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Introduction

Let C.X denote the (singular or cubical) chain complex of a space X, which admits a natural coassociative and counital
comultiplication 8y, given by the composite chain map

X EA o xx) M cx@cx,

where A is the usual diagonal map and AW is the natural Alexander-Whitney equivalence. By the Kiinneth Theorem, if
H.X is torsion free, then 8y induces a comultiplication H,X — H.X ® H,X. In general, §x induces a graded commutative
multiplication H*X ® H*X — H*X, the cup product.

Let E be the total space of a principal G-bundle, where G is a connected topological group. Let Y be any G-space. The
multiplication map i : G x G — G induces the structure of a chain algebra on C,G, with multiplication map given by the
composite

.6®CGE .G x6) &5 ¢,

where EZ is the natural Eilenberg-Zilber equivalence. The action maps E x G — E and G x Y — Y similarly induce
C.G-module structures on C,E and on C..Y.

In [14] Moore proved the following fundamental result relating the C,G-module structures on C.E and on C,Y to the
homology of the quotient space E x; Y.

Moore’s Theorem. There is an isomorphism of graded Z-modules
H.(E x¢ Y) = TorS*(C,E, C.Y).

In this paper we explain how to enrich Moore’s theorem, obtaining a comultiplicative isomorphism, by taking into
account in a coherent manner the comultiplicative structure on C,G, CE and C, Y, up to strong homotopy. We then analyze
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in detail the special case G = S' and E = ES'. We also provide a small, explicit model for the homotopy orbits of a group
action on a reduced simplicial set.

We begin by recalling the operadic description of “strongly homotopy” structures from [9] and [8], based on which
we introduce a more highly structured notion of resolution, which we call DCSH-resolution (Definition 3.2). We show that
DCSH-resolutions lift through surjective quasi-isomorphisms (Theorem 3.4), which is particularly useful for our purposes.
We then apply DCSH-resolutions to proving an enriched version of Moore’s theorem, showing that it is possible to calculate
the algebra structure of H*(E x¢ Y), given DCSH-resolutions of C,G and of C.E as a C,G-module (Theorem 5.1).

As an application of our enriched Moore’s theorem, we consider the case of homotopy orbits of circle actions. After
proving the existence of a special family of primitive elements in the reduced cubical chains on S! (Definition 6.4) and
studying its properties, we introduce a particularly useful DCSH-resolution of the cubical chains on ES! as a module over
the cubical chains on S (6.2). From our enriched Moore’s theorem, we then obtain for any S'-space Y a cochain algebra the
cohomology of which is isomorphic to the graded algebra H* Y51 (6.3). The Batalin-Vilkovisky structure on H* Y appears in
this cochain algebra, as one summand of the differential.

In the last section we apply our enriched Moore’s theorem to constructing analogous small, explicit chain coalgebra
models for the homotopy orbits of a group action on a reduced simplicial set (Theorem 7.5).

Throughout this paper, we elaborate upon and improve certain results from [5]. In particular, the operadic perspective
on computing the algebra structure of equivariant cohomology is new.

Related work

Neisendorfer strengthened Moore’s theorem in [15, Theorem 12.12.1], proving that if E is a free right G-space and Y is
any G-space such that H,(E X Y) is k-projective, then

H.(E x¢ Y) = TorSC(C,E, C,.Y)

as coalgebras, where the coalgebra structure on the right arises from that of the acyclic bar construction on C,G and that
of C.Y (cf. Example 3.3). In this article, we show that this canonical bar resolution can be replaced by any DCSH-resolution
when calculating comultiplicative structure, which has the advantage of enabling us to use particularly small resolutions.

In [2, Theorem 5.1], Félix, Halperin and Thomas proved a result similar to that of Neisendorfer for G-fibrations, i.e., for
fibrations p : E — B such that E admits a fiberwise right G-action inducing weak equivalences G — p~! (p(e)) ar>e-a
for all e € E. They showed that there was a natural quasi-isomorphism of chain coalgebras

C.E ®, BC,G > C.B

for every such G-fibration, where B is the (reduced) bar construction, and tg is the couniversal twisting cochain
(Example A.5).

Notation and conventions

e Given objects A and B of a category C, we let C(A, B) denote the set of morphisms with source A and target B.

e When used in the name of a morphism, 1 or 1x indicates the identity morphism on an object X.

e Throughout this paper we are working over a commutative ring k. We denote the category of Z-graded k-modules by
grMod, and the category of unbounded chain complexes over k by Chy.

e The degree of an element v of a graded module V is denoted either |v| or simply v, when used as an exponent, and no
confusion can arise.

e Throughout this article we apply the Koszul sign convention for commuting elements of a graded module or for
commuting a morphism of graded modules past an element of the source module. For example, if V and W are graded
algebrasand v @ w, v ® w’ € V ® W, then

Ww) - W ew)==1)""yw euww.
Furthermore, iff : V — V and g : W — W’ are morphisms of graded modules, thenforallv @ w € VQ W,
O w) = (=) ©gw).

e Dualization with respect to k is indicated by a f as superscript.

e A graded module V is connected if Vi, = 0 for all k < 0 and Vy = k. We write V, for V..

e The suspension endofunctor s on the category of graded modules is defined on objects V = €p,_,, Vi by (sV); = V;_1.Given
a homogeneous element v in V, we write sv for the corresponding element of sV. The suspension s admits an obvious

inverse, which we denote s~!.

e Given chain complexes (V, d) and (W, d), the notation f : (V, d) = (W, d) indicates that f induces an isomorphism in
homology. In this case we refer to f as a quasi-isomorphism.
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e Let T denote the endofunctor on the category of free graded k-modules given by
TV = @nzov®n’

where V®° := k. A pure tensor element of the summand V®" of TV is denoted v4] - - - |v,, where v; € V for all i.

e If K is a simplicial set, then C,K denotes its normalized chain complex with coefficients in k. If X is a topological space,
then C,X means either its cubical or its singular chain complex with coefficients in k. We use the notation CU.X to specify
the cubical chain complex. The homology functor H, for spaces or simplicial sets is always taken with coefficients in k.

1. The category DCSH

In this section we recall from [4] the definition of the category DCSH, in which the objects are chain coalgebras and the
morphisms are strongly homotopy-comultiplicative maps. We then remind the reader of the operadic description of DCSH,
as developed in [9] and [8]. One advantage of this operadic description is that it enables us to see easily that DCSH admits a
monoidal structure, studied in detail in [6] and summarized briefly here. In general, the operadic language we use simplifies
both the presentation and the manipulation of the morphisms with which we work here.

The category DCSH, first defined by Gugenheim and Munkholm in [4], has as objects connected, coaugmented chain
coalgebras, while a morphism from C to C’" is a map of chain algebras 22C — $£2C’, where £2 denotes the (reduced) cobar
construction (cf. Appendix A).

In a slight abuse of terminology, we say that a chain map between chain coalgebras f : C — C’ is a DCSH-map if there
is a morphism in DCSH(C, C’) of which f is the linear part. In other words, there is a map of chain algebras ¢ : 2C — 2C’
such that

¢ls-1c, = s~ 'fs + higher-order terms.

Remark 1.1. Let ¢ : 2C — £2C’ be a chain algebra map, where (C, dc, A) and (C/, d¢/, A’) are connected, coaugmented
chain coalgebras. The algebra map ¢ is determined by its values on s~'C_, which generates the free associative algebra
underlying §2C. Let ¢, denote the following composite
—1 i ®k
G slcy > 205 0 B (s710)®F I (0)®k.
Unraveling the definition of the differential in the cobar construction, we see that specifying ¢ is equivalent to giving a
family of k-linear maps

{oe: C— (CH® | degpp =k — 1,k > 1}
such that

k—1 k—2
dicnorgr + (— D) prde = Z(%‘ ® pr_i)Ac — Z(—1)1(1®' ® Ac @ 1)@y
i=1 i=0

for all k. It follows that a chain map f : C — C’ is a DCSH-map if there is such a family {¢ | k > 1}, where ¢; = f.

