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Abstract—We consider communication through a cascade of
discrete memoryless channels (DMCs). The source and destination
node of this cascade are allowed to use coding schemes of arbi-
trary complexity, but the intermediate relay nodes are restricted
to process only blocks of a fixed length. We investigate how the
processing at the relays must be chosen in order to maximize
the capacity of the cascade, that is, the maximum achievable
end-to-end rate between the source and the destination. For
infinite cascades with fixed intermediate processing length at the
relays, we prove that this intermediate processing can be chosen
to be identical without loss of optimality, and that the capacity of
the cascade coincides with the rate of the best zero-error code of
length equal to the block length of the intermediate processing. We
further show that for fixed and identical intermediate processing
at all relays, convergence of capacity as the length of the cascade
goes to infinity is exponentially fast. Finally, we characterize how
the block length of the intermediate processing must scale with
the length of the cascade to guarantee a constant end-to-end
rate. We prove that it is sufficient that the block length scales
logarithmically with the network length in order to achieve any
rate above the zero-error capacity. We show that in many cases of
interest logarithmic growth is also necessary.

Index Terms—Capacity, network coding, zero-error capacity.

1. INTRODUCTION

OMMUNICATION systems today are organized in large-
Cscale networks, the Internet being the most conspicuous
example, where information needs to traverse multiple hops to
reach a destination. Each of the hops may introduce errors that
become more and more pronounced as the size of the network
grows. Two main approaches are used for error correction: au-
tomatic repeat request (ARQ) schemes and packet-level for-
ward error correction (FEC) schemes. The schemes employed
today are end-to-end: error correction is only performed at the
source and destination node (by retransmission of packets in
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the ARQ case, and by coding and decoding in the FEC case),
while intermediate nodes are only allowed to replicate and for-
ward packets. This end-to-end approach can lead to a signifi-
cant waste of resources, that is becoming increasingly less ac-
ceptable as multimedia applications become more popular and
bandwidth demanding.

From a theoretical point of view, it is well known that de-
coding and re-encoding the information sent by the source node
(without imposing computational restrictions) at all interme-
diate nodes achieves the “min-cut capacity,” as rigorously de-
scribed in [1]. Such a scheme imposes heavy computational re-
quirements on the intermediate nodes of the network, especially
since these nodes typically need to accommodate a large number
of traffic connections. Moreover, it incurs large delay, which is
prohibitive for real-time applications.

Recently, it was demonstrated that even for lossless links, al-
lowing intermediate nodes to process information can increase
the achievable rate in a multicasting scenario [2], [3]. The pro-
posed approach, termed “network coding” requires intermediate
nodes to perform linear combinations over a finite field. The
complexity of the computations is proportional to the size of
the finite field, which in term is bounded as a function of the
number of receivers [4]-[6]. The interesting observation is that
allowing intermediate nodes to perform finite complexity pro-
cessing may not only increase the achievable end-to-end rate,
but actually achieve the min-cut capacity of the network. More-
over, the emergence of network coding helped to realize that in-
termediate node processing is plausible and compelling for new
protocols, designed, for example, for overlay networks.

Motivated by these observations, we investigate in this paper
what benefits finite complexity processing at intermediate nodes
may offer. We restrict our attention to unicast communication,
i.e., a single source—destination pair. In fact, today in the In-
ternet, almost all traffic, including multicasting, is implemented
via multiple unicast sessions.

We consider a communication network where a source node
transmits information to a destination node along a path that
comprises L consecutive links of the network. We assume that
each link corresponds to a discrete memoryless channel (DMC).
In other words, we model the communication path between the
source and the destination as a line network consisting of L
cascaded identical DMCs. This model captures both physical
layer and application layer communication.

To measure complexity, we allow each intermediate node to
process blocks of N symbols, and use N as our complexity
measure. This definition of complexity allows to bound not
only processing complexity, but also delay and memory re-
quirements at intermediate nodes. Moreover, it is well suited
to an environment where information is transmitted in packets.
We allow the source and the destination to possibly code
and decode over an unbounded number of length-N blocks.
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This assumption reflects the strong motivation of the source
and the destination to devote resources toward their own
communication.

We are interested in the maximum information-theoretic rate
at which the source can reliably transmit data to the destination
as a function of the block length N and the network length L.
The main contributions of this work are as follows. We show
that, if the network length increases (L — o0) but the block
length N is fixed, the optimal processing is identical at each
relay and corresponds to a zero-error code. The capacity of the
cascade is the rate of this zero-error code. The zero-error ca-
pacity is the maximum rate at which we can communicate over
a channel with zero probability of error [7]. An intuitive inter-
pretation of this result is that, as L. — oo, the zero-error capacity
is the only part of the transmitted information rate that we may
hope to preserve. This limiting result, apart from its theoretical
interest, applies to large networks where a packet needs to tra-
verse a large, but not infinite, number of relays and the relays
use the same fixed processing. For example, in wireless ad hoc
networks with n nodes, the average path length L scales as \/n,
and it is a standard assumption that the nodes are simple iden-
tical devices [8]. In the case of identical processing at each relay,
we show that the rate of convergence to the limiting end-to-end
rate is exponential in the number of cascaded channels. We also
examine how fast the block length N needs to grow with the
network length L in order to achieve a constant fraction of the
min-cut (as opposed to the zero-error) capacity as L — oo. We
show that logarithmic growth is sufficient to achieve any frac-
tion of the min-cut capacity above the zero-error capacity and is
also necessary in many cases of interest.

Cascades of DMCs without processing at the intermediate
nodes have been considered also in [9]-[11]. FEC schemes, that
employ intermediate processing, but designed assuming N —
oo are proposed in [12], [13].

The work in [9] gives an expression for the capacity of a cas-
cade of L identical channels without intermediate processing in
terms of the eigendecomposition of the channel transition ma-
trix, which is assumed diagonalizable and nonsingular. It is im-
plicitin [9, eq. (10)] that in the limit of long cascades, only terms
associated with eigenvalues of modulus one determine the lim-
iting end-to-end rate. Here, we consider cascades of L identical
channels with general transition matrices, not necessarily diag-
onalizable and nonsingular, and with intermediate processing.
For the case without intermediate processing, we make explicit
the dependency of the limiting capacity on the eigenvalues of
modulus one, and we characterize the asymptotic rate of con-
vergence to the limiting capacity in term of the second largest
eigenvalue modulus.

The work in [10] considers the capacity and the error proba-
bility of a cascade of identical binary channels, not necessarily
symmetric, with “delayless operation of the intermediate sta-
tion,” i.e., intermediate processing of length N = 1. It identifies
which binary channel gives the lowest error probability in a cas-
cade. In the appendix of [10], it is also shown that the number
of Z-channels which can be cascaded while still guaranteeing
some constant (but small) end-to-end rate is inversely propor-
tional to the probability of error over one link. The techniques
used in [10] depend crucially on the properties of a Z-channel
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Fig. 1. A line network with two channels and one relay (L = 2).

and are only valid for repetition coding at the relays, that is, the
approach does neither directly carry over to other channels nor
extend for rates bigger than 1/N . Here, we develop a theory for
general intermediate processing and general DMCs.

The work in [11] considers the optimal ordering of different
binary channels, not necessarily symmetric, such that the ca-
pacity of the overall cascade is maximized. The optimal or-
dering is found for the special cases of binary channel “when
all channel matrices have positive determinant, and when rela-
beling of inputs and outputs is allowed between channels in a
cascade,” i.e., with processing of length N = 1. Theorem 9
in [11] gives the rate of convergence to the limiting capacity
of cascades of nonbinary channels with a single eigenvalue of
modulus one in terms of the second largest eigenvalue modulus.
Here, we develop a theory for general intermediate processing,
not necessarily N = 1, and for general DMCs not necessarily
for DMCs with a single eigenvalue of modulus one.

In this paper, we restrict our attention to cascades of DMCs.
Our approach and employed tools are not directly applicable to
cascades of continuous channels with intermediate processing.
Indeed, optimizing the capacity for cascades of continuous
channels depends not only on the length of the cascade and of
the intermediate processing, but also on constraints, such as
power constraints, that can significantly impact the problem’s
optimal solution.

This paper is organized as follows. Section II formally in-
troduces the network model and briefly summarizes the main
results of the paper. Section III calculates the capacity of an in-
finite cascade of identical channels without intermediate pro-
cessing. Section IV identifies the optimal finite length interme-
diate processing for an infinite cascade. Section V derives upper
and lower bounds on the capacity. Section VI determines how
the length of the processing must scale with the length of the cas-
cade in order to achieve a fraction of the min-cut capacity above
the zero-error capacity. Finally, Section VII concludes the paper
and briefly discusses open problems and future work directions.

II. NETWORK MODEL AND MAIN RESULTS

A. Network Model, Notation, and Basic Concepts

We consider line networks with L — 1 relays as depicted in
Fig. 1. The source Ay sends information to the destination Ap,
via relays {A;}/;'. Each link corresponds to the same DMC
with finite input alphabet X, finite output alphabet ), and ar-
bitrary transition probability matrix V. We impose that all the
DMC:s in the cascade are identical.

We use the following notational conventions. We denote by
Sn,m the set of stochastic matrices of dimension . x m. We use
boldface to indicate probability mass functions and transition
probabilities, represented as vectors and matrices, respectively.
All logarithms are with respect to the natural basis, with the
exception of plots, where capacities are in bits per channel use.



NIESEN et al.: ON CAPACITY OF LINE NETWORKS

We restrict the relays {A;}/7;' to perform operations from
blocks of exactly N symbols in ) to blocks of exactly N sym-
bols in X in a memoryless way across blocks. Using N times
the channel V between A; and A;.1, amounts to connecting A;
and A, ; through an equivalent DMC with input alphabet X%,
output alphabet V¥ and transition probability matrix

w2 veN

where ® denotes the Kronecker product. We denote by Y; € Y N
the output of channel i (observed by relay A;) and by X; € X N
the input of channel 7 + 1 (sent by relay A;). X; is then a (not
necessarily deterministic) function of Y;. This function can be
described by a transition probability matrix M; € Sy~ x|~
specifying for each realization z of X; and y of Y; the proba-
bility P(X; = z|Y; = y).

