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Abstract. Let k& be a field of characteristic not 2, and let L be an odd
degree Galois extension of k. A theorem of Rosenberg and Ware [6] states
that W(L)Gal(L/ k) — W (k). The present paper contains a generalization
of the Rosenberg—Ware theorem to Witt groups of division algebras with
involution. It also extends a descent result of Rost [7] concerning Witt
groups in arbitrary odd degree extensions. Descent questions for hermitian
forms and their relations to isotropy properties are also discussed, as well
as descent in Galois cohomology. Finally, an application is given to bilin-
ear forms invariant by finite groups.

Introduction

Let k be a field of characteristic # 2, and let us denote by W (k) the Witt ring
of k. For any field extension L of k, there is a canonical ring homomorphism
roe © W(k) — W(L). It is a consequence of a theorem of Springer [12]
that if L /k is a finite extension of odd degree, then 7, /. is injective.

If L/k is a Galois extension, then the image of 7, /k 18 contained in
W (L)G2(L/R) A result of Rosenberg and Ware [6] states that if L is a finite
Galois extension of odd degree of k, then ry 5, : W (k) — W (L)SI(E/k) js
an isomorphism.

Let A be a finite dimensional k-algebra, and let o : A — A be a k-linear
involution. Then one can consider non-degenerate hermitian forms over free
(A, o)-modules of finite rank, and obtain a Witt group W (A, o) (cf §1). For
any field extension L of k, there exists a canonical group homomorphism
roe: W(A,0) = W(AL, o), where A;, = A®, L and o, is the extension
of o to Ap. If L/k is a finite extension of odd degree, then 7, /k 18 injective
(cf. [1]). For Galois extensions, we have (cf. §1, 1.2)
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Theorem. Let L be a finite Galois extension of odd degree of k. Then the
canonical homomorphism ry, . : W(A,0) — W (Ap, 1) E/%) is an iso-
morphism.

The Rosenberg—Ware theorem is generalized by Rost in [7], where he
obtains a result for arbitrary odd degree extensions. The same method gives
the following result for Witt groups of hermitian forms. Let L be a finite
separable extension of k, and set R = L ®; L. Let us denote by ¢ and i’ the
two natural inclusions of L in R, and by j, 7' : W(A,0) — W (AR, oR) the
induced maps at the level of Witt groups (cf. §3). Then we have (cf. 3.2)

Theorem. Suppose that L is a finite separable extension of k. Then the
sequence of W (k)-modules

0 — W(A,0) LW (Ap, 00) LW (Ag, o)

is exact.

The Rosenberg—Ware theorem implies that if L is a finite Galois exten-
sion of odd degree of k and if ¢ is a quadratic form over L that is invari-
ant by Gal(L/k), then ¢ is extended from k. In order to derive this from
the Rosenberg—Ware theorem, one needs a theorem of Springer stating that if
a quadratic form becomes isotropic over an odd degree extension, then it is
isotropic over the ground field (see §4 for details). The analog of this result
of Springer does not hold in general for hermitian forms over algebras with
involution, as shown by an example of Parimala (cf. [4], §4). On the other
hand, Parimala, Sridharan and Suresh proved that it does hold for hermitian
forms over quaternion fields with an orthogonal involution. It is a very inter-
esting open question to decide over which algebras with involution one does
have such an analogue. In §4, we discuss the implications of this question to
the descent of hermitian forms.

Classification of hermitian forms can be reformulated in terms of Galois
cohomology of classical groups. The aim of §5 is to give some descent proper-
ties in Galois cohomology based on the results of the previous sections. As an
application, §6 gives a descent result for bilinear forms invariant under the
action of a finite group.

1. Ground field extension and transfer for hermitian forms

All quadratic forms are supposed to be non-degenerate. We denote by W (k)
the Witt ring of & (see for instance [8]). If L/k is a field extension, then we
have a canonical homomorphism

ro: W(k) — W(L).
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If L/k is an extension of finite odd degree, then Springer’s theorem states that
this map is injective (see [12,8], 2.5.4.).

