Polar codes for the m-user multiple access channels

School of Computer and Communication Sciences
Ecole Polytechnique Fédérale de Lausanne

Semester Project
Spring 2010-2011

By: Rajai Nasser

Supervised by: Prof. Emre Telatar
Eren Sasoglu

Submitted on: 10.06.2011



Abstract

Polar codes are constructed for m-user multiple access channels (MAC) whose input alphabet
size is a prime number. The block error probability under successive cancelation decoding is
o(27N 1/2_6), where N is the block length. Although the sum capacity is achieved by this coding
scheme, some points in the symmetric capacity region may not be achieved. In the case where
the channel is a combination of linear channels, we provide a necessary and sufficient condition
characterizing the channels whose symmetric capacity region is preserved upon the polarization
process. We also provide a sufficient condition for having a total loss in the dominant face.

1 Introduction

Polar coding, invented by Arikan [2], is the first low complexity coding technique that achieves
the symmetric capacity of binary-input memoryless channels. The idea is to convert a set of
identical copies of a given single user binary-input channel, into a set of almost extremal chan-
nels, i.e. either almost perfect channels, or almost useless channels. This phenomenon is called
polarization.

Arikan’s technique was generalized in [6] for channels with arbitrary input alphabet size.
The probability of error of successive cancelation decoding of polar codes was proved to be
equal to o(2=N"*7%) [3].

In the case of multiple access channels, we find two main results in the literature: (i) E.
Sasoglu et al. constructed polar codes for the two-user MAC [7], (ii) E. Abbe and E. Telatar
constructed polar codes for the m-user MAC with binary input [1]. In this project, we combine
the ideas of [7] and [1] to construct polar codes for the m-user MAC whose input alphabet size
is a prime number (or a power of a prime number).

In our construction, as well as in both constructions in [7] and [1], the sum capacity is
preserved upon the polarization process but some points in the symmetric capacity region are
not always achieved by the polar coding scheme. A part of the symmetric capacity region is
lost by polar coding. In this project, we study this loss in the special case where the channel is
a combination of linear channels (this class of channels will be introduced in section 6).

In section 2, we introduce the preliminaries for this project. We describe the polarization
process in section 3. The rate of polarization is studied in section 4. Polar codes for the m-user
MAC are constructed in section 5. The problem of loss in the capacity region is studied in
section 6. Finally, we conclude this project in section 7.

2 Preliminaries

Definition 1. A discrete m-user multiple access channel (MAC) is an (m + 2)-tuple P =
(X1, Xay ooy Xy YV, fp) where X1, ..., Xy, are finite sets that are called the “input alphabets” of
P, Y is a finite set that is called the “output alphabet” of P, and fp : X1 xXoX..x Xy xY — [0, 1]
is a function satisfying ¥(x1,xo, ..., Tm) € X1 X Xa X ... X Xy, pr(a;l,a;g, oy Ty y) = 1.

yeY
Notation 1. We write P : X1 X Xy X...x X, — Y to denote that P has m users, X1, Xa, ..., X,
as input alphabets, and Y as output alphabet. We denote fp(x1,22, ..., Tm,Yy) by P(y|x1, x2, ..., Tm)
which is interpreted as the conditional probability of getting y at the output, given that we have
(z1,22,...,Tm) at the input.



Definition 2. A code C of block length N and rate vector (R1, Rz, ..., Rp,) is an (m + 1)-tuple
C = (f1, foyer frn ), where fi. - Wi, = {1,2,..., [aV*]} — X,iv is the encoding function of
the k™ user and g : Y™ — Wi x Wa X ... x Wy, is the decoding function. We denote fi(w) =
(fe(w)1, ..., fe(w)n), where fy(w), is the n'™ component of fi(w). The average probability of
error of the code C is given by:

Pe(wy, ..., wp,)
P.(C) =
©) Z IW1| X oo X Wi

(wlv---vw'm)er X---XW'm

N
Pe(wl,...,wm) = Z HP(yn‘fl(wl)na-~-afm(wm)n)

(Y1,eyn ) EYN n=1
g(yla“-»yN)?é(wl,.,,’wm)

where « is a pre-determined real number according to which the rate of information is measured.
If o = 2, the rates are expressed in bits, and if o = e, the rates are expressed in nats.

Definition 3. A rate vector R = (Ry, ..., Ry,) is said to be achievable if there exists a sequence
of codes C of rate vector R and of block length N such that P.(Cn) tends to zeros as N tends
to infinity. The capacity region of the MAC P is the closure of the set of all achievable rate
vectors.

Theorem 1. (Theorem 15.3.6 [4}]) The capacity region of a MAC P is given by the closure of
the convex hull of the rate vectors (Ry, ..., Ry,) satisfying

R(S) < I[S|(P) forall SC{l,..,m}
for some probability distribution P(y|x1, ..., %m)p1(x1)...0om(zm) on X1 X ... x X x V. where
ls
R(S) := ZRk, X(S) = (Xs,, ...,XSZS) for S ={s1,....,s15} and I[S](P) := I(X(S); Y X(59)).
k=1
All the mutual informations are calculated using logarithm base «.

Definition 4. I(P) := I[{1,...,m}|(P) is called the sum capacity of P, it’s equal to the mawi-
mum value of Ry + ... + Ry, when (Ry, ..., Ry,) is achievable. The set of points of the capacity
region satisfying Ry + ... + Ry, = I[{1,...,m}](P) is called the dominant face.

In this project, we are interested in MAC where &}, = F, and we take oo = q. We will focus
our attention on the case where ¢ is a prime number since we can easily generalize for the more
general case where ¢ is a power of a prime number. More particularly, we are interested in the
symmetric capacity region which is defined by:

T(P) = {(Ri, ... Rpp) : 0< R(S) < I(X(S); YX(S)) VS C {1,...,m}}

where the mutual informations are calculated for independently, uniformly distributed Xj,...,X,,.

3 Polarization process

Definition 5. Let P : IF';" — Y be a discrete m-user MAC. We define the two channels
P~ :F" — Y? and PT:F" — YV? x FI" as:

- 1
P (yyelul,yup) = D o Pyfui 4, g, ) Pyeld, )

(ui,...,u3,)€Fm

1
P+(y17y27u%7 7u71n‘u%7 7u$n) = quP(yﬂu% +'LL%, 7u}n +u2n)P(y2|u%7 7u2n)



P~ and P can be constructed from two independent copies of P as follows: The k" user
chooses independently and uniformly two symbols U, ,} and U, ,3 in Fy, he calculates X ,i =U, ,{1: +U, ,?
and X7 = U2, and he finally sends X} through the first copy of P and X7 through the second
copy of P. P~ and P™ are the channels Ull...Urln — Y1Y5 and U%...U,%L — YlYQUll...UﬁL respec-
tively, where Y7 and Y5 are the respective outputs of the first and second copy of P.

Note that the transformation (U}, ..., UL, U?, ..., U2) — (X{,..., X}, X? ..., X2) is bijective
and therefore it induces uniform and independent distributions for X7, ..., X} ' X2 ..., X2 which
are the inputs of the P channels.

Definition 6. Let {B,}n>1 be i.i.d. wuniform random variables on {—,+}. We define the
M AC -valued process {Pp}n>0 by:

Po =P
P, := PP vn>1

Proposition 1. The process {I[S|(P,)}n>0 is a bounded super-martingale for all S C {1,...,m}.
Moreover, it’s a bounded martingale if S = {1,...,m}.