We allow the source Ay and the destination Ay, to perform
coding and decoding of arbitrary complexity, across an arbitrary
number of symbols in X’ N and YV,

We are interested in identifying the set of processing
{M;}2}' performed at the relays that maximizes the achiev-
able rate between the source and the destination. This is exactly
the capacity of the overall channel

L—1
w [ (M:w) (1
=1

that includes the intermediate processing {M i}fz_ll as part of

the channel transition probability matrix. Our goal is to deter-
mine

A 1 L—1 .
Ona(V) = max 5O (WHl._l <M1W>) 7

i=1

the capacity of the overall channel (1) normalized by N, the
number of uses of the underlying channel V. Here and in the
following:

c(Q) = max I(p, Q)

where I (p, @) is the mutual information between the input X
and the output Y when X ~ pand Y|X ~ Q.

Intuitively, the processing at the relays can be understood as
a decoder followed by an encoder for an inner code of length
N used over the channel V. More precisely, we can show [14]
that for every relay A;, the optimal processing M; corresponds
to a deterministic function and that it implements a decode-re-
encode operation for some code of rate! 4 log rank(M;).

In this paper, we will make connections between Cn, (V)
and the zero-error capacity of the underlying channel V. Re-
call that the zero-error capacity is defined as the maximum rate
at which communication is possible with zero probability of
error. The notion of zero-error capacity was introduced in [7]
(see [15] for further details). It can be computed as follows.
For a channel with transition matrix V', we call two input let-
ters k and £ adjacent if there exists an output letter 5 such that

A matrix is said to be binary if all its entries are in {0,1}. A stochastic
matrix M, corresponds to a deterministic processing if it is binary. For such
a processing, rank(M ;) is the number of inputs of the channel 7 + 1 in the
cascade that are actually used.

4041

[V]k,; > 0and [V],; > 0. We then construct a graph G(V)
corresponding to the stochastic matrix V' having as vertex set
the possible inputs of V' and in which two vertices are con-
nected if the corresponding input letters are adjacent. Denote by
M, (V) the largest number of vertices in G(V') no two of which
are connected by an edge (or, equivalently, the largest number
of input letters of V' no two of which are adjacent). In graph
theory, My (V) is called the independence number of G(V).
The zero-error capacity of V' is then given by

Co(V) 2 lim %logMo (VeNy. )

N—o00
It can be shown that Co(V') > < log My (VEN) forall N € N,
and hence, that the limit in (2) is equal to the supremum over all
N [15].
Clearly, for any DMC with transition probability matrix V/,
any intermediate processing of length NV, and any network
length L, we have

SM(VEN) < O 1 (V) < C(V) 3)

where the lower bound is achievable by using the same zero-
error code of length N at each node in the network and the upper
bound is the network min-cut capacity [1, Theorem 14.10.1].

B. Main Results

Our main result states that the capacity of an infinite cas-
cade of identical DMCs with transition probability matrix V,
and with intermediate nodes restricted to process only blocks of
N symbols, cannot exceed the zero-error capacity of the under-
lying channel. More precisely, it states that the lower bound in
(3) is tight as L — oo.

Theorem II.1: The capacity of an infinite cascade of iden-
tical DMCs with channel matrix V' and optimal intermediate
processing of finite length [V is

. 1 .
nggo Cni(V) = ¥ log My (VON) . 4)

This theorem is proved in Section IV. It tells us that in the
limit as L — oo, the optimal intermediate processing is iden-
tical at each relay and corresponds to the best, in the sense of
highest rate, zero-error code of length N for the channel V.
Hence, the capacity of the infinite cascade equals the rate of this
zero-error code and is always upper-bounded by the zero-error
capacity of V. Notice that, by (2), any rate strictly below the
zero-error capacity is achievable with finite length processing.

The next result illustrates the behavior of long cascades of
identical channels, arising, for example, when the intermediate
nodes perform the same processing independent of L.

Theorem I1.2: For any square stochastic matrix Q

lim C(QL) =log D(Q)

L—oco

where D(Q) is the number of eigenvalues of modulus (magni-
tude) one of Q.

This theorem is proven in Section III. It tells us that
limz .., C(QF) exists and can be easily computed as the
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logarithm on the number of eigenvalues of modulus one of Q.
In Section III, we also show that convergence to the limiting
capacity in Theorem II.2 is exponentially fast in L, and we
provide tight bounds on the exponent as a function of the
second largest eigenvalue modulus of Q.

For finite L and N — oo, the relays can use a capacity-
achieving code and communicate reliably as long as the rate
of this code is below the capacity of the channel V. That no
other coding strategy can do better than this is clear from either
the min-cut bound [1, Theorem 14.10.1], or directly from the
data processing inequality. Hence, the capacity of the cascaded
channel with infinite complexity processing at the relays is

A}im CN,L(V) = C(V) (5)

i.e., the upper bound in (3) is tight. From Theorem II.1, we have
that for . — oo and finite N, the lower bound in (3) is tight.
The limits in (5) and (4) might differ quite substantially. It is
thus natural to ask what happens if both [NV and L are allowed to
grow. Our last result tells us how fast N needs to grow with L
in order to achieve rates above the zero-error capacity.

Theorem I1.3: For any « € [0, 1], define

N*(L,a) & inf{N e N: Cy.(V) > R(a)}
where

R(a) £ (1= a)Co(V) 4+ aC(V).

For every channel matrix V there exists 5 € [0, 1] such that2 for
a € [0,1)

N*(L,a) = O(log L)
and for a € (3,1]

N*(L,a) = Q(log L)
as L — oo.

This theorem is proved in Section VI. The derivation of these
results is founded on upper and lower bounds on Cy, 1.(V') (de-
rived in Section V) that are valid for all values of N and L.
These bounds have merit on their own, as they increase our un-
derstanding of achievable rates for finite values of /V and L.

From Theorem II.1, we know that, for any network length L,
any rate below the zero-error capacity can be achieved with a
processing of finite length N. Theorem II.3, on the other hand,
tells us that for rates above the zero-error capacity, N needs to
increase at most logarithmically with the length of the network
L. Moreover, in many cases of interest, logarithmic growth is
also necessary. This is the case in the following example that
illustrates the use of Theorems 1I.1, 11.2, and 11.3.

Example II.1. Line Network of Binary Symmetric Channels:
Consider a cascade of L BSC(p) (binary symmetric channels
with crossover probability p), where p € (0, 1/2]. The capacity
of a BSC(p) is

C(V) =log(2) — H(p) £ C(p)

2We use Knuth’s notation: f(n) = O(g(n)) means that there exists a con-
stant ¢ and integer no such that f(n) < cg(n) for n > no; f(n) = Q(g(n))
denotes that g(n) = O(f(n)).
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Fig. 2. Capacity of L = 2 cascaded BSC(p) with simple forwarding (optimal
for N € {1,2}) C1,2(V), optimal intermediate processing of block length
three C3 2(V'), and optimal infinite length processing at the relay C'(V').

where H(p) £ —plog p—(1—p) log(1—p) is the binary entropy
function. The zero-error capacity is Co(V') = 0.

Theorems II.1 and IL.2 yield lim;,_, o, Cn, (V) = 0, that is,
as L — oo finite-length processing does not offer any benefits.
In other words, whether we use finite-length processing or no
processing at all, we cannot reliably transmit information from
the source to the destination at any positive rate. Moreover, if all
intermediate nodes perform the same processing independent of
L then this limit is reached exponentially fast in L.

Now assume that we need to transmit information through
this network at a strictly positive rate, our next question is how
N should scale with L in order to achieve this. Theorem IL.3 tells
us that logarithmic growth of N with L is sufficient to achieve
any positive fraction of the min-cut capacity, i.e., N*(L,a) =
O(log L) for all &« € [0,1). Furthermore, as we will show in
Example V1.2, for a network of binary symmetric channels, the
constant 3 in Theorem I1.3 is equal to zero, and hence loga-
rithmic growth of N with L is also necessary to achieve any pos-
itive fraction of the min-cut capacity, i.e., N*(L, a) = Q(log L)
for all @ € (0,1].

Note that, for finite L, finite complexity processing at the in-
termediate nodes can benefit the overall end-to-end achievable
rate. To see this, consider the case where the intermediate nodes
simply forward the incoming bits to the next node without fur-
ther processing. For a cascade of BSC (p), forwarding is clearly
the optimal processing for NV = 1. In fact, since a cascade of
L BSC(p) is itself a binary symmetric channel with parameter

%, the end-to-end achievable rate for N = 1 equals

Ci(V)=Cc(Vh)=C <ﬂ) .

Forwarding is also the optimal processing for L = 2 and
N = 2, thatis, Co2(V) = C12(V). Fig. 2 illustrates, for
L = 2 cascaded BSC(p), the forwarding capacity C; 2(V)
and the min-cut capacity C(V'). The same figure also shows the
achievable end-to-end rate when the intermediate node decodes
and re-encodes a repetition code of length N = 3. By exhaus-
tive search, for L = 2 and N = 3, the optimal processing can
be found to be either forwarding (small p) or repetition coding

(large p). O
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III. CAPACITY OF A CASCADE OF IDENTICAL CHANNELS

In Section IV, we will prove that identical processing at the
relays is optimal for an infinitely long cascade of channels. In
this section, we hence focus on the capacity of an infinite cas-
cade of a DMC with input and output alphabets of the same
cardinality and transition matrix @, that is, we compute

lim C(QL). (6)
L—oo
In other words, the channel @ is cascaded with itself without any
intermediate processing, or @ can be the result of applying the
same intermediate processing at each relay, that is, @ = MW,
for some M independent of L.

In Section III-A, we briefly review the canonical decomposi-
tion of nonnegative matrices, and we compute the limit and rate
of convergence of QT as I, — oo. We use these results in Sec-
tion III-B to characterize the limiting capacity of an arbitrary
channel cascaded L times with itself, and in Section III-C, to
characterize the rate of convergence to the limiting value.

A. Canonical Form of Stochastic Matrices

Our exposition closely follows [16]. Let @ be an m X m
square stochastic matrix and denote by 7 = {1,...,m} the set
of its (row and column) indices. We say that the index ¢ leads
to index j, and write ¢ — 7, if [Qk]” > 0 for some k > 1. If
1 — j and j — 1, we say that 7 and j communicate. An index i
is called essential if + — j implies 7 — ¢. Otherwise ¢ is called
inessential. This partitions the set of indices 7 into the set of es-
sential indices £ and inessential indices Z. The set of essential
indices £ can furthermore be partitioned into communicating
classes C = {&;} ,Iiczll, such that all indices communicating with
each other are in the same class. The canonical form of a ma-
trix @ is obtained by relabeling its indices in such a way that all
indices of the same essential communicating class are consec-
utive, and every inessential index is greater than any essential
index. Formally, this corresponds to pre- and post-multiplying
Q by some permutation matrix IL. This results in a matrix of the
canonical form

P, O ... O O
o P, ... 0 O
mm'=| ;oo (D
0 o0 Pe 0
Rl R2 R\C| S

The square matrix P; in (7) contains the transition probabilities
within the :th essential communicating class, the square matrix
S contains the transition probabilities between the inessential
indices Z, and the (not necessarily square) matrix R; contains
the transition probabilities from the inessential indices to the zth
essential communicating class. The submatrices { P; } IZC:|1 are by
construction irreducible.