The category DCSH plays an important role in topology. In particular, as established in [4], for any reduced simplicial set K,
the usual comultiplication on C,.K is a DCSH-map. In [9] the authors provided a purely operadic description of DCSH. Before
recalling this description, we briefly explain the framework in which it is constructed. We refer the reader to Appendix A of
[9] for further details.

Let M denote either grMod, or Chy, and let M denote the category of symmetric sequences of objects in M. An object
X of M* is a family {X(n) € M | n > 0} of objects in M such that X (n) admits a right action of the symmetric group X,
for all n. The object X (n) is called the nth-level of the symmetric sequence X. Given a morphism of symmetric sequences
X — Y, weletp(n) : X(n) — Y(n) denote its restriction to level n.

There is a faithful functor 7 : M——M?Z% where, for all n, 7(A)(n) = A®", where ¥, acts by permuting the tensor
factors. The functor 7 is strong monoidal, with respect to the level monoidal structure (M¥, ®, €), where (X ® Y)(n) =
X(n) ® Y(n), endowed with the diagonal action of X, and €(n) = k, endowed with the trivial X, -action.

The category M¥ also admits a nonsymmetric, right-closed monoidal structure (M¥, o, g), where ¢ is the composition
product of symmetric sequences, and g(1) = k and g(n) = 0 otherwise. Given symmetric sequences X and Y,

Xopm =[] Xk © ($() ® - @ %) ® k5],
k>1 k n
ﬁelkm

where

Ik,nziﬁz(nl,...,nk)eNk

anzn,njzo\:’j}

J



K. Hess / Journal of Pure and Applied Algebra 216 (2012) 1680-1699 1683

and
i = Xpy X oo X Xy,

seen as a subgroup of X,. For any objects X, X', ¥, Y’ in M*, there is an obvious, natural intertwining map
L(X®X)0 (YY) —=(XoY) (X' oY) . (1.1)

An operad in M is a monoid with respect to the composition product. The associative operad 4 is given by A(n) = k[ X} ]
for all n, endowed with the obvious monoidal structure, induced by permutation of blocks.

We work throughout this paper with modules over operads. Given operads & and @, we consider symmetric sequences
X admitting left or right actions of an operad & or compatible left #-actions and right @-actions, with respect to the
composition product. The categories of left #>-modules, of right 2-modules and of (&, @)-bimodules are denoted »Mod,
Mod, and »Mod,, respectively.

Example 1.2. For all objects A in M, the tensor symmetric sequence 7 (A) admits a natural, obvious left A-action.

Let & denote any operad in M. A $-coalgebra consists of an object C in M together with an appropriately equivariant
and associative family

{C® P(N)——=C®" | n > 0}
of morphisms in M. As observed in [9], the functor 7 restricts to a full and faithful functor
7 : P-Coalg— ,Mod
from the category of #-coalgebras to the category of symmetric sequences with compatible left A-action and right $-action.

Given a right -module M and a left -module ./, we can define their composition product over &, denoted M ¢ N, to
P

be the coequalizer of the two obvious maps M ¢ # ¢ N — M ¢ N induced by the right and left actions of .

In [9] the authors constructed an A-bimodule #, called the Alexander-Whitney co-ring, which they applied to providing
an operadic description of DCSH. The bimodule & admits a coassociative comultiplication ¢ : ¥ — F ¢, F in the
category of «-bimodules (with respect to the monoidal product ¢4), giving rise to its status as a co-ring. There is also a
coassociative, level comultiplication Ay : ¥ — F ® F that is compatible with its composition comultiplication and that
plays an important role in development of monoidal structure in DCSH, which we exploit in Section 3.

Remark 1.3. The symmetric sequence of graded k-modules underlying # is 4 ¢ § ¢ «, where, foralln > 1, §(n) =
k[ X,] - z,_1, the free k[ X, ]-module on a generator of degree n — 1, and $(0) = 0. We refer the reader to pages 853 and
854 in [8] for the explicit formulas for the differential 0z : £ — &, the composition comultiplication 1 and the level
comultiplication Az. We remark that ¥ admits a natural filtration with respect to which both vz and Ay are filtration-
preserving, while 9+ is filtration-decreasing.

Let (A, ¥)-Coalg denote the category of which the objects are ~-coalgebras (i.e., coassociative and counital chain
coalgebras) and where the morphisms are defined by

(A, F)-Coalg(C, C") :==,Mod (T (C) o4 F, T (C)).

Composition in (4, F)-Coalg is defined in terms of ¥¢. If 6 € (A, F)-Coalg(C, C’) and 6’ € (A, F)-Coalg(C’, C"), then
their composite 6’6 € (A, F)-Coalg(C, C”) is given by composing the following sequence of (strict) morphisms of right
A-modules.

1y c)on¥s Houl 9’
T op F—— T (C)op Fop F— L sq(C) oy F—>T(C").

We call (A, F)-Coalg the category of A-coalgebras and of F-parametrized morphisms. This is the promised operadic
description of DCSH, as the coKleisli category associated to the comonad — ¢4, .

Theorem 1.4 ([9]). There is an isomorphism of categories

(A, F)-Coalg = DCSH.

Define a bifunctor

A 1 (A, F)-Coalg x (A, F)-Coalg — (A, F)-Coalg
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on objects by C A €' := C ® C’, the usual tensor product of chain coalgebras. Given 6§ € (4, ¥)-Coalg(C, D) and
0’ € (A, F)-Coalg(C’, D'), we define 6 A 6’ to be the composite of (strict) A-bimodule maps

OAAF

TCAC)ou F—> (T(O)®T(C)) o4 F oty (T ®T(C)) ou (FQF) (12)

L

(T(©) ou F)®(T(C)ou F)
020’

7(D)®T (D)

T(DAD)

where ¢ is induced by the intertwining map (1.1). It is straightforward to show that A endows (4, #)-Coalg with the
structure of a monoidal category. The finer details of this monoidal structure are studied in [6, Section 2].

Remark 1.5. It is clear that the category of chain coalgebras with its usual monoidal structure is a sub monoidal category of
(A, F)-Coalg, since every strict coalgebra map is strongly homotopy-comultiplicative, with trivial higher homotopies.

2. Monoids and modules in (A, ¥)-Coalg

It is clear that any chain Hopf algebra is a monoid with respect to the evident monoidal structure on DCSH, since its
multiplication map is a map of chain coalgebras and therefore a DCSH-map with trivial higher homotopies. Relaxing the
definition of a morphism of Hopf algebras, we introduce in this section the notion of DCSH-multiplicative maps between
chain Hopf algebras, which are strictly multiplicative but comultiplicative only up to strong homotopy, where the higher
homotopies must be appropriately compatible with the multiplicative structure. The definition of DCSH-multiplicative maps
can be succinctly stated in terms of the operadic description of the category DCSH.

Relaxing analogously the notion of morphism of module coalgebras, we then define DCSH-module maps between module
coalgebras, which respect the multiplicative structure strictly but the comultiplicative structure only up to strong homotopy.
We prove in particular that tensoring DCSH-module maps over a DCSH-multiplicative map gives rise to a strongly homotopy-
comultiplicative map.

Definition 2.1. Suppose that H and K are chain Hopf algebras. A chain map 6 : H——— K is a multiplicative DCSH-map if
there is a map of A-bimodules

0:TH) o, F —=T(K)
such that@(l)(x ® z9) = O(x) for all x € H and such that

T (np)oal
THAH) o0 F — 2 S TF(H)ou F

T (K AK) Ttk 7 (K)

commutes, where uy and g are the multiplication maps of H and K, which are maps of coalgebras.

