal after receiving a visualor
auditory warning the same as when pressing the brake pedal.

B. Severity assessment

Human drivers do not always react quickly enough or
apply sufficient evasive action (brake or acceleration) after
receiving the warning signals. To assess the severity of a
collision, the Acceleration Severity Index (ASI), which has
been proposed in [7, 16], is defined as follows:

ASI(t) =

[(
āx
âx

)2

+

(
āy
ây

)2

+

(
āz
âz

)2
]1/2

(1)

where āx, āy and āz are the averaged component vehicle
accelerations over a moving time interval ofδ = 50ms:

āx=
1

δ

t+δ∫

t

ax dt, āy=
1

δ

t+δ∫

t

ay dt, āz=
1

δ

t+δ∫

t

az dt

andâx , ây andâz are corresponding threshold accelerations
for each component direction. They are interpreted as the
threshold values below which the driver’s death risk is negli-
gible: âx = 12g, ây = 9g andâz = 10g with g = 9.81ms−2.

The ASI is a dimensionless positive quantity and is a scalar
function of time. The maximum ASI value over the duration

TABLE I

ESTIMATES OFDRIVER REACTION T IME IN SECONDS.

Alert Type mean std µ σ 75% 90%

none 1.25 0.6 0.12 0.46 1.53 2.02
Visual 1.13 0.52 0.03 0.44 1.38 1.80

Auditory 0.99 0.44 -0.1 0.43 1.20 1.55
Vis. + Aud 0.90 0.34 -0.17 0.37 1.08 1.35

of the vehicle acceleration pulse provides a single measure
of collision severity that is assumed to be proportional to
the occupant risk. To provide an assessment of the occupant
risk, the ASI value for a given collision acceleration pulseis
compared to the established threshold values: if the ASI is
over unity, the likelihood of death becomes significant. Note
that values below one may still result in life-long injuries.

III. T IME-TO-LAST-SECOND-BRAKING

In [18], a threat assessment measure, the time-to-last-
second-braking (Tlsb), was introduced.Tlsb is implemented
on the following vehicleVF and directly quantifies the threat
level when the required evasive action involves braking at
the maximum possible deceleration. The authors claim, with
justification (i.e. comparison with measurements made in the
Crash Avoidance Metrics Partnership experiments), that the
Tlsb is better suited to assess threats than many other CWS
measures because it matches the human natural judgement.
Indeed, theTlsb is a time-based measure, and, as such, is
more meaningful to quantify the urgency of a threat.

Two different cases are considered to estimate theTlsb

depending on whether the lead vehicle is expected to stop
first or not. To know which situation applies, the leading
vehicle stopping timetLS and the following vehicle stopping
time tFS are estimated with

tLS = −
vL
aL

(2)

tFS = Tlsb −
vF + aFTlsb

amin
H

with vF + aFTlsb > 0. (3)

Generally, the conditionvF + aFTlsb > 0 is assumed to be
true, otherwise the following vehicle is already decelerating
hard enough and, therefore, no evasive action is needed.
TheTlsb can be found through Newton’s dynamics equations
by assuming that both rear and front vehicles continue
on their course at their current speed and acceleration for
Tlsb seconds, after which, the following vehicle brakes at a
maximum decelerationamin

H . Two different cases exist, the
first case, described by Equation (4), occurs when the lead
vehicle gets to a full stop before the following vehicle does,
the second case, described by Equation (5), occurs if the
following vehicle needs to reach a full stop before the lead
vehicle does.
For tLS ≤ tFS we have

R = vFTlsb +
aF
2
T 2

lsb −
(vF +aFTlsb)

2

2amin
H

+
v2L
2aL

+Rmin (4)

and for tLS > tFS

R =−RR · Tlsb −
aR
2
T 2

lsb +
(RR+aRTlsb)

2

2(aL − amin
H )

+Rmin (5)



whereRmin is a safety range. In order to estimateTlsb, it is
first assumed thattLS ≤ tFS and, thus,Tlsb can be found
from Equation (4).tFS is then computed with the newly esti-
matedTlsb, and we can verify whether the initial assumption
tLS ≤ tFS holds. If it holds, the computation ofTlsb is
complete, otherwiseTlsb is calculated using Equation (5).

Zhang et al. finally propose a CWS based on three warning
levels. Those are designed as follows:

• 1.5 s≤ Tlsb < 2.5 s: Visual signal
• 0.5 s≤ Tlsb < 1.5 s: Visual and auditory signal
• Tlsb < 0.5 s: Overriding (automatic braking)

IV. N EW CRITERION PROPOSAL

Like the Tlsb, many threat measures used in automotive
CWS focus on the rear vehicle and use braking as the
evasive action to avoid rear-end collisions. However, very
little research has been conducted on either warning the
driver of the front vehicle or having the front vehicle warn
the following vehicle. The time-to-last-second-acceleration
(Tlsa) measure, proposed in this paper, assesses the threat
level for the front vehicle. It computes the time left before
an extreme evasive maneuver (i.e. full throttle acceleration)
needs to be taken by the lead driver in order to avoid the
collision.