The period of an index 1 is defined as the greatest common
divisor of those & for which [@*]; ; > 0. All indices in the same
communicating class have the same period, which is referred
to as the period of the class. Denote by d; the period of the
submatrix P;. If d; = 1, then P; is called primitive, i.e., it is
irreducible and aperiodic. If d; > 1, then P; can be written in a
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canonical form (again by permuting indices) such that, for any
integer /, P,‘ilié is of the form

P,, 0 ... 0
o P, ... 0
Pr= T ®)
: : .
0 0 DR Pz’dl

where the square matrices {P;, j}’fi:l on the main diagonal are
primitive, i.e., irreducible and aperiodic.

The following lemma gives the limiting expression of Q%
when L — oo for certain Q. As we shall see, the class of @
covered by the theorem is general enough for the purposes of
computing the capacity in (6).

Lemma IIl.1: Let Q be a square stochastic matrix in the
canonical form (7) with |C| primitive diagonal submatrices

{Pi}LC:H (i.e., @ has |C| aperiodic essential communicating
classes). Then
1wy 0 e 0 0
0 1wy ... 0 0
Q¥ = lim QF=| 1 S
0 0 11l"c| 0
a|T,  asmo ajc|Tc| 0

©

where the row vector 7; is the unique stationary distribution of

P;, ie., m; = m;P;, and the column vector a; equals a; =

(I —8)~'R;1 (I indicates the identity matrix and 1 the column
vector of all ones).

Proof: The proof follows from [16, Theorems 4.1, 4.2, 4.3,

and 4.7] O

The speed of convergence of Q@ to the limiting expres-
sion in (9) is exponential in L, with the exponent related to
{IMi(@Q)]};_;, s < m, the ordered (written without repetition)
eigenvalues of @ such that

A(@Q)] > [A2(@)] > -+ > [A(Q)]-

Note that for a stochastic matrix @, |\1(Q)| = 1. Moreover,
a primitive stochastic matrix has exactly one eigenvalue of mod-
ulus one. This eigenvalue, referred to as Perron—Frobenius root,
has an algebraic and geometric multiplicity of one [16, Theorem
1.1]. The next lemma provides detailed information about the
speed at which convergence in Lemma III.1 takes place.

Lemma II1.2: Let @ be a square stochastic matrix in the
canonical form (7) with |C| aperiodic essential communicating
classes. The entries of Q% converge to the entries of Q™ in
(9) exponentially fast® in L, with exponent not smaller than
—log [A2(Q)]-

Proof: From [16, Theorems 1.2 and 4.2], the entries of PF
converge to the entries of 17; exponentially fast, all with expo-
nent — log |A2(P;)].

From [16, Theorem 4.3] and [17, Corollary 5.6.14], the en-
tries of 8 converge to zero exponentially fast, with exponent

3f(L) converges exponentially to a with exponent not smaller than b
if limy .o f(L) = a and liminf,_ —%log|f(L) —al > b If
limy,_, oo —+ log |[f(L) — a| = b then f(L) converges exponentially fast
with exponent b.
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not smaller than — log |A1(8)]. Note that |A1(S)| < 1 and thus
the exponent is positive.

From the proof of [16, Theorem 4.7], the entries of REL) =
Z]L:_f S9R;PL~177 (the position of the matrix R") in QT is
the same as the position of the matrix R; in Q) converge to
the entries of a;m; exponentially fast, with exponent not smaller
than — log max{|A2(P;)l,|A1(S)|}-

Hence, all entries of @ converge to their respective limit with
exponent not smaller than

—log max{|A1(S)], [A2(P1)],- .-, |A2(P)e))]}- (10)

Since the eigenvalues of the block lower triangular matrix @ are
the union of the eigenvalues of its diagonal blocks [18, Exercise
4, p. 64], and since |A1(Q)| = 1 because Q is a stochastic ma-
trix, (10) equals — log |A2(Q)|, thus yielding the desired result.

O

An immediate consequence of Lemma III.1 is as follows.

Corollary I11.3: Let @ be a square stochastic matrix with |C|
aperiodic essential communicating classes. Then

|C| = rank (Lli_)ngo QL) = D(Q)

where D(Q) is the multiplicity (algebraic and also geometric)
of M(Q) = 1.

Proof: That the rank of limz,_,., QT is |C| follows imme-
diately from inspection of (9).

That |C| is also the multiplicity of [A1(Q)| = 1 is a conse-
quence of the following facts. First, the eigenvalues of a block
lower triangular matrix are the union of the eigenvalues of its
diagonal blocks [18, Exercise 4, p. 64]. Second, each stochastic
matrix P; on the main diagonal of @ is primitive and thus has
exactly one eigenvalue of maximum modulus (|A1(P;)| = 1).
Third, all the eigenvalues of S are in modulus strictly less than
one [16, Theorem 4.3]. Hence, the eigenvalue of @ of maximum
modulus (JA1(Q)| = 1) has multiplicity D(Q) given by the
number of primitive stochastic matrices P; on the main diag-
onal of @, which is |C| by definition. O

The following example illustrates these definitions and re-
sults.

Example IIL1: Letp € (0,1),¢ € (0,1). Consider the DMC

1—-p O 0 p
0 1 0 0
Q= 0 t 1-—t 0
P 0 0 1—-p

which has essential indices £ = {1,2,4}, inessential in-
dices T = {3}, and two essential communicating classes
C = {{1,4},{2}}. The canonical form, which we shall denote
again by @ for ease of notation, is

1-p P 0 0

. P 1—p O 0

Q= 0 0 1 0 an
0 0 t 1—t
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with

1—
P, - ( PP
p o 1-p

). P=()
and
R =(0 0), R=(t), S=(1-1¢).

Both matrices P; and P> have period 1. Hence, the matrix @
falls into the category covered by Lemmas III.1 and III.2 as well
as Corollary IIL.3. The eigenvalues of @ take the values {1,1 —
2p, 1 — t}, and |\ (Q)| = 1 has multiplicity D(Q) = 2.

From Lemma III.1

1/2 1/2 0 0
w_ |1/2 172 0 0
Q_0010’ (12)
0 0 10

and, from Lemma II1.2, the speed of convergence is exponential
with exponent not smaller than
— log max{|1 — 2p|, 1 — t}.
From Corollary II1.3, the rank of @ is D(Q) = 2.
In this specific example, we could also have computed di-
rectly the limiting value in (12) and the exponent in (13) from
the following explicit expression for Q*:

13)

Yx/2 —x/2 0 0
L ;oo —z/2 4z/2 0 0
Q"=Q> + 0 0 0 o (14)
0 0 -y +y
withz = (1 —2p)L and y = (1 — t)E. O

B. Capacity of an Infinite Cascade of Identical Channels

We now use the results from Section III-A to find the capacity
of an infinite cascade of an arbitrary channel @ without interme-
diate processing.

Theorem II1.4: For any square stochastic matrix @

Jim. C(QF) =log D(Q) (15)

where D(Q) is the multiplicity of eigenvalues of modulus one
of Q.

Proof: For any square stochastic matrix @, the limit
limy, ., C(QF) exists since the sequence C(QL) is nonin-
creasing in L (by the data processing inequality) and bounded
below (by nonnegativity of mutual information). The existence
of the limit implies that for any d € N

lim C(QY) = Jim c(Qh).

L— oo

(16)

By continuity of capacity in the channel transition probability
matrix (shown in Appendix I, Lemma I.1) and if lim 7 _, .. Q4
exists (which, for appropriately chosen d, will be shown to hold
in the next paragraph)

: dLy __ : dL
Jim 0@ =0 (Jim @),

Without loss of generality, assume that @ is in the canonical
form (7). The notation is the same as in Section III-A. Let d;
be the period of the irreducible matrix P; and denote by d the
least common multiple of the {d;}. By (16), we can limit our
attention to the powers of @<. From (8), we know that P¢ is

7)
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block diagonal, since d is a multiple of d;, and it has exactly d;
primitive square matrices on the main diagonal. Hence, Q¢ has
the form of (7) with )", d; aperiodic essential communicating
classes. Hence, limy,_, o Q‘““ is given by (9) in Lemma III.1,
where the number of aperiodic essential communicating classes
is Z i di.

Since capacity is upper-bounded by the logarithm of the rank
of the channel transition probability matrix [19] and from Corol-
lary II1.3, we have that

C ( lim QdL) < logrank (Lh—lgo QdL>

L— oo
= log Zidi
= log D(Q")
= log D(Q)

where the last equality in (18) follows since the number of eigen-
values of modulus one of @ is the same as the number of eigen-
values of modulus one of Q" for any integer k. It is easy to see
that equality in (18) is achievable by using one input per essen-
tial communicating class of Q¢ with uniform probability. This
shows that (15) holds, concluding the proof. O

(18)

C. Convergence to Asymptotic Value

We showed in the last subsection that the capacity of an infi-
nite cascade of identical DMCs can be easily computed in terms
of the number of eigenvalues of modulus one of the channel
transition probability matrix. In this subection, we show that
convergence to this limiting expression is exponential in the
length of the cascade. This implies that for long, but still finite,
cascades of identical channels, the limiting result derived in the
previous section is meaningful.

We define the exponential rate at which capacity decays as

1
Er(Q) = —7 log (C(Q") —log D(Q)) -
The following theorem asymptotically bounds E7,(Q) in terms
of the eigenvalues of the channel matrix Q.

Theorem II1.5: Let @ be a stochastic matrix, and define @ as
the stochastic matrix obtained by deleting all inessential indices
from Q. Then

—log|A2(Q)]
<liminf £7(Q) < limsup £1(Q)

L—oo

< —2log [\2(Q)] (19)

where |A2(Q)| denotes the second largest eigenvalue modulus
of the channel matrix Q.
Moreover, if @ = @, then limy,_, o, E1(Q) exists and is equal
to the upper bound in (19).
Proof: The proof, due to its length and technicality, is re-
ported in Appendix II. O

Interestingly, the speed of convergence of C (QL ) in Theorem
II1.5 is not necessarily the same as the speed of convergence of
QL, which was derived in Lemma III.2 and was found to be
equal to — log |A2(Q)]-
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We illustrate the use of Theorem IIL.5 by further developing
Example III.1. This example shows that both the upper and the
lower bounds in Theorem III.5 can be tight.

