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Abstract. A new method of singular reduction is extended from Poisson to Dirac
manifolds. Then it is shown that the Dirac structures on the strata of the quotient
coincide with those of the only other known singular Dirac reduction method.

1. Introduction

Dirac structures were introduced in [CW88] and studied systematically for the
first time in [Cou90]. The past years have seen remarkable applications of Dirac
manifolds in geometry and theoretical physics. Dirac structures include 2-forms,
Poisson structures, and foliations. They turn out to provide the right geomet-
ric framework for nonholonomic systems and circuits. If a Lie group action is
compatible with the Dirac structure on a manifold, one has all the ingredients
for reduction; see [Cou90], [Bla00], [BvdS01], [BCG07], [BC05], [JR08], [Zam08],
[JRZ10], [YM07], [YM09] for the regular case, [BR04], [JRS10] for the singular
situation, and [JR10] for optimal reduction. All these reduction procedures are in
the spirit of Poisson reduction ([MR86], [Śni03], [FOR09], [JR09]).

Consider a Dirac structure D on a manifold M which is invariant under the
proper action of a Lie group G. The most general singular Dirac reduction method
known today was introduced in [JRS10] and is in the same spirit as [Śni03]. Certain
mild regularity conditions are required to construct a specific subspace of the set
of pairs of vector fields with 1-forms on the stratified space M̄ := M/G which is
then shown to naturally induce a Dirac structure on each stratum of M̄ . These
regularity conditions are automatically satisfied for Poisson manifolds.

However, in the case of Poisson manifolds, there is an alternative singular re-
duction method presented in [FOR09]. If (M, {· , ·}) is a Poisson manifold with
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a Lie group G acting in a proper canonical way on it, then there is an induced
Poisson structure on each isotropy-type manifold MH (see also [JR09]) that is
invariant under the induced action of N(H)/H ; here H is an isotropy subgroup
of the action and N(H) is the normalizer of H in G. Therefore, these Poisson
structures descend to the quotient MH/(N(H)/H) whose connected components
are strata in M̄ .

The first goal of this paper is to extend this reduction method to symmetric
Dirac manifolds. In a first step, the G-invariant Dirac structure D on M is shown
to induce a Dirac structure DQ on each connected component Q of an isotropy-type
manifold MH . Then DQ is shown to satisfy the conditions for regular Dirac reduc-
tion (as in [JRZ10]), thus descending to a Dirac structure on the stratum Q/N(H)
of M̄ . The second goal of the paper is to show that the reduced manifolds ob-
tained this way correspond exactly to the singularly reduced manifolds described
previously (those obtained in [JRS10]). More precisely, the Dirac structures in-
duced on the connected components of M(H)/G and of MH/N(H) are forward and
backward Dirac images of each other under a canonical diffeomorphism between
the two reduced manifolds.

Notation and conventions. The manifold M is always assumed to be paracom-
pact. The sheaf of local functions on M is denoted by C∞(M); that is, an element
f ∈ C∞(M) is a smooth function f : U → R, with U an open subset of M . Sim-
ilarly, if E is a vector bundle or a generalized distribution over M , Γ(E) denotes
the set of local sections of E. In particular, X(M) and Ω1(M) are the sets of local
vector fields and 1-forms on M , respectively. The open domain of the definition
of σ ∈ Γ(E) is denoted by Dom(σ).

The Lie group G is always assumed to be connected; g denotes the Lie algebra
of G. Let Φ : (g, m) ∈ G × M 7→ gm = g · m = Φg(m) ∈ M be a smooth left
action. If ξ ∈ g, then ξM ∈ X(M), defined by ξM (m) := (d/dt)|t=0 exp(tξ) ·m, is
called the infinitesimal generator or fundamental vector field defined by ξ.

A section X of TM (resp. α of T ∗M) is called G-invariant if Φ∗
gX = X

(resp. Φ∗gα = α) for all g ∈ G. Recall that Φ∗
gX := TΦg−1 ◦ X ◦ Φg , that is,

(Φ∗gX)(m) = TgmΦg−1X(gm) for all m ∈ M .
We write TM

�
TM∗ for the direct sum of the vector bundles TM and T ∗M

and use the same notation for the sum of a tangent (a distribution in TM) and
cotangent distribution (a distribution in T ∗M ; see Section 2.1 for the definitions
of these objects). We choose this notation because we want to distinguish these
direct sums from direct sums of distributions in the same vector bundle, denoted,
as usual, by ⊕.

Acknowledgments. The authors would like to thank Rui Loja Fernandes for
a conversation that led us to consider the subject of the present paper. His advice
and challenge to compare the two singular reduction methods are greatly appre-
ciated. Many thanks go also to the referees for many useful comments that have
improved the exposition.
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2. Generalities on Dirac structures and distributions

2.1. Generalized distributions and orthogonal spaces

Let E be a vector bundle over M . A generalized distribution ∆ in E is a subset ∆
of E such that for each m ∈ M , the set ∆(m) := ∆∩E(m) is a vector subspace of
Em. The number dim ∆(m) is called the rank of ∆ at m ∈ M . A point m ∈ M is
a regular point of the generalized distribution ∆ if there exists a neighborhood U
of m such that the rank of ∆ is constant on U . Otherwise, m is a singular point
of the generalized distribution.

A local differentiable section of ∆ is a smooth section σ ∈ Γ(E) defined on
some open subset U ⊂ M such that σ(u) ∈ ∆(u) for each u ∈ U . We denote with
Γ(∆) the space of the local sections of ∆. A generalized distribution is said to be
differentiable or smooth if, for every point m ∈ M and every vector v ∈ ∆(m),
there is a differentiable section σ ∈ Γ(∆) defined on an open neighborhood U of
m such that σ(m) = v.

A smooth generalized distribution in the tangent bundle TM (i.e., E = TM)
is called a smooth tangent distribution. A smooth generalized distribution in the
cotangent bundle T ∗M (i.e., E = T ∗M) is called a smooth cotangent distribu-

tion. We will work most of the time with smooth generalized distributions in
the Pontryagin bundle PM := TM

�
T ∗M which we will call smooth generalized

distributions, for simplicity.