In other words, a chain map 6 between chain Hopf algebras is a multiplicative DCSH-map if it is the level-one part of a
monoid morphism in (A, F)-Coalg.

Remark 2.2. Just as we unraveled the definition of DCSH-maps in Remark 1.1, we can provide a more explicit, though less
compact, definition of multiplicative DCSH-maps as follows. Let H and K be chain Hopf algebras. A DCSH-map 6 : H — K
with corresponding family of linear maps {6 : H — K®* | k > 1} is multiplicative if

On(ab) = Y £(AY @ ® AI(@) - (0, ® -+ @ 6) A (b).
1<k<n
TEI,(:,

foralla, b € Hand foralln > 1, where - denotes multiplication in (H')®" and where the signs are determined by the Koszul
rule. In particular, since 6 = 04,

B(xy) =0(0)0(y)

forallx,y € H, i.e., a multiplicative DCSH-map is, in particular, an algebra map.



K. Hess / Journal of Pure and Applied Algebra 216 (2012) 1680-1699 1685

The category of modules over a Hopf algebra H admits a monoidal structure defined in terms of the comultiplication A
on H: given two right H-modules M and M’ with action maps p and p’, their tensor product M ® M’ admits a right H-action
given by the composite

/ 104 , = . p®p /
MOIM)®H — (MOIM)®HQ®H) > MO®H) @ (M ®H) — M QM.
An H-module coalgebra is a comonoid in the category of H-modules, with respect to this monoidal structure. We can also
formulate the definition as follows.

Definition 2.3. Let H be a chain Hopf algebra. A chain complex M is a (right) H-module coalgebra if M admits a chain
coalgebra structure and a (right) A-module structure such that the H-action map p : M @ H———M is a coalgebra map.

Embedding the category of chain coalgebras in (4, ¥)-Coalg as usual, we see that any module coalgebra over a Hopf
algebra H is a module over H, seen as a monoid in (4, F )-Coalg. We are therefore again naturally led to consider a weakened
notion of morphism, this time between module coalgebras.

Definition 2.4. Let 6 : H——K be a multiplicative DCSH-map. Let M and N be a right H-module coalgebra and a right
K-module coalgebra, respectively, where p); and py are the module structure maps. A chain map ¢ : M———N is a DCSH-
module map with respect to 6 if there is a map of A-bimodules

P :T(M) o, F —=T(N)
such that 9(1)(y ® z9) = ¢(y) for ally € M and such that

T (pm)oal

TMH) o F — 224 S 7 (M) ou F

\L@A@ \L@
T (oN)

7 (N ®K) T(N)

commutes.

Remark 2.5. In the spirit of Remarks 1.1 and 2.2, we now give an description of DCSH-module maps in terms of elements. If
0 : H — K is a multiplicative DCSH-map with associated family {6 : H — K®* | k > 1} and M and N are a right H-module
coalgebra and a right K-module coalgebra, respectively, then a chain map ¢ : M — N is a DCSH-module map with respect
to 6 if it is a DCSH-map with associated family {¢ : M — N®* | k > 1} such that

- @)= Y AL @ ® A )X - (6, ® - ®6,)AY (@),
1<k=<n

1€l n

forallx € M and a € H and for all n > 1, where - denotes either the right action of H on M or the induced right action of
K®" on N®" and where the signs are determined by the Koszul rule. In particular,

p(x-a) =¢1(x-a) = p1(x) - 61(a) = ¢(x) - 6(a),
i.e., ¢ is itself a strict morphism of H-modules.
The definition of DCSH-module maps of left module coalgebras can be deduced easily from the definition above.
Let H be a chain Hopf algebra. Suppose that M and M’ are right and left H-module coalgebras, with structure maps py
and Ay, respectively. Consider the following coequalizer of chain complexes.
1A,/

M®H®M MM ——=M®yM .

_ >
pm®1

Since pyy ® 1and 1 ® Ay are both maps of coalgebras, M ®y M’ admits a coalgebra structure such that the quotient map
T MM — M@yM

is a coalgebra map.
In the next theorem we see that tensoring two DCSH-module maps over a DCSH-multiplicative map preserves strong
homotopy-comultiplicativity.

Theorem 2.6. Let § : H——K be a multiplicative DCSH-map. Let M and M’ be right and left H-module coalgebras, and let N
and N’ be right and left K-module coalgebras, respectively. Let ¢ : M——N and ¢’ : M'—N’ be DCSH-module maps with
respect to 6. Then the induced chain map

PRy ¢ MM —=N QN
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is a DCSH-map. Furthermore, if in addition M’ and N’ are right L-module coalgebras, where L is a chain Hopf algebra, and ¢’ is a
DCSH-module map with respect to 1, then ¢ ®g ¢’ is a DCSH-module map with respect to 1, as well.

Proof. Colimits in M% are calculated level-wise. Since 7 (A A B) is naturally isomorphic to 7 (A) ® 7 (B), it is easy to see
that the diagrams

T (1@ ron
_— >
TM®H®M) TMROM) ——T (M Qy M)
T(pm®1)
and
T(l@)\N/) 7o)
TIN®KQN') _T(N®N) ——> T (N &N
T (on®1)

are coequalizers in the category of 4-bimodules. On the other hand, the endofunctor — ¢, ¥ is a left adjoint and therefore
preserves coequalizers.
Since the diagram

T(1®)¥M/)Q,A1 Fyoul
—_— J ()0,
TMQOHQM) oy, F TMRM) oy F —————> T(M@yM) o, F
T(pm®1)oul
GAONG (2%
T (1®y/)
TIN®K QN T(N®N’) g T(N®N)
T (on®1) i

of coequalizer diagrams in the category of A-bimodules commutes, there exists a map of A-bimodules
NP TMREM)ou F ——T(NQgN)
that makes the whole diagram commute. Restricting to level 1, we verify easily that
PP (DB X ®20) = P(x) Bk §'(X)

as desired.
From the diagram above, it is easy to see that if ¢’ is a DCSH-module map with respect to 1;, then ¢ Ay ¢’ isaswell. O

3. DCSH-resolutions of module coalgebras

We introduce in this section the notion of DCSH-resolution of a module coalgebra M over a chain Hopf algebra H, as a
DCSH-module map with H-semifree source and target M that is a quasi-isomorphism. We conclude with a lifting result for
DCSH-resolutions, which proves useful in both of the applications we study later in the paper.

Let H be a chain Hopf algebra, and let M be an H-module coalgebra, i.e., M admits both an H-action M ® H — M and
a coassociative, counital comultiplication M — M ® M, which is a morphism of H-modules. Our goal in this section is to
apply the notions of DCSH-multiplicative maps and of DCSH-module maps to defining a type of resolution of M over H that
respects multiplicative structure exactly and comultiplicative structure up to strong homotopy. Our extended version of
Moore’s theorem is expressed in terms of such highly structured resolutions.

The first step toward the definition consists in specifying the resolving objects.

Definition 3.1. Let A be a chain algebra, and let M be a right A-module. A right A-module M’ is a semifree extension of M if
it is the union of an increasing family of A-modules

M (~1)=M S M©) SM(1)C-

such that each quotient M’(n)/M’(n — 1) is A-free on a basis of cycles.
If M = 0, then M’ is called a semifree A-module.

In particular, if M’ is a semifree extension of M, then there is a free graded k-module V such that M’ = M & (V ® A)
as (nondifferential) graded A-modules. There is an analogous notion of semifree left A-modules. Note that twisted tensor
products C ®; A (cf. Appendix A) are prime examples of semifree A-modules, at least when the differential graded k-module
underlying A is itself k-semifree. We refer the reader to [2] for further details.

