A CODIMENSION TWO STABLE MANIFOLD OF NEAR SOLITON
EQUIVARIANT WAVE MAPS

I. BEJENARU, J. KRIEGER, AND D. TATARU

ABSTRACT. We consider finite energy equivariant solutions for the wave map problem from R**! to
S? which are close to the soliton family. We prove asymptotic orbital stability for a codimension two
class of initial data which is small with respect to a stronger topology than the energy.

1. INTRODUCTION

We consider Wave Maps U : R**! — S? which are equivariant with co-rotation index 1. In
particular, they satisfy U(t,wz) = wU(t, z) for w € SO(2,R), where the latter group acts in standard
fashion on R?, and the action on S? is induced from that on R? via stereographic projection. Wave
maps are characterized by being critical with respect to the functional

U— (0,U,0%U) do, a=0,1,2
R2+1
with Einstein’s summation convention being in force, 9% = m®? 08, Mg = (m®3)~1 the Minkowski
metric on R?*!, and do the associated volume element. Also, (-,-) refers to the standard inner
product on R? if we use ambient coordinates to describe u, d,u etc. Recall that the energy is

preserved:
1

E(u) = 3 /2<DU(~,t),DU(-,t)) dx = const
R
The problem at hand is energy critical, meaning that the conserved energy is invariant under the
natural re-scaling U — U (M, Ax).
We focus on a particular subset of equivariant maps characterized by the additional property
that U(t,r,0) = (u(t,r),0) in spherical coordinates, where, on the right-hand side, u stand for the
longitudinal angle and 6 stands for the latitudinal angle, while, on the left-hand side, 7,6 are the

polar coordinates on R2. Now u(t,r), a scalar function, satisfies the equation

uy  sin(2u)

(1.1) —Ut + Upy + T 92
Then the energy has the form

sin?(u
(1.2) E(u) = W/RQ(\WP + ur | + 7«2( )yrdr

We shall be interested in co-rotational maps that are topologically non-trivial,namely with
u(t,0) =0, u(t,00) = .
A natural space adapted to the elliptic part of this energy is H 2
2 2 [ e
1 = 10 FIlz2 + 12" 122
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This is the equivariant translation of the usual two dimensional space H!'. The size of the elliptic
part of the energy of u in (1.2) and its H L norm are comparable provided that u is small pointwise.
This is not true directly for u but it true after we subtract from u the "nearby” soliton which we
describe below.

The solitons for (1.1) have the form

Qa(r) = Q(Ar), Q(r) = 2arctanr, A e Ry =(0,00)

and are global minimizers of the energy £ within their homotopy class, £(Q,) = 4.
We consider solutions uw which are close to the soliton in the sense that

(1.3) Elu)—E(Q) <1

As it turns out, such solutions must stay close to the soliton family {Q)} due to the bound
(1.4) inf || (u(t) = Q) + w72 ~ E(u) = £(Q)

Indeed, this follows for example from [3]. Thus at any given ¢ one can choose some A(¢) so that

(1.5) I(u(t) = Q1% + lue(B)IZ> ~ E(u) — £(Q)

Such a parameter A is uniquely determined up to an error of size O((E(u) — & (Q))%) One can for
instance choose A to be the minimizer in (1.4) though there are no obvious benefits to be derived
from that. Another equivalent choice is more direct, namely by the relation

(1.6) u(t, A7) = 3

and this still satisfies (1.5), see for instance [1]. Since this problem is locally well-posed in the energy
space, scaling considerations show that (for well chosen A(t)) we have

(1.7)

— A1) < A2
20

so at least locally A stays bounded. Then the main question to ask is as follows:
Open Problem. What is the behavior of the function \(t) for equivariant maps satisfying (1.3) ¢

We can distinguish several interesting plausible scenarios:

e Type 1: \(t) — oo as t — to (finite time blow-up). By (1.7) this can only happen at rates
A(t) 2 |t — to| . The above extreme corresponds to self-similar concentration; this can be
thought also as a consequence of the finite speed of propagation. In effect, by the important
work [10], it is known that such blow up can only occur with speed strictly faster than
self-similar:

A(t) [t — to] — o0

e Type 2: \(t) — oo as t — oo (infinite time focusing).

o Type 3: A(t) — 0 as t — oo ( infinite time relaxation). By (1.7) this can only happen at
rates A(t) > ¢!, which corresponds to self-similar relaxation.

e Type 4: A(t) stays in a compact set globally in time. Then we have a global solution, and
possibly a resolution into a soliton plus a dispersive part.

Blow-up solutions of Type 1 were constructed not long ago in two quite different papers [6] and
[8], and the result of the latter paper was significantly strengthened and generalized in [9]. The
behavior of A(t) in [6] as ¢t — 0 is given by

At) =t177, v>1
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(here the restriction v > 1 seems technical, should really be v > 0) while that in [9] is

A(t) ~ ttecViost

The latter solutions were also proved to be stable with respect to class of small smooth perturbations.
It is not implausible that the set of all blow-up solutions is open in a suitable topology, although
numerical evidence in [2] appears to suggest the existence of a co-dimension one manifold of data
leading to an unstable blow up, which separates scattering solutions from a stable regime of finite
time blow up solutions.

Up to this point we are not aware of any examples of solutions of type 2, 3 and also of type 4
other than the @)’s in the wave maps context, although recent work [4] revealed unusual solutions
of this type in the context of the Landau-Lifshitz equation. Earlier work [7] showed the existence of
type 4 solutions for the critical focusing nonlinear wave equation on R3*1.

Understanding the general picture for data in the energy space seems out of reach for now.
However, there is a simpler question one may ask, namely what happens for data which is close to
a soliton in a stronger topology, which includes both extra regularity and extra decay at infinity.
Neither the results of [6] nor the ones in [9] apply in this context. A good starting point for this
investigation is the following

Conjecture. There erists a codimension one set of (small) data leading to Type 4 solutions, which
separates Type 1 and Type 8 solutions.

One should take this only as a rough guide; some fine adjustments may be needed. Our main
result is to construct a large class of Type 4 solutions:

Theorem 1.1. There exists a codimension two set of Type 4 equivariant wave maps satisfying (1.3).

For a more precise formulation of the theorem we refer the reader to Section 2.1. Compared with
the conjecture above, one can see that we are one dimension short. At this point it is not clear if
this is a technical issue, or something new happens. A plausible scenario might be that the missing
dimension may include Type 2 solutions, as well as slowly relaxing Type 4 solutions.

One should also compare this result with the related problem for Schrodinger maps. Although
the solitons are the same and the operator H arising below in the linearization is also the same
for Schrodinger maps, in [1] it is shown that the solitons are stable with respect to small localized
perturbations. One way to explain this is that the linear growth in the resonant direction occuring
in the H-wave equation has a stronger destabilizing effect than the corresponding lack of decay in
the H-Schrodinger equation.