Let A be a finite dimensional k-algebra. An involution of A is a k-linear
anti—automorphism o : A — A such that o is the identity. A hermitian form
over (A, o) is by definition a pair (V,h), where V is a finite dimensional
free right A-module, and h : V x V — A is hermitian with respect to o.
All hermitian forms are supposed to be non-degenerate. We say that (V, h)
is a hyperbolic plane if V' is a free A-module of rank 2 that has a basis (e, f)
such that h(e,e) = h(f, f) = 0 and h(e, f) = h(f,e) = 1. A hyperbolic
form is by definition an orthogonal sum of hyperbolic planes. This leads to a
notion of Witt group W (A, o) (cf. for instance [8], Chap. 7, §2). Note that
W (A, o) isa W (k)-module.

If L /k is a field extension, then we have a canonical homomorphism

rL/k' . W(A,O') — W(AL,O'L).

For extensions of finite odd degree, this map is injective (cf. [1]), thereby
generalizing Springer’s theorem.

If L/k is a Galois extension, then 71,/ (W (A, o)) C W (A, o) E/H),
The theorem of Rosenberg and Ware [6] states that we have equality if D = k,
in other words

Theorem 1.1 (Rosenberg-Ware). Let L be a Galois extension of odd
degree of k. Then r, /(W (k)) = W (L)GalE/k),

This result can be generalized as follows :

Theorem 1.2. Let L/k be a Galois extension of odd degree. Then the canon-
ical map

Lk W(A,O’) N W(AL,O'L)Gal(L/k)
is an isomorphism.

The original proof of the theorem of Rosenberg and Ware uses the
Feit-Thompson theorem (see [6]). More recently, two simpler proofs have
been published : one by Knebusch and Scharlau ([8], 2.8.3), and another
by Rost [7]. Both of these can be extended to the case of finite dimensional
k-algebras with involution, thereby providing two proofs of th. 1.2, see §2
and §3.

Both methods use Scharlau’s transfer. Let s : L — k be a non-zero k-linear
map. Then there is an associated transfer map s, : W(L) — W (k), cf. [7],
2.5.If L/k has odd degree, then s can be chosen so that s,({1)) = (1) (see
[7], 2.5.8.). From now on, we suppose that s has this property.

The map s : L — k induces a k-linear map s4 : A — A, and we get a
transfer map s, : W(Ap,0r) — W(A, o), cf. [8], or [1], §1. We have the
following
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Proposition 1.3. We have
s:(q@rr(h)) = s.(q) ®h
forallg € W(L) and all h € W (A, o).
Proof. See [1], §1. O

Proposition 1.4. Ler L/k be an odd degree extension, and let s : L — k be
a k-linear map such that s, : W (L) — W (k) satisfies s.((1)) = (1). Then
the composition

sirom s W(A,0) — W(A, o)

is the identity.

Proof. Leth € W (A, o). By prop. 1.3, we have 5,71 ,,(h) = 5.((1)) ®h =
(1) @ h = h. O

Corollary 1.5. Let L/k be an odd degree extension, and let s : L — k be a
k-linear map such that s, : W (L) — W (k) has the property s.({1)) = (1).
Then the map s, : W(A,o0) — W (AL, o) satisfies s,((1)) = (1).

Proof. This follows from prop. 1.4. O

2. The method of Knebusch and Scharlau

The aim of this section is to give a proof of th. 1.2 based on a method of Kneb-
usch and Scharlau (see [8], 2.8.3). We keep the notation of §1. Throughout
this section, L is a finite Galois extension of k.

The k-linear map Tr = Tr; /, : L — k induces

Tr, : W(Ap,0) — W(A, o).

Proposition 2.1. Ler (V, h) be a hermitian form over (A, o). Then we have
a canonical isomorphism

ropTe. (Vi) ~ @ (V,n).

geGal(L/k)

Proof. Following [7],2.8.1,letus defineamap f : V&, L — P \ %

by

gE€Gal(L/k)

flz@ ) = EgGGal(L/k)x(g_l)‘)'

It is straigthforward to check that this gives us the desired isomorphism,
cf. [7], 2.8.1. O
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Proof of Theorem 1.2. We construct an inverse map to
rok: W(A, o) — W(AL,UL)GEI(L/’“).