Definition 3.2. Let 6 : H—— K be a multiplicative DCSH-map. Let M and N be a right H-module coalgebra and a right
K-module coalgebra, respectively, and let ¢ : M——— N be a DCSH-module map with respect to 6. If M is a semifree
H-module and ¢ is a quasi-isomorphism, then ¢ is a strongly homotopy-comultiplicative resolution or DCSH-resolution of N
over H.
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Example 3.3. Let H be a connected chain Hopf algebra, with multiplication « : H® H — H, and let M be a right H-module
coalgebra, with coaction p : M @ H — M. Let ¢ : BH ®;, H — k denote the augmentation (cf. Appendix A).

It follows from Theorem 4.1 in [2] (or the dual of Corollary 3.6 in [6]) that M ®,, 8BH ® g H admits the structure of a right
H-module coalgebra such that the k-linear map

P MQ®y, BHR,H—>M: m@wht> e(w) - p(m® h),

is a morphism of right H-module coalgebras. The right H-action on the domain of 0 is defined to be

(M ®:, BH ®¢, H) ® H =M @, BH ®, (H® H) —% M ®,, 8H ®g H,

where the left action of Hon H ® His givenby u ® 1: (H® H) ® H - H ® H. Note that u : H ® H — H is a morphism
of left H-modules, with respect to this action and to the usual left action of H on itself.

If, in addition, the differential graded k-modules underlying H and M are semifree, then p is a quasi-isomorphism and is
therefore a DCSH-resolution of M over H.

In Sections 6 and 7, we provide further examples of DCSH-resolutions, over the chains on a topological group, in particular
the circle, and over the chains on a simplicial loop group. The following theorem, which says that semifree extensions of
module coalgebras satisfy a left lifting property with respect to surjective quasi-isomorphisms, plays an important role in
both of our examples. Section 4 is devoted to the long and technical proof of this theorem.

Theorem 3.4. Let H be a connected chain Hopf algebra such that the underlying graded algebra is free on a free graded k-module,
andlet® : H — K be a multiplicative DCSH-map. Let M and M’ be H-module coalgebras, while N and N’ are K-module coalgebras.
Let

M—Y>N
i
M’ */> N’
be a commuting diagram of chain maps, where

(1) the underlying H-module of M’ is an H-semifree extension of M, and the natural inclusion map, j, is strictly comultiplicative;
(2) pis a surjective quasi-isomorphism of K-module coalgebras; and
(3) ¢ and ¢’ are DCSH-module maps with respect to 6.

If the induced diagram in the category of +-bimodules

T(M) ox F —— > T7(N)

T(i)O.Al\L ‘T(P)iN

T(M') o0 F —> T(N')

commutes, then there is a DCSH-module map w : M’ — N with respect to 0, lifting ¢’ and extending ¢, i.e., such that pow = ¢’
and wj = ¢. In particular, if ¢’ is a DCSH-resolution of N’, then w is a DCSH-resolution of N over H.

4. The proof of Theorem 3.4
The following technical lemma from [6] is the key to proving Theorem 3.4. Note that the category M of graded k-modules
or of chain complexes can be “linearly” embedded in the category M* of symmetric sequences, via a functor
£:M—> M*, (4.1)

which is defined on objects A in M by L(A)(1) = A and L(A)(n) = O for all n # 1 and similarly for morphisms. Let
u: £ — T denote the obvious “inclusion on level 1" natural transformation.

Lemma 4.1 ( [6, Lemma 2.3]). Let A and B be graded k-modules, and let X be a symmetric sequence of graded k-modules. Any
morphism 0 : L(A) o X — T (B) in ngod]f(T extends naturally to a morphism 0 : 7 (A) ¢ X — T (B) of left A-modules such
thatO(uo 1) = 6.

Remark 4.2. It is clear from the explicit construction of @Ain the proof of Lemma 4.1 that if 6 = ¢@(u ¢ 1), where
¢ : T (A) ©X — T (B)isamap of left A-modules, then ¢ = 6, i.e., the extension of 6 is unique.

Proof of Theorem 3.4. We first explain the existence of the induced diagram of A-bimodules. Since j is strictly
comultiplicative, it induces morphisms of 4-bimodules

TGO:TM) —>TM) and THou1:TM)ou F —> T(M) o4 F.
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Similarly, p induces a morphism of A-bimodules
T(): T(N) = T(N).

Moreover, that ¢ and ¢’ are DCSH-module maps means that there are morphisms of 4-bimodules
P:TM)o,F - T(N) and @ :TM)o F — T(N)
satisfying coherence conditions as in Definition 2.4.
To prove the theorem, it suffices to consider the case MlM = (k- v) ® H, i.e, the case in which M’ is obtained from
M by adjoining one new generator v, with dv € M and A(v) € M ® M, where d and A are the differential and the
reduced comultiplication on M’. The general case then follows by an inductive argument, since we can pass from the finitely
generated case to the case of an arbitrary semifree extension by taking directed colimits. Assume therefore that

M'/M = (k- v) @ H.

Let TW denote the free graded algebra underlying H. To construct w, we proceed by induction on the degree of the
generators of TW and on the degree of the A-bimodule generators of # (cf., Remark 1.3). Much of the proof closely resembles
standard lifting results for chain complexes, chain algebras, etc., but we have to be a little bit careful in order to ensure that
our lift is sufficiently highly structured.

Let #, denote the sub A-co-ring of F freely generated as an 4A-bimodule by {z; | k < n}. Note that the image of the
restriction of Ag to F, liesin £, ® F,.

For any positive integer n, let Hy;) denote the sub Hopf algebra of H (freely) generated as an algebra by W_,, and let
H) = 0. We thus have an increasing filtration of H

Ho =0CHmy =kC--- CHm CHapny C---
which induces an increasing filtration of M’
/ _ ! _ 7 7
Mgy =M CMy =M@&k-vC---CMy CMy,q) C---.
Define bigraded families of symmetric sequences of chain complexes

{Xnm | n,meN}and {Y5m | n,m € N}

by

Xnm =T (M) 0 F +T (M) 04 Foy + T (M) 04 Fripn
and

Yom =T MRH) o4 F+T M @H) oy Fy+ T (M ® Humy) 04 Fupr-
Observe that

e Xoo=TM)o,¥F;
e colimy, Xnm = Xny1,0 = TM)ou, F+T M) oy Fot1s
o colimy ;m Xpm =T (M) o4 F.
Forallm <m’,n <n/,let L’,}i;{l”/ : Xn.m = X denote the inclusion.
Let L, ,,, denote the following statement.
There is a morphism of A-bimodules in the category of symmetric sequences of chain complexes
On.m - Xnm — T(N)
such that

(1) @n,;m extends @, i.e., Dpm o Ly = @s
(2) an,m lifts a/, ie., T(p) o an,m = ¢/|xn<m; and
(3) the following diagram commutes

T (oyr)oal
yn,m > xn,m

lan,mA§ \Lamm
TIN®K) — 2 5 7(N)

Here, @pm A @ is defined in terms of the restriction of Ag to F, or to Fpyq, in a slight variation on the
diagram (1.2).
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We show below that
Lim = Lymt1 (4.2)
foralln, m € Nand @y m = @nmt1 0 4t It follows by induction that
Lo = Lait1.0, (4.3)
since we can set
@nt1,0 = COliMy Wy @ Xpp1,0 = colimy Xy m — T(N).

Since Ly o certainly holds, where @y o = @, it follows from (4.3) by another induction that L, o holds for all n. We can therefore
set

@ = colim, @y : T(M') o4 F = colim, X0 — T (N)

and obtain a morphism of #A-bimodules such that

T ()01
TM)yo,F ~—>T(N)  and T(M@H) oxF —o " >,
Tumli %(mi~ l@/\g ia
(M’ Frod @ (N & 7 (pn) P
TM)Yos F ——=T(N) TIN®K)ou, F — T (N)

commute, It follows that if  : M — N denotes the restriction of @ to 7 (M)(1), then w is a DCSH-module map with respect
to 6. Thus, once we have proved (4.2), the theorem itself will have been proved as well.

