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Tout mathématicien digne de ce nom a connu, parfois seulement a de rares
intervalles, ces états d’exaltation lucide ou les pensées s’enchainent comme
par miracle, et ot l'inconscient (quel que soit le sens qu’on attache a ce
mot) parail aussi avoir sa part. |[...J

Qui 'a connu en désire le renouvellement mais est impuissant a le
provoquer, sinon tout au plus par un travail opinidtre dont il apparait alors
comme la récompense; il est vrai que le plaisir qu’on en ressent est sans
rapport avec la valeur des découvertes auzxquelles il s’associe.

André Weil (1906-1998, France).
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List of Notation

Throughout this report, we will try to use as much as possible some
standard notations. Even if the term "standard" has not really a definition.
In our case it will mean that we follow the notations of our references. And
thus, for example, our matrices act on the right of our row vectors or in the
same manner for x,y two elements of a group G we denote z¥ the conjugacy
by y which means x¥ := y~'ay and [z, y] for the commutator of z and y with
[z,y] = 27 'y~Lay . Following these notations we write ¢ for the conjugacy
class of z, i.e. 2% = {g7tzg|g € G}.

In addition, if we define a group by its presentation, for example the
quaternion group Qg = (r,y|z* =y* = 1,y toy = 271, y? = 2?), and later
in the text we refer to the quaternion group as Qg = (x,y) or Qs = (x;,y;),
the reader must understand that x,y or x;,y; are in fact the same as those
which appear in the presentation and thus have the same properties.

Without explicit mention, we use the term representation for a complex
representation.

Finally, we shall use these notations :

P(G) The Frattini subgroup of a group G.
GGy 0 Gy The central product of the groups G and Gbs.
Sq The symmetric group of order d!.

Xy The character associated to the module V.
% The dual of the module V.

viii






Introduction

The aim of this work is to understand the decomposition, in irreducible
modules, of tensor products of Weil modules for Sp,,(3). To do this, we
begin by computing the Weil modules for Sp,(3), Spg(3) and Spg(3) in order
to understand how tensor products decompose for these cases. This leads us
to some results and hypotheses for the general case. The understanding of
the decomposition of two-fold tensor product of Weil modules for Sp,, (3) has
been treated in [12]|. Following it, we try to understand as much as possible
the decomposition of three-fold tensor products of Weil modules for Sp,,,(3).

In the first chapter we recall some basic results in group theory and
we define the symplectic groups as well as the symmetric and alternating
power of a given representation. The goal of this chapter is to give a better
understanding for the next chapters.

The second chapter deals with extraspecial p-groups, especially those with
exponent p. We will see that we understand this class of groups very well.
Indeed, we can describe their structure as a central product of groups of
order p, which are the smallest cases of extraspecial p-groups. We know
their group of automorphisms too and finally we have a good knowledge of
their complex representations, which will be the start of our construction
of Weil modules for symplectic groups in chapter three. Here, we start to
give the general construction for Weil modules of Sp,, (p) and then we apply
the construction to the case p = 3 to have an explicit construction. At the
end of this chapter, we are able to construct explicitly the Weil modules for
Sps,(3). This will allow us in chapter five to take some tensor products of
Weil modules for Sp,(3), Spg(3) and Spg(3) using the algebra programs GAP
and Magma. After having shown the decomposition of some tensor products
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in tabular form for these three groups, we state some general statement for
Sps,(3). Before that, in the fourth chapter, we focus on the decomposition
of V®---®V as GL(V)-module, for a vector space V. This will give us a
first idea of how W & - -- @ W will decompose as Sp,,,(3)-module, for a Weil
module W. For this purpose, we need to introduce the Young diagrams and
the Schur functors.

Finally, in the last section, we state all the hypotheses we have generated
from consideration of the special cases, but as yet have been unable to prove.
If these hypotheses are right, we are able to understand the decomposition of
three-fold tensor products of Weil modules for Sp,, (3). We derive equivalent
formulations for some of our open questions, which we think will be easier to
prove.

The prerequisites for a good understanding of this work consist of a good
knowledge in representation theory, and some elementary facts about classical
groups, especially for the symplectic group. A novice reader in one of these
topics may refer to the excellent |3] and [14].

For readers interested in how we used GAP and Magma, see the author
codes in [13], and the good tutorial [19] which we used to get started.

A few words about the references are sketched before getting started. The
second chapter is mainly based on [1]|, while the third chapter picks up the
article [4]. The fourth chapter takes up the ideas of [2].

xi



Chapter

Prerequisites

The goal of this chapter is to introduce the prerequisites that we need
to understand the construction of Weil modules for the symplectic groups.
Thus, after some general reminders, we introduce the definition of the sym-
plectic group and recall some basic properties. We finish this chapter with
an overview of the symmetric square and alternating square representations
which is essential to understand the decomposition of tensor products of Weil
modules. During this chapter p will be a prime number.

1.1 Reminders

We state without demonstration some basic facts from group theory. The
demonstrations could be found, for example, in [1] or [3].

Lemma 1.1. Let G be a group and x,y,z € G. Then has
[y, 2] =y~ 2lyly, 2] and  [w,yz] = 2,27 [, gz
Moreover if [x,y] commutes with x and y, then for all k,n,m € Z we have
[z, y* = [2* ] = [0,9"] and [z, 2™] = [z, y]"™.

Lemma 1.2. Let G be a group and N a central normal subgroup. If G/N is
cyclic then G is abelian.
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Lemma 1.3. Let P be a group of order p" with n > 1. If H is a non-trivial
proper normal subgroup of P then HNZ(P) # {1}. In particular, the center
Z(P) is non-trivial.

1.2 Symplectic Groups

Since our interest is the Weil representations of the symplectic groups we
need to present the usual facts concerning these groups.

Definitions 1.4.

(i) Let k be a field and b be a bilinear form on a k-vector space V. The form
bis skew symmetric if b(z,y) = —b(y, z) for all z,y in V. Moreover, the
form is said to be symplectic if b is nondegenerate and skew symmetric,
and in addition when char(k) = 2 we must have b(z,z) = 0 for all z in
V.

(ii) Given a symplectic form b on V| we define the symplectic group Sp(V)
as the elements of GL(V') which preserve b, in other words

Sp(V) :=A{T € GL(V) | b(«T,yT) = b(x,y) for all z,y € V'}.

Remark 1.5. Let e; € V be non-zero and f; such that b(eq, f;) = 1. Since
bj(e1,f1) 18 nondegenerate we know that

V= {e1, f1) @ (er, 1)

Similarly, if we consider the space (e, fl)L of dimension dim (V') —2 equipped
with the symplectic form b|<€1 fyt we obtain es, fo in (e, fl)L such that

V = (e1, 1) @ (e, f2) @ (€2, fo) -

Continuing in this fashion, we obtain a basis {e1, fi, ea, fo, ..., €m, fin }, called
a symplectic basis. The matrix of b in the basis is



1.3 SYMMETRIC SQUARE AND ALTERNATING SQUARE

Furthermore, the matrix of b in the basis {e1, ea,...em, f1, fo, .-, fm} 18

0 id,,
—id,, 0 J°

Finally, we note that if b is a symplectic form on V then V has even dimension.

Proposition 1.6. The order of the symplectic group over IF, is

SPom (@) = [[(¢¥ = D™ = ¢ [J(¢¥ - D).
Jj=1 J=1
Proof. We will just give a sketch of the proof and we refer the interested
reader to [11] pages 35 and 36 for the proof. The idea to calculate its order
is to count the number of ways of choosing a standard basis. Pick the first
vector in ¢>™ — 1 ways. Of the ¢*™ — ¢ vectors which are linearly independent
of the first, ¢°"~! — ¢ are orthogonal to it, and ¢*"~!(¢ — 1) have each non-
zero inner product with the first. So there are ¢>™~! choices for the second
vector. To finish the proof we can for example do an induction on m. O

Remark 1.7. This is not the purpose of our work, but one can show that
Sp(V) is a subgroup of SL(V) and that up to conjugation there exists a
unique symplectic group, that is to say that if ¥’ is another symplectic form
on V then the group of elements in GL(V') which preserve ¥ is conjugate
to Sp(V) in GL(V'). One can also show that the groups Sp,,,(q) are perfect
except if m =1 and ¢ =2 or ¢ = 3 and if m = 2 and ¢ = 2. Furthermore,
the projective groups PSp,,,(q) are simple except for the cases cited above.
In fact, one has that PSp,(2) = S3, PSp,(3) = A4 and PSp,(2) = Se.

1.3 Symmetric square and Alternating square

Let V be a k[G]-module with basis (e;)1<i<, where k is a field of character-
istic different from 2 and G is a finite group. Then one can define a structure
of k[G]-module on V ®; V by (w ® v)g = wg @ vg for g € G and v,w € V.
Let 9 : V@V — V@V be the automorphism given by (v®@w)d = w®wv. Let
A be an eigenvalue for 9. Since ¥? = id, it follows that A € {—1,1}, because
if x is an eigenvector for A then one has v = 2192 = \2x. We can see that in
fact both cases occur, see below.



CHAPTER 1. PREREQUISITES

We define Sym?(V) := Vi to be the symmetric square and Alt*(V) :=
V_1 to be the alternating square of the given representation. The elements
(e;®ej+e;®e;)i<; form a basis of Sym?(V) and the elements (e;®e;—e;®¢;)i<;
form a basis of Alt?>(V). So we have

n(n+1) n(n —1)

2 2
Then ¢ is diagonalizable and V ® V' decomposes, as a vector space, in a direct
sum of the eigenspaces V; and V_;.

It’s clear that the subspaces Sym?(V) and Alt*(V) are both stable under
the action of G and therefore we obtain the following decomposition, as k[G]-
module,

dim Sym?(V) = and  dim Alt*(V) =

VeV =Sym*(V) @ Alt*(V).

