
Diamagnetic thresholds for sawtooth cycling in tokamak plasmas
Federico D. Halpern, Hinrich Lütjens, and Jean-François Luciani 
 
Citation: Phys. Plasmas 18, 102501 (2011); doi: 10.1063/1.3646305 
View online: http://dx.doi.org/10.1063/1.3646305 
View Table of Contents: http://pop.aip.org/resource/1/PHPAEN/v18/i10 
Published by the American Institute of Physics. 
 
Related Articles
Transport bifurcation induced by sheared toroidal flow in tokamak plasmas 
Phys. Plasmas 18, 102304 (2011) 
Toroidal rotation and radial electric field driven by the lower-hybrid-wave in a tokamak fusion reactor 
Phys. Plasmas 18, 102502 (2011) 
High- equilibria in tokamaks with toroidal flow 
Phys. Plasmas 18, 092508 (2011) 
On the bootstrap current in stellarators and tokamaks 
Phys. Plasmas 18, 092505 (2011) 
Zero- modeling of coaxial helicity injection in the HIT-II spherical torus
 
Phys. Plasmas 18, 094502 (2011) 
 
Additional information on Phys. Plasmas
Journal Homepage: http://pop.aip.org/ 
Journal Information: http://pop.aip.org/about/about_the_journal 
Top downloads: http://pop.aip.org/features/most_downloaded 
Information for Authors: http://pop.aip.org/authors 

Downloaded 25 Oct 2011 to 128.178.125.169. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions

http://pop.aip.org/?ver=pdfcov
http://aipadvances.aip.org?ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=Federico D. Halpern&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=Hinrich L�tjens&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=Jean-Fran�ois Luciani&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3646305?ver=pdfcov
http://pop.aip.org/resource/1/PHPAEN/v18/i10?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3642611?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3644479?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3641966?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3633940?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3626563?ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://pop.aip.org/about/about_the_journal?ver=pdfcov
http://pop.aip.org/features/most_downloaded?ver=pdfcov
http://pop.aip.org/authors?ver=pdfcov


Diamagnetic thresholds for sawtooth cycling in tokamak plasmas

Federico D. Halpern,a) Hinrich Lütjens, and Jean-François Luciani
Centre de Physique Théorique, École Polytechnique, CNRS, 91120 Palaiseau, France

(Received 1 June 2011; accepted 2 September 2011; published online 10 October 2011)

The cycling dynamics of the internal kink mode, which drives sawtooth oscillations in tokamak

plasmas, is studied using the three dimensional, non-linear magnetohydrodynamic (MHD) code

XTOR-2F [H. Lütjens and J.-F. Luciani, J. Comput. Phys. 229, 8130 (2010)]. It is found that sawtooth

cycling, which is characterized by quiescent ramps and fast crashes in the experiment, can be

recovered in two-fluid MHD provided that a criterion of diamagnetic stabilization is fulfilled. The

simulation results indicate that diamagnetic effects alone may be sufficient to drive sawteeth with

complete magnetic reconnection in high temperature Ohmic plasmas. VC 2011 American Institute of
Physics. [doi:10.1063/1.3646305]

I. INTRODUCTION

Sawtooth relaxations are characterized by a magnetic

reconnection event with q¼m=n¼ 1=1 helicity that periodi-

cally redistributes heat, current, and particles in the plasma

core of magnetically confined devices.1,2 These magnetic

relaxation events (crashes) are separated by quasi-quiescent

periods of time (ramps) during which the plasma pressure

within the resonant surface increases and the mode is

believed to be stable. Precursor and postcursor oscillations

often precede and succeed sawtooth crashes in tokamaks.

In the present tokamak experiments, sawtooth crashes

are widely believed to provide the finite amplitude perturba-

tion necessary to seed neoclassical tearing modes. In future

devices, where the population of fast ions will be large, saw-

teeth may have a large effect on the fast particle confinement

through coupling or triggering of kinetic instabilities (see,

for example, Refs. 3–5). Although increased understanding

of sawtooth oscillations would be important for successful

tokamak operation, the sawtooth cycle is not completely

resolved. The present work is concerned with the dynamics

of kink cycling, i.e., with the conditions that allow the repeti-

tive succession of ramps, precursor, crash, and postcursor

stages, that is observed in tokamak experiments during each

sawtooth cycle.

