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Abstract

The objective of this PhD thesis is the approximate computation of the
solutions of the Spectral Problem associated with the Laplace operator on
a compact Riemann surface without boundaries. A Riemann surface can
be seen as a gluing of portions of the Hyperbolic Plane made with suitable
conditions to obtain a 2 dimensional manifold. The solutions of the Spectral
Problem associated with the Laplace operator are to be understood as the
eigenfunctions defined on the surface and their corresponding eigenvalues.
This work is separated into two parts: the first part describes the method
used to approximate the eigenvalues and eigenfunctions, the second focuses
on the design of a program to compute these approximations.

The approximation method is inspired by the Finite Element Method
(FEM), in that it relies on the variational expression of the Spectral Problem
and the definition of a finite subspace of functions in which the approximated
eigenvalues and eigenfunctions are computed. However, it differs from the
FEM in that it removes the euclidian basis of the FEM and is invariant under
the isometries of the Hyperbolic Plane.

To fulfill this objective, we begin by geodesically triangulating the surface
as regularly as possible. This hyperbolic triangulation allows us to define the
finite subspace of functions by using the concept of barycentric coordinates
associated with each vertex of the triangulation (idea introduced by Whitney
and taken up by Dodziuk). We then prove that the approximated solutions
convergence to the exact ones when the diameter of the triangulation de-
creases, as well as the order of convergence.

The program is a practical application of the theoretical work and allows
the computation of the approximated eigenfunctions and eigenvalues.

Keywords

Hyperbolic Geometry, Riemann Surfaces, Laplace Operator, Hyperbolic Tri-
angulation, Finite Elements Method, Eigenvalues, Eigenfunctions.
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Résumé

L’objectif de ce travail de doctorat est le calcul de solutions approchées du
Probleme Spectral associé a l'opérateur Laplacien sur une surface de Riemann
compacte et sans bord. Une surface de Riemann peut-étre vue comme un
recollement de portions du Plan Hyperbolique effectué de fagon a obtenir
une variété de dimension 2. Par solutions du Probleme Spectral associé
a 'opérateur Laplacien, nous entendons les fonctions propres définies sur la
surface et leur valeur propre correspondante. Cette étude est articulée autour
de deux axes: d’une part la présentation d’une méthode d’approximation
des fonctions et valeurs propres, d’autre part la conception d’'un programme
permettant leur calcul.

La méthode d’approximation s’inspire tres fortement de la Méthode des
Eléments Finis, a savoir ’expression variationnelle du Probleme Spectral et
la définition d’un sous-espace de fonctions de dimension finie dans lequel
les fonctions et valeurs propres approchées sont calculées. Elle en differe
cependant en se défaisant du caractere euclidien de la Méthode des Eléments
Finis et en étant invariante sous les isométries du Plan Hyperbolique.

Pour ce faire, il est nécessaire d’effectuer une triangulation géodésique
sur la surface aussi réguliere que possible. Cette triangulation hyperbolique
permet alors la définition du sous-espace de fonctions de dimension finie via
le concept de coordonnées barycentriques associées a chacun des sommets
de la triangulation (idée introduite par Whitney et reprise par Dodziuk).
Enfin, nous montrons que les solutions approchées sont proches des solutions
exactes lorsque le diametre de la triangulation est petit; nous mettons aussi
en évidence 'ordre de convergence.

Le programme développé en parallele est une application de cette partie
théorique et permet le calcul des fonctions et valeurs propres approchées.

Mots Clés

Géométrie Hyperbolique, Surfaces de Riemann, Laplacien, Probleme Spec-
tral, Triangulation Hyperbolique, Méthode des Eléments Finis, Valeur Pro-
pre, Fonction Propre.
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Introduction

The inspiration for this work lies in the article by Jozef Dodziuk: Finite-
Difference Approach to the Hodge Theory of Harmonic Forms (See [Dod76]).
Dodziuk shows that with a triangulation of an /N-dimensional Riemannian
manifold it is possible to define a linear projection application from the ¢-
differential forms (¢ = 0...N) over each triangle to a finite dimensional
g-form subspace. Applied to functions in RV as the Euclidean space, this
projection corresponds to the linear interpolation of the function at the ver-
tices of the triangles.

The central theorem of Dodziuk’s work proves that these approximated
forms on the manifold uniformly converge to the non-approximated ones
when the triangulation becomes finer and finer. It is not possible to directly
give a pointwise meaning to convergence as the differential forms on the
manifold are smooth, whereas the approximated forms are not, and thus
we have to work with Sobolev spaces on the manifolds. Applied to the
functions of RY as the Euclidean space, the method presented in this article
corresponds to the well-known Finite Elements Method.

The work we present here is an implementation of these theoretical results

to a particular case: that of the computation of the solutions of the Spectral
Problem:

Af=Af

associated with the Laplace operator A on a compact hyperbolic surface
without boundaries. The objective is to develop a method which allows the
computation of approximated eigenfunctions and eigenvalues of the surface
while having control on the convergence speed, as well as the design of a pro-
gram which concretely computes them. We also want this numerical method
to have an intrinsic characteristic, that is, invariance under the isometries of
the surface: the Mobius transformations. This explains the title of this work:
Finite Element Method on Riemann surfaces.

The surface we study is a Riemann surface of genus g, denoted X, and is
issued from the gluing of portions of the Hyperbolic Plane. We assume the
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reader to be familiar with its two traditional representations: the Poincaré
disc D and the upper half plane H, as well as its representation in R?® asso-
ciated with the Minkovski metric (briefly summarized in Paragraph A.5).

The surface is defined by its Fenchel-Nielsen parameters. For the triangu-
lation, we consider it as a set of glued Y-pieces (see Fig. 1). These Y -pieces
are split into two hexagons. At this point, it is important to note that we
do not cut them in the traditional way, leading to two identical right-angled
hexagons, but along geodesics, such that the triangulation is adapted to the
twist parameter (a further explanation can be found at the beginning of
Paragraph 2.2 and in Figures 2.2 and 2.3).

Figure 1: Two different gluing schemes for a surface of genus 2

Chapter 1 is dedicated to the formal statement of the Spectral Problem
on a manifold and can be considered as a preliminary. We need to define the
Sobolev spaces on a manifold to express the Spectral Problem in its so-called
weak form (or variational form). The weak form of the problem not only
gives us a proof for the existence of the solutions of the Spectral Problem
(even in its strong form or pointwise form), but also an idea of the technique
necessary to develop our Finite Element Method.

As mentioned previously, we need to define a projection operator on the
triangulation of the surface; hence we need a triangulation. This is the
subject of Chapter 2. We know from experience that this triangulation
has to be as regular as possible, that is, with triangles of more or less the
same size and as close as possible to an equilateral triangle. We present an
algorithm which produces such a triangulation.

In Chapter 3, we define the finite function subspace where we will com-
pute the approximated eigenvalues and eigenfunctions. We define it using
barycentric coordinates associated with the vertices of the triangulation of
the surface. And finally, we express the Spectral Problem in this finite sub-
space as an algebraic problem. Finding its solutions then becomes a problem
of determining the eigenvalues and eigenvectors of a matrix.

In Chapter 4, we show that the eigenvalues and eigenfunctions computed
on the finite function subspace are close to the real eigenvalues and eigen-
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functions of the surface when the triangulation is sufficiently small. Since we
are laying the groundwork for a numerical implementation, we are naturally
interested in the ”convergence speed” in terms of the power of h, the diam-
eter of the triangulation. The main results of this work lie in Theorems 42
and 46, which we provide here in a simplified version without the formally
required hypotheses.

Theorem. Suppose v, is an eigenfunction of the Spectral Problem associated
with the eigenvalue Ny, and ., an eigenfunction in the finite function space
associated with the eigenvalue X\, . Then there exists a constant C' such
that:

An — Amn| < Ch? +O(h?)

Therefore, the convergence speed for the eigenvalues is of order 2 in h.

Theorem. Suppose @, ..., pmik_1 are eigenfunctions of the Spectral Prob-
lem associated with the eigenvalue N\, of multiplicity k > 1 and @miin
(0 < i < k—1)is an eigenfunction in the finite function space associated
with the eigenvalue Ay p. Then there erxists @), ; € Span(@m, ..., Pmir-1)
and a constant C' such that:

< Ch+ O(h?)

H(p;n—l—i — Pmti,h ‘LX

Therefore, the convergence speed for the eigenfunctions is of order 1 in
h. The definition of || .||, y is provided in Chapter 1.

In Chapter 5, we present the results obtained from our implemented pro-
gram for a particular surface, for which some theoretical results are known.
This surface, called Fy, has been studied by Jenni in his PhD Thesis: Uber
das Spektrum des Laplace Operators auf einer Schar Kompakter Riemannscher
Fléchen [Jen81]. This surface has also been investigated just recently by
Strohmaier and Uski in [SU11].

Finally, we mention here that Appendix A is dedicated to a matrix
representation of the Mobius transformations. This allows us to see points
and geodesics on the surface in term of matrices: a point corresponds to
a half-turn around itself. Similarly a geodesic corresponds to a symmetry
around itself. This type of matrix modeling is of great interest for this work.
A reader with no knowledge of this type of modeling may read this appendix
prior to the rest of this work.

Since the Laplacian is a fundamental operator in physics, many works
have been done studying its eigenfunctions and eigenvalues. We list here a
number of contributions that are related to our work.
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The first paper in which eigenvalues on Riemann surfaces are approxi-
mated numerically seems to be [Jen81]. In [AS89] Aurich and Steiner apply
euclidean Finite Elements to symmetric hyperbolic geodesic octagons repre-
senting compact Riemann surfaces of genus 2. More accurate results, again
for genus 2, were obtained by the same authors in [AS93] using a boundary
element method. Surfaces of higher genus do not seem to have been studied
in this way.

In [Hej92], [Hej99] and several other works Hejhal uses Maass cusp forms
to approach the spectra of certain non compact Riemann surfaces with cusps.
Fourier series expansion of the cusp forms allows him to obtain very accurate
estimates even for very large eigenvalues. This method was later refined by
Booker and Stréombergsson in [BS06] using the Selberg trace formula. In a
very recent paper Strohmaier and Uski [SU11] use the method of particular
solutions to compact Riemann surfaces by decomposing them into cylinders
with piecewise geodesic boundaries and using hypergeometric functions. This
article and our method are, as far as we know, the only ones allowing the
computation of the eigenvalues and eigenfunctions on arbitrary compact Rie-
mann surfaces.

For the computational approach to Riemann surfaces in general we point
out the review article by Mercat [Mer07] and the recent book [BK11] by
Bobenko and Klein. In this book we also find a discretisation of the Laplacian
based on simplicial approximations of a Riemann surface [BS07a].

For the discretization of the Laplacian in general the literature is quite
extended and we mention only the following. [BCO7] uses an approach based
on barycentric coordinates that is different from the hyperbolic barycentric
coordinates we use in this thesis. [Lar00] uses an a posteriori estimate method
that is not considered here but might be useful on Riemann surfaces in future
work. [AHTK99], [DD07] and also several other papers apply numerical
approximations of the Laplace spectrum on surfaces in Euclidean space for
image processing. Yet another field of current investigation is the inverse
spectral geometry of planar domains where we mention in particular the
works of Antunes and Freitas [AF11], [AF08], [AF06] and [AAO08]. Finally
we mention the overview article by Boffi [Bof10], some part of which is used
in Chapter 4.
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Here U represents a relatively compact open set.

General Notations

U
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Closure of U
Boundary of U
Norm in a Hilbert space
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Christoffel symbols associated with G

Spaces of g-differential forms on U

Inner product associated with G on vector fields, covariant
tensor fields or forms

Norm associated to the preceding inner-product
Varying points on X

Vertex of the triangulation

Hyperbolic distance between = and y

n-times continuously differentiable functions on U
Differentiable functions with compact support included in U
Covariant derivative of order n

Sobolev space of order n on U

Inner product in H"(U)

Norm in H"(U)



Notations

Matrices

M(2,R) 2 x 2 matrices with real coefficients

GL(2,R) 2 x 2 invertible matrices with real coefficients
T0(2,R) 2 x 2 real matrices with null trace

det Determinant of the matrix

Remarks about these notations

When we write (., .), it is up to the reader to understand with the context if
the inner product is used with vector fields, covariant tensors fields or forms.
In the integration formulae, we sometimes do not write the volume form dvg
associated to the metric tensor G.

Occasionally we use the Einstein notation to make some formulae more read-
able. For example, a 1-form 6 in a coordinate system {x!,... 2"} is written:

0 = 0;da’

On a triangle

We often have to make calculation on a specific triangle of the triangulation
T;. 'To avoid the hardly readable notation T; = P; F;, Pj,, we rename the
vertices of the triangle:

C=P

Jo»

A=P

Jio

B=P,
We also denote the lengths of the edges as follows:
a =dist(B,C), b=dist(C,A), c=dist(A,B)
And finally we define the following quantities:
a=cosha—1, [=coshb—1, ~=coshc—1
Some formulae recurrently appear in the triangles; we define them from here

on:
I'=—a?—3*— >+ 208+ 2ay + 287 + 208y

A=—a?— 3 —~*+2a8+ 207 + 28y
O =14 20u(l —u—v)+20v(1 —u—v)+ 2yuw

where ®(u,v) is a function of u,v > 0 and u +v < 1.
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Chapter 1

The Spectral Problem on a
Manifold

Hodge Theory is a fundamental tool in the Dodziuk’s article. In our work,
we deal only with functions and one-forms and therefore do not really require
this formalism. However, we use it in the first paragraph of this chapter to
define the Laplace operator in an intrinsic way (that is, independently of a
coordinate chart).

1.1 The Spectral Problem

X is a hyperbolic surface, that is, a 2-dimensional compact and oriented
manifold without boundaries provided with the hyperbolic metric tensor G.
A large part of this chapter can be generalized to manifolds of higher dimen-
sions, so we denote its dimension as N, and remember that N = 2 when it
is useful.

In this paragraph, we present a short introduction to Hodge theory of the
g-forms on X. Given K, an open subset of X, we denote AY(K), (0 < ¢g < N)
the spaces of ¢-differential forms on K. The hyperbolic metric tensor provides
a pointwise inner product for these spaces. In a coordinate chart, at a point
p, it is defined by bilinearity on the basis elements of A?(K):

(da?, dx)(p) ... {(dx',dxIa)(p)
(da" A - -Ada's, da?* A - -Ada?7) (p) = det - :
(dz's,d2?)(p) ... (dz',dz’")(p)

where (dz’,dx?)(p) = GY(p). We remind that G%(p) are the components
of the inverse of the metric tensor: GYGj, = d;. Of course, for f and g

11



The Spectral Problem on a Manifold

functions on K, the inner product is:

(f;9)=fg

This inner product allows us to define the Hodge operator *
fAxg=(f,g)VdetGdax' A---Ndx" [, g € N(K)

It is now possible to define a global inner product! on A?(K):

=/ fAxg fogeN(K)
K
And its associated norm:

LI, = / f A

Let d : A9(K) — AT (K) be the exterior derivative and § = (—1)NVetV+1y
dx its formal adjoint. Indeed:

d(f Nxg) =df Nxg+ (=1)"f Nd*g
= df Axg+ (1) Df A s wdxg
=df N*xg — (1)"(q+1+"+1f/\**d>|<g
=df Nxg— f N
Hence, by Stoke’s Theorem:
aKf/\*gz(deg)—(f,ég)

If K = X, as the surfaces we are interested in have no boundaries (0X = 0),
0 is the adjoint of d for this inner product.
Let us define the Laplacian operator on K:

A =dj+6d (1.1)

The Spectral Problem associated with the Laplace operator reads : find
f e AYX) and A € R such that,

Af = \f (1.2)

We are interested in finding solutions for this problem when f € A°(X) =
C*(X). Unfortunately, it is impossible to find solutions in closed form to
this problem when X is any hyperbolic surface. We thus rewrite the problem
1.11 in a variational form on Sobolev function spaces. This variational for-
mulation, also called the weak form, provides proof for the existence of the
solutions, as well as a natural way to construct an approximation theory in
the Sobolev spaces.

the notation (. anticipates the definition of the Sobolev spaces on K

7')0,K
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1.2 Sobolev Spaces on an Open Set K C X

1.2 Sobolev Spaces on an Open Set K C X

Given an open set K C X, we need to define the set of the differentiable
functions with compact support over K:

D(K) = {p € C*(K),supp(p) CC K} (1.3)

Note that if K = X, then D(X) = C*(X) = A°(X). From here on we will,
however, abandon the 0-form notation.

Definition 1. We define L?*(K) as the completion of D(K) with respect to
the .||, , norm.

We follow the same logic to define the Sobolev spaces of higher degrees
and hence we have to define some global norms with the covariant derivatives
of the functions of D(K). The closure with respect to these norms will define
the Sobolev spaces. With this objective in mind, we first have to define a
pointwise inner product on the n-covariant tensor fields.

1.2.1 Pointwise Inner Products and Norms on Covari-
ant Tensors

It is important to point out that the following definitions in this paragraph
are independent of the coordinate chart.

Definition 2. Given T and S, two n-covariant tensor fields?, such that
T=T, ;dx"® - -@dz and S = S;, j, dr’* @---®dz’" on a coordinates
chart, we define the following inner product on a point p € X:

(T,S)(p) = G (p)...G""(p)T;,....i(D)S)y...5n ()

We prefer however to omit the reference to the point p where the inner
product is calculated when it does not disturb the comprehension:

(T,S) =G .G, i Sj

----- in
Remark. This definition of inner product differs from the preceding one by a
factor n!, which means that (dz A --- Adz' dz?* A--- Adx?) calculated as

the inner product of a n-form is equal to n!(dz A--- Adz™ dz/* A- - - Adx?™)
calculated as the inner product of a n-covariant tensor field.

2n0tice the use of the Einstein’s summation convention

13



The Spectral Problem on a Manifold

The covariant derivative of order n of a function is a n-covariant tensor
field. In a coordinate system it expands in this form:

D"f = (an)il...indilﬁil Q- @ dx
For n =0, 1, 2, the definition is:

Df=f
D'f = 0,fda’
D*f = (03 f — T5,0uf)da’ ® da’

(where Ffj are the Christoffel symbols). We do not provide the expressions
for higher order because we do not need them in this work. For n = 1, we
will write D f instead of D!'f. From the definition of the inner product, we
define the following pointwise norms on the covariant derivative of a function
f € D(K) in a coordinates system:

D" " = GG (D iy (D" o (1.4)

It is also possible to define another norm for a covariant tensor, which is
useful for further calculations and equivalent to the preceding one.

Definition 3. Given f € D(X). At a point p € X, we define the following
"sup-norm” on the covariant derivative of f:

D" flgp () = sup [D"f(p)(Vi(p), ..., Va(p))l (1.5)

17~--»Vn

[Vil=1

where the V; represent some vector fields.

Proposition 4. For n = 0, 1,2, the two norms [D" f[ und |D" f|_  are equiv-
alent.

Proof. For n = 0, it follows by definition.

Forn=1,|Df| =|Vf|=|Df -

For n = 2, we express the covariant derivative in a Riemannian normal
coordinate chart, at the point p where the calculation is made:

GY(p) = 6" (p) and Tj(p) =0
and: ,
D f]" = ) (D)

ij=1,2

14



1.2 Sobolev Spaces on an Open Set K C X

From the definition of the sup norm, V(i, ), (D*f);; < |D2f|ip- Thus:

2
sup

2 a b mq
o2 (2)

wven(2)- ()

From the Cauchy-Schwarz inequality, considering a vector V' of norm 1:

1 212 2
Z|Df‘ < |D*f

Moreover:

Thus, for V € R%:

(mq, V) < |my|
(Mg, V) < |may|

Thus:
MV = (my, V)2 + (mg, V) < [ma|* + |maof” = (a® +1* + * + d°) = |D*f|?

Finally, we can conclude that:

1
11D P < |D?f,, < DI (1.6)

]

1.2.2 Global Seminorms, Norms and Sobolev Spaces

We define the following global | .|, , semi-norm for a function f € C°(K):

2, = /K D" P due (L.7)

and the [, . norm:

[FPE i (1.8)

1=0...n
where dvg is the volume form related to G.

