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[1] Room temperature investigations of the single-crystal elastic moduli and anisotropy of
the � phase of iron are performed up to 30.3 GPa using the radial X-ray diffraction
technique. The accuracy of the calculated elastic moduli has improved compared to
previous measurements using similar techniques because of an increase in accuracy of the
measurement, confinement of the sample to limit the effect of plasticity, and better
calibration of the stress conditions. The aggregate shear modulus that we obtain is in good
agreement with a variety of other experimental deductions but differs from first-principles
calculations. The effects of the calibration of stress and micromechanical model on the
deduction of elastic moduli and elastic anisotropy are discussed in detail. The anisotropy
we obtain has the same order of magnitude as first-principles calculations but the direction
is reversed, with a weaker amplitude that previous measurements.

Citation: Merkel, S., J. Shu, P. Gillet, H.-K. Mao, and R. J. Hemley (2005), X-ray diffraction study of the single-crystal elastic

moduli of �-Fe up to 30 GPa, J. Geophys. Res., 110, B05201, doi:10.1029/2004JB003197.

1. Introduction

[2] Understanding the effect of pressure on the propa-
gation of elastic waves in solid materials is of fundamental
interest for constraining the properties of the deep interior
of the planets. To that extent, the elastic properties of
iron and their pressure dependence are particularly impor-
tant as it is the main constituent of the Earth inner core.
Although the crystal structure of iron at these depths is
still debated, it is accepted that the � phase has a wide
stability field and serves as a starting point for modeling
the inner core [Hemley and Mao, 2001]. However, con-
straining the elastic properties of this phase remains
a challenging task, both experimentally and using first-
principles calculations.
[3] The compression curve of �-Fe has been measured

experimentally up to core pressures, using both static and
dynamic methods, and is particularly well constrained
[Brown and McQueen, 1986; Jephcoat et al., 1986; Mao
et al., 1990; Yoo et al., 1993; Nguyen and Holmes, 1998,
2004; Ma et al., 2004]. From these data, an estimation of
both the variation of density and bulk modulus with
pressure can be obtained. On the other hand, first-principles
calculations of the equation of state of �-Fe are difficult,
especially at low pressure [Stixrude et al., 1994; Steinle-
Neumann et al., 1999]. The discrepancy between experi-

mental data and the results from first-principles calculations
is larger than what is typically obtained for other transition
metals. Inclusion of magnetic effects is thought to improve
the agreement with experiments but the density remains
overestimated, and there are fundamental aspects of the
physics of �-Fe affecting first-principles calculations that
are not well understood [Jarlborg, 2002; Bose et al., 2003;
Thakor et al., 2003; Gannarelli et al., 2003; Steinle-
Neumann et al., 2004].
[4] The aggregate compressional wave velocity VP of

�-Fe has been obtained up to 110 GPa using inelastic X-ray
scattering [Fiquet et al., 2001; Antonangeli et al., 2004].
This represented the first direct measurement of acoustic
sound velocity up to core pressure under static conditions.
Other determination of aggregate elastic moduli include
measurement of the shear modulus of �-Fe at 16 GPa using
ultrasonic interferometry [Mao et al., 1998], deduction of
both the aggregate compressional and shear wave velocities
using high-pressure and high-temperature X-ray diffraction
and Rietveld refinement [Dubrovinsky et al., 2001], as well
as measurements of phonon density of states [Lübbers et al.,
2000; Mao et al., 2001].
[5] Measurements of single-crystal elastic moduli of �-Fe

are scarce. Constraints on elastic moduli by inverting X-ray
diffraction data on polycrystals under nonhydrostatic stress
have been reported twice [Singh et al., 1998b; Mao et al.,
1998]. However, the calibration of stresses in theses sample
was problematic and the effect of lattice preferred orienta-
tion was difficult to constrain [Matthies et al., 2001a].
Several sets of first-principles calculations have also been
performed [Stixrude and Cohen, 1995; Söderlind et al.,
1996; Cohen et al., 1997; Steinle-Neumann et al., 1999;
Laio et al., 2000; Vočadlo et al., 2003]. Finally, the C44

elastic modulus of �-Fe and its pressure dependence were
deduced from Raman measurements using a phenomeno-
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logical model [Merkel et al., 2000]. As shown by Merkel et
al. [2000], there is actually no consensus on the elastic
properties of iron under pressure and significant work
remains to be done.
[6] In recent years, the procedure for determining the

single-crystal elastic moduli from X-ray diffraction at high
pressure has improved considerably. On the experimental
side, the measurements can now be performed using mono-
chromatic beams and large area detectors, allowing precise
measurements of the variation of d spacings with orientation
as well as texture analysis [Merkel et al., 2002, 2003, 2004].
In addition, the theory for the inversion of elastic moduli
was clarified by including effects of lattice preferred orien-
tation in the analysis [Matthies et al., 2001a, 2001b], and
the C44 single-crystal elastic modulus of �-Fe was con-
strained up to core pressure [Merkel et al., 2000]. In this
paper, we readdress the issue of the single-crystal elasticity
of hcp-iron measured from X-ray diffraction using those
new constrains and new experimental data.

2. Methods

2.1. Experimental Technique

[7] We perform a uniaxial deformation of a polycrystal-
line iron sample embedded in MgO powder with the
diamond anvil cell. The stress state in the sample is
analyzed using X-ray diffraction with the incident beam
orthogonal to the compression axis (Figure 1). Experimental
details along with the analysis of the strain state, polycrys-
talline texture, and deformation mechanisms of the MgO
surrounding the Fe sample as well as analysis of the texture
of the �-Fe sample in this same experiment have been given
elsewhere [Merkel et al., 2002, 2004].