1.1. Notations. Here we introduce a few notation which will be used throughout the paper. We
slightly modify the use of (-) in the following sense

(x) = V4 + 22, reR

For a real number a we define a™ = max{0,a} and ¢~ = min{0, a}.
We will use a dyadic partition of R, into sets {4, }mez given by

Ay = {2771 < < 2mH1Y,

For given M > 0, we use smooth localization functions x<us, x> forming a partition of unity for
R, and such that

|(r0r) xgnl + 1(rOr ) Xzmr| Sar 1
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2. THE GAUGE DERIVATIVE AND LINEARIZATIONS

The linearized equation (1.1) around the soliton @ has the form

1 2
(2.1) cop—Hu=0,  H=-9? 1o 4 Q)
r r
The elliptic operator H admits the factorization
h 1 hs —1
(2.2) H=LL, L=mohi'=08+=, L'=—h{'0h—=-=—-0,+——.
r r r
where! by =sinQ = %, hy = —cos@Q = :;—: H is nonnegative and has a zero resonance
2r
= h = —
$0 = 14172

This resonance is the reason why (2.1) does not have good dispersive estimates. Since ¢ fails to be
an eigenvalue, we cannot project it away as it is usually done in standard modulation theory. This
suggests that working with the variable v and its equation (1.1) runs into problems due to the lack
of good linear estimates needed to treat the nonlinearity. Therefore, instead of working with the
solution u we introduce a new variable

(2.3) w = 0pu— —sinu
T

which has the nice property that
w=0<= u=Q),
for some A € R;. Indeed, by rearranging (1.2) and using u(0) = 0, u(cc) = 7, we obtain

E(u) = ﬂ/()oo(\utlz + |w|?)rdr +7r/0

from which the above observation follows. This type of change of variables originates at least with
the work [5]. If A(¢) is chosen such that (1.5) holds, then using (1.3), a direct computation shows
that

(2.4) lu— @allgs = llwll3e.
Then a direct computation shows that w solves

2(1 1
(1 + cosu) u)w = —sinu(u? — w?)
r

o0

o0
2sinu - Opudr = 7r/ (Jue|® + |w|?)rdr + 4x
0

2.5 - A
(2.5) Wit w + )
The function u appears in this equation, but it can be recovered from w by solving the ode (2.3)
with Q-like “data” at r = oc.

We remark that the linearized form of (2.3) near @ is

(2.6) 2= (0, — %COSQ)U v

where L was introduced above in (2.2).
On the other hand the linearized equation for w near () has the form
2(1
(2.7) ztt—Az%—Mz:O

r2

1throug;hout this paper we use sin @, cos Q instead of hi, h3; however the reader may need this correspondence in
order to relate to the work [1].
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This wave equation is governed by the operator

E[:—A+2(1+§0SQ):—A+ ! 4 — LL*
r r2(1+1r2)
This operator is better behaved compared to H, in particular its zero mode g grows logarithmically
at infinity.

The plan is to treat the equation (2.5) in a perturbative manner for the most part. To fix things,
we will rewrite it in the form

2(cos @ — cosu) 1

(2.8) (02 + H)yw = 5 w + . sinu(u? — w?) := N(w,u)

r

and work with this from here on. The equation (2.8) for w is preferable due to the nice dispersive
properties of its linear part. However, as u occurs in the w equation, one has to also keep track of
it through the elliptic equation (2.3).

In order to study this equation we need to understand better the structure of its linear part, and,
in particular, the spectral theory for the operator H. This is the subject of section 3.

2.1. Setup of the problem. The starting point is to consider w to be an exact real solution to
the linear homogeneous equation

(2.9) (O} 4+ Hyw=0, w0)=wy,  wi(0)=mw

where wy and w; are real Schwartz functions which are assumed to satisfy the nonresonance condi-
tions

(2.10) (wo, o) = 0, (w1,0) =0

We denote by @ the corresponding map, see (2.3) (this will be made precise in Proposition 5.2),
obtained by solving the ode

1
(2.11) Ot — —sinu = w, U~Qasr— oo
T

Now we seek a solution to the nonlinear equation u and its associated gauge derivative w close to
u, w respectively,

(2.12) u=1u+e¢, w=w+"

so that v and w match % and w asymptotically as t — oc.

By a slight abuse of notation we use || - ||s to denote a norm obtained by adding sufficiently many
seminorms of the Schwartz space S. We also use <g for inequalities where the implicit constant
depends on |[|(wo,w1)||s. Modulo defining the X and LX norms, we are now in a position to restate
our main result in a more detailed fashion.

Theorem 2.1. Let wy, wy be Schwartz functions satisfy the nonresonance conditions (2.10). Let @
and w be defined as above. Then there exists T <g 1 and a unique wave map u in [T,00) so that u
and w match 4 and W as t — 0o in the following asymptotic fashion for t € [T, 00):

_3 _5 _5
(2.13) @llex Sst72, 0v@)llex Sst™2, (vl Sst2
respectively
_3 _5
(2.14) le®lx Sst™2,  [Ge(®)]lx Sst2

Furthermore, the map u and its corresponding gauge derivative w have a Lipschitz dependence on
(wo, w1) with respect to the above norms.
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One would expect the above result to be in terms of L2 and H L spaces. However these spaces are
very disconnected from the spectral structure of H and H, particularly at low frequencies, and this
makes them unsuitable. The spaces X € H! and LX C L? have been introduced in [1] to address
exactly this issue: they are low frequency corrections of H L respectively L2. Their exact definition
is provided in the next section.

In view of the equation (2.8), the function 7 solves

(2.15) (02 4+ H)y = N0+, +¢)

with zero Cauchy data at infinity. By (2.3), (2.12) and (2.11), the function ¢ is determined from the
equation

sin(e + @) — sinu

(2.16) v = e —

,

We proceed as follows. In the next section we recall from [1] the spectral theory for H (which in
fact originates in [6]) and H and the definitions and some properties of the spaces X and LX. Then,
in Section 4 we provide linear estimates for the linear (inhomogenous) wave equation corresponding
to (2.9). In Section 5 we analyze the first approximations @ and @ using (2.11). Then, in Section 6,
we continue with the study of the relation between ¢ and « based on the the equation (2.16). All the
analysis carried in Sections 4-6 is done in the context of X and LX spaces. In the end, in Section 7
we study the solvability of equation (2.15) using perturbative methods in LX based spaces.

3. THE MODIFIED FOURIER TRANSFORM

In this section we recall the spectral theory associated with the operators H ,H. The spectral
theory for H was developed in [6] and the one for H was derived from the one for H in [1]. In this
paper, we follow closely the exposition in [1].

