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Abstract—The anisotropy of the solid–liquid interfacial energy plays a key role during the formation of as-solidified microstruc-
tures. Using the n-vector formalism of Cahn and Hoffman, this contribution presents the effect that anisotropy has on the equilib-
rium shapes of crystals and on surface tension equilibrium at triple lines. Consequences for heterogeneous nucleation of anisotropic
crystals and for dendritic growth morphologies are detailed with specific examples related to Al–Zn and Zn–Al alloys.
� 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The formation of primary phase microstructures in
metallic alloys at speeds of typically less than
0.01 m s�1 is primarily controlled by diffusion of solute
elements in the liquid phase and capillarity effects [1].
As diffusion in the liquid phase is isotropic, the growth
directions of dendrites, as well as their growth kinetics,
are dictated by the anisotropy of the solid–liquid (s–‘)
interfacial energy cs‘. This anisotropy, which is typically
less than a few per cent in metals, has been measured by
the observation of the equilibrium shape of quenched
droplets [2–4] or of the menisci at triple lines between
two grains and the liquid in a thermal gradient [5,6].

For simple situations such as h1 0 0i dendrites in cubic
metals, it is known from solvability theory and from
numerical simulations based on either boundary inte-
grals [7] or phase-field methods [8] that an increased
anisotropy of the s–‘ interfacial energy makes the den-
drite tip sharper and grow faster. Unlike this case where
the two principal radii of curvature of the dendrite tip are
equal, no such fundamental theoretical basis exists for
dendrites having unequal principal radii of curvature.
This is typically the case for hexagonal close-packed
(hcp) systems such as Zn or Mg, for which dendrites grow
along h1�100i and h11�20i, respectively [9,10]. But this is
also the case for the Al–Zn system, for which recent

observations showed that the growth directions change
with composition [11,12]: at low Zn content, face-cen-
tered cubic (fcc) dendrites grow along the usual h1 0 0i
directions, but as Zn content is increased, there is a con-
tinuous transition toward h1 1 0i dendrites. This so-
called “dendrite orientation transition” (DOT) was
attributed to the influence of the highly anisotropic Zn
solute element on the low anisotropy of cs‘ of Al.

This paper briefly summarizes the link between the
anisotropy of the s–‘ interfacial energy, the equilibrium
shape of crystals and dendrite growth directions, in
three situations involving triple lines, namely heteroge-
neous nucleation, dendrites growing in contact with a
substrate and twinned dendrite growth.

2. n-vector formalism

Considering a cubic symmetry system, the s–‘ interfa-
cial energy cs‘(n), where n is the unit vector direction
function of the angles h and /, can be developed in
terms of the spherical harmonics, Y m

‘ ðh;/Þ, as [13]:
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where cs‘0 is a reference value for the isotropic part
and the gis are coefficients of the development. For a
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hexagonal symmetry crystal, the anisotropy can be
developed as [14]:
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As the s–‘ interfacial energy cs‘(n) is known, the equi-
librium shape of a crystal in contact with its liquid is
given by the well-known Wulff construction [15], subse-
quently demonstrated by Herring [16]. Alternatively, it
can be constructed using the elegant formalism of the
n-vector developed by Cahn and Hoffman [17,18]. The
ns‘-vector is defined with respect to cs‘(n) as:

ns‘ ¼ r½cs‘ðnÞr� ¼ cs‘nþ
@cs‘

@h

� �
max

smax ð3Þ

where smax is the vector perpendicular to n along which
the derivative of cs‘ is maximum. Thus, the normal com-
ponent, ns‘ � n, is equal to cs‘, whereas the in-plane com-
ponent is given by (ns‘ � cs‘n) (see Fig. 1a). Cahn and
Hoffman showed that the set of vectors ns‘(n) (which
are not parallel to n) defines a surface which is homo-
thetic to the equilibrium shape crystal.

The same formalism allows the surface tension rs‘

acting on a triple line of unit vector l (Fig. 1b) to be cal-
culated as follows:

rs‘ ¼ ns‘ðnÞ � l ð4Þ
and therefore yields the wetting conditions of an aniso-
tropic crystal on a foreign and flat substrate. Taking the
equilibrium shape given by the n-plot and considering
the normal direction nsf of the foreign surface, the wet-
ting condition is obtained by cutting the n-plot with a
plane of normal nsf displaced by Dc(nsf) = (c‘f(nsf) �
csf(nsf)) from the center of the particle. If the substrate
is amorphous, c‘f is isotropic but the anisotropy of csf re-
mains due to the crystal itself. While this construction is
general, regardless of the type of substrate, it is shown
schematically in Figure 2 for a Zn-type crystal in a 2-
D cross-section, when the g6