[8] In order to measure angle dispersive diffraction in a
radial geometry, the confining gasket was made of a
mixture of amorphous boron and epoxy with a ratio of
2/3 in weight. Iron samples with grain size smaller than
1 mm were used to ensure a large number of crystallites
and orientations in the analysis. The samples were pressed
into platelets between two large diamonds (1 mm tip
diameter). A layer of MgO was deposited at the bottom
of the gasket hole. A small platelet of pure polycrystalline
iron was then added. Finally, another platelet of MgO was
added above the Fe platelet and pressed using the dia-
mond anvils.
[9] Diffraction experiments were conducted using angle

dispersive synchrotron X-ray diffraction techniques at the
ID-13 beam line of the GSECARS sector at the Advanced
Photon Source. A monochromatic beam of wavelength
0.4246Å was used. Diffraction patterns were recorded with
2000 � 2700 pixels image plates. The raw X-ray diffraction
images were corrected for nonorthogonality by comparing
to a CeO2 standard pattern taken prior to the experiment.
The sample to image plate distance calibrated using the
CeO2 standard was 290.7 mm. Variations of absorption of
the X-ray by the gasket as a function of the azimuthal angle
were not accounted for, but they are known to be of
relatively small amplitude compared to the diffraction
intensities of the sample (e.g., Figure 2).
[10] In the second experiment of Merkel et al. [2002],

MgO and Fe were compressed at 300 K up to 30.3 GPa. At
this pressure we performed several laser heating cycles.
During the last heating at this pressure (about 28 GPa, up to
1300 K), part of the �-Fe sample converted into the g phase
(fcc). This phase is quenchable to ambient temperature and
has diffraction peaks that partially overlap those of �-Fe.

Figure 1. Schematic of the experiment. The polycrystalline sample is confined under nonhydrostatic
stress conditions between the two diamond anvils. The s1 is the axial stress imposed by the diamonds,
and s3 is the radial stress imposed by the gasket. A monochromatic X-ray beam is sent through the gasket
with the direction of the incoming beam orthogonal to the diamond axis and the data collected on an
imaging plate orthogonal to the incoming beam. The position of the diffraction lines and intensity of
diffraction are analyzed as a function of the azimuthal angle d from which we calculate the angle c
between the normal to the diffracting plane hi and the compression direction.
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Therefore we did not take the analysis any further and the
data presented here will only extend up to 30.3 GPa and
under ambient temperature. Pressures were estimated using
the hydrostatic equation of state of the pressure medium,
MgO [Speziale et al., 2001], and iron itself [Jephcoat et al.,
1986], after correcting the data for the effect of nonhydro-
static stress [e.g., Merkel et al., 2002]. Pressures determined
from the hcp-Fe or MgO samples differed by less than
0.5 GPa for all pressures (Tables 1 and 2). Figure 2 presents
examples of diffraction patterns at 30.3 GPa that were used
for this analysis.
[11] As the orientation of the diamond anvil cell was not

completely fixed, the origin for azimuth angles on the
imaging plate was adjusted by locating the orientation at
which the d spacings are minimum. There were slight
deviations (up to a few degrees) between the minimum
found for different lattice planes. However, some distortions
of the same amplitude could also be observed for the
calibration sample. Therefore those deviations were ignored

and we chose an average value as reference for azimuth
angles.

2.2. General Equations

[12] Because of the symmetry of the experiment
(Figure 1), the stress conditions in the sample can be
described as

s ¼
s3 0 0

0 s3 0

0 0 s1

2
64

3
75

¼

P 0 0

0 P 0

0 0 P

2
6664

3
7775þ

� t

3
0 0

0 � t

3
0

0 0 2
t

3

2
666664

3
777775; ð1Þ

where s3 and s1 are the radial and axial stress components,
respectively; P is the normal mean stress or equivalent
hydrostatic pressure, and t = (s1 � s3) is the maximum
principal stress, which we will call the uniaxial stress
throughout this paper.
[13] The d spacings measured by X-ray diffraction de-

pend on the Miller indices of the lattice plane, hkl, the stress
applied to the sample, P and t, the elastic tensor of the
material under the pressure P, [Cij], the orientation distribu-
tion function (ODF) of the sample, f, and the direction of
observation, y,

dm ¼ dm hkl;P; t; Cij

� �
; f ; y

	 

; ð2Þ

where the overbar indicates an average over all grains
contributing to the diffraction at the orientation y. In order to
analyze the effect of nonhydrostatic stress on the measured
d spacings, it is useful to separate the contribution of the
hydrostatic pressure P that does not depend on the direction
of observation using

dm hkl;P; t; Cij

� �
; f ; y

	 

¼ d0 hkl;Pð Þ

� 1þ
dm hkl;P; t; Cij

� �
; f ; y

	 

� d0 hkl;Pð Þ

d0 hkl;Pð Þ

" #
ð3Þ

dm hkl;P; t; Cij

� �
; f ; y

	 

¼ d0 hkl;Pð Þ 1þ � hkl;P; t; Cij

� �
; f ; y

	 
� �
;

ð4Þ

where d0(hkl, P) is the d spacing of the plane under the
equivalent hydrostatic pressure P. It can be easily related to
the cell parameters a and c of the sample at pressure P.

Figure 2. Patterns extracted from the diffraction image at
30.3 GPa for azimuth angles d varying from �110� to 110�.
The 2q interval was restricted to 11–14� in order to
emphasize the variations of d spacings and intensities of
diffraction with orientation. Diffraction peaks from the
pressure medium, MgO, and the iron sample are labeled.