3.1. Generalized eigenfunctions. We consider H acting as an unbounded selfadjoint operator in
L?(rdr). Then H is nonnegative, and its spectrum [0, 00) is absolutely continuous. H has a zero
resonance, namely ¢g = hy,

Hhy =0.

For each £ > 0 one can choose a normalized generalized eigenfunction ¢,
Hee = E¢e.

These are unique up to a £ dependent multiplicative factor, which is chosen as described below.
To these one associates a generalized Fourier transform Fp defined by

Fuf(©) = [ octoflryrdr

where the integral above is considered in the singular sense. This is an L? isometry, and we have
the inversion formula

f(r) = /O " e (r) Far f(€)de

The functions ¢¢ are smooth with respect to both r and . To describe them one considers two
distinct regions, ¢ < 1 and r§ 2 1.
In the first region r§ < 1 the functions ¢¢ admit a power series expansion of the form

(3.1) be(r) =a(©) | o+ S 00607 |, e
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where ¢9 = hy and the functions ¢; are analytic and satisfy

(3'2) |(Tar)a¢j| Sja I log (1 + T)

i
G-1
This bound is not spelled out in [6], but it follows directly from the integral recurrence formula for
fi’s (page 578 in the paper). The smooth positive weight ¢ satisfies

T, f <1
2
(33) a(e) = § o8t L 160074 Saq
3 £ 1
Defining the weight
log (1 + r?
min{l,erOg(km}, k<0
(3.4) mi(r) = )
min{1, r323%}, k>0
it follows that the nonresonant part of ¢, satisfies
k

(3.5) |(€06)° (r0,)? (de(r) — a(€)do(r) | Sap 27my(r), £~ 28, €1

In the other region r¢ 2 1 we begin with the functions
(3.6) oL (r) =1 2o (re,r), €21
solving

Ho} = £2¢f
where for ¢ we have the following asymptotic expansion
s ) 31 1
O-(qu) ~ Zq_]qu(’r)’ d)g = 1’ d)1+ = § + 0(172)
= +7r

with

sup |(T8,~)k<b;r| < 00
>0

in the following sense
Jo ' ‘
Sup |(ror)*(g95)°lo(q,m) = > a7 ()] < capjoq P
r =0

Then we have the representation

(3.7) Pe(r) = a(§)dg (r) + a(€)dg (r)
where the complex valued function a satisfies

2
(3.8) la(&)] = \/; |(£0¢)%a(§)| Sa 1

The spectral theory for H is derived from the spectral theory for H due to the conjugate repre-
sentations

H=1L"L, H=LL*
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This allows us to define generalized eigenfunctions ¢ for H using the generalized eigenfunctions G¢
for H,

(3.9) e =& Loe, L' = Eoe
It is easy to see that ¢ are real, smooth, vanish at r = 0 and solve
Hupe = €%

With respect to this frame we can define the generalized Fourier transform adapted to H by
Faf(©) = [ vt rar

where the integral above is considered in the singular sense. This is an L? isometry, and we have
the inversion formula

(3.10) fr) = /0 e (r) Fa (€ de

To see this we compute, for a Schwartz function f:

FgLf(§) :/000 Ye(r)Lf(r)rdr :/OO L*%¢(r) f(r)rdr

0
- /0 " o) f(rrdr = EFn £(€)

Hence
IFaL 72 = 1EFRf €72 = (Hf. f)r2ar = ILf]72
which suffices since Lf spans a dense subset of L2.
The representation of ¢ in the two regions 7§ < 1 and r§ 2 1 is obtained from the similar

representation of ¢¢. In the first region r¢ < 1 the functions )¢ admit a power series expansion of
the form

(3.11) e = £q(€) | Yolr) + D _(rd)Hw;(r?)

Jj=1

where

$i(r) = (h3 + 1+ 25)¢j11(r) +70,9j11(r)
From (3.2), it follows that
(r 045 S~ log (1 4+ 1)
ot ot
In addition, g solves L*1ygy = ¢¢ therefore a direct computation shows that

1 ((1 +r2)log(1+7%) 1)

Yo =

In particular, defining the weights

2 r2

2
min{1, log(lk%—r)}’ k<0
(3.12) ma(r) = (k)
min{1, 7222k}, k>0

we have the pointwise bound for v

(3.13) |(r0,)* (06) e (r)] Sap 25ma(r),  Ex 28, rE <1
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On the other hand in the regime r£ 2 1 we define

1/)+ — gfqubJr
and we obtain the representation
(3.14) be(r) = a(€)y (r) + al©)y ()
For ¢t we obtain the expression
(3.15) wg'(r) = riée"g&(rf, ), ré 21

where & has the form

0
3avr) = io(a.r) = 507 ola.1) + 5olar) + € Lola.n)

therefore it has exactly the same properties as . In particular, for fixed £, we obtain that
7
(3.16) (g, r) =i— o+ 00 )

We conclude our description of the generalized eigenfunctions and of the associated Fourier trans-
forms with a bound on the H Fourier transforms of Schwartz functions.

Lemma 3.1. If f is a Schwartz function satisfying (f,1o) = 0 then

i <1
3.17 a & B <CM <0 >7 é‘r\/
( ) 163 §) JHf(£)| ~ ,N{ <1§>ng’ €31

Proof. We start from the definition of modified Fourier transform and use that (f, 1) =0

gfl
|a~,f<s>|,s(| /O e(r) F(r)rdr| + | / e(r >rdr|)

o0 1
sca@ | [ wmsorars [ Yo e | + [ 1
£t 7>1 -t
< Eq(6)
A similar argument takes care of the case o > 0.

g

3.2. The spaces X and LX. The operator L maps He1 into L. Conversely one would like that,
given some f € L2, we could solve Lu = f and we obtain a solution u which is in H! and satisfies
lullg < 01711z
However, this is not the case. The first observation is that the solution is only unique modulo
a multiple of the resonance ¢y. Moreover the inequality above is not expected to be true, even

assuming that somehow we choose the "best” v from all candidates.

The spaces X and LX are in part introduced in order to remedy both the ambiguity in the
inversion of L and the failing inequality.