Definition 5. We define the Sobolev Space H"(K), (n > 0) as the comple-
tion of D(K) with respect to the ||.]|, , norm. (And of course, H*(K) =
L*(K)).

15



The Spectral Problem on a Manifold

H™(K) is composed of functions, which are not in C*(K) (sometimes
not even continuous). This requires us to give a meaning to the symbol D" f
if f € H"(K) and define the concept of weak derivative. Let us suppose
that K is included in the coordinate neighborhood, otherwise we cut it in
parts adapted to the coordinate charts. Starting from the partial integration
formula for differentiable functions with compact support:

/ d:fgdv = / fogdve Vf.g € D(K)
K K

If f,g € D(K), the boundary term in the last formula cancels and justifies
the following definition:

Definition 6. Given a function f € H"(K) and « a multi-index. g €
H™lo(X) is called the o' weak derivative of f if it satisfies:

x|
/ gpdvg = (—1)|a|/ fa 14 dvg V¢ € D(K) (1.9)
K K aa,f
and is denoted:
olelf
9= 0%z

Theorem 7. H"(K) associated with the following inner product is a Hilbert
space:

)= 3 [ (DD v (1.10)

[=0...n

Proof. Evident with our definition of H"(K). O

Theorem 8 (Sobolev embedding Theorem and Rellich-Kondrachov compac-
ity Theorem).

Forn >0, H'(K) — L*(K) is a compact embedding.

Forn >k+1, H'(K) — C*(K) is a compact embedding.

Proof. For an open set of R", see Theorem 7.10. in [GT77] page 148 and its
Corollary 7.11. page 151 and Theorem 7.22. page 160 (keeping in mind that
the dimension of X is 2). For the case of K being a compact manifold, see
Paragraphs 3, 7 and 10 in Chapter 2 of [Aub82]. O

16



1.3 Weak Form of the Spectral Problem

The function space L?(K) is "traditionally” defined as follow: L*(K) =
{f, [ f? < oo}. It is actually the same function space as the space L*(K)
we previously defined. If we indeed admit the "traditional” definition, the
density of D(K) in L?(K) is a well-known theorem of functional analysis.
Reciprocally, any differentiable function has a finite norm ||.||, , on K.

The function space H'(K) is often defined as follows:
HYK) ={f, [, [?+|Vf]? < oo}. Tt is also the same function space as the
H'(K) we previously defined. Tt is sufficient to remark that (Df, Df) =
(df,dfy = (Vf,Vf). And so, we can indifferently define:

H'(K) = {f € I(E), /K P4V < oo}
— (f € I(K), /K 4 DJ? < oo}

1.3 Weak Form of the Spectral Problem

Since we can not find solutions on X to the Spectral Problem 1.11, it is as
usual reformulated in a ”weak formulation”: meaning that the function space
where we find the solutions is greater than C*(X) and is actually H'(X)
(we will see afterwards that these two formulations are actually equivalent).
Recall that the spectral problem is to find f € C*°(X) and A € R such that:

Af = \f (1.11)
Given a function g € C*°(X), then:
Af=Af= (Af)g= Ay

;»/ (df, dg) —A/fg
o [ @199 =2 [ 1o

Expressed in this form, the weakest condition we can expect for f is to be
in H'(X). Tt is moreover known that the eigenfunction associated with the
eigenvalue 0 is the constant function. For a non-zero eigenvalue, it is easy to
check that the average of f has to be zero on X ( for example, replacing g
by § = g + ¢ where ¢ € R). We can also recall the well-known theorem of
linear algebra stating that the eigenfunctions are orthogonal. That is why
we have to define the Sobolev Spaces of null-average functions, orthogonal
to the subspace spanned by the constant function:

17



The Spectral Problem on a Manifold

Definition 9. For all m € N, HJ’(X) is the function subspace of H™(X)
with zero average.

The weak formulation of the Spectral Problem reads thus: find f €
Hj(X) and X € R such that for all g € H'(X):

[ . dgyave = [ padue (1.12)

This problem has solutions and these solutions satisfy the Spectral Prob-
lem in its "strong formulation” (Equation 1.11). We recall hereafter how we
obtain them.

1.4 Existence of the Solutions

To show the existence of the solutions we follow the method described in
Paragraph 6.2 page 135 of [RT98]. As an introduction, we recall two theorems
from linear algebra and functional analysis that are required to fulfill our aim.

With the first theorem, we will prove the existence of solutions to the
Spectral Problem in its weak formulation. Given (V,{(.,.)) a Hilbert space,
a linear operator T': V' — V is bounded if:

T
17l = swp 120
veV\{0} ||U||

Y

symmetric if:
Yo,weV, (Tv,w) = (v, Tw),

and compact if: for any bounded sequence in V it possible to extract a
convergent subsequence from the image sequence.

Theorem 10 (Spectral Theorem for Operators). Given (V,(.,.)) a Hilbert
space of infinite dimension® and T a linear, compact and symmetric operator
such that | T|| > 0, then there ezists an orthonormal hilbertian basis {e, }nen
of V and a positive decreasing real sequence { i, }nen such that:

i) Vn € N, e, is an eigenvector of T: Te, = jipe,.
i) lm p, = 0.

iii) Every eigenvalue of T is in the sequence {ji,}.

3in the finite case, the modification is obvious

18



1.4 Existence of the Solutions

iv) Fvery eigen subspace has a finite dimension.

The second theorem implies that these solutions also are solutions of the
Spectral Problem in its strong formulation. A 2"¢ order linear differential
operator L on a Riemmannian compact manifold M of dimension N is said
to be elliptic if in all coordinate charts it is written:

52
0xt0xd

+ bk(x)a— + c(x)

L(z) = a'(z) -

with the following properties: all the functions a;;,b*, ¢ are differentiable
functions on M and 3H > 0 such that Vo and V€ = (£1,..., &) € RY,
z IEI* < a¥(2)&g; < H|E|1”

Such an operator works naturally on the C""?(K) function space, L :
C"2(K) — C"(K). However, it has a natural extension to the Sobolev
Spaces, considering L as a bounded operator, L : H""*(K) — H"(K) and
the derivatives in the weak sense.

Theorem 11 (Elliptic Regularity Theorem). Given L a 2" order linear
differential operator on a compact Riemannian manifold M, then there exists
a constant Cyy 1, such that for all f € H"2(M):

1 izne < CrrpllFllon + LA ) (1.13)

Proof. See Theorem 8.8. p. 173 in [GT77] or Paragraph 6 of Chapter 3 in
[Aub&2]. O

It is easy to use this last theorem to prove the regularity of the solutions
of the Spectral Problem since the Laplacian is an elliptic operator. It is,
however, not a compact operator, which forbids us to directly use the first
theorem to prove the existence of the solutions. We have to make a detour,
defining a compact operator from the Spectral Problem, which will finally
give us the existence of the solutions.

The two last theorems we need are simply tools to go through this detour.

Theorem 12 (Riez’s Representation Theorem). For every continuous linear
functional F' on a Hilbert space V', there exists a unique element f € V such

that Vx € V, F(x) = (f,x). Moreover | F|| = ||f]-

Proof. See Theorem 5.7. page 77 in [GT77]. O
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Theorem 13 (Poincaré Inequality). Given M, a compact Riemannian man-
ifold, then there exists a constant Cp (See Equation 1.18 for its expression)
such that:

Hf - f_Ho,M < CP vaHO]M (114>
Jus fdva

where f = T doe 1s the average of f.
M

Proof. See page 157 in [GT77]. O

With the Poincaré inequality, (V f, Vg), . becomes an inner product on
H;(X), whose induced norm is equivalent to ||.||,

1
m Hf”fx < (Vf, vf)o,x = ‘flfx < ”fH?X

For a given function f € L3(X), the linear functional Fy : g — Fy(g) =
) « fgdvg is obviously continuous on L3(X). Tt suffices to apply the Cauchy-
Schwarz inequality to prove it : ([} f9)* < [ f* [x 9*- As H'(X) — L*(X)
is a compact embedding, F is also continuous on Hy(X) (we prove it again
hereafter when we prove that 7" is bounded). From the Riez’s Representation
Theorem 12, there exists a unique function f € H{(X) such that:

(V. V9ox = Filg) Vg€ Hy(X)
It is then possible to define the linear operator 7"

T: LX)
f

— H}(X)
N -

Tf=1f

T is characterized by the equation:

(VTf,Vg),x :/ fgdvg Vg€ HY(X) (1.15)
b's
Finally, the Spectral Problem then becomes:

f=XT'f

To show the existence of the solutions, one only needs to prove that 7" is a
positive, symmetric and compact operator and then to apply the Spectral
Theorem 10 to T'.

Lemma 14. On H{(X) provided with the inner product (V.,V.)
positive, symmetric, bounded and compact operator.

T is

0,X?
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1.4 Existence of the Solutions

Proof. We prove successively the different properties:
T is positive: given f € H}(X), by the Cauchy-Schwarz inequality,

(Vva vf)o,x < |Tf|1,x ‘f‘l,X

& IFI2 e < Tl 1f]x
= 0 < [Tf|,

T is symmetric: given f,g € H}(X),
(V1Y = [ o= [ of = (VT9.90), = (V.VT0),.
X X

T is bounded: given f € L*(X),

)fxfg‘
[F¢ll= sup
gEH(X), g#0 |9|1,X

9l
N
geH (X), g#0 |g|1,x

< Cp |l fllox

(where Cp is again the Poincaré’s constant). In the next equation, we use
the characterization 1.15 of T

TH2, = (VTF.VTS), \ = / STF < |ES T,
X

because, from the definition of || Fy||:

Thus:
ITfl, « <IFell < Crlifllyx < CoIfl«

T is compact: Given {f,}nen a bounded sequence in Hj(X). As H'(X) —
L*(X) is a compact embedding, it is possible to extract from this sequence a
subsequence, which converges in L*(X). As T is a bounded linear operator,
it is also continuous and the image of this convergent subsequence is also
convergent. 7' is thus compact. O]

Theorem 15 (Spectral Theorem for the Laplacian). There erxists an or-
thonormal Hilbert basis {pn}nen of LE(X) and a sequence {\,}nen of ele-
ments of R, such that:
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The Spectral Problem on a Manifold

i) @n € C*(X).
i) (fn om)ox = Jx PnPm = Onm-
i) Apn = A\on-
w) B, ={f € LAX),Af = \.f} has a finite dimension.

v) {\n}nen is a increasing positive sequence and A, — 00.

n—oo

Proof. From Lemma 14, it is possible to apply the Spectral Theorem for
Operators 10 to the operator T', when it is defined on H}(X) provided with
the (V.,V.),  inner product. Its eigenvalues {i,}nen form a decreasing
sequence of positive elements converging to 0 and there exists a Hilbert basis
{Wn }nen of H}(X), orthonormal for the (V.,V.), , inner product such that:

0,X

Twn - Mn¢n

Let us define:

Then Vg € H*(X):

(VT9n,Vg)ox = [x¥ng
& (VAVTY,, V), = [y¢ng
<~ (\/x,unvﬂ)m v.g)O,X = fX ¥ng
~ (Vg@na v.g)o,x - /\n fX QOng

©n is thus a weak solution of the Spectral Problem. From the Elliptic Regu-
larity Theorem 11, we deduce that ¢, is a differentiable function of X. And
finally:

(s Pm)ox = (VT0n, Vo), «

= (VAT VAV ) <
— \/)\_nm Mn(v¢n7 V¢m)o,x

= 6nm
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1.4 Existence of the Solutions

Proposition 16 (Eigenvalues Characterization). The eigenvalues are more-
over characterized by:

71; x
Am = min max 5 (1.16)
Emevm fEEm ‘f”
20 1 lox
where V,, is the set of the m-dimensional subspaces FE,, of Hj(X).
Proof. See page 139 in [RT98]. O
The quotient:
2
/1
R(f) = 5 (1.17)
1F1l5.

is named the Rayleigh Quotient.

Remark. From this characterization, it is possible to express the constant
of the Poincaré’s Inequality Theorem 13 on X with the first eigenvalue. If
m = 1 in the preceding theorem, then V) is the set of all 1-dimensional of
H}(X) and for a non-zero function in any F;:

e (VEVox

£l 1£10
_ (Vaf,Vaf), «
laf15
where o € R (and of course non-zero). Thus, V; is H}(X) itself and:
2
A= min mgx (1.18)
s 171z,

Hence, Vf € Hj(X):

1
Hf“o,x < )\_1 vaHOX

The rest of this work develops a method to construct approximation func-
tions of the eigenfunctions ¢,. We follow the idea of the Finite Elements
Method meaning that we solve the Spectral Problem on a function space of
finite dimension. This finite function space is defined in a sufficiently ”smart”
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The Spectral Problem on a Manifold

way, such that we are able to show that the approximate solutions converge
to the real solutions of the Spectral Problem. In this regard, we need to
triangulate the surface, then construct the finite function space with these
triangles by defining its basis elements.
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Chapter 2

Triangulation of the surface

2.1 Triangulation on a Surface

The concept of triangulation on a surface is quite intuitive but we need to
give it a formal definition. The idea is to build a simplicial complex such
that each simplex is included in a coordinate chart of the surface and the
set of all the simplexes and their associated coordinate chart in the complex
represent an atlas of the surface.

Let us define S the standard simplex of R?, that is the filled euclidean
triangle with vertices {ap = (0,0),a; = (1,0),as = (0,1)}. The simplicial
abstract complex representing the triangulation is a set {S;...,Sx}, com-
posed of identical copies of S, given with the relation between the edges and
vertices of each simplex. As X is a compact surface without boundaries, each
edge or vertex of each simplex must be shared with another simplex.

Definition 17. A triangulation on X is a simplicial complex and a family
of diffeomorphisms 7; with the following properties:

i) Vj=1...N,nm :U; — Q;, where U is an open subset of R? containing S
and €2; is an open subset of X. (In other words, (€, 7; ') is a coordinate
chart of X).

ii) {(Qj,wj-’l)}jzl,.,N is an atlas of X.

ili) Vj=1...N, m;(S) =1} is a triangle on the surface.

iv) Vi # j, T; N T is either empty, or a common vertex, or a common edge.
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Triangulation of the surface

Figure 2.1: Triangulation of the Surface

2.2 'Triangulation Algorithm

We take the ”opposite way” as in the preceding definition. As discussed in
the Introduction, the surface X is defined by its Fenchel-Nielsen parameters
and thus seen as a collection of Y-pieces. Each of these Y-pieces is cut into
two hexagons. As we have tools to create triangles in H (See the presentation
of the Matrix Model in Appendix A), we will create a geodesic triangulation
of these hexagons (triangulation being yet understood in its common sense: a
set of triangles). The triangulation of X is then obtained by gluing together
all the hexagons.

We point out that the triangles with an edge on two glued sides of two
hexagons have to be compatible: they share only a common vertex or a com-
mon edge (or nothing). If the twist parameters of a Y-piece are all zero,
then we cut it into two identical right-angled hexagons. If not, the decom-
position of the Y-pieces is not done as usual along the shortest geodesics,
but along geodesics, such that the triangles with an edge on the boundary
of the hexagon are compatible with the twist parameter. In the two Fig-
ures bellow, we have triangulated the surface described in Chapter 5.2.1 to
illustrate the preceding explanation. This surface is given by identical length
Fenchel-Nielsen parameters [; = 2arccosh(v/2+ 1) and identical twist param-
eters t; = 0.321281. In Figure 2.2, each Y-pieces is cut in the usual way
leading to two identical right-angled hexagons, whereas in Figure 2.3, it is
cut a way such that the triangulations of each hexagon are compatible.

The algorithm we present here aims to triangulate a convex compact
geodesic polygon domain ) with all interior angles greater than 7/3, creating
triangles as less flat as possible. The isomorphisms of Definition 17 will
be defined afterwards in Paragraph 3.2 in Chapter 3. The triangles on the

26



2.2 Triangulation Algorithm

Figure 2.2: Triangulation with Figure 2.3: Triangulation with
right-angled hexagons deformed hexagons

surface are built by creating a set of vertices in €2, which satisfy the properies
of the e-net:

Definition 18. Given ¢ € R, e > 0, an e-net on a metric space X is a set of
points such that:

i) The open balls of radius € centered on these points cover X.
ii) The open balls of radius £/2 are pairwise disjoint.

From this definition we can conclude that two points of an e-net are at a
distance greater or equal to e.

Theorem 19. Given ¢ > 0 and any metric space X, then there exists an
e-net on X.

Proof. Let us define a pre-e-net: a set of points satisfying condition ii) of the
preceding definition. A chain of pre-e-nets is an ordered set of pre-e-nets for
the inclusion. The union of the pre-e-nets of a chain is obviously an upper
bound for this chain. From the Zorn’s Lemma, there exists a maximal pre-e-
net, which actually satisfies the condition i) as well. Supposing it does not,
there would exist a non-covered point of X at a distance greater than ¢ from
the other, which could be added to the maximal pre-e-net. [

Proposition 20. If the metric space X is compact, then the e-net is finite.
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Triangulation of the surface

Proof. From Definition 18 an e-net is a covering. Since X is compact there
exists a finite under-covering composed of balls around vertices. If we add a
point to the set of vertices of this under-covering, it will be in an open ball
of radius € around another point, and the new set of points will not satisfy
ii), thus, the e-net and the finite under-covering are the same. O

Let us now define the following notations we will use for the algorithm:
- B% : open disc of radius € around P.
- Dp,p,p, : open disc defined by the circumcircle of P;P; P

- P,P; : geodesic segment between P; and P; (this notation holds only
for this chapter).

Remark. In the figures of this chapter, the dotted circles represent the B%
whereas the continued line circles represent the 9Dp, p,;p, or circles defined
by their diameter

Let us also define the following quantities:

- 5(Q) the length of the shortest side of €. We point out that
s(€2) < arccosh 2, which corresponds to the symmetric hexagon.

- a(Q2) the shortest distance between two non-intersecting sides of the
polygon (If it is an hexagon, then it corresponds to the length of the
shortest altitude of Q).

- €9 by the rule :
1
g = min{gs(ﬂ), a(Q)} (2.1)
For the triangulation ¢ is assumed to satisfy:
0<e<egg

We initiate the triangulation of 2 by the subdivision of the boundary 052,
which provides a set of vertices on 0€2, denoted V. Each side of () is regularly
subdivided such that two adjacent points F;, P; satisfy:

e <dist(P;, P;) < d.
where d. is defined by the rule!:

cosh(d.) = 2coshe — 1

this condition appears later on in Lemma 23
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2.2 Triangulation Algorithm

From this initial situation (the 0-th iteration), we run the algorithm,
creating a triangle at each iteration, which satisfies condition ii) of the e-net.
After n iterations, we define:

- VY = {P;}: set of the vertices of the triangulation.
- T,: set of the n triangles (at each iteration, a triangle is created).

- S, set of the geodesic segments: either the edges of the triangles, or
the geodesic arc between two adjacent points of V), on 0f).

- E, C Q: the closed part of €2 already triangulated together with 0f).
- I, = Q\E,: the open part of 2 still to be triangulated.
- The front: the boundary of I,.

We will show that after each iteration of the algorithm, V,,, S, and 7,, satisfy
the followings properties:

H1) V, C Q.
H2) VP, P, € Vy,i # j, dist(P, P;) > <.
H3) VRP]Pk €T, ,Z)Pl.pjp,€ ny, = 0.

H4) VP, P;P, € T,, Dp,p;p, is covered by PUV B%. .
i€ Vn ¢

H5) VRP]Pk and PTPSH € ,];L, if DPinPk = Dprpspt, then .PZE)JPkaTPSPt
is either empty or a vertex of V), or a segment of S,,.

We point out that even if the hexagons are not right-angled, their defor-
mation compared to the right-angled hexagon is not large, it is at most a half
of a subdivision of the twisted edge, and thus their interior angles are greater
than /3. Through the hypotheses required for €2, ¢ and d. and the remark
of the last sentence, the initial set of vertices V), satisfies all the properties
H1 to H5. We point out that H1 to H5 can also be made true for V, under
less restrictive assumptions.