Table 1. Elastic Moduli and Uniaxial Stress Calculated in This Study for the Reuss Bound (a = 1.0)a

P-MgO P-Fe t C11 C12 C13 C33 C44 C66

17.4 ± 0.5 17.7 ± 0.5 3.03 ± 0.46 480 ± 64 85 ± 90 182 ± 35 373 ± 66 130 ± 50 197 ± 76
18.3 ± 0.5 18.5 ± 0.5 3.03 ± 0.46 419 ± 26 152 ± 19 189 ± 12 371 ± 23 131 ± 23 133 ± 22
20.2 ± 0.5 20.3 ± 0.5 3.03 ± 0.45 423 ± 24 166 ± 16 197 ± 11 381 ± 21 134 ± 22 128 ± 20
23.0 ± 0.5 22.7 ± 0.5 2.93 ± 0.42 423 ± 22 198 ± 14 192 ± 15 415 ± 28 138 ± 23 112 ± 17
23.9 ± 0.5 24.1 ± 0.5 2.91 ± 0.42 423 ± 22 211 ± 26 200 ± 27 420 ± 51 140 ± 35 106 ± 19
27.0 ± 0.5 27.2 ± 0.5 3.03 ± 0.42 444 ± 22 212 ± 12 213 ± 12 429 ± 22 145 ± 21 116 ± 16
29.8 ± 0.5 30.3 ± 0.5 3.39 ± 0.45 456 ± 21 220 ± 29 230 ± 25 432 ± 46 150 ± 40 118 ± 21

28.8 ± 0.5 2.73 ± 0.37 441 ± 20 234 ± 24 217 ± 26 442 ± 49 148 ± 37 103 ± 17
aThese calculations were calibrated using the compressibility measurements of Jephcoat et al. [1986] and C44 deduced from Raman spectroscopy

[Merkel et al., 2000]. Pressures, stresses, and elastic moduli are expressed in GPa.

B05201 MERKEL ET AL.: ELASTICITY OF HCP-FE

3 of 12

B05201



[14] Because of the simple geometry of the experiment,
the orientation dependence y of the measurement can be
reduced to a single parameter, the angle c between the
diffracting plane normal and the load axis (Figure 1). It can
be calculated from the azimuth angle on the imaging plate
using the relation

cosc ¼ cos q cos d; ð5Þ

where q is the diffraction angle.
[15] Several theoretical approaches have been developed

in order to address the relation between those measurements
and the single crystal elastic moduli of the sample and they
can be divided in two categories, those which neglect the
effect of lattice preferred orientation, and those which
include it.

2.3. Analysis With No Effects of Preferred Orientation

[16] The resolution of the lattice strains equations for a
polycrystal under uniaxial stress and no effect of texture has
been developed independently by several groups [e.g.,
Bollenrath et al., 1967; Singh et al., 1998a; Bittorf et al.,
1998; Gnäupel-Herold et al., 1998; Howard and Kisi, 1999,
and references therein]. In this paper, we will refer to
the specific application to high-pressure experiments, as
described by Singh et al. [1998a].
[17] If we assume that the crystallites in the sample

are randomly oriented, the equations of linear elasticity
provide

� hkl;P; t; Cij

� �
;c

	 

¼ 1� 3 cos2 c

	 

Q hkl;P; t; Cij

� �	 

; ð6Þ

where Q(hkl, P, t, [Cij]) is given by

Q hkl;P; t; Sij
� �	 


¼ t

3

a
2 GR hkl; Sij

� �	 
þ 1� a
2 GV Sij

� �	 

" #

; ð7Þ

where [Sij] is the elastic compliances tensor, and GR(hkl)
and GV are appropriate moduli of the aggregate under the
Reuss (isostress) and Voigt (isostrain) approximations,
respectively, and do not depend on the direction of
observation. The factor a, which lies between 0 and 1,
determines the relative weight of isostress (Reuss) and
isostrain (Voigt) conditions. It specifies the degree of stress
and strain continuity across grains in the sample.

[18] For a hexagonal crystal, we have

1

GR hklð Þ ¼ 2S11 � S12 � S13ð Þ

þ �5S11 þ S12 þ 5S13 � S33 þ 3S44ð Þl23 hkl;Pð Þ
þ 3S11 � 6S13 þ 3S33 � 3S44ð Þl43 hkl;Pð Þ; ð8Þ

1

2GV

¼ 15

C11 þ C12 þ 2C33 � 4C13 þ 12C44 þ 12C66

; ð9Þ

where

l23 hkl;Pð Þ ¼ 3a2l2

4c2 h2 þ hk þ k2ð Þ þ 3a2l2
; ð10Þ

where a and c are the cell parameters at pressure P.
Therefore, for the hexagonal symmetry, we expect a
quadratic relation between Q(hkl, P, t, [Sij]) and l3

2(hkl, P)
that can provide three independent coefficients m0, m1 and
m2 function of the uniaxial stress t, the parameter a and the
representative single-crystal elastic moduli [Cij]. Two
additional constrains are provided by the compressibilities
in directions a and c,

ca ¼ a S11 þ S12 þ S13ð Þ þ 1� að Þ 1

3KV

ð11Þ

cc ¼ a S33 þ 2S13ð Þ þ 1� að Þ 1

3KV

ð12Þ

that can be deduced from equation of state measurements
using

2ca þ cc ¼
1

K
; ca � cc ¼

@ ln c=að Þ
@P

 �
: ð13Þ

Therefore we have a system of five independent equations

m0 ¼
at
6

2S11 � S12 � S13ð Þ þ 1� a
a

1

2GV

� �
;

m1 ¼
at
6

�5S11 þ S12 þ 5S13 � S33 þ 3S44ð Þ;

m2 ¼
at
6

3S11 � 6S13 þ 3S33 � 3S44ð Þ;

ca ¼ a S11 þ S12 þ S13ð Þ þ 1� að Þ 1

3KV

;

cc ¼ a S33 þ 2S13ð Þ þ 1� að Þ 1

3KV

ð14Þ

Table 2. Elastic Moduli and Uniaxial Stress Calculated in this Study for the Hill Average (a = 0.5)a