Example I11.2: For the channel in Examp/l\e II1.1, we have
M@ = max{[l — 2p],1 — } and Ma(@)] = |1 — 2],
The matrices Q, QL, and Q°° are given in (11), (14), and (12),
respectively. Theorem II15 says that the convergence of C(Q*)
to C'(Q) = log(2) is exponentially fast in L with exponent

—log max{|1 — 2p|, 1 — ¢}
< liLm inf E7,(Q) < limsup Er,(Q)

L—oo

< —log ((1-2p)%). (20)

We now show that with the right choice of the parameters
p and t, both the upper and the lower bound in (20) can be
achieved. To do that, we will directly derive the speed of conver-
gence as follows. The capacity of QL in (14) can be computed
for every L as the channel is the sum of a binary symmetric

channel with parameter p;, = ﬂ’ with capacity
1—-2p 2
Crsc(pr) = log(2) — H(pr) — %

as L — 0o, and a Z-channel with parameter ¢, 21— (1- t)L,
with capacity

Cn(tr) = log (1 +exp <_ HW))) .

1—-1t;

1-1g
e

as L — oo. Hence, for large L
C(Q") = log (exp (Cpsc(pr)) + exp (Cz(tr)))
_ 2L L
zlog<2+ a ;p) Uit )
e

~ log 2 + max {41 (1 — 2p)*L, Bo(1 — )=}
for some constants (3; and 5 independent of L. We conclude
that

Llim EL(Q) = —logmax{(1 —2p)?, 1 —t}.
Thus, if (1 —¢) < (1 —2p)?, the upper bound in (20) is tight; if
(1 —2p)? < (1 —t) < |1 — 2p| neither the upper nor the lower
bound is tight; if (1 — 2p)? < |1 — 2p| < (1 — t), the lower
bound is tight. O

IV. CAPACITY OF AN INFINITE CASCADE OF CHANNELS WITH
INTERMEDIATE PROCESSING

In this section, we characterize the optimal finite-length in-
termediate processing for an infinite cascade and establish con-
nections with the zero-error capacity. We start by showing that,
similar to the usual capacity, the zero-error capacity obeys a sort
of data processing inequality. This result is then used to show
that the optimal finite-length processing for an infinite cascade
is a zero-error code.

Proposition IV.1: Consider a cascade of L channels {Q; }£_, .
Then for any j € {1,..., L}

M, <<HQ>> < Mo (@)

2y
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Remark: Equation (21) implies that

L .
Co (Hi:lQi> < jepnin

.....

Proof: By definition, if My(Q) is the maximum number
of inputs of the channel @ that can be distinguished from the
output with zero error, then for every m < My(Q) (and for
nom > My(Q)) there exist two binary stochastic matrices, an
encoder Mg and a decoder M p, such that M pQM p is the
identity matrix of dimension m. Conversely, if there exist two
binary stochastic matrices M g and M p such that M gQM p is
the identity matrix of dimension rn, then m < My(Q).

Let (Mg, Mp) be the optimal encoder and decoder for

XRn
the matrix (Hle Qi) . By the properties of the Kronecker
product [18, Thoerem 4.2.10], we have

L wn
1, -Mx (I[_Q) M»

L
= MEHizl (QF") Mp
=Mp ;Q7"Mbp

where I, is the identity matrix of dimension

m 2 M, ((H;%) ®n>

i—1
My 2 Me[]_ Q"
L
Mp; = (Hi_j-HQ?n) Mp.

Hence, there exists at least one pair of randomized zero-error en-
coder and decoder (i.e., Mg j and M p ;) for the channel Q?"
yielding the same rate as HiL=1 QY.

It remains to show that we can find a nonrandomized (i.e.,
binary stochastic) zero-error encoder and decoder for Q?".
Note that the set of all stochastic matrices of fixed dimension
is closed, bounded, and convex. An easy argument shows
that its extreme points are binary stochastic matrices. Hence,
every pair of stochastic matrices (M g, M p) may be written
as a convex combination of binary stochastic matrices [20,
Corollary 18.5.1]

and

B
Mg;=> \B,

=1

B
Mp;=> \B;
=1

where {B;}2 , is the set of all binary stochastic matrices of
appropriate dimension for Mg ; and M p ;. Then

B B

I, = ME,jQ?nMD,j = Z Z )\iS\lBiQ?nBl-

=1 [=1
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Each term BZ-Q;@”BI is a stochastic matrix, and hence, in par-
ticular, nonnegative with at least one positive entry in each row.
Hence, their sum can only be equal to I, if BiQ?nBl =1,
whenever /\i/N\l > 0. Since at least one such )\ij\l must exist,
we can choose B; and B; as nonrandomized zero-error encoder
and decoder for the channel Q?”, proving the result. O

The next theorem shows that for an infinite cascade of iden-
tical DMCs, identical processing at the relays is optimal. This
theorem is crucial as it allows us to optimize over only one inter-
mediate processing instead of having to optimize over an infinite
sequence of processing {M; }52,.

Theorem IV.2: For a cascade of L identical DMCs, identical
processing at the relays is optimal as L. — oo, i.e.,

%c <WH:11(M1»W)>

. 1
= lim max NC (MW)L) .

L—oo

lim max
L—oo {M;} _L_*ll

Moreover, the maximization on the right-hand side can be re-
stricted to be over all binary stochastic matrices.

Proof: Recall that W £ V®N is the channel transition
probability matrix of the equivalent DMC between any pair of
relays, and that { M}~ is the processing at the relays. With
Q; 2 MW ¢ Sy~ y~ fori = 1,...,L — 1, the overall
channel between the source and the destination node is

L—-1 L—-1
wI[Mw)=w ][] Q.
=1

=1

An interval chain o of length £ is defined to be a sequence
of intervals {o;}¢_,, where the o; are each integer intervals
{l;,l; +1,...,r;} and have the property thatl; = r;_; + 1 for
all i € {2,...,¢}. Consider the product Hfz_ll Q; and define
Qs; £ 12, Q; for any integer interval o; C {1,...,L — 1}.
We will use 'i21, Lemma 2.4], a result originally due to Erdés
and Szekeres, to show that, as L — oo, there exists an interval
chain o of arbitrary length £ such that all Q,, are almost iden-
tical. More precisely, for every L there exists an £ = ¢(L) sat-
isfying limy,_ o, (L) = oo and such that

c (WH:QJ =0 (PQUIP) +e(1) (2

for some stochastic matrices P and P and with (L) — 0 as
L — oo. R

For a fixed k € N, construct @ from @ by quantizing every
component of @ to the closest of the points {;j/k}5_,. The set
of all possible quantized matrices (which are, in general, not
stochastic) has cardinality K £ (k + 1), with n £ |Y|V.
By [21, Lemma 2.4], we have that if L — 1 > ¢¥ then there
exists an interval chain o of length £ such that Q, = @, for
all j € {1,...,¢}. Note that @Uj is defined as the quantized
version of @, and hence, @Jj and @, differ componentwise
by at most 1/k.

We now show, by induction over /, that this implies that the
product szl Q., and Q differ componentwise at most by
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#(4n)*~1. The result trivially holds for £ = 1. Assume then it
holds for /—1, and let A £ Hf;ll Q,.B= Q' t. Consider an
arbitrary component of AQ,,, and BQ,,,, say (1,1). We have

n n

> alill)ge, (1)) =D b(il1)gs, (1]0)

=1

<> 1alil) g, (L18) = bil1)go, (1]3)]

=1
; (a + %(4@“) (q + %)
eefr) (-3)

= max <g(4n)l2q + %a)

P a,q€[0,1] ;
1

S E(4n)£_1

=1

< max

concluding the induction step.
Let log"(z) denote the i-fold logarithm of x. Choosing

() -

[(L _ 1)1/<k<L>+1>"2J

ol
—~

h
~

>

(L) =

we have limy,_, o ﬁ(éln)z(m_1 = 0, and at the same time L—

1 > #(L)X(") for all L and limy o £(L) = co. By Appendix
I Lemma L.1, C(-) is uniformly continuous, and hence

¢ (PQYMP) - <P <Hf(=L1)Qm.> 13> ‘ —0

proving (22), where

lim
L—oo

-1

P=wIlQ
j=1
" L-1
P= ][ @
Jj=re+1

By the data processing inequality, the capacity in (22) can be
upper-bounded by

c <WH1,L_11Q,:> <0 (QP) +e(r).

But any stochastic matrix @, resulting from this procedure can
be written as the product MW for some stochastic matrix M
and, hence, Qf;1 can be constructed from a cascade of £ channels
W by using the same processing at each relay. Thus

lim max

1 L-1
= M,
g e, 55O (WHi=1 ( W))
i 1 “r)
< ngl;o max NC ((MW) )

= lim max %C (MW)L) .

L—oco M
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It remains to show that M can be restricted to be a binary
stochastic matrix without loss of optimality. As argued before
(see the proof of Proposition IV.1), every matrix M may be
written as a convex combination of binary stochastic matrices
M = Zf;l \iB;, where {B;}E | is the set of all binary sto-
chastic matrices of appropriate dimension. The maximization
over M can then equivalently be written as a maximization over
all valid weights {\;}2_ . By convexity of mutual information
in the channel argument

B L
e ((2208)w) )
B B I
< N (T Baw)) . (23
_r{nAa§<IZ=1 iLZZI 1 <H]=1( ; )) (23)

We can interpret the weights {\;}2_ | as a probability distri-
bution on {B;}2 ;. Then the argument of the right-hand side
maximization in (23) is the expected value of capacity resulting
from choosing L intermediate processing from {B;}Z , inde-
pendently at random and according to the probability distribu-
tion {\;}2_ . We will break this argument into two terms, with
one term containing all the events where a particular B; appears
at least p times in succession, and the other term containing the
remaining events.