Proposition 21. If 7, satisfies H1 to H5, then for two triangles P, P;P; and
P.P,P;, P,P;P, N P.P,P, is either empty or a common vertex or a common
edge.
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Triangulation of the surface

Proof. Consider the circumcircle of these triangles and their intersection.

If Dp,p,p, N Dp.p,p, = ) or P (a single point), then P,P; P, N P, PP, is either
empty or P.

If Dp,p,p, N Dp,p,p, = {P,Q} (two points), then by applying the Lemma 22
ii), no edge of P,P;P; intersects an edge of P.P;P;. In the limit case of this
Lemma, either P or () is a common vertex or even P() is a common edge of
the two triangles.

If Dp,p,p, = Dp,p.p,, then by H5, P;P; P, N PP, P; consists only in an edge
or a vertex. O

Observe also that H2 implies that V, satisfies the condition ii) in the e-net
definition 18 and that H4 implies that a triangle of 7,, has a circumcircle of
radius smaller than €.

Before presenting the algorithm which works by inductions, we want to
state three useful Lemmas. The first two hold in general but we put them here
because they will not be used elsewhere. For the first one, the configuration
is as follows: Given two open discs Dy and Dy in the unit disc D, such that
0D; and 0D, intersect in exactly two points P and (). Each circle 0D; and
0D, is divided into two arcs: an interior contained in the other disc and an
exterior. The geodesic through P and () divides the unit disc into two parts,
U containing the exterior arc of 0D; and L containing the exterior arc of
0D, (See Fig 2.4).

Figure 2.4: Circles inclusions

Lemma 22. With the preceding configuration:

1) DQﬂUCDI anleﬂLCDQ.
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2.2 Triangulation Algorithm

ii) If Ay, B, € 9D,\D, and Ay, By, € 0D,\D;, then the cords A,B; and
Ay By do not intersect each other.

Proof. We move the two circles isometrically such that P, ) lie on a straight
line in D. The property i) then becomes a well-know property of the Eu-
clidean circles, and ii) comes from the fact that U and L are geodesically
convex. [

Lemma 23. Given a triangle PQR such that dist(P, R) = dist(Q, R) = ¢,
and dist(P, Q) < d. (See Fig. 2.5), then:

Dpor C By U B,

Proof. In the limit case the point R has to be the symmetric point around
PQ of the second intersection between B and Bg,. Applying Lemma 22 i) to
Dpor and B% then to Dpgr and BEQ, we can conclude that Dpgr is covered
as required. Denoting d. = dist(P, Q) and applying the trigonometry rules
to the triangle PQR lead to:

d
cosh? 55 = coshe

& coshd, = 2coshe — 1

€

Figure 2.5: Limit case for Dpgr to be covered by By U Bp,
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Triangulation of the surface

Lemma 24. Given two points F;, P; such that P,P; € §,, and a third point
P such that Dp,p,p does not contain any point of V,. If P,P; € 0f), we then
also include the hypothesis that at least one of the geodesic segments P;P,
P; P enters into 2. Then :

PeQuU( U Bp)

PkGVn

Proof. Suppose P is outside of 2. Then Dp,p,p intersects 9. Moving along
ODp,p,p from P in either direction, we reach two intersections of 0Dp,p,p
and 02, such that the segment between these two intersections is a part 0f2.
As Dp,p,p does not contain any point of V,, these two intersections lie on a
segment of S, say P, P, (Maybe P; or P; is P, or Py, but {P;, P;} # {P,, Ps}
because of the additional hypothesis if P,P; € 0f). From H2 and Lemma
23, P; and P; have to be outside the disc of diameter P, P,. By Lemma 22
i), P lies in the disc of diameter P,P; and by Lemma 23, P € Pkgv Bp. O

Let us now begin with the algorithm. Given two adjacent points of the
front P, and P, that is PP, € S, (we use the notation Py, P, here even if
they are not the two first points of V,, since it will simplify the reading of
the following proofs). If they are both on 02, we call U the part of the unit
disc containing €2 around P, P,. If they are both not on the front, then there
exists a point P, such that PP, P, € 7,,, and we call L the part of the unit
containing P, P, P, (See Fig. 2.6).

2.2.1 Step One

From P; and P, , we construct Pi.s in U at distance e from P, and P,. (See
Fig. 2.6).

Question : Is there a point of V, in By, 7

Case1: No. Thenweset V,.1 = VUPses, Spi1 = SaUPL PiesiUPy Preg
and 7,1 =7, U PP, P,.s;. And go to the beginning of the algorithm.
Proposition 25. V,.; and 7, satisfy H1, H2, H3, H4, H5.

Proof. We first state H3 because we need this hypothesis to apply the Lemma
24 for the proof of H1.

H3: Dp p,p,.,,NU C Bpe , and By, NV, = 0 by the hypothesis we made
on By, . If P, P, € 09, then (Dp, p,p,.,, N L)NQ = 0, hence can not contain

32



2.2 Triangulation Algorithm

Figure 2.6: P, s at distance € from P; and P,

any point of V,. If P, P, are not both on the boundary, then there exists
P, € L such that PP, P, € 7, and Dp1p2ptest NL C DP1P2Pk by Lemma 22 1)
Finally Dp, p,p, NV, = 0 by H3 for P, P, Py, therefore (Dp, p,p,,., N L)NV,, = 0.

We now have to prove that P, is not in any circumdisc of a triangle of
7,,. Suppose Dp,p,p, contains Py, where P.P.P € T,. As Bp, , is empty,
then P,.s (now as a point of Dp_p_p,) would not be covered, which contradicts
H4 for Dprpspt.

H1 : We know from Lemma 24 that P,y € QU (P‘Ler Bf;j). If it is not in

5 EVn

() then it is in a particular B} and thus is at a distance smaller than e from
P, and this contradicts the hypothesis we made on Pj.g.

H2 : By construction.

H4 : If P, P, € 010, then the proof comes from Lemma 23. If P, P, are
not both on the boundary, then Dp, p,p,,,NU C Bg,_,. Moreover, Dp, p,p,.,, N
L C Dp,p,p, and Dp,p,p, C Up,eyyBp, by hypothesis H4 on Dp, p,p, -

H5 : If Dp pypy... = Dp.p;p,, then B, Pj, Py € L because Dp, pyp,,,, N U C
O

3
Ptest :

Case 2 : Yes. There exists at least one vertex of V, in Bp,_,. We go
to step 2.

2.2.2 Step Two

We search, among the points of V,, in Bj,_,, the point, denoted F;, such
that the oriented distance between the centre of Dp p,p, and the geodesic
through P; and P, is minimal (distances are positive in U, negative in L).
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Triangulation of the surface

If there are several of these points, at least one is in U (see the proof of the
Proposition 26), and we choose one, also denoted P;, such that P;P; and
P, P; do not intersect any edge of a triangle (from this set of candidates, P,
is actually one of the two nearest points to P, P;). We point out that, from a
programming point of view, this last hypothesis is quite easy to test applying
Proposition 53 iii and iv in Appendix A.

Question: Is Dp,p, p, covered by - Uv By, 7
je n

Case1l: Yes. (SeeFig. 2.7) Then weset V, 11 = Vp, Spy1 = SpUPLPU

Py P; (one of P, P;, P,P; is eventually already in S,,) and 7,11 = 7, U P, P, P;.
And go to the beginning of the algorithm.

:' PN
+ : +
Figure 2.7: Dp, p,p, is covered Figure 2.8: Dp, p,p, is not cov-
by U Bj} ered by U B;
Y pev, b Y e

Proposition 26. V,; and 7, satisfy H1, H2, H3, H4, H5.

Proof. H1 and H2 : We do not change V,,, the hypothesis hold.

H3 : We prove first that P, € U. If there are several points on 0Dp, p,p,
and if we suppose that they all lie in L, at least one, say P, is such that
P PP, € T, (maybe P, = P;). Then Dp,p,p, would contain P, which
would not be covered and this contradicts H4 for Dp, p,p, .

By construction Dp, p,p, N U does not contain any point of V,,. If P, P, €
O (Dpp,p, NL)NQ = 0. If PP, ¢ 0N there exists P, € L such that
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2.2 Triangulation Algorithm

P PP, € 7, and Dpp,p, N L C Dp,p,p,, therefore Dp p,p, N L can not
contain any vertex of V,, by H3 on P, P F;.

H4 : By hypothesis we made on Dp, p,p,.

H5 : By the choice of P; we have done. ]

Case 2 : No. (See Fig. 2.8) We go to step 3.

2.2.3 Step Three

We find the point P in the uncovered part P of Dp,p, p,, such that the oriented
distance between the centre of Dp, p,p and the geodesic through P, and P»
is minimal. If there are many, choose one of them.

Then we set V,,.1 = V,UP, 8,11 = S,UP,PUP,P and 7,1 = T,UP, P, P.

Proposition 27. V,,; and 7, satisfy H1, H2, H3, H4,H5.

Proof. As for Proposition 25, we first state H3.

H3 : P € U because Dp p,p, N L is covered, either by Dp p,p,., if
Py, P, € 00 (this last disc being covered by definition of ¢ and Lemma
23), or by Dp, p,p, otherwise (where Py is still the ”"famous” vertex in L
such that PP, € ,];L) Dp1p2p NU C Dplpzpi and Dp1p2pi ny, = 0.
(DP1P2P1- N L) NQ = @ if Pl, b, e 02 and DPiP1P2 NL C DP1P2Pk otherwise,
therefore Dp, p, p, N L can not contain any vertex of V,.

For the same reasons as in Proposition 25, P is not in a circumdisc of an
existing triangle.

H1 : For the same reasons as in Proposition 25.

H2 : By construction.

H4 : Dp,p,p NU is covered by construction. Dp, p,p N L is covered, as we
explained in H3.

H5 : For the same reasons as in Proposition 25. O]

From a computational point of view, finding the point P in the uncovered
part P (that is finding one point in an infinite set of points) is an extremely
difficult task. Fortunately, it is possible to prove that P is actually an in-
tersection of the type dBp M OB% , which transforms the preceding problem
into a discrete and finite problem.

P is composed of one or more connected components whose boundaries
are made up of the 88}1,. Let us consider the disc D of diameter P P,. If
P ¢ D (see Fig 2.9), increase the radius of D moving its centre along the
perpendicular bisector of P; P, toward U until 0D reaches the boundary of
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Triangulation of the surface

Figure 2.9: P is outside D Figure 2.10: P is inside D

uncovered part P of Dp, p,p,. Let us suppose that the contact point P (if there
are more than one, it does not change the following argumentation) between
0D (or now Dp,p,p) and P is not an intersection of the type 0B% N IB%,.
In this case, Dp p,p is tangent to an edge of P, given by, say 0B . Hence,
Dp,p,p and B}, are two tangent discs. If Dp p,p N By = 0, their would be a
part of P in the interior of Dp, p, p, which contradicts the definition of Dp, p, p.
If Dp,p,p N By # 0, then either P, P, P, € By, if Dp p,p C By , which is
excluded by hypothesis H2, or P, € Dp, p,p is not covered if By, C Dp, p,p.

If P € D (See Fig 2.10), increase the radius of D moving its centre along
the perpendicular bisector of P, P, toward L until the boundary of D reaches
the boundary of the uncovered part P of Dp, p,p,. Use the same argument as
before.

2.3 Properties of the Triangulation

If the algorithm does not move forward, € is triangulated. We denote N
the number of triangles obtained at the end of the algorithm and 7y the
associated set of triangles. We also denote I the number of vertices in V.
The way the algorithm works gives the triangles some geometrical properties.
Let us denote p the radius of the inscribed circle of a triangle, R the radius
of its circumcircle and h the diameter of the triangulation, that is the length
of the longest edge in §,,.

Theorem 28. The triangles in Ty satisfy the following properties:

i) The length of their edges is between € and 2e.

36



2.4 Triangulation Refinement

it) The circumcircle of each triangle has a radius smaller than .

iii) The quotient between the radii of the circumcircle and the inscribed circle

satisfies:
< sinh R < 2
~ sinhp T 2y/3-3

(1+O0(h?)

Proof. i) From the properties H2 and H4. If an edge of a triangle would
indeed be longer than 2¢, then the centre of the circumcircle would not
be covered.

ii) From H4 (and for the same reason as in i) ).

iii) See Appendix A, paragraph A.6. We prove there that if h < %arceosh2
(which is from Equation 2.1 the upper bound for h), the largest value
for the quotient is obtained with a triangle with edges of length ¢, ¢ and

2 alrccoshc(‘;gfltj2 and the smallest for an equilateral triangle of length ¢.
That is:

sinh® R < 4 . h?
~ sinh®p ~ 3(\/§ —2)2 4
We remark that the term O(h) is also and stays small, even if h is

not small. Notice also that the values 2 and correspond to the
euclidean case.

2
2v/3—-32

O

2.4 Triangulation Refinement

Common sense tells us that the smaller the triangulation is, the better the
approximation of the eigenvalues and eigenfunctions. In Chapter 4 we will
prove that this assumption is true. It would thus be useful to have a generic
method to refine the triangulation we obtain with the algorithm. The sim-
plest but smartest method to do so, is to make four triangles from each
triangle in the triangulation, dividing each edge into two equal parts (see
Fig. 5.3, 5.4, 5.5 and 5.6 in Chapter 5). Doing this, we divide ¢ and h by 2
and then reduce the quotient %, which tends toward its euclidean limit.
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Chapter 3

Algebraic Problem

This chapter is perhaps the kernel of this thesis. From the triangulation
obtained in the previous chapter, we want to fulfill the requirements of the
definition of the triangulation (see the Definition 17), giving a concrete ex-
ample of the diffeormophisms 7; between each standard simplex of R? in the
complex and the triangles on the surface.

With the Matrix Model originally discussed by Fenchel in [Fen89] and
further developed by Semmler in [ADBS11] associating 2 x 2 real matrices
with null trace to the points and the geodesics of the upper half plane H, the
definition of barycentric coordinates on the triangles of the surface will turn
out to be straight-forward. The diffeomorphisms then will be the identity
diffeomorphism between these barycentric coordinates on the triangles and
the usual euclidean barycentric coordinates in the standard simplex of R2.

We provide a short summary of the basic definitions and properties of
the Matrix Model in the first paragraph of this chapter, for further details
we refer to Appendix A. The barycentric coordinates on the triangles on the
surface not only allow us to define the diffeomorphims 7; of the triangulation
definition, but also provide a natural definition for the finite function space
where we calculate the approximated eigenvalues and eigenfunctions.

3.1 Matrix Model

Here we recall the principal ideas of the Matrix Model. The isometries of
the upper half plane H are given by the Moebius transformations of the
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Algebraic Problem

followings types:

3.1.1 Points and Geodesics

We associate the corresponding matrix M € GL(2,R) to a Mdbius trans-
formation. We identify a point of H with the half-turn around this point
and the corresponding matrix in GL(2,R). For a point p = r 4 is € H, the
corresponding normalized matrix is:

L —r r?+s?
s ( -1 r )
From here on, the letter p will denote either the geometric point in H or
the Mobius transformation corresponding to the half-turn around it, or the
corresponding matrix (usually normalized like the preceding one, but not
always).
As for the points, we identify a geodesic in H with the symmetry around

it and the corresponding matrix in GL(2,R). For a geodesic v defined by
the Euclidean circle with center p € R and radius o, the corresponding

normalized matrix is:
s ( p —p*+o° )
o\ 1 p

The notation v will denote either the geometric geodesic in H or the Mobius
transformation corresponding to the symmetry around it, or the correspond-
ing matrix (usually normalized like the preceding one, but not always).

Remark. We point out that we choose the sign of the point matrices such
that the bottom-left component is negative whereas the sign of the geodesic
matrices is left free, allowing the definition of an orientation of them (See
Paragraphs A.1.2 and A.2 for the explanation).
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3.2 Barycentric Coordinates

3.2 Barycentric Coordinates

3.2.1 On a Triangle of the Triangulation

Theorem 29. If we consider three points py, p1,pe € H and the linear com-
bination (1 — 2 — 2%)po + x'p1 + 2%ps, where ;2% € [0,1] and o' + 2% < 1,
then the normalized matrix :

(=" = aP)po+a'p +27py
\/det (1 =z = 2?)py + a'ps + 2%ps)

P (3.1)

15 a point lying in the geodesic triangle popip2 and this decomposition is
UNLQUE.

Proof. See Theorem 56 in Appendix A ]

With this property, we are now able to provide an explicit definition of
the diffeomorphisms 7; we introduced in the Triangulation Definition 17. We
denote P; the vertices of the triangulation on X. Given a point x in an open
set U; C R? containing the standard simplex S = agajas (See Paragraph 2.1
for the definition of S) and such that x = (1 — 2! — 22)ay + x'a; + z%ay, then
we define the diffeormorphism between U; and an open set {2, containing the
J-th triangle T; = P; (P 1P} 2 as:

U Z/lj — Qj
(1 —a' —2*)Pjo+ z'Pj1 + 2°Pj)

- \/det (1 —a' —2?)Pjo + x'Pj1 + 22Pj5)

r +— p

Let us define u°, u', u? the barycentric coordinates in U; respectively associ-
ated to each summit ag, a;,as of S. For a point z = (2!, 2?) € R*:

uw(z) =1—a2' — 22
u'(z) = 2!
u?(z) = 2*

On U;, u' is possibly negative or greater than one, but ui’S € [0,1] and
u’ +ut +u?=1. On Q; and for [ = 0, 1,2, we define the functions:

Pt Q) — R
p - ulo7rj_1(p)
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For a point p in the triangle T; = P;oP;1P;2 such that P;; = m;(a;), we
define the barycentric coordinate of p associated to the vertex P;;:

e
P =i

Proposition 30. Given p in T; = P, (P, P, 2 such that:
((1 — a2t —2*)Pio+ x' Py + x2_Pj’2)
p =
\/det (1 =z — 2?)Pjo + 2'Pj1 + 22Pj )

Then:
pp)=1-2a" —a
pt(p) = ot
p(p) = o

And:

VI=0,1,2, /'(p)€[0,1] and p(p)+ 1P (p) + 2 (p) =1

Proof. From  Theorem 29, we know that the decomposition
p _ ((17:131fo)Pj’0+x1Pj,1+x2Pj,2)

\/det((1—$1—x2)Pj70+w1Pj,1+$2Pj’2)
o+ < 1. O

is unique and that z',2? € [0,1] with

3.2.2 Induced Metric Tensor

For a triangle T} = P;oP;1P;2, we use the notations defined on a trian-
gle (see Notations): a,b,c are the lengths of the respective geodesics arcs
P;sP;0, PjoPj1, Pj1Pj2 and o, 3,7 are:

a =cosha —1

(B =coshb—1

v =coshc—1

We recall that:

I['=—a®— 32— 72+ 2008 + 20y + 267 + 2037
A=—a®— 3 —~*+2a8+ 20y + 237
P =1+20u(l —u—2v)+200(1l —u—0v)+ 2yuv
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3.3 Finite Functions Space V},

In the barycentric coordinates the metric tensor' G(u,v) is given by the
following components:

Gialu,v) = 5 [B(5 +2) —~ 208(~a+  —7) — 7]
Glg(u,v)—é:a+ﬁ—7+a6+uﬂ(—a+ﬁ—7)+va(a—ﬁ—’y)+uvA]
Gonlu0) = g+ — 7+ af + u(—a+ ) +vala — § — 7) +uvA]
G (11, v) = % a0 +2) — 2ua(a — f— ) — ]

The volume form dvg = vdet G in this coordnate system also has a nice
formulation:

p (—a? =32 =2 +2af+2ay + 207+ 2(157)1/2 (3.2)
Vg = .
(1+2Bu(l —u—v) +200(l —u—v) + 2fyuv)3/2
F1/2
— m

Remark. The calculations to establish the formulae of the metric tensor are
quite long but when given it is quite easy to verify them with symbolic mathe-
matical software. An idea to simplify the calculations is to isometrically move
Pjo onto ¢ in H and P;, onto the vertical axis.