P-MgO P-Fe t C11 C12 C13 C33 C44 C66

17.4 ± 0.5 17.7 ± 0.5 3.60 ± 0.55 584 ± 178 �24 ± 224 190 ± 47 351 ± 83 130 ± 90 304 ± 201
18.3 ± 0.5 18.5 ± 0.5 2.90 ± 0.44 415 ± 29 144 ± 29 203 ± 11 339 ± 20 131 ± 28 136 ± 28
20.2 ± 0.5 20.3 ± 0.5 2.82 ± 0.41 410 ± 24 165 ± 22 213 ± 10 346 ± 17 134 ± 25 122 ± 22
23.0 ± 0.5 22.7 ± 0.5 2.60 ± 0.38 397 ± 19 214 ± 19 205 ± 16 384 ± 28 138 ± 26 91 ± 17
23.9 ± 0.5 24.1 ± 0.5 2.50 ± 0.35 391 ± 18 231 ± 39 215 ± 31 385 ± 54 140 ± 44 80 ± 25
27.0 ± 0.5 27.2 ± 0.5 2.64 ± 0.36 414 ± 17 228 ± 13 230 ± 10 391 ± 18 145 ± 22 93 ± 14
29.8 ± 0.5 30.3 ± 0.5 2.88 ± 0.38 421 ± 24 238 ± 44 250 ± 24 389 ± 41 150 ± 57 91 ± 33

28.8 ± 0.5 2.28 ± 0.31 403 ± 16 257 ± 34 234 ± 28 402 ± 49 148 ± 47 73 ± 21
aThese calculations were calibrated using the compressibility measurements of Jephcoat et al. [1986] and C44 deduced from Raman spectroscopy

[Merkel et al., 2000]. Pressures, stresses, and elastic moduli are expressed in GPa.
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that can be used to solve the inverse problem and deduce the
effective single-crystal elastic moduli of the polycrystal
from the X-ray diffraction data.

2.4. Analysis With Effects of Preferred Orientation

[19] The resolution of the lattice strains equations for a
polycrystal under uniaxial stress that considers the effects of
texture have been described previously [Matthies et al.,
2001a, 2001b]. However, the complexity of this numerical
approach has considerably limited its application.
[20] In order to consider the effect of lattice preferred

orientation on the radial diffraction measurements, one has
to introduce the ODF, f(g), that describes the probability
density to expect crystallites that have an orientation g
within dg. The observed lattice strains can be described as

� hkl;P; t; Cij

� �
; f ;c

	 

¼ S hkl;P; t; Cij

� �
; f ;c

	 

� s hkl;P; t; Cij

� �
; f ;c

	 

; ð15Þ

where S and s are effective macroscopic elastic moduli and
stresses. The effective macroscopic quantities �, S and s and
their microscopic equivalent can be related by the equation

� ¼ � gð Þ ¼
Z
G

� gð Þf gð Þ�dg ¼ S gð Þs gð Þ ¼ Ss: ð16Þ

The quantities measured experimentally are the macro-
scopic strain � and stress s. Therefore the deduction of the
effective macroscopic elastic moduli S is direct. However,
in this study, we are interested in deducing of the single-
crystal elastic moduli of the material, that is the microscopic
elastic properties S.
[21] The extraction of the single-crystal elastic moduli

from equation (16) depends on the micromechanical model
assumed for the grain interactions and no analytical relation
is in general available. This inverse problem is nonlinear,
and a theory used to perform the numerical inversions
described in detail by Matthies et al. [2001b]. These authors
demonstrated that with high-quality diffraction data, well-
calibrated stress conditions, and no plastic deformation,
elastic moduli with reasonable agreement with measure-
ments from other techniques can be extracted.

3. Results

3.1. Experimental Data

[22] Figure 3 presents the variations of the d spacings
measured for the (101) and (110) planes of �-Fe with the
angle c for pressures between 17.7 and 30.3 GPa. The
quality of the measurements has improved compared to
previous work on this material [e.g., Matthies et al., 2001a,
Figure 3]: The number of measured orientations is far
greater, and we can confirm that the d spacing vary almost
linearly with (1–3cos2c) for c ranging between �110 and
110�, as predicted by the lattice strain theory without effect
of preferred orientation (equation (6)). However, the oscil-
lations between different orientations remain large, thus
undermining the possibility of using the theory including
effects of lattice preferred orientation.

3.2. Effect of Texture on the Deduced Elastic Moduli

[23] As described previously, the sample in this experi-
ment did exhibit some degree of lattice preferred orientation

[Merkel et al., 2004]. At this point, several factors need to
be emphasized. First, the effect of lattice preferred orienta-
tion on the variation of d spacings with orientation is
relatively small, on the order of 0.1%. This is actually lower
than the dispersion in the experimental data presented here.
Second, in the analysis of Matthies et al. [2001a], the model
ODF that was used showed a maximum of 18.3 m.r.d.
(multiples of a random distribution). The ODF fitted to the
data corresponding to this sample showed a maximum of
3.51 m.r.d., so the effect of preferred orientation will be
even smaller. Therefore the application of the nonlinear
regressions procedures that include the effect of preferred
orientation on these data is difficult. We applied these
techniques but were not successful in obtaining conver-
gence of the numerical algorithms. The influence of lattice
preferred orientation on the calculated single-crystal elastic
moduli is important but cannot be quantitatively assessed
with the present accuracy of data acquisition. Moreover, the
imaging plate system used in the measurement of these data
did show some signs of distortion that does not influence
results that neglect the effect of lattice preferred orientation
but would certainly influence the results of the methods that
do include it. Therefore all the analysis presented here will
not consider the effect of lattice preferred orientation and

Figure 3. Dependence of the d spacings on (1–3 cos2c)
for the (101) and (110) planes of �-Fe and different
pressures. Circles are experimental data and solid lines
linear regressions to the data.
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will be done using the theory described by Singh et al.
[1998a].