The analytical theory has identified asymptotic regimes

for the m=n¼ 1=1 internal kink mode and described their

dynamics.6–14 It is noted that in ideal magnetohydrodynam-

ics (MHD), with no dissipation mechanism available to ena-

ble magnetic reconnection, an unstable kink mode results in

a three dimensional equilibrium with a m=n¼ 1=1 helicity

component (no kink cycles). In resistive MHD, kink cycles

can be recovered, but the duration of kink crashes,

scrash� g�1=2, is several orders of magnitude too slow with

respect to the sawtooth crashes observed in large

tokamaks.15–17 When diamagnetic flows are included in the

description of the internal kink, the growth rate of the resis-

tive instability is further reduced and the mode can become

completely stable.8,13

It is also noted that the ideal MHD time scale required

to recover the short crash times observed in the experiment

appears to be at odds with the slow growth rate (in the resis-

tive time scale) of the precursor oscillations that precede the

crash. Several authors have proposed models that involve an

acceleration of the reconnection rate during the late stage of

the sawtooth ramp.12,18–22

In a preceding work,23 the internal kink dynamics were

studied, revealing a threshold between cases displaying a sat-

urated m=n¼ 1=1 helical state in the plasma core, and

regimes where the kink is oscillating in time. The transition

between these dynamics is controlled by plasma pressure, re-

sistivity, thermal transport, and diamagnetic effects. It was

shown with 3D extended MHD simulations that sawtooth

cycles with physical parameters typical of Ohmic tokamak

plasmas can be observed only in the framework of resistive

MHD with thermal transport and diamagnetic effects. With-

out the latter effect, the kink dynamics only displays satu-

rated stationary helical states or oscillatory regimes with

comparable ramp and crash times.

In the present work, we investigate quantitatively how

the interplay between resistivity and diamagnetic flows

affects the shape of the kink cycle by means of non-linear

3-D two-fluid MHD simulations. Two diamagnetic thresh-

olds between three different cyclic regimes are found, and

criteria for the critical diamagnetic stabilizations at the re-

gime transitions are obtained. Our study starts with an equi-

librium that, in resistive MHD with transport, evolves non-

linearly into a m=n¼ 1=1 helical state due to a low-shear

pressure driven instability9,10 (no kink cycles). Above a

threshold of diamagnetic stabilization, we observe resistive

internal kink cycles more or less following Kadomtsev’s pre-

dictions,7 for instance, as discussed in Refs. 15–17. Above a

second threshold of diamagnetic stabilization, we find a re-

gime of kink cycles characterized by quiescent ramps, slow-

growing precursors, and fast crashes.

Following the determination of the diamagnetic thresh-

olds for the sawtooth-like regime, it is hypothesized that the

ramp and crash dynamics of the internal kink in plasmas

with Lundquist number S� 107–109 are always dominated
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by the diamagnetic rotations and that their cycle dynamics

resemble experimental observations even in a two-fluid

MHD description.

The physical model used to carry out the study is briefly

described below in Sec. II. Then, the simulation results are

described in Sec. III. In particular, the characteristic of the

different kink cycle dynamics is discussed in Sec. III B; a

discussion regarding the diamagnetic thresholds between

these different regimes is found in Sec. III C; In Sec. IV,

details of the dynamics of the pressure in these different

regimes are discussed. The conclusions of the study are pre-

sented in Sec. V.

II. PHYSICAL MODEL

The physical model used to study the ramp dynamics of

the internal kink mode is briefly summarized here. The simu-

lations are carried out with the XTOR-2F code.24 The physi-

cal model is fully toroidal and non-linear; and it includes

resistivity, viscosity, diamagnetic drifts, and anisotropic ther-

mal transport. This system results from Braginskii’s two-

fluid model,25 with the approximation vi¼ (E�B)=B2þ v*i,

@tq ¼�qr � v� v � rq� arpi � r � B=B2

þr � D?r q� qt¼0ð Þ; (1)

q@tv ¼�qðv � rÞv� qðv�i � rÞv?
þ J� B�rpþ �r2v; (2)

@tp ¼ Cpr � v� v � rp� aC
p

q
rpi � r � B=B2

þr � v?r? p� pt¼0ð Þ þ r � vkrkp; (3)

@tB ¼ r� v� Bð Þ þ ar�rkpe=q�r� gJ: (4)

Here, the velocity evolved is v ¼ E�B=B2, while the dia-

magnetic velocities are computed as needed in the computa-

tion. The collisional Braginskii heat flux is not retained, and

the transport model is restricted to v\ and vjj. The collision-

less Braginskii cross-field heat flux is combined with the v*i

convection, resulting in Eq. (3). The simplest form of the

gyroviscous stress tensor is adopted, which results in the

simplification dtv*þ! �Pg�!p, while the momentum

equation is similar to the equation derived in Ref. 26.

The diamagnetic flow terms scale like the ion skin depth

a¼ (xcisa)�1¼ (c=(axpi)) (here, xci¼ ZeBu=mi is the ion cy-

clotron frequency, sa¼ (l0q0)1=2a=Bu is the Alfvén time,

xpi ¼ ðmi�0=ðZ2e2niÞÞ1=2
is the ion plasma frequency, and

Bu¼ aB0=R0 is the unit magnetic field). The ion diamagnetic

velocity is given by v�i ¼aB�!pi=(qB2). In the above

equations, the initial resistivity profile g is evaluated by

imposing gJU¼EU to be constant for the initial equilibrium,

v\¼ v\0g=g0 and vjj are the thermal diffusivity coefficients

(the index 0 indicates the value at the axis). D\¼ v\=10 is

the particle diffusivity, �¼ 5.0� 10�6 is the viscosity, and

C¼ 5=3 is the ratio of specific heats. In the simulations,

these quantities are all constant in time.