Proof.
21[S)(P) = I[S](P) + I[S](P) = I(X'(S); Y1 X' (5)) + I(X?(S); Y2 X*(5°))
= I(X'(S)X?*(5); V1Yo X (S9) X?(5%)) = (U (S)U(S); Y1 YoU ' (8)U(59))
= I({U(S); ViYaU ' (SOU?(5°)) + I(U?(S); aYoU' (59U (S9)U(S))
> I(UYS); iU (S9)) + I(U%(S); iYaUL...ULU?(S9))
= I[S|(P™) + I[S](PT).

Thus, E(I[S|(Pas1)|Pn) = 31[S(Py) + 51[S)(PY) < I[S)(P,), and I[S](P,) < |S] for all S C
{1,...,m}, which proves that {I[S](P, )}nZO is a bounded super-martingale. If S = {1,...,m},
the inequality becomes equality, and {I[S](P,)},>0 is a bounded martingale. O

Since 1(I[S](P™)+I[S|(P1)) < I[S](P)VS C {1,...,m}, then $J(P—)+1J(P+) C J(P),
but this subset relation can be strict if one of the inequalities is strict for a certain S C {1,...,m}.
Nevertheless, for S = {1,...,m}, we have £(I(P~) + I(P")) = I(P), so at least one point of
the dominant face of J(P) is present in 57 (P—) + 3J(P+) since the capacity region is a
polymatroid. Therefore, the sum capacity is preserved.

From the bounded super-martingale convergence theorem, we deduce that the sequences
{I[S](Py) }n>0 converge almost surely for all S C {1,...,m}.

The main result of this section is that, almost surely, P, becomes an almost deterministic
linear channel:

Theorem 2. Let P be an m-user MAC. Then for every e > 0, we have:
1
m ?){s e{—,+}:34, ¢ Fy " rank(Ay) = 7s,
II(ATU,; Y,) — I(P%)| < ¢, |rs — I(P%)| < e}‘ —1

g7 denotes the set of m x rs matrices with coefficients in ¥y, Us (uniform random vector in
IF"q”) is the input to the channel P®, and Yy is the output of it.



To prove this theorem, we need several lemmas and definitions:

Lemma 1. (/5]) For any € > 0, there exists § > 0 such that for any single user channel P we
have:
I(PT)—I(P)<§=1(P) ¢ (e,1—¢)

Definition 7. Let P : Fj* — ) be an m-user MAC, let A € F**™, B € F;"*"2 be two matrices

such that [A B| € F;nx(nl+n2) has rank ny + ng (If ng = 0, we put B = ®). We define the
ni-user channel P[A|B] : Fyt — Y x Fy? as follows:

- 1 .
P[AB)(y, 0]il) = —= Y, P(yld)
q zeFm
ATz=i, BT 2=9

If no = 0, there is no additional T at the output, and the BTZ = ¥ constraint under the sum is
removed.

Remark 1. The channel P[A|B] can be constructed from P as follows: Let ¥ € F* be the input
to the channel P, it = ATZ is determined by the ny users of P[A|B]. Since ny may be less than
m, then & cannot always be determined from @. u only determines a part of T, the other part
is determined by the channel P[A|B] uniformly and independently from i:

Let A be an m x (m—ny) matriz such that [A A] is invertible, i.e. the columns of A together
with those of A form a basis for Fy'. Since [A /Nl] is invertible, we could determine Z if we knew
[A ATz, But [A AT# = [(AT2)T (AT2)T)T = [a” a")". We only have @ and we need @ to
fully determine ¥. The channel P[A|B] generates z:i uniformly and independently from u. The
output of the channel P[A|B] isy (the output of P) together with BT%. In other words, in
P[A|B], we try to determine A%, when i (the output of P) and B'% are given.

In summary, P[A|B] corresponds to the channel U=ATX - (Y, BT)?), where U is a
uniform random vector in Fy?, X = ([A AT OT OT)T and Y is the output of the channel

P when X is the input. A is any m x (m—mnq) matriz such that [A fl] is invertible, and U_'is a
uniform random vector in Fj*~™, independent from U. We have I(P[A|B]) = I(U;Y, BT X) =
I(ATX;Y, BTX).

Let A = [A" A”] and B be two matrices having m rows such that [A B] is full rank. If X
and Y are as above, then we have:

I(P[A|B]) = I(ATX;Y,BT"X) = I(A"X , A"" XY, B"X)
(ATX:Y,BTX)+ I1(A""X;Y,BTX, ATX)
(ATX,Y,B"X)+ 1(A""X;Y,[B A"X)
(P[A'|B]) + I(P[A"|[B A"]])

1
1
1
1

/ /
Lemma 2. Let A € F"™*™, B € F™*"™, A e Fglxnl, B € IF;”X”? be four matrices such

that [A B] € F;nx(nﬁm) has rank ny + ng, and [A’ B'] € FZIX(ané) has rank ny + nfy. Then
P[A|B][A'|B'] is equivalent to P[AA'|[B AB'|]



Proof. PLA|B)[A|B'\(y,5.7|)

1 - 1 1 .
:W Z P[A\B](y,b]a):m Z g Z P(ylu)

aGF aGIF ueEFy
A'Tg=a A'Tg=g AT g=g
BTg b/ B'Tg b/ BT i=b
1 R 1 o
i > Plyld) = ——r > P(yla)
q TR q TR
ATATi=d (AA)T =
BT ATa=b',B" i=b (B AB"|Ta=[" §'T|T
 p{AA|(B A (v [ 777

O]

Lemma 3. P[A|B]" is degraded with respect to PT[A|B]. P~[A|B] is degraded with respect to
P[A|B]~, and if B = ®, they are equivalent.

Proof.
LT 1 oL
P+[A|B](y17y27u17b‘a) = m—nq Z P+(y17y27u1|u2)
q EQEF;"
ATiy=a,BT t=b
1 — — —
= g > Py |ty + t2) P(ys|t)
u2€]Fm

AT go= aBTu2 b

S 1 S .
P[A|B]* (y1,b1, y2, b2, d1|d2) = qTIP[A’B](ylablfal + d2) P[A|B](y2, ba|d2)

=qgr,}_m > > Plylia) P(ys|iia)

1.L1€]F ugGFm
T T =
At = a1+a2A U2=a2
BTi1=by  BTix=by

1 Lo .
= —Thr > > Plylis + i2) P(ys|iia)
q ui €Fy U Ry
ATig1=d; ATids=ds
BT i1 =b1—by BT ila=bo

= > PTAB(y1, . 1, bo|d>)
ui €FY
ATﬁlztil

BTﬁlzl—)’lng

Which proves that P[A|B]" is degraded with respect to P*[A|B].