For the inner product of covariant tensors, the inverse of the metric tensor
is used, that is why we provide its expression as well:

G (u, v) :?a(am) — 2uala — f — ) —UQA}
GlQ(u,v):%:—a—ﬁjuy—aﬁ—uﬂ(—a—i-ﬁ—’y)—va(a—ﬁ—fy)—uv/\}
@ u,v) = B[~ =84y~ af —uf(~a+ 5~ 7) —vala— 1) uA]
@ (u,v) = T [B(3+2) — 208(~a+ 5 —7) — %]

3.3 Finite Functions Space V),

We can now define the finite function space in which we will calculate the
eigenvalues and eigenfunctions of the Spectral Problem. These solutions give

us an approximation of the Spectral Problem eigenvalues and eigenfunctions
on X.

there we use u,v as coordinate to avoid the clumsy (z')? or (?)? notation
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3.3.1 Finite Element

Definition 31. A triangle from the triangulation 7; = P, o P; 1 FP;» with a set
of three functions (called basis functions) defined on this triangle is called a
Finite Element, denoted (7}, {v7°,v9!, 172}), if the functions satisfy:

v (Py) =0

A definition for the functions 1’ comes naturally when using the barycen-
tric coordinates. For a point p € T}, v7%(p) is the barycentric coordinate of
p associated with the point Pj:

v (p) = 1’ (p)

This explains why appropriate barycentric coordinates (from which the met-
ric tensor is computable as previously shown) are one of the keys of this
work.

3.3.2 Basis functions of V),

The idea is to define a finite function space V} on the surface X through its
basis functions and such that the restriction of a function f;, € V}, to a triangle
is a linear combination of these basis functions. We expand the definition of
the barycentric coordinates on a triangle as discussed in paragraph 3.2.1 to
the entire surface and will use them as basis functions for V},. For a vertex P,
of the triangulation and a point p € X, we define the barycentric coordinate
of p associated with Py:

¥ (p) if p € T; and Py is a summit of 7}

1 (p) =
0 otherwise

p* is thus a sort of pyramidal function, and its restriction to a triangle is:

pl, = ph*

J

The preceding definition could seem ambiguous if p lies on a edge of the
triangulation. However, because the barycentric coordinates of a point lying
on the common edge of two triangles are the same, it is not and p* is thus a
continuous function on X. We can, moreover, remark that if 7; and 7} are
two adjacent triangles sharing the edge P, P,,, the tangential part of du®*
and du?* on PP, is continuous (in other words, the pullbacks of du®* and
dp?* on PP, are the same).
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We then define the finite function space V}, as the linear combinations of
the functions p*:

Vi, = Spaﬂ({ﬂk}kzl...l) (3.3)

Recall that we denoted I the number of vertices of the triangulation.

As mentioned at the beginning of this chapter, we want to compute the
approximated eigenvalues and eigenfunctions in the function space Vj. To
compare these values and functions to the real solutions, V}, has to be a
subspace of the function space, where we searched for the solutions of the
Spectral Problem, that is, we have to be sure that V}, is a subspace of H'(X).

Theorem 32. V}, is subspace of H'(X).

Proof. Tt is well-known that these pyramidal functions are in H'(R?). In
[Heb99] page 22 Proposition 2.2, it is shown that the Sobolev spaces do not
depend on the metric when the manifold is compact. ]

As we look for the solutions of the Spectral Problem in the subspace
HJ(X) of the functions with a null-average, we have to define V},o, the sub-
space of V}, such that:

Vio={/n € Vm/ fn=0} (3.4)

3.4 Algebraic Problem

In this paragraph we want to solve the Spectral Problem in its weak formu-
lation on the finite function space V}, o we have just defined. That is, finding
fn € Vio and A, such that for all g, € Vj:

/<dfh,d9h> dvg = )\h/ Jngn dvg (3.5)
X b
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3.4.1 Solutions of the Spectral Problem in V},

Theorem 33. There exists a basis {@n.n}n=1..1 of Vo and a sequence {\p p}n=1..1
of elements of R such that:

Z) Pn,h S Vh,O
”) (Son,ha Som,h)o,x = fX Pn,hPm,h dUG’ = 5nm
1) [\ (denn, dgn) dvg = Ap [ nngndvg, Vg € Vy

W) 0 < Aip < Agn <o < A
Proof. Apply the Spectral Theorem 15 to V. O]

Proposition 34. The eigenvalues are characterized by the Rayleigh quo-

tient: )
A o . |fh|1,X
mph = _Iin  ma
B S | ]

(3.6)

’2
0,X

where V,, 5, is the set of all the m-dimensional subspaces E,, C Vj .

Proof. Apply the Eigenvalues Characterization Proposition 16 to V,,o. O

3.4.2 Finite Spectral Problem as an Algebraic Prob-
lem

Theorem 33 is actually not so much interesting in the sense that it proves
the existence of solutions, but it does not build them. This is what we want
to do now (it could be considered as a constructive proof of Theorem 33).
Given a function f;, € Vi, as {¢};=1._s is a basis of V}, we can write:

fn= fh,j,uj

The Spectral Problem then becomes: find a function f, = f; w e Vh,0 such
that foralli=1...1:

/<d<fh7jﬂj)adﬂi> dvg = )\h/ Fnji 1 dvg

X X

= fh,j/<dﬂj,d#i>dvc = Ahfh,j/ Wt dog
X X

& MU, = M\ NU,
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3.4 Algebraic Problem

where M and N are square real matrices of dimension / and U is a vector of
dimension [ such that:

e (3.7)
X

NY = /ujuidvg (3.8)
X

Uh,j == ch‘ (39)

As every function g/ is non-zero only on the star around the vertex P; (the
union of all adjacent triangles, denoted St(F;)), it is possible to define the
domain of integration of the components of the matrices M and N.

M= / (i, dp) dg
St(P;)NSt(P,)

N T
St(P;)NSt(P;)

With these formulae, we observe that these matrices are symmetric and we
can explicitly write each integral. There are two cases to distinguish.

3.4.3 Diagonal Elements M;; and N
If i =7 and St(P;) = {T\,..., T}, then :

M”Z/ <dui,dui>+---+/ (du, dp’)
T m

Nii:/,uiui_i_.___i_/ i
T m

We denote a triangle T} € St(P;) as Py oPx 1Pk 2 and suppose that P; corre-
sponds to the vertex P, then for the elements of the matrix M:

|
Tk
/ G11+2G12 G22
1—u o o o a2
S // Y(v+2)-2(1—u—v)y(—a—LF3+7) — (1-u U)Advdu

(1+26u 1—u—v)+20w(1—u—v)+27uv)1/2
(3.10)
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For the elements of the matrix NV:

o 1 pl—u F1/2 1—u—0v)2
L= [ ( ) e
T 0Jo  (14208u(l —u—v)+2av(l —u—v) + 2yuv)

(3.11)

3.4.4 Non Diagonal Elements M;; and N
If i # j and St(P;) N St(FP;) = {11, T3}, then :

MY =/ (d/ﬂ',dxﬁ'H/ (dp?, dp’)
Ty Ty

Nij:/ ujui+/ 1
T T

We denote a triangle T, € St(FP;) NSt(FP;) as Py Py 1P 2 and suppose that P,
and P; correspond respectively to the vertices Py and Py, (these assump-
tions are allowed by the symmetry of M and N and a cyclic permutations of
the vertices Py, Pr1, Pr2), then for the elements of the matrix M:

/ (dp?, dp’)
Tk

:/ _Gll o G12
Tk

~1

T2

/1/1 Ya—B+y+ay+uy(—a—F+y) + (1—u—v)a(a—F—y) + (1—u—v)uA
1 +208u(l —u —v) + 2av(l —u —v) + 2%w)l/z

dvdu

(3.12)

For the elements of the matrix N:

o 1 pl—u 1’\1/2 1 —u—
/ Iu]#,l = // U( Y U) 3/2 dvdu
T, 0o (14208u(l —u—v)+2av(l —u—v)+ 2yuv)

(3.13)

With these ”quadrature formulae” 3.10, 3.11, 3.12 and 3.13 (using the
same terminology as in the Finite Element Method), we can fill the matrices
M and N and solve the algebraic problem as the matrix N is positive and
symmetric, and hence invertible:

MU, = ANU,
~ NﬁlMUh = AU,
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3.4 Algebraic Problem

This problem is a very well-knowm matrix eigenvalue problem, for which
robust algorithms exist and have been implemented for a long time. We
point out that even if we could not calculate the integrals of the quadrature
formulae, it is possible to approximate them with an arbitrary precision using
a Taylor expansion of the function to integrate.
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Chapter 4

Convergence of the Numerical
Method

The eigenvalues and eigenfunctions of the Spectral Problem in the finite
subspace V}, we have found would be useless if we can not prove that they
converge to the eigevalues and eigenfunctions in HJ(X). In this chapter, we
define the notion of convergence and find a way to estimate the error. In
this regard, we have to go through a little detour by the Taylor expansion
and the Lagrange interpolation of a function. This provides the formulae we
need to estimate the error.

4.1 Taylor Expansion of a Function

Given an open set K C X and a differentiable function f € C*°(K), we want
to write down the Integral Taylor Formula between two points p and z lying
on a geodesic of the surface as well as an estimate of the ||.||, , norm of the
rest.

4.1.1 Taylor Formula

Proposition 35. Given v : [0,1] — K a geodesic such that v(0) = x and
7(1) = p. The order two Integral Taylor Formula for the function f reads':

f(p) = f(z) + Df(x)[y'(0)] + /0 (L =)D*f(v()Y (s),7 () ds (4.1)

recall that Df represents the covariant derivative of f
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Convergence of the Numerical Method

Proof. We give the proof for a more general case, that is, for a differentiable
curve ¢ : [0,1] — K, with ¢(0) = z and ¢(1) = p. We also define the function
F : R — R such that F(s) = fo~(s). It is a real function, whose Taylor
expansion reads:

1
F(1) = F(0) + F'(0) —1—/ (1—35)F"(s)ds
0
Let us develop each term. For the first order term at x = ¢(s):

F'(s) = df (z)[d'(s)] = D f(x)[¢'(s)]

For the second order term, we use the musical isomorphism # between the
vector fields and the 1-forms on K, whose definition is: given a 1-form a on
K, fa is the vector field such that for any vector field w, (fo, w) = a(w). In
this proof we use the fact that ¥ and the covariant derivative commute. We
postpone the proof of this commutativity to Appendix B since it is rather
technical and does not add anything to the comprehension of the following
equations.

! _ dF/
()= ()
d :
= 2 df(c(5))[c(s)]
= T Cdf(els). ¢ (5)
= (Do (el
= (*Deoydf (c(s
= Do s)df(C(S))
= D f(c(s))[c(5), ¢ (s)] +df(0(8))[Dc'(s)C'(8)]
If ¢ is a geodesic 7, then D (57'(s) = 0 and we obtain the formula. O

+ (df (c(s)
+ (df (c(s )) D '<s)0(8)>
df (c(s) s)]

Remark. We now suppose that p and x are aligned on the first coordinate.
We also define ¢(s) = = + s(p — x). If we apply the formula of the proof,

keeping in mind the fact that (s) = (p' — 2') %

FO)= 6! ) L @)
F'(s) = D*f(e(s)c (), ¢(3)] + df (c(s)) D (5)]
~ (5t ~ Thipe) 0 =2 ' =yt o
,

= (' — ) L
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4.1 Taylor Expansion of a Function

We denote u instead of z! for convenience and then find the well-known
Taylor Formula:

82

F0) = £+ (' =@+ 0 = [ (-9 T sty - ) s

4.1.2 Estimate of the Remaining

This paragraph was inspired by the article by Ciarlet and Raviart [CR72] .
Given an open set K C X, f € C*°(K) and ~ a geodesic between p and z as
defined in the last proposition (y(0) = z and v(1) = p), we denote J(f,p)(z)
the remaining term in the Taylor Formula 4.1:

J(f,p)() = / (1= $)D2f (2 () (5),7'(s)] ds

From here on, we assume that K is bounded and that any two points in
K are joined, inside K, by a unique geodesic arc.

Proposition 36. Under the above hypothesis, denoting h the diameter of

K, we have:

5 [sinhh
h

H‘](f7p)||0,K <h ‘f’ZK (42)

Proof. By definition of the |.|  norm:

|D?Fy ()Y ()7 ()]| < | D2, (1) I (s)I” < [DP ] (2(s)) 2
because v is a geodesic parametrized over [0, 1] and |y/(s)| = dist(p, ) < h.

Thus, using the Cauchy-Schwarz inequality to state the second inequality:

(@) < B2 / (1 )|, ((s)) ds
< w#( [ a-sp o enas)”
= I, = /K (I(f.p)(@))? dug(z)
h* 1—29)?|D?
= /KX[O,I]( ) | f

2 (4(s)) dsdvg(x)

23



Convergence of the Numerical Method

Observe in this last formula that 7 depends on x. We then need to make
a variable substitution. Let us move p to the centre of a polar coordinates
chart (p,0). K thus becomes {(p,0) € R? p € [0,r(0)],0 € [0,27]} and 7 is
such that v(0) = z = (p,0) and (1) = p = (0,0). For a given s, v(s) is thus
the point ((1 — s)p, ). Hence, the domain of integration may be viewed as a
cone with basis K and height 1. The following inequalities end the proof of
the proposition. The hint to go from line 3 to 4 is given just afterwards.

/01 /K“ — )2 |Df|] (7(s)) dsdv

1 pr2n pr(d)
= / / / (1 _ 8)2 }DQf
0 0 0
. (¢/,0) sinh( P )(1 — 5)dp'dbds

1 r2n p(1—s)r(6)
AR
0o Jo 0 I—s

L op2m e(1-s)r(6) .
S/ / / ‘D2f|2 (v, 0) sinh(pl)sm dp'dfds
0 0 0 sup h
inhh (12 09
< / / / D11, 0) sinh(o') dp'dbds
0 0 0

inh 1 2r rr(0)
<= h / ds / / \D2f[%(¢/,6) sinh(o') dg'do
0 0 0

sinh h
<
- h

> (1= 5)p,0) sinh(p) dpdéds

2
5

For p' € [0, (1 — s)r(#)] and s € [0, 1]we have indeed by convexity of sinh:

/

=)
1—s

p <sinhp < (1 — s)sinh (

Moreover, as r(0) < h:

/ /
sinh< p ) < p sinh h
1—s (1 —3s)h

Which implies that:

/

sinh h

(1 —s)sinh(lp

) < sinh p/
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4.2 Lagrange Interpolation of a Function

4.2 Lagrange Interpolation of a Function

This paragraph also was inspired by the article [CR72]. Given a triangulation
of a closed subset of R?, the Lagrange linear interpolation of a differentiable
function f can be defined as the piecewise linear function which interpolates
f at the vertices of the triangulation. We will follow the same idea for our
method, except that the concept of linearity has no sense in non-euclidean
geometry.

4.2.1 Definition of the Lagrange Interpolation

From the triangulation of the surface we obtained we were able to define
the finite space of functions Vj,. We define the Lagrange interpolation of a
differentiable function in a triangle 7 on the triangulation in the same way
as it is done on R? except that the projection is done on the basis functions

J»
A

Definition 37. Given (T}, {p°, /', u??}) a finite element from the trian-
gulation of X whose vertices are {P;;}i—01.2 and {1/ };— 12 their associated
barycentric coordinates (See Definition 31). For f a differentiable function
on T} the Lagrange interpolation projection operator is defined as:

L:fLf= Y f(Bau" (4.3)

i=0,1,2

This definition could seem useless because we stated the Spectral Problem
in its weak formulation for functions in Hj(X), whose elements are not always
continuous. Recall however that our aim is to find approximations of the
Spectral Problem solutions, which we have already proved are differentiable
functions.

Remark. From here on, if we do not specify the index over which the sum
is done, it is to be understood as ¢ = 0,1, 2. Furthermore, for P;; on Tj, we
frequently write P;.

4.2.2 Interpolation Error Estimate

After having given the definition of the Lagrange interpolation operator, we
then attempt to estimate the error we make by interpolating a function onto
a single triangle T = P;oP;1Pj».
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Convergence of the Numerical Method

Lemma 38. Given a function f € C*°(T}). In a point zy € Tj, D f(xo) =
By dz' + By da®, where By, By € R. For a point x = (2!, 2%) € T; we define
feo(®) = f(20) + Bi(z' — 2}) + Bo(z? — 22). Then we have for all m = 0, 1:

D"Lf(x) = D" f(x) = Y [J(f. P)@) = J(Fos P)(@)| D" (@) (44)

Proof. From the Lagrange projection operator:

Li(x) = Y f(P)p(x)
= DLf(x) = »_ [f(P)Dp(x)

Moreover, from the Taylor expansion formula 4.1, assuming ~; is a geodesic
from x to P; such that v;(0) = z and ~,;(1) = P;:

f(P) = F@) + DF@(O]+ | (1= D s Ds), ()] ds
Thus:
D"Lf(x) =Y (f(2) + Df(@)H0)]) D" (x)
£ / (1= )0 Fu() (). 2] ds) D™ () (4.5)
We now want to prove that:

> (@) + DF@)H0)]) D™ (w) = D f(x) + a remainder

For m=0 N
> fla)(z) = f(x) (4.6)

because ) p'(z) = 1. ) )
From the definition of f.,, Lfy,(7) = fu,(z). If we write the equation 4.5
with f;, and combined with 4.6, we obtain:

Lfuy(@) = fuo(2)+ ) D fuo (@) (0] ()
+32( / (1= $)D o (il o), (50 s ) )
_fmo( )
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4.2 Lagrange Interpolation of a Function

Moreover, Vz, D f,, (z) = D f(x0), thus:

S D) O (@) == 30 ([ (=D s bie) 2i5) s )

As we have not made any hypothesis regarding the xy we chose, this last
equation is true in any point, in particular in x:

> DI RO @) = =3 ( / (1=8)D* (3 (5)) i(5), 7(5)] ds ) " ()

0

And thus, for m = 0, Equation 4.5 becomes:
0+ 3 ([ (=D ble) o0 s 0
S0 ([ - PR DR Al ) )

This proves the Lemma for m = 0.

For m=1:

> f@)Dpti(z) =0 (4.7)
because Y ph(z) =1 = Dp'(z) = 0.

We write the equation 4.5 for fxo again, this time combined with 4.7:

DLfo(2) =Y Dfoy(2)[4(0)] Dp ()
+Z </ (1—y9) Dgfxo(%( ))[’71,(5),’71/(5)] dS) D,Uj’i(x)
_Df:vo( )

Again, Dfxo(fl?) = Df(xg), this implies:
= Df(0)[(0)] Dy ()
30 (] 1= 9D B0 06 ds) D )

And thus, for m = 1, Equation 4.5 becomes:
DLfw) = D1 Y ([ 0= DDA ds) D)
=S ( [ 0= DL bs) A ) Dy
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Convergence of the Numerical Method

It proves the Lemma for m = 1.