Equations (1) and (3) include source terms (through the

perpendicular diffusion operators) which restore the pressure

and density profiles within their characteristic diffusion

times. It is emphasized that the evolution of the “equilibrium

profiles” is driven by the initial equilibrium sources and

shapes of resistivity and diffusivity in the case of a static g
profile and diffusivity only in the case of a time evolving

g ! (p(t)=q(t))�3=2, according to Spitzer’s law (for the nu-

merical method, see Ref. 27). Therefore, the initial

“equilibrium profiles” are never strictly recovered during the

cycling dynamics described in the following.

Selected simulations comparing a static g and Spitzer g
have shown that the overall cycling dynamics remains

unchanged. Only the thresholds between the different cy-

cling regimes described in Secs. III and IV are relocated to a

slightly higher value of the Lundquist number S¼ 1=g0.

Indeed, with Spitzer g, as for the pressure and the current

profiles, the initial resistivity profile is never strictly recov-

ered, i.e., g in the plasma core remains larger than its initial

value during the cycling regime. For example, in a case with

initial g0¼ 10�7 and gq¼1=g0¼ 1.60, with Spitzer g and

a¼ 0.1, gq¼1=g0(t) � 1.52 at the end of the ramp phases in

the cycling regime. Including Spitzer g has, however, an odd

numerical side effect on the iterative solver in XTOR-2F24

because it converges significantly slower at large a than with

static g. Therefore, to maintain the CPU time of our study

within reasonable bounds, we decided to use static diffusion

and resistivity profiles in the study to follow.

Equal ion and electron pressure are assumed,

pe¼ pi¼ p=2. However, we note that due to the large vjj,
the effective x�e is principally due to the variation of

the density, i.e., x�e � xn
�e ¼ �aB� Trq=ðr1qB2Þ, where

r1¼ r(q¼ 1) is the physical radius at the q¼ 1 surface. The

gradient of the density profile is moderately flat resulting in

xn
�e � x�i=9 at the q¼ 1 surface.

III. CHARACTERIZATION OF THE INTERNAL KINK
CYCLING DYNAMICS

In this section, the results of the non-linear simulations

are described. We are interested in studying the thresholds

between different non-linear steady state cyclic regimes. In

consequence, the simulations must be evolved until the am-

plitude and frequency of the kink cycles become constant, or

until the kink mode reorganizes the magnetic field topology

into a stationary equilibrium with m=n¼ 1=1 helicity.

A. Set up of physical parameters for the simulations

Non-linear internal kink mode simulations are carried out

including the toroidal harmonics n¼ 0, 1, 2, 3. For n¼ 1, 2, 3,

the harmonics retained have n� 4	m	 nþ 7. The n¼ 0

mode, for which 8 poloidal modes are retained, initially corre-

sponds to the equilibrium fields. The starting equilibrium is

computed using the CHEASE code.28 The equilibrium boundary

is circular, with aspect ratio R0=a¼ 2.7. The pressure and

magnetic q profiles used for the study are shown in Fig. 1.

The equilibrium has a parabolic q profile with q0¼ 0.77,

qedge¼ 5.4, ŝq¼1 ¼ 0:4 ðŝ ¼ ðs=qÞðdq=dsÞ is the magnetic

shear, with s¼ (w=ws)
1=2 and w the equilibrium poloidal mag-

netic flux). The radial profile of poloidal beta, bp ¼ 2l0p=B2
h,

is almost flat. The equilibrium used in the simulations has

bp � 0.22, which is about 2=3 of threshold for the ideal MHD

102501-2 Halpern, Lütjens, and Luciani Phys. Plasmas 18, 102501 (2011)
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kink (bp,thresh¼ 0.33). The ideal instability threshold was

determined with XTOR-2F simulations of the linear growth

phase with n¼ 0 and n¼ 1.

The kink cycle dynamics are strongly influenced by the

resistive diffusion time sg¼ 1=g¼ S, which affects the

growth rate of the internal kink and the relaxation of the

q profile after each crash; and the characteristic energy

diffusion time sv\¼ 1=v\, which acts through the source

term in Eq. (3). (The characteristic times are given in internal

units, a¼ 1, sa¼ 1, l0¼ 1). Simulations are carried out

using sg=sv\¼ v\=g¼ 30, while in tokamak experiments

sg=sv\ � 100.