1

PLA|B]™ (y1, b1, 2, bold1) = — > PIA|B])(y1,b1|@1 + @2) P[A|B](y2, bo|d@2)
626]F21
1
= 2m—n1 Z Z Z y1|u1 y2|u2)
9 ds€lFy? ui€Fy? Ry

AT = a1+a2A Ua=0y
BTi1=b; BTiy=bs

:q%}m S S Pl + i) Plysi)

ds eFZl ui €Fy’ ur€FY
ATg1=a; ATidy=ad,
BT #1=b1—by BT ilo=bs

1 — — —
- 2Zm—m Z Z P(y1 |ty + tiz) P(y2|u2)

u1€F ﬁQEFZR
ATUl al BT'IIQZEQ

BTu1 b1 b2

_ =, 1 _ R
PT[A|B(y1,y2,bld0) = ——- > P~ (y1,y2|ti1)
9 ulE]Fm
ATg=ad BTu1 b
1 — — —
= g > > P(ylity + iiy) Pyl i)

u1€IF uzeFm
ATg1=a,BTi1= =b

= Y PIAIB] (y1,b + ba, y2, bo|d)
ngIFgQ

Which proves that P~[A[B] is degraded with respect to P[A|B]™. Note that if B = @,
all the BT#@ constralnts are eliminated, and there is no more b vectors. In this case we have
P[A|®]™ (y1,y2|d1) = P~ [A|®](y1,y2|d1). Therefore, P[A|®]~ and P~ [A|®] are equivalent. [

Proposition 2. The process I(P,[A|B])n> converges almost surely for any two full rank ma-
trices A and B (B can be ®) whose columns are linearly independent. Moreover, the limit takes
its value in the set of integers.

Proof. Let’s start with the case B = ®, we have: P, [A|®] is equivalent to P,[A|®]”
I(P; [A|®]) = I(P,[A|®]7), and P,[A|®]" is degraded with respect to P, [A|®] so (P, [A|®]) >
I(P,[Al2]F).

Let ﬁ{, ﬁé be two independent uniform random vectors in Fg* which will be the input to
P,[A|®]~ and P,[A|®]T respectively. U; = U} + U} and Uy = Uj will be the inputs to two
independent copies of P, respectively. Let 51 and 52 be two independent uniform_'random
vectors in Fy*~" which are independent from U, and Uy, let X; = ([A AT)UT U1 for
i € {1,2} (see remark 1), and let Y1 (resp. Y2) be the output of the channel P, when X
(resp. X») is the input. A is any m x (m — nq) matrix such that [A A] is invertible. We have:
I(P,[A|®]7) = I(U}; V1Ya), I(P,[A|®]T) = I(Uy;Y1YaU]), Uy = AT Xy and I(ATXy;Yy) =
I(P,[A|®]) for k € {1,2} (see remark 1). Thus:



I(Py [A|®)) + I(P; [A|®]) > I(Pa[A[®]7) + I(P[A|®]") = I(U]; Y1Ya) + I(Uh; V1Yol
I(ﬁ{ﬁé,YlYé) = I(ﬁlﬁg;ylyé) = I(ATxl,ATXQ;Y1Y2)
I(ATX ;1) + I(AT Xy; Ya) = 21(P,[A|®])

Therefore E(I(P,11[A|®))|P,) = 3I(P,[A|®]) + s1(P[A|®]) > I(P,[A]®]. Moreover
we have I(P,[A|®]) < ni, so the process I(P,[A|®]),>0 is a bounded sub-martingale. By
the bounded sub-martingale convergence theorem we deduce the almost sure convergence of
I(P,[A|®])n>0 for any full rank matrix A.

From remark 1 we have I(P,[A|B]) = I(P,[[A B]|®]) — I(P,[B|?®]), so I(P,[A|B])n>0 also
converges almost surely for any two matrices A and B such that [A B] is full rank.

Now suppose that A = @& is a column vector (i.e. my = 1), the almost sure convergence
of I(P,|@|B])n>0 implies the almost sure convergence of |I(P,11[d|B]) — I(P,[d|B])| to zero,

and so E<|I(Pn+1[o7|B]) — I(P[@|B))]
is bounded. We have also:

Pn> converges almost surely to zero, since I(P,[d|B])

E(|1(Pus[]B]) — I(Pa[a] B)|

Pn) >

(Z(P (@] B]) — I(Pnla] B]))

>

N =N =

(I(Pala|B]) — I(P,[d] B]))

The first inequality comes from the expression of the expectation and the second one comes
from the fact that I(P,[@|B]") is degraded with respect to I(P,[@|B]) (lemma 3), we conclude
that I(P,[a@|B]") — I(P,[@|B]) converges almost surely to zero.

Let {P,,}n>0 be a realization in which I(P,[@|B])n>0 converges to a certain value [ € [0, 1]
(we have 0 < I(P,[@|B]) < 1). Due to the convergence of I(P,[d|B]) — I(P,[d|B]) to zero
and of I(P,[d@|B]) to [, for every € > 0, there exists ng > 0 such that for any n > ng we have
|I(P;f[d|B]) — I(P,|d|B])| < § where § is as in lemma 1, and |I(P,[d@|B]) — | < e. We conclude
from lemma 1 that I(P,[d|B]) ¢ (e,1 — ¢€) and since |[I(P,[@|B]) — 1] < € then [ ¢ (2¢,1 — 2¢),
and this is true for any € > 0. We conclude that [ € {0, 1}.

Now let A = [o] ... ap,] be any full rank matrix, then by remark 1 we have:

ni

I(P,[A|B]) = ZI(Pn [OékHB aq ... ak—l]])
k=1

Since each of I(P,[ak|[B aj ... ax_1]]) converges almost surely to a value in {0,1}, then
I(P,[A|B]) converges almost surely to an integer. O

Corollary 1. The limit of the process I[S](P,) is almost surely an integer for all S C {1,...,m}.

Proof. 1f we take Ag = [ex, k € S] and Bg = [ex, k € S¢|, where {ex} is the canonical basis
of Fy*, then I[S](P,) = I(Pn[As|Bs]). The assertion about the limit comes from the previous
proposition. O]

Lemma 4. (lemma 33[7]) Let X,W be two independent and uniformly distributed random
variables in Fy, and let Y be an arbitrary random variable. For every ¢ > 0, there exists § > 0
such that:



o I(X,)Y) <, IW;Y)<d, HX|YW)<d, HW|YX) <6 and
o H(BX +~W|Y) ¢ (8,1 —6) for all B,y € Fy,

implies
IBX +~W;Y)>1-¢

for some f',7" € F,

Lemma 5. For every m > 0, there exists €, > 0 such that for any € < e, if P is an m-user
MAC satisfying d(I(P[A|B]),Z) < € for all matrices A and B (B can be ®), then I(P) > 1—¢
implies the existence of a non-zero vector & € Fy* satisfying I(P[a|®]) > 1 —e.

Proof. Choose § as in the above lemma for € = 5, and then choose ¢, = min{d, 1 3 m+1} (note
that our choice of €, is non-increasing with m). Let {€x, 1 < k < m} be the canonical basis of
Fy', let 0 < € < ey, and let P be an m-user MAC satisfying d(I(P[A|B]),Z) < e for all matrices
A and B.

We will prove the lemma by induction on m. If m = 1, we set & = [1], so I(P[a|®]) =
I(P) >1—e¢. For m > 1, from remark 1 we have:

m
1—e<I(P)=I(P[E1 ... &n]|®]) =Y I(P[&|[Eks1 .- Em]])
k=1
If I(P[gk‘[€k+1 é’m]]) < e for all k, we get 1 — € < me = € > —~ which is a contra-
diction, so there exists at least one k satisfying I( [ek‘ €k+1 . em]]) > 1 —e If k> 1, then
P[[é’k .. Em ’@] has m — k+ 1 < m users, and I [ ) }@]) ( [€k| Epal - é’m]]) >
1 — €. By induction we get a vector @ € Fi*~*1 such that I(P[ [€k ... Em }@] aP]) >1—e
Let @ = [€), ... €)@, then by lemma 2 we have I(P[d|®]) = I(P][€) ... €,]|®][d/|®]) > 1—¢
and we are done.