6-contribution is neglected
in Eq. (2). It was further assumed that Dc is isotropic,
i.e. the wetting condition for any arbitrary orientation
nsf of the crystal on the surface is given by cutting the
n-plot (in this case a lentil-type) by the tangent plane
to a sphere of radius Dc. Such a construction is shown
for two angles a between the c-axis of the crystal and
nsf. As can be seen, the wetting angle along the triple line

(point in 2-D) is no longer constant for an arbitrary ori-
entation of the crystal on the foreign substrate and this
has several implications on both heterogeneous nucle-
ation and growth.

3. Heterogeneous nucleation and growth of zinc grains

While Cahn and Hoffman have treated the case of
wetting of anisotropic crystals on a flat substrate
[17,18], the consequences it can have on heterogeneous
nucleation have not been much addressed [19]. As the
equilibrium shape and the undercooling are fixed, the
formation of a critical nucleus on a heterogeneous flat
surface is a function of the orientation nsf of the sub-
strate with respect to the crystal only. As can be seen
in Figure 2, under good wetting conditions, i.e. Dc > 0,
the volume of the crystal is minimal for a = 0. This is di-
rectly reflected in the associated nucleation energy bar-
rier DGhet

c ðDT ; aÞ, normalized by the homogeneous
nucleation barrier DGhom

c ðDT Þ, as shown in Figure 3
for Zn [14]. For good wetting conditions, this ratio in-
creases fairly sharply with a, thus indicating that it is
more advantageous energetically to nucleate the crystal
in the basal configuration, i.e. with c parallel to nsf.

For a – 0, the wetting angle along the solid–liquid–
substrate triple line is not constant (see Fig. 2). This also
has implications on the growth of such a solid. Figure 4
shows Zn–11.3 at.% Al dendrites calculated with the
phase-field method for three wetting conditions on the
upper surface of the domain [14]. The anisotropy of cs‘

was set with the following parameters: g0
2 ¼ �1:026;

g0
4 ¼ 0:195 and g6

6 ¼ �0:04. The c-axis is pointing to-
ward the viewer and nsf is vertical, while the angle be-
tween nsf and ½1�100� is 30�. For the case of a neutral
wetting condition (i.e. Dc = (c‘f � csf) = 0; Fig. 4a),
h1�100i dendrites grow in the volume of the domain,
as expected for Zn. Note that the dendrite arm growing
toward the bottom surface is rapidly slowed down as the
solute layer interacts with this boundary. The growth of
dendrite arms along the c-axis, i.e. perpendicular to the
page, is almost nil. Changing the wetting condition to
Dc = 0.25cs‘0 (Fig. 4b) induces the growth of a new
branch, in this case ½2�1�10�, along the upper boundary.
This can be understood by the fact that the wetting an-
gle at the triple line is reduced, thus allowing the solute
to be rejected more easily along this direction. For
Dc = 0.5cs‘0, the solid wets the upper boundary even

Figure 1. (a) The n-vector formalism used to calculate the equilibrium
shape of a crystal. Note that the unit direction n is not normal to the
surface of the c-plot (grey area). (b) Force acting on a triple line. (After
Cahn and Hoffman [17,18].)

Figure 2. Effective volume of an anisotropic crystal forming on an
isotropic and flat heterogeneous substrate surface at a fixed underco-
oling DT for two orientations a of the crystal on the substrate. (After
Mariaux [14].)
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better, thus producing a very edgy dendrite tip which
can reject solute even more easily. For a fixed underco-
oling, this increases the growth speed compared to case
(b) (note the time difference for Fig. 4b and c). This
clearly shows that the growth conditions at the triple
line between solid, liquid and upper boundary are di-
rectly influenced by the wetting angle, i.e. by the interfa-
cial energies, since this modifies the ability with which
the solid can reject solute elements in the bulk.