Let +* denote the index corresponding to the maximum value

1

of \;, i.e., i* = arg max)\i. Clearly, \;« > 5~ Thus, for the

2
corresponding B« the probability that it occurs p times in suc-

cession during the experiment is at least %. Define A”(L) to

be the set of L-tuples of indices {i;}_, such that the value \;-
(and correspondingly B;- ) appears at least p times in succession
in (23)

AP(L)é{{ij}lee{l,...,B}LzaogjogL—p—l

St jo41 = = ljg4p = }

For a fixed p, L, and assuming L = mp for some m € N, we
have

AP(L) D {{z‘j}f_l €e{l,....,B}*:30<my<L/p—1

S.t. ’ipm0+1 == Z'P(mO"rl) = ’L*}

and therefore

>

{is}¢Ar(L)
With this, we can further upper-bound (23) by

L
Y A ALC <H]_=1(BijW)>
{ijyeAr()
+ exp(—m/B?)N log |X|

,, C(BWY)

1 m
Xiy - i, < <1 — §> < exp(—m/B?*).

max

{xi}

(24)



4048

where we have used the data processing inequality. Choosing
p(L) & |log?(L)| and m(L) £ |L/p(L)]|, the second term
on the right-hand side in (24) goes to zero as L. — oo while
limy, o0 p(L) = 00, proving the result. d

With this last result, we are now in position to find the op-
timal intermediate processing of block length N for an infinite
cascade of identical channels and to compute the resulting ca-
pacity of the cascade. Theorem IV.3 shows that the optimal in-
termediate processing at the relays corresponds to using the best
zero-error code of block length N for the channel V. The re-
sulting capacity of the cascade equals the rate of this zero-error
code.

Theorem IV.3: The capacity of an infinite cascade of iden-
tical DMCs with channel matrix V' and optimal intermediate
processing of finite length [V is

1 o
; . ®N
Lhm Cnir(V)= NlogMg (V )
Proof: Decompose the intermediate processing M =

M p Mg, for some stochastic matrices M p, M g. The main
steps of the proof are as follows:

Lliln CN7L(V)
— lim max ~C (MpgWMp)h) (25a)
LoocoMgp,Mp N B p
1
=, i, ¢ (MeWMD)Y) (3
1
= MI?,aMXD N log DIMgWMp) (25¢)
— 1 . : dL
= i clog Mo (ngr;o (MpWMp) ) (25d)
1
= — log Mo (W). (25¢)

Equality in (25a) follows from Theorem IV.2. The next step is
to show that the limit and the maximization operation in (25a)
can be exchanged, thus giving (25b). We postpone the proof
of this technical step to a later stage. Equality in (25c) fol-
lows from Theorem II1.4, where D(M gW M p) is the number
of eigenvalues of modulus one of MgW M p. Call d the least
common multiple of the periods of the essential communicating
classes of M gW M . From Lemma III. 1, the limiting channel
limy, oo (MgWMp)?L has D(MgWMp) nonadjacent in-
puts, and hence (25¢) is the rate of the best zero-error code of
length one for the limiting channel limz_,..(MgWMp)?E,
thus giving (25d). Finally, equality in (25e) follows by applying
Proposition IV.1, which states that

M, (L@OO (MEWMD)'IL) < My (W)

with equality if (Mg, Mp) is an optimal zero-error code for
W = V®N asin this case ( MgWMp)* = I* = T for any
integer /.

In order to complete the proof, we need to show that the limit
and the maximization operation in (25a) can be interchanged.
Clearly

. 1
Jim a5 C (McWMDp)?)

. 1
> MIE,%I(D Lh_)ngo NC ((MEWMD)L) .
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x1 X’ Y1
T yo T T °
Ty ® Yy

The channel V' in Example IV.1 and its graph G(V').

T3 &0 Iy

Fig. 3.

On the other hand, let {(M%(L),M5 (L))}, be a se-
quence of optimal processings. By Theorem IV.2, every pair
(M%(L), M (L)) can be assumed to be binary matrices. Since
there are only finitely many binary matrices, there exists an in-
finite subsequence { Ly }7° ; such that all (M}, (L), M, (L))
are identical (equal to (M*%;, M},), say). Hence

. 1
e, WO (MeWMp)T)

~ lim %o((Mg(Lk)WMHLk))“)

k—oo

]' * * s
O (MW Mp)H)

= lim
k— oo

.1 ,
< o Jlim SO (MeWMp)™)

proving (25b). O

Theorem IV.3 states that the zero-error capacity is the only
part of the transmitted information rate that can be preserved as
the length of the cascade . — oo. Another interpretation of this
result can be obtained by considering the concept of common
information [22]. The common information between the pair of
random variables (X, Y") is defined as the entropy of the func-
tion { = f(X) = ¢g(Y) of maximum range. In other words, &
can be computed from either X or Y with probability one. If
X has distribution p and Y has conditional distribution @, we
denote the common information between them as

J(p.Q) 2 H(&).
As is shown in [23], [24], the zero-error capacity can be defined
through common information in a similar manner as ordinary
capacity can be defined through mutual information. More pre-
cisely

log My (V®N) = max J (p, V®N) ,
P

and thus Theorem IV.3 can equivalently be written as
. 1 DN
Lh_I)I;O Cni(V)= max ﬁ‘] (p,VEN).

Hence, as L. — oo, the only part of mutual information we
can preserve between the input and the output of the cascade
is exactly the common information between them.

The following examples illustrate the use of Theorems IV.2
and IV.3.

Example IV.1: Consider V = @, where @ is given in (11) in
Example III.1. The corresponding transition matrix V" and graph
G(V) are depicted in Fig. 3.

For this channel

Co(V) = My (V) = log?2
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Fig. 4. The “pentagon” channel V" and its graph G(V').

that is, the zero-error capacity is achieved by a zero-error code
of block length one (this code for example might use x; and x5
that are nonadjacent). Theorem IV.3 states that for an infinite
cascade of these channels, for any finite N

Lhm CN,L(V) = Lhm Cl,L(V) = IOg 2.

In other words, if N is restricted to be finite, N = 1 is optimal.
The limiting capacity can be achieved by using at all interme-
diate nodes the decoder

T
1100
MD_<0011)

followed by the encoder
10 0 0
My = (0 0 1 0) '

Notice that, for this specific example, the product M p Mg is
actually equivalent to forwarding. In fact, a decoder cannot dis-
tinguish between 21 and x9, and between x3 and x4. Nonethe-
less, x1 or xo are never mistaken for x3 or x4. Moreover, in the
limit for large L, M g can be used at the source and M p can
be used at the destination without loss of optimality. Hence, for
long line networks of channels V, the intermediate nodes need
not to perform any processing at all, the source conveys the bits
with value zero by sending, for example, 21 or x2, and the bits
with value one by sending x3 or z4. The destination decodes a
bit to be zero if either y; or y- is received, and one otherwise.
This scheme does not incur any delay, does not require any in-

termediate processing, and is optimal provided the length of in-
termediate processing is restricted to be finite while . — oo. {

The simplest nontrivial DMC for which the zero-error ca-
pacity is achieved by a zero-error code of length larger than one
is the so-called “pentagon” channel [7], which we analyze in
more detail in the next example.

Example 1V.2. The Pentagon Channel: Consider the “pent-
agon” channel whose transition matrix V, for p € (0,1), is

1—-p 14 0 0 0
0 1—p P 0 0
V= 0 0 1-p P 0
0 0 0 1—p P
P 0 0 0 1—p

The corresponding graph G(V) is depicted in Fig. 4.
For this channel, we have M, (V') = 2 (for example, 21 and
x3 are nonadjacent) and M, (V®2) = 5 (for example, (21, 1),
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(z2,23), (z3,25), (x4,22), and (z5,2z4) are nonadjacent). It
was conjectured in [7] and shown in [25] that for this channel
the zero-error capacity is

1 1
O(](V) = EM() (V®2) = 5 10g5
that is, a zero-error code of block length two is optimal.
Theorem IV .3 states that for an infinite cascade of “pentagon”

channels

Jlim €11 (V) = log2,
and
lim Cy (V) = % log 5.

L—o0

Moreover, for any other finite NV, we can never achieve more
than % log 5. Hence, for an infinite cascade of “pentagon” chan-
nels, an intermediate processing of length N = 2 is optimal if
N is restricted to be finite. The optimal limiting capacity can
be achieved by using at all intermediate nodes and at the source
a zero-error encoder of length 2, and at all intermediate nodes
and at the destination a zero-error decoder of length 2. Notice
that in this example, if the intermediate nodes simply forward
the incoming data (i.e., they perform a suboptimal processing of
length N = 1) then the limiting capacity is log D(V') = log 1 =
0 (by Theorem III.4), and this limit is approached exponentially
fast with exponent

—2log [X2(V)| = —log(1 — 2p(1 — p) sin®(27/5))

(by Theorem IIL.5). In other words, intermediate processing is
necessary if a nonvanishing rate is to be achieved in a long line
network of pentagon channels, but even an optimal one-symbol
processing suffices to achieve a strictly positive end-to-end rate.

0

V. BOUNDS ON CAPACITY

We derive an upper and a lower bound on Cy,1,(V), the ca-
pacity of the cascade with optimal intermediate processing at
the relays, that apply for all values of N and L.

A. Upper Bound

In this subsection, we derive an upper bound for C'y (V') ex-
pressed as a convex combination of the min-cut capacity and of
a term reminiscent of the zero-error capacity. The basic idea is
to decompose the channel transition matrix V®¥ into a convex
combination of two stochastic matrices, one of which has rank
as close as possible to My(VEN). We also discuss efficient al-
gorithms to determine such a decomposition.

Theorem V.1: For any stochastic matrix V' and any integer
N, if there exist two stochastic matrices A and By, and 6 €
(0, 1] such that

VN = 6yAn + (1 — 6x)Bx 26)
then
CN7L(V) < (1 —(1— 5N)L71) w
+(1=on)oW). @)



4050

Remark: If logrank(Ay)/N < C(V) then, for L large
enough, the bound in (27) is strictly better than the min-cut
upper bound Cy (V) < C(V).

Proof: Assume (26) holds, then

Ox1(V)= € <WH:11 (MJ}V))

_ %c ((5NAN +-6xB0 ] (M,L-W)>

< 5N_c <ANH (M; W))

+(1— 5N (BNH ) (28a)
e o (WH w))
(28b)

where (28a) follows from the convexity of mutual information
in the channel matrix, and (28b) from the data processing in-
equality. By repeating the same argument, we get

—1y C(4n)
) =N
+ (1=éx)""TC (V).

Cn(V) < (1—(1-6n)"

(29)

We can further upper-bound C(Ay) in (29) with the logarithm

of the rank of Ay [19] to yield (27). O
The following example illustrates the use of Theorem V.1.