Generalized smooth distributions and annihilators. Assume that E is a vector bun-
dle on M that is endowed with a smooth nondegenerate symmetric bilinear map
〈· , ·〉E . In the special case where E is the Pontryagin bundle PM = TM

�
T ∗M

of a smooth manifold M , we will always consider the nondegenerate symmetric
fiberwise bilinear form of signature (dim M, dim M) given by

〈(um, αm), (vm, βm)〉 := βm(um) + αm(vm) (1)

for all um, vm ∈ TmM and αm, βm ∈ T ∗
mM .

If ∆ ⊂ E is a smooth distribution in E, its smooth orthogonal distribution is
the smooth generalized distribution ∆⊥ in E defined by

∆⊥(m) :=




τ(m)

∣∣∣∣∣∣

τ ∈ Γ(E) with m ∈ Dom(τ) is such that for all
σ ∈ Γ(∆) with m ∈ Dom(σ),

we have 〈σ, τ〉E = 0 on Dom(τ) ∩Dom(σ)




 .

We have ∆ ⊂ ∆⊥⊥, in general strict. Note that the smooth orthogonal distribution
of a smooth generalized distribution is smooth by construction. If the distribution
∆ is a vector subbundle of E, then its smooth orthogonal distribution is also a
vector subbundle of E. The proof of the following proposition can be found in
[JRS10].

Proposition 1. Let ∆1 and ∆2 be smooth subbundles of the vector bundle

(E, 〈· , ·〉E). Since both ∆1 and ∆2 have constant rank on M , their smooth or-

thogonals ∆⊥
1 and ∆⊥

2 are also smooth subbundles of E and equal to the pointwise

orthogonals of ∆1 and ∆2. The following are equivalent:
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(i) The intersection ∆⊥
1 ∩∆⊥

2 is smooth.

(ii) (∆1 + ∆2)
⊥ = ∆⊥

1 ∩∆⊥
2 .

(iii) (∆⊥
1 ∩∆⊥

2 )⊥ = ∆1 + ∆2.

(iv) ∆⊥
1 ∩∆⊥

2 has constant rank on M .

A tangent (resp. cotangent) distribution T ⊆ TM (resp. C ⊆ T ∗M) can be
identified with the smooth generalized distribution T

�
{0} (resp. {0}

�
C). The

smooth orthogonal distribution of T
�
{0} in TM

�
T ∗M is easily computed to be

(T
�
{0})⊥ = TM

�
T◦, where

T
◦(m) =

{
α(m)

∣∣∣∣
α ∈ Ω1(M), m ∈ Dom(α) and α(X) = 0
on Dom(α) ∩ Dom(X) for all X ∈ Γ(T)

}
⊆ T ∗

mM

for all m ∈ M . This smooth cotangent distribution is called the smooth annihilator

of T. Analogously, we define the smooth annihilator C◦ ⊆ TM of a cotangent
distribution C. Then C

◦ is a smooth tangent distribution and we have ({0}
�

C)⊥ =
C◦

�
T ∗M .

The tangent distribution V spanned by the fundamental vector fields of the
action of a Lie group G on a manifold M will be of great importance later on. At
every point m ∈ M it is defined by

V(m) = {ξM (m) | ξ ∈ g}.

If the action is not free, the rank of the fibers of V can vary on M . The smooth
annihilator V◦ of V is given by

V
◦(m) = {α(m) | α ∈ Ω1(M), m ∈ Dom(α), such that α(ξM ) = 0 for all ξ ∈ g}.

We will also use the smooth generalized distribution K := V
�
{0} and its smooth

orthogonal space K⊥ = TM
�

V◦.
We will need the smooth codistribution V◦G spanned by the G-invariant sections

of V◦. It is shown in [JRS10] that V◦G(m) = {dfm | f ∈ C∞(M)G} for all m ∈ M .
Thus, V◦G is spanned by the exact G-invariant sections of V◦.

2.2. Dirac structures

Recall that the Pontryagin bundle PM = TM
�

T ∗M is endowed with a natural
pairing 〈· , ·〉 given by (1). A Dirac structure (see [Cou90]) on M is a Lagrangian
subbundle D ⊂ TM

�
T ∗M . That is, D coincides with its orthogonal relative to

(1) and so its fibers are necessarily dim M -dimensional.
The space Γ(PM ) of local sections of the Pontryagin bundle is also endowed

with a skew-symmetric bracket, the Courant bracket, given by

[(X, α), (Y, β)] :=
(
[X, Y ],£Xβ −£Y α + 1

2d(α(Y )− β(X))
)

=
(
[X, Y ],£Xβ − iY dα− 1

2d〈(X, α), (Y, β)〉
)

(2)

for all (X, α), (Y, β) ∈ Γ(PM ) (see [Cou90]). This bracket is R-bilinear (in the sense
that [a1(X1, α1)+a2(X2, α2), (Y, β)] = a1[(X1, α1), (Y, β)]+a2[(X2, α2), (Y, β)] for
all a1, a2 ∈ R and (X1, α1), (X2, α2), (Y, β) ∈ Γ(TM ⊕ T ∗M) on the common
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domain of definition of the three sections), skew-symmetric, but does not satisfy
the Jacobi identity.

The Dirac structure is integrable (or closed) if [Γ(D), Γ(D)] ⊂ Γ(D). Since
〈(X, α), (Y, β)〉 = 0 if (X, α), (Y, β) ∈ Γ(D), integrability of the Dirac structure
is often expressed in the literature relative to a nonskew-symmetric bracket that
differs from (2) by eliminating in the second formula the third term of the second
component. This truncated expression, which satisfies the Jacobi identity if and
only if the Dirac structure is integrable, but is no longer skew-symmetric, appears
in the literature sometimes also as the Courant, Courant–Dorfman, or Dorfman

bracket :
[(X, α), (Y, β)] := ([X, Y ],£Xβ − iY dα). (3)

If the Dirac structure (M, D) is integrable, then D has the structure of a Lie
algebroid over M with anchor map the projection PM → TM and bracket the
Courant bracket.

Maps in the Dirac category. Let (M, DM ) and (N, DN ) be smooth Dirac manifolds.
A smooth map φ : (M, DM ) → (N, DN ) is a forward Dirac map if for all (Y, β) ∈
Γ(DN ) there exist X ∈ X(M) such that X ∼φ Y and (X, φ∗β) ∈ Γ(DM ). It is
a backward Dirac map if for all (X, α) ∈ Γ(DM ) there exist (Y, β) ∈ Γ(DN ) such
that X ∼φ Y and α = φ∗β.