O

With the preceding Lemma, it is clear that we will estimate the error
of the interpolation by calculating the ||.|| oz, NOTIM of Equation 4.4 over a
triangle 7j of the triangulation and finding an upper bound for the terms
of the right-hand side. We have already found an estimate for the term
| J(f, Pi)lloz; (see Equation 4.2 in Proposition 36), however, it still misses
an upper bound for ||J( fw;Pi)HO,Tj and (we will see that it appears so)
> Sup,er, | D™p??|. To estimate these two terms, we have to study the func-
tions G*(x) and the Christoffel symbols I'};(x) associated with the barycen-
tric coordinates and for = € T;. |Dp?"| is indeed a linear combination of the
components G and we will see that an expansion of the functions G¥ (x) and
% (x) according to h allows us to find an upper-bound for ||.J( for Pi)lloz-

The entire study of these functions can be found in Appendix C and we
recall just the results. For a point z € T}, we denote (u,v) its barycentric
coordinates and use the notations defined on a triangle (see Chapter Nota-
tions at the beginning of this thesis), then for the components of the inverse
of the metric tensor:

2a

T < GY(u,v) < ?(1 + 0(h?))
? < GP(u,v) < ?(1 +0(h?)
k(_a }ﬁ+7) —O(l) < GIQ(U,U) < k'(—a;ﬁﬁ—y) +O(1)

where k, k" are 1 or —4. In these formulae, we point out that the Appendix
C gives us an estimate for all O()-terms. For the Christoffel symbols, we do
not have these estimates but we know that:

;‘k = O(hZ)

Theorem 39 (Lagrange Interpolation Estimate). Let L be the Lagrange in-
terpolation operator on a finite element (Tj, {p?°, ', W*}). Given a func-
tion f € C=(T}), then for allm =0,1:

sinhh  3h?
= Ll <\ gy Wl O (48)
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4.2 Lagrange Interpolation of a Function

Proof. From the preceding Lemma:
D"Lf(z) = D" f(x) = > J(f, P) (@)D" 1 (x) = Y J(fo, P)(2) D" ()
Let us integrate this equation on T}:
s, = ([ 175 zwwﬂ)ﬁ”z
([ 1ot mwoms@p)”
/MZJAZ @D @) "
< > / I P @) D (@)
3 / (o PP @)D" ()
e ~ 2
< Sl i) (( [ 02w ([ G ) )

Using Equation 4.2 in Proposition 36, we have an upper bound for the first
term in the parenthesis:

(/TA(JU? Pi)(2))? d:c) Y

It remains to find an upper bound for the second term (we follow the idea of
the inequalities in the proof of the proposition 36 again):

IA

smh h

|flo.z,

2

S P wyde = [ ([ 0= 0D LB 60 ds) ot

swélh 2 |pif

T;

(7i(s)) dsdvg(x)

sup

<h /Tj /0 fe SHS%(S)) dsdvg(zx)
From the definition of f:
r 82 ~r a ~z
(D () = oy — Thlu() o ()
0
= TR ()
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Convergence of the Numerical Method

We can now explain the function to integrate (Recall that by formula 1.6,
we have || <|.]):

sup —

S () = G (5N G () (D* o (34 (5)) (D £ (05(5) D

= 5 G N () T () o (2) 2 (2

Using the results we have recalled before the preceding theorem about the
approximation of the components G* and I';, we can conclude that:

D*f,

2

D*f,| (vi(s)) = O(h*)|Df(x)

Integrating over the triangle:
| @ de = 00 5,
T;
Finally:

i sinh h
£ = L,y < D sup (D7) (y 250 Ul + O 11, )

To achieve the proof it remains to prove that »_sup,cp, | D™ (z) <

3 where p is the radius of the inscribed circle of the triangle.

sinh™ p?
For m = 0: N
D sup ] (@) =3
:L"ETj
For m = 1:

The situation is a bit more complicated. We use the lower and upper bounds
for G, G** and G'? we have found in the Appendix C and which we
have recalled before the theorem. We explicitly make the calculation for
SUPger, |Dp?| (z). We denote (u,v) the coordinate system, [, is the length
of the altitude from A = P;; and one can refer to Paragraph A.6.4 for the
explanation of the identity I' = (sinh a sinh bsin ¢):

| D (u,0) = G (u,0)
2
< 1+ 0(hY)
2(cosha — 1)
(sinh a sinh bsin ¢)
2(cosha — 1) 9
1+0(h
sinh? a sinh? lA( +0)

(o)

sinh® p

<

(14 O(n?))

IN

IN
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4.3 Convergence of the Eigenvalues

We directly have the same result for | Dp#2|>. For D)%, it can seem to be
a bit more complicated, but actually not:

D) (u,v) = GM(, v) + 26" (u, v) + G*(uv)
D (u,v)

= = (1(r+2) =201 — u = v)y(—a—f+7) —(1—u=v)*A)

We notice that [Dpi0|? (u,v) is similar to G*(u,v). Following exactly the
same method as for G in Appendix C, we have also the same upper bound
for |Dpd)? (u,v) < ——(1+ O(h?)). And finally:

— sinh?p

Zsup }D/ﬂi‘ () < (1+0(h%)

ek sinh p
O

In the two next Paragraphs, we want to show that the solutions (eigenval-
ues and eigenfunctions) of the Spectral Problem computer on V}, o are good
approximation of the ones computed on HJ(X). A very powerful method for
this has been developed by Babuska and Osborn in [BO91]|. Our approach
is more simple and basically follows the method described in [RT98].

4.3 Convergence of the Eigenvalues

The objective of this paragraph is to show that the eigenvalues of the Lapla-
cian computed on V}, o are close to the ones computed on H}(X) when h is
small?. We follow the method of [RT98] in Paragraphs 6.4 and 6.5. We recall
that Vi € N, ; is a solution of the Spectral Problem on Hj(X) associated
to the eigenvalue \;. I is the dimension of the finite function space V}, and
Vi € [1,1], iy is a solution of the Spectral Problem on V}, o associated to
eigenvalue \; ,. That is, Vg € H*(X) and Vg, € Vj:

(vcphvg)o,x - )‘i<30i7g)o,x (49)
(Voin, Van)ox = Xin(@ih, 9n)ox (4.10)

As mentioned in Paragraph 1.3, for a non-zero eigenvalue, the average of ¢; 5,
as to be zero on X. For the eigenvalue 0, the eigenfunction is the constant
function, that is why we consider V}, o for the function space where we find
the eigenfunctions.

2V, 0 and HE(X) are the functions in Vj, and H'(X) respectively with a zero average
on X.
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Convergence of the Numerical Method

We next recall that Vm < I, V,, , and V,, are the sets of all m-dimensional
subspaces of Vo and Hj(X) respectively. Vi, o C Hg(X), and thus V,,, C
V.. With the characterization of the eigenvalues given in Equations 1.16 and
3.6, the following inequality is straight-forward:

)\m = I > I = Am
" i e R 2 iy, e RU) =
fr#0 f#0

To obtain an inequality in the other direction, we define the elliptic projec-
tion operator IIj, from H}(X) to Vo with respect to the same inner product
as the one defined in paragraph 1.4 (V.,V.), .. For a function f € Hj(X):

(V(f — th), Vgh)mX =0 Vg,eV, (411)

We now denote V;,, the subspace of H}(X) spanned by the m first eigenvec-
tors:

Vi = Span(¢1, ..., ©m)
Lemma 40. For m € N such that 1 < m < I, let us define:

O = fienvfm 11Tk £ 1l x
I1fllo x=1
Then, if o, 5, > 0:
/\m,h S 0-72 )\m

m,h

Proof. We may assume that o,,,, > 0. Then, dim(II,V,,) = m (If this was
not the case, a function fo # 0 € V,, would exist such that II; fo = 0, which
contradicts the hypothesis 0y, , > 0). Thus:

| Al /1

M = proin e RUW < ey T T AR
=V , m . m m

T A0 fn#0 fllo,x £l x=1 n o

As II}, is the orthogonal projection for the inner product (V.,V.), . :

2 2 2 2
‘th|1,x = ’f|1,x - |f - th’LX < |f’1,X

Moreover, we know that A,, = maxyey,, R(f) (See Proposition 16), hence:
0

I#
/13 1
)\m,h S sup — S /\m Sup  ———5—
rev T fll; revi ML FN2
||f||o,X:1 |0,X:
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4.3 Convergence of the Eigenvalues

We now have to find a lower bound for the term o, .
Lemma 41. For m € N such that 1 < m < I, the following inequality holds:

2vm

2
sup | f — IInf}
1 fEVmM
||f||o,X:1

Om,h Z 1—

Proof. Let f € Vi, such that |f||,, = 1. Then, f = 7", fip; with
St f2 =1 because the ; are orthogonal with norm 1. It holds hence:
L= [af o = (f = af. £+ T0af)
= (f =Tnf, =f + Taf +2f),
= = If = T fllg +2(F =T f, fox
= mflox = 1=2(F = TIaf, £

Let us find an upper bound for the term (f —II,f, f), .. As we know that
every ; is a solution of the Spectral Problem:

(F—Tf e =S AU~ o), Zf— V(f —T0f), i), o

=1

Morevover, f — I, f is orthogonal to V},¢ for the inner product (V.,V.)
and thus:

0,X7

(F = Tf. Flow = S0 TS 1), Vi — )
=1 t

From the Cauchy-Schwarz inequalities, we can deduce:

Ji

l

(f = Inf, Fox < |f = Tnfl, Z

=1

m

‘901 Hh90i|1,x
<|f —Ifl, (Z

oN1/2 , m 1/2
2
) (Zm-nmrl,x)
=1 =1

1 m 1/2
<|[f—afl, x A_l(z sup  [g — thlf,x)

. eV,
i=1 , 9=¥Vm
||9H0,X:1

v
< BV sup |f — thﬁ,x
1 feVm
Hf”o,X:l

Ai
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Convergence of the Numerical Method

We are now able to prove the following theorem for the approximation
of the eigenvalues of the surface. We suppose that ¢, is a solution of the
Spectral Problem 4.9 associated with the eigenvalue )\, and that for all
m € N such that 1 < m < I, ¢, a solution of 4.10 associated with the
eigenvalue A, 5. We recall also for the proof that the eigenfunctions ¢; are

C0>(X).

Theorem 42 (Approximation of the Eigenvalues). Under the preceding asump-
tions, there exists a constant C' = C(m, X) (whose expression is given in the
proof), such that:

Am = Amn| < Ch* + O(h?) (4.12)

Proof. From the preceding Lemmas and anticipating that for sufficiently
small h, the sup occuring in the next inequality is also small, we have:

24/m -1
A S)\m<1— ) sup |f —1II,f %X)
1 fE€Vm
”f”o,X:l
2y/m
S)\m(l—l— 3 sup | f—Tnfl2 +O( sup |f—th]f,X))
1 fEVm feVm
£l x=1 1 £llo. x=1

Now, we will show that the sup is indeed small. For a function f = >""" | fi ¢
in the subspace V,,, with || f[|, . = 1, the following inequality holds (it comes
from the Cauchy-Schwarz inequality):

m m 1/2
F=Tafle = | filer =] < (X lov— il )
=1 ’ i=1

Thus:
m
sup | =T f1} <) loi = Thpil?
fE€Vm =1
/1l x=1

For any function f € V,,, as II,,f is the orthogonal projection of f on Vj
with respect to the (V.,V.) . inner product:

|f - th|1,x = lenf ‘f - fh’l,X = firel‘f/h |f - fh|1,x < |f - Lf|1,x

fh ‘/}L,O

64



4.4 Convergence of the Eigenfunctions

And finally, from Equation 4.8 obtained in the Lagrange Interpolation Esti-
mation Theorem 39, for any function f € C*(X):

=L =Y |f—LfF,

TET),
smhh 9ht
<2 T sz, e (LHOM)
TeT),
smh h
9h? !flzx( O(h))
sinh

We know moreover from paragraph A.6.3 that:

sinhh  sinh R
<

h2
sinhp = sinhp <o+ 0

where o = 3(\/54 and O(h?) = 1.94h%. Thus:

—2)2
2)\m\/
Amph = Ay < —— Z|% Hh%|1x+0( SUP i — Hh802|1X)
=1

18Am\/m =
)\—thUQ Z |pil5 x + O(h?)

i=1

<

18\,

< BAnvim s 2Zc§(1 + A+ O
)\1 i=1

We have used the Elliptic Regularity Theorem 11 to state the last line. C'x

is the constant appearing in this theorem. O

4.4 Convergence of the Eigenfunctions

As for the eigenvalues, we want to prove that the eigenfunctions of the Lapla-
cian computed in V} ¢ are a good approximation of the eigenfunctions of the
Laplacian computed in Hj X, when h tends to zero. Again, we follow the
method described in [RT98] paragraphs 6.4 and 6.5 and completed in [Bof10]
pages 53 to 58. We will prove it in two steps: first for the eigenvalues of multi-
plicity 1 (or simple eigenvalue) and then for eigenvalues of higher multiplicity
(or a multiple eigenvalue).

Given m < I and an eigenvalue ), of multiplicity 1, ¢, will not nec-
essarily be close to ¢,,, because the span of ¢, or —p,, is the same eigen-
subspace. We therefore have to define the following vector ¢! = +¢,, such
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Convergence of the Numerical Method

that ¢, and @, , point "in the same direction”:
(Qoma (pm,h)o’X Z 0

Remark. Anticipating that ¢, and ¢, are close to each other, and then

not orthogonal with respect to the (.,.), . inner product, ¢, is given by:

ro_ (@m’som,h)o,x o
" ’(@mvgpm,h)o,x| "

We also introduce the following quantity:

Am
Tm — MaX —
KT (A — i
i#m ’

This quantity makes sense since we know that for a sufficiently small h, A;,

tends to \; # A\,,..

Lemma 43. If )\, is a simple eigenvalue, then for a sufficiently small A and
with the preceding definitions:

0 = Pmnlly x < 21+ 7m) 2, — Ta@h, Il « (4.13)

Proof. Let 1, be the orthogonal projection in L*(X) of TI,¢l, on ¢, i

Nk = Th@rs @b )ox Pmih

We will prove the Lemma by finding an upper bound of each term of the
following inequality:

165 = Cmnllox <N = Ta@hllox + 1arn, = Tmnlly x + 10mn — Omonll,
(4.14)

We start with the second term. As IIp¢!, — nmn € Vi, and {p; 4} is an
orthonormal basis of V},:

Ty — i = Y (s ik )ox ik (4.15)
i=1...1

Recall that ;5 is a solution of the Spectral Problem in Vj( (see Equation
4.10), IIj, is the orthogonal projection associated with the (V.,V.), , inner

0,X
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4.4 Convergence of the Eigenfunctions

product (See Equation 4.11) and ¢; is a solution of the Spectral Problem in
H}(X) (See Equation 4.9), thus:

1
(VHhQD;‘m v@i,h)o,x

(Hh(p;m%piﬁ)o,x = A
i,h

1

= (Vs Voin)ox
Am

=, (Do ik )o.x

)

Thus:
(A = M) (Tn@s i) o x = Mm@ = Inior, @ih)o.x

which leads to the following inequality if h is sufficiently small and ¢ =
1,....1 i #m:

|(Hh90;n> (:Oi,h)o,x‘ < T ‘((p;n - HhSDZna SDi,h)o,Xl

Using now Equation 4.15:

2
T = tmnllo e < T Y (e = MGl in)7
m (Spfm - thpim sz}h)g’;(

As {@in}iz1.1 is an orthonormal basis of V}, this last sum represents the
square of the norm of ¢/ — ¢! ;| so that:

ITher, = Mmnlly x < T 190 — el Il x (4.16)

Let us find an upper bound for the third term of the inequality. As 7,5
is the orthogonal projection of I1,¢!, on @,

Nm,h — Pm,h = ((Hh()p;m Spm,h)o,x - 1)90m,h

Moreover, with the normalization of ¢;, and ¢, 5:

Il b =mallox < Ml < @l et 6=
& 1 e tmalox < [T Guidox] < 1+ 105 = ol x
& (Wl Gmn)ox | 1|

0,X

A

IN

107 = Mmanlly
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Convergence of the Numerical Method

Here is the point where the definition of ¢, is important. Since (¢}, Ymn)ox >
0, then (Inwy,, @mn)ox > 0, and we have:

|0,X S H77m,h _SO;nHo,X
< s = Tafhll x4 Hngrn, — @llo . (4.17)
We have already found an upper bound for the first term of this last inequal-

ity. Combining Equations 4.14 with 4.16 and 4.17, the proof of the Lemma
is achieved. ]

||nm,h — Pm,h

We now want to state the corresponding lemma if the eigenvalue is mul-
tiple. We provide the proof for the multiplicity 2 but the method can be
generalized to any other multiplicity. Let A, be an eigenvalue of multiplicity
2, that is A\, = Ay1. As we pointed out before the preceding lemma with
the choice of +¢,,, the problem is more complicated here and ¢, is not
close to ¢, or ¢,,+1, but to a linear combination of them. The idea is to
chose a normalized vector ¢/, such that its orthogonal projection in L?*(X)
on QY11 is null:

(Salma Som,h)o,x >0
(Splmv Spm-l-l,h)o,x =0

Remark. With the preceding assumptions, the linear combination to consider
for the eigenfunction ¢/, is thus:

/ (@m«#l; @m«kl,h)mx Om — (mea 90m+1,h)0,x ©m+1

¥ = €
\/(‘pmv (Perl,h)g,X + (Pmt1, 90m+1»h)g,x

where:

€ = sign [(QOm, SOm,h)o‘X (90m+1; <Pm+1,h>o,x - ((Pm7 (pm+1,h>o,x (‘pm+17 QOmJL)o,X]

€ actually corresponds to the coherence of the orientations of the basis
{@m, Pm+1} and {@mn, Pm+1.4} In the respective eigen-subspaces.
We also define:
Tm = max Am

z;élr%l%il [Am = il

Lemma 44. If )\, is a double eigenvalue, then for a sufficiently small A and
with the preceding definitions:

0 = Pmnlly x < 21+ 7m) 0, — Ta@h, [l « (4.18)
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4.4 Convergence of the Eigenfunctions

Proof. We follow exactly the same argumentation as in Lemma 43. Let 7, 5,
be the orthogonal projection in L?(X) of IT¢), on @, p:

Nk = Ty @mb)ox Pk

Again, we prove the lemma by finding an upper bound of each term of the
following inequality:

6m = Pmnllyx < N0m = Ta@illo s + 1Trer, = mnlly x + 10mn — Pmall,
(4.19)

Only the estimate of the second term differs from Lemma 43. Here
again is the point where the definition of ¢!, comes in. As we know that

(Ipe),, @m—&-l,h)()’X = 0, we have:

Ty = o = Y (T in)o x Pih (4.20)

i=1...1
i#Fm,m+1

We still have the other inequalities if h is sufficiently small, but this time for
Vi=1...I,1 #m,m+ 1

[Ty @i )ox | < T | (€ = T, Qi )o.x | (4.21)

It is important that the term ¢ = m 4+ 1 in the sum vanishes, otherwise, we
could not state the following inequalities. Using Equation 4.20:

2
Ty = mnlle e < 720 D (P =gl 0in)2, (4.22)
i1

< 7 Z (= s, in)2
i=1...

i I

And finally:
ITTh e = Mmpllox < Ton 190 — Tnh, Il

We do not include the rest of the proof because it is exactly the same as
in Lemma 43, we remark only that:

A

)\mh

i

sign[(ﬂwin,som,h)o,x} = Sign[ (s P )ox | =€ 20

[

For eigenvalues of higher multiplicity, the method stays exactly the same.
As we want to estimate the error of the approximation in the |[|.[|, . norm,
we have to state the following lemma:
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Convergence of the Numerical Method

Lemma 45. For ¢, and ¢}, as previously defined, we have the following
identity between the | .|  seminorm and the [. ||, , norm:

2 2
[ = Pmnli x = Am 100 — Cmnlly « + Amn — Am (4.23)

Proof. The proof is immediate:

| = Pl = |Gl s+ [Pmnl = 20V, Vomn)ox
= A+ Amh — 220 (s P o.x
= A+ Ak = A (2000 @t )ox — 2)
= =X+ At = A (2@, Gt )ox — 19mlI2x = lomnll? )
= A+ At + A 1€ — Gl

We summarize all these results in the following theorem:

Theorem 46 (Approximation for the Eigenfunctions). Suppose that
Oy - s Pmik—1 are solutions of the Spectral Problem 4.9 associated with the
etgenvalue N\, of multiplicity k > 1. Suppose also that ©u p, ..., Pmtk—1h4
are solutions of 4.10 associated with the eigenvalues Ay p, . .. Aptk—1,n- Then
for 0 <i < k—1, there exists o), ; € Span(Pm, - . ., Pmik—1) and a constant
C =C(m+1,X) (whose expression is given in the proof), such that:

i = Pmin|, < Ch+O(h?) (4.24)

Proof. We first recall the result we obtained in the proof of the Eigenvalue
Approximation Theorem 42. For any function f € C*°(X) with [, f = 0:

|f =T fI}, < |f = LfIT 9% |f2 1+ O(R?)