Let s : L — k be a k-linear map such that s, ((1)) = (1). This map induces
S« : W(Ap,01) — W(A, o). By 1.4. we know that the composition

sarpsk s W(A,0) = W (AL, o) — W(A,0)
is the identity. It remains to show that
TL/kSx W (AL, o) ER 5 W(A o) — W (AL, o) TR

is also the identity.

Since L/k is Galois, T'r is a non-zero map, hence there exists A € L such
that s(x) = Tr(A\x) forall z € L (cf. [7],2.5.7). Therefore s, (h) = Tr,(\h)
forall h € W(Dy, o). Using this and 2.1, we have

rrk(8:(h)) ~ o Tr (Ah) ~ @ (Ah)Y =~ @ ((g\) @ h).
g€Gal(L/k) g€Cal(L/k)

Set ¥ = @ cqaw/m (9N T h € W(AL, 0,)%E P, then h? =~ h,
hence the above expression is isomorphic to 1) ® h. Hence

TL/kS* : W(AL’ O.L)Gal(L/k) — W(A’ 0.) _ W(AL’ O.L)Gal(L/k)

is multiplication by ). We have ¢ = (1) in W(L). Indeed, we ave the fol-
lowing equalities in W (L) (cf. [7], 2.8.1):
(D =7re(L)k =rowsaro(l)r = rows () =Y @ (1)L = .

This proves that 7, /. s. is the identity, hence the theorem is proved.

3. The method of Rost

The aim of this section is to generalize a descent result of Rost [7] to hermitian
forms over division algebras. This will lead to another proof of th. 1.2.

We keep the notation of §1. Let L and L’ be two finite degree separable
extensions of k. Set R = L ®; L', andleti : L — R,7 : L’ — R be defined
byi(x) =z ® land i (2') = 1 ® 2’. These maps induce

J: W(AL>UL) - W(ARaUR)a

and
J W(AL’>UL’) - W(AR>UR)-

In the special case where L = L/, we get two maps

Js j/ : W(ALaUL) - W(AR>UR)-
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Theorem 3.1. Let L be a finite separable extension of odd degree of k, and
leth e W(Ap,op). If j(h) = j'(h), then h € r1,,(W(A,0)).

Proof. Let s : L — k be a k-linear map such that s((1)) = (1) (this is
possible by §1). Let L’ be a finite separable extension of odd degree of &, and
let S : R — L’ be defined by S(x ® 2’) = s(x)z’. Then the composition

W(Ap, o)W (A, op)-5W (A, or)
is the identity. On the other hand, the composition
W (Ap,01) W (Ag, 0r)25W (AL, 01)
is equal to the composition
W (AL, 00)=5W (A, 0) ZEW (AL, op).
O
Setnow L' = L,and leth € W(Ap, o) such that j(h) = j'(h). We have
h=5.5'(h) = S.j(h) = rr k(s * (h)) € Im(rr i)
This concludes the proof of the theorem.

Corollary 3.2. Suppose that L is a finite separable extension of k. Then the
sequence of W (k)-modules

TL/k

0 — W(A,0)“5W (AL, 00) =5 W (An, o)
is exact.
Proof. This is an immediate consequence of 3.1. (N
The above result gives another proof of th. 1.2:

Proof of Theorem 1.2. Let L be a Galois extension of finite odd degree of k,
and let
h e W(AL, O'L)GEI(L/IC).

Let us show that this implies j(h) = j'(h). Indeed, R = L ® L; ~ L X
- x L, the product of n = [L : k| copies of L. Therefore W (Ag,or)
is isomorphic to the product of n copies of W (A, o). The map j sends
h diagonally to (h,...,h), whereas the map j' sends h diagonally to the
element with components h9, for g € G. By hypothesis h?9 ~ hforall g € G,
hence these two elements are equal.
Therefore we have j(h) = j'(h), hence by 3.1. h is in the image of

roe: W(A, o) — W(AL,UL)Gal(L/k).
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4. Isotropy properties and descent of hermitian forms

The above results give us descent properties for Witt classes, but not for the
hermitian forms themselves. More precisely, let us consider the following def-
inition

Definition. Let h be a hermitian form over (A,o;). We say that h is
extended from (A, o) if there exists a hermitian form A’ over (A, o) such that
R, ~ h as hermitian forms over (A, o).