If kK =1 then I(P[e_i}[éé ... @m]]) > 1 — ¢, so we have (see remark 1):

I(P[[é1 ... ém—1]|ém]) = I(P[[€ .. Em—1]|Em]) + I(P[éi][E2 ... Em]])
> I(P[e_i“é’g €m]]) >1—c¢

P[[é’l é’m_l]‘e}b] has m — 1 users. Therefore, by induction we can get a vector @’ € IF;”_I
such that I(P[[é’l é’m_l]‘é'm] [0_2’|<I>]) > 1—e€ Letda = [é1 ... én_1]d, then we have
I(P[@"|Em]) = I(P[[@1 .. Em_1]|En][@|®]) > 1 — € (see lemma 2). If U and Y are the in-
put and output to the channel P respectively then I(X;YW) = I(P[d"|€,,]) > 1 — €, where
X =&T0 and W = éL U (see remark 1). ¥ I(X;Y)>1—cor I[(W;Y) > 1—¢, weset @ = @
or @ = €, respectively and we are done.

FI(X;Y) <eand I(W;Y) <€ wehave I(X;YW) > 1—¢,50 HX|YW) <e. (XW;Y) =
I(X;Y)+I(W Y X) =1I(W; X)+1(X; YW) which implies I(W; Y X) > I(X; YW)-I(X;Y) >
1—2e> % > €, thus I(W;YX) >1—eand HWI|YX) < e. Moreover, from the hypothesis we
have I(BX +~AW;Y) = I(P[BA" + vem|®]) ¢ (6,1 —€) so H(BX +YW|Y) ¢ (¢,1 — €) for all
B,y € Fy.

Notice that € < €, < 0. Therefore, by the above lemma there exist ', € Fy such that
I(BX ++W;Y) >1—¢ = 2 > e which implies I(P[a@|®]) = I(8'X ++W;Y) > 1 — ¢ for
O_Z — 6/0—2// _i_,y/é*m

O



Proposition 3. For any € < €y, if P : Uy..Uy — Y is an m-user MAC that satisfies
d(I(P[A|B)),Z) < € for all matrices A and B (B can be ®), then there exists a matriv Ap
of rank r such that |I(ApTU;Y) — I(P)| < 2¢, |[I(ApTU;Y) —r| < € and |I[(P) —r| < e.

Proof. Let V ={aeF':d= 0or I(GTU;Y) > 1 — €}, then V is a subspace of '

Let @ € Vand B €F, ifd=00r3=0then 3@ =0¢€ V. If @ #0 and 3 # 0, then
I(BaTU;Y) =1(@TU;Y) >1—cand Ba € V.

Suppose m > 1, let d1,d2 € V and B1, 52 € F,. We can suppose that ai,ds # 0 and
1, B2 # 0 because otherwise we would be in the previous case. Let U’ = alU, U = aLU,
X'= U + poU" and X" = 51U’ + (B2 + 1)U” then the transformation (U, U") — (X', X")
is invertible. Thus:

I(X5Y) + I(X"YX) = I(X'X"Y) = I(U'U"Y) = I(U;Y) + I(U"; YU)
>I(UY)+I(U"Y) > 2 —2¢

If I(X';Y) < e then I(X”;YX') >2—3e >2— 3 =1 which is a contradiction (remember
that € < ¢, < %) So I((ﬁlc_fl + ﬁg&z)Tﬁ;Y) = I(X/;Y) > 1—¢, and 81071 + Py € V.
Therefore, V' is a subspace of Fy".

Let dy,...,d, be a basis of V, and let @41, ..., &y be m — r vectors extending {aj, ..., d,}
to a basis of [, Define the two matrices A := [d1 ... @] and B = [@p11 ... Q).

If I(P[B|®]) = I(@Tﬁ;Y) > 1 — ¢, then by considering the channel P[B|®] we get
by lemma 5 a vector § € F;*~" such that I(P [B|®][B|®]) > 1 — ¢, but this means that
I((BR)TU;Y) = I(P[BS|®]) = I(P[B|®] [3|<I>]) > 1— ¢ (see lemma 2) and so Bf € V, and
therefore Bg can be written as a linear combination of the vectors of A which form a basis for

V. But this is a contradiction since the vectors of A and B are linearly independent. Therefore,
we must have 0 < I(P[B|®]) < ¢

On the other hand, we have:
IATDY) =1([6 ... &]"0;Y) =Y 1@ 0;Y, (@ ... dpa]"0) = > I(@{T;Y) > r —re
k=1 k=1

Tr7 Tr7 _ 1
Sor—re < I(ATU;Y) < r,and [[(A"U;Y) —r| <re < ;85 =1— "5 < 1—¢

(remember that € < €, < m+1) but I(ATU;Y) = I(P[A|®]), and from the hypothesis we have

d(I(P[A|®]),Z) < €, so 1 is the closest integer to I(P[A[®]), thus r — € < I(ATU;Y) < r and
[I(ATU:;Y) — 7| < e. Moreover I(ATU;Y, BTU) < r so we get:

r—e< I(ATU;Y) < I(ATU; Y, BTU) < I(ATU; Y, B"U) + I(B"U;Y) <r + ¢
and since the matrix [A B]7 is invertible, then we have:
I(P)=I1(U;Y)=I([AB"U;Y) = I(BTU;Y) + I(ATU;Y, BTU)
Therefore, r—e < I(P) <r+esincer—e < I(ATU,Y,BTU)+1(BTU;Y) < r+e. We conclude
that |[I(P) —r| < ¢, and |I[(ATU;Y) — I(P)| < 2¢ because we already have |I[(ATU;Y) —r| <
€. O

Now we are ready to prove theorem 2:



Proof. (of theorem 2)

The processes I(P,[A|B]) converge almost surely to integers, and therefore the maximal
distance between I(P,[A|B]) and the set of integers converges almost surely to zero. For large
enough n, this maximal distance becomes less than ¢, and by the previous proposition we
conclude that the channels P, almost surely become almost deterministic linear channels.

For the sake of accuracy, we provide the following rigorous proof. Let P be an m-user MAC,
and € > 0. Let 6 = %min{e, €m}. For n,l € N*, define the event 7, as:

Tk = {an € [1,m]NN,Vny € [0,m —ni| NN, V[A B] € F?X("l"'”?) :
1
rank([4 B]) = n1 +no = d(I(P[A|B]). Z) < 7 }

Since the processes I(P,[A|B]) converge almost surely to integer values for all matrices A and
B such that [A B] is full rank, then the event T = ﬂ U ﬂ T has probability 1. Let

E>11>1n>1
k > %, Pr( U ﬂ 7;116> > Pr< ﬂ U ﬂ ’ﬁlk) = 1. The events ﬂ Tni are increasing with [,
1>1n>l k>11>1n>1 n>l
SO Pr( U ﬂ %k) = llinoao Pr< ﬂ %k) = 1. We conclude that:

[>1n>1 n>l
lim Pr(7;%) > lim Pr( m 77”6) =1
=00 ’ l—00 >l ’

The event 7y implies d(I(P[A|B]),Z) < + < § < &, for all matrices A and B satisfying
[A Bj is full rank. Then by proposition 3, there exists a matrix Ap, of rank r such that
|I(AplTﬁpl;Ypl) —I(P)]| <20 <, \I(AplTﬁpl;Ypl) —r|<éd <eand |[(F)—r| < <e where
U p, and Yp, are the input and output of P respectively. We conclude that the event 7; ;, implies
the event C; defined by:

C = {ElAPl e F™, rank(Ap) = rp, ]I(A;‘gl[jpl;Ypl) —I(P)| <e|rp —I(P)| < e}

So llim Pr(C;) = 1. By examining the explicit expression of Pr(C;) we get:
— 00

. 1 l MXTs
Jim (s € =4 340 € smak(4) = .