70



4.4 Convergence of the Eigenfunctions

From preceding Lemmas 44 and 45 and using that ¢], € C*(X), we have:

ng;n-&-i - me"'i?hHiX = ng;n-&-i - sDm"‘ivh”jx + {4'0;”4'1' - @m—&-i,h{ix

N

2
=~ (>\m + 1) ||(p:n+7, - (pm+i,h”07X + )\eri,h - >\m
< 2()‘m + 1)<1 + Tm) Hw;n—kz - Hh@;@.t,_iHi}ﬁ“)‘m-i-i,h_)\m
2Am + (1 + 7
A1

18N + 1)(1 + 74)
> )\1

18\ + 1)(1 + 7)
> )\1

18)\m g m-+1
+ ST 20t S R (14 ) + O(R)
1

J=1

IN

) |S0/m+7: - Hh902n+i|ix+ Amtish— Am

2 2| 1 2
h*o ‘Spm+i|2,x + )\erivh - )\m

R?0*C% (1 + A\p)?

where Cx is the constant appearing in the Elliptic Regularity Theorem 11.
O
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Chapter 5

Numerical Results

5.1 Presentation of the Program

In its final version, the program will be able to compute the eigenfunctions
and eigenvalues of any Riemann surface. However, our ”"beta-version” is
limited to surfaces of genus 2 in a "mw” gluing scheme (see Fig. 5.1). It
triangulates the surface by successively triangulating the hexagons issued
from the Y-pieces constituting the surface. The triangulation algorithm,
presented in Chapter 2, has been implemented in c++ whereas the algebraic
problem has been solved with Mathematica.

Figure 5.1: "mw” gluing scheme

We have seen in Paragraph 3.4 how we find the quadrature formulae for
the matrices M and N of the Algebraic Problem. However, as mentioned at
the end of Paragraph 3.4.4, we could not find a closed form for the integrals
allowing the computation of the components of the matrices M and N. We
have thus used a taylor expansion of the function to integrate, and computed
the integral of this expansion. This leads to the following results.
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Numerical Results

5.1.1 Computation of the Diagonal Components of the
Matrices M and N

As seen in Paragraph 3.4.3:

M“—/ (du",du">+-"+/ (du', dy’)
Ty m

N“_/ M¢Mi+...+/ i
T m

For the components of the matrix M:

o 2)-2(1— 1— 2A
/d,u dpu’)= 1/2// e
T (1+2Bu(l—u—v)+2av(l—u— v)+27uv)

Using now a taylor expansion in «, 3 and 7 of the order 6 of the function to
integrate (that is, order 8 in h)!, we obtain:

. . 1 52 2 ozﬁ B,y Oé3 ﬂ3 73
bt g B R e @ By
/Tkw K~ T 7+12+12+6 6+12+12 120 120 90
2 2 2 4
+aﬂ+aﬁ_o¢7_a7_57_57_0457+__|_ﬁ_

120 © 120 360 90 360 90 90 560 560
4 3 3 24,2 3 2.2 3 2
L _aB_ef B By ety ey oty
560 560 560 560 ' 560 = 560 ' 560 560
af’y afy? o B 4 a8 aft | Bl
"RG0 T 420 2016 2016 2520 2016 ' 2016 © 10080
vy B By oty oPy o oyt affy
2520 2520 2520 10080 2520 2520 2520 2520
@’Fy oty afy’ oy @’y o | G
2520 2520 1680 1680 1680 ' 6336 6336
6 5 5 5 4.2 3 A3 2.4 5
gl a’f o By B B B By
* 1728 T 6336 6336 2376 | 1728 | 1728 | 1728 | 1728
5 4.2 343 2.4 5 4 3132 213
Loy oyt ety ety oy oy oty oty

2376 1728 1728 1728 1728 1728 1728 1728

4 3.2 2.3 4 2 3 3 2 21222
+aﬁ’y+aﬁv +Ozﬁv +Ozﬂ’y +a67 +aﬁv +ozﬂ’r>
1728 ' 1080 960 1080 960 1080 960

For the components of the matrix N:

o 1 pl-u 1— o — o)
/ MZMZ:FI/Q// ( u U) 7 dvdu
7 0/o (14 28u(l —u—v)+2a0(1 — u—v) + 2yuv)

'the number of terms in this expansion is probably too large, but we did not want the
error coming from this expansion to interfere with the intrinsic error of the approximation
method
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5.1 Presentation of the Program

Using a taylor expansion in «, § and 7 of the order 4 (in the other integration,
we divided by I''/2, whereas we here multiply by I''/?), we obtain:
- 1l o B v o B 9 af By o
ZZ%F1/2< ______ S e T Y N A Wl i MRt A W Sl
/Tk als 12 40 40 120 * 112 + 112 + 672 - 112 * 224 * 224
o B a?s Py ot By B
288 288 2880 288 288 480 960 480 960
o ot 4 1 o3 28 af P
Loy o B, Yo f a5 af, oy
360 704 704 10560 @ 704 704 704 1056
ay? oyt By B By By afy 3Ozﬂ72)

* 1760 * 3520 - 1056 * 1760 * 3520 - 704 i 704 * 3520

5.1.2 Computation of the Non-Diagonal Components
of the Matrices M and N

As seen in Paragraph 3.4.4:

Mij:/ <duj7dui>+/ (dy?, dp')
T1 T2

N“z/ uju’#/ Wt
Ty T

For the components of the matrix M:

/T (dp?, dp")
__1/1/1_“04—ﬁ+7+047+u7(—a—ﬁﬂ)ﬂ1—U—U)a(a—5_’7)+(1_“_v)“/\ dvdu
0J0
(8%

TR (14 28u(l —u—v) + 200(1 —u—v)+2’yuv)1/2

-1 2 2 3 3 3
z_(__§+1+0‘_+7__%_5_7+ﬂ_0‘__5__7_
rvzig 2 2 12 0 12 12 12 6 180 360 180

off @y oy’ By _aby o B 4t af B
120 90 90 ' 120 180 ' 1120 ' 1120 1120 560 560

a*y? o’y oy’ By afly By o 5
560 7560 7560 T 840 T 1680 T 840 5040 3360 5040
Lot By oty oy oy oyt aBy o’y afy

2016 ' 2016 2520 2520 2520 2520 3360 5040 10080

_afy aby @’y b 50 4 af By oty
5040 3360 2520 3456 38016

3456 6336 6336 @ 1728
044’72 a373 a2,y4 a,YE) 0646’}/ 01352’7 04253’}/ @ﬁ47 0653’}/2

T8 P18 T 1as T 17as T 2160 T 2ss0 T 4320 640 T 4320
af’y  abyt a8y aPBy? 0426272>

T o880 T 2160 T 1aa0 T 1440 T 1920
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Numerical Results

For the components of the matrix N:

o 1 pl—u F1/2 1 —u—
/ M]MZ = // U( Y U) 3/2 dvdu
Ty 0/o  (1+420u(l —u—v)+2av(l —u—v)+ 2yuv)

%w%1 a B _ 7, o 36 af By oo

24120 60 120 T 448 248 T 448 T 224 T 224 T 336
o? 33 v a?s af? aPy ayr By By

1440 360 1440 720 480 960 960 480 720

a 4 5 4 4 3 222 3 3
Capy o' 580 40 o’8 o af | ol
480 4224 4224 4224 2112 1408 1056 2640

30’9 ay’ B B By 3e%By | afy 304572)

N 7040 * 2640 i 1056 * 1408 * 2112 - 3520 * 880 i 3520

5.2 Test Case

It is always necessary to test a program with cases for which the exact solu-
tions are well-known in order to see if the approximated solutions given by
the program are close to the exact solutions. This is unfortunately not possi-
ble here, since no surface exists for which the eigenvalues and eigenfunctions
are analytically computable. However, for the surface we present hereafter,
some results are known.

5.2.1 The Surface F5

It is a well-known fact that the minimal n-gon representing a Riemann surface
of genus g is a 4g-gon. On Figure 5.2, we provide two representations of
the F; surface, one with the Fenchel-Nielsen parameters and the associated
right-angled hexagons, the other as an octagon. The surface F3 is the surface
defined by the most symmetric octagon (all the triangles drawn in black on
the figure are equilateral). To obtain the hexagons from the octagon, it is
necessary to cut some parts of the octagon and glue them onto other places.

Using trigonometric identities in hyperbolic geometry (See [Bus92] pages
33 and 34), one can compute the length and twist (Fenchel-Nielsen) param-
eters [; and t; (i = 1,2,3) of the two identical Y-Pieces. All the [; are the
same and correspond to the double of the length of the geodesic arc AD on
Figure 5.2. All the t; are also the same, and can be computed as j—g, where
E'F represents the common perpendicular to BC' and AD. Triangle ABC' is
equilateral with angles 7, thus:

cosh AD = +v2 41
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5.2 Test Case

Figure 5.2: F, Surface

Triangle AFF is right-angled in F and, by symmetry, F' is the center of AC,

then:
tanh AF = g tanh AF

Finally, the Fenchel-Nielsen parameters are:
l; = 2arccosh(V2 4 1)
_arctanh (‘/75 tanh(w))
arccosh(v/2 + 1)

To achieve the description of the surface, we indicate on Figure 5.3 the
gluing scheme: all the repeated points are identified.

5.2.2 Eigenvalues of the Surface F2

Jenni studied this surface in his Phd thesis [Jen81] and proved that the
multiplicity of the first eigenvalue \; is 3 and that:

3.83 <\ <385

This theoretical result allows us to test if the first three eigenvalues we calcu-
late with our program tend to a common value between the preceding lower
and upper bounds.
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Numerical Results

In this example (as well as on any surface), we can also test if the order of
convergence is h? as expected. When we refine the triangulation, we actually
create an increasing sequence (for the inclusion) of finites function subspaces:

Vi, CVa CVa CVa
2 1 8

From the formula 3.6 of the eigenvalues characterization, we deduce that for?
1<m<I:

e 2 At = A 2 A,

s
o[>

With the beta-version of the program, we are unfortunately limited to four
successive refinements. With more refinement, Mathematica is unable to deal
with so many triangles.

5.2.3 Triangulation of Fj

In Figures 5.3, 5.4, 5.5 and 5.6, we present a sequence of four successive
refinements of the triangulation. The initial triangulation is obtained with
the algorithm presented in Chapter 2 by subdividing the shortest edge into
two parts. It is then successively refined, creating four triangles from one as
described in Paragraph 2.4.

Figure 5.3: Initial triangulation. Figure 5.4:  First refinement.
Number of triangles: 64 Number of triangles: 256

2T is the dimension of V},
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5.2 Test Case
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Figure 5.5: Second refinement. Figure 5.6: Third refinement.
Number of triangles: 1024 Number of triangles: 4092

5.2.4 Eigenvalues of F)

We compute the eigenvalues on the finite function spaces associated with the
triangulations of Figures 5.3, 5.4, 5.5 and 5.6 and we summarize the results
in the following tables. n — 1 represents the number of refinements of the
initial triangulation and for an easier reading, we denote Ay (k = 1,2,3)
the three first eigenvalues in V} o instead of A, _h since they correspond

Yon—
to the eigenvalue A\; in Hj(X) (same for higher eigenvalues). For the first
eigenvalue, we obtain:

A1 A12 A13
4.4280 | 4.4860 | 4.5624
4.0033 | 4.0066 | 4.0139
3.8804 | 3.8810 | 3.8825
3.8493 | 3.8494 | 3.8498

=W N 3

For the second eigenvalue:

A2 A2z A23 A24
6.5067 | 6.5958 | 6.8580 | 7.3560
5.6453 | 5.6698 | 5.7067 | 5.7704
5.4268 | 5.4325 | 5.4409 | 5.4545
5.3719 | 5.3733 | 5.3754 | 5.3787

=W N 3
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Numerical Results

For the third eigenvalue:

)\31 >\32
10.586 | 11.216
8.9321 | 8.9333
8.4186 | 8.4229
8.2917 | 8.2931

INGNJURE OIS

For the seventh eigenvalue:

A71 A7 A73 A7
32.146 | 35.392 | 36.343 | 41.554
24.097 | 24.214 | 24.804 | 24.852
21.436 | 21.454 | 21.575 | 21.584
20.749 | 20.753 | 20.782 | 20.785

S w o =3

To verify if the order of convergence for the eigenvalues is in h2, we plot
these results on the following curves and find, with the software Igor Pro, an
interpolating function of the type A + % which fits these points.

50F | T T T H
48} _
46 -
44+ .
421 _
vip11 = 3.8067+0.6883/n°
vip12 = 3.8036+0.7310/n’
40+ vIp13 = 3.7995+0.7930/n° |
3.8 .
36k | | | | +
0 1 2 3 4 5

Figure 5.7: The three first approximate eigenvalues converging to A\;
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5.2 Test Case

8.0H I I I I —

751 —

70 —

6.5 .
6.0k vip21 =5.2908+1.2888/n’
: vIp22 = 5.2858+1.3921/n°
vIp23 = 5.2716+1.6279/n°

55 .

e —

5.0 1 ! ! ! ! =

0 1 2 3 4

12 T | T T p
1 -
10 .
9l .
vip31 = 8.1199+2.7882/n
vIp32 = 8.0899+3.1870/n°
8t ! ! ! ! =
0 1 2 3 4

Figure 5.9: The two approximate eigenvalues converging to A3
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Numerical Results

45 F T T T T =

40— 1

35+ 1

30+ 1
vip71 = 19.884+14.234/n°
VIp72 = 19.714+16.494/n°

o5 1 vIp73 = 19.644+18.230/n° _|

20 b ! ! ! | =

0 1 2 3 4

Figure 5.10: The four approximate eigenvalues converging to A;

Since we do not know the values of the exact eigenvalue represented by
the coefficient A, it could be possible to find other functions, changing A, B
and the power of n, which fit also quite well these points. However, we know
that the first eigenvalue is between 3.83 and 3.85. Using this fact, we can
observe that there is no better fitting function for the first eigenvalue than
the one of the type A + %.

To achieve the interpretation of these results, we plot in the next figures
In(A\;x — A) in function of Inn for each eigenvalue. We can notice that the
fitting curves are lines with a gradient close to —2, which confirms that the
order of convergence for the eigenvalues is in h?.
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5.2 Test Case

-0.5

-2.0

-2.5

-3.0

0.5

0.0

-0.5

-2.0

-2.5

-0.5

In(vlp11-3.8067) =
In(vip12-3.8036) = -0.3384-1.9714 In(n"2)
In(vIp13-3.7995) =

T T T
-0.4147-1.9535 In(n"2) |

-0.2431-1.9879 In(n*2)

0.0

0.2 0.4 0.6

Figure 5.11: Ay

in logarithmic scale

In(vIp21-5.2908) = 0.2335-1.9768 In(n*2)
In(vIp22-5.2858) = 0.3096-1.9761 In(n*2)
In(vIp23-5.2716) = 0.4820-1.995 In(n"2) |

o H

Figure 5.12: Ao

in logarithmic scale

In(vIp31-8.1199) = 0.9745-1.9423 In(n*2)
In(vIp32-8.0899) = 1.1562-1.9976 In(n*2)

0.0

Figure 5.13: A3y

in logarithmic scale
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Numerical Results

L T T T T T T
3.0 -
In(vip71-19.884) = 2.5908-1.9269 In(n"2)
25 In(vip72-19.714) = 2.7862-1.981 In(n"2)  _|
In(vip73-19.644) = 2.8693-1.9616 In(n"2)
20+
1.5
1.0
05+
0.0
|
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 5.14: A7 in logarithmic scale
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Conclusion and Outlook

Theorems 42 and 46 in Chapter 4 show that we have reached the goal we
set, that is, to create a method which can calculate an approximation of
the eigenfunctions and eigenvalues on the surface while having control on
the convergence speed, and which is invariant under the isometries of the
surface. The results in Chapter 5 show, moreover, that the program runs as
expected on the examples we calculate.

Let us zoom out and take a global look at this work and its main points.
Hyperbolic Geometry provides tools for the triangulation and the barycentric
coordinates, which allow us to define and transform the Spectral Problem on
a finite functions space into a solvable algebraic problem. The essentially
hyperbolic part is actually the triangulation since the constant -1 curvature
provides the tools presented in Appendix A. This may not seem so crucial
for the definition of the barycentric coordinates, since it is possible to define
intrinsic barycentric coordinates on a surface, especially if the size of the
triangles decreases. Hyperbolic geometry, however, allows to derive a simple
expression for them and the associated metric tensor. The hyperbolic char-
acteristic appears also in the Lagrange Interpolation Theorem 39, where the
fact that the derivatives of the components of the metric tensor are terms of
order O(h*) (leading to conclude that the Christoffel symbols are terms of
order O(h?)) allows us to estimate the error of the interpolation.

Hyperbolic geometry hence provides very useful tools, but is only nec-
essary for the convergence of the approximation method. We could thus
imagine to generalize our method to any surface with a Riemannian metric
tensor, defining some kinds of equivalence classes of coordinates charts for
which the convergence theorems hold.

Recalling the Ddoziuk’s article [Dod76] at the origin of this work, an-
other development could be to show similar results for the Spectral Problem
expressed with 1- and 2-forms, or even for manifolds of higher dimension.

Following the same idea of generalization, albeit in a more concrete man-
ner, it should not prove difficult to use our results directly to a PDE Problem
with boundaries conditions (e.g. type Dirichlet).
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Conclusion and Outlook

Finally, we want to point out the originality of this work, in the sense
that it mixes several components of mathematics: Riemannian geometry,
functional analysis, numerical analysis as well as programming. Normally
there is not much communication between these disciplines, and a certain
degree of intellectual flexibility was necessary to assimilate the knowledge
of these different branches of mathematics and build bridges between them.
Not an easy task, but nevertheless exciting!
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Appendix A
Matrix Model

The very short presentation of the Matrix Model in paragraph 3.1 is not
developed enough to explain all the tools required to write the triangula-
tion algorithm presented in Chapter 2. We showed how the points and the
geodesics of H can be represented by matrices. We now need to explain how
to calculate a geodesic matrix from two point matrices. We also want to
triangulate the interior of a domain and thus need to define the concept of
right- and left-hand side of a geodesic. This will be done by orienting them.
We also have to compute the distance between two points, and finally to
be able to translate a point along an oriented geodesic. We recall that this
model was originally discussed by Fenchel in [Fen89] and further developed
by Semmler in [ADBS11]. Our presentation is strongly based on this last
article, particularly Paragraphs A.1 and A.3.

A.1 Points and Geodesics

A.1.1 Mobius Transformations

It is well-know that the isometries of H are the Mobius transformations
preserving H. They are of the following type:

ZEHHGZ+2 ifdet(z b)>o

cz + d
ceHe P e (P ) <o
cz+d c d

It seems natural to associate a matrix of GL(2,R) to the corresponding
Mobius transformation. Note also that multiplying a matrix by a constant
yields to the same Md&bius transformation.
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Matrix Model

A.1.2 Points and Geodesics

A point of H is identified with the half-turn around itself and its correspond-
ing Matrix in GL(2,R). For a point p = r 4+ is € H, the corresponding

normalized matrix is: . e
—r r°+s
= (27T (A1)
The letter p denotes either the geometric point in H or the Mdbius transfor-
mation corresponding to the half-turn around it, or its corresponding matrix
(usually normalized but not always). Observe that we chose the bottom-left
component of the matrix to be —1. One may check that indeed the Mobius
transformation given by this matrix keeps the point r + ¢s fixed and that its
square is the matrix -1 (1 being the identity matrix), which corresponds to
the identity map.

A geodesic in H is identified with the symmetry around itself and the
corresponding matrix in GL(2,R). For a geodesic vy defined by the Euclidean
circle with center p € R and radius p, the corresponding normalized matrix

is:
2 2
7:%(’1) p_;/“‘ ) (A.2)
The letter v denotes either the geometric geodesic in H or the Mébius trans-
formation corresponding to the symmetry around it, or its corresponding
matrix (usually normalized but not always). Here also, one may check that
the Mobius transformation given by this matrix keeps the geodesic ~ invari-
ant and that its square is the identity matrix.

Remark that these matrices represent the null-trace subspace of GL(2,R),
denoted TO(2,R). A basis of this subspace is given by the three following

matrices:
1 0 0 1 0 1
=0 5) (V) =5 0)

With the following properties:
P=Jr=-K=1
I1J=—-JI=K, JK=-KJ=-1I, KI=—-IK=-J

As for the trace we define a new trace operator for a matrix A of GL(2, R):
trA= %trace A. Tt is also straight-forward to verify the properties:

Proposition 47. For A € TO(2R):

det A = —tr A?
A2 =trA%1
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A.1 Points and Geodesics

The representation of the Mobius transformations by a matrix has a sev-
eral useful properties. We present some of them in what follows.