Definition 3.2. a) The space X is defined as the completion of the subspace of L*(rdr) for which
the following norm is finite

1
2

k
lullx = [ SRSl ) + 30 o Pl
k>0 k<0
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where PkH is the Littlewood-Paley operator localizing at frequency € ~ 2% in the H calculus.
b) LX is the space of functions of the form f = Lu with uw € X, with norm ||f|lx = ||ullx-
FExpressed in the H calculus, the LX norm is written as

1
2
N 2—k .
Ifllex = | DIBEfIZ | + D T 1B f e

k>0 k<0 ‘k‘

In this article we work with equivariant wave maps u for which ||u — Q|| x < 1. This corresponds
to functions w which satisfy ||w|/px < 1. The simplest properties of the space X are summarized
as follows, see Proposition 4.2 in [1]:

Proposition 3.3. The following embeddings hold for the space X :

(3.18) H!'c X c H!
In addition for f in X we have the following bounds:
1
(3.19) 1{r)2 fllee S I1flIx
(3.20) L <
log(1+7) (2"
1
(3:21) |3, s 7

Now we turn our attention to the space LX. From [1], Lemma 4.4 and Proposition 4.5, we have

Lemma 3.4. If f € L? is localized at H- frequency 2% then

1
(3.22) ()] S 25m(r) (1 + 250) 72| ] 2
Proposition 3.5. The following embeddings hold for LX :
(3.23) L'nIL?c LX c I?

4. LINEAR ESTIMATES FOR THE H WAVE EQUATION

In this section we prove estimates for the linear equation
(4.1) (0F + H)p = f
with zero Cauchy data at infinity. The solution is given by ¥ = K f, where
B _1 [sin(t—s)§
ki) =75 [ SRR e s
We also need its time derivative, which is given by
OKf = —fﬁl/ cos(t — s) - Ff(§, s)ds
t
Finally we need the following formula, which follows from (3.9)
L'Kf = —.7:[}1/ sin(t — s)& - Fg f(&, s)ds
¢

The following result is a modification of the standard energy estimate for the wave equation:
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Lemma 4.1. Assume that f(s) € LX. Then for every o > 0, the solution of (4.1) with zero data
at oo satisfies

(4.2) N @)llx + ) Lx + [0 O)lp) S sup s £(s)llzx

Proof. The solution of (4.1) with zero data at oo is given by ¢ = K f. The estimate for the first

term follows from the bound |Sln (E=5)¢) < |t — 5| and the representation of the spaces LX on the

Fourier side. The estimate for the second term is similar.
The argument for the third term is more involved. We denote

Faat.6) = [ sin((t - 9975 )ds

Then
EFg(t,§) = Fra(t,§)

We estimate as above
[ee)
lg®)llLx < / 1f(s)llxds St sups® 2| f(s)l|Lx
t S

Hence it suffices to show that for 1) and g related as above we have

(4.3) 1ol < llglex

Here the time variable plays no role and is discarded. Recalling the form of L* from (2.2), namely
L* = =0, + =L it follows that

(0
19l g2 S NIL*l 2 + H;HLz
For the first term we use Plancherel to write

IL* ()72 = (0 (0), Ho(1)) = [1EF @)l 72 = lgllee S lgllix

For the second term the L? bound for ¢ no longer suffices, and we need to use the LX norm of g.
We consider a Littlewood-Paley decomposition for both ¢ and g, and denote their dyadic pieces by
Yk, respectively gi. Then

k]l 2 = 27* | gxll 2
By using (3.13), (3.14) and the Cauchy-Schwartz inequality we obtain pointwise bounds for ),

namely
) e < T
(2kr)2 (2+r)
with my, as in (3.12). For k > 0 the contributions are almost orthogonal and we obtain

| £20

However, if & < 0 then the weaker logarithmic decay for small r no longer suffices for such an
argument. Instead by direct computation we obtain a weaker bound,

\_/

[l S =

9% || 2

N

2 < llg=ollz2

H Ellze S [klZ Ngellze S k1228 gl ox

Then the k£ summation is easily accomplished.
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5. ANALYSIS OF THE FIRST APPROXIMATIONS W AND

5.1. Pointwise bounds for w. We denote fo = Fywo and fi = Fzwi. Then for w we have the
representation

alt,r) = /0 " Ge(r) (fo(€) cos(t€) + £11()sin(t6) e

Since wg, wy are Schwartz functions satisfying (2.10), from (3.17) we obtain

5.1 (€00)° ol6)] + 1(€0)° (O] Sy o) { gg% 31

Here by a slight abuse of notation we use ||.||s to denote a finite collection of the S seminorms. This
will allow us to obtain pointwise bounds for w:

Lemma 5.1. If wg,w; are Schwartz functions satisfying the moment conditions (2.10) then w

satisfies
log(1 + 72 1
(5.2) ja(r, 1) < 2ELET)

log(r+1t) (¢ + r)é(t — r)g log(r — t)

[[(wo, w1)]|s
Proof. We fix k and consider

@i (t,r) = /0 " Ge(r) (fo(€) cos(t€) + IGECNAGE

For 1)¢(r) we use the representation (3.11) in the region {r¢§ < 1}, respectively (3.14) in the region
{r§ 2 1}. Then via a standard stationary phase argument we obtain

25 (2br) "2 (r) 3 s
(2F[r — )N (k™)
The desired estimate (5.2) follows by summing these bounds with respect to k. O

lwg(r,t)] SN

5.2. Bounds for u, u;. Next we consider @, which is recovered from w via (2.11). This equation
contains a nonlinear part coming from the sine function. Consequently, we split % into a linear and
a nonlinear part:

u=Q+u +u"
where 4! solves the linear part of (2.11)
Li' = w
and @™ solves
(5.3) La™ = N (@, a™)
where

1
N(u,v) = -
,

[sin@ - (cos(u+v) — 1) + cos Q - (sin(u + v) — (u+ v))]

Both of the above ode’s are taken with zero Cauchy data at infinity or, equivalently, can be in-
terpreted via the diffeomorphism L : X — LX. The linear part @ is recovered from the explicit
formula

al = Lo = / e (r) (fo(€) cos(tE) + ifl(@ sin(t€))d
0

and will be split into a resonant and a nonresonant part @' = @b" + @™,
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For the nonlinear part we use an iterative argument based on the fact that there is enough decay
on the right-hand side so that we can recover it via

o0 ’L_l,l anl
(5.4) " :hl(r)/ N(hl(’s) )ds

At this stage we also want to keep track of the differences of solutions. For this we denote by
dwy, dw1, 0w, 0u the corresponding differences.

