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Abstract. For a class of second order quasilinear elliptic equations we establish
the existence of two non-negative weak solutions of the Dirichlet problem on a
bounded domain, 2. Solutions of the boundary value problem are critical points
of C'—functional on H{(2). One solution is a local minimum and the other is of
mountain pass type.
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1. Introduction

Let © be a bounded open subset of RY and let X denote the Sobolev space H(f2)
with the norm [|ul| = { [, [Vu|?dz}/2. The usual norm on LP(2) is denoted by |- |[,.

In this paper we consider critical points of the functional ®) j, : X — R defined
by

@A,h(u):/gr(;[ 2+|Vu|2])dx;\/ﬂu2dx/9uhdm (1.1)

where A € R and the functions I and h satisfy the following conditions.

(g1) (a) T' € CY(]0,00),R) with I'(0) = 0, v = I non-increasing on [0,00) and
v(00) = limy—s00 y(t) > 0.
(b) h € L?(2) and h > 0 a.e. on .

The idea of studying the critical points of (1.1) under the hypotheses (gl) came
from earlier work with H.-S. Zhou [11, 12] where a more complicated functional with
some similar features was treated on (0, 00) instead of on a bounded subset of RY.
Other types of quasilinear equations have been discussed using min-max methods
in [2, 13).

Proposition 3.1 shows hypothesis (gl) ensures that ®,, € C!(X,R) for all
A € R and critical points of ®)j correspond to weak solutions of the Dirichlet

) Birkhauser
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problem

V- (5?4 [Vu?)Vu] +y(3[u? + [Vu]?)u = Au+h  inQ
u=20 on 0f2.

Clearly v = 0 is a solution of this problem for all A\ when h = 0.

(1.2)

If v(0) = v(c0) and h = 0, 7y is constant and (1.2) becomes the linear eigenvalue
problem

—Au+u=

u in €, u = 0 on 0N2. 1.3
7(o0) (13)

The non-zero critical points of (1.1) are precisely the eigenfunctions of the Laplacian
on 2 with the Dirichlet boundary condition. In particular, setting

A\ = mf{/ Vul|? :u € X = H}(Q) with / wlde = 1},
Q Q

it is well-known that A; > 0 is the lowest eigenvalue and there exists an eigenfunction
¢ € H Q)N C?(Q) with ¢ > 0 and —A¢ = A\1¢ in Q. Furthermore, \; is a simple
eigenvalue and all eigenfunctions corresponding to higher eigenvalues change sign on
Q). Hence, when y(c0) = v(0) and h = 0, (1.2) has a positive solution if and only
if A = v(c0)[1 + A1]. In fact, the set of all positive solutions is {t¢ : t > 0}. When
v(00) = v(0) and h # 0, (1.2) has a positive solution if and only if A < y(c0)[1+ A\1].

From now on we deal with the case y(00) < v(0) where (1.2) has a quasilinear
structure and (gl) is no longer sufficient to ensure its ellipticity. Indeed, setting
F(z,p) = I'(3[z% + |p|]) for = € R and p € RV, it is well-known, see Chapter
10 of [7], that the ellipticity of (1.2) is equivalent to the convexity of F'(z,p) with
respect to p for all (z,p). It is easily seen that this corresponds to the convexity of
g(t) =T'(t?) on [0, 0). As is shown in an appendix, the following hypothesis ensures
the uniform ellipticity of (1.2).

(g2) For T satisfying (g1) and with g(t) = T'(t?), there exists p > 0 such that
g(t) > g(s) + g (s)(t — s) + p(t — s)? for all t,5 > 0.

It is easily checked that (g2) is equivalent to the property £ M >2pfort>s>
0. Thus we see that (gl) requires I'(¢) to be a concave functlon of t, whereas (g2)
imposes a kind of uniform, strict convexity in ¢ on I'(#?). As is shown in Section 3,
(g2) ensures that @) ;, is weakly sequentially lower semi-continuous on X, although
a weaker form of convexity would suffice for this purpose. The full strength of (g2)
is invoked in Section 8.