Moreover if K = C, we can show that, for g in G,

1 1
Xsym2(V) (9) = E(XV(Q)Q‘i‘XV(QQ)) and XAltZ(V)(g) = §(XV(9)2—XV(92))~
Indeed, we can choose the basis eq,...,e, of V such that e;g = \;e; for

1 <4 < n, and some complex numbers A;,. Then we have
(61‘ ® Gj — ej ® 61>g = )\zAJ(GZ ® ej — €j ® GZ‘)
and hence X a2y (9) = >_,.; Aidj. Now computing

1=1 j=1 i=1

i<j
= Xv(g?) + 2X a2 (9)

we can see that Xyy21)(9) = 5 (Xv(9)* — Xv(g?)). Finally, recall that

Xv(9)* = Xarz)(9) + Xsym2(v)(9),

and thus we deduce that X211 (9) = 3 (Xv(9)* + Xy (g%)).

Actually, we can generalize the above definitions. Let W be a finite-
dimensional complex vector space. The symmetric group Sy acts on W&
by permuting the factors. We define the alternating powers Alt® W by the
space of anti-invariant vectors of the action of S; on W®? and the symmetric
powers Sym? W by the space of invariant vectors of the action of Sy on W%,
One can check this is coherent with the definition given for d = 2.



Chapter 2

Extraspecial Groups

To construct the Weil modules, we start with a representation of an ex-
traspecial group. Thus we need to understand those groups before. So we
will, during this chapter, first classify their structures with the help of the
notion of central product and then classify their groups of automorphisms.
Finally we will parameterize the representations of an extraspecial group,
which will be the beginning of our construction of Weil representations of
the symplectic groups. Again, during this chapter p will be a prime number.

2.1 Structure of Extraspecial Groups

Definition 2.1. A p-group F is eztraspecial if Z(E) = [E, E] = ®(F) and
Z(E) is cyclic.

Remark 2.2. The center of an extraspecial p-group E has order p. Indeed,
let g,h € E, then ¢g? € ®(F) because E/®(F) is elementary abelian. But
Z(E) = ®(E) so ¢* € Z(E) and 1 = [¢?,h] = [g,h|P. Hence [E, E] is
elementary abelian. This shows that Z(F) is cyclic and elementary abelian
which gives us as the only possibility that Z(FE) has order p.

Example 2.3. Denote by Qg the quaternion group, then QJg is extraspecial.
We already know that Z(Qs) = {1,—1} and that Qg/Z(Qs) = Cy x Cs.
So the commutator and the Frattini subgroups are contained in the center,
which has order 2. Thus, because (Jg is not abelian or elementary abelian,

we have Z(Qs) = [Qs, Qs] = (Qs) and Qg is extraspecial.
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Lemma 2.4. Let E be a non-abelian group of order p?, then E is extraspecial.

Proof. By lemma 1.2 , we know that Z(F) has to be cyclic of order p and that
E/Z(E) = C, x C,. Because otherwise this would contradict the fact that E
is a non-abelian group. Since E/Z(F) is elementary abelian we have again

that the commutator and the Frattini subgroups are non-trivial subgroups
of the center, thus we have Z(F) = [E, E] = ®(E). O

Lemma 2.5. There are, up to isomorphism, two non-abelian groups of order
p®. When p = 2, they are the dihedral group Dg and the quaternion group

Qs. When p is odd, there are given by the following presentation

Xpp = (wyla? =y’ =1L [z,y]" = Ll [z,9] = [y, [z, 4] = 1),
Xy = (wyla? =1Ly" = [z,y], [, 9" = L[z, [z, 9]] = [y, [2,4]] = 1)

Moreover these two groups have respectively exponent p and p?.

Proof. We are not going to do this proof because it is a long, not difficult
and well-known proof that could be found in any book dealing with finite
group theory. The idea is to take x,y € E such that =,y are generators of
E/Z(E) = C, x C, and such that z := [z, y] is a generator of Z(P) and then
to distinguish when these two elements have both order p or p* and when one
has order p and the other one has order p?. At least you can find a detailed
approach in exercise sheet number 4 of [15]. O

Remark 2.6. We can see X3 as the group of lower triangular matrices of
GL;3(F,) with 1 on the diagonal. This can be shown by sending

o = O

1 0 1 00
rto |1 0] andyto [0 1 O
0 1 011
The group Xp} can be seen as the semi-direct product of a cyclic group of

order p and a cyclic group of order p? and is sometimes called the modular
p-group, denoted by Mods(p).

Definition 2.7. Let G be a group and (G;, 1 < i < m) a family of subgroups
of G for some integer m. Then G is said to be a central product of the groups
G, if

i) G=(Gi|1<i<m),
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In this case, we will write G =G 0---0G,,.
Remarks 2.8.

e This definition implies in fact that all G; are normal subgroups of G.
Indeed, let x € Gy and y € G. By the first and the second conditions
Y = Y1...Yn with y; € G; for all ¢ and by the second one we have
[z, y] = (2,91 .. Ym] = [z,yx] € Gi. Therefore we have shown that
|G, G] < Gy which is equivalent to the statement.

e Moreover, we have G; N G; C Z(G) for i # j. Effectively, let = be
an element of G; NG, and y = y; ...y, like in the first point. Then
[z,y] = [z,91...Ym] = [z, y;] because = € G;, but z is also in G; so
[z,y;] = 1, which shows that G; N G; C Z(G).

e Let Gy and G be groups and let Z(G), respectively Z(Gs), be the
center of G, respectively Go. Suppose that the two subgroups Z(G1)
and Z(G3) are isomorphic. Given an isomorphism 0 : Z(G1) — Z(Gs)
we construct a central product G10Gs := (G X G3) /N, where N is the
normal subgroup generated by the elements {(z, (271)0) |z € Z(G,)}.
Now it’s an easy exercise to see that this definition is coherent with
the above one.

Proposition 2.9. Let G be a finite group and (G;,1 < i < m) a family of
subgroups of G for some integer m such that G = Gyo---0G,y,. Then the
map ¢ given by

b: Gix--xXGy — G

(X1, ey T) > Ty Ty

is a surjective homomorphism with D;¢p = G; and D; Nker(¢) = 1, where D;
consists of those elements of G1 X+ - X G, with 1 in all but the ith component.

Proof. Since G is generated by the G; as G = G;...G,,, the map ¢ is
surjective, and it is a homomorphism since G; and G; commute. Moreover
we have D;¢ < G;, and since G is a finite group, this map is a bijection.
Now suppose x € D; Nker(¢) so z = (1,...,x;,...,1) for some z; € G; and
1 = ¢ = x; and therefore D; Nker(¢) = 1. O
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Proposition 2.10. Let E be an extraspecial p-group. Regard Z(E) as the
field of integers modulo p and E/Z(E) as a vector space over Z(E) and define
B:E/Z(E)x E|/Z(E) — Z(E) by 8(Z,y) = [z,y]. Then (5 is a symplectic
form on E/Z(F).

Proof. Let x,y,w be elements of E then by lemma 1.1, we have

[zy, w] =y~ [z, wlyly, w] = y~ Y[z, w]ly, w] = [z, w][y, w],

since the element [x,w] belongs to Z(E). Which in additive notation is
B(z + y,w) = B(Z,w) + B(y,w). Moreover, we have

BT, w) = [z, w] = [z, w]* = \3(Z, W),

where A € IF,,. This says (3 is linear in its first variable and a similar argument
gives linearity in the second variable.
If 5(z,w) =0 for all w € E/Z(F) then [x,w] =1 for all w € E and thus
x is an element of the center Z(FE), which shows that 3 is nondegenerate.
Finally as [z, w] = [w, 2] 7! we have that 3(z,w) = —3(w, T), which means
that ( is skew-symmetric and therefore a symplectic form. O]

Remark 2.11. The difficulty of this proof lies in the passage between ad-
ditive and multiplicative notation. Another way, but equivalent, to define
the symplectic form is the following : let z be a generator of Z(FE), now if
x,y € E and the commutator [z,y] is 2* for some 0 < k < p — 1, define
B:E/Z(E)x E/Z(E) — F, by 8(z,y) = k.

Theorem 2.12. Let E be an extraspecial p-group. Then there exists r > 1
such that |E| = p* ™! and E is the central product of r non-abelian subgroups
of order p3.

Proof. By proposition 2.10 and the theory of symplectic forms we know that
we can write

E/Z(E)=E @@L,

where E; = (z;,7;) has dimension 2, and ((z;,7;) = 1 and all E; and Ej
are orthogonal for ¢ # j. Let Ei,...,E, be preimages of E;... F, in E.

Then Ey, ..., E, are non-abelian groups of order p?, generating E, such that
[E;, Ej] = 11if i # j. Thus E is a central product of Ey, ..., E, as required.
m
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Remark 2.13. It’s important to notice that even if G and H are two non-
isomorphic groups, it’s possible that G o G is isomorphic to H o H. For
example we have Dg o Dg = (Jg o QJs. Indeed, we can take the following
presentations for Dg and Qg,

Dy = (zmyla*=y*=1y ay=a""),

Qs = (ryla'=y' =1Ly lay=a"'y*=2%).
Let P = Qg0 Qs, which by definition is equal to (x1, y1, T2, y2) with (z;, y;) =
Qs and (x1,y;) centralizing (xs,ys). Let Hy := (x1,22y1), and let Hy =
(w9, 2192), we want to show that H; = Dg. It’s clear that 2} = (zoy1)? = 1,
furthermore (z9y1) ™1 (z2y1) = y; "w1y1 = 7" proving that H, is isomorphic
to a quotient of Dg, but we can easily see that H; has order bigger than four
and thus H; =2 Dy, likewise we can prove that Hy = Dg and so QJg o Qg =
Dg o Dg because (1, xoy1, T2, T1y2) = P and [Hy, Hy] = 1. We can also prove
that Qgo Dg % Dgo Dsg, see for example Chapter 8 in [1] or pages 117 and 118
in [6], which gives us, with theorem 2.12 that if F is an extraspecial 2-group
then either £ = Dgo---oDgor E=Qgo Dgo---0 Dg.