Proposition 5.2. a) Assume that wo,wy are small Schwartz functions satisfying (2.10). Then

(55) al — ﬂl,r + al,nr,

lr r

where b and @™ satisfy the following bounds

hl(T)
(t+7) 10g2<t +7)
r 1
T4 () ()2 (¢ —1)2 log(t — 1)

@' | + 710, + (r+ )8 | S

[[(wo, w1)|s,

(5.6) r{r —t)

(t+r)

@] + 0™ | + (r = )]0 | S [[(wo, wi)|ls-

In addition,
1

[(wo, wi)[s, T~
£3 (r— t>% log(t — )

~1 i—l <
(5.7) (O + D) + 5| 5

b) Fort >g 1 the nonlinear part W™ satisfies the bounds

@™ (r, )] Ss ha(r)t™2|(wo, w1) s,

(5.8) 1
|0y + 6h1(al)3| Ss b (1)t 2| (wo, wn) s

¢) The above estimates hold true for su™ and 501y,

6™ (r, )] S b (r)t~ | (Swo, dwn) s,

(5.9) 1
|9 0™ + 6m(al)?’ <g hi(r)t72||(bwo, dw1)||s

Remark 5.3. By finite speed of propagation arguments it is not difficult to show that @' decays
rapidly outside the cone. However, for our purposes the decay established in the above proposition
suffices.

Remark 5.4. The bound (5.7) shows that a double cancellation occurs on the light cone, as opposed
to the expected single cancellation. This is a consequence of the exact decay properties at infinity
for the potential in H.

Remark 5.5. The second estimate in part (b) is the outcome of a more subtle nonlinear cancellation,
rather then a brute force computation.

Proof. a) We first split @' into two parts,

al(rt) =Y ah(rt)= > ap(rt)+ Y uh(rt) =y, (r, 1) + d,(r, 1)
k

21@5 r—1 2k2 r—1

where

= [ € oelrnet© [cosoes) o) +
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Further, using the power series (3.1), we can write

), = / E2(©) st Go(r) + - SO PN RO P <1

Jj=21
which leads to a corresponding decomposition
ulow = ulow + Z ulow
ji>1

Then we set

_ 1,0 _
(5.10) atr =ay) ab"m = al, + Z ul

7j>1

and proceed to estimate all of the above components of @'.
The terms in ﬂﬁn are estimated by stationary phase using (5.1) and the ¢¢ representation in (3.7).

This yields

,l2ﬁ

T o2 2 +
5.11 < 9Nk 2kp > 1
o4 WS et TR

which, after summation with respect to & gives the bound

N
r 1
s ¥ lae0ls () .
’ 2k§1 (r+1t) (r+ t)é(r — t)% log(r —t)

The bounds for the time derivative are obtained from the explicit formula
_ Oo . 1
it = [ 0elr) (=0l sinlt) + £1() cos(re) e

which shows that we produce an extra 2* factor in (5.11). Similarly, an r derivative applied to ¢¢
yields an additional 2% factor in the asymptotic expansion. Thus we obtain
1.5k

1o .
19 1 k| < ro2 9—Nk

okr >1

which leads to
T 1

N
<7’+t>> (r+8)2(r—t)2log(r —t)

_1,j
We now consider the terms in @,? . The main contribution comes from fi, so we take fy =0 for
convenience. For j = 0 we have

iy, = do(r Zm i ( / £ 2q(€) sin(t€) f1(&) xn(€)dE = do(r Zm k(r)gR(t) == go(r)g°(r,t)

Or] + 10, < (

Using statlonary phase and the properties of ¢ we have
2k +
0 —k|g, ,0 —Nk
t 27Ny (W) S ——52
By summing with respect to & we obtain
1
(t+r)log?(t +r)

(5.13) 19°(r, )] + (¢ + ) (10r°(r, )] +|0e9°(r,)]) S

which yields the @“" bound in (5.6).
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For j > 1 we have

o= Ty, L[t st Yo, A€

j>1

2= 1 ZX<2 k T2j_1¢j(7“2)9j(7"7t)

By stationary phase and the properties of ¢ and f1 we have
9(2j+1)k

Ty

. L . .
()] + 277 (10: g7, (r, )| 4 10r g7 (r, 1)]) S

Summing up over k£ we obtain
1

(5.14) g7 (r, )] + (¢ + ) (10rg” (r,O)] + 1019’ (r, 1)) S 1 )2 log2(t + 1)

Hence, using the bound (3.2) for ¢; we obtain a bound for ﬁé;fw, namely

Qj r2i-1 log(1 + r2)
Gl (t + r)20+ log? (t 4 1)

(5.15) ad ()] + [ropal? (r )| + (t + )| dasd (r, )] <

Thus these contributions satisfy the bounds required of @™ .

We now turn our attention to the estimate (5.7), which applies in the region where r ~ t. By
(5.6) (for @) and by (5. 15) the contributions of the term a!  are all below the required threshold,

low
so it remains to consider uh We have

) = | e (6o cos(t) + £ AE) sn) e
For ¢¢ we use the representation (3.7) with gi)gr as in (3.6),

¢e = 172 (a(€)o(re, 1) + a(€)a(re,r)e "), rE 21

We notice that the operator , + 9; kills the resonant factors e ("=9¢ factors. Precisely, we have

(O + O + %)gf)g(r) sin(t€) = 272 Re (e’f("”)fa(&)a(rf, r)) — 73 Re (eirga(f)ara(rﬁ, ’I”)) sin(t€)

and a similar computation where sin(¢£) is replaced by cos(t£). This leads to

@401+ )= [ e (O H Re (26 a(©o(r6,r) + a0, ) costre)) P
+/ooo><zr—1<€>r #Re (26T 5a(€)o(r6, ) + " a(€)0p0(r6, ) sin(ic) 5(2) d

The two integrals above are treated as before, using stationary phase. The first term in each of the
last integrals has a nonresonant phase, therefore each integrating by parts gains a factor of (£¢)~1
Thus, taking (5.1) into account, their contributions can be estimated by

1
t3logt

= —Leie\=N £ -
| a0 bV g~

The second term contains the expression 0,0(r&,r) which (see the description of ¢ in Section 3)
brings an additional factor of 7~!(r&)~! ~ t=2¢671. The contribution of the part with phase el (rtt)
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is better than above, while the contribution of the part with phase ("~ is of the form
5
2 1
T —
£ log¢ t2(t —r)2 log(t —r)

/0°° Xor1(E)a(€)t 2t (86) i)

as desired.
b) We find v from the equation (5.4) using a fixed point argument in the Banach space Z™ with
norm

1Fllzn = 1T 2 f ]l Lo

Denoting by Z' the Banach space of functions of the form @"" 4 @™ with norm as in (5.5)-(5.6),
we will show that the map

ds

T 0,0) = LN o) = afr) [ AU

is locally Lipschitz from Z! x Z™ into Z™, with a Lipschitz constant which can be made small if
either both arguments are small or v is small and the time ¢ is large enough, depending on the size
of u. This would imply the existence and uniqueness of @™, as well as its Lipschitz dependence on
@' and implicitly on (wg, wy). Recall that

N(u,v) = % [sinQ - (cos(u + v) — 1) + cos @ - (sin(u + v) — (u +v))]
Then

[N (u, )| S

1
2 2y, 1.3 3
gl + o) + (P + o)