We now prove (4.2). To simplify notation, let D denote the differential in all of the symmetric sequences of chain
complexes that we consider.

Suppose that L, ,, holds. Let w € Wy,. Consider

W ®w) ®zy € T My 1)) Oa Futr-

Since dv € M and A(v) € M ® M, the formula for the differential 94 (cf., [8, p.853]) implies that
D((v ® w) ® z;) € Xnm

and therefore that &)\n,mD((v QW) R zn) is defined. Moreover,

D&y, mD((v ® W) ® 73) = @n,mD* (v ® W) ® 2,) = 0.
Since 7 (p) is surjective, there exists x € 7 (N)(n 4+ 1) such that
TE® =9 ((v®w) ®2z,).
Note that
T (p) (DX = DmaD((v ® W) ® 20)) = DT (P)(x) — P'D((v ® w) ® 2) = 0.

It follows that Dx — an,mD((v RW) ® zn) is a cycle in the kernel of 7 (p)(n + 1), which is acyclic, since 7 (p) is a surjective

quasi-isomorphism in each level. There exists therefore y € ker 7 (p)(n + 1) such that Dy = Dx — EBD((U QW) zn). We
can thus set

ZU\n,rrH—l((v @ w) ®Zn) =x—yeTN)(n+1)

and ensure that @, nD((v ® W) ® zy) = D@y m+1((v ® w) ® 2,). Assume henceforth that we have made such a choice for
each element of a basis of the free k-module W,, and then extended k-linearly to all of W,,,.

Let 8,.1 be the sub symmetric sequence of § (cf. Remark 1.3) such that §,,,(k) = 8(k) fork < n+ 1and $,.1(k) =0
for k > n + 1. There is a map of symmetric sequences of chain complexes

LMy ® (k- v @ Win)) © Spp1 = T (N) (4.4)

defined on cE(Mém)) © Bnp1 B Lk - v ® Wp) © 8, to be the restriction of the map @, n» and on (v ® w) ® z, to be
Onmt1 (V@ w) ® zy) forall w € Wy,
By Lemma 4.1, the map (4.4) induces a unique map of left A-modules
T (M) @ (k- v ® Wp)) © 8ny1 = T(N) (45)

that agrees with the restriction of @, ,, on (M(’m)) o48pr1andon T (M Bk-v® Wm)) ©S,. Since the underlying A-bimodule
of 41 is free on 4,1, the map (4.5) induces a map of A-bimodules

~1

Opmi1 - T (Ml @ (k- v @ W) 04 Fayr — T (N) (4.6)



1690 K. Hess / Journal of Pure and Applied Algebra 216 (2012) 1680-1699

that agrees with the restriction of @y ,, on rJ‘(M(’m)) O 4 Fnr1 and on ‘T(M(’m) Dk-v® Wm)) o4 Fyu. In particular, condition
(1) of statement Ly, ;1 holds and @y m = @p.mi1 © L';:m“. Moreover, by construction, condition (2) of statement L, p,1 is
also satisfied.

Since H is freely generated as an algebra by W, which itself is a free k-module, we can extend the map 6,1”” 41 to all of
9‘(M(’m +1)) 4 Fny1 In such a way that condition (3) of statement L, , is satisfied. We proceed by induction on wordlength
in the free algebra Hyp41y = TW<p,.

Let H("m 41 denote the subcomplex of H(m1) generated by words that have at most k letters coming from W;,. Let

X1 = Xonm + T (M @ (k- v ® Hfpi1))) O Frgt

and

I . i i
y;;,m+1 = Ynm + Z J ((Mém) Ok-v® Hém+1))) ® H(m+1)>'
i+j=k
Let Hy 41,1 denote the following statement.
There are morphisms of A-bimodules in the category of symmetric sequences of chain complexes
O g1t X1 > T(N), VK<
such that
(1) forallk, k' < 1@ ., and ﬁﬁimﬂ agree on the intersection of their domains;
~k =,
2) eachw, ,,, ; extends @;
) each @f ., lifts @', i.e, T (p) o @} ., = @'; and
) the following diagram commutes

(
(3
(4
T (ppyr)oml
k M k
yn,m-H > xn,m-H ’

k -~k
\an,erl lwn.m+1

T (on)
TINQK) —2  ~ 7(N)

for all k < I, where

‘ . ey
Xn,m+1 = Wn,m ANO + Z a);]’m+1 A 9|Hj B
ij=k m
which is defined in terms of the restriction of Az to &, or to %, 1, in a slight variation on the diagram (1.2).

We have shown that H, ;41,1 holds. To complete the proof that (4.2) holds, it suffices to prove that H, ;41 implies Hy 1,141
for all [, since

PR ] T I
Xnmt1 = colim X6, 0y and Yy = colimy Y, s

We leave the details of the inductive step to the reader, as it proceeds essentially identically to the argument above, using
acyclicity of the kernel of 7 (p) to choose an image for each element of Xff,; of the form

(U®a) ®va

where a is a basis element of Hé;lﬂ), then calling on Lemma 4.1. O

5. Comultiplicative enrichment of Moore’s theorem

The goal of this section is to apply DCSH-resolutions of Hopf algebras and of module coalgebras over Hopf algebras to
enriching Moore’s theorem (cf. Introduction), obtaining an isomorphism that preserves natural comultiplicative structure.

Let G be a connected topological group, let E be the total space of a principal G-bundle, where G acts on E on the right,
and let Y be a left G-space.Letr : Ex G — Eandl: G x Y — Y be the actions.Letp : E x Y — E X Y denote the quotient
map.

Recall that for any pair of spaces X and W, the Eilenberg-Zilber (or shuffle) equivalence EZ : C,.X ® C,W ——=C,(X x W)
is a coalgebra map. Consequently, the induced maps

C.E® .G —2> C(E x G) — = C.E

p
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and

Cyl
CC®CY —>C(G X Y) ——=C.Y

A

are coalgebra maps as well. As observed in the previous section, the chain complex C.E®c,¢C,Y therefore admits a coalgebra
structure such that the quotient map 7 : C.E ® C,Y — C.E Qc,c C.Y is a coalgebra map. Furthermore, the chain map
C.E ®c,c .Y — C.(E X Y) induced by the composite

Cy
CERCY — 5 C(ExY) —P~ C.(E xcY) (5.1)

is also a coalgebra map.

We now use the results above on DCSH-resolutions to prove a more highly structured version of Moore’s classic theorem
[14]. In the proof we make extensive use of twisting cochains; we refer the reader to Appendix A for basic definitions,
notation and examples.

Theorem 5.1. Let G be a connected topological group, let E be the total space of a principal G-bundle, where G acts on E on the
right, and let Y be a left G-space. Let § : H—— C,G be a multiplicative DCSH quasi-isomorphism, where H is connected, and
the algebra underlying H is free on a free graded k-module.

Ifo: M——> C,E is a DCSH H-resolution of CE, then there is a DCSH quasi-isomorphism
M ®y C.Y ——> C.(E x¢ Y).
In particular,
H*((M ®y C.Y)*) = H*(E x¢ Y)
as graded algebras.
Proof. Recall that Moore proved in [14] that given any C,G-semifree resolution of C,E,

v :N—>C,E
the composite
Y1
N ®c,c (Y —— G.E ®c,c CiY —— C.(E x¢Y)

is a quasi-isomorphism.
It follows from Example 3.3 that we can apply Theorem 3.4 to the diagram

0 — GiE Qi BCG By GG
Y
M————=CGE,
obtaining a DCSH-module map with respect to 9,
w: M —— GE @y BC,G ®, C,G.
Theorem 2.6 then implies that
0 ®p 1, : M @y C.G ——> C.E @, BC.C @y, GG

is a DCSH-map, which is also a quasi-isomorphism by Proposition 2.4 in [2]. Composing with p, which is a strictly
comultiplicative map, gives rise to a DCSH-quasi-isomorphism

EB = ’ﬁo ((1) ®o 1C*G) M Ry C*G i> C*E,
to which we can apply Moore’s result, since M ®y C,G is C,G-semifree. The composite

6®1C*Y

M ®y C.Y = (M ®y Ci6) ®c,c (LY ———— C.E Qc,c CiY

l"

C*(E X¢ Y)
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is therefore a quasi-isomorphism. Since ®® 1c,y is a DCSH-map by Theorem 2.6, and q is strictly commutative, the composite
is a DCSH-map, and we have the desired resolution. O

There is also a simplicial version of Theorem 5.1, of which the proof is essentially identical.