If φ is a diffeomorphism, then it is easy to check that it is a backward Dirac
map if and only if it is a forward Dirac map.

Let M and N be smooth manifolds and let φ : M → N be a smooth map.
Assume that N is endowed with a Dirac structure DN . The pullback φ∗DN of DN

is the subdistribution of PM defined by

(φ∗DN )(m) =



(vm, αm) ∈ PM (m)

∣∣∣∣∣∣

∃(wφ(m), βφ(m)) ∈ DN (φ(m))
such that Tmφ(vm) = wφ(m)

and αm = (Tmφ)∗βφ(m)



 (4)

for all m ∈ M .
Each fiber of the subdistribution φ∗DN is Lagrangian, that is, ((φ∗DN )(m))⊥ =

(φ∗DN )(m) in TmM ×T ∗
mM for all m ∈ M . This fact is well known; we will prove

it here for the sake of completeness. The inclusion (φ∗DN )(m) ⊆ ((φ∗DN )(m))⊥

is easy. For the converse inclusion, choose (um, γm) ∈ ((φ∗DN )(m))⊥ ⊆ TmM ×
T ∗

mM . Since ker(Tmφ : TmM → Tφ(m)N) × {0m} ⊆ (φ∗DN )(m) by definition, we
have γm(vm) = 0 for all vm ∈ kerTmφ. Thus, γm ∈ (kerTmφ)◦ = range(Tmφ)∗

and there exists δφ(m) ∈ T ∗
φ(m)N such that γm = (Tmφ)∗δφ(m). Then, the equality

0 = 〈(um, γm), (vm, (Tmφ)∗βφ(m))〉

= 〈(um, (Tmφ)∗δφ(m)), (vm, (Tmφ)∗βφ(m))〉

= 〈(Tmφ(um), δφ(m)), (Tmφ(vm), βφ(m))〉

holds for all pairs (vm, (Tmφ)∗βφ(m)) ∈ (φ∗DN )(m), that is, for all (Tmφvm, βφ(m)) ∈
DN (φ(m)). This leads to

(Tmφ(um), δφ(m)) ∈
(
DN (φ(m)) ∩ (range(Tmφ)× T ∗

φ(m)N)
)⊥

= DN (φ(m)) + {0φ(m)} × ker(Tmφ)∗.
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Thus, there exists δ′
φ(m) ∈ T ∗

φ(m)N such that (Tmφ)∗δ′
φ(m) = (Tmφ)∗δφ(m) = γm

and (Tmφum, δ′m) ∈ DN (φ(m)). This shows that (um, γm) ∈ (φ∗DN )(m).
Hence, if φ∗DN is smooth, it is a Dirac structure on M such that φ is a backward

Dirac map. The Dirac structure φ∗DN is then the backward Dirac image of DN

under φ.

Symmetries of Dirac manifolds. Let G be a Lie group and Φ : G × M → M a
smooth left action. Then G is called a symmetry Lie group of D if for every g ∈ G
the condition (X, α) ∈ Γ(D) implies that (Φ∗

gX, Φ∗gα) ∈ Γ(D). In other words,
Φg : (M, D) → (M, D) is a forward and backward Dirac map for all g ∈ G. We say
then that the Lie group G acts canonically or that the action of G on M is Dirac.

Let g be a Lie algebra and let ξ ∈ g 7→ ξM ∈ X(M) be a smooth left Lie algebra
action, that is, the map

(x, ξ) ∈ M × g 7→ ξM (x) ∈ TM

is smooth and ξ ∈ g 7→ ξM ∈ X(M) is a Lie algebra antihomomorphism. The
Lie algebra g is said to be a symmetry Lie algebra of D if for every ξ ∈ g the
condition (X, α) ∈ Γ(D) implies that (£ξM

X,£ξM
α) ∈ Γ(D). Of course, if g is

the Lie algebra of G and ξ 7→ ξM the Lie algebra antihomomorphism, then if G is
a symmetry Lie group of D it follows that g is a symmetry Lie algebra of D.

Regular reduction of Dirac manifolds. Let (M, D) be a smooth Dirac manifold
with a proper smooth Dirac action of a Lie group G on it, such that all isotropy
subgroups of the action are conjugated. Then the space M̄ := M/G of orbits of the
action is a smooth manifold and the orbit map π : M → M̄ is a smooth surjective
submersion. We have the following theorem (see [JRZ10]).

Theorem 2. Let G be a connected Lie group acting in a proper way on the man-

ifold M , such that all isotropy subgroups are conjugated. Assume that D∩K⊥ has

constant rank on M , where K
⊥ is defined as the direct sum TM

�
V
◦. Then the

Dirac structure D on M induces a Dirac structure D̄ on the quotient M̄ = M/G
given by

D̄(m̄) =

{(
X̄(m̄), ᾱ(m̄)

)
∈Tm̄M̄ × T ∗

m̄M̄

∣∣∣∣
∃X ∈ X(M) such that X ∼π X̄

and (X, π∗ᾱ) ∈ Γ(D)

}
(5)

for all m̄ ∈ M̄ . If (M, D) is integrable, then (M̄, D̄) is also integrable.

The Dirac structure D̄ is then the forward Dirac image π(D) of D under π.

3. Proper actions and orbit-type manifolds

3.1. Orbits of a proper action

In this section we consider a left smooth proper action

Φ : G×M → M,

(g, m) 7→ Φ(g, m) ≡ Φg(m) ≡ gm ≡ g ·m,
(6)
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of a Lie group G on a manifold M . Let π : M → M̄ be the natural projection on
the orbit space.

For each closed Lie subgroup H of G we define the isotropy-type set

MH = {m ∈ M | Gm = H},

where Gm = {g ∈ G | gm = m} is the isotropy subgroup of m ∈ M . Since
the action is proper, all isotropy subgroups are compact. The sets MH , where H
ranges over the set of closed Lie subgroups of G for which MH is nonempty, form
a partition of M and therefore they are the equivalence classes of an equivalence
relation in M . Define the normalizer of H in G,

N(H) = {g ∈ G | gHg−1 = H}

which is a closed Lie subgroup of G. Since H is a normal subgroup of N(H), the
quotient N(H)/H is a Lie group. If m ∈ MH , we have Gm = H and Ggm = gHg−1

for all g ∈ G. Therefore, gm ∈ MH if and only if g ∈ N(H). The action of G on
M restricts to an action of N(H) on MH which induces a free and proper action
of N(H)/H on MH .