Our purpose is to have a similar result when p is odd. For that, we need

to understand the central products between Xp} and Xs.

Proposition 2.14. Let E be an extraspecial p-group. If p is odd we have
Xp} oXp*3 = Xp}, o X3 and Xp} oXp*3 % X5 0 X5
Then either E =X ;0---0X 3 or E= X;30---0Xs.
p p

Proof. Since X3 has exponent p and the elements of each subgroup commute,
we see that X3 o X)3 has exponent p, whereas Xp} o X, and Xp_3 o Xp} have
exponent p?, which prove that X 50X 5 # XppoXys. Now let Pi= X 0X 5,
which by definition of the central product means that P = (1, y1, T2, y2) with
(5, yi) = X3 and (21, y1) centralizing (z2,y2) and since (y;) = Z(P) we can
suppose that y} = y5. Consider the subgroups H; := (yay; ', 22). Then
H; = X,3, indeed we have (yoy;')? = 1 and x5 does not centralize yay; |
hence H; is a non-abelian group isomorphic to a quotient of X,s, but since
a group of order p® or p is abelian one has that H; is isomorphic to Xs. It
turns out that if we set Hy := <x1$2, yly;p>, then 125 has order p, y1y," has
order p? and they satisfy the relations of the presentation of Xp_3 and one can
check that Hs is actually isomorphic to Xp}. Besides H, and H; generate P

and we have [Hy, Ho] =1, s0 P = X5 0 X . O

9
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Proposition 2.15. Let E be an extraspecial p-group of exponent p and order

p* 1 where p is odd. Then E is isomorphic to the subgroup H of GL,.2(F,),
where
1
H .= « 0
0
* e * 1

Proof. For 1 < j <r+ 2, let H; be the subgroup of H generated by id +e;
and id 4+-e,49 ;. For 1 < j,k <17+ 2, an elementary calculation shows that

[id +epqok,id +e;1] = id +0p jer 421

and
[ld +€r+2,k; id +€r+2,j] = [ld +€k’1, id —0—6]"1] =id.

Thus H; and Hj, commute for k # j. Furthermore it’s clear that
(Hi|l<j<r+2)=H

and so H is the central product of (H; |1 < j < r + 2). But since
[id +e, 42k, id+ep 1] = id+e,491 we can see that Hy is a non-abelian group
of order p* and exponent p and thus isomorphic to X,s. Therefore we have

F=Xpso---0oXs=Hyo---oH, 1 = H.

]

2.2 Automorphisms and Extraspecial Groups

Proposition 2.16. Let E be an extraspecial p-group of order p* ™', where p

is odd. Let « be an automorphism of Z(E), then the automorphism « can be
extended to an automorphism o /* E of E.

Proof. Fix a generator z of Z(E). An automorphism « of Z(E) is given
by za = z¥, for some k prime to p. By proposition 2.14 we know that,
for 1 <1 # k <r, either

EF = )(Z;o---oX];3

= <5131>y17 ey Ty Yp | <xi7yi> = XI; and [<x17y1> ) <$k7yk;>] = 1>

10
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or

E = X

p

= <$173/1, s Ty Yp ‘ <:L'Zayz> = Xp3 and [<$Zayl> ) <$k,yk>] = 1> :

100Xy

In both cases define

a,/FEF:F — FE

Yi — Y.

An easy calculation shows that all the relations defining E are preserved
because x; has order p and k is prime to p. So that a /' FE extends to a
endomorphism of E. Now we prove that a / E is injective. Let g € F
such that g € Ker(a /' E), where g can be written as 2™ [[, z;"y;* for some
integers m, s;,r; and ZF™ [, xfsy: = 1. This last condition implies that
ks; = km = r; = 0 modulo p for all i. This is because {7;,¥;}; is a basis of
the vector space F/Z(F) and thus one has uniqueness in the decomposition.
Now, since k is prime to p we deduce that s; = m = r; = 0 modulo p for all
1, thus ¢ = 1 and o /' F is injective. Therefore because FE is finite we obtain
that o /' E is an automorphism of E. O

Remark 2.17. Since, for 1 < ¢ < r, one has that x; and z the have same
order, one can see that a and « ' E have the same order as well.

Lemma 2.18. Let E be an extraspecial p-group and let Autc(E) be the sub-
group of Aut(E) which acts trivially on Z(E). Then Autc(E) is a normal
subgroup of Aut(E).

Proof. Let g € Aut(E), o € Aute(F) and z € Z(FE); as g is an automorphism
of F it sends z to another element of the center and thus

(2)(g " ag) = (2)g g L7 (2)g71g = 2.
0

Theorem 2.19. Let E be an extraspecial p-group of exponent p and order
p? ™1 where p is odd. Then Aut(E) = Autc(E) (0) where 0 has order p — 1,
Aute(E) N (0) =1 and Aute(E)/ Inn(E) = Spy,.(p)-

11



CHAPTER 2. EXTRASPECIAL GROUPS

Proof. Let z be a generator of Z(E). We know that Aut (Z(E)) = C,_,
and thus applying proposition 2.16 to a generator of Aut (Z(E)) we obtain
an automorphism 6 of E of order p — 1 such that 260 = 2™ for some m
prime to p. Therefore the first statement is clear since if ¢ € Aut(F) then
0% € Autc(E) for a suitable power k. Clearly we have Autq(E) N (0) =1
because a non-trivial element of (f) acts non-trivially on the center.

For the second statement let ¢ € Autc(E), and denote by @ the map
induced by ¢ on E/Z(FE). Then for z,y € E we have

[z, ye] = [z, ylp = [z, y].

Therefore,  preserves the symplectic form 3, indeed we have

B((@)e, m)e) = B(Te,59) = [re, ye] = [z,y] = Bz, y).

This leads us to a homomorphism ® from Autc(E) to Sp (E/Z(E)).

First we prove that the kernel of ® is the group of inner automorphisms.
It’s clear that an inner automorphism is sent to the identity by ®, because
E/Z(FE) is elementary abelian. Since Inn(E) = E/Z(E) the order of Inn(E)
is p?". But there are at most p*" elements in Ker ® because, by definition,
such an element has to send each generator of F to itself modulo the center,
so there are p choices for each generator and there are 2r generators of E,
see proposition 2.16. Therefore we have Ker ® = Inn(FE).

Afterward we want to show that ® is surjective. Recall that

E={wryany | (0ny) = X, and (25, (or 5] = 1)

Let T' € Sp (E/Z(F)), x € E and write z as 2™ [[,2;'y;" for some integers
si, ;. We want to define an automorphism ¢ : £2 — E acting trivially on
Z(E) such that ¢» = T. In order to do this, write

T

— _m’._nA .

(Z)T as H T; v; = for some integers m;,n;
i=1

and now define

Vv FEF — FE
.,
m mi. ng
T o oz lez Y
i=1

12



2.3 REPRESENTATIONS OF EXTRASPECIAL GROUPS

By construction ¢ induces T" on E/Z(FE) and acts trivially on Z(E) and is
injective, moreover since 1" preserves the symplectic form we have, for all
x,y € b,
[z,y] = 8(7,7) = B(@)T, )T) = [+1,yv].

This shows that the elements {19, y1v, ..., x,1, y,1} satisfy the same rela-
tion as {x1,y1, ..., %, Y} except the conditions ¥ = ¢ = 1 and [z, ;)P = 1
for all 1 < i < r, but this is always satisfied because E has exponent p. So
1 is an automorphism of E with the desired properties, which shows that ®
is surjective and concludes the proof. ]

Remarks 2.20.

e This theorem shows us that Sp,,(p) acts on E as a group of automor-
phisms and this action is trivial on the center Z(FE).

e The general classification of the automorphism group of an extraspe-
cial p-group is done in [18].

2.3 Representations of Extraspecial Groups

2r+1

Theorem 2.21. Let E be an extraspecial p-group of order p and z a

generator for Z(E). Then
(1) E has exactly p*" + p — 1 irreducible representations over C.
(1) E has p*" linear representations.

(711) E has p— 1 faithful irreducible representations ¢, ..., ¢,—1. Notation
can be chosen so that z¢; acts via the scalar w' on the representation
module V; of ¢;, where w is some fixed primitive pth root of unity in C.

(iv) ¢; is of degree p" for all 1 < i <p—1.
Proof.

(i) We know that the number of irreducible representations is equal to the
number of conjugacy classes in E. Let x € F, then if x € Z(F) we have
% = {z} and otherwise 2% = 2Z(F). Indeed, since Z(E) = [E, E] we
have

2@ ={g7'zg|g € B} = {alv.g] | g € B} = 2Z(E).

13



CHAPTER 2. EXTRASPECIAL GROUPS

(iv)

But we already know that E/Z(E) has order p*" and thus there are
p?" —1 different classes of the form xZ(F) with x a non central element.

Since Z(FE) has order p this gives us p*” —1+p different conjugacy classes
in F.

We already know that the number of linear representations is equal to
the order of E/[E, E], but again since Z(F) = [E, E] and E/Z(FE) has
order p?" we deduce that F has p?" linear representations.