For instance, in a previous study23 it was found that

there is a competition between sg, sv\, and bp through the

aforementioned plasma sources. Non-decaying kink cycles

could be recovered depending on the ratio of the resistive

diffusion time sg¼l0a2=g to the perpendicular energy diffu-

sion time sv\¼ a2=v\, the poloidal beta, and the diamag-

netic stabilization effect (which scales like a).

In addition, the time scales in the kink dynamics are

modified by the diamagnetic rotations. For example, in the

resistivity dominated regime with diamagnetic flows, the

linear growth rate of the internal kink at the marginal

ideal stability point8 can be expressed in the form

cðc� ix�iÞðcþ ix�eÞ ’ g. Thus, if S is to be varied while

maintaining the characteristic timescale of this particular as-

ymptotic regime constant, it is expected that the quantity

S�1=3=a should be kept constant. For instance, in the JET

tokamak, using R0¼ 3.1 m, B0¼ 2.7 T, n0¼ 2.0� 1019 m�3,

Te¼ 2 keV, we obtain a � 0.08 and S � 2� 108. Keeping

S�1=3=a constant, but decreasing the Lundquist number to

S¼ 107 we find a � 0.2. In the present paper, S¼ 106–107

and a¼ 0�0.2. Note, however, that these scalings are differ-

ent for each asymptotic regime of the internal kink.

Three different cyclic regimes are recovered in the sim-

ulations: a regime of helicoidal equilibria characterized by a

saturated m=n¼ 1=1 flat shear instability9,10 (no kink

cycles); a regime of non-decaying, sustained kink cycles

characterized by slow, resistivity-driven crashes;15–17 and a

regime of sustained kink cycles with fast crashes, i.e., a saw-

toothing regime. An example of the pressure evolution at dif-

ferent plasma radii for the sawtoothing regime is presented

in Fig. 2. Below, the dynamics of the two cycling regimes

are analysed. Then, the diamagnetic thresholds separating

each cyclic regime are studied.

B. Differences in the kink dynamics in the two cycling
regimes

In this section, we seek to characterize the dynamics in

the two regimes where kink cycles take place. In particular,

we determine how their timescales are affected by the resis-

tivity and by the diamagnetic effects. One of our objectives

is to determine the critical ion skin depth acrit at which the

internal kink dynamic transitions between different cyclic

regimes occurs.

To that effect, the lengths of each stage of the cycle are

estimated in the different regimes. The following criteria is

used to determine the length of the precursor, crash, and

ramp times: (a) The start of the precursor stage is given by

the time of maximum central pressure, when p0 starts deviat-

ing from the maximum pressure due to a radial displacement

(the maximum pressure, however, is still increasing); (b) the

crash starts when the core pressure starts collapsing and

the pressure inside the q¼ 1 surface starts decreasing; (c) the

ramp stage starts when the central pressure reaches a mini-

mum. Fig. 3 shows p0 and the maximum pressure at a line of

sight in order to illustrate the criteria. It can be observed that

the maximum of pressure is still increasing during the pre-

cursor stage.

The ramp, precursor, and crash times for the cases with

S¼ 107 are given in Fig. 4 as a function of the ion skin depth

a. The lower bound of a, i.e., acrit,1 in Fig. 4, is given by the

critical stabilization required for kink cycles to occur. The

duration of the precursor stage always appears to be in the

order of 1000–3000sa. The crash time increases with increas-

ing a and then abruptly decreases by almost an order of mag-

nitude at the second critical diamagnetic threshold (acrit,2 in

Fig. 4). Above the second diamagnetic threshold, the crash

time is shortened as the diamagnetic stabilization is

increased, in qualitative agreement with the crash time de-

pendence computed in Ref. 12. On the other hand, the

FIG. 1. (Color online) Initial equilibrium pressure and q profiles.
FIG. 2. (Color online) Pressure versus time in XTOR-2F simulation of inter-

nal kink cycling with fast crashes, S¼ 2=3� 107, bp¼ 0.22, and a¼ 0.15.

The radial coordinate of each radial location is given by s¼ (w=ws)
1=2.

102501-3 Diamagnetic thresholds for sawtooth cycling Phys. Plasmas 18, 102501 (2011)
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lengths of the ramp and kink cycle overall increase by a fac-

tor of 3 with the diamagnetic stabilization.

Poloidal cross sections of the magnetic field up to

s¼ (w=ws)
1=2 � 0.5 for the case in Fig. 2 with a > acrit,2 are

displayed in Fig. 5 in order to illustrate the topology of the

magnetic field during the different stages of a kink cycle.