A. Time-to-last-second-acceleration Tlsa Measure

The time-to-last-second-accelerationTlsa is a time-based
avoidance criterion implemented on the lead vehicleVL. It
is inspired by theTlsb measure and defines the time left for
the driver before the maximum acceleration has to be applied
to avoid the rear-end collision. As in [18], we assume that
the following vehicleVF is approaching the lead vehicleVL

with constant acceleration.
The new criterion directly depends on six state parameters:

the current speedvL and accelerationaL, as well as the
gap sizeR, closing speedRR and closing accelerationaR
and the maximum acceleration possibleamax

H . The vehicle
proprioceptive sensors can measurevL andaL precisely.R
andRR can be observed through exteroceptive sensors such
as cameras, lidars and/or radars andaR can be calculated
with the history of the acquiredRR measures. The maximum
acceleration on the other hand needs the knowledge of the
maximum traction of the wheels as well as the vehicle
state [12].

B. Estimation of the Tlsa Measure

A rear-end collision occurs when the bumper to bumper
gapR is less than zero (R ≤ 0). Therefore, it is clear that,
from any valid statex (R > 0), a collision may only occur
when the gap is closing, that isRR < 0. Before theTlsa

can be computed, those two conditions need to be satisfied,
otherwise no collision is detected.

The minimum condition to avoid the collision is that the
lead vehicle needs to reach the velocity of the following
vehicle before the bumper gap goes to zero. That isvL(T ) =
vF (T ) or RR(T ) = 0 such thatT > 0 andR(t) > 0 for
all t ∈ [0, T ]. Therefore, assuming that both vehicles travel
at their own speed and acceleration untilt = Tlsa and that,
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Fig. 2. Tlsa curves in seconds. The following vehicleVF approaches a fully
stopped lead vehicleVL at constant speed (aL = aF = 0, amax

H
= 4m/s2)

for different ranges (R) and range rates (RR).

when t ≥ Tlsa, the lead vehicle undergoes an evasive action
(aL = amax

H ), we have:

R =−RR · Tlsa−
aR
2
T 2

lsa
︸ ︷︷ ︸

R1

+
(RR+aRTlsa)

2

2(amax
H − aF )

︸ ︷︷ ︸

R2

+Rmin (6)

whereR1 is the additional gap at timeTlsa, R2 is additional
gap when both vehicles speed are equal (RR(T ) = 0) and
Rmin is a safety minimum range obtained at timeT . The
smallest root of Equation (6) gives theTlsa. In Figure 2, we
can observe that the newTlsa follows a similar behavior than
the one observed for theTlsb in [18] which were well aligned
with the human drivers’ last-second “normal” and “hard”
braking onset data recorded in CAMP experiments [10].
Thus, the proposedTlsa appears to be a good candidate for
threat assessment analysis.

C. Estimation of amax
H

To the contrary of the maximum deceleration, which can
be considered constant throughout the evasive maneuver
(as done in [18]), the maximum acceleration cannot: it
depends on the acceleration curves of the lead vehicle. The
maximum accelerationamax

H actually represents the effective
acceleration of the lead vehicle as a function of its estimated
engine state at timet = Tlsa and the final matching speed
vL(T ) = vF (T ) at time T . The final matching speed
vfin = vL(T ) = vF (T ) is simply given by

vfin =
amax
L (vF + aFTlsa)− aF (vL + aLTlsa)

amax
L − aF

(7)

andT is then

T = Tlsa+
vfin − vL − aLTlsa

amax
H

(8)

By sequentially choosing a validamax
H (i.e. agreeing with

the vehicle’s acceleration curves), one can pick theamax
H

resulting in the highestTlsa for which vfin is attainable.
As an example, let us assume we are driving a Hyundai
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Fig. 3. Hyundai Tiburon 2.0L CVVT speed profile when applying
maximum acceleration from a full stop. The estimation ofamax

H
is achieved

by evaluating the slope of the red line.