3.3. Deduction of Elastic Moduli:
Parametric Approach

[24] Figure 4 presents the parameters Q(hkl) obtained by
fitting equation (6) to the experimental data at 17.7, 24.1,
and 30.3 GPa. According to the lattice strains theory of
polycrystals under uniaxial stress without effect of preferred

orientation, we should observe a quadratic relation between
Q(hkl) and l3

2 (equations (7)–(10)). The results obtained for
the (112) and (201) lattice planes showed a large systematic
deviation from the rest of the data. However, those planes
have a low d spacing and their diffraction lines where on the
edge of the imaging plate we used. In that region, it could be
seen from the calibration that there were some geometrical
distortions that could not be corrected. Thus they were
removed from the analysis. For the other planes the qua-
dratic relation expected from the theory is observed to the
first order. With increasing pressure, the shape of the
parabola evolves considerably but it remains oriented in
the same direction.
[25] In order to solve the equations from the lattice strain

theory, one needs to constrain the compressibilities in
direction a and c, ca and cc, respectively. We used the
equation of state measured under hydrostatic conditions in
our pressure range [Jephcoat et al., 1986] with K0 = 166.6 ±
27.9 GPa, K0

0 = 4.98 ± 0.98 and c/a = 1.606(2) �
0.00012(3)P. Inverting the lattice strains equations for
single-crystal elastic moduli also requires the calibration
of two other parameters: the uniaxial stress, t = s1 � s3, and
the parameter a that specify the degree of stress and strain
continuity within the sample.
[26] Figure 5 presents a parametric study of the elastic

moduli calculated at 30.3 GPa for t between 0 and 10 GPa,
a = 1.0 (Reuss average) and a = 0.5 (Hill average). The
error bars are quite large especially for C12 and C33. This is
inherent to the technique. All elastic moduli show a linear
dependence in t. However, it should be noted that the effect
of t is more pronounced for the shear elastic moduli such as
C44 and C66. Therefore they would be primarily affected by
an error in the calibration of t. Finally, except for C33, the
results for the Reuss or the Hill averages do not differ
significantly.
[27] In order to provide an estimate of the effects of t and

a on the elastic anisotropy deduced from the analysis,

Figure 4. Amplitude of elastic strain Q(hkl) versus l3
2(hkl)

for �-Fe at 17.7, 24.1, and 30.3 GPa. Lines are second-order
polynomial fits to the data. Lattice strain theory without
effects of lattice preferred orientation predicts a quadratic
relation between Q(hkl) and l3

2(hkl). Values of Q obtained
for (201) and (112) systematically deviate from the rest of
the data and are not included in the analysis (see text).

Figure 5. Parametric study on the results from the lattice strains equations for �-Fe at 30.3 GPa with the
uniaxial stress t varying between 0 and 10 GPa and for a = 1.0 (Reuss bound, thick solid lines) and a =
0.5 (Hill average, thick dashed lines). The thin solid and dashed lines are the error bars.
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Figure 6 presents the influence of t and a on the anisotropy
parameters DVP, DVS1, and DVS2 defined as

Di ¼
Mi nx½ 

Mi 100½ 
 ; ð17Þ

where M = rV2 is a propagation modulus and nx the
extremal direction of propagation other than [100]. The
index P relates to the compression wave, S1 to the shear
wave polarized perpendicularly to the basal plane, and S2 to
the shear wave polarized parallel to the basal plane. DVS1,
and DVS2 are good representations of the amplitude of the
anisotropy for S1 and S2 waves. On the other hand, DVP

should be taken with caution as it only measures the
differences between waves traveling along the a and c axis.
P waves could also have extrema in an intermediary
direction. We find that for our measurements, DVP is almost
independent of t and a. DVS1 does not depend on t and only
weakly on a. DVS2 is more problematic, error bars are large
and the cases with a = 1.0 and a = 0.5 are very different.
[28] The last step is to calibrate the value of the uniaxial

stress. The use of a shear elastic modulus such as C44 or C66

= 1
2
(C11–C12) is preferable, as they vary considerably with t.

In a typical nonhydrostatic diamond anvil cell experiment,
errors in the calibration of stress using an external standard
can be at best reduced to about 1 GPa. As shown in Figure 5,
a 1 GPa error in the calibration of t will have dramatic
effects on the estimation of elastic moduli, especially for
low shear strength materials such as iron. This should
therefore be treated with caution.

3.4. Constraints From Raman Spectroscopy

[29] Raman spectroscopy can be used to deduce one of
the elastic moduli of iron, C44. In a previous study, Merkel
et al. [2000] measured the Raman spectrum of iron up to
150 GPa and used it to calculate C44. A second-order linear
regression on those results gives

C44 ¼ 100:11þ 1:7198P � 0:0025104P2; ð18Þ

where C44 and P are in GPa. The accuracy of the model
depends on the assumption of a sine function for the
dispersion curve of the appropriate acoustic phonon branch.
It has been shown for a large number of metals for which
both measurements are available that the error is on the
order of ±15% [Olijnyk et al., 2001]. Therefore, in the rest
of this work, we will assume an error of ±20 GPa in C44 for
the calibration of t. This error on C44 converts to an error of
0.3 to 0.5 GPa for t (Tables 1 and 2), and it was included in
the rest of the analysis.
[30] Figure 7 shows the evolution of the uniaxial stress in

�-Fe with pressure deduced for a = 1.0 and a = 0.5. For all
pressures, t remains between 2.5 and 3.5 GPa, in agreement
with previous estimations [Singh et al., 1998b]. Between 18
and 25 GPa, we observe a decrease of uniaxial stress,
measured both in the sample and MgO, the pressure
medium [Merkel et al., 2002]. This is attributed to a

Figure 6. Parametric study of the results from the lattice strains equations for the anisotropy parameters
of �-Fe 30.3 GPa with the uniaxial stress t varying between 0 and 10 GPa and for a = 1.0 (Reuss bound,
thick solid lines) and a = 0.5 (Hill average, thick dashed lines). The thin solid and dashed lines are the
error bars.