Fig. 5(a) shows the m=n¼ 1=1 precursor island. As this pre-

cursor grows, it displaces the pressure core toward the q¼ 1

surface, and a thin plasma ribbon between the two ends of

the island forms. Fig. 5(b) shows the precursor island at the

end of the precursor stage. Significant m¼ 2 and m¼ 3

components and some field stochasticity are observed; an

X-point is formed on the left=middle of the pattern, trigger-

ing the fast crash phase. This transition from a “Y-line”

reconnection to a “X-point” one is generally linked with the

acceleration of the reconnection that we observe. During the

crash phase, as shown in Fig. 5(c), the poloidal cross section

of the displaced hot core adopts an asymmetric tear shape as

it rotates around the magnetic axis. Following the crash, the

inner 30% of the plasma radius is occupied by remains of the

precursor chain in Fig. 5(d), with mixed n¼ 1, 2, 3 helicity.

The evolution of the q profile during a sawtooth cycle is

diagnosed during the simulations. The magnetic q at the axis,

q0, is about 0.9 at the beginning of the precursor stage. The

precursor flats out the q profile around the q¼ 1 magnetic sur-

face as it grows, but q0< 1 before the crash. Following the

crash, q> 1 inside the mixing radius of about 45%, i.e., the

reconnection is complete. The postcursor islands are long-

lived as can be observed in Fig. 2 and drive a secondary

reconnection event that takes place in a slower time scale than

the principal crash, and that starts while the q profile is slightly

inverted, with qmin� 1.01. Following this “mini-crash,” the

postcursor damps away and q0 begins to drop. The cycle com-

pletes with a quiescent ramp of the pressure during which q0

drops to about 0.9 until a new precursor grows.

C. Diamagnetic thresholds for internal kink cyclic
regimes

In this section, the transition between the different cyclic

regimes is discussed in terms of the critical ion skin depth a

and the plasma resistivity. The relevant parameter space for

each regime is obtained by carrying out simulations including

diamagnetic flows at bp¼ 0.22, sg=sv\¼ 30, D\¼ vjj=10,

and vjj=v\ � 107. Simulations are performed by varying

a¼ 0�0.2 and S¼ 106–107.

Two different regime transitions triggered by the dia-

magnetic stabilizations are found. In resistive MHD with

heat and particle diffusion (gvMHD), the non-linear steady

state regime found is an equilibrium state with m=n¼ 1=1

helicity due to a pressure driven, low shear instability.9,10 At

the first regime transition, the diamagnetic stabilization gives

rise to a regime of sustained kink cycles. The dynamics

observed in this regime are similar to kink cycling in resis-

tive MHD,15–17 with collision driven crashes roughly follow-

ing Kadomtsev’s prediction.

A second regime transition occurs if the internal kink is

strongly stabilized by the diamagnetic flows. In this cyclic

regime, it is observed that the ramp is quiescent and that the

dynamics of the crash are strongly modified by diamagnetic

effects.12,20,21,29

The pattern of cyclic regimes obtained using the two-

fluid model (Eqs. (1)–(4)) as a function of S¼ 1=g and

a¼ (xcisa)�1 is shown in Fig. 6. The triangles represent saw-

tooth cycling with fast crashes, the circles represent sus-

tained “classical” kink cycles with Kadomtsev-like resistive

crashes, and the squares represent stationary equilibria with

m=n¼ 1=1 helicity due to a saturated kink. Note that the last

column of points at S¼ 107 in Fig. 6 corresponds to the cases

shown in Fig. 4.

Non-linear regression fits computed at the thresholds are

shown in Fig. 6. A fit of the first transition boundary has the

form acrit¼ a1S�0.34 � a1S�1=3; while the transition to the

sawtoothing regime has the form acrit ¼a2S�0.60¼ a2S�3=5.

The threshold values of a were obtained using the bisection

method at fixed S to a precision of the order �a � 0:005.

Estimates of kink cycle stability are often presented in

x�=cg versus kH=cg space.13 Fig. 7 shows such a diagram

for a sequence of instability obtained with our simulations

(cg is the growth rate of the resistive kink mode, while

FIG. 4. (Color online) Ramp, precursor, and crash times are shown as a

function of the ion skin depth a for cases with S¼ 107. Shaded area indicates

the duration of each stage for a given a, while the total cycle time is given

by the sum of the duration of the three stages.

FIG. 3. (Color online) Central pressure and maximum pressure at h¼/¼ 0,

inside s¼ (w=ws)
1=2< 0.4, are shown to illustrate the different stages of the

kink cycles.
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kH � r2
1=R2ðb2

p � b2
p;critÞ is the normalized energy of the

internal kink mode6 or its growth rate when kH> 0). The

value of x* at the resonant surface q¼ 1 was obtained from

our simulations; the growth rate cg was obtained from

XTOR-2F simulations starting from the relaxed profiles at

the ramp and precursor stages and switching off

nonresistive MHD terms. Using ideal MHD simulations of

the relaxed profiles to estimate the critical poloidal beta

bp,crit, the formula in Appendix B in Ref. 14 yields

kH¼�1.5� 10�3. This result is confirmed by extrapolating

the linear growth rate found for the ideal kink into the

stable region using a fit of the form kH / ðb2
p � b2

p;critÞ.
The figure includes a case with resistive kink cycles

(circles) and two cases with sawtooth cycles (diamonds and

triangles). All cases have a¼ 0.1 and the points shown are

during the ramp and at the onset of the precursor oscillations.