Tiburon 2.0L CVVT. Figure 3 shows a cut of its speed
profile as a function of time when maximum acceleration
is applied and the initial velocity is zero. We denote by
f(t) this speed profile. In a situation where we are stopped
(vL = aL = 0), this speed profile is valid and thusamax

H is
the slope of the line drawn in red and can be calculated by
f(T − Tlsa)/(T − Tlsa). Notice that given anamax

H , the Tlsa

and the final velocityvfin can be computed. Hence, we can
verify whethervfin ≤ f(T − Tlsa). If it is the case, there is
the possibility to increaseamax

H and continue until we find
the amax

H resulting in the highestTlsa value. In other words,
we need to solve the following optimization problem:

maximize Tlsa(a
max
H ) (9)

subject to Equation (6) (10)

vfin ≤ f(T − Tlsa) (11)

D. Warning Criteria in terms of Tlsa

The Tlsa provides a quantitative threat of the current
dynamic situation. The rear-end collision can be avoided if
the evasive action is taken whileTlsa is positive. As already
mentioned in Section I, we propose two different warning
systems based on theTlsa measure:
1) Self Warning (CWS1): The lead vehicle warns its driver
that a rear-end collision will happen. It assumes that enough
driving space is available to the driver to move forward at
the maximum possible acceleration.

2) Follower Warning (CWS2): The lead vehicle, by flash-
ing its braking lights or honking, warns the driver of the
following car that he/she should brake at the maximum
possible deceleration. The motivation for usingTlsa rather
than Tlsb is that the following car is not equipped with
neither the sensory system nor a CWS capable of computing
the Tlsb. Such measure is better than taking no action, but
inferior to a CWS based onTlsb on the rear vehicle.

In both cases the front car’s belt mechanism may tighten and
the headrest may move forward in a preemptive manner.

Both systems require the knowledge of the driver reaction
time. As reviewed in Table I, under normal driving scenarios,
90% of all drivers reaction times are under 2 seconds. Drivers
improve their reaction time to 1.8 seconds when a visual
warning signal is used, 1.55 for an auditory signal and
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Fig. 4. Estimation of theTlsa measure over time. The following vehicleVF

approaches at constant velocityvF = 60km/h and performs an aggressive,
yet realistic, stop behind a resting lead vehicle.

1.35 for a visual plus auditory signal. It is also important
that warning signals do not appear too often, becoming a
nuisance to the driver. Therefore, the importance of choosing
an appropriate warning time, so that signals are not emitted
too early to reduce the frequency of appearance, but not too
late to give enough time to all drivers to react, is primordial.

Issuing warning signals for CWS1 is difficult as we have
no information about the future deceleration of the following
vehicle. Figure 4 illustrates a common situation where the
lead vehicle is stopped at a red light. The following vehicle
approaches with a speed of 60km/h and starts braking with
an aggressive, yet realistic behavior (dashed blue line). The
following vehicle was driven by a human using a joystick
within our simulation framework (see Section V). TheTlsa

values computed over time by the lead vehicle are reported
in this figure (solid green line) when Equation (9) gives
a solution with Rmin = 1.0m. We observe that theTlsa

barely drops under the second. Hence, to avoid nuisance,
we should put the initial warning threshold at about one
second. However, if the following vehicle does not brake,
only 70% of all drivers would avoid the collision given
a visual and auditory signal. Note that about 90% of all
drivers will react before theTlsa drops below -0.35 seconds
(i.e., 0.35s later than the last collision-free opportunity to
accelerate). Figure 5 shows recorded ASI values for a similar
scenario where the following vehicle does not brake and
the lead driver performs the evasive action at differentTlsa

values. It shows indirectly that 90% of the drivers reduce
the collision severity by a factor of at least six, resultingin
only minor injuries. In view of these, the following warning
criterion based on theTlsa measure for CWS1 is proposed:

• Tlsa < 1 s: Visual and auditory signal
• Tlsa < 0 s: Automatic acceleration (overriding) and/or

automatic belt and headrest motion

For CWS2, we directly inspire ourselves from [18] and
propose:

• 1 s≤ Tlsa < 2.5 s: Visual (blinking braking lights)
• Tlsa < 1 s: Visual and auditory (activation of the horn)
• Tlsa < 0 s: Automatic belt and headrest motion

Unless the lead vehicle is equipped with a full reasoning
system capable of assessing whether an automatic acceler-
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ation is feasible, we recommend that no overriding criteria
(i.e. automatic acceleration) is used forTlsa. The concern is
that an automatic system can not assess with full reliability
the danger that can be caused by applying full throttle
acceleration on the environment in front of the car. We prefer
to focus on warning the human driver who can best assess
the environment.