Theorem 5.2. Let G be a reduced simplicial group, let E be the total space of a principal twisted cartesian product with group G,
where G acts on E on the right, and let L be a simplicial set admitting a left G-action. Let 6 : H—— C,G be a multiplicative DCSH
quasi-isomorphism, where H is connected, and the algebra underlying H is free on a free graded k-module. Let ¢ : M—— C,E
be a DCSH H-resolution of C.E. Then there is a DCSH quasi-isomorphism

M ® C.L = C.(E x L).
H G

In particular,
H*((M ® C.L)*) = H*(E x L)
H G

as graded algebras.
We refer the reader to [12] for the definition of twisted cartesian products of simplicial sets.

6. Homotopy orbits of circle actions

Let Y be a topological space endowed with a left action of the circle S'. IfES! is a contractible, free S'-space, then a model

of the homotopy orbit space of Y, denoted Y1, is ES! x Y.
st

In this section we explain how to construct a model for the cohomology algebra of Y,s1 by applying our enriched version
of Moore’s theorem (Theorem 5.1). We begin by finding a particularly nice family of primitive elements in CU,S', which we
proceed to apply to building a highly structured resolution of CU,ES!, where CU, denotes the cubical chains functor. Using
that resolution, we then obtain the desired model for Y51 as a consequence of Theorem 5.1.

6.1. A special family of primitives

In this section, as a first step toward defining a DCSH-resolution of CU,ES!, we identify an interesting family of primitive
elements in CU,S'. We begin by defining a suspension-type degree +1 operation on CU,S’.

Definition 6.1. If T : "——S! is an n-cube, let o (T) be the (n + 1)-cube defined by

o (M)(to, - - ta) i= (T(tr, ..., )",
where we are considering S! as the unit circle in the complex plane, i.e.,
st=1{e?|0<6 <2n).
Remark 6.2. It is clear that o (T) is degenerate if T is degenerate. The operation o can therefore be extended linearly to all
of CU,S™.
As the next lemma states, o is a contracting homotopy in degrees greater than one and is a (1, 0)-coderivation.

Lemma 6.3. Let T € CU,S.

(1) Ifdeg T > 2, then do (T) = T — o (dT) where d is the usual differential on CU,S". )
(2) 8q1(a(T)) = o(T;) ® T, where 851 is the usual reduced coproduct on CU,S' and 81 (T) = T; ® T' (using the Einstein
summation convention).

Simple calculations, applying the definitions of the cubical differential and the cubical coproduct, as given for example
in [11] and [1], suffice to prove this lemma.
We now apply the o operation to the recursive construction of a certain family of elements in CU,S.

Definition 6.4. Let Ty : [——S! be the 1-cube defined by To(t) = e?"!. Given Ty € CUy1S! forall k < n, let T, be the
(2n 4 1)-cubical chain defined by

n
Thi=o (Z Ti - Tn_i) € (aniiS'-

i=1
Let ¥ :={T, | n > 0}.
Example 6.5. It is easy to see that
Ti(to, t1, tp) = e2m0lt1+02)
and that T, = U + V where
Ulto, ..., ts) = ef2mto(ti+(t2+t3)ta) yp4q Vty, ..., ts) = ei27mto(t1(t2+t3)+tg)
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Proposition 6.6. The family T satisfies the following properties.

(1) dTy = 0, and 0 # [Ty] in H{S".

(2) dT, =Y i, T;=1Ty_i foralln > 0.

(3) Every T, is primitive in CU,S".

Proof. Points (1) and (2) are immediate consequences of Lemma 6.3. It is well known that T represents the unique nonzero
homology generator of H,S!.

An easy inductive argument applying Lemma 6.3(2) proves point (3), since if Ty is primitive for all k < n, then the sum
ZL Ti_1 - T,—; is also primitive, as it is symmetric and all factors are of odd degree. O

Let T denote the subalgebra of CU,S! generated by the family <. Since all the T,’s are primitive, T is a sub Hopf algebra
of CU,S'. Proposition 6.6 (1) and (2) imply that T is closed under the differential.

It is helpful to recognize T as the image of a certain homomorphism, as we next make explicit. Let I” denote the divided
powers algebra functor. If v is in even degree, then

I'v = @k -v(n),

n>0

where |[v(n)| = n - |v|, v(0) = 1, v(1) = w and v(k)v(l) = (k?l)v(k + I). Furthermore, I'v is in fact a Hopf algebra, where
the coproduct is specified by A(v) = v ® 1+ 1 ® v, which in turn implies that foralln > 1,

n

A(vm) = vk @ v(n — k).

k=0

In particular, A is cocommutative. Note that the k-dual of I"v is the free, commutative algebra Av* on the k-linear functional
vt :k-v — ksending v to 1.

Recall that the homology H,, BS! of the classifying space of the circle is isomorphic as a Hopfalgebra to (I"v, A), where v is
ofdegree 2. Definealinearmap ¢ : s™' H, BS' — CU,S'by¢(s~'v(k)) = T;_;.Asimple calculation, based on Proposition 6.6
(1) and (2), shows that ¢ extends to a quasi-isomorphism of chain Hopf algebras

7:QH.BS'S CUS',

where §2 H, BS! is primitively generated. It is clear that T = Imz.

6.2. Modeling S'-homotopy orbits

Using the family ¥, we now construct a DCSH-resolution of CU,ES! as a §2 H, BS'-module.
Let H, BS' ®,, £2 H, BS! denote the acyclic cobar construction on H, BS' (Example A.8). Explicitly, H, BS' ®;,, £2 H, BS! =
(Frv®Ts~'I'tv, Dg), where I'v =@ __, k- v(n), and

n>1

n—1

Do(w(n) @ w) = v(n) @ dow — Z Vi) ®@s v —i) - w

i=0

for all n and for all w € Ts~'I"*v. Since the comultiplication A on H, BS' is cocommutative, it is a map of coalgebras and
therefore induces a comultiplication v on £2 H, BS! equal to the composite

QH,BS' 24 Q(H,BS' ® H,BS') % QH,.BS' ® QH,BS',
which is a map of chain algebras, where q is Milgram'’s chain algebra quasi-isomorphism [13], given by
ssTlw®l w' =1
—1 / _ -1, . —
as'wew))={1esw tw=1
0 : else.
In particular, g o 2A(s~'v(n)) = s~ 'w(n) ® 1+ 1@ s 'v(n) foralln > 1, ie., the Hopf algebra £2 H, BS" is primitively
generated. A straightforward calculation shows that ¥+ extends to a differential comultiplication 1 on H, BS! ®;,, £2 H, BS'
given by

n

Tmew) =Y (vk) @ w)® (vin—k @ w'),

k=0

where 1/ (w) = w; ® w' (using Einstein summation notation).
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Let j: S'—— ES! denote the inclusion of S! as the base of Milnor’s construction of ES?, which is an S'-equivariant
map. The composite

CU,jo?¢ : $2H,BS! — CU,ES!

is map of $£2H,BS'-module coalgebras. Consider the following commutative diagram of right §2 H, BS'-module
coalgebras.

