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Introduction An extended region of low magnetic shear is a common feature of the plasma
in many tokamak experiments. Such a region can involve a substantial part of the entire
plasma volume, for instance in “hybrid scenario” plasmas characterized by a nearly constant
safety factor g = 1 in the plasma core, and also in equilibria with similar profiles of g that are
often developing in spherical tokamaks. Regions around rational surfaces where q is locally
flattened could occur in the presence of an island, or as a result of partial reconnection. Such
a flattening of g deteriorates the ideal stability of the plasma due to the reduced stabilising ef-
fect of field-line bending. A class of global instabilities that can grow in such regions are the
“infernal” modes first discussed by Manickam et al. [1]. In the present work we study both g-
profile and pressure profile effects on these kind of modes using an analytical formulation of
the ideal MHD stability equations for a toroidal plasma with large aspect ratio (LAR). In the
next section we present a system of equations useful for analyzing the ideal stability of LAR
tokamaks including a region of low magnetic shear between an inner radius r; and an outer
radius oy (and finite magnetic shear outside this region). This system is thereafter used to
investigate combined g- and pressure profile effects on the infernal modes in low-shear equi-
libria with ¢ = 1 in the core region, in particular the m = n > 1 modes. We consider first a
family of profiles of similar nature as those used in Ref. [1], and thereafter look at the stabil-
ity of a somewhat similar plasma, having low shear in the vicinity of the g = 1 rational sur-
face and g, < 1 at the magnetic axis. It will be shown that, under certain circumstances, a
broad spectrum of infernal n > 1 instabilities can exist in such equilibria, and a possible con-
nection between such modes and the sawtooth instability is pointed out.

MHD stability equation for a LAR tokamak with a low-shear region By means of an
asymptotic expansion in € = r/R, with r and R denoting the minor and major radii of the
plasma, respectively, and using the ordering S ~ €2, where B = 2u,(p)/B2, the following
equations for a perturbation &, ,~ e!(m6=®)*¥ within the low-shear region 1y < r < 7oyt
of a tokamak plasma with circular cross section is obtained to leading order in &:
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Here, Q =n*(Aq/q,)*+ (v/wa)*(1 +2q7) ~€*, Aq=q(r)—q.~ ¢ and g, =m/n.
Furthermore, Bo(r) = 2uop(r)/B§ ~ €* and the quantities Ag,4qy take into account the
presence of the side-band harmonics m + 1 outside the low-shear region. Expressions for
A@mt1y can be found in Ref. [2], where a variational formulation of the same equations is
given. Boundary conditions for &, ,, are &, ,(1in) = &nn(our) = 0. With the exception of
m = 1 modes in low-shear equilibria with an inner boundary (ry > 0), Egs. (1) and (2) are
valid for general m and n (an analysis of the m = 1 case with r;y > 0, which needs a special
treatment, will be presented elsewhere). The equations (1) and (2) modify similar equations
[3-7] to account for rjy # 0.

The results presented here are mainly based on numerical solutions of Eqgs. (1) and (2).
Analytical solutions of these equations are available in special cases, for instance with
q = const in the low-shear region, and analytical results for such equilibria will also be re-
ported elsewhere as an extension of the analysis in Ref. [6].

Infernal modes in low-shear equilibria with ry = 0 We first consider low-shear equilibria
of similar type as in Ref. [1], i.e. equilibria without an inner boundary of the low-shear region
(rny = 0), and where q(r) and p(r) are given by

q(r) = qo + q:(r/a)% (O<r=mn,) (32)
p(r) =poll - (r/a)*]"  (0<r<a) (3b)