For our treatment of the homogenous case h = 0 the hypotheses (gl) and
(g2) are sufficient. However for the inhomogeneous problem we require one further
condition on the function I'. Setting K (t) = I'(t) — I ()t = fo (t)] ds for
t >0, it follows from (gl) that

K € C(]0,00)), K(0) = 0 and K non-decreasing on [0, c0).

(g3) For I satisfying (gl), limy—o{L'(t) — I"(¢)t} < o0.
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If (g1) holds and I € C?([0, 00)), then (g2) is satisfied provided that inf;>o{~y(t)+
2t7/(t)} > 0 and (g3) is satisfied provided that [;*[y/(¢)[t dt < co.
Ezample Consider y(t) = A+ (1+1¢)~ for ¢ > 0 where A > 0 and « > 0. Then (gl)
is satisfied by I'(¢) = fot v(s) ds. For fixed «, (g2) holds for large enough values of A
and (g3) holds if & > 1. Here are some typical cases.
For a = 1/2, I'(t) = At + 2[/1 +¢ — 1] and (g2) holds for all A > 0 whereas (g3)
always fails.
For a = 1, I'(t) = At + In(1 + ¢) and (g2) holds if and only if A > 1/8 but (g3) is
never satisfied.
For o = 3, I'(t) = At — £[(1 +¢)72 — 1] and (g2) is satisfied for A > 1/3 whereas
(g3) is satisfied for all A > 0. The value 1/3 is not optimal for obtaining (g2), the
sharp condition being A > 5%/21 ~ 0.3052.

We can now state the main result of this paper.

Theorem 1.1. Let (gl) and (g2) be satisfied with vy(c0) < v(0) and consider \ such
that v(00) + y(00) A1 < A < ¥(0) 4+ v(00)A1.

(I) For h =0, u1 =0 is a solution of (1.2) with ®yo(u1) =0 and there is another
non-negative weak solution us € H(Q) with @y (uz) > 0.

(IT) If in addition (g3) is satisfied, there exists Hy > 0 such that 0 < |h|la < H)
ensures that (1.2) has at least two distinct non-negative weak solutions uy, ug €
H&(Q) with @)\7}1(”2) >0 > <I>,\7h(u1).

In both parts, uy is a strict local minimum of ®y 5, whereas ug is characterized by a
min-maz principle of mountain pass type. Furthermore, ui is not a global minimum
since inf,cx @y p(u) = —o0 under our hypotheses.

Proof. This follows from Theorem 4.2 and Corollary 8.2. In Theorem 4.2 the solution
w1 is obtained as a local minimum of @, ; in a neighbourhood of the origin. For this
we assume that I' satisfies (g1) and (g2) and that A < v(0) +~(oc0)A1. The positivity
of uy is deduced from its characterization as a local minimum. Then, with the ad-
ditional assumption that A > y(co)[1 + A\1], we show that ®) , has a mountain pass
geometry. Referring to a result presented in Section 2, this implies the existence of
a sequence of approximate critical points of ®) ;, having some additional properties.
We use these properties to show that the sequence is bounded in X, provided that
(g3) is satisfied in the case h # 0. Using the hypothesis (g2), we establish in Corol-
lary 8.2 the existence of a second solution us as the limit of a subsequence of these
approximate critical points. The positivity of usy is a consequence of the localization
of the approximating sequence derived from the result in Section 2. (I

Remark. We have already observed that, for h = 0, u = 0 is a solution of (1.2) for
all X. It follows from Lemma 4.1 that it is a strict local minimum of ®) ¢ for all
A < 4(0) +v(00)A1. For A < y(00)[1 4+ A1], p = min{0, 7(02_)‘} +7v(c0) > 0 and for
all u € X,

1
Bra(w) > 5 [ (o) = A + (60| Vulde > & ul?



330 C.A. Stuart Vol. 79 (2011)

showing that 0 is a strict global minimum of ®, in this case. In fact, for A <
v(00)[1 + A1], 0 is the only solution of (1.2) for h = 0 because ® ,(u) = 0 implies

0= @ g(w)uz [ 9(6)lu? + Vul] ~ M do =

by Proposition 3.1.