The first two statements show that there are p — 1 nonlinear irreducible
representations. Let ¢ be such a representation. Suppose Ker ¢ is
nontrivial, thus by lemma 1.3 we have Z(E)NKer ¢ # 1 but since Z(E)
has order p this means that Z(E) N Ker¢ = Z(FE). Now recall that if
¢ is a nonlinear irreducible representation then [E, E] £ Ker ¢ and so
Z(FE) £ Ker¢ which is a contradiction with Z(E) N Ker¢ = Z(E)
and therefore Ker ¢ is trivial and ¢ is faithful. It’s well known that
z¢ = wid for some primitive pth root of unity, see for example [3]. We
know that Aut (Z(E)) = (), and thus applying proposition 2.16 to a
generator of Aut (Z (E)) we obtain an automorphism a of E of order
p— 1 which restricted to Z(F) is still a non-trivial automorphism, given
by za = 27, for some j prime to p. For 1 <i <p—11let ¢; := o' ¢
then we have

2¢; = 20t = zj(Fl)gb — Vi,
So, renumbering, we may take z¢; = w'id for 1 <i <p— 1.

Recall that the order of E is equal to the sum of the squares of the
dimensions of its irreducible representations. Thus we have

P =E] = p" + (dim V1) + -+ (dim V)%

But by construction, we have dimV} = dimV, = --- = dimV,,_; and
so p = p¥ 4 (p — 1)(dim V})?. Therefore we can conclude with the
following calculation

dimv, = P e =)
1 p—1 p—1 '

14
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Corollary 2.22. Let E be an extraspecial p-group of order p>"+'. Then the
characters Xy, vanish outside Z(E) and satisfy (Xv;)|z(g) = p"\i, where \; is
a faithful linear character of Z(FE).

Proof. Tt follows from the last theorem and the fact that the irreducible
linear characters of E are the lifts of the irreducible characters of E/[E, E]| &

Cp x --- x Cp, which are well-known. And thus the character table of an
extraspecial group is completely described. For more details, a reference
may be page 813 of |8]. O

15



CHAPTER 2. EXTRASPECIAL GROUPS

16



Chapter

Construction of Weil Modules

We are now able to give the construction of the Weil representations
for the symplectic groups. We first of all present the general and abstract
construction, based on paragraph 5 of [4]. This construction is valid for
Spsn(q), where ¢ is a power of a prime number and n is a positive integer,
even if we present it only for Sp,,,(p), where p is an odd prime. After this,
we focus on the case p = 3 and give an explicit construction, in terms of
matrices, of the Weil representations. The second case, which is the interest
of this work, is of course almost the first one in the case p = 3. But since we
wanted an explicit construction we had to make some minor changes in the
presentation.

During this chapter w will be a complex primitive third root of unity.

3.1 The general case

Let E be an extraspecial group of exponent p and order p'*™2"* for n > 1.
Let M be the unique irreducible C[E]-module of dimension p" where Z(FE)
acts via y, for a fixed character x of Z(E), see corollary 2.22 for the existence.
We have also seen that Sp,,(p) acts on E as a group of automorphisms, see
remark 2.20. Thus we can consider the group F x Sp,,(p). It turns out that
one can extend M to an irreducible faithful C[E x Sp,, (p)]-module, which
restricts to the irreducible C[E]-module as given. The proof of this fact is
deductive, and since we want something constructive we are only going to
discuss it in the case p = 3, in the section 3.2, and refer to [!] for more details

17



CHAPTER 3. CONSTRUCTION OF WEIL MODULES

about the general case. Now we consider M as a C[Sp,,(p)]-module, which
in fact is no longer irreducible. Indeed, denote by z the central involution in
SPs, (p) and recall the following lemma.

Lemma 3.1. Let A, B € GL,,(C) such that BA = BA. Then if Ey, ..., Ej
are eigenspaces for A we have E;B C E; for 1 <i<k.

Proof. Let v € E; and \; the eigenvalues for F;. Then
(vVB)A =v(BA) = (vA)B = \;(vB).
Thus vB € E; and the result follows. O

So if we show that z has two eigenvalues on M then with the above
lemma we can conclude that M is reducible as C[Sp,, (p)]-module. Suppose
by contradiction that z is a scalar, so by Schur’s lemma, applied to M as
C[E x Sp,,(p)]-module, we obtain that ze = ez for all e € E, i.e. zez7! = ¢
for all e € E, which means that z acts trivially on E but since Sp,,,(p) acts
on F as a group of automorphisms, it’s a contradiction. And thus z has
at least two eigenvalues. As z has order 2 this implies that z has in fact
exactly two eigenvalues, namely 1 and —1. Finally, we obtain the following

decomposition as C[Sp,,, (p)]-module
M=VieV_1=Cy(z)® [z, M].
We call these C[Sp,,(p)]-submodules the Weil modules.
Proposition 3.2.
(1) The Weil modules are irreducible of dimensions @.
(i1) The Weil modules are self-dual if and only if p=1 mod 4.
Proof.

(i) In [10], it’s proved that the minimal degree of an irreducible nonlinear
representation of Sp,, (p) is (p™ — 1)/2. Thus, because the sum of the
degrees of our Weil modules is p” we must be in one of the following
cases

e At least one of the Weil modules is a sum of representations of
degree 1.

18
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e One Weil module is irreducible of dimension (p™ — 1)/2 and the
other one is a sum of representations of dimension (p" — 1)/2
and 1.
e The Weil modules are irreducible of dimensions @.
Thus if we show that there is not a subrepresentation of degree 1 in a
Weil module, the claim will follow. But this is equivalent, except for
Sp,(3), to saying that there is not a trivial subrepresentation in a Weil
module because in these cases Sp,,(p) is perfect !.

It’s clear that V_; can’t contain the trivial representation, since the
central involution z acts on V_; as — id and on the trivial representation
as id. Now we prove by induction that V; doesn’t contain the trivial
representation. In order to do it, write F», for an extraspecial group of
order p***1, M, for the irreducible module of dimension p" of Fs, X
Span(p) and Vi(2n) and V_;(2n) for the Weil modules of Sp,, (p).

The case n = 1 can be checked with the character table of Sp,(p), see
[7] page 30, looking at the dimension and the action of the center if
p =3 mod 4 and using the fact that |Xy, (9)|> = p"9 where 7(g) =
dimker(g — id), see proposition 2 of [5], if p=1 mod 4.

Suppose Vi(2n — 2) doesn’t contain the trivial representation. We
want to prove the same result for V;(2n) and so we want to look
at Resggizfpz)(p) (Vi(2n)) to use the induction. Now because Es, =
E5 0 Es, 5, one can easily check that M, = My ® M, _5. Moreover if

29, denotes the generator of Z(San(p)), we can write 2o, as 2929,_9.
Therefore, one has

E2n,XSpy,, (P) _ E5xSps(p) E2p—2XSPgy,_o(p)
RGSS;2(p)§%p2272(p)(M2n) - ReSSI§2(P§)2 g (M2> ® Ressgznfﬂp) e (MQn—Q)

(Vi(2) @ V_1(2)) @ (Vi(2n —2) ® V_1(2n — 2))
= 2)eoVi2n—-2)eV_1(2) @ V_1(2n —2)
& Vi@V 1(2n—-2)e V_1(2) @ Vi(2n —2).
We see that zy, = 2929, 2 acts trivially on V;(2) ® Vj(2n — 2) since

29 acts trivially on V;(2) and 2,5, o acts trivially on V;(2n — 2) and
since —id® —id = id®id we see that z, acts trivially on V_1(2) ®

'We postpone the case Spy(3) to the next section where we are going to prove (i) by
hand.
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V_1(2n—2). Using a similar argument we see that zy, acts non-trivially
on V1(2) ® V_1(2n — 2) and V_1(2) ® V1(2n — 2). Therefore, because

E2n XSpa,, (p) _ Span (P) E2n, XSpy, (p)
ReSSP2(P)><§P2n72(P) (M2”) - ReSsz (P)XSPap—2(P) ReSszn(p) ’ (M2”)

= ResP® (Vi(2n) @ V_1(2n))

Spa(P) XSpa, _2(p)
_ Spay, (P)
= Resg ? ®) (Vi(2n))

Sp2 (p) X Sp2'7L72

& Resn ) (V_1(2n))

Spa(P) XSpay,—2(P)

one has
S
Resgi s, o (Vi(2n)) = Vi(2)@Vi(2n—2) @ V.4(2) @ V.4(2n — 2)
S
Resgreet® o o (Vaa(2n)) = Vi(2) @ V(20— 2) @ V.4(2) ® Vi(2n — 2)

and so finally

ReSSP2n(P)(p) (Vi(2n)) = Yl(gn 2@ @ Vi(2n — 2)1

SPan—2

dimV1?2r) times
& Valn—2e eV, 2n-2).

dim V_1(2) times

By induction and the above formula, Sp,,_,(p) centralizes no vector

of V1(2n), thus neither does Sp,,(p). This implies that there is no

trivial subrepresentation in a Weil module and so the Weil modules are
(p"+1)

irreducible of dimensions =

First of all, recall that for a group G a k[G]-module is self dual if and
only if g and g~! are conjugate for all ¢ € G. It’s clear that if g and h
are conjugate in G and g is conjugate to g~ ! then h is conjugate to h~1.
Now for G = Sp,,,(p) this is equivalent to say that ¢ is conjugate to ¢!
for a fixed symplectic transvection ¢, since the symplectic transvections
generate the group and there are all conjugated to a transvection of the
form

1 A
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for some A € F,. We can write ¢ = id +Ae;2 and we have 71 = id —\eqo.
We see that ¢ is conjugate to ¢~! in Sp,,(p) if and only if

1 A . . 1 =X\ .
<O 1) 1s conjugate to <O 1) in Spy(p).

We want to see when AtA~' =t has a solution, where A = (a;;) is an
element of Sp,(p). So we solve

a1 a1z 1A Q22  —A12\ 1 =X

Q21 Q22 0 1 —ag21 Q11 - \0 1 ’
and we find the following conditions : ag; = 0, a3 € IF;;, apao = 1
and (a;1)? + 1 = 0. Therefore, the system has a solution, and thus ¢ is

conjugate to ¢!, if and only if the last equation has a solution, which
occurs if and only if p =1 mod 4.