The case with S¼ 6.66� 106 is just above the second diamag-

netic threshold. This figure can be qualitatively compared, for

instance, with the stability diagram shown in Fig. 1 of Ref. 13.

It can be observed that the transition between “kink cycling”

and “sawtooth cycling” corresponds fairly well with the stabil-

ity boundary in the diagram presented by Migliuolo,13 pro-

vided that the case with small x�e=x�i is retained.

The resistive kink cycles have kH=cg close to �1 during

the ramp (c� S�3=5), and their trajectory in stability space

moves toward marginal ideal stability as the crash

approaches. On the other hand, the sawtoothing cases

observed correspond to a regime with more negative kH=cg.

FIG. 5. (Color online) Cross sections of the magnetic field at the (a) precursor precursor, (b) onset onset, (c) crash crash, and (d) postcursor postcursor stages

during the sawtooth cycle are shown in Fig. 2. The plots show surfaces with s¼ (w=ws)
1=2< 0.5.

102501-5 Diamagnetic thresholds for sawtooth cycling Phys. Plasmas 18, 102501 (2011)

Downloaded 25 Oct 2011 to 128.178.125.169. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



During the ramp, the internal kink appears to be stabilized

by the diamagnetic effects. The precursor oscillations would

correspond to a tearing-like mode destabilized by the pres-

sure drive, followed then by a transition to fast reconnection

driven by diamagnetic effects.

The physical effect responsible for the transition between

the m=n¼ 1=1 helical state and kink cycling has been

described as a competition between the relaxation of the q
profile after each crash, the sources that rebuild the pressure

core, and the diamagnetic stabilization.23 In Sec. IV, we

examine the characteristic properties of the kink cycles in

order to clarify the physical mechanisms that give rise to the

second regime transition.

IV. DETAILS IN PRESSURE PROFILE DYNAMICS
OF CYCLING REGIMES

In the subsections below, the ramp dynamics in the

resistive cycling and in the sawtoothing regimes are exam-

ined. Additionally, a case very close to the second diamag-

netic threshold, acrit¼ a2S�3=5, is studied. When the periods

and amplitudes of the pressure cycles obtained in the simula-

tions are compared, several trends arise. The amplitude of

the pressure relaxations observed in the sawtooth regime is

between 30% and 45%; while the amplitude of the pressure

relaxations observed in the sustained kink cycling regime is

generally in the order of 25%. The cycle periods increase

with increasing S or a. However, no clear scaling emerges,

for instance, at the stabilization thresholds where the scaling

of the plasma dynamics respect to the dimensionless varia-

bles are most likely to remain unchanged. The pressure dy-

namics in each regime are described below.

A. Resistive kink cycling regime

The pressure profile relaxation timescale in the resistive

cycling regime with a1S�1=3< a< a2S�3=5 (circles in Figs. 6

and 7) are compared using different resistivity values. We

concentrate within a short time window around t0, the time

of lowest central pressure during a kink cycle. Fig. 8(a)

shows the central pressure as a function of time for four dif-

ferent simulations. For the cases shown, the Lundquist num-

ber is varied between S¼ 106 and S¼ 107, and diamagnetic

drifts are included. Here, we concentrate on the effect of the

resistivity, while the effect of the diamagnetic drifts is shown

in Fig. 4. Clearly, the profile relaxation time scales are

FIG. 6. (Color online) Cyclic regimes found as a function of a¼ (xcisa)�1

and S¼ 1=g.

FIG. 7. (Color online) Estimates of trajectories in x*=cg vs kH=cg stability

space are shown for a resistive kink cycle (circles) and two cases with saw-

tooth cycles (diamonds and triangles). The case with S¼ 6.66� 106 is just

above the diamagnetic threshold for sawtooth cycling. All cases have a¼ 0.10.

FIG. 8. (Color online) Central pressure versus time is shown for internal kink cases with (a) slow, resistive crashes or (b) diamagnetic fast crashes.
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lengthened as the resistivity is decreased. The evolution of

the central pressure during the crash denotes resistive inter-

nal kink behaviour, i.e., the duration of the pressure crash

scales like S1=2. The increase of the core pressure after each

crash also varies strongly with the resistive time. In essence,

the rise and decay times of the pressure indicate behaviour

similar to kink cycling in resistive MHD, with poorly sepa-

rated time scales denoted by similar ramp and crash times.