CUy 'OE
QH,BS! — > CU,ES! (6.1)

H,BS' @, 2H,BS' ——=7
The inclusion ¢ is a semifree extension of $2H,BS'-module coalgebras, and the other vertical arrow is a surjective quasi-

isomorphism, while the two horizontal maps are strict maps of $2H,BS'-module coalgebras. We can therefore apply
Theorem 3.4 to diagram (6.1) and obtain a DCSH £2 H,. BS!-resolution of CU,ES':

£ :H,BS' ®, 2H,BS' > CU,ES". (6.2)

Theorem 5.1 applied to the DCSH-resolution (6.2) implies the existence of a chain coalgebra model for S'-homotopy
orbits, as stated precisely below, where we use that

(HyBS' @, 2H,BS") ®qy, pst CULY = H, BS' ®¢,,, CU,Y

(cf. Definition A.7).

Theorem 6.7. Let Y be any left S'-space. Then there is a DCSH quasi-isomorphism
H, BS' ®z,, CULY = CU,Yjs1.

In particular,
H*((H* BS' @z, cug)”) = H* (Y1)

as graded algebras.

Applying Theorem 6.7 to the case where Y is a one-point space, we obtain the following amusing corollary.

Corollary 6.8. There is a DCSH quasi-isomorphism (H,BS', 0) = CU,BS.

We now describe explicitly the model H, BS! ®Zot, CULY of CU,Ys1. Recall the family ¥ of primitives in cu,S!?
(Definition 6.4). Let g : S' x Y——=Y be the action map. Let x denote the composite

1 EZ 1 CU.g
CU,S' ® CU,Y —— CUL(S' x Y) ——CU,Y .
Let D denote the differential of H, BS! Zoto CUKY, and let §y denote the usual cubical comultiplication on CU,Y. The

formula in Definition A.7 for the differential of a twisted tensor product implies that foralln > Oand all U € CU.Y,

n—1

D(v(m) ® U) = v(m) @ dU — Y " v(k) ® k(Ty_t—1 ® U).

k=0
Moreover, the comultiplication v induced on H, BS' ®zor, CULY by those of H, BS! ®, 2 H,BS! and of CU,Y is given
simply by

n

VemeUu) =Y (v U)® (vin—k U,

k=0

where 8y (U) = U; ® U’ (using the Einstein summation convention).
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Note that this model fits into a commutative diagram

a,Y — T v®,Y,D) —— (I'v,0)

CU,Y ——— CU, Yyt —— CU,BS',
where v is of degree 2, and the rightmost vertical arrow is the DCSH quasi-isomorphism of Corollary 6.8.
If we are interested in cohomology calculations, which have the advantage of being in terms of multiplicative rather than

comultiplicative structure, we must dualize this model. Let (Av¥ ® CU*Y, D*) denote the k-dual of (I'v ® CU,Y, D). Note
that the multiplication in this model satisfies

(W ®a)- (V)'®B) = W) ®@ap,

forallk,I > 0andall @, 8 € CU*Y.
The dual

CU*(Yys1) —— (Av® ® CU*Y, D¥) (6.3)
of the quasi-isomorphism in Theorem 6.7 induces an algebra map in cohomology and fits into a commutative diagram

(AvE, 0) — (Av? ® CU*Y, DY) —— CU*Y (6.4)

CU*‘Tle e CUJYhsl —_— Cj*Y
This is the cubical S'-homotopy orbit model.
A simple dualization calculation enables us to describe D* completely. For each n > 0, define
w, : CUYY ——cy* @ty
to be the k-dual of k (T, ® —).
Lemma6.9. Ifa € CU™Y, then
ro=2=ly

2
D) ®a) = (V)" ® d'a — Z W ® wy_—1(ex)

k=0
where d* denotes the differential of CU*Y.
As a consequence of this description of D?, we obtain the following useful properties of the operators wy.
Corollary 6.10. The operators w, satisfy the following properties.

(1) Foralln > 1, d*w, + wad* = Y j—y @k 0 @p_—1, while d*wy = —awod".
(2) Each wy is a derivation, i.e., w,(aB) = wp(a) - B+ (—1)%x - wp(B).

Proof. The proof of (1) proceeds by expansion of the equation 0 = (D*)?(1 ® f). To prove (2), expand the equation
DFA®@apf) =DF1®a) - 1®4) + (—D*(1®@a) - D'(1® B).
The differential D is a derivation, since it is the dual of the differential of a chain coalgebra. O
Remark 6.11. This corollary implies that wy induces a derivation of degree —1
w H'Y——=H"Yy
such that @w? = 0. Let G, denote the topological “little squares” operad, the homology of which is equivalent to the
Gerstenhaber operad § governing Gerstenhaber algebras. It is well known that G,(2) is homotopy equivalent to S', so
that the generator of H; S! corresponds to the Gerstenhaber bracket operation [10]. The derivation z must therefore be

closely related to the Gerstenhaber bracket, since a representative of the generator of H; S! gives rise to it. It is in fact the
A-operation of the Batalin-Vilkovisky structure on H* Y [3].

7. Homotopy orbits of actions of simplicial groups

We now apply Theorem 5.2 to constructing a particularly simple model for the homotopy orbits of the action of simplicial
groups that are homotopy equivalent to the loops on a simplicial suspension.
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7.1. The canonical enriched Adams-Hilton model

Let G denote the Kan loop group functor, which associates a simplicial group to any reduced simplicial set [12]. Recall
that for any reduced simplicial set K, the geometric realization of GK is homotopy equivalent to the based loop space on the
realization of K.

Szczarba proved long ago in [16] that for any reduced simplicial set K, there is a natural quasi-isomorphism of chain
algebras

Sz : 2C.K > C,.GK,

(cf. Example A.6) so that £2C,K provides a good model for the multiplicative structure in the chain Hopf algebra C,GK. It is
natural to ask to what extent §2C.K also captures the comultiplicative structure of C,GK.

We recall here the results leading up to the conclusion in [8] that §2C,K admits a natural comultiplication vy with
respect to which Sz is a DCSH-multiplicative map. The Hopf algebra (£2C,K, 1) thus captures both the multiplicative and
the comultiplicative structure of C,GK.

Theorem 7.1. [4] Let K be a reduced simplicial set. The natural comultiplication 8x : C,K — C,K®C,K is naturally a DCSH-map,
i.e., there is a chain algebra map

@k 1 2CK - 2(CK ® C.K),
natural in K, such that (k)1 = k.

Theorem 7.2. [8]The composite chain algebra map

QCK % Q(C.K®CK) > 20K ® 2C.K,
denoted g, endows $2C,K with a natural chain Hopf algebra structure.
The comultiplication v is called the Alexander-Whitney diagonal or the canonical cobar diagonal.
Theorem 7.3. [8] The Szczarba quasi-isomorphism of chain algebras
Sz 1 2C.K — C,GK
is a multiplicative DCSH map, with respect to the Alexander-Whitney diagonal on $2C,K and the usual comultiplication on C,GK.

For the construction of our coalgebraic model of the homotopy orbits of a GK-action, we need to know that the natural
coalgebra structure on $2C,.K extends to a coalgebra structure on the acyclic cobar construction C,.K ®;,, £2C,K, which was
proved in [7], at least for simplicial suspension.

Recall that if E denotes the simplicial suspension functor [12],and K = EK’ for some simplicial set K’, then the generators
of the free abelian group C, 1K are in natural, bijective correspondence with the generators of C,K’, for alln > 0.Ifx is a
generator of C,K’, let e(x) denote the corresponding generator of C, 1K .

Theorem 7.4. [7]If K = EK’ for some simplicial set K’, then there is a $2C,K -semifree extension of §2C,K-module coalgebras
RCK — CK ®, 2CK,
where the comultiplication @K on G,K ®, 2C.K satisfies
V(e @ w) = (e @ wy) ® (1® w)
+(1® w)) ® (e(x) ® wy)
+(1®@s7ex) - wj) ® (e(x) @ w),
where 8 (x) = x ® X and Y (w) = w; @ w.