VN (u,0)| S

1 2 2
gl o)+~ (1l + o)

Hence it remains to show that
> 1 r?+1 _
/0 ;(!u\Q + [v?) + T(\U\?’ + [wP)dr S ((ullZ + ol + Nl 3 + ol 5m)

For u we have two components v” and «"", therefore we need to consider the following six integrals:

| 1 h3(r) 1
| s [l
o T o T (tlog“t) t?log™ t

/ml’ﬂw </°°1 - dr a2 ~ > a2
—|u r - rlulls =~ < ||lu
0 T ~Joo ()2t —r)3log?(t — ) 287 2

B T N 2 L2
; ;M dr S ; ;h1(7")t dr - ||lvlzm = t*3||v||an
241, 2411 h3(r) 3 1 3
| P s [T Dl ol
0 r 0 re  (tlog”t) t3log’t

241 <241 3 1
/ T‘umﬂﬁdr 5/ 5 3 5 3 dr - ”quzl I 1;1—5|’u“3zl
o T o T (t4r)Btz{t—r)2log’(t —r)

24 | _ 1
| s [ e S ol ~ ol

t—1.5

We remark that the worst decay comes from the fifth integral above; all other terms are better.
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The argument for 9;@™ is more involved. Differentiating the equation (5.3) we obtain

L(0yu™ + %(al)3) = Ny(a', a™)oyat + N, (a', a™)ou™ + %&(a’)?)
(5.16) = N,(@', a") (9™ + %(a’)?’) + [Ny (@', u™) — %(fﬁ)?l@ﬂl

1 h
— g Nu(a @y (@) + (00 + 0) ()’
The approach is similar to what we have done before. We adjust the base space to

£l 7 = h7 e fllee

and continue with the same steps. By the previous computation the first term on the right is
perturbative. The main cancellation occurs in the second term, where the (@!)? term disappears.
Precisely, we have

1 2 . 1— 7”‘2 r 9
Nu(Ua'U) — §h1U = 1412 sm(u + ’U) — m(l — COS(U + ’U)) _ mu
therefore
1 2 1 3 2 2
[Nu(usv) = gh’| S 5 +Tg(lur +[ol) + —(ul + fullo] + [v*) + mw

For 9,4' we use the same bounds as for #'. Then, compared with the previous computation, we need
to reestimate the terms involving |u|?, |u||v] and |u|?. The resonant part of u yields better bounds,
so we only estimate terms involving u™":

o2 4 4 4 ® 24 rt 1

| et S - [T e ——dr ~ Sl

0 T 0 e (t+ )42t —r)blog*(t — r) t

24 12 24 r2 1

—u vdr<u2vn-/ dr ~ ——||ul|Z.||v|| sn
el i S Wil [ e ey sl

/OO | nr|3d < H ||3 /OO 1 re d ‘1 H ||4
—|u r U\ — r= Uu
0 72 ~ Wz g2 (t +7)3tL5(t — )45 log(t — 1) 35112

The third term on the right in (5.16) is better behaved than the second. Finally, for the last term
in (5.16) we invoke (5.7) so that we use the same bounds for (9; + 9,)(@') as for 7—'a@'. Then the

integral to estimate is
1 3 < 1 3
[ L 5 gl

c) In the case of @' this part follows from the linearity. In the case of @™ the Lipschitz dependence
on %' has already been discussed above. An additional argument is required for §9,a™. However,
nothing new happens there, and the details are left for the reader.

0

6. THE TRANSITION BETWEEN 7 AND &

In this section study the transition from 7 to e, which were both introduced in (2.12). This
transition is described by (2.16), which we recall for convenience

sin(e 4+ @) — sina

v = Ope —
r

The main result of this section is the following
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Proposition 6.1. a) Assume that v € LX is small and u,w are as in Proposition 5.2. Then for t
large enough there exists a unique solution ¢ € X of (2.16) which satisfies

(6.1) lellx Ss Ivllzx
Furthermore, € has a Lipschitz dependence on both vy and on the linear data (wg,w;) for w,
1
(6.2) lozllx Ss llonllox + - Tlog”t 1(6wo, dwr)|ls¥llzx,
Also, if v is a function of t then
1
(6.3) l9eellx Ss 10yl x + S5 7llex
Og
b) Assume in addition that v € L*°. Then
(6.4) le(r)| Ss rlogr{|vllLxnree, r< 1
Proof. a) The equation (2.16) is rewritten as
sin(e +u) —sinu —cos @) - €
(6.5) Le =~ + ( ) ¢ =7+ F(g,u— Q)

,
Hence in order to prove both (6.1) and (6.2) it suffices to show that at fixed large enough time the
map F is Lipschitz

F:Xx(Z'+2") - LX
with a small Lipschitz constant in the second variable. For the X norm we use the embeddings
(3.18)-(3.21). For the LX norm we use (3.23), which shows that is enough to estimate F(u,¢) in
L' N L% We expand F as follows:

sin(f 4+ Q + v) —sin(Q +v) — cosQ - 8

F(B,0) = ;
_ (cos(@ +v) —cos@Q)- B sin(@+v)- B2 N 0(B3)
N r 2r T
_sinQuf snQ-F 08 OF)
N T 2r r T
Hence
T 1 e 1= S o
. F < L
(66) | (B,’U)|N1+7ﬂ2+1+r2+ r + r
By using (3.20), (3.18) and (5.6), we bound this first in L?
B 9 v v2log(1 +r)
F < —_—— (e} o [e%s} B —— e}
P30l S It e (180 + 181 + Il + =5
1 logt
S 181X + 181X + 1Blx (= log2t 0]l g4 zn + =5~ 11011514 zmt)
and then in L',
p 2
F S l———|72(1 o
108, )l S 5 os(1 + )HLz( + 118l ze~)
Ié] vlog(1l+r) v?log(1 +r)
g e 0 e + 15 )
1 logt
SIBIE + 1815 + 118l x (—— tlog® H | zipzm + —5— 2 v ”Zl+znl)
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Hence we obtain

1 10gt
IFB,0)llx S IBI% + 181% + 18] x (o Tloa?t 7 1oll g zm + =5 10015 )
A similar analysis yields
< 1 logt
1B1F5(8, ) xS IBullx (18]1x + 18I% + 5 Tlog?t ollzeg ze + =510 Wl 5ey zmt)
respectively
1 logt
[v1Fo(B,0)lLx < HmHZl—i-Z”lH/BHX(@ HUHZZ+ZM)

By the contraction principle this proves both (6.1) and (6.2). The time decaying factors guarantee
that for any size of 4 — @) the problem can be solved for large enough time.
To prove (6.3) we differentiate with respect to ¢ in (6.5),