The Rosenberg—Ware theorem implies that if L/k is an odd degree Galois
extension, then every quadratic form over L that is stable by Gal(L/k) is
extended from k. In order to deduce this from the Rosenberg—Ware result, one
uses Springer’s theorem for isotropy:

Theorem 4.1 (Springer, [12] or [8]). Let L/k be an odd degree extension.
If a quadratic form over k becomes isotropic over L, then it is isotropic over k.

This result does not extend to hermitian forms over arbitrary algebras with
involution. Indeed, Parimala gave examples of division algebras with involu-
tion for which the isotropy property below does not hold (cf. [4], §4).

Definition. Let / be a hermitian form over (A, o). We say that h is isotropic
if there exists a hyperbolic plane H over (A, o) such that h ~ H & h' for
some hermitian form h’ over (A, o). Otherwise, h is said to be anisotropic.

Definition. We say that (A, o) has the isotropy property if for all odd degree
extensions L/k and all hermitian forms h over (A, o) we have : if Ay is
isotropic, then h is isotropic.

Corollary 4.2. Suppose that (A, o) has the isotropy property. Let L be a
finite Galois extension of odd degree of k. Then every hermitian form over
(AL, oL) that is invariant by Gal(L/k) is extended from (A, o).

Proof. Let h be a hermitian form over (Ap,or) that is invariant by
Gal(L/k). We can assume that h is anisotropic. By 1.2, there exists a her-
mitian form A’ over (A, o) and a hyperbolic form H over (Az,or) such
that b, ~ h @ H.If H = 0, then there is nothing to prove. If not, then this
implies that A, is isotropic, hence by the isotropy property A’ is isotropic.
Therefore h' ~ H’ & h” where H' is a hyperbolic plane over (A, o) and
where h” is some hermitian form over (A, o). This implies that b} ~ h@& H”
for some hyperbolic form H” over (A, o) of rank less than the rank of H.
Continuing inductively, we see that h is extended from (A4, o). O

Deciding for which algebras with involution the isotropy property holds
is an interesting open question. Springer’s theorem (see 4.1 above) means
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that the isotropy property holds for commutative fields endowed with the
trivial involution. It is easy to see that the same proof yields the result for
commutative fields with a non-trivial involution, as well as for quaternion
fields endowed with the canonical (symplectic) involution. Hence the first
non-trivial case is the one of quaternion fields with an orthogonal involution.
This question is settled by the following

Theorem 4.3 (Parimala, Sridharan, Suresh, [S5]). The isotropy property
holds for quaternion fields with an orthogonal involution.

This has the following consequence

Corollary 4.4. Let D be a quaternion field, and let o : D — D be an invo-
lution of the first kind of D. Let L be a finite Galois extension of odd degree
of k. Then every hermitian form over (Dy,, o1,) that is invariant by Gal(L/k)
is extended from (D, o).

Proof. This follows from 4.2. and 4.3. O
One can also refine the isotropy property as follows.

Definition. Let n be a positive integer. We say that (A, o) has the n-isotropy
property if for all extensions L /k of degree prime to n and all hermitian forms
h over (A, o) we have : if hy, is isotropic, then A is isotropic.

Corollary 4.5. Let n be an even integer. Suppose that (A, o) has the n-
isotropy property, and let L be a finite Galois extension of degree prime to n
of k. Then every hermitian form over (Ay, o1) that is invariant by Gal(L/k)
is extended from (A, o).

Proof. This is proved by the same method as 4.2. (N

Question. Let d be the degree of A, and let n = 2d. When does (A, ) have
the n-isotropy property?
Note that similar questions were raised in [3] and [5].