Heterogeneous nucleation and growth of anisotropic
Zn is responsible for some of the textures seen in hot dip
galvanized coatings on steel sheets [14,20,21]. In this
process, a clean pre-heated steel sheet is immersed in a
Zn–0.2 wt.% Al bath. At the exit of the bath, air knives
are adjusted to give coatings 10–20 lm thick on both
sides of the sheet, which then solidify in a cooling tower.
Electron back-scattered diffraction (EBSD) measure-

ments of such coatings typically give reconstructed maps
as shown in Figure 5a. The color index measures the an-
gle a between the c-axis and the normal nsf to the sheet:
as can be seen, there is a very large proportion of basal
grains (blue and green grains)—in fact much larger than
that expected for a random distribution of the c-axis.
This is evidenced in the statistics of the angle a shown
in Figure 5b, in which two distributions of nuclei orien-
tations (random and basal) have been set so as to match
best the experiments [14,20,21]. Not only is the propor-
tion of basal grains larger in such coatings, but their sur-
face fraction (i.e. texture) is further increased by the
faster growth kinetics of h1�100i dendrite arms when
these directions are parallel to the coating surface
[14,20].

4. Dendrite morphologies

The equilibrium shape crystals, as well as the c-plots,
reflect only weakly the anisotropy of cs‘. Nevertheless,
the mean curvature of such shapes (or of the n-plots)
strongly amplifies this anisotropy since it involves sec-
ond derivatives of cs‘ [16]. As dendrites arise from a
destabilization of the equilibrium shape, they should
originate from the most highly curved parts and grow
along those directions. The Al–Zn alloy system is inter-
esting since the anisotropy of cs‘ of Al is weak, typi-
cally g4 ffi 0.01 [4], while that of Zn is high (see
above) [2,3]. Furthermore, the high-temperature solu-
bility limit of Zn in the fcc structure is high (up to
67 at.%).

It has been shown that, below about 20 wt.% Zn, fcc
Al dendrites grow along h1 0 0i directions, as do almost
all cubic metals. The microstructure of quenched Al–
10 wt.% Zn dendrites grown in a Bridgman furnace
and then observed in X-ray tomography is shown in Fig-
ure 6a. From the reconstructed 3-D microstructure,
three sections were made on the computer, one perpen-
dicular to the thermal gradient, and two parallel to
(1 0 0) and (0 1 0) planes. As can be seen, the dendrite
trunks and arms have indeed grown along h1 0 0i direc-
tions. The n-plot or equilibrium shape corresponding to
such a situation is shown in Figure 6c (the parameters
are listed in the caption) [22,23]. Under the same solidi-
fication conditions, an Al–90 wt.% Zn alloy shows dif-
ferent growth directions: the two longitudinal planes
are now ð1�11Þ and ð1 1�1Þ planes, making an angle of
109.5� and having a common [0 1 1] direction nearly
aligned with the thermal gradient. This corresponds to
the direction of the dendrite trunk, while side arms also
grow at 60� from the trunk in each plane along h1 1 0i
directions. Figure 6d shows the corresponding equilib-
rium shape. This confirms earlier measurements of
Gonzales and Rappaz [11] which showed that h1 1 0i
dendrites grew in Al–Zn for compositions higher than
60 wt.%. Between 20 and 60 wt.%, a gradual switch of
the dendrite growth direction, from h1 0 0i to h1 1 0i,
is observed. This is attributed to a dependence, g4(C0)
and g6(C0), of the weakly anisotropic cs‘ of the fcc phase
on the composition C0 of the highly anisotropic Zn sol-
ute element. At intermediate compositions, interesting
seaweed structures having an hh k 0i texture have been

Figure 3. Nucleation Gibbs free energy barrier of a hexagonal crystal
forming on an isotropic and flat substrate surface as a function of Dc/
cs‘0 = (c‘f � csf)/cs‘0 for various orientations of the nucleus measured
by the angle a between the c-axis and the normal to the substrate
surface. (From Mariaux [14].)

Figure 4. Phase-field computations of dendritic Zn–11.3 at.% Al
growth morphologies in a confined domain with various boundary
conditions on the upper surface. The c-axis is perpendicular to nsf and
pointing toward the viewer, while the ½1�100� direction makes an angle
of 30� with the upper surface. The undercooling is 2 K and the wetting
conditions are: (a) neutral boundary, Dc/cs‘0 = 0, t = 0.18 s; (b) Dc/
cs‘0 = 0.25, t = 0.3 s; (c) Dc/cs‘0 = 0.5, t = 0.13 s. (From Mariaux [14].)
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observed [11] and are being further examined by X-ray
tomography.