Define the orbit-type set

M(H) = {m ∈ M | Gm is conjugate to H}. (7)

Then
M(H) = {gm | g ∈ G, m ∈ MH} = π−1(π(MH)).

Connected components of MH and M(H) are embedded submanifolds of M ; there-
fore, MH is called an isotropy-type manifold and M(H) an orbit-type manifold.
Moreover,

π
(
M(H)

)
= {gm | m ∈ MH}/G = MH/N(H) = MH/(N(H)/H).

Since the action of N(H)/H on MH is free and proper, it follows that the quotient
MH/(N(H)/H) is a quotient manifold of MH . Hence, π(M(H)) is a manifold
contained in the orbit space M̄ = M/G.

For a connected component Q of MH , we denote by NQ the subgroup of N(H)
leaving Q invariant, i.e.,

NQ := {g ∈ G | g · q ∈ Q for all q ∈ Q}. (8)

Thus NQ is a union of connected components of N(H) and is equal to N(H) if
N(H) is connected.

Partitions of the orbit space M̄ = M/G by connected components of π
(
M(H)

)

is a decomposition of the differential space M̄ . The corresponding stratification of
M̄ is called the orbit-type stratification of the orbit space (see [DK00], [Pfl01]). It
is a minimal stratification in the partial order discussed above (see [Bie75]). This
implies that the strata π

(
M(H)

)
of the orbit-type stratification are accessible sets

of the family of all vector fields on M̄ (see [LŚ08]).
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The smooth distribution TG ⊆ TM spanned by the G-invariant vector fields,
i.e.,

TG(m) := {X(m) | X ∈ X(M)G, such that m ∈ Dom(X)} for all m ∈ M, (9)

is shown in [OR04] to be completely integrable in the sense of Stefan and Sussmann.
Its leaves are the connected components of the isotropy-types.

The smooth distribution T ⊆ TM is defined as the span of the descending
vector fields, that is, the vector fields X ∈ X(M) satisfying [X, Γ(V)] ⊆ Γ(V). A
descending vector field X can be written as a sum X = XG + XV, with XG ∈
X(M)G and XV ∈ Γ(V). Therefore,

T := TG + V, (10)

T is completely integrable in the sense of Stefan and Sussmann, and its integral
leaves are the connected components of the orbit-types. For the proofs of these
statements see [JRS10] and [OR04].

A local section (X, α) of TM ⊕ V◦ = K⊥ satisfying [X, Γ(V)] ⊆ Γ(V) and
α ∈ Γ(V◦)G is called a descending section of PM .

3.2. Tube theorem and G-invariant average

If the action of the Lie group G on M is proper, we can find for each point m ∈ M
a G-invariant neighborhood of m such that the action can be described easily on
this neighborhood. The proof of the following theorem can be found, for example,
in [OR04].

Theorem 3 (Tube Theorem). Let M be a manifold and G a Lie group acting

properly on M . For a given point m ∈ M denote H := Gm. Then there ex-

ists a G-invariant open neighborhood U of the orbit G · m, called tube at m,

and a G-equivariant diffeomorphism G ×H B
∼
−→ U . The set B is an open H-

invariant neighborhood of 0 in an H-representation space H-equivariantly isomor-

phic to TmM/Tm(G · m). The H-representation on TmM/Tm(G · m) is given by

h · (v + Tm(G · m)) := TmΦh(v) + Tm(G · m), h ∈ H, v ∈ TmM . The smooth

manifold G×H B is the quotient of the smooth free and proper (twisted ) action Ψ
of H on G × B given by Ψ(h, (g, b)) := (gh−1, h · b), g ∈ G, h ∈ H, b ∈ B. The

G-action on G ×H B is given by k · [g, b] := [kg, b]H , where k, g ∈ G, b ∈ B, and

[g, b]H ∈ G×H B is the equivalence class (i.e., H-orbit) of (g, b).

G-invariant average. Let m ∈ M and H := Gm. If the action of G on M is proper,
the isotropy subgroup H of m is a compact Lie subgroup of G. Hence, there
exists a Haar measure λH on H , that is, a G-invariant measure on H satisfying∫

H
dλH = 1 (see, e.g., [DK00]). Left G-invariance of λH is equivalent to right G-

invariance of λH and R∗
hdλH = dλH = L∗hdλH for all h ∈ H , where Lh : H → H

(resp. Rh : H → H) denotes left (resp. right) translation by h on H .
Let X ∈ X(M) be defined on the tube U at m ∈ M for the proper action

of the Lie group G on M . As in the Tube Theorem, we write the points of U
as equivalence classes [g, b]H with g ∈ G and b ∈ B. Recall that for all h ∈ H
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we have [g, b]H = [gh−1, h · b]H . Furthermore, the action of G on U is given by
Φg′([g, b]H) = [g′g, b]H , for g′ ∈ G. Define XG ∈ X (G×H B) by

XG([g, b]H) :=

(
Φ∗g−1

(∫

H

Φ∗hXdλH

))
([g, b]H)

= T[e,b]H Φg

(∫

H

(
T[h,b]HΦh−1X([h, b]H)

)
dλH

)

for each point m′ = [g, b]H ∈ U . This definition doesn’t depend on the choice of
the representative [g, b]H for the point m′. The vector field XG is an element of
X(M)G (see [JRS10]) and is called the G-invariant average of the vector field X .
Note that XG is, in general, not equal to X (at any point); it can even vanish.

Similarly, if α ∈ Ω1(M), define the G-invariant average αG ∈ Ω1(M)G of α by

αG([g, b]H) :=

(
Φ∗g−1

(∫

H

Φ∗hαdλH

))
([g, b]H) (11)

=

(∫

H

Φ∗hαdλH

)

[e,b]H

◦ T[g,b]H Φg−1

=

(∫

H

(α([h, b]H ) ◦ T[e,b]H Φh)dλH

)
◦ T[g,b]H Φg−1 (12)

for each point m′ = [g, b]H ∈ U .
If (X, α) is a section of a G-invariant generalized distribution D, the section

(XG, αG) is a G-invariant section of D.
If f is a smooth function defined in the tube U of the action of G at m ∈ M ,

define its G-invariant average fG by

fG([g, b]H) :=

∫

h∈H

f([h, b]H)dλH .