II(ATT,: Y,) — I(P%)| < €, |rs — I(P®)| < 6}‘ —1

4 Rate of polarization

Now we are interested in the rate of polarization of P, into deterministic linear channels.

Definition 8. The Battacharyya parameter of a single user channel Q) with input alphabet X
and output alphabet ) is defined as:

Z(Q)=W1|_1) S S VeuRu)

(z,2")eX x X yeY
oz’
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It’s known that P.(Q) < ¢Z(Q) (see [6]), where P.(Q) is the probability of error of the
maximum likelihood decoder of Q).

Lemma 6. Let P be an m-user MAC. For any d € F" we have:

1
Jim | {s € {=+}' s I(P[a1)) > 1 -, Z(Pa|e]) = 272"} = 0
—00

1
forall0 <e<1,0<B< 3.

Proof. I(P,[d|®]) converges almost surely to 0 or 1, and this means that Z (P, [@|®]) converges
also almost surely to 0 or 1 due to the relations between the quantities I(Q)) and Z(Q) (see
proposition 3 of [6]).

Z(PT[a|®]) < Z(P|a|®]") since P[@|®]" is degraded with respect to P [@|®], and Z (P~ [@|®]) =
Z(P[a|®]") since P[@|®]” and P~ [d|®P] are equivalent. From [6] we have:
Z(Pla|®]”) < qZ(P[d|®]) and Z(Pla|e]") = Z(Pld|®))?

Now we can apply theorem 1 of [3] to get

lim Pr(I(P,[d®]) > 1 — ¢, Z(P,[d®]) >272") =0

n—oo

by examining the explicit expression of the last probability we get the result. O

Theorem 3. The convergence of Py, into deterministic linear channels is almost surely fast:

1
5’{3 c{— +}:34,=1[d ..a,] € Fy " rank(Ag) =7

lim
l—o0

I(ATU Y,) — I(P*)| < €, |rs — I(P*)| < €, Y Z(P*[@|®]) < 2—2‘”}( -1
k=1

forall0<e<1,0< < % U, and Y, are the input and output of P°® respectively.

Proof. Let 8 < 8 < 3, define:

Ez={s€{—+}': I(P[a|D]) > 1-2¢, Z(P*[@]®]) > 272"} ford € F"
By = {s € {—,+} : 3A, € FI"" rank(Ay) = 1y, [ (AT Us; Yy) — I(P%)| < €, |rs — I(P®)| < €}

By ={s e {—+} :3A, = [a1 ... ;] € F{"" rank(4,) = s,

H(ATTY) = I(P*)] < 6, Irs = I(P)| < &, 3 Z(P*[axfa)) < r2 "'}
k=1

If s € B1/(Ugepm Ea) then 3A, = [@) ... &,] € FJ"™" such that rank(A,) = r, |rs —
q
I(P%)| < e and [I(ATUg;Y,) — I(P*%)| < € (so |[I(ATUs; Ys) —rs| < 2¢). For 1 < k < m we have:

11



I(ATT,;Y,) = I(P°[A,|®)) = I(P®[a|®)) + I(P*[[@1 ... Gk—1Gks1 - Om]|dk])
>r—2eVke{l,..rs}

and since I(PS [[&’1 e Q1041 - O_meO_fk]) < r—1, then I(P*[d|®]) > 1—2¢e which implies

Ts ,
Z(P*[a|®]) < 227" since s ¢ Eq, for all k € {1,..,75}. So Y Z(P*[dx|®]) < r,272"", and
k=1
therefore s € Ey. Thus E /( U Ez) C Es and |Ey| > |Ey| — Z |Ez|. By theorem 2 and
aerm aerm

lemma 6 we have:

.1 1
12 lim | By| > lim o (|E| — Z |Ba) =1-0=1
aeFy
By noticing that r52*2ﬁ : < m2=2"" < 2727 for | large enough, we conclude the limit in the
theorem. O

5 Polar codes construction

Choose 0 < e <land 0 < B < ' < %, let I be an integer such that q2l2—2[3’l < 92" nd
%|El| >1-— where

T
By ={s€{—+}:Tr, 34, = [@1 ... &) € 77 rank(Ay) = r, :

L(ATT Yo) = I(P)| < 5, I = I(P)| < 5. > Z(Planf@)) <272}
k=1

Such an integer exists due to theorem 3.

For each s € {—,+}, if s ¢ By set F(s,k) = 1Yk € {1,....,k}, and if s € E; choose a matrix
A; of rank r¢ which satisfies the conditions in Fj, then choose a set of rg indices Sy = {i1, ...i,, }
such that the corresponding rows of Ay are linearly independent then set F(s, k) =1 if k ¢ S,
and F(s,k) =0if k € S5. F(s,k) =1 indicates that the user k is frozen in the channel P, i.e.
no useful information is being sent.

A polar code is constructed as follows: The user k£ sends a symbol Uy j, through a channel
equivalent to P*. If F(s,k) = 0, U, is an information symbol, and if F'(s,k) = 1, Usy, is a
certain frozen symbol. Since we are free to choose any value for the frozen symbols, we will
analyze the performance of the polar code averaged on all the possible choices of the frozen
symbols, so we will consider that U, j, are independent random variables, uniformly distributed
in F, Vs € {—,+},Vk € {1,...,m}. However, the value of Uy j will be revealed to the receiver
if F'(s, k) =1, and if F'(s, k) = 0 the receiver has to estimate Uy j from the output of the channel.

We associate the set {—, +} with the strict total order < defined as si...s; < s...s) if and
only if s; = —, s, = + for some ¢ € {1, ...,1} and s, = s}, Vh > 1.

12



5.1 Encoding
Let {Ps}ye {—+) be aset of 2! independent copies of the channel P. Do not confuse P, with
P?, P; is a copy of the channel P and P? is the polarized channel obtained from P as before.
Define Uy, o, 1 for s1 € {—, +}", 52 € {—, +}'V, 0 <1’ <l inductively as:
o Upsr=Usp ifl' =0,s€{—,+}"
® Ulsii)sak = Usi (s b + Usy (saimyb 11> 0, 81 € {—, +Y L s e {— Y
o Ulsiit)sok = Usysorpy e i >0, 51 € {—, 4171 59 € {—, +}70".

The user k sends U ¢ through the channel Ps for all s € {—, +}!. Let Y; be the output
of the channel Py, and let Y = {Y,},¢(_ 1. We can prove by induction on I’ that the channel

ﬁsl,s&k — ({Ys}s has sy as prefixa{[_js’}s’<52) is equivalent to P%2. In particular, the channel
U, — (Y, {ﬁs’}s’<s) is equivalent to the channel PS.