2. Cerami sequences with localization

Here we recall a result from [10] concerning the existence of special sequences of
approximate critical points of a functional having what is usually known as a moun-
tain pass geometry. In this section, (X, || - ||) denotes any real Banach space and its
dual space is denoted by (X*, [ - ||«)-

Proposition 2.1. Let ® € C1(X,R) and e € X\{0}. Set P(e) = {p € C([0,1],X) :
p(0) =0 and p(1) = e} and then c(e) = inf)c p(.) max,c(o 1) P(p(t)). Suppose that

(MPG) max{®(0), B(e)} < c(e) (2.1)

and let {p,} C P(e) be a sequence of paths such that M, = max,c(o1 ®(pn(t)) —
c(e). Then there exists a sequence {u,} C X such that

d(unapn([ov 1]))
(1+ [lunll)

D (uy) — cle), (1 + ||unl) | (un) |« — 0 and —0 asn — oo.

Hence, if S is a subset of X such that p,([0,1]) C S for all n, then 1(+anuS|)| — 0.

This result was proved in [10] as Corollary 1.2. Subsequently, P.J. Rabier [§]
showed how it can be deduced from the much earlier work of Ghoussoub [6].

Remarks. (1) A functional ® satisfying the condition (MPG) is said to have a moun-
tain pass geometry since the mountain pass theorem then shows that c(e) is a critical
level of @ provided that the Palais-Smale condition is also satisfied at this level [1, 6].

(2) A sequence having the properties ®(u,) — c(e) and (14 ||u|))||®’ (u,)|« — 0
is usually called a Cerami sequence for the level ¢(e) because she seems to have been
first to exploit weights of this kind in critical point theory, [3, 4]. See also [5].

(3) The property d(uy,, S)/(1+]|uy||) — 0 gives some, albeit limited, information
about the location of the sequence {u,} which may be helpful in proving that it is
bounded. If one is ultimately able to prove the convergence of this special Cerami
sequence, then one obtains a critical point in S. An example in [10] shows that, under
our hypotheses, there may be no Cerami sequence for which d(u,,S) is bounded as
n — 0.

(4) Suppose that ||u,| — oo. In the case where p,(]0,1]) C S for all n € N

and S = tS for all ¢ > 0, the information that IS:L'TS')‘ — 0 can be exploited in the
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following way. Let K > 0 be fixed and set z, = t,u, where t,, = K/||uy,||. Then, for
Uy # 0,

. 1.
d(un, S) = ;gg [un — v = ?;gg [2n — tnl|
n

[

.
= aZEtlilsf:SHZn—zH =% d(zn, S).
and so
K(1 nl) d(un,
sy~ KO+l dl5)

lunll T+ llual

If in addition, X is reflexive and S is a cone (i.e. a closed convex subset of X such
that tS = S for all t > 0), we can go further by passing to a subsequence such that
zp — z weakly in X. Since d(z,,S) — 0, there exist s, € S and r,, € X such that
Zn = Sp + 1 and ||r,|] — 0. This implies that s, — z and, since S is closed and
convex, we conclude that z € S.

3. Basic properties of @)

The condition (gl) implies that I' is concave and y(co)t < I'(t) < ~v(0)t for all ¢t > 0.
In particular,

2

and, for any A € R, we can define a functional @, : X = H}(Q) — R by (1.1).
Furthermore, since I' € C*(]0, 00)) with T'(0) = 0 we have that

1
/F([u2+|Vu|2])d1:§ 7(20)/u2+]Vu|2da:
Q Q

I'(t) = I'(0)t — G(t)t where G € C1((0,00)) with lim G(t) = 0. (3.1)
Setting G(0) = 0 we have G € C([0,00)) and 0 < G(t) < 4(0) — v(00).

Proposition 3.1. (I) If I satisfies (gl), then ®yp € C1(X,R) for all X € R with

1
\n(wv = / ’y(i[uz + | Vul*))[uv + Vu - Vv] — duv — ho da (3.2)
Q
for all u,v € X.
(IT) If in addition (g2) is satisfied, @y p : X — R is weakly sequentially lower semi-
continuous.

Proof. (I) Defining F': @ x Rx RN — R by F(x,s,p) = I'(3[s> + [p|*]) — 55> — sh(x)
one easily checks that the hypotheses of C.1 Theorem in [9] are satisfied.