Because the action of G on M is proper, there exists a G-invariant Riemannian
metric % on M (see [DK00]). Let Q be a connected component of an isotropy-type
manifold MH , H compact subgroup of G. Then Q is an embedded submanifold of
M . We write TM |Q = TQ⊕ TQ% with TQ% the subbundle of TM |Q orthogonal
to TQ (seen as a subbundle of TM |Q) relative to %.

Lemma 4. The %-orthogonal projection of vm ∈ TmM onto TmQ is equal to its

G-invariant average
∫

H
TmΦh(vm) dλH at m ∈ Q. The composition of αm ∈ T ∗

mQ
with prTmQ is equal to the average

∫
H

(TmΦh)∗(αm) dλH at m ∈ Q.

Proof. Recall that TG is (completely integrable in the sense of Stefan and Suss-
mann) the tangent distribution on M that is spanned by the G-invariant vector
fields on M and that Q is a leaf of TG; see (9) and the considerations following it.

The vector vm can be written as an orthogonal sum vm = v>m + v%
m with v>m ∈

TmQ and v%
m ∈ TmQ%. Then we find smooth (without loss of generality global)

vector fields X> ∈ Γ(TG) and X% ∈ X(M) such that X%|Q ∈ Γ(TQ%) (X>|Q ∈
Γ(TQ) by the properties of TG), and with values X>(m) = v>m and X%(m) = v%

m.
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Consider the G-invariant averages X>
G and X%

G of X> and X% in a tube centered
at m. Then X%

G is G-invariant, X%
G ∈ Γ(TG), and we get X%

G|Q ∈ Γ(TQ). But
since the metric % is G-invariant, the orthogonal space TQ% is G-invariant and the
average X%

G|Q remains a section of TQ%. Hence, it must be the zero section. In
the same manner, we have X>

G ∈ X(M)G and thus, X>
G |Q remains tangent to Q.

In particular, we get at the point m = [e, 0]H ,

X>
G (m) =

∫

H

TmΦh−1X>(m)dλH =

∫

H

TmΦh−1(v>m)dλH =

∫

H

v>m dλH = v>m.

The third equality is proved in the following way. Since v>m is tangent to Q, there
exists a curve c : (−ε, ε) → Q ⊆ MH such that c(0) = m and ċ(0) = v>m. We have
then TmΦh−1

(
v>m

)
= (d/dt)|t=0 (Φh−1 ◦ c) (0) = ċ(0) = v>m for all h ∈ H . This

leads to
∫

H
TmΦh(vm) dλH = X>

G (m) + X%
G(m) = v>m + 0 = prTmQ(vm).

Choose now αm ∈ T ∗
mM . Then the G-invariant average of αm at m is equal to

αm =

∫

H

αm ◦ TmΦh dλH = αm ◦

∫

H

TmΦh dλH = αm ◦ prTmQ,

as follows from the first statement. �

4. Induced Dirac structures on the isotropy-type manifolds

Let (M, D) be a smooth Dirac manifold with a smooth proper Dirac action of
a Lie group G on it. Let Q be a connected component of an isotropy-type MH ,
for a compact subgroup H ⊆ G. Then Q is an embedded submanifold of M . We
denote by ιQ : Q ↪→ M the inclusion.

4.1. Dirac structures on connected components of
isotropy-type submanifolds

We show in this subsection that D induces a Dirac structure DQ on Q. Then, we
will study in the next subsection the induced action of NQ (defined by (8)) on Q.

Theorem 5. Define DQ ⊆ PQ by

DQ(q) =

{
(ṽq , α̃q) ∈ PQ(q)

∣∣∣∣
∃ (vq , αq) ∈ D(q) such that

TqιQṽq = vq and (TqιQ)∗αq = α̃q

}
(13)

for all q ∈ Q, i.e., DQ is the backward Dirac image of D under ιQ. Then DQ is a

Dirac structure on Q. If (M, D) is integrable, then (Q, DQ) is integrable.

Proof. Since DQ is, by definition, equal to ι∗QD (see (4) and the considerations
following this equation), we have only to check that (13) defines a smooth gen-
eralized distribution in PQ. Choose q ∈ Q and (ṽq , α̃q) ∈ DQ(q). For simplic-
ity, we also write q for ιQ(q) ∈ M . Then we find (vq , αq) ∈ DQ(q) such that
TqιQṽq = vq ∈ TqQ ⊆ TqM and (TqιQ)∗αq = α̃q . Since D is a smooth vec-
tor bundle on M , there exists (X, α) ∈ Γ(D) with q ∈ Dom(X, α) such that
(X, α)(q) = (vq , αq). Consider the G-invariant average (XG, αG) of the pair (X, α)
in a tube in M centered at q. Since D is invariant under the action of G on M , we
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have (XG, αG) ∈ Γ(D) and since it is G-invariant, XG|Q is tangent to the connected
component Q of the isotropy-type manifold MH . This shows that XG ∈ X(M) is
such that there exists X̃ ∈ X(Q) with X̃ ∼ιQ

XG. By definition of DQ, the pair

(X̃, ι∗QαG) is a section of DQ. Furthermore, we have

XG(q) =

∫

H

(Φ∗hX)(q)dλH =

∫

H

TqΦh−1X(q)dλH

=

∫

H

TqΦh−1(vq)dλH = prTqQ(vq) = vq

by Lemma 4 since vq ∈ TqQ. This leads to X̃(q) = ṽq . In the same manner,
αG(q) = αq◦prTqQ = αq since αq ∈ ((TqQ)%)

◦
and thus (ι∗QαG)(q) = αG(q)◦TqιQ =

αq ◦ TqιQ = α̃q . Hence, we have found a smooth section (X̃, ι∗QαG) of DQ whose
value at q is (ṽq , α̃q).