Under high thermal gradients and in the presence of
melt convection, Al–Zn alloys, as many other Al alloys,
can exhibit twinned dendrites. Such microstructures,
first observed more than 60 years ago [24], have a
[0 1 1] dendrite trunk, split in its center by a ð11�1Þ twin

plane. While many conjectures remain concerning the
formation of these structures (e.g. the role of convection
on the nucleation of stacking faults, the change in
growth direction, etc.), one issue is linked to the dendrite
tip shape and to its growth advantage over regular den-
drites. Some authors suggested a grooved tip [25], others
an edgy tip if one takes into account the anisotropy of

Figure 5. Preferred basal orientation of Zn crystals forming in hot-dipped galvanized coatings on a steel sheet: (a) reconstructed EBSD map of the Zn
grains with a color scale from blue to red measuring the angle a between the c-axis and the normal to the coating surface (the size of the square
domain is 3 mm); (b) orientation distribution of the c-axis measured (in black), and fitted with two distributions describing the proportion of basal
grains (in blue) and random grains (in red). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.) (From Mariaux [14].)

Figure 6. Transverse and longitudinal sections of a 3-D X-ray tomography reconstruction of quenched Al–Zn dendrites solidified in a Bridgman
furnace at 4 mm min�1, showing the growth of (a) h1 0 0i dendrites in Al–10 wt.% Zn and (b) h1 1 0i dendrites in Al–90 wt.% Zn, respectively. The
thermal gradient direction is parallel to the longitudinal sections. (c and d) The corresponding n-plots (or equilibrium shapes), calculated by
Mathematica� [22] for a cubic symmetry crystal with two sets of parameters: (c) g4 = 0.0095 and g6 = g8 = 0, giving maximum mean curvature along
h1 0 0i directions; (d) g4 = 0.0147, g6 = �0.0101 and g8 = 0 giving maximum mean curvature along h1 1 0i directions. The grey scale indicates the
value of the n-module. (From Friedli et al. [23].)
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the interfacial energy [26], while more recently a doub-
lon-tip morphology was suggested [27–29]. In this last
case, the small groove necessary to satisfy the Young–
Laplace equation at the triple line between the twinned
solid, untwinned solid, and liquid regions is supposed
to induce solute pile-up during growth and the forma-
tion of a deep and narrow liquid channel at the center
of the dendrite trunk.

Figure 7a shows the tip of a quenched twinned den-
drite in Al–20 wt.% Zn, with the twinned and untwinned
parts of the dendrite appearing with different grey levels.
The grooved shape of this dendrite tip definitely rules
out the assumption of an edgy tip [26] and is more com-
patible with the weak anisotropy of cs‘ of Al alloys.
However, this experiment cannot differentiate the two
other conjectures, since a thin liquid channel would def-
initely close during the quench. Two facts nonetheless
support the doublon conjecture: (i) energy-dispersive
X-ray composition measurements near the twin plane
indicate a fairly large and positive microsegregation
[27,29]; (ii) 3-D phase-field simulations show that the
grooved tip quickly degenerates into a doublon when
appropriate boundary conditions are set at the triple
line. Figure 7b shows a composition map in a longitudi-
nal section for a h1 1 0i twinned dendrite of an Al–
5 wt.% Zn alloy. In fact, only half of the dendrite was
calculated with the Young–Laplace condition at the tri-
ple line being imposed as a boundary condition, and the
other half was symmetrically duplicated. The figure
clearly shows the formation of a h1 1 0i doublon, with
a solute enrichment of the liquid contained in the nar-
row channel until coalescence of the twinned and
untwinned parts of the dendrite occurs (the twin bound-
ary is still attractive, since ctwin < 2cs‘ [30]). This again
shows that the condition along the triple line between
twinned solid, untwinned solid, and liquid has a direct
influence on the growth morphology since it affects the
way the (split) dendrite tip can reject and diffuse solute.

5. Conclusion

The anisotropy of the solid–liquid interfacial energy
plays a key role in the formation of a primary phase
in various situations involving triple lines during the
solidification of metallic alloys. It dictates the shape of
the critical nucleus and therefore can induce a preferen-
tial orientation nucleation on a heterogeneous substrate
when the anisotropy is high, e.g. for metals such as Zn.
Since dendrites emerge from the most highly curved
parts of an equilibrium shape, it also influences directly
their growth directions (and growth kinetics). The wet-
ting condition at a triple line between solid, liquid and
foreign substrate directly influences the dendrite growth
morphology, direction and kinetics, since it affects the
solute profile around it. As wetting of the solid on the
foreign substrate is improved, dendrites grow with a
sharper tip and thus reject solute more easily. For very
good wetting, this can even change the dendrite growth
direction. Similarly, twinned dendrites in Al alloys also
exhibit a triple line between twinned solid, untwinned
solid, and liquid. Phase-field computations show that
the Young–Laplace condition at the tip induces a
groove which quickly degenerates during solidification
into a doublon structure due to solute pile-up in this
region.
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