(IT) Let wy, — w weakly in X. Then [,(w, —w)hdx — 0 and, by the compact-
ness of the Sobolev embedding, fQ(wn — w)?dxr — 0. Hence it is enough to prove
that

(I)O,U (w) S lim inf @0’0 (wn)

— 00
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For u,v € X, let y = (u, Vu) and z = (v, Vv) and so that y - z = uv + Vu - Vu.
Then, using (g2),

Buo(w) ~ Boo0) = [ oLy gLy gy

VoA
RV N LNy v B
> [ S e = [ (Ve s,

From part(I) we also have that
/ o |2 !2 B B
Dy o(v)(u—wv) = A V(= ){v(u —v)+ Vv -V(u—v)}de
_ [
= /(27(2)z (y — 2) dx.

Hence we obtain

22
Bas(u) — aa(e) = Bho(0)u =)= [ DA - 12D - - - 2)

|2
= [ A5l = =y do = 0.
Putting u = w,, and v = w, this yields
Poo(w) < Poo(wn) — ‘bg,o(w)(wn —w),
where & o(w)(wy, —w) — 0 since & o(w) € X* and w, — w weakly in X. O

Remark. For any u € X, we have that @ ; (u) =0 <
1
/ 7(§[U2 + ]Vuﬁ)[uv + Vu- Vo] — Auv — hvdr =0 for all v € X
Q

and this precisely what is meant by a weak solution of (1.2).

4. Existence of a local minimum

Lemma 4.1. Let (gl())be satisfied and consider A < v(0) + y(c0)A1. Set py =
: 7(0)=A
min{(00),7(00) + 1922},
(I) Then py > 0 and there exists Ry > 0 such that @y o(u) > B ||ul|? for allu € X
with ||ul] < Ry.
(IT) For ||u|| = Rx and |h|2 < %RAﬁl = H,, we also have ®y j,(u) > LR}

EN-

Proof. For all u € X, the concavity of I implies that

P+ [VuP]) > S0) + ST(Vu) > ShO0? — Gu?yu] + 1(00) | Vul’,

\V]
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where G is defined by (3.1). Also, for 1 < p < 2*/2 we have that

0</G 2da:§{/ G(u2)P’dx}pf{/ uPdz}r
Q Q
S{/QG(U VW dar} ¥ C2[|ul|2 (4.1)

where 2* and Cs), are the critical Sobolev exponent and constant for the embedding
of X in L?(Q). Furthermore,

[v(0) = A] /Qu2dx > 0if A <~v(0) and

[v(0) — A / uldx > ’Y(O)_)\/ |Vu|?dz if X > +(0).
Q At Ja
Hence
[ AT + 1(0) = N = oy [ [Vulds
Q Q
and so

Dao(u) > B u? - {/ 2 dey i 2 ull? for all w € X, (4.2)

But 0 < G(t) < ~(0) — v(o0) for all t € R and so u — G(u?)? is continuous
from L?(Q) into L'(£2). Since G(0) = 0, it follows that there exists §, > 0 such

, 1
that { [, G(u?)P'dz}v < 2‘82 for u € L*(Q) with |u|z < 6. Therefore, setting
Ry =V A1y,

Oy 0(u) > %HUHQ for u € X with |ju] < Ry.

(IT) For all w € X, |ul3 < |lul|?/A1 and | [, uhdz| < |ulz|hl2, so it follows from part
(I) that

Hx HX
‘Ih,h(U)ZZIIUH2 [ull|]2 = HUII{ X ul| - R)\

f f |hl2} =
At
for ||ul = Ry and ||y < L Ry\VA;. O

In the notation of the lemma, we now consider the open ball, B(0, Ry) in X
with centre 0 and radius R). Its closure and boundary are denoted by B(0, R)) and
0B(0, Ry), respectively.

Theorem 4.2. Let (gl) and (g2) be satisfied with A < v(0) +~y(c0)A1 and |hla < H),
where Hy and Ry are given by Lemma 4.1. There exists u; = ui(\, h) € B(0, Ry)
such that @y p(u1) < @y p(v) for all v € B(0, Ry). Furthermore, uy > 0 on Q and
) j,(u1) = 0. Also, @ p(u1) <0 if h # 0 whereas uy =0 for h = 0.