Since ιQ : (Q, DQ) → (M, D) is a backward Dirac map, we know using for
instance Lemma 2.2 in [SX08] that DQ is integrable if D is integrable. �

Remark 1. In the situation of the previous theorem one can show, with the same
methods as in the proof of the smoothness of DQ, that the intersection

D ∩ (TQ
�

(TQ%)◦) (14)

is smooth. It has hence constant rank on Q by Proposition 1. This intersection is
then a Dirac structure in TQ

�
(TQ%)◦. The Dirac structure DQ can be seen as

the pullback of this intersection via the identification of PQ with TQ
�

(TQ%)◦.
Assume that N is an embedded submanifold of a manifold M endowed with a

Dirac structure DM . It was already shown in [Cou90] that if DM ∩ (TN
�

T ∗M |N )
has constant rank, then there is an induced Dirac structure on N defined as in (13)
and such that the inclusion map N ↪→ M is a backward Dirac map. The hypothesis
in [Cou90] ensures that the bundle defined by (13) is smooth. In the present
situation we cannot use this known result of [Cou90] for the proof of Theorem 5.
On the other hand, averaging techniques prove that the bundle defined by (13)
is smooth. We could also have shown first that (14) is smooth (and has hence
constant rank) and then that its pullback to Q is a Dirac structure on Q.

4.2. Induced Dirac structures on the quotients

Let G act on the Dirac manifold (M, D) properly and canonically. Let Q be a
connected component of the orbit-type manifold MH , for H a compact subgroup
of G. In Theorem 5 we have shown that there is an induced Dirac structure defined
by (13) on Q such that ιQ : (Q, DQ) → (M, D) is a backward Dirac map. We will
show here that the action of NQ on (Q, DQ) is a proper Dirac action that satisfies
the conditions for regular reduction.

From the proof of Theorem 5, we can see that each pair (ṽq , α̃q) ∈ DQ(q)
corresponds to a unique pair (vq , αq) ∈ D(q)∩ (TqQ∩ (TqQ

%)◦) such that TqιQṽq =
vq and α̃q = (TqιQ)∗αq . The converse is also true by definition of DQ(q). Thus,
the map

Iq : DQ(q) → D(q) ∩
(
TqQ× (TqQ

%)◦
) (

⊆ TqM × T ∗
q M

)

185



M. JOTZ AND T. S. RATIU

sending each (ṽq , α̃q) to the corresponding (vq , αq) is an isomorphism of vector
spaces for all q ∈ Q.

We will use the maps Iq , q ∈ Q, as a technical tool in the proof of the following
lemma. Recall that T is the smooth tangent distribution defined as the sum of TG

and V (see (9) and (10)).

Lemma 6. Let NQ be the subgroup of N(H) leaving Q invariant (see (8)), denote

by VQ the vertical distribution of the induced proper action of NQ on Q, and set

KQ := VQ
�
{0} ⊆ PQ. If D∩ (T

�
V◦G) is smooth, then the intersection DQ ∩K⊥

Q

has constant rank on Q.

Proof. Consider the restriction of the map Iq defined above to the set DQ(q) ∩
K⊥

Q(q). We show that if α̃q ∈ (VQ)◦(q), then αq ∈ V◦G(q). Since the action of NQ

on Q is proper with fixed isotropy H , the vertical space VQ is a smooth vector
bundle on Q, and we have (VQ)◦(q) = (VQ(q))◦ = (Tq(NQ · q))◦. But since the

action of H on Q is trivial, we also have ((Tq(NQ · q))◦)
H

= (Tq(NQ · q))◦. Using
Theorem 2.5.10 in [OR04] we then find

(VQ)◦(q) = ((Tq(NQ · q))◦)
H

= {df(q) | f ∈ C∞(Q)NQ}.

If α̃q ∈ (VQ)◦(q), we hence find a smooth NQ-invariant function f̃ ∈ C∞(Q)NQ

such that df̃q = α̃q . Since Q is an embedded submanifold of M , there then exists

a smooth function f ∈ C∞(M) such that ι∗Qf = f̃ . Consider the G-invariant

average F of f at q. Since f̃ was NQ-invariant, we still have ι∗QF = f̃ . Therefore,

dFq ◦ TqιQ = (ι∗QdF )(q) = df̃q and dF ∈ Γ(V◦)G, that is, dFq ∈ V◦G(q). Also,
since dF is G-invariant, we have dFq = dFq ◦ prTqQ by Lemma 4 and thus dFq ∈

(TqQ
%)
◦
. The covector dFq is hence the unique element of (TqQ

%)
◦

satisfying
α̃q = dFq ◦ TqιQ. Thus dFq is equal to the covector αq and we have shown that
αq ∈ V◦G(q). Hence, we get

Iq |D(q)∩K⊥

Q
(q) : DQ(q) ∩K

⊥
Q(q) → D(q) ∩ (TqQ× V

◦
G(q)).

This map is obviously surjective since V◦G|Q ⊆ (TQ%)◦ because V◦G is spanned by
G-invariant sections.

Since D∩ (T
�

V◦G) is smooth by hypothesis, it follows by G-invariant averaging
that D ∩ (TG

�
V◦G) is also smooth (see [JR10]).

We use this to show that DQ ∩ K
⊥
Q is smooth. Choose q ∈ Q and (vq , αq) ∈

DQ(q)∩K
⊥
Q(q). Then Iq(vq , αq) ∈ D(q)∩(TqQ

�
V
◦
G(q)). Since D∩(TQ

�
V
◦
G|Q) =

D ∩ (TG
�

V◦G)|Q, we find a smooth section (X, α) ∈ Γ(D ∩ (TG
�

V◦G)) defined on
a neighborhood U of q in M such that (X, α)(q) = Iq(vq , αq). Since (X, α) is a
section of D restricting to a section of D∩ (TQ

�
V◦G|Q) ⊆ D∩

(
TQ

�
(TQ%)◦

)
on

Q we get, by the proof of Theorem 5, the existence of a smooth section (X̃, α̃) of
DQ such that X̃ ∼ιQ

X and α̃ = ι∗Qα. But for all q′ ∈ Q ∩ U , we get from the

considerations above that (X̃, α̃)(q′) = I−1
q′ ((X, α)(q′)) ∈ DQ(q′) ∩ K⊥

Q(q′). Thus,

(X̃, α̃) is a smooth section of DQ ∩K⊥
Q, taking the value (X̃, α̃)(q) = (vq , αq) at q.