5. Forms in odd degree Galois extensions

Springer’s theorem implies that if two quadratic forms become isomorphic
over a finite odd degree extension, then they are isomorphic over the ground
field k. This can be reformulated in Galois cohomology terms, as follows.
Let g be a non-degenerate quadratic form defined over k, and let O(q) be
its orthogonal group. If L is a finite extension of odd degree of k, then the
canonical map H*(k,O(q)) — H*(L,0(q)) is injective.
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This result is extended in [1] to classical groups. Let A be a finite dimen-
sional k-algebra with a k-linear involution o : A — A. Let U, be the linear
algebraic group over k defined by

Ua(E) ={z € Ag | xzo(x) =1}

for any commutative k-algebra F. The group U 4 is called the unitary group
of (A, 0).If L is a finite extension of odd degree of k, then the canonical map
H'(k,Uy) — H'(L,U,) is injective (cf. [1]).

Suppose now that L /k is a Galois extension of odd degree. The image of
H(k,Us) — HY(L,U,) is then contained in H*(L,U4)®(L/® and it
is natural to ask whether one has equality. In the case of orthogonal groups,
this is a consequence of the theorem of Rosenberg and Ware and Springer’s
theorem. Parimala’s example [4], §4 shows that it does not hold for arbitrary
algebras with involution. However, it does hold for algebras with involution all
simple involution-invariant components of which have the isotropy property
(see 5.1).

Let k, be a separable closure of k, and set I'y, = Gal(k,/k). Let
HY(k,Uy) = H' (T, Ua(ks)) (see [10,11] for basic facts concerning non-
abelian Galois cohomology). For any field extension L /k, we have a canoni-
cal map

rL/k' . Hl(k’, UA) — Hl(L, UA)

Let R 4 be the radical of the algebra A, and set A=A /R. We have
A Ay X X Ay X (A x AL ) X x (A, x AL,

where A; is a simple algebra for all i = 1,...,m, with 0(4;) = A, for
i=1,...,sand 0(4;) = A, fori = s+ 1,...,m. Then A; = M, (D;)
for some division algebra D; central over a finite extension F; of k.

Theorem 5.1. Let L be a Galois extension of finite odd degree of k. Sup-
pose that (D;, ;) has the isotropy property for all i = 1,...,s and for
any involution 7; of D,. Then the canonical map v : HY(k,Uy) —
HY(L,U,) S E/R) s bijective.

Proof. Recall that R4 be the radical of the algebra A, and that A= A/R.
Then the projection A — A induces a bijection of pointed sets H' (k,U4) —
H'(k,Uj). Recall that

A Ay oo X Ay X (Agypr X AL X x (A x AL,

where A; is a simple algebra for all i = 1,...,m, with 0(4;) = A, for
i=1,...,sando(A;) = Al fori =s+1,...,m.Leto; : A; — A, be the
restriction of o4 to A; fori = 1,..., s, and let us denote by o; : A; x A —
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A; x Al the restriction of 04 to A; x A} if i = s+ 1,...,m. Let F; be the
maximal subfield of the center of A; such that o; is F;-linearifi = 1,...,s,
and let U; be the unitary group of (A;,0;). Fori = s+ 1,...,m, let F; be
the center of A;, and let U; be the unitary group of ((A4; x A;), 0;). Then U;
is a linear algebraic group defined over F; for all 7 = 1,...,m. We have a
bijection of pointed sets

H'(kUs) — ] H'(F.U).

Ifi = s+1,...,m,then U, is a general linear group, hence H' (F;,U;) = 0.
Hence we have a bijection of pointed sets

H'(k,Us) — [] H'F.U).

Foralli = 1,...,s, we have A; = M, (D;) for some division algebra D;
central over F;, and o; is induced by some hermitian form h; over D;. Let
L; = LF;.Recall that H'(F;, U;) is in bijection with the isomorphism classes
of hermitian forms over D; that become isomorphic to h; over a separable
closure of Fj. O

Let L, = LF,. Then L; is a finite extension of odd degree of F;
for all ¢ = 1,...,s. Hence 4.2. implies that r;,/r, : H'(F,U;)) —
H'(L;, U;)Ga1(E:/Fo i bijective. Therefore 7, y.:

HY(k,Uy) — HY(L,U,)%E/%) s bijective as well, which proves the
theorem.