5.2 Decoding

If s ¢ E; then F(s, k) =1 for all k, and the receiver knows all U j, there is nothing to decode.
Suppose that s € Ej, if we know {U' s }s'<s then we can estimate (75 as follows:

o If F(s,k) =1 then we know Ug .

e We have F(s, k) = 0 for rg values of k corresponding to rs linearly independent rows of
As. So if we know AT Uy, we can recover Uy, for F(s, k) = 0.

o If A, = [, ... @], then we can estimate ATU, by estimating &gﬁs for h € {1,...,rs}.

e Since dgﬁs — (Y, {Us',k}s'<s) is equivalent to P*[a/,|®], we can estimate o?{(js using the
maximum likelihood decoder of P*[d,|®].

o Let Dy(Y,{Uy}y<s) be the estimate of Uy obtained from (Y, {Uy}y<s) by the above
procedure.

This motivates the following successive cancelation decoder:

i US = DS(Ya {Us/}3’<5) if s € Ej.

5.3 Performance of polar codes

If s € Ej, the probability of error in estimating &gﬁs using the maximum likelihood decoder
is upper bounded by ¢Z(P*[d,|®]). So the probability of error in estimating AZﬁS is upper
Ts

bounded by ZqZ (P*[ag|®]) < q2_2B g Therefore, the probability of error in estimating Us
k=1 ,
from (Y, {ﬁsz}sl<s) is upper bounded by q2_26 ' when s € E;

Note that Dy(Y,{Uy}ges) = Us, (Vs € E)) < Dy(Y,{Uy}yes) = U, (Vs € Ey), so the
probability of error of the above successive cancelation decoder is upper bounded by

2=t 261

= = _98l _ _
> Pr(Ds(Y {Us}ocs) #Us) < [E|g27% < q2'2 <2

seE;
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The above upper bound was calculated on average over a random choice of the frozen symbols.
Therefore, there is at least one choice of the frozen symbols for which the upper bound of the
probability of error still holds.

The last thing to discuss is the rate vector of polar codes. The rate at which the user k is

1
communicating is Ry = o Z (1 — F(s,k)), the sum rate is:
seE;

Z Rk:% Z Z(l—F(s,k)):%er

1<k<m 1<k<m s€E, sEE,

We have |I(P°) —rs| < § and I(P?) < rs+ § for all s € Ej. And since we have Z I(P?) =
Se{_7+}l
2 I(P) we conclude:

I(P):% > Ir) —ﬁz; ZI(P8)<%Z(TS+§)+%]Eﬂm

SE{*,*F}Z SEEJZC seER;

1
R+ =|E|- <R+ S4ES-R
< +2,| z\2+m2m7 +2+2 +e€

To this end we have proved the following theorem which is the main result in this report:

Theorem 4. For every 0 < € < 1 and for every 0 < g < %, there exists a polar code of length
N having a sum rate R > I(P) — € and a probability of error P, < 2N,

A final note to report is that by changing our choice of the indices in Sy, the rate vector of
the polar code moves at a distance of at most € along the dominant face of the capacity region
achievable by polar codes. However, the dominant face of the initial capacity region can be
strictly bigger than the dominant face achievable by polar codes.

6 Case study

In this section, we are interested in studying the problem of loss in the capacity region by po-
larization in the special case of channels which are combination of deterministic linear channels.

Definition 9. An m-user MAC P is said to be a combination of n linear channels, if there are
n matrices Ay, ..., An, (A € Bk ) such that P is equivalent to the channel P, : Fgx...xF, —

n

U {k} x F"™ defined by:
k=1

it ATZ = g
Pk, l7) =% TR Y vk e (1, n}, Vi € B VE € B
0 otherwise

where Zpk =1 and pi # 0Vk. The channel P, is denoted by P, = ZkaAk'
k=1 =

The channel P; can be seen as a box where we have a collection of matrices. At each channel
use, a matrix Ay from the box is chosen randomly according to the probabilities py. The output
of the channel is AT Z, together with the index k (so the receiver knows which matrix has been
used).
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6.1 Characterizing non-losing channels

In the case of channels that are combination of linear channels, we are interested in finding in
the channels whose capacity region is preserved upon the polarization process.

Proposition 4. If {Ay, A} : 1 < k < n} is a set of matrices such that span(Ay) = span(4}) Vk €
n n

{1,...m}, then the two channels P = ZkaAk and P' = ZkaA;c are equivalent.
k=1 k=1

Proof. 1f span(Ay) = span(A4}), we can determine AL from A;Tf and vice versa. Therefore,
from the output of P, we can deterministically obtain the output of P’ and vice versa. In this
sense, P and P’ are equivalent, and have the same capacity region. ]

n
Notation 2. Motivated by the above proposition, we will write P = ZkaVk where {Vj, : 1 <
k=1

k < n} is a set of n subspaces of Fy', whenever P is equivalent to ZkaAk and span(Ag) = Vj.

k=1

Proposition 5. If P = ZkaVk, then I[S](P) = Zpkdim(projS(Vk)) for all S C {1,...,m}.
k=1 k=1

Where projg denotes the canonical projection on Fg defined by projg(Z) = projg(xi, ..., Tm) =

(24, ~--axi|5\) for &= (z1,...,zm) € FY and S = {i1,....7|5)}-

Proof. Let X1, ..., X,, be the input to the channel > }_, prCa, (where Ay spans V), and let
K.Y be the output of it. We have:

H(X(S)|K,Y,X(59)

= Pr(k, i) H(X(S)|k, §, X (5)) = Z Z Pr(k, §7)Pr(Z)H (X (S)| AL X, X (S°))

=5 S P @ H(X(S)[k, g ZpkH S)AFX, X(5%))
o ATi—g

=3 peH(X(S)|Ax(S)TX () ZpkH 9)|Ak(8)TX(S))
k

Where Ag(S) is obtained from Ay by taking the rows corresponding to S. For a given
value of Ax(S)TX(S), we have g% possible values of X(S) with equal probabilities, where
dj, is the dimension of the null space of the mapping X(S) — Ai(S)TX(S), so we have

H(X(S)|AR(S)TX(S)) = dy.

On the other hand, |S| — H(X(S)\Ak(S)TX(S)) = |S| — dj, is the dimension of the range

space of the the mapping X (S) — A(S)TX(S), which is also equal to the rank of A;(S)7T.
Therefore, we have:

S| — H(X(S)|Ax(S)"X(S)) = rank(A4(S)T) = rank(A44(S)) = dim (span(Ak(S)D

= dim (span(projS(Ak))> = dim (projs(span(Ak)))
= dim(projg(Vz))
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We conclude:
I(X(): K.Y, X(5%) = H(X(S)) — H(X(S)|K,Y. X(5))
= 181 = X nH (X ()] 4u(S) " X(5)
=3 i \sr— X(5)|Ar(S)T X (S)))
- épmsw —dy) = Y pudim(projs(V3))

k

Proposition 6. If P = Z:pkcv,c then:

k=1
n n
L4 P_ = Z Z pklkaCVklﬂVkQ
k1=1ko=1
n n
+ —
o P7 = Z Z pklkaCVk1+Vk2
k1=1ko=1

n
Proof. Suppose without lost of generality that P = Zpkc A, Where Ay spans Vj. Let U, be
k=1

an arbitrarily distributed random vector in F" (not necessarily uniform), let Us be a uniformly
distributed random vector in Fg” independent from U;. Let X1 = Uy + Uy and Xo = Us. Let
(K, Aﬂl)zl) and (Kg,Aﬂ2X2) be the output of P when the input is X; and X, respectively.
Then the channel U; — (K, A£1 Xl, K, A%X’g) is equivalent to P~ with Uy as input. We did
not put any constraint on the distribution of Uy (such as saying that U; is uniform) because in
general, the model of a channel is characterized by its conditional probabilities and no assump-
tion is made on the input probabilities.