It is emphasized that all the simulations in Fig. 8(a) resis-

tive were performed with constant viscosity �¼ 5.0� 10�6,

and v\,0¼ 30g0¼ 3.10�6�3.10�5. Comparing our results

with the previous reduced MHD results revealed that no sig-

nificant time scale discrepancy between the ramp and the

crash characteristic times is observed in our simulations in

gvMHD at the highest ratios of �=g and �=v\,0 in our study

(50 and 1.67, respectively), contrary to Ref. 16. Increasing

these ratios as in Ref. 16 is only of interest for very small

tokamaks and is left open for future investigations.

B. Sawtoothing regime

Now, we turn our attention to the sawtooth cycling re-

gime, a� a2S�3=5 (triangles and diamonds in Figs. 6 and 7).

Fig. 2 shows pressure versus time at several radial locations in

a simulation carried out with bp¼ 0.22, S¼ 2=3� 107, and

a¼ 0.15. Following a long quiescent ramp, a slowly growing

precursor appears, causing the central pressure to slowly spiral

out towards the q¼ 1 surface. The precursor mode appears to

quasi-saturate. Then, the profile relaxation accelerates, with

the kinetic energy of the modes increasing by a factor of three

in less than 500sa. This effect is due to the !�!jjpe term in

Faraday’s equation.12,20,21 Turning off the resistive term in

Eq. (4) at the crash onset results in a slightly faster crash

(about 5%). It appears, thus, that the resistivity does not affect

the duration of the crash significantly.

Fig. 8(b) shows the central pressure evolution of several

simulations carried out within the sawtooth cycling regime.

For these cases, S¼ 1=3� 107� 107 and a¼ 0.15. (The

effect of varying a on the crash time was already shown in

Fig. 4.) With regard to Fig. 8(a), the crashes take place in a

much shorter time frame, and the time scales of the ramp

and crash are better separated. In effect, it appears that the

rate of decrease in central pressure is equivalent during the

deeply non-linear stage, while the appreciable difference in

pressure just before the fast crash is due to a faster growing

precursor for the cases with higher resistivity. The collapse

of the hot pressure core is similar for all cases, varying

between 300sa and 900sa. Using the experimental values

given in Sec. III A, this is equivalent to about 100–300 ls.

The dynamics observed at the crash onset can be inter-

preted as follows. We compare the diamagnetic frequencies

with the rate of change of the kinetic energy of the n¼ 1

mode, 1
2

d
dt ln Kn¼1. This quantity has units of frequency xsa

and, during the linear phase, when the displacement is small,
1
2

d
dt ln Kn¼1 is equal to the linear growth rate. Starting in the

linear phase, the precursor causes a radial displacement that

decreases the available free energy. The rate of change of the

energy, 1
2

d
dt ln Kn¼1, then decreases until it becomes

FIG. 9. (Color online) Top: rate of

change of the kinetic energy of the n¼ 1

mode 1
2

d
dt ln Kn¼1

� �
and diamagnetic

frequencies at q ¼ 1ðx�i;xn
�eÞ (note that

1
2

d
dt ln Kn¼1 has units of frequency xsa).

Center: zoom on kinetic energies

Kn¼ 0,1,2,3 in the vicinity of the crash,

showing an abrupt change in the insta-

bility time scale. Bottom: Radius (rpeak)

and horizontal position (xpeak) of the

peak pressure at the /¼ h¼ 0 line of

sight. Position is measured using

s¼ (w=ws)
1=2. In this simulation,

S¼ 107, a¼ 0.10.
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comparable to x�e, which leads to even stronger diamagnetic

damping (top and center panels of Fig. 9). Just before the

pressure core collapse, the precursor saturates, triggering a

fast release of kinetic energy. The ion diamagnetic frequency

x*i is always very large compared to 1
2

d
dt ln Kn¼1. The elec-

tron diamagnetic frequency xn
�e enters the model through

Faraday’s law and is principally due to the density gradient.

The bottom panel of Fig. 9 shows the radius rpeak and the

horizontal position xpeak¼ rpeak cos (hpeak) of the peak pres-

sure on the poloidal plane defined by /¼ 0, together with the

location of the q¼ 1 surface obtained when the precursor satu-

rates. We measure xpeak and rpeak using our normalized radial

coordinate s. At the crash onset, rpeak � 0.2, which is consist-

ent with the saturation of the precursor at a finite amplitude.

During the crash, an increase of the poloidal precession fre-

quency, i.e., the frequency of xpeak, and an acceleration of the

displacement rate are observed respect to the precursor phase.

C. Characterization of kink cycles near
the a � a2S23=5 threshold

Finally, the cycle dynamics near the second diamagnetic

threshold are examined.

In order to clarify the nature of the diamagnetic thresh-

old between sustained kink cycles and the sawtooth cycles at

a¼ a2S�3=5 described in Sec. III, the ramp dynamics of a

case slightly below the threshold for sawtoothing are

described. A simulation with bp¼ 0.22, S¼ 1=3� 107, and

a¼ 0.144 is chosen. This case is displayed in Fig. 6 as

belonging to the sustained kink cycling regime; the case with

a¼ 0.15 yields sawtooth cycling.