V. EXPERIMENTS

A. Setup

Experiments are conducted in Webots [13], a realistic
modular mobile robotic simulator and for which we have
developed a realistic car simulator plugin [8]. Webots uses
the Open Dynamic Engine (ODE) [1] library and is able
to simulate rigid body dynamics with high performance.
Our car model (visible on Figure 6) is composed of the
vehicle body and four wheels. It is able to move freely in
all six degrees of freedom (DOF) in 3D space, the wheels
can all spin and move vertically relative to the body, and
the steering wheels can also yaw. Thus the whole vehicle
has 16 DOF in total. Built in Webots based on ODE, this
model already incorporates basic rigid dynamics properties
including typical steering dynamics response. Additionally,
we have equipped our vehicle model with four simulated
SICK LMS 291 sensors (also visible on Figure 6) as to
cover a360◦ field of view. The SICK LMS 291 is a laser
rangefinder, which scans at 75 Hz over180◦ with a 0.25◦

angular resolution. Its sensing range can go up to 80m with
an error of about 1cm at 30m. Note that Webots includes both
nonlinear response (including delay) in sensing and actuating
and models sensor noise realistically.
In our experiments, we test three CWS:
CWS0: The rear vehicle monitors the environment and
applies full brake when theTlsb drops below 0.25s (to
account for actuation delay). The state variables are estimated
by integrating over the rangeR measured by the laser
rangefinders (RR = Ṙ and aR = ṘR). Rmin is set to 1m
and amin

H to -5m/s2. Note that we extend, here, the work
of Zhang et al. on theTlsb by providing simulation results
gathered with Webots using more realistic vehicle and range
sensor models.

Fig. 6. Screen shot of the dynamic embodied vehicles. Each vehicle
is equipped with four laser range finders allowing it to monitor the
environment.

CWS1: The lead vehicle monitors the environment and
applies full throttle when theTlsa drops to 0.25s.Rmin is set
to 1m and the acceleration curves of our simulated vehicles
are used to computeamax

H .
CWS2: The lead vehicle monitors the environment and
warns the following vehicle when theTlsa drops to 0.25s.
The following vehicle then applies full brake.
For both CWS0 and CWS2, we consider two scenarios:
S1: The following vehicle is approaching the lead vehicle at
a constant speedvF = 60km/h while the lead vehicle is at
a full stopvL = 0km/h.
S2: Both vehicles travel atvL = vF = 60km/h and, at
time t = 5s, the lead vehicle suddenly brakes with full
deceleration.
For CWS1, we consider S1 and
S3: The following vehicle is approaching the lead vehicle at
a constant speedvF = 60km/h and, at timet = 4s, applies
the brake pedal at a constant deceleration (not sufficient to
avoid the collision by itself).

B. Results

For each combination of scenarios and CWS, a thousand
experimental runs are conducted. The mean position of the
front bumper of the following vehicle and the rear bumper
of leading vehicle and their corresponding standard deviation
are gathered and reported in Figure 7.

All scenarios show successful collision avoidance maneu-
vers (except for CWS2 in S2) in more than 90% of the runs,
as indicated by the standard deviation bars. Due to noise
in the measurements, some collisions remain unavoidable
but such experiments clearly show the validity of both the
Tlsa and Tlsb measures implemented in CWS0 and CWS1.
As one might expect collision happen more frequently in
CWS2 as this collision warning system monitors the time
of the potential collision from the point of view that the
lead vehicle will accelerate (and not that the follower will
brake). However, we believe that CWS2 in a more practical
implementation of theTlsa as it does not require the front
vehicle to accelerate (which may or may not be feasible).
Note that in the extreme case of scenario S2, where the lead
vehicle fully brakes andTlsa assumes as an evasive maneuver
its acceleration, the collision severity is still drastically



2 4 6 8 10 12 14
0

10

20

30

40

50

60

70

80

 

 

P
o

s
it
io

n
 [
m

]

Time [s]

Lead vehicle

Following vehicle

(a) CWS0 - S1

2 4 6 8 10 12 14
0

50

100

150

200

250

 

 

P
o

s
it
io

n
 [
m

]

Time [s]

Lead vehicle

Following vehicle
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(d) CWS0 - S2
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Fig. 7. The mean position of the front bumper of the followingvehicle and the rear bumper of leading vehicle and their corresponding standard deviation
recorded for 1000 experimental runs for each scenario and CWS combination. Note that although the curves in Figure (c) seem to overlap, the cars keep
a consistent 10m gap between each other.

reduced as the speed of the rear vehicle is divided by a factor
two at impact (30km/h instead of 60km/h).

VI. CONCLUSION

A new collision avoidance warning systemTlsa for lead
vehicles in rear-end collision is proposed and discussed
throughout the paper. It is a time-based approach and, as
such, is coherent with the human judgement of urgency and
severity of threats. It directly quantifies the threat levelof the
current dynamic situation assuming that the required evasive
action involves accelerating. Furthermore, warning criteria
were proposed considering driver reaction times to artificial
warning signals under two possible implementation of CWS
using theTlsa. Their effect on decreasing the severity of
the accident was studied and the reliability of the system
was tested in a realistic simulation framework. Future work
include the integration of a complete deceleration model to
make better estimates of theTlsa and better warn the driver.
Additional tuning of the warning criteria based on real world
data still needs to be performed.
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