Fix K1 = k1 and Ky = ko, let Ay, ak,, Br, and By, be three matrices chosen such that A g,
spans Vi, N Vi,, Ak, = [Akiaks Bi,| spans Vi, Ak, = [AkAks BkZ] spans Vi,, and the columns
of [Ag, Ak, Bk, Brk,] are linearly independent. Then knowing AT X, and AT X, is equivalent to
knowing Akl/\k‘z (U1 + UQ), 1(U1 + Ug), ATIN,€2 U, and B 2U2, Wthh is equlvalent to knowing
Tkll’,€2 = Akl/\nglv flgl,kz = B;{l(ﬁl +U,) and T,f’l’kQ = [Ag,rky Bi,]TUs. We conclude that P~
is equivalent to the channel:

. _ ) i
Ui = (K1, K2, T, k0,0 Ticy 1600 Ty )

Conditioned on (Kl,KQ,fIl{ K> ) we have [Bg, AK1/\K2 BKZ]TﬁQ is uniform (since the matrix

[Br, Ak,nk, B is full rank) and independent from Uy, so [Ax,nk, Bie,)TUs is independent
from (B, Uy, U1), which implies that [Ax, nx, Bi,]? U is independent from (Bk, (U1+U2) U1)

Also conditioned on (K7, KQ,T}(L Ky)s B};I Us, is uniform and independent from U1, which im-
plies that U, is independent from BT (ﬁl + (72) and this is because the columns of By, and
Ak, nK, are linearly independent. We conclude that conditioned on (Kl,KQ,TK1 L) U, is
independent from (f%17K2,TI3(17K2). Therefore, (Kl’K%TKl,KQ) (Kl,Kg,Ak Aka U1) form
sufficient statistics. We conclude that P~ is equivalent to the channel:
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ﬁl —= (K17K2?A£1/\k;2(j1)
And since Pr(K; = ki, Ko = k2) = pg,Pk,, and Ag, ax, spans Vi, N Vi, we conclude that

n n
T=D 0 P Cu v, -

k1=1ko=1
Now let Uy be arbitrarily distributed in F" (not necessarlly umform) and U, be a umformly
distributed random vector in Fm 1ndependent from U2 Let X1 U1 + U2 and X2 U2 Let
(K1, ATle) and (KQ,ATQXQ) be the output of P when the input is X; and Xz respectively.
Then the channel [fg — (Kl,A%ljl,KQ,A£2XQ,U‘1) is equivalent to P with ﬁg as input.
Note that the Qniform distrib_gtion constraint is now on U; and no constraint is put on the
distribution of Uy, since now U is the input to the channel PT.

Knowing Aﬂlil, A%Xé and U is equivalent to knowing Aﬂl(ﬁl + ﬁg), A% Us and Ui,
which is equivalent to knowing AII;1 ﬁg, Aﬂz Us and U;. So Pt is equivalent to the channel:

UQ — (KlaKQa [Ak‘l Ak2]T(72a ﬁl)

And since U is independent from U, the above channel (and hence P+) is equivalent to
the channel:

UQ — (KlaK27 [Ak1 Akz]Tﬁ2)
We also have Pr(K; = ki1, K2 = k2) = p,Pk,, and [Ag, Ag,] spans Vi, + Vi,. We conclude

n n
that PT = Z Z pk1kaCVk1+Vk2‘ -
k1=1ko=1

Lemma 7. Let P = ZkaVk and S C {1,...,m}, then
k=1

(Z[S)(P7) + I[SI(PT)) = I[S](P) «

(¥(k1, k2); projs(Vi, 1 Vi) = projs(Vi,) Nprojs(Viy))

1
2

Proof. We know that if V' and V" are two subspaces of IFy?, then projg(V NV’) C projg(V) N
projg(V’) and projg(V + V') = projg(V') + projg(V’), which implies that:

dim(prOjS(V N V’)) < dim(projS(V) N projS(V’))
dim (projg(V +V')) = dim(projg(V) + projs(V"))

We conclude:
dim(projg(V N'V’)) + dim(projg(V + V7))

< dim (projg(V) N projg(V’)) + dim(projg (V) + projs (V"))
= dim(projS(V)) + dim(prOjS(V'))

Therefore:
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s(1181(P7) + 1[S](PT))

1 - . . " . )
= 5( Z Py P, dim (proj s (Vi, NVi,)) + Z Z Drey P, dim (projg(Vi, + sz)))
k1=1ko=1 k1=1ko=1
= 5( Z Z Phi Pk (dim (projg(Vi, N Vi, )) + dim(projg(Vi, + Vk2)))>
k1=1ky=1
< 5( Z Z Dk Pk (dlm(prOJS(Vkl)) + dlm(prOJS(ng))))
k1=1ky=1
1 - : . “ . .
= 5( > prydim(projg(Ve,)) + Y pk2dlm(prOJS(Vk2))>
k1=1 ko=1
1

So if we have projg(Vi, N Vi) S projg(Vi,) N projgs(Vi,) for some ki, ka, then we have
dim (projg(Vi, N Vi,)) < dim(projg(Vi,) N projs(Vi,)), and the above inequality of mutual
information will be strict. We conclude that:

%(1[5] (P)+I[S|(PT)) = IS|(P)

(V(lﬁ, kZ); projS(Vkl N Vk2) = prOjS(Vkl) N prOjS(Vk2)>
]

Definition 10. Let V be a set of subspaces of F', we define the closure of V, cl(V), as being
the minimal set of subspaces of Fy" closed under the two operations N and +, and including V.
We say that the set V is consistent with respect to S C {1,...,m} if and only if it satisfies the

following property:
(W4, V2) € cl); projs(Vi, 01 Vi) = projs(Via) 0 projs (Vi)

Corollary 2. If V = {V}, : 1 < k < n}. I[S](P) is preserved upon the polarization process if
and only if V is consistent with respect to S.

Proof. Upon the polarization process, we are performing successively the N and + operators,
which means that we’ll reach the closure of V after a finite number of steps. So I[S](P) is
preserved if and only if the above lemma applies to cl(V). O

The above corollary gives a characterization for a combination of linear channels to preserve
I[S](P). However, this characterization involves using the closure operator. The next propo-
sition gives a sufficient condition that uses only the initial configuration of subspaces V. This
proposition gives some “geometric” view of what the subspaces should look like if we don’t
want to lose.

Proposition 7. If there ezists a subspace Vg of dimension |S| whose projection on S is IFqS (i.e.
projs(Vs) = Fqs), such that for every V. € V we have projg(Vs NV) = projg(V'), then I[S](P)
1s preserved upon the polarization process. In other words, if every subspace in YV passes through
Vs “orthogonally” to S, then I[S](P) is preserved upon the polarization process.
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Proof. Let Vg be a subspace satisfying the hypothesis, then it satisfies also the hypothesis if we
replace V by it’s closure: If Vi and V5 are two arbitrary subspaces satisfying

projs(Vs N'Vi) = projg(V1) and projg(Vs N Va) = projg(Va)

then projg(V1) C projg(Vs N (Vi + V2)) and projg(Va) C projg(Vs N (Vi + Va)), which implies
projg(Vi + Vo) = projg(Vy) + projg(Va) C projS(Vs N+ Vz)) Therefore, projS(Vg N1+
Vg)) = projg(Vi + V2) since the inverse inclusion is trivial.