The pressure evolution for several kink cycles is shown in

Fig. 10(a) at different plasma radii. Note that the ramp stage of

the internal kink cycle is never fully quiescent, with the pressure

traces displaying oscillations due to a m=n¼ 1=1 island. More-

over, the drop in the central pressure during each crash is rather

slow, with sramp=(sprecursorþ scrash) � 2. The kinetic energy of

the n¼ 0, 1, 2, 3 modes is shown at the bottom of Fig. 10(b).

Upon closer examination, this case shows a two stage

crash: a relatively long stage during which the modes appear

to be quasi-saturated, resulting in the large pressure oscilla-

tions shown in Fig. 10(a); and a shorter period of accelerated

reconnection. However, as shown in the bottom panel of Fig.

10(b), the growth rate acceleration appears to be triggered af-

ter almost all of the central pressure has been lost. Thus, in

this case the diamagnetic drive due to the !�!jjpe term

does not shorten the crash. It appears that near the cyclic re-

gime threshold two reconnection mechanisms compete, and

a fast crash occurs only if the resistive instability (the precur-

sor) is strongly stabilized.

V. CONCLUSIONS

This paper attempts to quantify the scaling of some plasma

conditions necessary to sustain kink cycles resembling saw-

tooth oscillations using a two-fluid MHD model (Eqs. (1)–(4)).

The ramp dynamics of the internal kink were characterized

using the quantities S¼ 1=g and a¼ (xcisa)
�1. A parameter

scan in S and a reveals a pattern of three regimes: (non-cyclic)

stationary equilibria with m=n¼ 1=1 helicity; kink cycles with

resistive crashes roughly following Kadomtsev’s predictions;

and sawtooth-like kink cycles with fast crashes.

This sawtooth regime is characterized by quiescent

ramps and two different instability timescales, which involve

a slowly growing precursor mode and a phase of accelerated

reconnection driven by diamagnetic effects. Using the pres-

ent model, the fast crash onset appears to occur after strong

diamagnetic stabilization of the precursor mode. The crash

time appears not to be very sensitive to the resistivity.

The ramp dynamics at the diamagnetic threshold indi-

cates that the triggering of the collisionless m¼ 1 mode is

insufficient for sustained sawtooth cycling. The second

requirement for access into this regime appears to be the dia-

magnetic stabilization of a resistive m¼ 1 kink mode in the

deeply ideal MHD stable regime (kH=cg��1). This resistive

tearing-like mode must be strongly stabilized during the

ramp phase and then again at the crash onset.

We note here that, in sawtooth regime observed in the

simulations, the different timescales predicted by the analyti-

cal theory are reconciled with one another: the internal kink

FIG. 10. (Color online) (a) Pressure versus time and (b) central pressure and kinetic energy of the n¼ 1, 2, 3 modes during a kink crash (top) and kinetic ener-

gies of the n¼ 1, 2, 3 modes for the same time interval as in (a) (bottom). Simulation has S¼ 1=3� 107, bp¼ 0.22, and a¼ 0.144.
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is completely stabilized during the ramp; the precursor oscil-

lations grow in the resistive timescale, and the crash takes

place very rapidly.

While it is not possible to carry out simulations at realis-

tic Lundquist numbers, the results of the parameter scan car-

ried out indicate that diamagnetic effects alone may be

sufficient to allow sustained sawtooth cycling in high tem-

perature Ohmic tokamak plasmas. For instance, sawtooth

cycles with fast crashes are recovered with a¼ 0.075 at

S¼ 107, while typically a � 0.08 in Ohmic discharges in

large tokamaks where S� 108. Due to the scaling of the sta-

bilization threshold with resistivity, the sawtoothing regime

is, in fact, more easily accessed at higher temperature. Con-

sequently, in a two-fluid model, the sawtooth cycle at experi-

mental parameters should consist of a quiescent ramp

followed by a crash accelerated due to X-point reconnection.

It is noted that the MHD model for the reconnection

used in the simulations is not complete, and that including

electron inertia or polarization drift terms may affect the

crash dynamics. The introduction of finite electron mass, in

particular, could introduce a critical shear criterion for the

crash onset, but would not alter the reconnection rate signifi-

cantly.11,12 The crash time would also be shorter if finite Lar-

mor radius effects are taken into account.14

Finally, we emphasize that the present study was per-

formed in S� a space with fixed bp, below the marginal bp of

the ideal internal kink by a factor 2=3. The present work

should be generalized to bp values characteristic of hot fusion

tokamak plasmas, where the behavior of the internal kink dy-

namics described in the present work remains to be confirmed.
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