Furthermore, we make the g-profile in the edge region n,, < r < a reasonably experimentally
relevant by setting q(r) = qg + q;(r/a)? there, with g} and g; chosen such that q is con-
tinuous at r = r,,, and g(a) = 3.1 [1]. The parameter values used here are, initially, q, =
1.05, g, = 2.05, a; = 4, a, = 1.5 and p,, adjusted to give f = 3 %. Since g = 1 in the low-
shear region 0 < r < r;,, we only consider modes with g, = 1, i.e. m = n, here. Fig. la il-
lustrates the profiles in Egs. (3) for a; = 6, 1,,,/a = 0.4 and (a,, @;) = (4,1.5) and (2, 2).
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Fig. 1 a) lllustration of the g- and pressure profiles used in the calculations in this paper. b) Growth rate of the
n = 3 mode vs royr for i, /a = 0.4 and 1. The relevant value of royr is the radius where y has its maximum.
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Fig. 1b shows the growth rate vs. royr for an m = n = 3 mode in the equilibrium shown in
Fig. 1a with a; = 4 and a, = 1.5. A comparison is made between the case a, = 6, 1,/a =
0.4, and an equilibrium where the g-profile with a, = 6 in Eq. (3a) is valid up to r = a. The
outer boundary royr Of the low-shear region is a free parameter of the system (1)-(2), and the
actual value of this parameter should be chosen as the radius that gives the largest growth rate
[3]. For the case with r;,,/a = 0.4 in Fig. 1b we see that royr = 1, and this is often a good
approximation of rgyr if 73, is not too large. It is also seen that the growth rate in the case
where the low-shear region is limited to r < 0.4a is substantially larger than the growth rate
in a plasma with a much wider low-shear region. The latter property is further illustrated in
Fig. 2a, where y2. is plotted for several modes (n = 1-4) as functions of r,,/a, with the
other equilibrium parameters the same as in Fig. 1.
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Fig. 2 a) y2 vs. r;,,/a for the modes n = 1,2,3,4 in an equilibrium with the parameters indicated. b) Growth
rates for the same modes as in (a) but here g, = 1 and the pressure profile is broader.

In the case of a relatively large region of low magnetic shear (r;,, = 0.6a), n = 1 is obviously
by far the most unstable mode, whereas restricting the low-shear region to approximately half
of the plasma radius (or less), the growth rates of the higher n modes are seen to increase
strongly. Two additional profile effects are, however, also of importance for the relative
magnitudes of the growth rates of the different modes shown in Fig. 2. First, the fact that
qo = 1.05 in Fig. 2a leads to a stabilising effect from the n2?(Aq)? term in the quantity Q in
Eg. (1), a stabilising effect that increases strongly with n. Secondly, the profile with a; = 4
and a, = 1.5 used in Fig. 2a is rather strongly peaked at the axis (see Fig. 1a), and by making
the pressure profile broader, the drive on the higher m = n modes increases. The conse-
quences of both reducing g, to 1 and, additionally, broadening the pressure profile (by using
instead a; = a, = 2, see Fig. 1a) is shown in Fig. 2b. It is seen that, for r;,, < 0.5a, this leads
to a broad spectrum of high n infernal instabilities with practically the same growth rate. It is
possible that the spectral property shown in Fig. 2b is related to the similar, broad spectrum
of infernal instabilities seen in some of the results obtained with PEST in Ref. [1].

Note that the growth rates are reduced by a factor ~ 3-4 from Fig. 2a to Fig. 2b. This is
due to the fact that, in order to get the same S, p, has to be smaller in Fig. 2b than in Fig. 2a.
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Effect of an inner boundary of the low-shear region (r;y > 0) We now consider a possible
application of the result in Fig. 2b to a conventional tokamak scenario where g, < 1 and
where the g = 1 radius is of order 0.4-0.5a or less. A g-profile of the sort shown in Fig. 3a
may develop in a standard scenario plasma due to the presence of an island, partial reconnec-
tion, or another transport process in the vicinity of g = 1. An important difference relative to
the g-profile shown in Fig. 1a is that there is now a radius r; marking the inner boundary of
the low shear region.
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Fig. 3 a) g-profile with g, = 0.8 and a region of low shear between ry = 0.2a and rgyt = 0.4a, and the form
of the n = 2-4 eigenfunctions. b) Growth rates for the same eigenmodes vs. a varying ryy in the g-profile in (a).

Fig. 3b shows the growth rates for the modes n = 2-4 vs. rjy with oyt = 0.4 fixed, calcu-
lated from Egs. (1) and (2) for the g-profile in Fig. 3a, the pressure profile a; = @, = 2 in
Eq. (3b), and § = 3 %. The form of the eigenfunctions, shown in Fig. 3a, are seen to be al-
most independent of n > 1. For simplicity, the growth rates and eigenfunctions are calculated
with fixed ryy and oyt here, so the growth rates are somewhat underestimated. It is seen that
a very small region of low shear nevertheless is sufficient to destabilise a broad spectrum of
fast growing infernal n > 1 instabilities within 1y < r < royr. Such instabilities could be
present at, or soon after, the sawtooth crash event, and may be connected to the triggering of
secondary instabilities (e.g. NTMs). In relation to this, the role of the ideal m = n = 1 mode
in the type of scenario suggested here needs to be understood as well, and this is an area
where results of relevance for this problem to some extent already exist in the literature [8-9].
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