Proof. With X\ and h fixed, let m = inf{®, ,(u) : uw € B(0,R))} and consider a
sequence {v,} C B(0,Ry) such that ®) ,(v,) — m. By passing to a subsequence,
we may suppose that v, — v weakly in X for some element v € B(0, R)) since X
is reflexive and B(0, R)) is closed and convex. By Proposition 3.1(II), ®) »(v) = m



334 C.A. Stuart Vol. 79 (2011)

and by Lemma 4.1, m < @, 5,(0) =0 < ey <inf{®) 5 (u) : u € IB(0, Ry)}, showing
that v € B(0, R)y).

Set u; = |v|. Recalling that, for all w € X, |u| € X and |Vu| = |V]u|| a.e.
on €2, we have that vy € X with |Jui|| = ||v|| and @) o(u1) = Py o(v). Since b > 0
a.e. on €2, we have that [, vhdz < [,uihdz and so @y (uy) < @y p(v) = m, too.
Thus u; € B(0, Ry) and @) p(u1) = m < 0. It follows from Proposition 3.1(I) that
®) j,(u1) = 0. For h = 0, Lemma 4.1(I) shows that u; = 0 and hence ® 5(u1) = 0.
If h # 0 and @) j,(u1) = 0, we have that m = 0 = @ ,(0) and so @, ,(0) = 0. But
this means that u = 0 satisfies (1.2) which implies that ~ = 0. Hence ®) ,(u1) < 0
when h # 0. U

5. The mountain pass geometry of ®)
Lemma 5.1. Suppose that I' satisfies (gl). For all A € R,

(I%\,i];(t@f))_> v(o0)[1 +)\1

/ o(x de ast — oo
where ¢ is the positive eigenfunction associated with \p.

Proof. Since ¢ € C1(2) and ¢(z) > 0 for all z € €2, we have that

2 (4(x)? 2)|?
P+ V0@ | 1o+ vt ast o0

for all z € . On the other hand,

2 )2 )2
LG VOOTD < L oo + Vo)

for all x € Q and t # 0 where ¢ € H&(Q) As t — oo, the Dominated Convergence
Theorem yields

0<

[NR

21p(x)? x)[? z)h(x
Dualte) _ /r<2[¢< ) ;rw D Ly o),
= 5 [ B(60) = No@)? +() V(o) da
=5 [[ () = A+ 2l Mg(a) e, a

Combining Lemmas 4.1 and 5.1 we see that ®) ; has a mountain pass geometry
for some values of \. We use the notation introduced in Section 2.

Corollary 5.2. Suppose that (gl) holds and consider (X, h) such that
Y(00) 4+ y(00) A1 < A < ¥(0) +v(00)A\1  and |h|2 < Hy.

Then ®y p, satisfies (MPG) with c(e) > 0 for e = T'¢, where T' > 0 is large enough
so that @y ,(T¢) < 0.
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Proof. By Lemma 4.1(II), there exists Ry > 0 such that inf),j—r, ®xn(u) > ex > 0.
Since A > 7y(00)[1+ A] it follows from Lemma 5.1 that we can choose 7' > 0 so large
that T||¢|| > Ry and ®) ;,(T'¢) < 0. Then max{®) ,(0), P ,(T'¢)} < 0. But for any
p € P(T¢) there exists ¢t € (0, 1) such that ||p(t)[| = Ry and so maxyc,1) ®an(p(t)) >
€1, showing that (MPG) is satisfied with ¢(T'¢) > €. O

6. Existence of a special Cerami sequence for @)}

Using Proposition 2.1 we obtain a Cerami sequence for @) ; having some additional
properties which will enable us to show that it has a convergent subsequence.