Figure 7. Uniaxial stress t in �-Fe estimated using C44

from Raman spectroscopy for the Reuss bound (a = 1.0)
and the Hill average (a = 0.5). For comparison, results
obtained for the pressure medium, MgO, are also shown.
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rearrangement of the samples after the change of sample
volume due to the transition from a- to �-Fe.
[31] Figure 8 and Tables 1 and 2 present the sets of elastic

moduli we obtain for a = 1.0 and a = 0.5 for all pressures in
this study. At 17.7 GPa, just after the phase transition to the
� phase, the results show variability. This is probably related
to the fact that the phase transition was not fully completed,
although no evidence of a phase could be observed in the
diffraction image. After the phase transition, we observe a
very smooth evolution of the elastic moduli with pressure
that support the self-consistency of the measurements.

4. Discussion

4.1. Elastic Moduli

[32] The reliability of the measurements of elastic moduli
using radial X-ray diffraction has been subject to discussion
in the literature. It has been shown in ambient pressure

studies that elastic moduli obtained by X-ray diffraction for
hexagonal metals can be in reasonable agreement with other
techniques for polycrystals that do not suffer plastic defor-
mation [Matthies et al., 2001b]. For materials with cubic
symmetry, there is also an overall good agreement between
the results of X-ray diffraction and Brillouin scattering
under pressure [Merkel et al., 2002]. If the sample under-
goes plastic deformation, new difficulties arise as micro-
strains induced by the deformation cannot be neglected.
These result in inhomogeneities with hkl-dependent stress
and strains that are not taken care of properly in the lattice
strain analysis [Daymond et al., 1999; Weidner et al., 2004].
The iron samples in our experiments were confined within
an MgO pressure medium. The texture measured for both
samples indicate that the pressure medium MgO displayed a
much higher level of lattice preferred orientation [Merkel et
al., 2002, 2004] and therefore absorbed a large portion of
the plastic deformation. Therefore we infer that the plastic
deformation applied to the iron sample was reasonably
small (e.g., in comparison with previous experiments).
However, we do not have any direct mean by which to
investigate this hypothesis, and these approximations are
likely to be the largest source of error in this analysis.
[33] A comparison with previous measurements on �-Fe

is not trivial. The pressures that have been studied range
from 15 to 400 GPa and results can differ by a factor of two
to three. Table 3 presents the elastic moduli obtained in this
study, previous radial diffraction experiments [Singh et al.,
1998b; Mao et al., 1998], as well as ab initio calculations
[Stixrude and Cohen, 1995; Söderlind et al., 1996; Cohen et
al., 1997; Steinle-Neumann et al., 1999; Vočadlo et al.,
2003] in a similar pressure range. As emphasized in Table 3,
the determination of the elastic moduli of iron under
pressure is a delicate matter. Deviations between studies
go up to 150% for C44.
[34] There is a fairly good agreement on the order of

magnitude of C12 and C13 for all techniques. For the C11 and
C33 elastic moduli, values calculated using first-principles
techniques tend to be significantly larger than those deduced
from the lattice strain measurements at the same pressure.
First-principles calculations are known to overestimate the
incompressibility of iron for pressures below 50 GPa
[Stixrude et al., 1994; Söderlind et al., 1996; Steinle-
Neumann et al., 1999]. It has been proposed that the
disagreement is related to the magnetic properties of iron
in the � phase in the lower-pressure region of its stability
field [Steinle-Neumann et al., 2004]. C11 and C33 are the
most relevant elastic moduli for the determination of
incompressibility. Therefore the disagreement between the
results from experimental studies and first-principles calcu-
lations for these elastic moduli are not surprising. First-
principles calculations and the radial diffraction experiments
agree on C12 and C13, and the elastic moduli from the radial
diffraction include the experimental compressibilities.
Therefore we infer that the first-principles calculations
overestimate C11 and C33.
[35] The case of C44 remains difficult. In the previous

radial diffraction studies, the uniaxial stress was calibrated
using external standards or assumptions about the shear
modulus of iron under pressure. As demonstrated in Figure 5,
this can have dramatic effects on the estimation of C44. The
C44 deduced from Raman spectroscopy was found to be in

Figure 8. Elastic moduli obtained for the Reuss bound
(a = 1.0) and the Hill average (a = 0.5) calibrating the
uniaxial stress using C44 deduced from Raman spectroscopy.
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relatively good agreement with ultrasonic measurements
for a series of other hcpmetals [Olijnyk et al., 2001]; therefore
we are quite confident in the quality of our results.