]

3.2 The case p=3

Let E be an extraspecial group of exponent 3 and order 3* = 27. By
proposition 2.15, we know that E is isomorphic to

1
{ a 1 (Z,b,CE]Fg}.
c b1

We want to find a faithful irreducible representation p : E — GL3(C). To do
it we consider the subgroup H < FE defined by

1 1
H::<01 1 >
101/ \oo1

Since the first matrix is in the center of E, we can easily see that H = C3x Cs.
So we know that the irreducible characters of H are of the form X; x X; for
1 <14,7 < 3 and the X; are the irreducible characters of C3, which we can see
in the following tableau, where g is a generator of Cj,
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2

| 1 g g
X4 1 1 1
Xa 1 w  w?
X3 1 w? w

We consider the induced representation p := Ind%(X; x X3) acting on the
right on the vector space C* @cy C[E] with basis {1®1,1®x, 1 ®2?} where

&
I
O O =

1
11

Since, by definition of the induced representation, we have (1®1)(zp) = 1®x,
(1®z)(zp) =1® 2% and (1 ® 2?)(zp) =1 ® 1. We see that

()p =

o o

01
0 0
10

As E = (H,z) we just need to understand the representation of the two
generators of H, which we call respectively z and y. Because z is in the
center of £ and in C[H] we have (1® 1)(2p) =1®2=X(2)®1 =w® 1,
1®z)(zp) =1®@z2z=1® 20 = X3(2) @z and (1 ® 2%)(zp) = Xa(z) ® 2% s0
we have

(2)p =

o o €
o & o
€ oo

In the same manner and because [x,y] = z, we have (1® 1)(yp) = 1@y =
Xo(y)®1 = w1, (18z)(yp) = 1Qxy = 1@2yr = X3(2)Xa(y) @z = w*(1Q)
and (1 ® 2?)(yp) = X2(2%)Xa(y) ® 22 = 1 ® 22, So we see that

(y)p =

o o g
o & o
_— o O

It’s easy to see that (zp,yp) = E and thus the representation is faithful.
Because the irreducible representations of degree 1 are trivial on the center
and there is no irreducible representation of degree 2, see theorem 2.21 and
as the character values of elements of the center are imaginary, we have that
p is irreducible.
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Proposition 3.3. Ngi,(c)(Ep) = Z(GL3(C))(Ep)C, where C = Sp (E/Z(E)).

Proof. To lighten the notation, we write N for Ngp,c)(Ep). If A € N, then
the action by conjugation acts trivially on the center of Ep which gives us a
homomorphism ¢

O: N — Aute(F)
A — Action of A.

which leads us to the injective homomorphism
®:N/(Z(GLs(C))(Ep)) — Autc(E)/Inn(E)

since (Ep)® = Inn(E) and Z(GL3(C)) = {Aid | A € C*} is its kernel.
Indeed if a matrix A commutes with yp then A is diagonal and a matrix
which commutes with xp has equal values on the diagonal. In order to see
that, let A = (a;;) be such a matrix. So we have

a11 a2 ais w 0 0 wajy w2a12 a3

G21 Q22 Q23 0 w? 0] = wasay w2a22 azs | ,

as; asp as3 0 0 1 wag wiaz ass
and

w 0 O ai; a1 ai3 wait wai9 wais

O (.d2 O 21 929 A23 = w2a21 w2a22 w2a23

0 0 1 Ga31 a3z ass a31 a32 ass

Thus we only have equality if A is diagonal. The second condition is the
equality between

a1 0 01 0 0 a1
a92 1 00 = a92 0 0 s
as3 010 0 as3 0
0 01 aiy 0 0 ass
1 00 929 = a1 0 0
010 ass 0 929 0

Therefore, A is a scalar multiple of the identity. Now recall that Aute(E)/ Inn(E) =
Sp (E/Z(E)) which shows that

N — Z(GLs(C))(Ep) Sp (B/Z(E)).
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and since clearly Z( GL3(C))(Ep) < N we just have to identify Sp (E/Z(E))
in GL3(C) and show that it’s contained in N to prove the claim.
Denote by Z,7 the class in F/Z(F) of the generators x,y of E. In our

case we have
ez s - (3 1).(1 )

Denote by ¢ the first generator of SLy(3) and s the second one. In additive
notation we have (Z,7)t = (T+7,7), so in multiplicative notation this means
that t sends T to yT and stabilizes y. In order to preserve the action we
are looking for a matrix 7' € GL3(C) such that T-'(zp)T = (yp)(zp) and
T~ yp)T = (yp). In the same manner for s we are looking for a matrix
S € GL3(C) such that S~(zp)S = (zp) and S~ (yp)S = (yp)(zp). From
the previous calculation, we know that 7" has to be diagonal. So we solve the
equation (xp)T =T (yp)(xp). If T = (\;;) we get the following equality

0 0 /\33 0 0 W/\ll
>\11 0 0 = w2>\22 0 0
0 )\22 0 0 )\33 0

So we find, because 1" has to have order 3, that

10 0
T=10 w O
0 0 w
The first condition on S implies that
a b c
S=1c a b| fora,bceC.
b ¢ a

So after working out (yp)S = S(yp)(xp) we obtain

wa wb we w?b ¢ wa
wil w?a W] =|(w?a b we
b c a w?c a wb
So we find that
1 w? 1
S=al|1 1 w?]|,
2 1 1
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and in order to have S® = id we see that we need to choose a to be a solution

of a3 = \/Tgi.
Finally, let C' := (S, T) then C' < N by construction and so by sending ¢ to

T and s to S we see that C' = Sp (E/Z(E)), which concludes our proof. [

Remark 3.4. So, this proposition shows us what we have not proved in the
general case, that is to say that we can extend an irreducible C[E]-module
to an irreducible C[E x Spy(3)]-module. Now we restrict it to Spy(3) to
have our first Weil Modules. Indeed, we have obtained a representation
7 : Sp,y(3) — GL3(C) with

-1 0 0
7(—id) = 7([s,t]*) = [7(s), 7)) = | 0 0 —w
0 —w? 0

According to the general construction we have to look at the eigenspaces of
this matrix. We find V_; = span{(1,0,0), (0,w, 1)} and V; = span{(0, —w, 1)},
which are the Weil modules for Spy(3). A careful reader will now remember

we have to prove the first part of proposition 3.2 for the case Sp,(3), which

says that V; and V_; are irreducible. Let U := span{\;(1,0,0) + A\2(0,w, 1)}

be a submodule of V_;, which means that Ug C U for all ¢ € Sp,(3), in

particular applying T" we find that Ay = 0 and applying S we see that A\ =0

and thus V_; is irreducible as claimed.

Let’s go back to the construction of Weil modules for Sp,,,(3). In order
to do this, let Q be an extraspecial group of order 3° and exponent 3. By,
proposition 2.14, we know that Q = F; o E5 where F, Fs are extraspecial
groups of order 27 and exponent 3. For ¢ = 1,2, let p; := p be the irreducible
representation of F; defined above. Consider the irreducible representation

p1L®pa:Q — GLy(C)
q — (q)p1 @ (q2)pe,

where ¢ = ¢1¢2 is the decomposition of an element ¢ in E; o Fs, i.e. ¢ € E;
and ¢y € E,. We want to see Sp,(3) acting on this nine-dimensional space.
To do this let A := Sp,(3) X Sp,y(3). With the help of proposition 3.3 we see
that A can be viewed as a subgroup of Ngry () (Q(p1 ® pg)). Indeed, using
that the tensor product gives us a homomorphism between GL3(C) x GL3(C)
and GLg(C) and the fact that we have seen Sp,(3) in GL3(C), we just have
to take some tensor products of our matrices S, T to see A in GLg(C).
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On the other hand, since Ny, (3)(A) is maximal in Sp,(3), we are looking
for an element g € GLg(C) N Sp,(3), which is not in Ngp, (3)(A), and thus
(A, g) = Spy(3), because Ngp, (3)(A) is the unique maximal subgroup con-
taining A. Since A is the subgroup of Sp,(3) which preserves a symplectic
decomposition (e1, fi,) ® (€2, f2,), and Ngp (3)(A) is generated by A and the
matrix that sends the first hyperbolic pair to the second one, our element
g has to send the first hyperbolic pair to a combination of the first and the
second one. For example we can look at this change of basis

+ —
€1+ €1+ € fl'—>f12f2 €2 > €1 — €2 f2H¥
Which corresponds to the transformation g € GLg(C) such that
(zp1 ®id)* = 2p1 @ zpo, (yor @1d)? =y~ p1 @y~ ' pa,
(id @zps)? = xpr @ 2~ o, (id ®@yp2)? =y~ p1 @ ypa,

where x and y are given at the beginning of this section. So let

All AIQ AIS
g = Agl AQQ A23 s where Aij € GLg(C)
A31 A32 A33

The first condition implies that

Ay = A22($02) = A33($02)2,
Ay = A32($P2) = A13($P2)2;
Az = A12(5U/)2) = A23(5Up2)2-

The second condition implies that

w
CUAll = All 1
w2
1
whAips = Ap w?
w
w2
wAz = Az w
1
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3.2 THE CASE P =3

So the matrices Aj1, A2, A13 have to be of the following form

ap; 0 0 0 0 ay 0 ay O
An=1lay 0 0],452=(0 0 a5],A3=10 ag 0] for some q;.
Qa3 0 0 0 0 Qg 0 [(676) 0

The third condition gives us
(lepz)An = A12($P2)2 and ($P2)A12 = A13($P2)27

which implies that a; = a5 = a9, as = ag = a7 and a3 = ay = ag. Finally
the last condition leads us to (wp2)A;; = w?Aji(zpe) which implies that
ay = ag = 0 and a3 is arbitrary. So g has the form

a3

(il elNoNollall =R
SO R OO oo oo
OO OO+ OO oo
O R O OO oo oo
OO O OO o oo
S OO OO o OO
(lielelollell S =R el
(el elNeolNeNoloNoll S =)
_ o OO oo oo oo

Since the transformation has order 4 (it suffices to iterate the action of g on
the basis elements) and the matrix (a3) !¢ has already order 4, the only con-
dition on aj is that (as)* = 1. So g is not in Ngry(c)(A) but not necessarily
in Sp,(3) viewed as subgroup of GLg(C). For example, we see that g doesn’t
commute with the three central involutions, namely i1, iy and i3 = 4149, of A,
where 7; and iy are the generators of, respectively, the center of the first and
second copy of Spy(3) in A. We know that the central involution of Sp,(3)
is one of them. It turns out that it’s the element 73 because i; and i, are
conjugate, they have same eigenvalues with same multiplicity, so they are
both in Z(Sp,(3)) or not, but Z( Spy(3)) has order two. One can check that
g% and i3 are conjugate in (g,i3) by an element h. Define § := g¢" so that
G = i3 and thus §iz = i3§. After a few calculations we find that
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CHAPTER 3. CONSTRUCTION OF WEIL MODULES

SO O OO oo
O =R OO O o oo

S}

|
OO OO OO OO
DO O OO O oo
O =R OO OO o oo
OO OO OO+ O O
—_— O O OO oo oo
O OO OO O oo
cocoocor~roOo OO

o
o
e

So g, as g, is not in Ngrec)(A4). Actually, using GAP, we can see that this
is the element sought.