Proposition 6.1. Let (gl) be satisfied and consider (A, h) such that y(oc0)[1 + \] <
A < 7(0) +v(c0)A\1 and |hla < Hy. Let S ={u € X : u >0 a.e. in Q}. Then there
exists a sequence {un} C X such that

d(up, S)

Dy 1 (un) = ¢ >0, (1+ [|un]) P, (un) — 0 and
)\,h( n) ( H n”) )\,h( TL) 1+||un||

— 0. (6.1)
Furthermore, one of the following cases occurs: either (i) u, — u € S weakly in X
or (i) ||uy|| = oo. In case (ii), for any K > 0, the sequence can be chosen so that
wy, = K2s — w € S weakly in X.

l[unll

Proof. By Proposition 3.1(I) and Corollary 5.2, the hypotheses of Proposition 2.1
are satisfied by ®,; with ¢ = ¢(e) > 0 and e = T'¢ for T' > 0 sufficiently large.
Let {p,} C P(e) be a sequence of paths such that M, — c. Since e € S and
u +— |u| is a continuous mapping from X into itself (see Proposition 5.1 in [10],
Ipn| € P(e) for all n and |p,|(t) = |[pn(t)] € S for all n € N and ¢ € [0,1]. But,
for all u € X, |Vu| = |V]u|| a.e. on ©Q and so ®yg(u) = Pyo(|u|) for all u € X.
Since h > 0 a.e. on Q, we also have that [, uhdr < [, |ulhdz for all u € X and
so @y p(Jul) < Py p(u), too. Hence @y 4 (|pn|(t)) < @xn(pn(t)) for all t € [0,1] and
maxe(o,1] Pan([pnl(t)) = Mn — c. It follows from Proposition 2.1 that there exists
a sequence {u,} € X satisfying (6.1) with & = ®) 5.

If ||un|| 4 oo, by passing to a subsequence, we can suppose that u, — wu
weakly in X and d(uy,,S) — 0. Then there exists a sequence {v,} C S such that
||tn, — v || = 0 and consequently, v, — u weakly in X. Since S is closed and convex,
this implies that u € S. Thus we obtain case (i) whenever case (ii) does not occur.
In case (ii), the Remark 4 following Proposition 2.1 shows that the subsequence can
be chosen so that w,, = K2 —~w € S. O

[[unl

7. The special Cerami sequence is bounded in X

The next step is to show that case (ii) in Proposition 6.1 cannot occur and for this
the following properies of @ ;, will be useful.
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Lemma 7.1. (a) If (gl) is satisfied, then

2 —1
Py o(tu) < Py o(u) + Tq)')\70(u)u forall \,t € R and u € X.

(b) If in addition (g3) holds, then
Dy p(tu) < U2 — )Py p(u) +t(t — 1)@, (w)u+ (1 —)°K(00)|Q|
for all \,t € R, u € X and h € L*(Q2), where K(oo) = lim;_,o [['(t) — v(2)2].

Proof. (a) Fix A € R and u € X. For s > 0, consider the function ¢ : [0,00) — R
defined by
s
() = ro(vsu) = [ TS
Q
By Proposition 3.1, ¢ € C1((0,00)) N C([0,00)) with ¢'(s) = @&70(ﬁu)%ﬁu for
s > 0. But, by (gl), ¢ is also concave on [0,00) and so ¢(s) < ¢(1) +¢'(1)(s — 1) for
all s > 0. Putting s = t* we get

[u? + |Vul?]) — Zsu’da.

t2—1_,

Dy o(tu) = @ o([t|u) = q(s) < ro(u) + volwu

as required.
(b) Since @y p(u) = ®ro(u) — [ uhdz and @ , (W)u = ¥ ;(w)u — [ uhdz, it
follows from part (a) that

t2—1
uhdr < @y p(u) —|—/ uhdx + 5 {®) n(w)u —|—/ uh dx}
Q Q

Dy (tu) —|—t/

Q
and hence

2 1 1— 2
Py n(tu) < @yplu) + tT AW+ ( 2t> / uh dzx
Q

for all \,t € R and v € X. But
20 p(u) — ) p(u)u = /QQK(;[U2 + |Vul?]) — uh dx,
where K (t) = I'(t) — v(¢)t is non-decreasing and so
/Q uhdz < 2K (00)|Q — 2@y 1 (u) + B (u)u,

proving part (b). O

Lemma 7.2. Suppose that (gl) is satisfied. Let {wy} be a sequence in X such that
wyp, — w weakly in X and let {t,} C R\{0} be a sequence such that t, — 0 and
tn®) 1, (7*) — 0 in X*. Then