Lo = Oy + Fo(e,u)0e + Fy(e,u)0u

Since Jyu satisfies the same pointwise bounds as u, the last two estimates above show that the
contraction principle still applies.

b) Due to the embedding X C H L'c L* we already have a small uniform bound for £. We solve
the ode (6.5) in [0, 1] with Cauchy data at r = 1. Making the bootstrap assumption

(6.7) le] < Mr|log(r/2)]
we rewrite the equation (6.5) in the form
|Le — | < M3r%|log®(r/2)| + C, C =g |le||pe
Then solving the linear L evolution we have
el S r(Iy (D] + M) + Cr|log(r/2)| S5 MPr + 7| log(r/2)|||e] 1=

If ||e|| e is sufficiently small then we can choose M small enough so that the above bound is stronger
than our bootstrap assumption (6.7). The proof of (6.4) is concluded.
O

7. THE NONLINEARITY IN THE 7y EQUATION

Our main goal is to solve the equation (2.15) for v with zero Cauchy data at t = oo. For the
linear H wave equation we use the LX bounds in Lemma 4.1. The auxiliary function ¢ is uniquely
determined by ~ via Proposition 6.1. In this section we estimate the nonlinear contribution in (2.15),
namely
2(cos @ — cosu)

N(w,u) = 2 2)

1 .
w~+ —sinu(u; —w
= sinu(u;

In light of the decompositions u = t+¢&, w = w+-y, this nonlinearity has three types of contributions,
N(w,u) = N(@,a) + N'(@,4,7,¢) + N*"(@,1,7,¢)

The first one, N(w, u), should be seen as an inhomogeneous term. The reason we need to consider
this separately is that @, w have a different behavior compared to €,y as t goes to infinity. The term
N contains the linear contributions in ¢, in the difference N(w,u) — N(w,u),

2(cos ) — cosu 2sinw - e sina(2ue; — 2wy) + cosw - £(u? — w?
(cos Q )7+ - (21ey ) (uj )

l_
N = 2

r 72 r
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The remaining term N'! contains the genuinely nonlinear contributions in e,v in the difference
N(wa u) - N(?I),ﬂ),

2(cosu —cosu —sinu-€) _  2(cosu — cos(u + € sin (g2 — ~2
( : ) (@+e) | s —7)

N =
r r2 r
2 -9

(sinu — sin @) (2tey — 2wy + U2 — w?) n (sinu —sinu — cosu - €)(uy — w*)

r r
Our main result is the following

Proposition 7.1. a) If u,w are as in Proposition 5.2 then fort 2s 1 we have
(7.1) KN (@, @) Lx + 2 (0K N (@, @) || Lx + | KN (@, )| 5) Ss 1

with Lipschitz dependence on the initial data (wo,wy) for w.
b) If we assume the following

Sgptm(\lv(?ﬁ)lle +lle®llx) + sup 22 (l0y(®)llx + 17l gy + 12ee(®)llx) S M

then
(7.2) KN px + 910K N [ ox + [ KN 1) Ss M(logt) ™
(7.3) KN px + 22 (|0 KN |Lx + KN 1) Ss (M? + M)t~ logt

In addition, the maps (¢,7) — (KN', KN™) satisfy similar Lipschitz bounds.

When combined with Proposition 6.1 this result allows us to treat the problem in ~,e pertur-
batively. The additional gains in ¢ decay in (7.2) and (7.3) allows us to consider large Schwartz
perturbations of the soliton. We note that in the case of K N* we gain only logarithms. This implies
that for large Schwartz data (wg,w;) in the linear equation our solutions are only defined for ¢ > T'
with T exponentially large.

7.1. The term N(w,u). Our goal here is to prove the estimate
(7.4) IN (@, a)l[Lx Sst7>°
Then the bound (7.1) is a consequence of Lemma 4.1. To prove this we split
N(w,u) = Xr«tN(W, ) + Xrst N (0, @) + Xrat N (0, 2) = Ny + No + N3

For the first two terms it suffices to use a direct estimate

o sin@, _ _ 1, 1 o _
N, @) § =51 = Qllo] + —5lu = QP[] + —(sin Q + [al)(|a| + |w])
Using the bounds (5.6) and (5.8) for u — @, as well as the bound (5.2) for w, this gives
1

[N (w,u)| Ss Xr<<t<r>74t4
where the leading contribution comes from u"". This implies that
N1 Sst
which suffices for (7.4) in view of the embedding (3.23). Similarly
1
Ny| < -
| 2| ~S XT>>t <T‘>8

which also gives
N2l e Sst
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However, a similar direct computation for N3 only gives
’N3( 0,u)| Ss erttQ-5(t1—r)5-5
which fails by two units,
N3l g1z Ss "0
Hence in order to conclude the proof of (7.4) we need to better exploit the structure of N and

capture a double cancellation on the null cone. In the computations below (through the end of the
subsection) we work in the regime r ~ t. We expand N (w, @) as

N, 1) = 2252 - Qo+ 52— QP+ L —a?) + 2wt - a)a-@)
+ L00(@ - @) + B2 wo(a - @)
+ 8w w0 - @) + S L@ - )0l - @))

The terms on the second line are already acceptable, i.e. can be estimated by ¢t=*5(t — r)=3. For
further progress we observe that by (5.8) we have

anl — OS(<t>)f2.5’ 8t@nl — Os(t72.5<t _ 7,>70.5)
and that by (5.7) we can write
(7.5) i+ w = o™ + 8, + 9,u + cosQur _ Og(t715(t — r)=15)
r
The first relation above allows us to dispense with @™ everywhere and replace @ — @ by @', and the
second allows us to estimate the third line in N(w,u). We are left with
sin@@ _; _  cos@ cos ()
u'w
r2 r2 r

N(@,a) =2 (@20 + T2 () — @)+ L (@@)? - )+ Os(e 1))

To advance further we substitute w = 9,ua' — %ﬁl everywhere. The %ﬂl is acceptable in the

first two terms of N, i.e. it gives contributions of Og(t=*?(t — r)~3%), and we discard it. For the
last two terms we use the better approximation from (5.7)

1
iy = —0,1 — U + Ot (t —r)~"?)
T

Then we can write
1 cos B B
(ﬂé)2 o wQ = <a7"ﬂl + ZQZ)Q - (arﬂl - TQT/)Q + OS(t 3<t — T> 3)
1
= —-wdu + Os(t™(t = 1)7?)