Since DQ∩K⊥
Q is smooth and DQ and K⊥

Q are the smooth orthogonal bundles of
the vector subbundles DQ and KQ of (PQ, 〈· , ·〉PQ

), respectively, we can conclude
using Proposition 1 that DQ ∩K⊥

Q has constant rank on Q. �
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Lemma 7. Let (M, D) be a smooth Dirac manifold with a proper smooth Dirac

action of a Lie group G on it such that the intersection D ∩ (T
�

V◦G) is smooth.

The Dirac structure DQ defined by D on Q, as in Theorem 5, is invariant under

the induced action of NQ (see(8)) on Q and has the property that DQ ∩ K⊥
Q has

constant rank on Q.

Proof. Recall the construction of DQ. Since D is G-invariant, it is NQ-invariant.
The connected component Q of the isotropy-type manifold MH is an accessible set
of the family of the G-invariant vector fields on M . Since % is also G-invariant,
the spaces TQ and (TQ%)

◦
are NQ-invariant and so the induced action of NQ on

(Q, DQ) is canonical.
The second claim has been shown in Lemma 6. �

Theorem 8. Let (M, D) be a smooth Dirac manifold with a proper smooth Dirac

action of a Lie group G on it such that the intersection D∩(T
�

V◦G) is smooth. Let

DQ be the induced Dirac structure on the connected component Q of the isotropy-

type manifold MH and qQ : Q → Q/NQ the projection (a smooth surjective sub-

mersion). The forward Dirac image qQ(DQ) (as in Theorem 2) is a Dirac structure

on Q/NQ. If D is integrable, then qQ(DQ) is integrable.

Proof. By Lemma 7 all the hypotheses for regular reduction are satisfied for the
smooth proper Dirac action of NQ on (Q, DQ) with fixed isotropies. Thus the
quotient space Q/NQ inherits a smooth Dirac structure defined by the forward
Dirac image qQ(DQ) of DQ on Q/NQ (see the paragraph about regular Dirac
reduction at the end of Section 2). �

4.3. Comparison with the Dirac strata of the reduced space (M̄, D̄)

We want to compare the Dirac manifolds (Q/NQ, qQ(DQ)) obtained above with
the Dirac manifolds induced by the singular Dirac reduction method in [JRS10].

We present a short review of the Dirac reduction methods in [JRS10]. Let
(M, D) be a smooth Dirac manifold acted upon in a smooth proper and Dirac
manner by a Lie group G such that the intersection D ∩ (T

�
V◦G) is spanned by

its descending sections (recall that T is defined by (10)). Let π : M → M/G be
the projection.

Consider the subset DG of Γ(D) defined by

D
G := {(X, α) ∈ Γ(D) | α ∈ Γ(V◦)G and [X, Γ(V)] ⊆ Γ(V)},

that is, the set of the descending sections of D.
Each vector field X satisfying [X, Γ(V)] ⊆ Γ(V) pushes-forward to a “vector

field” X̄ on M̄ . (Since we will not need these objects in the rest of the paper, we
will not give more details about what we call the “vector fields” and “1-forms” on
the stratified space M̄ = M/G and refer to [JRS10] for more information.) For
each stratum P̄ of M̄ , the restriction of X̄ to points of P̄ is a vector field XP̄ on
P̄ . On the other hand, if (X, α) ∈ DG, then we have α ∈ Γ(V◦)G which pushes-
forward to the 1-form ᾱ := π∗α such that, for every Ȳ ∈ X(M̄) and every vector
field Y ∈ X(M) satisfying Y ∼π Ȳ , we have

π∗(ᾱ(Ȳ )) = α(Y ).
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Moreover, for each stratum P̄ of M̄ , the restriction of ᾱ to points of P̄ defines a
1-form αP̄ on P̄ . Let

D̄ = {(X̄, ᾱ) | (X, α) ∈ D
G}

and for each stratum P̄ of M̄ , set

DP̄ = {(XP̄ , αP̄ ) | (X̄, ᾱ) ∈ D̄}.

Define the smooth distribution DP̄ on P̄ by

DP̄ (p̄) = {(XP̄ (p̄), αP̄ (p̄)) ∈ Tp̄P̄ × T ∗
p̄ P̄ | (XP̄ , αP̄ ) ∈ DP̄ } (15)

for all p̄ ∈ P̄ . Note that Γ(DP̄ ) = DP̄ . We have the following theorem (see [JRZ10]
for the regular case).

Theorem 9. Let (M, D) be a Dirac manifold with a proper Dirac action of a

connected Lie group G on it. Let P̄ be a stratum of the quotient space M̄ . If

D ∩ (T
�

V◦G) is spanned by its descending sections, then DP̄ defined in (15) is a

Dirac structure on P̄ . If (M, D) is integrable, then (P̄ , DP̄ ) is integrable.

Note that if D∩ (T
�

V◦G) is spanned by its descending sections, it is smooth and
all the hypotheses of Theorem 8 are satisfied. We can thus compare the reduction
methods in Theorems 9 and 8.

We have the following theorem, comparing the Dirac manifolds (Q/NQ, qQ(DQ))
and (P̄ , DP̄ ) if Q is a connected component of MH , H a compact subgroup of G,
and P is the connected component of M(H) containing Q.

Theorem 10. Let (M, D) be a smooth Dirac manifold with a proper smooth Dirac

action of a Lie group G on it, such that the intersection D ∩ (T
�

V◦G) is spanned

by its descending sections.

Let Q be a connected component of MH , H a compact subgroup of G, and P
the connected component of M(H) containing Q. Consider the Dirac manifolds

(Q/NQ, qQ(DQ)) as in Theorem 8 and (P̄ , DP̄ ) as in Theorem 9, and define the

map Φ : Q/NQ → P̄ by (Φ ◦ qQ)(q) = π(q) for all q ∈ Q ⊆ P . Then the map

Φ is a diffeomorphism preserving the Dirac structure, i.e., it is a forward and,

equivalently, a backward Dirac map.