We also have an analog of 3.1. If E is an étale algebra over k, £ = E; X
-+ X E, where E; is a separable extension of k forall¢ = 1,...,r, then set

HYE,U) = H"(E,,Uy) x - x HY(E,,Uy).

Let L be a finite separable extension of k, andset R =L ® L.Leti: L — R
and ¢’ : L — R be the two natural inclusions of L in R, defined by j(x) =
r®1and j(x) = 1 ® . These maps induce j : H'(L,U,) — H'(R,Uy,)
and j' : H'(L,U,) — H'(R,U,). We have the following

Theorem 5.2. Let L be a separable extension of finite odd degree of k. Sup-
pose that (D;, ;) has the isotropy property for all i = 1,...,s and for any
involution 7; of D,. Let x € H'(L,U 4) such that j(x) = j'(x). Then

T T’L/k(Hl(k, UA))

Proof. This follows from 3.1 and 4.2 using the method of the proof
of 5.1. O
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The same methods give the following

Theorem 5.3. Let n be an even integer, and let L be a Galois extension of
degree prime to n of k. Suppose that (D;, T;) has the n-isotropy property for
all v = 1,...,s and for any involution T; of D;. Then the canonical map
ro s HY (k,Us) — HY (L, Uy) S E/R) s bijective.

Theorem 5.4. Let n be an even integer, and let L be a separable extension
of degree prime to n of k. Suppose that (D;, T;) has the n-isotropy property
foralli=1,...,s and for any involution 7; of D;. Let x € H'(L,U,) such
that i(z) = j'(z). Then

T T’L/k(Hl(k, UA))

6. Bilinear forms invariant by the action of a finite group

Let k be a field of characteristic # 2, and let G be a finite group. A G-
form is by definition a pair (V,b), where V' is a k[G]-module that is a finite
dimensional k-vector space, and b : V' x V — k is a bilinear form such
that b(gx, gy) = b(x,y) forall x,y € V and all g € G. An isomorphism
between two G-forms (V,b) and (V', V') is an isomorphism f : V' — V' of
k[G]-modules such that ' (fz, fy) = b(z,y) forall z,y € V.

Theorem 6.5. Let L be a finite Galois extension of odd degree of k. Suppose
that G has no unitary characters of Schur index greater than one. Then every
G-form over L that is invariant by Gal(L/k) is extended from k.

Proof. Let (V,b) be a G-form. Let us consider the k-algebra A, defined by
Ay ={(e, f) € Endg(V) x Endg(V)°P | b(ex,y) = b(z, fz), b(x,ey) =
b(fz,y),forallz,y € V}.Leto : A, — A, bedefinedbyol(e, f) = (f,e).
Then the group of automorphisms of (V, b) can be identified with the unitary
group of A,. Let us denote this group by U,. Then the set of isomorphism
classes of G-forms over k that become isomorphic to b over k; is in bijection
with the Galois cohomology set H'(k, U,). O

The group algebra k|G| carries the canonical k-linear involution og :
k[G] — k[G] characterized by g — g~'. Let R be the radical of k[G], and
set k[G] = k[G]/R¢. Then os induces the involution ¢ : k[G] — k[G].
Let (B, o) be an involution invariant simple component of (k[G], &), and
let B = M, (D) for some division algebra D with center F. If o is orthog-
onal or symplectic, then either D = F' or D is a quaternion algebra (see for
instance [8], 8.13.5). By 4.3, the isotropy property holds for hermitian forms
over quaternion algebras with an orthogonal involution. On the other hand,
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an easy generalization of Springer’s theorem shows that the isotropy property
holds for hermitian forms over quaternion algebras with the (unique) symplec-
tic involution. If o is unitary, then by the assumption on G we have D = F/,
and a simple modification Springer’s theorem implies that the isotropy prop-
erty holds for hermitian forms over commutative fields. Hence the hypothesis
of 5.1 are satisfied, and therefore the canonical map ry,, : H Yk, Uy) —
H*(L,U,)%(L/) is bijective. This implies the desired result.
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