To summarize, we have obtained a faithful representation of Sp,(3) in
GLy(C) given by the matrices S ® id, T ® id,id ®T',id ®S and g.

Proposition 3.5. For n > 2 we have (Sp,(3),S,) = Sps,(3).

Proof. First of all recall that Spy(3) X Spy,_5(3) is maximal in Sp,,(3), see
[9] page 72. Let {e1, f1,€2, f2,...,€n, fu} be a symplectic basis. Now we
see Sp,(3) in Sp,,(3) as Sp,(3) x id and S,, as the group generated by the
matrices Aj),1 < 4,7 < n where Ag;) is the matrix that send (e;, f;) to
(ej, f;) and acts trivially on (e, fx) if k is different from ¢ or j. So, in Spg(3),
we have

Al (Spa(3) x id ) Az = id x Spy(3) := Hi.

Besides we can see Hy := Sp,(3) x id x id in Sp,(3) x id. Thus (Sp,(3), S3)
contains Sp,(3) X id and the maximal subgroup H;Hs = Sp,(3) X Sp,(3)
of Spg(3) and so we have generated Spg(3). Repeating this argument with
Spg(3) instead of Sp,(3) and A4 instead of A(;3) we are going to generate
Spg(3). Therefore we can conclude with a recursive argument. ]

So our next purpose is to find the matrices Ag;). We start with n = 2
and we want to find A € GLg(C). Since A1) permutes the hyperbolic
pairs ey < e and f; < fs, this correspond to

(zp1 @id)"02 = id @z ps, (yp1 @ 1d)"0» = id @y,
(id @zpy) 02 = 2py @ id, (id @ypa) 2 = id @y p,.
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3.2 THE CASE P =3

Write P instead of Ax9) and P = (4;;) with A;; € GL3(C). In the same
manner as before, we find that

Ay = AQl(IPQ) = Asl(iﬁpz)Q,

Aszy = A12($P2) = A22($P2)2,

Asz = Aiz(wpy) = A23($P2)2-

With the second condition we find that

a; 0 0 0 0 ay 0 ar O
All = | Qg 0 0 ,Agl = 00 (071 ,A21 =10 ag 0 for some (678
Qa3 0 0 0 0 (673 0 (876) 0

The fourth condition implies that «; = 0 except if ¢ = 1,4,7 and the third
one shows that oy = a4y = a7 and thus P is of the form

[en]
(a]
o
o
(@]
[en]

R
DO DO OO OO O
OO Do oo+, OO o
SO R OO o oo
SO OO OO oo
DO OO OO oo
O R OO O o oo
SO OO oo+ Oo
DO O OO oo
_ o OO oo oo

As clearly P has to be of order 2 and («;) ™! P has already order 2 we see that

a; = £1. Now if n > 3, it’s enough to find the matrices A(; ;1) to generate

Syn. But we have that Ag;;11) =id®P ®id and so it’s sufficient to know P.
Thus by proposition 3.5, we can see Spy(3) in GLo7(C) by

Sps(3) = (§ ®ids, S ®id3 ®1ds, T ® id3 ®ids, ids T @ ids, ids ®S ® ids, ids @ P)

since id3 @ P = A23).

Therefore we can explicitly give a representation of Sp,, (3) of dimension
3", by taking the tensor product of the generators of Sp,,_,(3) with id3 and
adding id3»—2 ® P. This representation corresponds to the one discussed in
the general case. Thus we know that this representation is reducible and it’s
irreducible components are the Weil modules of dimension L;l
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CHAPTER 3. CONSTRUCTION OF WEIL MODULES

Since our construction is now explicit in term of matrices we can use GAP
or Magma to decompose our representations and take some tensor products
of Weil modules and then decompose them again.
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Chapter 4

Young Diagrams and Schur
functors

Since one of our purposes is to understand the decomposition of V®- - -@V
where V' is a Sp,,(3)-module, it's a good start to know how V@ --- @ V
decomposes as GL(V)-module. As this is not the main part of this work, we
will omit the proofs. We refer to [2| for a more detailed presentation.

4.1 Young Diagrams
Definitions 4.1.

(i) Let d be a positive integer. A partition A of d is a nonincreasing sequence
of positive integers Ay > --- > A\, such that

d:)\1+...+)\k_
We note A = (Aq, ..., \gp).

ii) To a partition A = (Aq,..., ;) we associate a Young diagram with \;
g g
boxes in the ith row, the rows of the boxes lined up on the left.

(iii) The conjugate partition X' to the partition X is defined by interchanging
rows and columns in the Young diagram.
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CHAPTER 4. YOUNG DIAGRAMS AND SCHUR FUNCTORS

Example 4.2. Let d =9 then A\ = (3,3,2,1) is a partition of d. Its Young
diagram is the following

Its conjugate is X = (4, 3,2).

Definition 4.3. For a given Young diagram, define a tableau to be a num-

bering of the boxes by the integers 1, ..., d, where the numbering is done as
shown
112]3
45|16
7.8
19]

Definitions 4.4. Given a tableau we define two subgroups of the symmetric

group
P, ={g € S4| g preserves each row}

and
Qx = {g € Sq| g preserves each column}.

In the group algebra C[S,] we introduce two elements corresponding to these

subgroups,
ay = Z g and by = Z sgn(g)g.

geP) geEQA

Finally we define the Young symmetrizer
C) ‘= CL)\b)\.

Theorem 4.5. The image of ¢y by right multiplication on C[Sy] is an irre-
ducible representation Vy of Sy. Every irreducible representation of Sy can
be obtained in this way for a unique partition.

Examples 4.6.
o If A = (d) we have ¢4y = a@) = D_ g, 9 and so

V(d)ZC[Sd]Zgz{WZgweC}.

9gE€Sq gE€Sq
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4.1 YOUNG DIAGRAMS

Therefore V(g4 is the trivial representation since the action of an ele-
ment h € Sy is trivial

(vzg>h=72(gh)zvzg.

9gE€Sy gE€Sy 9ESq

If A= (1, 1) we have C,..1) = b(l 7777 = desd Sgn(g)g and so

77777

V.. = C[Sd] Y sgn(g)g = {7 > sen(g)g |y € C}.

gE€Sy geSy

-----

one has

( Z sgn(g )h o Z sgn(g :gh sgn(h) <7 Z sgn(k)k).

geESy geESy keSy

Thus V(y,. 1) is the alternating representation. Indeed, let h € Sy then

We want to check the theorem for the group S3. First, recall its
character table

|1 (12) (123)

X1 1 1 1
X2 1 1 -1
X3 2 -1 0

According to the first two points we know that A = (3) and A =
(1,1,1) correspond to the trivial and alternating representation. Now
we investigate the last case A = (2, 1), which has the following Young
diagram

1]2]
3

Therefore we find that a(21) = id +(12) and b(31) = id —(1 3) and so

Cony = id +(12) — (13) — (132).

By definition, we know that

Ve = { > AgQCm)}-

gESs
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CHAPTER 4. YOUNG DIAGRAMS AND SCHUR FUNCTORS

Computing gc(z,1) for g € S one can see that V(s ) is spanned by ¢ 1)
and (1 3)ce,1). Indeed, we have (12)c(2,1) = ¢21) and

(2 3)0(2’1) = (1 3 2)0(2’1) = (1 2 3)C(271) = —(6(271) + (1 3>C(2’1)).

Let p be the representation associated to the C[Ss]-module V{;5). Using
these previous relations we can find (12)p and (12 3)p. We find

(12)p = (_11 _01> :

because (1 2)((1 3)0(271)) = (132)c) = —(0(271) + (1 3)0(2,1)) and

(123)p = (_11 _01) ,

because (12 3)((13)ce 1) = (12)c@1) = c@1). Finally one can see
that Xy, = X3 and thus V(5 ) is, as expected, an irreducible repre-
sentation of Ss.

Remark 4.7. Actually, the dimensions of the irreducible modules V) are
well-known, it relies upon the Hook length of a box. The formula can be
found in [2] page 50.

4.2 Schur functors

Definition 4.8. Let V' be a finite-dimensional complex vector space. The
symmetric group Sy acts on V® by permuting the factors. This action
commutes with the action of GL(V). We denote the image of ¢y on V% by
S\V

S,V :=Im(ey

|V®d)'

We call S,V the Schur functor corresponding to \. It’s again a representation
of GL(V).