A.1.3 Action of Isometries on Points and Geodesics

Proposition 48. Given a point p, a geodesic v and an isometry of H A such

that det A > 0. Then:
A(p) = ApA™

A7) = AyA™
where A is seen on the left of the equality as a Mobius transformation and
on the right as a matrix.

Proof. 1t is always possible to isometrically move the point p onto ¢ and to
conjugate A accordingly. Similarly, we may move ~ onto 7y, the vertical
geodesic at the origin. Thus we may assume that:

- 0 1 (1 0 A a b
b= _1077_’70_ 0 —1 /)’ - c d

where A is supposed to have been normalized (det A = 1). Let us calculate
the image of p:
ai+b ac+db+i

A<p):cz'+d_ 2 + d?

Moreover: o 2 )
-1 _ [ —ab—ac +a
ApA _(—d2—02 db+ac>

Hence, both calculations lead to the same image point.
Let us now calculate the image of 7. A(0) = 2 and A(co) = . The image

of ~ is thus the geodesic with centre p = %(% + %) and radius v = ﬁ.
Moreover:
4 [ ad+bc  —2ba
Ayd™ = ( 2dc  —ad — be
Again, both calculations lead to the same image geodesic. ]

Remark. If det(A) < 0, then:
A(p) = —ApA™!
Aly) = AyA™

As in the preceding proposition, we juggle between the Mobius trans-
formation and matrix representations for further calculations, choosing the
most appropriated.
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A.2 Orientation of the Matrices of T0(2, R)

A.2.1 Orientation of the Geodesics

The domain we want to triangulate is a geodesic polygonal domain and it is
thus necessary to know the interior and the exterior of the domain. A way
to do so is to define an orientation for the geodesics, and consequently the
right- and left-hand side of the geodesic.

Given a matrix v with dety < 0 and try = 0. Such a matrix is called a
geodesic matrix, since, up to normalization, it is of the same type as described
in the preceding paragraph. Let us now define:

a=a,=al+vy (A.3)

with @ € R chosen such that detaw = 1. This leads to: a = £4/1 + try2.
Here lies the choice of the orientation of v. We choose:

a=—++/1+1tr~?

We now have to explain why this may be interpreted as an orientation of the
geodesic. One of the many useful properties of the Matrix Model is:

Proposition 49. Given a point p and a geodesic 7:

peEY & py=—p & tr(py)=0

Proof. Move ~ isometrically to vy and consider a point p = r 4 is, then:
(1 0 L= s
7= 0 -1 ’ pP= S —1 r

1 —r2 — g2 L r? 4+ s?
pV—S _1 —_r 9 'YP—S 1 —_r

and the results follow immediately. O

Given a point p on a geodesic 7. The above o = «, is an isometry of H

with positive determinant. Let us define ¢ the image of p by a: ¢ = apa™!.

q actually lies on v because:

tr(qy) = tr(apa™'y)
= tr(pa”ya)

(pa~"ay)
= tr(py) =0

= tr(pa

This leads to the definition of the orientation of a geodesic:
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A .2 Orientation of the Matrices of T0(2, R)

Definition 50. Given a geodesic v, a point p lying on v and ¢ the image of
p by .. We say that v is oriented from p to g.

Remark. Next proposition shows that this definition is independent of the
choice of the point p.

Note that the geodesic orientation is only visible in a: v and —+ represent
indeed the same Moebius transformation or geometrical geodesic and a is the
same for v and —v, but a, and «_., are not the same.

Proposition 51. Given a geodesic «y oriented from a point p to its image g by
a. Consider now an isometry A of H with det A = 1. The image v/ = AyA~!
is oriented from p’ = ApA~! to ¢/ = AgA™ .

Proof. Let us calculate o = av.:

o =+/1+try2 14+

= /1 +tr(AyA-TAyA-1) 1 ++/

=/1+try2 1+ AyA~!

= AaA™!

Thus:
apa/™ = AaAT T ApAT Aa AT = AgAT = ¢

]

In particular, if A € R, then Ay has the orientation of v "multiplied” by
the sign of \. Let us study a basic example with the vertical geodesic at the
origin 7. ¢ lies on vy and a = /2, thus:

O‘W:(Hoﬂ —12\/5)

The image of i by a., is':

(—1+v2)

which is above i. On the other hand:

@0 = ( _13\/5 1+0¢§)

we calculate here using the Mdbius transformation representation

1+ V2 _ (1+v2)%

1
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And the image of 7 by a_., is:

(=1 V2)i 2.
q = <1+\/§) _( 1+\/§)

which is below ¢. Hence, we can affirm that 7 is bottom-up oriented, whereas
—7o is top-down oriented.

A.2.2 Orientation of the Points

As a point matrix p and its opposite —p represent the same half turn around
the point, a similar argumentation can be carried out for the points, leading
to the definition of a positive and negative orientation for a point. However,
the motivation for the geodesic orientation was to have a tool to define right-
and left-hand side about it. This is needed to determine the interior of
the domains we want to triangulate. An orientation of points provides no
advantage for this, and thus a point matrix will always be given with its
bottom-left component being negative and the up-right component being
positive.

A.3 Wedge Operator and Distances

A powerful advantage of this Matrix Model is the following operator that
computes the geodesic matrix from two points, the point matrix from two
intersecting geodesics, etc.

Definition 52. Given two matrices A and B of T0(2,R), we define:

ANB = =(AB — BA) (A.4)

1
2
Proposition 53. Let p,q,v,0 be two different point matrices and two dif-
ferent geodesic matrices respectively, then:

i) p A q represents the geodesic through p and ¢, oriented from p to q.

ii) p A~y represents the geodesic through p perpendicular to v oriented to
the left from ~.

iii) If v and o don’t intersect, v A o represents the common perpendicular
geodesic to v and o.
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iv) If v and o intersect, v A o represents the intersection point.

Proof. In Proposition 51, we proved that the image by an isometry of a
geodesic oriented from p to ¢ has the same orientation as the geodesic oriented
from p’ to ¢/, the images of p and ¢. This allows us to move the geodesics
for the demonstration. We will in particular use the vertical geodesic at the
origin .

0 -1

_ 0 s _ 0 ¢ Ay o L —24L 0
P=\ 175 0 ) 9=\ 1/t 0 ) P73 0 Ly

If £ > s, then —3 + ﬁ > 0 and p A g has the same orientation as vy. If
t < s, then —% + i < 0 and p A q has the opposite orientation as 7. In
both cases, p A ¢ has the orientation from p to q.

i) Givenp—isandq—iton70—<l 0 >:

ii) Move isometrically v to 7o and consider p = r + is:

1/ 0 —r2—s?

It is obviously a geodesic matrix with radius v/r? 4+ s? and centre 0.
Let us now calculate &« = a(p A 7) and the image by « of the point

q = 1V/r?+ s? lying on v and pAvy. a(pAy) =1 —detp Ay =+/2+ Z_i,

thus:
Jorg -2
o= -
—% \V2+ 5
Finally:

q = alq)

2+ Z—; e+ s2 — —TQ*S'SQ
LV s 424+ 5

= 2(—2r S\/2+T—2+z(...)>
3+22—2 S S

¢ thus lies on the left of v and p A v is thus oriented to the left.
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iii) If v and ¢ don’t intersect, we can move them such that the common
perpendicular geodesic is vp. In this situation:

(0 u (0w YA
7_(1/;1 o)’ 0—(1/,,0)7 7“"5( 0 r—t

We remark that det(y A o) < 0, thus v A o is a geodesic matrix. It is
here also possible to determine the orientation of 7 A ¢ in function of
the orientations of v and o, but we would have to define the relative
orientation of a geodesic from another. We do not explain it in details
here. Nevertheless, with the definitions of v and o, it is obvious that
they are "oriented in the same direction”. In this case, v A ¢ has the
same orientation of 7o if £ — /% > 0 & p > v, that is v A o is oriented
from o to 7.

iv) If v and o intersect, we can move them such that + lies on 7o and the
intersection point is 7.

(1 0 1 =P 10 —p
(o D) (1) e (5
with 1 + p* = p? (Pythagorus’ Theorem in the triangle i, 0 and the
centre p of the geodesic o). v A ¢ is thus i.

O

Let us write down some useful properties of the wedge operator:

Proposition 54. For W, XY, Z € T0(2,R) (indifferently point or geodesic
matrices), the following identities hold:

XAYAZ) = t(XY)Z - tr(X2)Y (A.5)
(X AYYZAW)) = te(XW)te(YZ) — te(X2) tr(YW)  (A.6)
—det(tr(XiY))) = tr((X1 A Xo)Xa) (Vi AY2)Ys) (A7)

where det(tr(X;Y;)) is the determinant of the 3 x 3 matrix with components

Proof. 1t suffices to verify these identities for the basis elements I, J, K, using
the fact that:

INJ=K, JAK=—I, KAI=—J]
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Proposition 55. Let p,q,~,0 be two different point matrices and two dif-
ferent geodesic matrices respectively, then:

i) The distance between p and ¢ is given by:

| tr(pq)|
\/tr p? tr ¢? (A-8)

coshdist(p, q) =

ii) The oriented distance between p and + is given by:

tr(py) (A.9)

\/ — trp? tr?

sinh dist(p, y) =

iii) If v and o don’t intersect, the distance between ~ and o is given by:

coshdist(vy,0) = _trlo)l (A.10)

\/tr2tro?

iv) If v and o intersect, the angle <(v, o) between v and o is given by:

cos<(y,0) = _ o) (A.11)

\/try?tro?
Y

Proof. The proof is quite technical and is partially presented in [ADBS11]
and we do not go into any detail here. ]

We now have almost all the tools necessary for the triangulation. Recall
however that in the triangulation algorithm, we sometimes have to create
new points. These new points are either points at a distance ¢ from two
other points or points at the intersection of two circles. This leads to the last
tool we need: to translate a point along a geodesic.

A.4 Translations Along a Geodesic

When we defined « for a geodesic v (see Formula A.3), we remarked that
it represents a translation along . Inspired by this fact we define for a
normalized geodesic matrix ~:

d d
T = cosh 5 1 + sinh 37 (A.12)
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Given a point p lying on ~, then:
q=TpT!

d . d d .. d
= (cosh B 1 + sinh B 7v)p(cosh 2 1 —sinh B v)

d d d d
= cosh’ 5P + 2 cosh 5 sinh 57 A p — sinh? 3P

d d d
= (—1—|—2cosh2§)p—|—2(:osh§sinh§7/\p

= coshdp +sinhdy A p

where we used Proposition 49 and dety = —1 to state the line 4. It is now
easy to prove that ¢ € v; we do the calculation moving v to 7y and p to :

(10 (0 1 (01
And thus:

- 0 cosh d + sinh d
9=\ _coshd +sinhd 0

Hence ¢ € v and as coshd + sinhd > 1, p has been moved toward the
orientation of 7. Finally, let us suppose that p is normalized and calculate
the distance between p and ¢:

tr(pq) = coshdtr p? + sinh d tr(p(y A p)) = — coshd

The operator T thus represents the translation of distance d along v toward
the orientation of ~.

A.5 Barycentric Coordinates

Another reason for the use of the Matrix Model was the definition of the
barycentric coordinates of a point inside a triangle of the triangulation. The
idea is to give a meaning to an expression of the form (1 —s—1¢)pg+ sp; +tpo
where pg, p1, p2 are three normalized point matrices. We want to show that
such an expression represents a unique point inside the geodesic triangle
pop1p2- The proof we present here is very geometric and requires that we see
the surface as a portion of the hyperboloid H of R3:

H={(r,y,2) ER3 2> 0|2® +¢* — 22 = —1}
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A.5 Barycentric Coordinates

We can establish a correspondence between a point P = (z,y,2) € R?, 2 > 0
and the matrix> P € T0(2,R):

P=al+yJ+zK

And reciprocally if the matrix P has a positive determinant. We will show
that normalizing the matrix P actually represents the central projection of
P € R? onto the hyperboloid H. The projection p of P onto H is indeed
given by the mapping:

P
P—p= 5y where A\ =4/2%2 —y% — 22
Moreover, the normalization of the matrix P is:

P
b= vdet P

where:
det P = —tr P* = —tr((al +yJ + 2K) (2] +yJ + 2K)) = —a* — y* + 2*

Hence, the projection on ‘H and the normalization of a point matrix are the
same operation.

Theorem 56. Consider three points py, p1, pe € H and the linear combination
(1 —s—1t)po+ sp1 +1tps, where s,t € [0,1] and s+t < 1, then the normalized
matrix :

_ ((1 —5—1)po+ sp1 + th)
\/det ((1 —s—t)po + sp1 + th)

p (A.13)

15 a point lying on the geodesic triangle popips and this decomposition is
unique.

Proof. The first thing to prove is that the linear combination P = (1 — s —
t)po + sp1 + tpe has a positive determinant. Decompose pg, p1, p2 on the basis
I,J,K: p; = a;l +b;J+¢;K. The trace of P is still zero, and thus (observing

2as for the points of H and matrices, we use the same notation for points in R? and
their corresponding matrix
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that tr(1?) =1, tr(IJ) = 0, etc):
det P = — tr P?
= —((1 — S — t)ao + sa; + ta2)2 — ((1 — S — t)bo + Sb1 + tb2>2
+ ((1 = s —t)cg + scy + tep)?
=(1—s—1t)?+8+t*+2(1 — s —t)s(—apa; — boby + cocy)
+ 2st(—ajag — bibs + c1c9) + 2t(1 — s — t)(—agag — baby + c2¢o)
=(1—s—t)2?+s*+1*—2(1 —s—t)strpop; — 25t tr p1ps
— 2t(1 — s —t) tr papo
>0
Recall that — tr p;p; = coshdist(p;, p;) if p; and p; are normalized.
Moreover, as mentioned in the introduction of this paragraph, P can be
seen as a point in R3. As well as pg, p1, p» which also lie on H because they are
normalized matrices. P is thus a point in the euclidean triangle popips C R3.
It is known that the geodesics of H are intersections of H with planes through
the origin O. The intersection of the tetrahedron Opypips with H is thus the

geodesic triangle pop1ps C H, and the normalized matrix p = \/dl;ip is the
projection of P on this geodesic triangle.

Remark. As a digression and following the preceding reflexion, a linear com-
bination of the type P = (1 — t)py + tp; represents a point lying on the
geodesic arc between py and p;. In this case, the formula we obtain for
the translation along a geodesic can provide a parameterization for ¢ such
that the normalized linear combination is a geodesic parameterization. The

translation of py of distance d along the geodesic v = % is:

(po A p1) A Do

v —det pg A pr

Let us calculate the determinant — det py A p1 (See Proposition 54 for the
formulae we use). dy; represents the distance between py and ps:

p = coshd pg + sinh d

—detpo A p1 = tr(po A p1)°
= (tr(pop1))* — trpp tr pi
= cosh?dy; — 1
= sinh? dy;

Thus: _
sinh d (po A p1) A
sinh dg; Do A\ P1 Po

cosh d sinh dy; — sinh d cosh dy; » sinh d
= 0

p = coshdpg +

sinh d01 sinh d()l P
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Identifying this last expression with:

1—1¢ t
Vae ™ Vaap"
we get:
11—t (COSh dsinh dy; — sinh d cosh dy; ) sinh dy;
t sinh dy; sinh d
o Hd sinh d

)= cosh dsinh dy; — sinh d(cosh dg; — 1)

A.6 Hyperbolic Triangles

For several proofs in chapter 4, the radii of the circumcircle and inscribed
circle appear, in particular the quotient of them. This is what we want
to calculate in this paragraph. For a triangle of the triangulation 7} =
P;oP;1Pj 5, we use the notations defined on a triangle (see Notations) which
we recall here: A = P;1,B = P,,,C = Pjo; a,b,c are the lengths of the
respective geodesic arcs BC,CA, AB and «, 3,7 are:

«a =cosha —1

(B =coshb—1
v =coshc—1

A.6.1 Circumcircle

To calculate the radius of the circumcircle, we first find its centre as the in-
tersection of the perpendicular bisectors of each edge of the triangle and then
compute the distance from this centre to every vertex of the triangle. With

the Matrix Model, it becomes very easy since the matrix of the perpendicular
bisector of the edge AB is® (See [ADBS11] p. 51):

A-B

The centre of the circumcircle is thus:

P=(A-B)AN(B-C)
=AANB+BANC+CAA

34 and B must be normalized
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And then, the radius of the circumcircle is:

| tr PA|
Vir P2 tr A2

Let us calculate the numerator (See Proposition 54 for the rules used):

cosh R =

—trPA=—tr((BAC).A)
= (1 + 2 cosh a cosh b cosh ¢ — cosh? a — cosh? b — cosh? c) 1/2

= (—a® = §* = 7" + 208 + 267 + 2y + 2a37) "
— F1/2

For the denominator:
tr P> = tr((C A A)?) + 2tr((A A B).(B A C)) + (cyclic terms)
= (tr(CA))? —tr C?tr A* + 2tr AC'tr B> — 2tr ABtr BC + (c. t.)
— cosh?b — 1+ 2coshb — 2cosh ccosha + (c. t.)
=a’+ 0% +7" =208 — 268y - 27a
Finally:

200y _ 2apy

inh? R = —
i 2 P22 4208+ 28v+29a A

(A.14)

A.6.2 Inscribed Circle

Similarly to the circumcircle, we first find the centre of the inscribed circle
as the intersection of the bisectors at each vertex of the triangle and then
compute the distance from this centre to every edge of the triangle. The
matrix of the bisector at the edge B is:

ANB B BAC
Vir(AA B)? tr(BAC)?
The centre of the inscribed circle is thus:

Q—( ANB B BANC ) ( BAC B CNA )
 \Vu(AAB?  /tr(BAC)? VIr(BAC)?E  /tr(C A A)?

Since a point matrix can be multiplied by a factor without changing its
associated point, we use Formulae A.5, A.7 and multiply the last expression

sinh a sinh bsinh ¢ : .
by V2 coshacoshbcoshe’ which becomes:

(Q =sinha A +sinh b B + sinhcC
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And then, the radius of the inscribed circle p is given by:
| tr(Q.(AA B))|

b —
i V—tr@Q?tr(A A B)?
With:
tr(Q.(AA B)) = +/tr 2tr(C.(ANB))
= \/tr(A B) rt/?2
And:

—trQ* = —sinh® atr A? — 2sinh bsinh ctr BC' + (cyclic terms)
= sinh® @ + 2sinh bsinh ccosha + (c. t.)

=a(a+2)+B(6+2)+7(7+2) + Vala+2)v/B(B+2)(y+ 1)
+ VBB +2)Vv(y +2)(a+ 1) + /(v + 2)vala+2)(B+ 1)

And finally:

—a® — 37 — 9?4 20 + 207 + 2ya + 203y
ala+2) + ala+2)/B(B+2)(y+ 1)+ (c. t.)

sinh? p = (A.15)

A.6.3 Quotient of the Radii

The quotient of the of the circumcircle radius to the inscribed circle radius is
an image of the regularity of the triangulation. Theorems 42 and 46 concern-
ing the convergence of the eigenvalues and eigenfunctions require an estimate
of the quotient of the sinh of the radii. Here we calculate a lower and an
upper bounds for the quotient:

sinh” R(«, 3, 7)
sinh® p(a, 3,7)

For a given triangle let us fix an edge (say ) and consider whether it is
possible to find another triangle in the same circumcircle for which g(a, 3, 7)
is greater. When ~ and R are fixed, # becomes a function of o and ¢ depends
only on the variable . Abusing the notation we will still denote the quotient
by ¢ even if is a function of one variable: ¢(a) = q(«, 5(«), 7). Let us compute
the derivative of g(«):

q(a, B,7) =

dq dq dq
A (0) = 9L(a, Ba) 1) +

(e B G
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For the calculation® of the derivative of 3(«), recall that we supposed R and
v to be fixed. As R normally depends on «, § and ~:

3 asigh2 R
D B2 = e
o8
_(a=B+7)6
(@ =B +7)a
Thus:
dq N
@Y =D
where:

N = 457{(04—ﬁ)((a+ﬁ+37+@ﬁ+ﬁv+72)\/04(04+2)\/5(ﬁ+2)
+la+B+7+3)Vv(v +2)(ay/B(B+2) + By/ala +2))
+aB(1+9)(a+B+7+4)) + v(v+2>(a\/ﬁ(6+2)—ﬁ\/a(a+2>)]

and:

D= (-a+f+7)D( -2a8y)vala+2)v/B(6 +2)

Obviously the sign of the derivative of ¢ depends only on the sign of the
term a— (3 and —a+(+~. R and 7 being fixed, ¢ thus increases with o until
a = [ and decreases until & = ++. The case a = [+ actually corresponds
to BC' being a diameter of the circumcircle (See the next Paragraph A.6.4).
The variations of the quotient ¢ are the same as in euclidean geometry.