Example V.1: Consider again V = @Q, where @ is given by
(11) in Example III.1. Then, we can choose

- p)7 t}
and A; £ Q°°, where Q™ is given by (12). In this case,

logrank(A;) = log(2) = Co(V). Setting Ay = APN,
Theorem V.1 yields

(1-(1

861 = min{2p, 2(1

Cnr(V) < —60)F7) Co(V)

+ (1 _ 6{\7)L71

c(V). (30

For this channel lim,_,o, Cn, (V) = Cy(V) for any finite
N, as already pointed out in Example IV.1. Moreover, we see
from (30) that the decay of Cy (V') to Cy(V) is exponential
in L with exponent lower-bounded by
Co(V))

o 1
lini,gf_flog(CN’L(V)_ > —log (1-67). ¢

In order to obtain the best bound for any given NV, A should
be chosen to have the smallest rank possible. A possible choice
is to take Ay = AN and 65 = 6] as in Example V.1. With
this the bound in (27) reduces to

Cnp(V) < (1= (1= 61)"7") logrank(4y)

+(1-o) o)
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TABLE I
MAXIMUM INDEPENDENT SET PROBLEM, SET COVER PROBLEM, AND THEIR
LP RELAXATIONS

Set Cover Problem LP Relaxation (Primal)
min}y_, s; miny, s;

Zi:uesi si>1L,Yuel Zi:uesi si>1L,Yuel
s; €{0,1}, Vi 0<s; <1, Vi

Max Independent Set Problem LP Relaxation (Dual)
max}- ; t; max ), t;
Zjesitjglvsies zjesitj§1vsies
t; € {0,1}, Vj 0<t; <1, Vj

since rank (A(%ON )= (rank(A;))" . However, the choice Ay =
AN does not give the best possible bound for Cy 1.(V) in (27)
in general, as we show in Example V.2.

Example V.2: Consider again the “pentagon” channel intro-
duced in Example IV.2. For N = 1 we can find a matrix A;
with rank(A;) = 3. However, for N = 2 we can find a matrix
A, with rank(A) = 8 < rank(4;)? = 9. ¢

Note that for any matrix A such that (26) holds, we have
1 A . 1
N log My(VON) = ngl;o Cn(V) < N logrank(Ay).

If for some N we find rank(Ax) Mo(VEN) (liktg?)}l%
Example V.1), then Theorem V.1 implies that the decay of
Cn.p(V) to limy_,o, Cn (V) is exponentially fast in L.
We have already seen in Section II-C that if we impose the
constraint that all {M ! are identical and independent of L
then the limiting capa01ty 1s approached exponentially fastin L,
and we gave tight upper and lower bounds on the exponent. If
rank(Ay) = Mo(V®N) for some N, then exponential decay
also applies to nonidentical processing. The lower bound on
the exponent that can be derived from Theorem V.1, namely,
—log(1 — 6x), is, however, not tight in general.

The problem of finding the matrix A with minimum rank is
equivalent to the Set Cover Problem described as follows [26].
Given a universe U of n elements, a collection S = {S; ... S,,}
of subsets of ¢/, and a cost function for each subset in S, find a
minimum cost subcollection of S that covers all the elements in
U. This problem can be formulated as an integer program. As-
sign a variable s; for each set S; € S, where s; = 1 if set S;
takes part in the subcollection and s; = 0 otherwise. The con-
straint is that every element in &/ must belong to at least one of
the picked sets S;. The set cover problem and its linear program
(LP) relaxation (primal) are provided in Table I, for the special
case where the cost of all sets is one, which is the case of interest
here. A variety of approximation algorithms are available in the
literature for the set cover problem [26]. These algorithms run
in polynomial time in n and provide approximations with gap
at most log n from the optimal solution.

In our case, the universe I is the set of n = |X'| inputs of
the channel V&V, The set of m = |V|" outputs defines S, in
that the subset S; contains the inputs that result with nonzero
probability in output ¢, for « = 1,...,m. The next theorem
shows that this set cover problem is equivalent to the problem
of finding the matrix Ay of minimum rank.

Proposition V.2: The minimum rank matrix Ay has rank
OPT 4, if and only if OPT 4, is the minimum cost of the pre-
viously described set cover problem.
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Proof: Consider a solution of the set cover problem with
cost OPT 4, . This provides us with a set of outputs that cover
all inputs. We can construct a matrix A that has rank OPT 4,
as follows. Take the binary matrix [V®™N7], where the ceiling
operation is component-wise. To construct matrix Ay, replace
with the all-zero columns those columns of [V®™] that corre-
spond to outputs where s; = 0 in the set cover problem. Then
normalize all rows so that they sum to one. The matrix A con-
tains at most OPT 4, linearly independent nonzero columns
and m — OPT,4,, all-zero columns, and thus, rank(Ay) <
OPT 4, . Moreover, Ay is a valid stochastic matrix because its
nonzero columns “cover” all inputs, i.e., each row has at least
one nonzero element, and all rows sum to one. Choose 6 to be
the largest number such that the matrix

1
 1-6n
is a valid stochastic matrix. It is easy to see that this Oy
is at least as large as the minimum of the entries of V&V
that correspond to a nonzero entry in Ay. We conclude that
ming, rank(Ay) < OPT4,.

For the reverse direction, note first that by nonnegativity of
A, we can assume without loss of generality that the columns
of Ay are linearly independent (linearly dependent columns do
not affect the rank, and correspond to sets with already cov-
ered elements). Set s; = 1 if the ith column of Ay is nonzero
and s; = 0 otherwise. Since A is a stochastic matrix, this de-
fines a valid cover of i with cost equal to rank(A ). Therefore,
ming, rank(Ay) > OPT4,. O

By (VN — sy An)

By using one of the available approximation algorithms, we
can calculate in polynomial time in = |X'|"¥ a matrix A that
has rank bigger than the minimum by a factor of at most log n =
N log|X/|. As we are really interested in + log rank(Ay ) this
implies that the loss we incur by using these approximation al-
gorithms to find an Ay matrix goes to zero as % log(N) as
N — oc.

The problem of finding the matrix Ay with minimum rank
is closely related to computing Mo(V®N). To see this, con-
sider the (strong) LP dual of the set cover LP relaxation de-
scribed in Table I. The dual LP is the LP relaxation of the Max-
imum Independent Set Problem. The maximum independent set
problem takes as input a graph adjacency matrix and calculates
the graph independence number. We already pointed out in Sec-
tion TI-A that Mo(V®") is the independence number of the
graph G(V®N). This maximum independent set problem can
be formulated as an integer program as follows. Assign a vari-
able ¢; for each vertex of the graph, ¢; = 1 if the vertex takes
part in the independent set and ¢; = 0 otherwise. The constraint
is that no two picked vertices are connected with an edge.

For our purposes, we use the adjacency matrix corresponding
to the graph G(V®™). The solution of the maximum indepen-
dent set problem for G(V®¥) directly leads to the construction
of an optimal zero-error code of length N for the channel V.
Denote by OPT}y, this optimal solution. Obviously, OPT 4,
is lower-bounded by OPTyy, . In fact, OPT 4, is the minimum
number of outputs such that all inputs are covered. Since all
inputs are covered, this implies that any OPT 4, + 1 inputs
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have at least one output in common. Thus, OPTj;, < OPT,4,,
yielding another proof of (31).

The integrality gap between the set cover problem and its LP
relaxation is subexponential in NV [26]. Hence, if the integrality
gap between the maximum independent set problem and its LP
relaxation is also subexponential in NV, then there exists a matrix
An such that 3 logrank(Ay) ~ % log Mo(VEY), ie., the
inequality in (31) becomes an equality.

B. Lower Bound

We next derive a lower bound on Cy (V). To do so, we
choose a particular (possibly suboptimal) communication
scheme and find a lower bound on the rate achievable with this
scheme. Assume we use an inner encoder Mg € S Mx|X|N
(for some M € N) at the source Ap and a corresponding
maximum-likelihood decoder Mp € &)yvyy at the relay
Ajp. At A; the message is then re-encoded using again M g
and transmitted over the second channel. We continue in the
same manner at every A;, and the destination Ay uses an
inner decoder M p. This corresponds to using intermediate
processing M; = M pMpg for all i. The rate r of this inner
code is determined by M, through

a 1
r=N log(M).
Note that this scheme constructs an overall channel between the
source and the destination node

(MgWMp)" = Q"

withQ & MgWMp € S - The source Ag and the desti-
nation Ay, then use an outer code over the channel QL.

Using random coding arguments, we know that there exist
good codes (defined by the tuple (M g, M p)) in the sense that
the average probability of decoding error is bounded by

P.(r) < exp(—NERr(r)) = o(r)

where Ex(-) is the random coding error exponent for the
channel V as a function of the rate r [27, Theorem 5.6.2]. We
use such a good code as our inner code. With this, the trace of Q
is lower-bounded by M (1 — 6§(r)), but unfortunately this result
gives no information about the off-diagonal entries of Q. To get
a lower bound on the achievable rate, we construct the worst
cascade QT such that Q satisfies the trace constraint. This worst
cascade is found in Appendix III Lemma III.1. The resulting
lower bound for Cy, (V) is given in the next theorem.

Theorem V.3:

1
Cyi(V)> sup r(1-6(r)"—= (32)

ref0,0(V)] N

with equality as N — oo, i.e.,
1

lim  sup r(1-6(r)"===C(V). (33)

Jim s r (18" - 5 =)

Proof: Let Wi (a) be the set of stochastic matrices @* such
that tr(Q) > Ma, i.e.,

Wila) & {W = Q" : Q € Syar,11(Q) > Ma}
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and Ws(a) be the set of stochastic matrices @ such that tr(Q) >
Mak, ie.,

Wz(a) = {ﬁ; € 81\,[,]\,[ : tI‘(W) > MCLL} .
For any Q € Sy with tr(Q) > Ma, we have by Jensen’s
inequality
tr(QL) = Z Qjis Qiris -+ Qip—rj 2 Z qJLj 2 Ma*

01,80 —15] J

where ¢;; = [Q];,;. Hence, Wy (a) C Wa(a) and therefore

1 —
Cyir(V)>— _ inf max I (p, W)
N Wew,(1-P.(r)) P
1 —~
>—  min max I(p, W)
N WeW,(1-P.(r)) P
1 N
> N min I(p,W) (34)

WEWs(1—Pe (1))

for any p. In particular, let p be the uniform distribution on
{1,..., M}. The minimization in (34) can be solved using Ap-
pendix IIT Lemma III.1 and the example following it. If (1 —
P.(r))F < 1/M, the worst channel is --117, and capacity is
(trivially) lower-bounded by 0. Else, the worst channel has di-
agonal entries equal to (1 — P.(r))* and all other entries equal
to (1— (1= P.(r))Y)/(M —1). In both cases, the minimizer is
a symmetric channel, for which the uniform distribution is ca-
pacity achieving and the capacity is

log(M) — H(w)

where wj is the first row of the minimizing channel matrix W [1,
Theorem 8.2.1]. Thus, the lower bound in (34) can be calculated
as

% (log(M) — (1= (1= Pe(r))") log(M — 1)

1

~H (1~ Pe(r))L)) >r(1=P(r)" =5 39

where the above bound is valid for all values of the inner code
rate r such that

(1= P(r)* 2 1/M.
If (1 — P.(r))* < 1/M then (35) becomes

log(M) 1 _ 1 (log(M)
gT(l—PE(T))L—NSN<gT—1> <0,

Hence, (35) is also (trivially) valid in this range, and we can
maximize over r € [0, C(V)], thus, showing that

Cnp(V)> s r(1l-P() -~ (6
re[0,C(V)] N
o1
> - -
> sup 7(1-6(r)) v (37)

rel0,C(V)]
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0 0.1 0.2 0.3 0.4 0.5

Fig. 5. Lower bounds on capacity of the cascade of two BSC(p) for different
values of block length N € {102,103, 10} (from bottom to top in the figure).
Also shown are the min-cut upper bound C(V') and C; (V). Note that the
lower bound derived in this section is not very good for small values of N.
Indeed, for N = 100 the forwarding lower bound yields better results for some
values of p. The bound becomes, however, tight as N — oo and converges to
the min-cut capacity.