Examples 4.9. As before, we want to understand S4) V', S¢,.1)V and Sio 1)V
First, we have to consider the image of the elements a) and by, being seen as
elements of End(V®%) for a partition A = (Ay,...,\x) of d. One can check
that

Im(ay) = SymMV ® -+ - ® Sym™ V C V&
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4.2 SCHUR FUNCTORS

Similarly, the image of by on this tensor product is
Im(by) = AtV @ --- @ AltN V c V&,
where X' = (A}, ..., ) is the conjugate partition to A. Therefore, one has
S@V =Sym?V and Sp,. )V = AltY(V).

Finally, since ¢(21) =id+(12) — (13) — (13 2), one can easly see that S 1)V
is the subspace of V3 spanned by all vectors

V1 QU2 @ U3+ V2 @V QU3 — V3 XV @V — V3 QU Q Va.
Theorem 4.10.

(i) Let k =dim V. Then S\V is zero if \gx1 # 0. If A= (M1, ..., \x) then

A=A+ —i

dimS,V =[] e

1<i<j<k

(i1) Let my be the dimension of the irreducible representation Vy of Sy cor-
responding to X\. Then

Vel (S, (VEm).
A

(7ii) Each S,V is an irreducible representation of GL(V).

Example 4.11. Using theorem 4.10, one can check that
VeVeV=Sym’V oAtV & 25y, V.
Using the decomposition V@ V = Sym? V @& Alt? V, one has

VeSym’V =Sym* Ve SeyV and V@ APV = Al V @ S V.
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Chapter

Tensor Products of Weil Modules

In this chapter we discuss the decomposition of tensor products of Weil
modules for Sp,,(3). Our calculations have been carried out with GAP or
Magma, for the groups Sp,(3), Spg(3) and Spg(3). We have followed the
construction given in chapter 3. First, we show our results for these three
cases and then we state some general conclusions about the decomposition
of tensor products of Weil modules for Sp,, (3). We define

Wi = {W1®--- @ W, | W; or W} is a Weil module of Sp,,(3)},

to be the set of m-fold tensor products of Weil modules.

5.1 The case Sp,(3)

Throughout this section, W~ will denote the Weil module of dimension

(322_1) = 4 and W the one of dimension @ = 5. To begin with we present
a tableau for W3.
Xo X5 X3 Xy
Xg | X¢ + Xs X11 X1+ Xo Xiz
X5 X7+ X1o Xi4 X1+ Xa7
X3 Xe+ X7 Xn
X4 Xs + Xio

We use the same notation as GAP, i.e. Xy- = Xo, X+ = X5 and X3, Xy
are the duals of, respectively X5 and X5. The entries of the tableau are the
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CHAPTER 5. TENSOR PRODUCTS OF WEIL MODULES

decompositions of the tensor product of the characters in the corresponding
row and column, for example XsXo = Xg + Xg, where Xg, Xg are irreducible
characters. The characters X; are those irreducible characters found with our
codes, see [13], for the group Sp,(3). Following section 1.3, one can note
that X¢ = Xapzqw-) and Xs = Xgy2qp-). In the same manner, one has

X7 = Xanzw+) and Xig = Xgypm2(p+). Now we present the tableau for V4%

Xo X5 X3 Xy

XoXo | X3+ X14 + 2X16 Xq + X19 + Xos 2Xo + X15 +Xa1 X7 + Xog + Xa24

Xo X5 X3 + Xog + Xog X5 + Xog + Xog Xo + Xo1 4+ X3g

XoX3 2X3 + X16 + X2z Xg + X19 + Xos

XoXy X14 + X16 + Xog

X5X5 Xg+Xg+ X8 +2X23  X13+ X15 +X30  2X5 + X188 + Xog + Xog
X5X3 Xg + X19 + Xog X3 + Xo2 + Xog

X5X4 2X4 + X18 + Xo3 + Xos
X3X3 Xo + X3 +2X15 X5+ Xog + Xog

X3X4 X2 + Xo1 + X30

XqXy X5 + X7 4+ X138 + 2Xo4

To be able to understand W5 in a better way, we take each irreducible char-
acter of W? and we tensor it with elements of W]. We obtain the following

tableau
X2 X5 X3 X4
Xe X3 + X16 X19 X2 + Xi5 X290
X7 X3 + Xoo Xg + Xog X13 + X15 X5 + Xog
Xg X14 + X16 X4 + Xos X2 + X21 X7 + Xog
Xg | X2 + Xi5 + X21 X20 + Xa26 X3+ X16 + Xo2  Xi9 + Xos
X10 Xag9 Xq + X18 + Xo3 X30 X5 + X18 + Xog
X11 | X4+ X19 + Xo5 X3 + Xa2 + Xog X5+ Xog + Xog X2 + Xo1 + X30
X13 | X7+ Xoo + Xog Xo + X21 + X30 X4+ X19 +Xo5  X14 + X16 + Xog
X14 | X5 + Xoo + Xog X13 + X15 + X30 Xg + X19 + Xo3 X3 + X2 + Xog
X17 X21 + X30 X5 + X18 + Xa24 + Xog Xa22 + Xag X4 + X18 + Xa3 + Xo5
5.2 The case Spg(3)
Throughout this section, W~ will denote the Weil module of dimension
3_ . . 3 . .
3 5 U — 13 and W+ the one of dimension % = 14. To begin with, we

present a tableau for W2.
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We use the same notation as GAP, i.e.

Xo X4 X3 X5
Xo | X¢ + X7 X11 X1+ X0 Xi3
X4 Xg + Xo X12 X1+ X4
X3 Xe +Xg  Xi1
X5 X7+ Xg

Xw— = XQ, Xw+ = X4 and Xg,

X5 are the duals of, respectively Xo and X4. Again, following section 1.3,
one can note that X¢ = Xp2p-) and Xz = Xgy2(w-), Xs = Xayzqp+) and

Xg = Xgym2(w+)- Now we present the tableau for W

Xo

X4

X3

X5

X2 X2
XoXy
X2X3
X2 X5
XqXy
XqX3
Xq X5
X3X3
X3Xs5
X5Xs5

X3 + X15 + X19 + 2X26

X5 + X34 + X39
X3 + X37 + Xa4

X5 + X17 + Xa4 + 2Xog

2X9 + X16 + Xo7 + X36
X4 + X35 + X3g
2X3 + Xi5 + Xog + X37

Xoo + Xo7 + Xy5
X17 + X29 + X34

Xo + Xi6 + Xoo + 2Xa7

X18 + X30 + X35

X2 + X36 + Xg5

X5 + X34 + X39

X19 + Xo6 + X44

X3+ Xg7 + X4q

2X5 + Xog + Xog + X3g
Xq + X35 + X38

Xo + X36 + Xu5

To be able to understand W; in a better way, we take each irreducible char-
acter of WZ and we tensor it with elements of W}. We obtain the following

tableau
Xo Xy X3 X5

X¢ X3 + X15 + Xo6 X34 X2 + X16 + Xo7 X35

X7 X19 + X26 X5 + X39 X2 + X36 X18 + X30

Xg X3 + X37 X17 + Xag X20 + Xa7 X4 + X3

Xg X4 X5 + Xag + Xog X5 Xq4 + Xo5 + X30
X10 | X2 + X16 + Xo7 + X36 X35 + Xas X3+ X15 + Xog + X37  Xza + X3
X11 X5 + X34 + X39 X3+ X7 + Xgq Xq + X35 + X3s X2 + X36 + Xg5
X12 X4 + X35 + X3g Xoo + Xo7 + Xyg5 X17 + Xog + X34 X3 + X37 + X4a
X13 X18 + X0 + X35 X2 + X36 + X435 X5 + X34 + X39 X19 + Xog + Xyg
X14 X36 + Xa5 X4 + Xas + X30 + X3s X37 + Xaa X5 + Xaq + Xag + X39

5.3 The case Spg(3)

Throughout this section, W~ will denote the Weil module of dimension

(31-1)

2

= 40 and W the one of dimension

2

39

(3%41)

= 41. To begin with, we
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present a tableau for W2

Xo Xy X3 X5
Xo | X + X7 X11 X1+ X0 Xio
X4 Xg + Xg X13 X1+ X1q
X3 Xe¢ +Xs X1
X5 X7+ Xg
We use the same notation as Magma, i.e. Xyy— = Xo, Xyy+ = X4 and X3, X5 are

the duals of, respectively Xs and X4. Again, one can note that X¢ = X2
and X7 = XSymZ(W*)J Xg = XAlt2(W+) and Xg = XSym2(W+)' Now we pI'GSQIlt
the tableau for Wa

Xo X4 X3 X5

X2X2 | X3+ X16 + X19 + 2X24 X5 + X32 + X36 2X2 + X15 + Xo5 + X34 Xi8 + Xa6 + X31

X2X4 X3 + X33 + X38 X4 + X31 + X35 X2 + X34 + X37

X2X3 2X3 + X16 + X24 + X33 X5 + X32 + X36

X2Xs5 X19 + Xo4 + X38

X4X4 X5 + X17 + Xo2 + 2Xo7 X20 + X25 + X37 2X4 + X21 + X26 + X35
X4X3 X17 + X27 + X32 X3 + X33 + X38

X4Xs5 2X5 + Xa2 + Xo7 + X36
X3X3 X2 + X15 + X20 + 2X25 X4 + X31 + X35

X3Xs5 X2 + X34 + X37

X5X5 X4 + X18 + X21 + 2Xo26

To be able to understand W3 in a better way, we take each irreducible char-
acter of W2 and we tensor it with elements of W.. We obtain the following
tableau

X2 X4 X3 X5
X6 X3 + X16 + Xo4 X32 X2 + X15 + Xo5 X31
X7 X19 + Xa4 X5 + X36 X2 + X34 X18 + Xog
Xg X3 + X33 X17 + Xo7 X20 + Xa5 X4+ X35
Xog X3s X5 + Xo2 + Xor X37 X4 4 X21 + Xog
X10 | X2 + X15 + Xos + X34 X31 + X35 X3+ X16 + Xog + X33 Xz2 + Xsg
X11 X5 + X32 + X36 X3 + X33 + X33 X4+ X31 + X35 X2 + X34 + X37
X12 X18 + Xog + X31 Xo + X34 + X37 X5+ X32 + X36 X19 + Xog + X38
X13 Xq4 + X31 + X35 X20 + Xos + X37 X17 + Xo7 + X32 X3 + X33 + X3s
X14 X34 + X37 X4 + X21 + Xog + X35 X33 + X38 X5 + Xag + Xor + X36

5.4 The general case

Using the results of the calculations made for the groups Sp,(3), Spg(3)
and Spg(3) we want to deduce some general results for Sp,,,(3), especially for
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W3 . The understanding of W3, was treated in [12]. We begin by recalling
this in proposition 5.3.