7.2. Modeling GK-homotopy orbits

Let K be the simplicial suspension of a simplicial set K’. Let E be a contractible simplicial set that admits a free right
GK-action and that is the total space of a principal twisted cartesian product with fiber GK. For example, the construction
WGK of [12] is one possible choice of E. Let j : GK < E denote the inclusion of the fiber.

If L is a simplicial set admitting a left GK-action, then a model of the simplicial set of homotopy orbits of the GK action
onlLis

LhGK =E XGK L.

We construct here a small, simple and totally explicit chain coalgebra model for Lygg.
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Consider the following commutative diagram of right £2C,K-module coalgebras.

CijoSzi

2C,K ———C,E (7.1)

CK ®, 2C.K — 7
The inclusion ¢ is a coalgebra map, and the other vertical arrow is a surjective quasi-isomorphism, while the two horizontal

maps are DCSH-module maps with respect to Szix. We can therefore apply Theorem 3.4 to diagram (7.1) and obtain a DCSH
£2C,K-resolution of C,E:

C.K ®, 2C,K > C,E. (7.2)

Theorem 5.2 applied to the DCSH-resolution (7.2) implies the existence of a chain coalgebra model for the homotopy
orbits of a left GK-action, as stated precisely below, where we use that

(CK @1y 2C.K) ®gcok Cil = CK Qsypotgy Col.

Theorem 7.5. Let K be a simplicial suspension, and let L be a simplicial set admitting a left GK-action. There exist

(1) a coassociative comultiplication on the twisted tensor product C.K ®;,, C.L, extending the comultiplication on C,L; and
(2) a DCSH map C.K ®szot, CiLl — Cilpek that is a quasi-isomorphism.

Remark 7.6. Let D denote the differential in C,K ®s,,or,, CiL. Since the comultiplication in C,K is trivial, the formulas in
Definition A.7 imply that forallx € C,,K andy € G,L,

Dx®y) =dx®@y+ (-1)"xQdy — 1® sz (x) - y,

where sz : C,K — $2C.K is the twisting cochain of Example A.6. Moreover, the comultiplication 1} on GK ®szor Gl
which is induced by vk and the usual comultiplication §; on C,L, satisfies

Txey) = (e ®y)®(10y)
+(1®y) ® (e(x) ®Y)
+(1® sz (e(x) - yj) ® (e(x) ® ),
Remark 7.7. If K and L both have only a finite number of nondegenerate simplices, then the model of Theorem 7.5 for Lk

is quite small and should lend itself easily to explicit computation of comultiplicative structure in H, Lygk, or, dually, of
multiplicative structure in H* Lygk.

Appendix A. Twisting cochains

We begin by recalling the cobar and bar constructions in the differential graded framework. Let Coalg, denote the
category of 1-connected, coaugmented chain coalgebras over a commutative ring k, i.e., of coaugmented comonoids in Chy
such that C.o = 0, G, = k, and C; = 0. Let Alg; denote the category of connected, augmented chain algebras over k, i.e., of
augmented monoids B in Chy such that B_g = 0 and By = k.

The cobar construction functor £2 : Coalg, — Chy, defined by

2C = (T(s7'Cy), de)
where, if d denotes the differential on C, then
do(s™'crl -+ Is7'en) = Yy Bl sG] - s
+ X icjen TSl s Gils T G - [T

with signs determined by the Koszul rule, where the reduced comultiplication applied to ¢; is ¢;; ® cji (using Einstein implicit
summation notation).

The graded k-module underlying £2C is naturally a free associative algebra, with multiplication given by concatenation.
The differential d, is a derivation with respect to this concatenation product, so that £2C is itself a chain algebra. We
therefore consider the cobar construction to be a functor

§2 : Coalg, — Alg,.
The bar construction functor from Alg,, to Chy, defined by

BB = (T(sB4), dsg)
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where, if d is the differential on B, then (modulo signs, which are given by the Koszul rule)
dg(sbil---Isbn) = > i jcp b1l -+ Is(dby)| - - - Isby
+ Z]§j<n £sbql...|s(bjbjy1)| - - - Isby.

The graded k-module underlying BB is naturally a cofree coassociative coalgebra, with comultiplication given by splitting
of words. The differential dg is a coderivation with respect to this splitting comultiplication, so that BB is itself a chain
coalgebra. We therefore consider the bar construction to be a functor

B : Alg, — Coalg,.

Let n : Id — B2 denote the unit of the cobar/bar adjunction. It is well known that for all 1-connected, coaugmented
chain coalgebras C, the counit map

nc:C = BRC (A1)
is a quasi-isomorphism of chain coalgebras [15, Corollary 10.5.4].

Definition A.1. A twisting cochain from a 1-connected, coaugmented chain coalgebra (C, d) with comultiplication A to a
connected, augmented chain algebra (A, d) with multiplication m consists of a linear map t : C — A of degree —1 such that

dt +td =m(t @ t)A.
Remark A.2. Ift : C — Ais a twisting cochain, then ftg : C’ — A’ is also a twisting cochain, for every coalgebra morphism
g : (' — C and every algebra morphismf : A — A'.
Remark A.3. A twisting cochaint : C — A induces both a chain algebra map
o 2C = A
specified by a; (s~ 'c) = t(c) and a chain coalgebra map (the adjoint of «; under the (£2, 8)-adjunction)
Br: C — BA,
satisfying
o =¢6400R28 and By = Bagornc.
It follows that ¢ is a quasi-isomorphism if and only if 8; is a quasi-isomorphism.
Example A.4. Let C be a 1-connected, coaugmented chain coalgebra. The universal twisting cochain
to: C— £2C

is defined by to(c) = s~'c forall ¢ € C, where s™'c is defined to be 0 if |c| = 0. Note that «,, = Idgc, so that B, = 7nc-.
Moreover, to truly is universal, as all twisting cochains t : C — A factor through t, since the diagram

c—2>ac
A
always commutes.
Example A.5. Let A be a connected, augmented chain algebra. The couniversal twisting cochain
tg : BA— A

is defined by tg(sa) = aforalla € A and tg(sa;|---|sa,) = Oforalln > 1. Note that B;, = Idga, so that oy, = éa.
Moreover, tg truly is couniversal, as all twisting cochains t : C — A factor through tg, since the diagram

BA
/|
2]
€A

always commutes.
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Example A.6. Let K be a reduced simplicial set, and let GK denote its Kan loop group. In 1961 [16], Szczarba gave an explicit
formula for a twisting cochain

szx : C,K — C,GK,
natural in K, and proved that

Szx 1= Qg : 2C,K — C,GK (A2)
was a quasi-isomorphism of chain algebras for every K. It follows that the induced coalgebra map

Szk := By, 1 CGK — BC,GK
is also a quasi-isomorphism.

Definition A.7. Lett : C — A be a twisting cochain. Let M be a right A-module, where p : M ® A — M is the A-action,
and let N be a left C-comodule, where . : N — C ® N is the C-coaction. Let d denote the differential on both M and N. The
twisted tensor product of M and N over t is a chain complex M ®; N = (M ® N, D;), where

Di=d®1+1Qd+ (p@ DIVt N1 A).

If, on the other hand, M is a left A-module, with A-action A : AQ M — M, and N is a right C-comodule, with C-coaction
p : N — N ® C, then the twisted tensor product of M and N over t is a chain complex N ®: M = (N ® M, D;)

Di=d®1+1@d-(1M)(1Rt®@ D& 1).

Example A.8. For any 1-connected, coaugmented chain coalgebra C, the twisted tensor products
C®, 2C and £2C Q, C

are the usual acyclic cobar constructions. Similarly, for any connected, augmented chain algebra A, the twisted tensor
products

A®iz; BA and BAR:, A

are the usual acyclic bar constructions.
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