1 ________—__________I _____ I____I__I__'_I_I_I_l_
0.8 |- —
0.6 |- -
04 |- -
02 | _

e

108 104
N

Fig. 6. Lower bounds on capacity of the cascade of two BSC(p) for different
values of crossover probability p € {0.01,0.1,0.3} (from top to bottom in
the figure, solid lines) as a function of the block length NV of intermediate pro-
cessing. Also shown are the corresponding limiting expressions C'(V') (dashed
lines).

We now show that the bound is tight as N — oco. As Ex(r)
is strictly positive for all » < C(V') [27, Theorem 5.6.4], we
have for every ¢ > 0 and withr = C(V) — ¢

Jim (C(V) —¢) (1 —exp (-NER(C(V) - )’ - %

As ¢ is arbitrary, (33) follows.

Example V.3: Consider a cascade of L = 2 BSC, (p). Fig. 5
compares for this channel the lower bound derived in this sec-
tion with C7 »(V') and the min-cut capacity C (V') (achievable
when N — 00). It can be seen that, while the lower bound is
not very good for small values of IV, it is quite good for larger
values of N and tight as N — ooc.

How fast the convergence of the lower bound to the upper
bound C(V) takes place, is depicted in Fig. 6 as a function of
N and for various values of crossover probability p. It can be
seen that the lower bound is already quite close to the limiting
expression for N > 10%. O

VI. SCALING LAWS

In this section, we investigate how the block length N needs
to scale with the network length L in order to achieve a constant
fraction of the min-cut capacity (as opposed to the zero-error
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capacity). We will show that logarithmic growth of N with L is
sufficient, and in many cases also necessary.

From (2), any rate strictly below the zero-error capacity can
be achieved with finite block length processing. Here we are in-
terested in rates that indeed need an infinite block length. Hence,
for any o € [0, 1] we define

N*(L,a) 2 inf{N € N: Cn (V) > R(a)}

where

1>

R(a) 2 (1= a)Co(V) + aC(V).

The next theorem gives an upper bound on N*(L,«), es-
tablishing that logarithmic growth of N with L is sufficient to
achieve R(«).

Theorem VI.1: For all « € [0,1)

1
N*(L,a) < inf (1 + max{—7
e>0 3

1 L
. 1 . (38
re(R(al)Iis,C(V)) Er(r) o <1 - M) }> o

r

Proof: Theorem V.3 asserts that for any r € [0, C'(V)]

Cnr(V) > 7 (1 - exp (-NEg(r)" - %
> (1= Lexp (-NE(r)) - 1.

by using the fact that (1 —z)% > 1 — La forall = € [0, 1]. Thus
N*(L,«)

1
< inf{N eN: r(l—LeXp(—NER(r)))—NZR(a)}

1

e’

ginf{NeN:NZ

r(l — Lexp (-NEg(r))) —e > R(a)}

1 1 | L
ma o Exr(r) o8 1 — Bla)+te
1 1 1 | L
+max &' Ex(r) o8 1 — Blate | (7

Since thisis true forall » € (R(«)+¢e,C(V)), we can minimize
over 7 to get the tightest bound. O

IN

IN

Notice that by solving the bound of Theorem V.3 (see (36))
for L, we get also that for fixed /V to guarantee a rate R we can
cascade up to

R+ %
sup N)

L< <1 -
relrt+.cvy) Pe(r) T

channels. That is, for a fixed r, R, and IV, the number of chan-
nels cascaded scales at least like 1/P.(r). This last result is
interesting as it recovers, as a special case, the same 1/P.(r)
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scaling derived in [10] for cascades of binary Z-channels with
repetition coding at the relays.

The next theorem establishes that logarithmic growth of NV
with L is necessary to achieve R(«) for all « > (3,,, where 3,
is a nonnegative constant.

Theorem VI.2: Let m € N, Ap,, By, € Sjx|m |y|m, and
Om € (0,1] such that

VO™ = 8 A + (1 — 6) B

and X logrank(A,,) < C(V). Then
log(L — 1) — loglog —2

N*(L,a) > 8 08 o=
log -
for all
1] k(A,,) — Co(V
o> f 2 miosrankidn) - Go(V) (39)

C(V) = Co(V)
Proof: From Theorem V.1 (for N = km for some k € N)
L1 1
; < (1—8N/m -
Ons(V) < (1 5N ) <C(V) —log rank(Am)>
+ e logrank(A4,,)
m
< exp (=(L=1)8)/") (C(V) = Co(V)
+ e logrank(4,,).
m
Now as Cn,1.(V) < C,,n,1.(V'), we have
N*(L,a) = inf{ﬁ eN: CK,L(V)ZR(a)}
> B inf {N e N: Cnr(V)>R()}
m

> iinf{N €R:exp (—(L — 1)6,]X/m) Za—ﬂm}
m

1
a—fBm ) O

log(L — 1) —loglog

log 61

For every m € N, let A, be the matrix of minimal rank
among all decompositions of V®™ in Theorem VI1.2. Define

52 mi {1 i f%logrank(A;)—C’g(V)}
= min< 1, liminf ™
' C(V) = Co(V)

m—00

We obtain the following corollary of Theorems VI.1 and VI.2.
Corollary VI.3: As L — oo, for a € [0,1)
N*(L,a) = O(log L)
and for o € (3, 1]
N*(L,a) = Q(log L).
Example VI.1: Consider again the “pentagon” channel intro-
duced in Example IV.2. Theorem VI.1 asserts that logarithmic

growth of NV with L is sufficient to achieve rate R(«) for any
€ [0,1). In Example V.2, we showed that a decomposition
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with logrank(As) = 8 exists. Here C(V) = log5 — H(p),
Co(V) = $log5, and hence

B 1 logrank(As) — Co(V) B

log 8/5
b= oWy — )

~ log5—2H(p)’

For example, for p = 0.01, we get 2 = 0.314, showing that
logarithmic growth of N with L is necessary to achieve any
R(a) with 0.314 < a < 1. With m = 2, Theorem V1.2 does not
in this case allow to state that logarithmic growth is necessary
in the range o < 0.314. O

Example VL2. Scaling Laws for Line Networks of Binary
Symmetric Channels: Consider a cascade of L BSC(p) as
in Example II.1. We know that any finite-length processing
performed at every node in the network will result in a zero
end-to-end rate as L — oo.

From Theorem VI.1, we see that logarithmic growth of NV
with L is sufficient to achieve any fraction a« € [0,1) of the
min-cut capacity. We now show that logarithmic growth is also
necessary to achieve any positive fraction « € (0, 1] of the
min-cut capacity. Decompose V as

V=p11* +(1-2p)B

for some stochastic matrix B € S, 5, and where 1 is the all-one
column vector of length 2. Applying Theorem VI.2 withm =1,
we get that

log(L — 1) — loglog 1

N*(L,a) > T
logg

with § £ 2p. Hence, logarithmic growth of N with L is neces-
sary for all positive rates. O

VII. DISCUSSION AND CONCLUSION

In this paper, we investigated communication through a
cascade of L channels, where intermediate nodes can perform
processing of finite complexity (measured by the processing
length N).

When N is fixed, L goes to infinity, and all relays use the
same processing independent of L, we showed that the lim-
iting capacity can be easily computed as the logarithm of the
number of eigenvalues of maximum modulus of the equivalent
channel transition probability matrix that comprises the inter-
mediate processing as part of the channel. We also showed how
the rate of decay to the limiting capacity is related to the second
largest eigenvalue modulus of the equivalent channel transition
probability matrix.

When N is fixed and L goes to infinity, we showed that the
optimal finite complexity processing is identical at each relay
and corresponds to an optimal zero-error code of block length
N for the underlying channel. The resulting limiting capacity is
then the rate of this zero-error code and can never exceed the
zero-error capacity of the underlying channel.

We also derived bounds on the capacity of finite length cas-
cades and used them to show that logarithmic growth of N with
L is sufficient to achieve any constant fraction of the min-cut
capacity above the zero-error capacity. Moreover, we showed
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that for rates above some threshold, logarithmic growth is also
necessary. We conjecture that logarithmic growth is in fact nec-
essary to achieve any fraction of the min-cut capacity above
the zero-error capacity. To prove our conjecture, a tighter upper
bound on capacity is needed.

The fact that for a fixed intermediate processing the decay
to the limiting capacity is exponential contrasts the logarithmic
scaling law found for the optimal N as a function of L and
emphasizes the importance of a well-chosen intermediate pro-
cessing at the relays.

In this work, we did not address the problem of identifying
the optimal processing for any finite pair (N, L), which is very
interesting and combinatorial in nature. We have also restricted
attention to cascades of identical channels. The problem of op-
timal communication over a nonhomogeneous cascade of chan-
nels is in general as difficult as the problem of finding the op-
timal processing for finite (N, L) discussed above. To see this,
consider a cascade consisting of L identical channels, followed
by an infinite number of noiseless channels. Finding the optimal
processing reduces to finding the optimal processing for the ini-
tial L channels.

We view this work as a first step toward a more comprehen-
sive understanding of how we should efficiently use limited net-
work resources to achieve reliable communication. Extending
this work for more general (other than line) networks, and more
general traffic configurations and resource constraints is part of
ongoing work [28], [29].

APPENDIX I
UNIFORM CONTINUITY OF CAPACITY

Lemma I.1: C(-) is uniformly continuous.