/ v(00)[wv + Vw - Vo] — Awvdx =0 for all v € X.
Q
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Proof. By (3.2) we have
1
tn @ h( "y = / fy(—z[wi + | Vw,|*)) [wpv + Vwy, - Vo] — Mw,v — tyohde
tn 0 282

and so

— [w? + |Vw,|?)) [wav + Vw, - Vo] — Mw,v dz — 0.
Since
/ wpv dr — / wv dz and / [wpv 4+ Vwy, - Voulde — / [wv + Vw - Voldz,
Q Q Q Q
it is enough to prove that
1
[ (g0 + [Vwa) = 2(00) o + Vo, - Velda = 0
Q n

Let z, = (wp, Vw,) and y = (v, Vo). Then z,,y € [L*(Q)]V*! and there exists a
constant Z such that [, [z,|*dz < Z for all n since {w,} is bounded in X. Also

/{fy (w2 + |Vw,|*]) = v(c0) Hwnv + Vaw, - Voldz

- /Q {v(ﬁm — y(00)}2m - y e

= (| + [ izl =0z s

where A™ = {z € Q: |2,|> < 1/m} and B™ = Q\A™ for m,n € N. For all m,n € N,

1 3(0) (<)
F R N ML

7(0) —y(o0) 1/2 2 011/2
< W oprz | pyfary

But, for every m € N, there exists S,, > 0 such that |y(s) — ( )| < 1/m for all
s > Sy,. Since t,, — 0, there exists N(m) > 0 such that t2 < amg. forallm > N(m).
Hence, on B, |v(gz |2n|?) — 7(c0)| < 1/m for n > N(m) and SO

1 2 1 2 1/2/ 25 41/2
_ _ <
/  higzlaaP) 1ol de < -t [ 2 Pdey2( | fyda)

71/2 )
< Z d 1/2
< Pany
for all n > N(m). Thus

1 2 7(0) = 7(20) | 51/2 z'? 27,11/2
/Q”Y(%%’Zn\ ) = v(00)||znlyl dz < {T‘Q’ / +——H Q|?J’ dx}!/
for all m € N and all n > N(m). It follows that

1
[ iz lz0P) = 1(o)llylde 0 a5 0 = o,
n
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completing the proof. O

Proposition 7.3. Under the hypotheses of Proposition 6.1, and with the additional
assumption that (g3) holds when h # 0, there exist a sequence {u,} C X andu € S
such that u, — u weakly in X and (6.1) is satisfied.

Proof. We need only show that case (ii) of Proposotion 6.1 cannot occur. Arguing
by contradiction, we suppose that there is a sequence {u,, } satisfying (6.1) such that
|lun | — oo. Set

Unp,
w, = K

m where K > 0 is a constant to be chosen later .
Un

Then t, = K/||u,|| — 0 as n — oo and, as noted in Proposition 6.1, by passing
to a subsequence we can assume that w, — w weakly in X where w € S. Since
Py (wn) = @y p(thuy) it follows from Lemma 7.1 that

limsup @) o(wy,) < ¢ and limsup @ ,(w,) < K(00)|Q| when h # 0.

n—o0 n—oo

On the other hand,

1 A
Py p(wy) = /QI‘(2[w721 + ]an|2]) — §w% — wphdx

1

> = / [y(c0) — AJw? + ~(00)|Vw,|*dz — / wyh dz
2 Jq Q

Y
_M/wﬁdx+MK2—/wnhdx,
2 Q 2 )

since ||wy|| = K for all n. If w = 0, we have that [, w2dxz — 0, by the compactness
of the embedding of X in L?(£2), and consequently
()

lim inf @y 5 (wy,) > Al &

n—oo 2
But the constant K > 0 is arbitrary and can be chosen so large that @K 2>
¢, when h = 0, and @KQ > K(00)|€2], when h # 0, contradicting our earlier
conclusion about limsup,,_,o, ®x p(wy).
Hence we have that w # 0 and w > 0 since w € S. Therefore [, w¢dz > 0

where ¢ is the positive eigenfunction associated with A\;. By Lemma 7.2, we have
that