As the quotient ¢(«, 3,7) is symmetric over the permutation «, 3, we can
conclude that it increases when o decreases until the limit a = . Applying
the same argumentation when we fix a = &, we can conclude that for a
given circumcircle radius R, the quotient ¢(«, 3,7) is maximal for a =b=¢
(& a = [ = coshe — 1). We can also note that ¢ increases when the
circumcircle increases, and finally the maximum of ¢ is reached for a = ¢,
b = ¢ and c such that R = ¢, that is:

Gmax(€) = q( coshe—1,coshe—1, cosh(2 arccosh CZ‘S’E};% )— l)

Moreover, we know that the shortest edge of an hexagon must be smaller
than arccosh2. As ¢ is itself smaller than a third of this shortest edge, it is
possible to find a parabolic upper bound for the quotient ¢ for £ between 0

4all these calculations are performed with symbolic mathematical software
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and %"Sm In the following inequalities gmax(0) is actually to be understood
as a limit value.

Qmax(€> S Qmax(o) + (Qmax(%osm) - Qmax(o))#fh%
4 arccosh 2 4 92
= 3(v/3-2)2 + (Qmax( 3 ) o 3(@—2)2)arccoih22
G (F9572) & 20.06 and guax(0) = 37755 & 18.57 , thus:

4 4
—F— < ‘max \& < ——F7rp— +773€2
3(v3 —2)2 () 3(v3 —2)2
We calculate this upper bound to have an idea of the terms O(h?) when we
make an expansion with respect to h (h is the diameter of the triangulation).
As b <e
1 < max(h) < ! + 1.94h? (A.16)
3(\/§_2>2_Qmax _3<\/§_2)2 . .
We remark that even if & is not so small, the terms O(h) from this quotient
stay very small (O(h?) < 1.49 for h = 22<©h2) Notice also that if we make

the same calculation in the euclidean case, the quotient % is a constant equal
to m (which is in fact actually not surprising).
As a remark, with the same argumentation, it is possible to prove that

the quotient ¢ is minimal for an equilateral triangle, and:
Qmin(o) =4 S c]min(g) S Qmin(%) S 4.2

where of course guin(¢) = g(coshe—1, coshe—1, coshe—1) and gmin(0) is also
to be understood as a limit value.

A.6.4 About Some Recurrent Formulae

We have seen in different paragraphs that some formulae appear quite often.
For example I' = —a? — 32 — 42 4+ 2a83 + 287 + 2ya + 2aBy and A =
—a? — 32 — 4% 4+ 203 + 237y + 2y« or the expression a — 3 — . We would
like to give them a geometrical meaning.

We begin with the last expression. a — 3 — v = 0 actually corresponds
to BC' being a diameter of the circumcircle. If we denote D the midpoint of
BC' and d the distance between D and A:

—tr((B+ C)A)
\/tr(B + O)? tr A2
cosh ¢ 4+ cosh b

2(1 + cosha)

coshd =
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If we want D to be the centre of the circumcircle, then 2d = a, and thus:

cosh §4/2(1 + cosha) = coshb+ coshc

& cosha+1 = coshbd+ coshe
A a = [+v

Move isometrically the triangle such that the centre of the circumcircle lies
on the origin of D, we can thus conclude that if @ < 4 then the euclidean
triangle ABC' is acute, whereas if & > G+ then the euclidean triangle ABC
is obtuse. In other words if &« > (3 + 7, then the vertices of the triangle are
in a same half of the circumcircle, whereas they are not if o < g+ 7.

We now want to explain the geometrical meaning of the two other ex-
pressions: I' and A . In every calculations we made they were assumed to
be positive. To prove the meaning of these assumptions, we have to think of
the triangle inequality, which also holds for hyperbolic triangles. As we have
supposed that a corresponds to the longest edge of the triangle, the triangle
inequality reads:

a<b+c

From the preceding study of the sign of @« — 3 — =, there are two cases for
a, 3,; either they satisfy also the triangle inequality, or not.
If a < 3+ 7, then it is very simple:
A=—a®— 3 -+ 208+ 287 + 2y«

=a(B—a)+B(y =) +y(la—7)+aB+ By +a
>0

because of the triangle inequality on «, 3, v: |a(f — )] < ay, ete. It
becomes then obvious for I':

'=A+2a8vy>0

If « > 3+, it is a bit more complicated, but also more interesting. We
have to go back to the first triangle inequality:

a < b+c
& cosha < coshbceoshe+ sinhbsinh e
o a < By+B8+7+VBB+2)V(v+2)

With the hypothesis a > (5 + v, we have | — 3 — v — 3| < Bv. Then:

(@=B=7=077 < BB+27(v+2)
s P+ [+ =208 - 28y - 2ya —2aBy < 0
= r >0
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A.6 Hyperbolic Triangles

As this last inequality is sharp, it is not true that A is always positive. To
explain its geometrical meaning, we have to have a look at the expression of
the radius of circumcircle of the triangle (Equation A.14):

200y
—a? = 7 =9+ 2a0 + 207 + 2«

sinh? R =

When A is null, then the radius becomes infinite. Geometrically, in D, the
circumcircle of the triangle is tangent to the unit disc. In the hyperboloid
model, the circumcircle is actually a parabola, thus, not a circle anymore.

As a last remark, we point out that from the trigonometry formulae in
hyperbolic triangles:

sinh a sinh b cos ¢ = cosh a + cosh b — cosh ¢
=af+a+ -7y

Where ¢ is the angle between the edges of length a and b. It is thus easy to
prove that:
' = (sinh asinh bsin ¢)? (A.17)
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Appendix B

Commutativity of "and D

Proposition 57. Given = v'0; a vector field and 6 = 'dz’ a 1-form. Then:

D0 ="D,0

Proof. From the linearity of the covariant derivative, it suffices to prove the
proposition on the basis vector fields in a coordinate charts. Let us suppose
that v = 0;.

0 :
(Dof6) = 5 (G*"0,,) + THG™,
OG’”” 00 ,
———Om + G*" 2 + TG0,
7 +G B +I'.G
90, oGm 1 0G; 0G OGii\ i
km kn —(kn m Jm. ) gn
=G kra — GG oz m G <8xj oz’ (9azm>G b
90, oG 0G; 0G, 0Gii\
— (Ykm km mj ~jn km wm jm. Y n
=G Oat -&r ox’ oz O G ((9xj + ox’ 8mm)G On
20, 1 0G; (‘9G- 0Gii\
— (Ykm —(km m Jjm. v jn
=G Ot + G ( oxJ ozt 8IW)G n
395
= G"””(Daﬁ)m
= (ﬁDaﬁ)k
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Appendix C

Study of G (z) and Ff}(m) on a
Triangle

The aim of this appendix is to find an expansion in terms of the diameter
of the trangulation A for the components of the inverse of the metric tensor
G, as well as for the Christoffel symbols I'};. We make the assumption that
the triangle we consider has a circumcircle (this is the case for all triangles
in the triangulation we make in this thesis). By A.6.4, we then have A > 0
(and I > 0).

We recall the expression of the components G“. As before, we denote
(u,v) the coordinate system. For a triangle T; = P;¢P;1P;2, we redefine the
name of the vertices and use the usual notations for a triangle (see Chapter
Notations). For z = (u,v) in the triangle T} (See Paragraph 3.2.2), that is,
0<u,v<land0<1—-—u+v<1:

G (u,v) = %(1 +20u(l —u—v) +2av(l —u—v)+ 27uv).

(a(a+2) — 2uala — f — ) —u2A>
G?(u,v) = %(1+2ﬁu(1 —u— )+ 200(1 — u — v) +2’yuv>.
(—aB—a=-B+y-ub(—a+p-9)-vala-f-7)—uwh)
G?(u,v) = %(1—1—25@4(1 —u— )+ 200(1 —u — ) +2fyuv>.

(B(3+2) —2vB(—a+ 8 —7) —?A)

The variables u and v lie in the triangle S = {(u,v),u,v > 0,u+v < 1}. We
begin with the study of G'? because we can not find lower and upper bounds
for it as precisely as for the other components. Next, we study G'. G?? is
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Study of G¥(z) and I'f;(x) on a Triangle

very similar to G and we do not present all the details and just give the
results.

C.1 G"
G (u,v) = (1 +20u(l —u—v) +2av(l —u—v) + 27uv).

(—af—a—p+y—ud(—a+5-7)—vala—5—)—uvh)

We first point out that G'2 is a product of two quadratic polynomials:

1
r

G = % S (u,v)P(u,v)

where:

P(u,v) = —af —a— B+ v —uf(—a+ 5 —7) —vala — f—7) — uvA

It is not easy to study the behavior of G*? by finding all the critical points
(where the partial derivatives vanish), etc. We thus find lower and upper
bounds for it by finding them for the two quadratic polynomials. ®(u,v)
and P(u,v) have the same critical point:

al—a+ B +7)
~ Bla—pB+7)
e

We apply the Monge Theorem for a function of two variables:

0*® 0?P 0?P 0?P
B = (w0,v0) 5 907 (uo,v0) — auav(uo,vo)m(uowo) =4A >0
0°P 0P 0°P 0°P

aug( 07U0> o2 (Uo, 0) - m(QLO?UO)M(umUO) = —A? <0

® is thus a concave elliptic paraboloid with a maximum in (ug,vg) whereas
P is a hyperbolic paraboloid with a saddle point in (ug,vg). For &:

=1+sinh®R

(Uo,’Uo

)
©(0,0)
®(1,0)
®(0,1)

K
1
1
1
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Cc.2 GH

Thus, for (u,v) € S:
1 < ®(u,v) <1+sinh®R

For P, the extremum (denoted extr in the fourth equation) is either at a
vertex of S or on the side (u,1 — u):

(0’0) —Oé—ﬁ+7—aﬁ
P(1,0) = —a— B+ —B(6—-7)
(071) _Oé_ﬂ‘i"Y—Oé(Oé—’y)
8 2L —
extr P(u, 1 —u) = (= a—ﬁ+’y)<—4+ Oj\ﬁ7+7( aAﬁJ”))

Thus, for (u,v) € S:
k(—a =B +7) = O(h") < P(u,v) <K(—a—B+7) + O

where k, k" are 1 or —4 and O(h?) is one of the terms after —a — 3+ in the
preceding equations. Now we can conclude for G'2. For (u,v) € S:

1 1

T ampes P00 (e Pl ) < CFw) < g @, v) s Pluv)
k(—a— B+ K(—a—p+
(—a-08+7) (za=B8+9) | o

_ < 12 <
. O(1) < G(u,v) £ =

c2 Gg"
G (u,v) = <1 +2pu(l —u—v) 4+ 200(1 —u —v) + 27uv>.

<a(a +2) —2ua(a— B —7) — u2A>

G is also a product of two quadratic polynomials:

1
r

G (u,v) = %@(u,v)P’(u)
With:
P'(u) = a(a +2) — 2uala — § — ) — u?A

We can follow the same method as in the preceding paragraph. P’(u) is also
maximal in ug and is bounded by:

2al

200 < P’ < —
a<Pl(u) < A
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Study of G¥(z) and I'f;(x) on a Triangle

Since L =1+ sinh?® R, by A.14 and for (u,v) € S, we have:
2a

T < GM(u,v) < 2?Oé(l + sinh? R)?

However, since P’(u) is a polynomial of only one variable, the study of
G (u,v) is much easier and it is possible to find its critical points and ex-
trema and thus to determine a better upper bound.

C.2.1 Critical Points of G

Computing its first partial derivatives, we find three critical point for:

_a(—a+p+7)
- A
o = Pla=6+7)
0~ A
L alcat B+ Vo (—atB+9) +ala+2)A
=
A
o208 =Bty + (o= B+ +Ver(zat B+ +ala+2)A
1= 2a A
a(—a+B+7) —Var(—a+ B+ +ala+2)A
Ug = A
U__mﬁm—ﬁ+7%4—a—ﬁ+7y+¢M¢a+ﬁ+wﬂ+am+2m
2T 2a A

Recall that A = —a? — 32 — 4% + 2a3 + 2ary + 2037.

The two last critical points (uq,v1) and (ug,v2) are not interesting because
they do not lie in the triangle S. wuy is obviously smaller than 0 because
a(a+2)A > 0 and we can show that u; is greater than 1:

v

Var(—a+B+9)? +ala+2 A—a(—a+p+7)

)A
& Va(—a+ B+7)2+ ala+2)A

> —(B-7)?+alB+7)
= (Ver(—at 9P +ala+24)" > (== +a(@+)
@ e+ (B-7)A > 0

The last line is true and thus we can conclude that u; > 1. The only critical
point, which may be an extremum of G'! in the triangle is thus (ug, v). The
two first conditions for (ug,vy) lying in the triangle S are obviously:

a< pB+7vy
B<y+a
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Cc.2 GH

The last condition is:

u+vy < 1
& a-a+f+y)+8a-F+7) < —a® =3 =9+ 20+ 207 + 26y
VN 0 < y(=—+a+p)
& v < a+p

Hence, (ug,vp) lies in the triangle S if «, (3, 7 satisfy the triangle inequality.

A last remark: w; and uy are the roots of P’(u) and wug represents its
maximum. Since u; and uy lie outside S, P’(u) is always positive in S, and
for a fixed u € [0, 1], G''(u,v) is a concave parabola. Moreover, G'!(u,v) =
— 2@ (u,v)(u — uy)(u — uz) and for a fixed v € [0,1], it is a polynomial of
degree 4 in the variable u. ®(u,v) is an elliptic quadratic polynomial and is
maximal in (ug,v) and is 1 at the vertices of S. Hence for v € [0, 1], ®(u,v)
has two roots @ and 1y lying on either side of S. G (u,v) = @(u—ul)(u—
ug)(u — Uy)(u — uy) and for a fixed v € [0, 1], the triangle S always has two

pairs of roots on either side, and thus lies in the concave part of G*!(u,v).

C.2.2 Extrema of G!!

From the preceding paragraph, we know that there are two cases to study:
when «, (3, v satisfy the triangle inequality and when they do not.
Ifa<pf+79, <~v+aand v < a+f, it is possible to prove that (ug, vg)
is a local maximum. We apply the Monge Theorem:
922G 922G 922G 92611 3902
- - - - = >0
gz (Uo:00) =55 (tto,v0) = o (to,v0) o (o vo) = == =

And:

92cM _ 82
g o) =g

The minimum is to be found on the boundary of the triangle. As we pointed
out before, for a fixed u € [0,1], G*(u,v) is a concave parabola and for a
fixed v € [0,1], G''(u,v) is a concave curve. Thus, the minimum of G is
at a vertex of the triangle, that is for (u,v) = (0,0) or (u,v) = (1,0) or
(u,v) = (0,1).

If o, 3, v do not satisfy the triangle inequality, the extrema of G'! are to
be found on the boundary of the triangle. For the same reason as before, the
minimum is at a vertex of the triangle. The maximum lies, however, either
at a vertex of the triangle or one of the edges of the triangle. The maximum
of GM(0,v) is easy to find because G'(0,v) is a parabola, and we find:

204+ 0a*(2+ %)
r

max G'1(0,v) = G'(0,1/2) =
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Study of G¥(z) and I'f;(x) on a Triangle

The maxima of G'!(u,0) and G''(u, 1—u) can not be found with the symbolic
mathematical software we used, but we can affirm that:

max G (u, 0) < %@(1/2,0)13’(%) _ 2%(1 + g)
max G (u, 1 — u) < %@(1/2, 1/2)P’(ug) = 2%(1 n ’%)

C.2.3 Lower and Upper Bounds for G'!

We now want to find lower and upper bounds for G'! as well as an estimate
of its variation according to h (the diameter of the triangulation). From the
preceding paragraph, we know that the minimum of G (u,v) is to be found
among the following values:

GH(O, 0) = O‘(a;‘ 2)
Gu(l,O) _ 200 + (? —7)°
Gll(o7 1) — a(ar+ 2)

It suffices to compare o and 3—+y to know the minimum of G (see Paragraph
A.6.4 for the geometrical meaning of this comparison). However a lower
bound is given by 2.

If o, 3, v satisfy the triangle inequality, the maximum of G'! is:

2al’

A2

Otherwise, an upper bound is one of the following quantities:

8 20, .8
M (u,0) < 5 (1+ 2)
20(1 + o + 2)
T

G™M(u, 1 —u) < 2%<l+ %)

In any case, we can see that for (u,v) € S:

GH(UO, U()) =

G (0,v) <

20 <@ < o)

where the term O(h?) is controlled.
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C.3 G*

C.3 G*#

G**(u,v) = <1 +2pu(l —u—v) 4+ 200(1 —u —v) + 27uv>.

(B(8+2) = 208(—a+ B =) —v?A)

Using the results for G, by symmetry, permuting « and 3, v and v, we can
conclude that the minimum is at a vertex of the triangle S and its value is
one of the following:

1
r

G22(0,0) = ﬁ(ﬁr‘i‘ 2)
G2(1,0) = 6@;‘ 2)
GZZ(O, 1) = 208 + (g - 04)2

If a, 3, 7 satisfy the triangle inequality, then the maximum of G**(u,v) is
also in (ug,vp):

26T
A2
Otherwise, an upper bound is one of the following quantities:

G22(u0, Vo) =

2601+ 6+ 2)

G*(u,0) <

Thus, for (u,v) € S:

? < G*(u,v) < ?(1 + O(h?))

and again, we have a control over the term O(h?).

i
The expressions of the Christoffel symbols are very complicated except for

two components. We can not find precise lower and upper bounds as we did
for the elements of G¥. Instead, we provide their Taylor expansion to the
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Study of G¥(z) and I'f;(x) on a Triangle

order 4 in h. We recall the Heron’s Formula giving the area A of an Euclidean
triangle of edges of length a, b, c:

/L:i¢@+ﬁ+ﬁﬂ—a+b+@m—b+@ﬂa+b—@

Then the Christoffel symbols are:

2(8+2Bu+ (a+ B —7)v)

I =
ll(ua U) CI)(’LL, U)
= b + 2b%u + (a® + b* — v + O(h?)
Iy (u,v) = (a®—4a*p* —ab* 24 +a’c*

32A2
+ (—aS4+5a*b* +5ab* — b°+3b*c? —3b*c* +c® — 3cta® +3ctat —2a*b* P )u
— 8a'b*v) + O(h")

CL2

F%z(u? U) = 16A2
+ (a*+6a’0*+b" —20**+c' —2¢%a® ) u+ (4a’ +4a’b* —4a*c)v) + O(h?)

I'? (u,v) =0

—a? -+

—

(a6+a4b2 +2a%b* —2a* 4+t — 3a*b* ?

( — a*=3a’b* +a??

2, (u,v) = (= 0*+20%u+ (a® + b° — *)v) + O(h)

F%Z(fuﬂ U) = 16A2
+ (—a® —3a*b* —3a?b* —0° +3b*c? — 3b?c* 4+ — 3cta® +3c*a* +6a*b* ) u
+ (—3a°—2a'* —3a’b* +6a** — 3a’c* +6a°b°c*)v) + O(h?)

It is important to observe that their Taylor polynomial is of the order of h?

and that there is no quadratic term in v and v in these expansions. Actually,

from graphical observation on different triangles, we notice that they become
flat very quickly when h becomes small.
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