4.2. Aggregate Properties

[36] Figure 9 presents the average shear modulus
obtained from the present study as well as results of
ultrasonic and previous radial diffraction measurements
[Mao et al., 1998], results of sound wave velocities deduced
from X-ray inelastic scattering [Fiquet et al., 2001] com-
bined with the hydrostatic equation of state of iron
[Jephcoat et al., 1986], X-ray inelastic scattering measure-
ments of the phonon densities of state [Mao et al., 2001],
results of Rietveld refinements based on high P-T X-ray
diffraction measurements [Dubrovinsky et al., 2001], and
first-principles calculations [Söderlind et al., 1996; Cohen
et al., 1997; Steinle-Neumann et al., 1999].
[37] Above 18 GPa and for the Reuss approximation (a =

1.0), the results from this study agree with the estimations
fromMao et al. [1998, 2001] and Dubrovinsky et al. [2001].
They also follow the trend defined by the ultrasonic
measurement at 16 GPa [Mao et al., 1998]. Determinations
based on sound wave velocities deduced from X-ray inelas-
tic scattering [Fiquet et al., 2001] and the hydrostatic
equation of state of iron [Jephcoat et al., 1986] fall slightly
above the rest of the experimental data. This disagreement
may originate from an incompatibility of the equation of
state and velocities deduced from inelastic X-ray scattering
(i.e., nonhydrostatic conditions of the later study). It could
also arise from texturing effects in sample used in the
inelastic X-ray scattering experiments that were not consid-
ered. All experimental results provide a much lower value
of the shear modulus than first-principles calculations
[Söderlind et al., 1996; Cohen et al., 1997; Steinle-
Neumann et al., 1999]. This can be related to the overes-
timation of the C11 and C33 elastic moduli discussed above.

4.3. Anisotropy

[38] Figure 10 presents the acoustic velocities of the
compression wave (VP), the shear wave polarized perpen-
dicular to the basal plane (VS1) and shear wave polarized in
the basal plane (VS2) as a function of the angle of the

propagation direction with respect to the c axis, q, deduced
from these measurements at 30.3 GPa using the Reuss and
Hill averages, as well as previous measurements using
lattice strains techniques [Singh et al., 1998b; Mao et al.,
1998] and first-principles calculations [Stixrude and Cohen,
1995; Söderlind et al., 1996; Cohen et al., 1997; Steinle-
Neumann et al., 1999; Vočadlo et al., 2003]. In order to
provide numerical comparisons, one has to consider the

Figure 9. Aggregate shear modulus of �-Fe versus P:
results from this study, previous radial diffraction experi-
ments [Mao et al., 1998], ultrasonic measurement [Mao et
al., 1998], deduced from density of state measurements
[Mao et al., 2001], deduced from inelastic X-ray scattering
[Fiquet et al., 2001], high-pressure/high-temperature Riet-
veld refinement [Dubrovinsky et al., 2001], and calculated
by first-principles techniques [Söderlind et al., 1996; Cohen
et al., 1997; Steinle-Neumann et al., 1999].

Table 3. Comparison Between Elastic Moduli and Seismic Wave Anisotropies Obtained in This Study for the Reuss (a = 1.0) and Hill

(a = 0.5) Averages and Previous Experiments and Calculations in the Same Pressure Rangea

V P C11 C12 C13 C33 C44 C66 dVP(0�) dVP(45�) dVS1(45�) dVS2(0�)

This study
a = 1.0 19.6 30 456(21) 220(29) 230(25) 432(46) 150(40) 118(21) 0.97(6) 1.03(5) 0.84(13) 1.13(17)
a = 0.5 19.6 30 421(24) 238(44) 250(24) 389(41) 150(57) 91(33) 0.96(6) 1.06(7) 0.72(16) 1.28(30)

Singh et al. [1998b]
a = 1.0 18.4 52 639(55) 300(55) 254(41) 648(83) 422(23) 169 1.01(8) 1.17(6) 0.68(6) 1.58(19)
a = 0.5 18.4 52 552(65) 335(60) 301(45) 562(80) 395(30) 108 1.01(9) 1.22(8) 0.57(8) 1.91(40)

Mao et al. [1998] 19.0 39 500 275 284 491 235 212 0.99 1.12 0.67 1.44
Stixrude and Cohen [1995] 18.38 39 747 301 297 802 215 223 1.04 1.00 1.05 0.98
Söderlind et al. [1996] 17.22 40 908 272 353 862 250 318 0.97 0.98 1.03 0.89
Cohen et al. [1997] 50 800 320 320 845 220 240 1.03 0.99 1.07 0.96
Steinle-Neumann et al. [1999]

LDA 17.76 50 860 280 260 950 235 290 1.05 0.99 1.17 0.90
GGA 17.76 50 930 320 295 1010 260 305 1.04 0.98 1.14 0.92

Vočadlo et al. [2003] 18.34 672 189 264 796 210 242 1.09 1.03 1.05 0.93
Vočadlo et al. [2003] 17.34 815 252 341 926 247 282 1.07 1.02 1.03 0.94

aRadial diffraction measurements [Singh et al., 1998b; Mao et al., 1998] and first-principle [Stixrude and Cohen, 1995; Söderlind et al., 1996; Cohen et
al., 1997; Steinle-Neumann et al., 1999; Vočadlo et al., 2003] were used. Elastic moduli and pressures are expressed in GPa, unit cell volumes are expressed
in Å3; numbers in parentheses indicate uncertainties on the last digit.
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dispersion of VP, VS1 and VS2 with q. We introduce the
parameter

dVi qð Þ ¼ Vi qð Þ
Vi 90�ð Þ : ð19Þ

The parameter dVS1(45�) is a good representation of the
amplitude of the anisotropy of the S1 wave. Similarly,
dVS2(0�) can be used to discuss anisotropy of S2 waves. For
the P waves however, the situation is more complex as
extrema may occur for intermediate directions of propaga-
tion. According to the special dispersion of P waves
velocities in Figure 10, we decided to represent the P wave
anisotropy with the two parameters dVP(0�) and dVP(45�).
Numerical results are provided in Table 3 for this
experiment at 30.3 GPa, together with previous radial
diffraction experiments [Singh et al., 1998b; Mao et al.,
1998], and first-principles calculations [Stixrude and
Cohen, 1995; Söderlind et al., 1996; Cohen et al., 1997;
Steinle-Neumann et al., 1999; Vočadlo et al., 2003].
[39] The amplitude of the anisotropy obtained in this