It is also harmless to replace sin @ by r~! and cos @ by —1 everywhere. Returning to N we obtain

1

1 1
(@0, = Sl + 5 (@)0.a + (1) (¢ — 1))

2
N(w,a) = r—gﬂl&«ﬂl —
1., _ _
= ﬁ&n(u )2+ 0s(t™ 2t — r)739)
in the region r ~ ¢, which we rewrite as

N3 = Lg+ x,rmtOs(t 42t —1) %), g= xpme=—(a')?
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The last term can be directly estimated in L' N L2. For the leading term Lg we estimate g in H}
and use the embedding (3.18). We have

<o Ogl <g ——
|g| ~S t4<t*7ﬂ>3’ | Tg| ~S t4<t*7">4

therefore 1
HgHHel Ss 35

This concludes the proof of (7.4).
7.2. The bound for N'. Our goal here is to establish the bound

7.6 N! <g—
(7.6) I HLsttngth

We recall that

2(cos ) — cosu 2sin - € sin u(2uie; — 2wy) + cosu - € —w
( Q )’Y'i‘ = o+ ( t€t W)T ( )

N =

2
,
The pointwise estimate
2(cos @ — cosu) 9
Hem@ oo < fa-Ql+ s fa— Q)
combined with the pointwise bounds for @ from (5.6) leads to

H (COSQ cosu)H < 1
oo 2
LenL?2 <SS t10g2 t

with the worst contribution arising from the resonant part of 4. From (3.23) it follows that

2(cos Q cos 1) 2(cos @ — cosu) y 1
< o 1 <o — 2 M
H ex 51 lomraa 1 20 S5 o
Next, from (5.6) and (5.2), it follows that
U - w logt
| 2 log(2 +7)|[zenre Ss 25
which combined with (recall (3.20))
€
.« < = 1. 5M
Il < lelx
gives
2sinu - € logt
||Tw\|LX SS M
Using (5.6) we obtain
u logt
| = log(2 + 1)l s> S5
therefore by invoking (3.23) and (3.20), it follows that
sin(a) - wiey € logt

iy
lex S lI==1og(2 + 7) | Lonz2ll M

ot ), <o 25T
| log(2 + r) Iz s t4
The following term requires some extra work. Using (5.6) and (5.2), we note that away from the
cone we have |sin(@)| < sin @ and continue with

w sin u

[ Xrstt lrinrz Ss 2
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followed by

sin(a) - wy UW _

(I Xrpet HLx§me7fhwmﬂﬂuw§st4WW
Near the cone we write

wsin 2w w(u — Q)
r Xt ( 1412 r cos @ +

_ thu_)(ar— Q) 4 Os(£ 23 (1 — r)25)

= Ltemer™ (8)?) + 05 (4754t — 1)727)

The second term is estimated as above in L' N L? and yields a contribution of t=*M to the | N!||1x
bound. For the first term we write its contribution to N' in the form

L(xrmar™ (@)% = Lxtraar ™ (@)?y) + xrmar ™ (1) 00y
Then, using (3.18) for the first term and (3.23) for the second term, we have

Xrat

wO0((a— Q)%  wo((w—Q)3
$+T§))+ «T Q)%)

1L Gormer™ @ ll2x S I @y + e ™ (@207 1
< Irmer™ @22 [ 5+ Irmer™ @2 2z 107152
s 75 gy Ss UM

It remains to bound the last term in N!. For this we take advantage of the first order cancellation
on the cone in the expression u; — w, see (7.5), which combined with (5.6) and (5.2), gives

cos w(u? — w?)log(2 + r) logt
H HLszoo ~S 25 ¢
T t
This leads to
cos u(u7 — w?) logt € logt logt
| S s Ss s Iy e Ss s lellx S5 M
This concludes the proof of the N! bound (7.6).
7.3. The bound for N™. Our goal here will be to prove the bound
logt
(7.7) IN"lx S5 5 (M2 4 M)
We recall the expression of N™:
N _ 2(cosu — cos2u —sin@ - a)u_] N 2(cosu — 0208(11 + <€))’7 n sinu(e? —4?)
r r r
(sinu — sinu)(2uie; — 2w7y) N (sinu — sin @ — cos @ - ) (u? — w?)
T T
We successively consider the terms on the right. For the first one we start with
2(cost — cosu —sinw -g) __ €%|w|
| 5 w| S —3
T r
Then, using (5.2) and (3.20), we obtain
log?t

efw 3 w 9 9
||TTHL1mL2 S ||m”L°°ﬂL2Hﬁ”L2H7TQIOg (2+7)logllLe <s 55 M

log(2 4+ r
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The second term in N™ is estimated by
costi—cos(i+e) _[sind-ey| ¥y o [en] | [(@-Q)ey] | [*]
r r r{r) T T

The first two terms can be estimated in L' N L? as before,

r2

| i >2IIL nLz S || 2 ||< >2”L°°ﬂL2 SstiM?

(u —Q)ev H

1=

For the last term we first get the L1 bound

pinze S - llz2ll 2z llellz~ <s t™°M?

1
H ||L1<H€HL°<>H*HL2H*HL2 M

However, getting the L? bound is more delicate:

€ g
H e S wﬁﬁwﬂm<gﬂﬁ

where the pointwise bound for % near r = 0 comes from (6.4).

The third term in N is estimated by using (5.6)

sinuef =) Jel | b

r ~14+r 147
We successively consider all terms:
|Et|2 £t £t 1.5
_— w||[———— <M

712 5 )
Hl +T||L10L2 S ||’7HL2QLOO||;HL2 < t74M2

Next we estimate the fourth term in N™,

(sinw — sina) (2uer — 2wy), _ |e|(Jucer| + [wy])

| : g Elllmead
On behalf of (5.2), (5.6) and (3.20), we have
EULEL € logt
| lzinze S H5t||L°°HWHL2H*1Og(2+7”)”L°<>mL2 Ss —M?
EwWy _ Y -
= lzinze S H5HL°°HWHL20L00H;||L2 Sst™iM?
Finally we consider the last term in N™,
| (sinu — sin @ — cos @ - ) (u? — w?) < e2(u? + w?)
T ~ r
which, by using (5.2), (5.6) and (3.20), we further bound as follows
2(52 =2 —9 _9
e”(u; + w*) € € uy +w
-7 < o 1 2 oo
I o S gl g 0g(2 4+ 7)1
log“t
<s og” M2

to
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7.4. Conclusion. The proof of Proposition 7.1 is a direct consequence of all the estimates in the
previous subsections. Indeed, the result in part a) follows from (7.4) and (4.2). The results in part
b) follow from (7.6), (7.7) and (4.2).

We are also ready to prove our main result.

Proof of Theorem 2.1. Based on the results in Proposition 7.1, one can iterate the equation (2.15)
in the following space

3 5 5
Vlly = t2[v(@)llx + 210y ()l x + 2|y ({@)]]
The size of € is controlled by using the results of Proposition 6.1. U
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