Now let & € projg(V1) N projg(Va), then & € projg(Vi) = projg(Vi N Vs) and similarly
Z € projg(VoaNVs) which implies that there are two vectors 21 € V1 NVg and 23 € Vo N Vg such
that & = projg(Z1) = projg(#32). And since projq(Vs) = ]Fg and dim(Vg) = |S|, then the map-
ping projg : Vs — ]F(f is invertible and so Z; = Z which implies that Z € projg(Vi NVa N V).
Thus projg(Vi) N projg(Va) C projg(Vi N Va) C projg(Vi N Va N Vg). We conclude that
projg(Vi) N projg(Va) = projg(Vi N Vo) = projg(Vi N Vo N Vg) since the inverse inclusions
are trivial.

We conclude that the set of subspaces V satisfying projq(V N Vs) = projg(V) is closed
under the two operators N and +. And since V is a subset of this set, c/(V) is a subset as well.
Now let Vi, Vs € cl(V), then projg(Vs NVi) = projg(V1) and projg(VeNVa) = projg(Va). Then
projg(V1) Nprojg(V2) = projg(ViNVa) as we have seen in the previous paragraph. We conclude
that V is consistent with respect to S and so I[S](P) is preserved. O

Conjecture 1. The condition in proposition 7 is necessary.

6.2 Total loss in the dominant face

After characterizing the non-losing channels, we are now interested in studying the amount of
loss in the capacity region. In order to simplify the problem, we only study it in the case of
binary input 2-user MAC since we can easily generalize for the general case.

4
Since we only have 5 subspaces of F%, we write P = ZkaVk, where Vp, ..., V4 are the 5
k=0
possible subspaces of F3:

Vo ={(0,0)}

Vi = {(070)7 (1a0>}

‘/2 = {(07 0)7 (Oa 1)}

‘/3 = {(07 0)7 (L 1)}

‘/4 = {(07 0)7 (1’ O)a (07 1)5 (17 1)}
We have I[1](P) = p1+p3+pa, I[2](P) = p2+p3+ps and I(P) = I[1,2](P) = p1+p2+p3+2ps.

4
Definition 11. Let P = ZkaVk and s € {—,+}!, we write p{ to denote the component of
k=0
4
Vi in P%, i.e. we have P° = szcvk.
k=0

1
We denote the average of pi on all possible s € {—,+} by p,gl). i.e. p](gl) =5 Z D
Se{_7+}l

p,(fo) is the limit of pg) as | tends to infinity.
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We denote the avemge of I[1](P*) (resp. I[2](P*) and I(P*)) on all possible s € {—,+}
by I; 0 (resp. I(l) and I ) We have I(l) = () + pé) + p(l) (l) (l) (l) + pfl) and
10 = (l) +p() + pé) + 2p . If 1 tends to mﬁmty we get I( ) p§°°) —l—p;(g ) +p(oo) 12(00) =
( )+p(00) +p1(100) and 1) = ( )—l-pg )+p(00)+2p(00)'

Definition 12. We say that we have total loss in the dominant face in the polarization process,
if the dominant face of the capacity region converges to a single point.

Remark 2. The symmetric capacity region after [ polarization steps is the average of the sym-
metric capacity regions of all the channels P* obtained after | polarization steps (s € {—,+}').
Therefore, this capacity region is given by:

JPD)={(Ri,Ry): 0< Ry <1, 0< Ry <1, 0< Ry + Ry < 1}

The above capacity region converges to the “final capacity region”:

T(PE) = (R, Ba) - 0< By < I, 0< Ry I, 0 < By + By < 109}

The dominant face converges to a single point if and only if I(>) = Il(oo) + Iéoo), which is
equivalent to pg ) 4 p(oo) +p(oo) + 2p(°°) = pgoo) —{—pgoo) + 2p§oo) + QpEloo). We conclude that we
have total loss in the dominant face if and only if p:(soo) =0.

Lemma 8. The order of p1,ps and ps remains the same upon the polarization process. e.g. if
p1 < p3 < p2 then pi < p3 < p3, and if ps = p3 < p1 then p5 = p3 < pj for all s € {—,+}.

4 4
Proof. We have P~ Z Z pkpk/CVkak, and PT = Z Z PkPr'Cv,+v,, - Therefore, we have:

k=0k'= k=0k'=
Py = Pp + 2p0(p1 + P2 + 3 + pa) + 2(p1p2 + paps + p1ps)
Py =Dpi+2ppa
Py =3+ 2paps
P35 = D3+ 2p3ps
Py =Di

Py =1}

Py =i+ 2p1ipo

p3 = p3 + 2papo
p3 = P+ 2pspo

Pl =4+ 2pa(p1 + p2 + p3 + pa) + 2(p1p2 + pap3 + p1p3)

We can easily see that the order of p; ,p, and p; is the same as that of pi, ps and p3. This
is also true for pf ,p; and pgr. By using a simple induction on I, we conclude that the order of
pi,p5 and p§ is the same as that of py, ps and p3 for all s € {—, +}%. O

Lemma 9. For k € {1,2,3}, if 3k’ € {1,2,3} \ {k} such that py, < py then

In other words, the component of Vi is killed by that of Vir.
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Proof. We know from theorem 2 that the channel P® converges almost surely to a deterministic
linear channel as [ tends to infinity (we treat s as being a uniform random variable in {—, +}).
Therefore, the vector (p§, pi, ps5, p§, pj) converges almost surely to one of the following vectors:
(1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0) or (0,0,0,0,1). In particular, p;, converges
almost surely to 0 or 1.

Since py < py then p; < pj, for any s, and so pj, cannot converge to 1 because otherwise the
limit of pf, would also be equal to 1, which is not possible since none of the 5 possible vectors

contain two ones. We conclude that p; converges almost surely to 0, which means that p,(cl) (the

average of p; on all possible s € {—, +}!) converges to 0. Therefore, péoo) =0. O

Proposition 8. If ps < max{p1,ps2}, then we have total loss in the dominant face.

Proof. If p3 < max{pi,p2}, then by the previous lemma we have pgoo) = 0. Therefore, we have

total loss in the dominant face (see remark 2). O

Corollary 3. If we do not have total loss in the dominant face then the final capacity region
(to which the capacity region is converging) must be symmetric.

Proof. From the above proposition we conclude that ps > max{p1, p2} and from lemma 9 we
conclude that pgoo) = pgoo) = 0. Thus, Il(oo) = IQ(OO) = péoo) +p51°°) and the final capacity region
is symmetric. In particular, it contains the “equal-rates” rate vector. ]

Conjecture 2. The condition in proposition 9 is necessary for having total loss in the dominant
face. i.e. if p3 > max{p1, p2}, then we do not have total loss in the dominant face.

7 Conclusion

We have seen in this report how we can construct reliable polar codes for any m-user M AC

with inputs in F,. We have seen that for 0 < € and 8 < %, a polar code of length N can be

constructed such that its sum rate is within € from the sum capacity of the channel, and the
. . _NB

probability of error is less than 2 .

We have seen also that although the sum capacity is achievable with polar codes, we may
lose some rate vectors from the capacity region upon polarization. We have studied this loss in
the case where the channel is a combination of linear channels, and we derived a characteriza-
tion of non-losing channels in this special case. We have also derived a sufficient condition for
having total loss in the dominant face in the capacity region (i.e. the dominant face converges
to a single point) in the case of binary input 2-user MAC.

Several questions are still open, the most important one is whether we can find a coding
scheme, based on polar codes, in which all the symmetric capacity region is achievable.
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