study under the Reuss bound is of the same order of
magnitude than that of recent first-principles calculations
[Steinle-Neumann et al., 1999], e.g., 3–5% for dVP(0�), 1–
3% for dVP(45�), 15% for dVS1(45�) and 8–15% for
dVS2(0�). However, our uncertainties remain large and the

results for the Reuss bound and Hill average differ signif-
icantly for dVS1(45�) and dVS2(0�).
[40] It should be noticed that all but one first-principles

calculations predict dVP(45�) < 1, while all radial diffraction
experiments indicate dVP(45�) > 1. Similarly, all first princi-
ples show dVS1(45�) > 1, while experimental results favor
dVS1(45�) < 1. Again, dVS2(0�) < 1 from first-principles
calculations, while dVS2(0�) > 1 in the experimental results.
Appart from dVP(0�), for which both experimental and
theoretical calculations results vary, results from first-
principles calculations and lattice strain experiments system-
atically provide opposite signs of anisotropy. For instance,
radial diffraction experiments indicate a direction of fast
polarization at q = 0� for VS2, while first-principles calcu-
lations predict it at q = 90�. For VP, our results indicate
that the fastest direction of propagation is located at q � 48�
and we find dVP(48�) = 1.03(5) for the Reuss bound and
dVP(48�) = 1.07(5) for the Hill average (an anisotropy of 3 to
7%). This is in complete agreement with recent results from
inelastic X-ray scattering of textured samples that indicate
that P waves in �-Fe propagate faster by 4 to 5% at about 50�
from the c axis than at 90� [Antonangeli et al., 2004].

4.4. Implications for the Inner Core

[41] In considering the implications of these measure-
ments for understanding the anisotropy of the inner core, we
must emphasize that the range of pressures and temperatures

Figure 10. Seismic velocities of �-Fe determined in this study at 30.3 GPa under the Reuss and Hill
averages, other radial diffraction experiments [Singh et al., 1998b; Mao et al., 1998] and calculated using
first-principles techniques [Stixrude and Cohen, 1995; Söderlind et al., 1996; Cohen et al., 1997; Steinle-
Neumann et al., 1999; Vočadlo et al., 2003]. The P and S waves velocities are shown as a function of the
angle of the direction of propagation with respect to the c axis. Errors are indicated, when available.

B05201 MERKEL ET AL.: ELASTICITY OF HCP-FE

10 of 12

B05201



assessed in these experiments are far from those of the
center of the Earth. However, we note that experimental
results do differ from first-principles calculations: indeed, a
fundamental understanding of iron under pressure may not
yet be in hand and recent extensions of the theory need to be
tested [Steinle-Neumann et al., 2004]. Therefore the earlier
results on elasticity and elastic anisotropy of iron under high
pressure and high temperature should be treated with
caution. In particular, a reversal of the anisotropy in
compressed iron as a function of temperature is predicted
[Steinle-Neumann et al., 2001]. However, the calculated
temperature dependence of the c/a ratio associated with this
reversal is much larger that observed experimentally [Ma et
al., 2004] or predicted in other calculations [Gannarelli et
al., 2003].
[42] Our results indicate that the anisotropy of �-Fe is

lower than measured in previous radial diffraction experi-
ments [Singh et al., 1998b; Mao et al., 1998]. Compared
with first-principles calculations[Stixrude and Cohen, 1995;
Söderlind et al., 1996; Cohen et al., 1997; Steinle-Neumann
et al., 1999; Vočadlo et al., 2003], the locations of the
directions of fast and slow polarization are systematically
reversed. On the other hand, we find a good agreement with
results from inelastic X-ray scattering of textured samples
[Antonangeli et al., 2004] with an anisotropy of 3 to 7% for
P waves. This result is important for our understanding
of the properties of the inner core as this measured anisot-
ropy is comparable to that observed in the Earth (3–4%)
[Woodhouse et al., 1986; Tromp, 1993; Song, 1997].

5. Conclusions

[43] The elastic moduli of �-Fe were determined up to
30.3 GPa using new angle dispersive radial X-ray diffrac-
tion measurements, as well as a calibration based on
measurements of the hydrostatic equation of state and input
from Raman spectroscopy. The resolution of the data was
not sufficient to allow the inclusion of the effects of lattice
preferred orientation. This approximation, as well as the
neglect of the effects of plastic deformation on the stress and
strain applied to each lattice planes are likely to introduce
some errors in the inversion of elastic moduli. However, in
the absence of additional measurements and theory, they
cannot be evaluated. However, the iron sample in this
experiment was confined in a pressure medium in order to
limit plastic deformation and the level of texture was small.
We obtain consistent values of elastic moduli up to
30.3 GPa. The average shear modulus G computed from
this data is in very good agreement with a multitude of other
experimental estimations. On the other hand, first-principles
calculations are shown to overestimate by 100 to 200% the
incompressibilities and shear modulus of iron over the same
pressure range. This may arise from the neglect of the
magnetic structure of iron under these conditions. The
velocity anisotropy we obtain has the same order of magni-
tude than first principles calculations but the direction of fast
and slow polarization are systematically reversed. The
influence of assumptions used in the deduction of the Cij,
such as the micromechanical model, needs to be assessed in
future works. Our results indicate that a proper calibration of
the shear modulus of �-Fe and its pressure dependence is
now attained in the 15–50 GPa pressure range. The anisot-

ropy parameters we calculate for P waves are in agreement
with recent results from inelastic X-ray scattering of textured
samples and are comparable to the anisotropy observed in
the Earth. Further experiments are needed to investigate
conditions closer to those of the center of the planet.
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Gannarelli, C., D. Alfè, and M. Gillan (2003), The particle-in-cell model for
ab initio thermodynamics: implications for the elastic anisotropy of the
Earth’s inner core, Phys. Earth Panet. Inter., 139, 243–253.
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