Proof. We have the following commutative diagram:

Q

qQ

��

ιQ,P
//

ιQ

%%

P

π|P

��

ιP
// M

π

��

Q/NQ
Φ

// P̄ ιP̄

// M̄

where ιQ,P , ιP , ιP̄ are inclusions. We show that Φ is bijective. Let qQ(m1),
qQ(m2) ∈ Q/NQ be such that π(m1) = Φ(qQ(m1)) = Φ(qQ(m2)) = π(m2). Then
there exists g ∈ G such that gm1 = m2. Since m1, m2 ∈ Q, we have gHg−1 = H
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and thus g ∈ N(H). However, g maps Q onto a connected component of MH

containing m2 ∈ Q, so it follows that g ∈ NQ. We then have qQ(m1) = qQ(m2)
thereby showing that Φ is injective. Choose now π(m) ∈ P̄ with m ∈ P . Since
P ⊆ G · Q, there exists g ∈ G and m′ ∈ Q ⊆ P such that gm′ = m. We get
(Φ ◦ qQ)(m′) = π(m′) = π(m) and hence Φ is surjective.

To show that Φ is a diffeomorphism, choose a smooth function f̄ ∈ C∞(P̄ ).
Then the GP -invariant function (π|P )∗f̄ = f satisfies f ∈ C∞(P ), where GP is
the Lie subgroup of G that leaves P invariant. Since Q is a smooth submanifold
of P , the function ι∗Q,P f is an element of C∞(Q). But since f ∈ C∞(P )GP , we

have ι∗Q,P f ∈ C∞(Q)NQ and there exists f̃ ∈ C∞(Q/NQ) such that q∗Qf̃ = ι∗Q,P f .

We then have q∗Q(Φ∗f̄) = (Φ ◦ qQ)∗f̄ = (π|P ◦ ιQ,P )∗f̄ = ι∗Q,P f = q∗Qf̃ and thus

Φ∗f̄ = f̃ ∈ C∞(Q/NQ) which shows that Φ is smooth.

Now choose a smooth function f̃ ∈ C∞(Q/NQ). Then the pullback fQ = q∗Qf̃ is
an NQ-invariant element of C∞(Q) and we find, by the same method as in the proof
of Lemma 6, a smooth G-invariant function f ∈ C∞(M)G such that ι∗Qf = fQ.

We then have fP := ι∗P f ∈ C∞(P )GP and ι∗Q,P fP = ι∗Q,P (ι∗P f) = ι∗Qf = fQ.

There exists f̄ ∈ C∞(P̄ ) such that (π|P )∗f̄ = fP and we get q∗Q(Φ∗f̄) = (Φ ◦

qQ)∗f̄ = (π|P ◦ ιQ,P )∗f̄ = ι∗Q,P fP = fQ = q∗Qf̃ , that is, Φ∗f̄ = f̃ and thus

(Φ−1)∗f̃ = f̄ ∈ C∞(P̄ ). Therefore Φ−1 is smooth.

We now show that DP̄ is the Φ-forward Dirac image of qQ(DQ). The fact that
qQ(DQ) is the Φ-backward Dirac image of DP̄ follows because Φ is a diffeomor-
phism.

Consider the forward Dirac image Φ(qQ(DQ)) of qQ(DQ) under Φ, defined on P̄
by

Φ(qQ(DQ))(p̄) =

{
(vp̄, αp̄) ∈ PP̄ (p̄)

∣∣∣∣
∃(vq̄ , αq̄) ∈ q(DQ)(q̄) such that
Tq̄Φvq̄ = vp̄ and αq̄ = (Tq̄Φ)∗αp̄

}

for all p̄ ∈ P̄ and q̄ = Φ−1(p̄). Since Φ is a diffeomorphism and qQ(DQ) is a Dirac
structure on Q/NQ, the forward Dirac image Φ(qQ(DQ)) is a Dirac structure on
P̄ . Hence, it is sufficient to show the inclusion DP̄ ⊆ Φ(qQ(DQ)).

Choose (X̄, ᾱ) ∈ Γ(DP̄ ). Then there exists a pair (XM̄ , αM̄ ) ∈ D̄ such that
XM̄ |P̄ = X̄ and αM̄ |P̄ = ᾱ. Thus we find (X, α) ∈ DG satisfying X ∼π XM̄ and
π∗αM̄ = α. The 1-form α is a G-invariant section of V◦ and since [X, Γ(V)] ⊆ Γ(V),
the vector field X can be written as a sum X = XG + V with XG ∈ X(M)G and
V ∈ Γ(V) (see [JRS10]). Let (XG, αG) be the G-invariant average of (X, α) in a
tube U centered at a point m ∈ P . We then have αG = α and XG = XG+VG, that
is, we still have XG ∼π XM̄ . Since (XG, α) is a G-invariant section of D∩(TG

�
V◦G),

we have (XG, α)|Q ∈ Γ
(
D ∩ (TQ

�
(TQ%)◦)

)
and, by definition of DQ, we find

(XQ, αQ) ∈ Γ(DQ) such that XQ ∼ιQ
XG and αQ = ι∗Qα. The pair (XQ, αQ) is

then automatically an NQ-invariant section of DQ ∩ K⊥
Q (by the proof of Lemma

6) and thus descends to a section (X̃, α̃) of qQ(DQ), that is, we have XQ ∼qQ
X̃
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and q∗Qα̃ = αQ. Therefore, for all m′ ∈ Q, we have

TqQ(m′)Φ
(
X̃(qQ(m′))

)
= TqQ(m′)Φ (Tm′qQ (XQ(m′)))

= Tm′(π|P ◦ ιQ,P ) (XQ(m′))

= Tm′(π ◦ ιQ) (XQ(m′)) = Tm′π (XG(m′))

= XM̄ (π(m′)) = X̄(π(m′)),

that is, X̃ ∼Φ X̄. In the same manner, we show the equality q∗Qα̃ = q∗Q(Φ∗ᾱ)
which implies that α̃ = Φ∗ᾱ since qQ : Q → Q/NQ is a surjective submersion.
Thus, (X̄, ᾱ) is a section of Φ(qQ(DQ)). �

References

[BC05] H. Bursztyn, M. Crainic, Dirac structures, momentum maps, and quasi-Poisson

manifolds, in: The Breadth of Symplectic and Poisson Geometry, Progress in
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xxxiv, 497 pp.

[Pfl01] M. J. Pflaum, Analytic and Geometric Study of Stratified Spaces, Lecture Notes
in Mathematics, Vol. 1768, Springer-Verlag, Berlin, 2001, MR MR1869601
(2002m:58007).
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