Proof: Mutual information I : Sy x| X Sy jy — R
is continuous, and, as its domain is compact, also uniformly
continuous [30, Theorem 4.19].

Consider now

| max I(p, Q) — max I(p, Q).
p P

By uniform continuity of mutual information, for any e > 0
there exists 6 > 0 such that for all p and all ||@ — Q|| < 6 we
have

11(p.Q) — I(p,Q)] < e.

Assume without loss of generality that

max [(p, Q) > max I(5,Q).
p P

Then

| max I(p, Q) — max I(p, é)|
p P

= max (1(p,Q) + 1(p.Q) ~ I(¢.Q) ) — max (5. Q)
<e,

thus proving the theorem. O
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APPENDIX 11
PROOF OF THEOREM I11.5

The proof of Theorem IIL.5 is broken up into two lemmas.
The first lemma proves the lower bound in Theorem IIL.5. For
both of these lemmas we will use some common initial steps
that we will now review.

Assume without loss of generality that @ is in the canonical
form (7) with diagonal irreducible submatrices {P;} with pe-
riods {d;}. Recall that D(Q) = ), d; is the number of eigen-
values of modulus one of the matrix Q. For simplicity of nota-
tion, we will use D £ D(Q) in the following. Call d the least
common multiple of the {d;}, and let

Q2"

By construction, éNhas D primitive (irreducible and ape-
riodic) submatrices {P;}2 ,, with_corresponding stationary
distributions {#;}2,, and thus D(Q) = D(Q) = D. From
Lemma III.1

(40)

Q=@ +EO. 1)

From Lemma II1.2, the components of E(©) converge to zero
exponentially fast in £ with exponent not smaller than

~log L2(Q")| = ~dlog | \=(Q)|. 42)

We will also use that, as C (QL) is decreasing in L, we have

c@""" < c@" < c@""™

and that, from Theorem II1.4

) (43)

lim C(Q")=C(Q ) =logD.

L—oo

(44)

Lemma I1.1: For any square stochastic matrix

liminf F2(Q) > — log |\+(Q)|
where E7(Q) £ —+log (C(QF) —log D).

Proof: We start from the initial steps (40)—(44), and at-
tempt to bound the quantity

~¢
log (C(Q ) — log D> .

To do so, we will bound C (é ) using an upper bound on ca-
pacity from [31], that states

C(P) < logZ max p(y|z).
y

Let P = Ql and use (41).~It is easily seen that the maximum
entry of every column of QOO lies in the corresponding diag-
onal block. Moreover, the exponents of the entries in E® are
all lower-bounded by (42). Thus, for some subexponential*
b(£) >0

~0

C(Q ) < log (D + b(£) exp (dllog [A2(Q)]))

“We call a function b(() subexponential if lim, . . ¢ log b(€) = 0.
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where we used the fact that the stationary distribution of each
diagonal block of @ sums to one. Then

~ L

g (¢@") - 1ox))

log (1 +B(£) exp (df log |)\2(Q)|)))
b(t) exp (d¢10g X2(Q))) )

= log

<log (log (D + b(¢) exp (dl1og [A2(Q)])) — log D)
< log (

where b(¢) £ b(¢)/D and we used that log(1 + z) < z. Thus,
we obtain

o 1
hLIIi)lOIclf -7 log (C(QL) —log D)

.. 1 ~|L/d]
thlnf—flog cQ ) —log D

L—oo
~ d|L/d
> timint — - log (1 £/d)) — "L/ 10g (@)

— —log|A2(Q). O

As a next step, we restrict attention to stochastic matrices @
without inessential indices, for which we can find the exponent
limr,_ o Er(Q) exactly.

Lemma IL2: If @ is a stochastic matrix without inessential
indices then

Lli_)ngo EL(Q) = —2log|A2(Q)]

where E7(Q) £ —1log (C(QF) —log D).
Proof: Again start from the initial steps (40)—(44), and de-

fine the probability distribution

,Tp)/D.

T2 (7. .. (45)

We first show that
liminf E7(Q) > —2log |A2(Q)|

L—oo
~
by upper-bounding the capacity C(Q ). Define the set

AB) 2 {QeSnm i 1@-Q I~ <6.Q" >Q}.

where m is the dimension of é and where A > B de-
notes that [B]; ; = 0 whenever [A];; = 0. From (41),
~¢

Q € A(b(0)|A2(Q)|%) for some subexponential b(¢). In
particular, for

B E(0)A(Q),

~1 ~

cQ) < SUPGe 4(9) C(Q). We can now use the minimax for-
mula for capacity in [32, Problem 2.3.1] and substitute m for py
to obtain

sup C(Q)

QeA(B)

= sup minmax D (q(-|z)||py)
Qea) P 7€

< max sup D (q(-|z)|x)

T Qeaw)

~ 0
Q)<
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where q(-|z) is the row of Q corresponding to x. Let &; denote
the essential indices of @ corresponding to P;. Call ; = ¢(-|z),
for some € &;. By symmetry of the set A(/3), the last max-
imization over all @ € A(/3) can equivalently be expressed as
maximization over all g; = 7; + @, under the following con-
straints, for all 4, y: 1) |ay| < B,i) ay = 0ify ¢ &, iii)
>, ay = 0,and iv) 3 < 7;(y). The last constraint is automati-
cally satisfied assuming / large enough, because P; is primitive
and hence 7;(y) > 0. With this, we can continue the above chain
of inequalities

) Da,
Q)< max sup Z 7i(y) + ay) log <D 4 2% )
ie{l,..., 7i(y)
yeE;
a,
<log(D)+ max su 7i(y) + ay) —2
D)+ s, s 3 (50) + )

1
< 2 _—
< log(D) +f Le{l, ),(D} Z i (y)

where we used that log(1 + z) < x. Call

Note that A < oo since all components of 7; are strictly positive
for all 4 (all {P;} are primitive). We conclude that

- 1
thl,loIéf 7 log (C(Q")

o 1 ~|L/d]
Zhmef—zlog cQ ) —log D

— log D)

> liminf —% log (AB(LL/d))*[Aa(Q)1H/))
= ~2log|A2(Q)].

We now show that

lim sup F1,(Q) < —2log [:2(Q)].

L—oo
To do that, we use the lower bound

~/L ~/{

c@Q)=I(mQ)

where T is defined as in (45).

~t
Let ¢*(-|=) be a row of Q , where the row index = is an es-
sential index for the primitive matrix P;(,) with stationary dis-
tribution 7r;(,y, and &;(,) is the set of all essential indices corre-
sponding to P;(,). Using (41) we have
~(0) _ Ty () + Boy, iy € &
0l = {3 ity

with

By 2 bey(DA2(Piga))| (46)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 11, NOVEMBER 2007

~¢
for some subexponential b, ,(£). Note that since both @ and
Q in (41) are stochastic

(47)

Z 5.r,y = 0.

YEE;(x)

~¢
Using the fact that 'ir in (45) satisfies 1Q = T, the inequality

log(l+x) > x — Zx which is valid for all z > —e for some
e > 0, and (47), we get that

~ 0
c@)

> 1(7,Q)

©
- . ¢ (ylr)
= @(2) Y q(yle)log —
; zy: (y)
=3 S #@) (Figey )+ Bay) log <D+ DBy )

T YELi(a)

E
> log(D) + Z Z 7(x) (fri(z)(y) + /3my)

% B,y . [Iy
Ti(z) () 47fz<x>( )

D+ 3 =

x yeg() L(T)

2 3 3
Y Ay (y) )

Since all {P;} are primitive, all 7;(y) are strictly positive and
hence for £ large enough, |3, /i) (y)| < €. Moreover, the

y term dominates the [3 term for large ¢, and thus we con-
clude using (46) that

lim sup — f log (C(Q")

.y
— logD)

. 1 ~[L/d]
< lim sup 7 log <C(Q ) — log D)
L—oo
2[L/d]
L

< limsup —
L—oo

- 2108 [X2(@)
—2log|A2(Q)]. 0

log(max | Aa(Py)])

Theorem IIL.5 follows from the two lemmas by noting that we
can lower-bound C'(QF) by restricting the support of the input
distribution to contain only essential indices of Q. Or, equiva-
lently, by reducing @ to the stochastic matrix @, containing only
the essential indices of Q.

APPENDIX III
WORST CHANNEL UNDER A TRACE CONSTRAINT

The next lemma provides conditions for a channel W to be
the worst under certain constraints. Consider a set Q of (z,y)
pairs and define

wE WesS,n:

>

(z,y)€Q

w(ylz) > b

for some constant b.
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Lemma III.1: W is the solution to the minimization
problem
in I(p,W
jnin, (p, W)

if and only if W is feasible (i.e., W € W) and satisfies the
following conditions:

__ulyle)
SRR FTETTET
= j(a) + Lol ), ifw(y]a) >0
{>u(a)+12(a,7)>\27 ifuw(rla)=0 “

forall« € X,y € Y, for some vector g, and for some A\, > 0
such that

>

(z,y)€ER

Ay = 0.

w(ylz) — b (49)

Proof: The set of matrices VY is defined by linear inequal-
ities and equalities and is hence a convex set. This implies, to-
gether with the fact that mutual information is convex in the
channel transition probability matrix, that

in I(p,W

jmin I(p, W)
is a convex minimization problem in W, and the Kuhn—Tucker
conditions are necessary and sufficient for optimality [33, Ch.
5.5.3]. The Lagrangian of the minimization problem is given by

(yliv)
Vog =———F——— — Aa(z,
— 13wl =) =Y D wyle) — 1) u@)
(z,y)€N 4 Y

(50)

The derivative of (50) with respect to w(~y|a) is

_w(vla)
p(a)log S p@ (D) Aa(@,7) = 1 (a,meay s — ME;))

The Kuhn-Tucker conditions for optimality require then that
(51) is equal to zero for all «, 7y, and for A,(c,7y), Ay > 0
together with the constraint that W € W. Moreover, we have
complementary slackness, that is, (49) and

w(y|a)Aa(a,v) =0 (52)
for all (o, ). As all the A, (v, 7y) are nonnegative, (51) and (52)
can be combined to yield (48). O

Example I11.1: Consider the set W C S, ,, of stochastic
matrices W with tr(W) > nb, and p = 117.
If1 > b > 1/n,then
nb—1

117 + I
n—1

1-b
wW* =
n—1
is an element of VV and satisfies the Kuhn—Tucker conditions
given in Appendix III Lemma III.1. Hence, W* is the worst
channel in the set W.
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If b < 1/n, then the worst channel is (trivially)

1
w* = -117. O
n
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