)\/wacb dx = (o) /Q[w¢ + Vw - Vo] dx = v(o0) /Q[qu + \Mwo| dz

from which it follows that A = 7(o0)[1 + A1], contradicting our hypothesis that
A > v(00)[1 + A1]. Hence our assumption that ||u,| — oo leads to a contradiction
and the proof is complete. O
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8. Convergence of the special Cerami sequence
Lemma 8.1. If (gl) and (g2) are satisfied, then

n
ol = vl* < @x () = @ (v) + (| @5 (W)l = ]l +
for all u,v € X and all X\ € R, where n = min{p,y(c0)} > 0.

Proof. For u,v € X, set w = (u, Vu) and z = (v, Vv) so that w - z = uv + Vu - Vo.
Then

Boo(w) ~ oo(v) = [ o2y~ gLy 4o

v2i T2
wl =z, p
g G el = |2

2]

> /le(\/i){

= [ By s 2 ) e
Q V2 2

2
n
> [ 3D lalul ~ e + 2w = 2P + 202~ 2ual)ds

We also have that
2
{)70(1))(1;—1)):/Q (| i Ho(u—v)+Vo-V(u—v)}de
2,2
:/ny(|2|)z-(w—z)dx.

Hence we obtain
Dy p(u) — Py p(v) — @Y p(v)(u —v)

= Do o(u) — Po,0(v) — D( o(v)(u—v) — A

2/Qu2—v2—2v(u—v)
42
Z/{)V('J){!Z\(!wl—lzl)—z (w—2)}+7 (!’w—2’|2+2w z = 2Jwl[2])

= [0~ myialwl - 2wy + Do — o2 3¢
Q 2 2 2

n 2 A 2
> [ {(60) =M Jslul = 2w} + = 2 = S =) da

u—v)?da
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But |w — 2|* = (u—v)? + |V(u — v)|* and so we have

A —
gl = vl < @) = @) = @) =)+ =57 [ (= v)de

from which the desired conclusion follows easily. O

Corollary 8.2. Under the hypotheses of Proposition 7.3, consider the special Cerams
sequence {u,} for @y and its weak limit u € S given by that result. Suppose that
I' satisfies (g2). Then |[uy — ull — 0 and consequently, @) ,(u) =0 with @) j(u) =
c> 0.

Proof. By Lemma 8.1 we have

A
g”un - Um||2 < (I)A,h(un) - (I)A,h(um) + ”(I)/Ah(um)”*nun — U + §|Un - um‘% (8.1)

for all n,m. Since u,, — wu weakly in X, the compactness of the embedding into
L*(9) implies that {u,} is a Cauchy sequence in L?(f2). From (6.1) we have that
lim o0 [[ ) j, (um)[lx = 0. But the weak convergence of {u,} in X also implies that
{lJun| } is a bounded sequence and hence || DY, ; () |[+|[un — umll — 0 as m,n — oc.
Finally by (6.1), lim,, o ®x n(un) = ¢, and so from (8.1) we can now conclude that
{un} is a Cauchy sequence in X. Thus u, — wu strongly in X. Returning to (6.1)
and using Proposition 3.1 we obtain @) j,(u) = ¢ and @, ; (u) = 0. O

9. Appendix

IfI e C2([0 00)), the partial differential equation in (1.2) can be written as

1
- Z aij(u, Vu) 82 u+ {’y( [u? + |Vul?]) - (2[u2 + [Vul|?))|[Vul? = Alu=h
t,y=1
where ag;(u, Vu) = y(3[u? + [Vul2))di; ++/ (3[e2 + [Vul?]) hudyu
The conditions (gl) and (g2) imply uniform ellipticity in the following sense.
For z € R and p,§ € RV, setting s = 3[2% + |p|?], we have that

3wz )6t = ()| +4/(s)(p - €)°
ij=1
> 7 ()€ + 7/ (s)[p|I&]2 since 7/ (s) < 0 by (g1)
> 7(5)[E[? +/(5)2sl€]> = 54" (e[ where t = v/3
> pléf? by (22).
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