Throughout this section, W, will denote the Weil module of dimension

@ and W, the one of dimension @ We start with a general lemma.

Lemma 5.1. Let X be an irreducible character for a finite group G. Then
XX* contains the trivial representation with multiplicity one.

Proof. Let X; be the trivial representation for GG. Then
(X1, XX*) = (X1 X, X) = (X, X) = 1.
O]

Definition 5.2. Let V' be an irreducible not self-dual C[G]-module for a
finite group G. We note Adj(V') the submodule of codimension 1 in V' ® V*.

Proposition 5.3.
(i) The only irreducible modules in W3, are
Wi @ Wy, , Wi @ Wy, Wi oW, W) oW, .
Moreover, Wy @ Wy, and Wi, @ Wy, are the only isomorphic ones.

(i1) Let W € W), , then the modules Sym*(W), Alt*(W) and Adj(W) are

2n’

irreducible. Moreover, Sym?(W,') and Alt*(Wy,) are self-dual.
Proof. See proposition 5.5 page 17 in [12]. ]

Now we start our investigation of the 3-fold tensor products of Weil mod-
ules for Sp,,(3). First, we improve proposition 5.3.

Proposition 5.4. One has XSym2(W2_) = XAth(W,j*) and the same equality
holds for the duals.

Proof. First, note that

<XSym2(W2_n)’ XAth(W;;L*)> = <XSym2(W2_n) T Xawe ;) Xawearyy + Xsym2(w2tf)> ;

because all these characters are irreducible, by proposition 5.3, and an argu-
ment of dimension. By definition one has

_ 2 2
<XSym2<W;n) + Xz, X)) + XSme(Wgn*)> - <XW{n’ XW;Z“> '
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So we obtain

2 2
<XSym2(W2:l)’ XA1t2(W2t:)> - <XW2_TL, XW;;l* > = <XW2:LXW;;L7 XW;: XWQ_H* > e 17
where the last equality holds because of the first part of proposition 5.3. [J

In order to prove our main result, theorem 5.7, which describes when
Weil modules occurs in the decomposition of a 3-fold tensor products of Weil
modules we obtain the following corollary and lemma.

Corollary 5.5. One has

<XW2+HXSym2(W2:L),XW;:> —1 and <XW2;’XAR2(W2+"),XW;*> =1

n

Proof. Tt’s just a calculation :

2
<XW$XSym2<W2;>’XW;*> - <XWLXA1t2<W$*)’XW;*> - <XA1t2(W2tf>’XW2tf> =L

In the same manner, we have

I
IS
=<

w2
<
8
P
5
S *
Ege
g1
\/
I
—_

<XW2; X2y, X! > = <XW;” Xeyme wz "y Xz >

Lemma 5.6. One has
<Xwﬂxsym2(m), XW%*> —1 and <><W27nx AW ) XWQ_n*> ~1.
Proof. Since Sym?(W.!) is self-dual, we have
_ 2 _ 2 _
<XW$XSym2(W;>’XW;*> = <XSym2(W;>’Xw2+;> = <XSym2(W2+n*)’XW2+*> =1

Since Alt*(W,,) is self-dual, we have

I
PIRS
=<

e
=
g
S
‘*
~_—
I
—_

2
<Xwgn XAlR(W;n)’ XWQ—W* > - <XAlt2(W27L)7 XW;n* >
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Theorem 5.7. Let U € W3

then there exists W € W, such that

2nr

Xy, Xw) > 1,

except for U = Wi @ Wi @ Wi or U = Wi @ Wi @ Wi, In other
words, when we take the tensor product of three Weil modules, at least one
Weil module occurs in the decomposition, except for the cases cited.

Proof. First remark that if W is in the decomposition of U then W* appears
in the decomposition of U*. Then we can restrict to the following cases

1.

2

3

4.

5

U=VieWhheWh,
U=V,
U=VeVeV,
U=V Ve,

where V, V5 are non-isomorphic Weil modules. So we are going to give W
for the first four cases and show there is no W in the decomposition of the
last one.

1.

4.

In this case we claim that W = V}*. Indeed, we have V} @ V; ® V| =
(Sym*(Vi) @ Alt*(V1)) ® Vi and so by lemma 5.6 we can conclude that
V¥ occurs, at least, in the decomposition of either Sym?(V;) ® V; or
Al (V) @ V4.

Using a similar method one has Vi@V, @V, = (Symz(Vl) @Alt2(V1)) ®
V5 and so by corollary 5.5 we conclude that V,* appears in the decom-
position of V; ® Vi ® V5.

Obviously in this case we can take W = V; because V; ® V; @ V" =
Vi® (I@Adj(Vl)) = V1®eVi®Adj(V1). Actually we can be more precise.
Using the decomposition Vi ® Vi ® Vi* = (Sym*(V4) @ Alt* (V1)) ® Vy'
we see that V; occurs twice. Indeed, we have <Xsymz(V1)XV1*,XV1> =

<Xsymz(vl),X%/1> =1 and <><Alt2(vl)xvf,xvl> = <XA1tz(Vl),X%/l> =1.

For the same reason as the last point we can take W = V5.
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5. Like the first cases, write Vi ® V; ® V5 = (Sym?*(V;) @ Alt* (V1)) @ V5
and look at <Xsym2(V1)XV2*,XW> and <XA1t2(V1)XV2*,XW>. We treat the
different possibilities for W. First we note that W can’t be Vj or
Vi because in theses cases <XSym2(V1)7XV2XW> = 0 since Vo ® W 1is
irreducible as well as Sym?(V}), and the same argument works for the
second scalar product. Afterwards, W can’t be V" because Vo ® V5 =
1 & Adj(V2) and looking at the dimension we see that Adj(V2) is not
isomorphic to Sym?(V;) or Alt*(V;). So the last case to treat is to know
if W =V, is in the decomposition of V} ® V; ® V. But since we have
that

<XV1®V1®V2*> XV2> = <XV1®V2*7 XV1*®V2> = 07
where the last equality follows by proposition 5.3, we can see that V5
is not in the decomposition of V; ® V4 ® V5 which ends this case.

]

Remark 5.8. We can actually prove without difficulty that in each case, the
only Weil module which occurs in the decomposition is the one mentioned
with multiplicity mentioned.

Corollary 5.9. Let W be an element of WL , then W, respectively W*,
occurs in the decomposition of Adj(W) @ W, respectively Adj(W) @ W*,

Proof. Tt follows from the discussion of the point 3 in the previous proof. [J

The following propositions partially describe the decomposition of certain
terms of 3-fold tensor products of Weil modules.

Proposition 5.10. The modules Sym® (W) and Alt*(Ws,) are reducible.

Proof. We know from the proof of theorem 5.7 that W, occurs in the decom-
position of W, @ W, @ W, which is equal to (Sym? W5 @ Alt> W, ) @ Wy,
But recall that

Sym? Wy, ® Wy, = Sym® Wy, @ Sy W,

and
A2 Wy, @ Wy, = Alt® Wy, & S Wi

Therefore if W, occurs in the decomposition of Sym? W, @ W, but not in

the one of Alt? W, @ W, we can conclude, looking at the dimension, that
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W5 occurs in the decomposition of Sym?* (W ). By proposition 5.3 we have
that Sym? W, is self-dual and Alt®> W, is not. So one can conclude with the

following calculations

<XSym2 W%@WQJ;? XW;’L* > = <XSym2 W;;z’ Xsymz W;n* > =1

and

<XA“2 W$L®W§L’XW$*> - <XAlt2 wy, Xaw? W;> =0
The same argument shows that Alt*(1,,) is reducible. ]
Proposition 5.11.

(i) The module So,1)(W3') occurs in the decomposition of Wy @Wyt @ W
and of Wy, @ W, @ W,

(i1) The module S(a.1)(Ws,,) occurs in the decomposition of Wy, @W,, @W,,"
and of Wy, @ Wyl @ Wi

(ii1) The module Alt*(Wy) occurs in the decomposition of Wy @ W, @W,, .
(iv) The module Sym®(W,,) occurs in the decomposition of Wy, @ W, ®
Proof.

(i) We trivially have that Sz 1)(W5) is in the decomposition of Sym?*(W3!)®
(Wh,), which we note S 1)(W5) < Sym*(W5h) ® (Ws),). Therefore, we
have Spo 1) (W5h)* < Sym?*(W3h)* ® (W5h)*. But Sym?(W5) is self-dual
and so

S(a)(Wy,)" < Sym* (W) @ (Wy,)" < Wy, @ Wy, @ W,
By taking the dual again one has
Sey(Wah,) < W, @ Wi @ Wal,

On the other hand, S(1)(W5,) is in the decomposition of Alt*(Wh) ®
(W), But Alt*>(Wyh) is isomorphic to Sym? (W, ), by proposition 5.4.
Therefore, one has

Sy (Wah) < Sym*(Wa, ) @ Wy < Wy @ Wy, @ Wi,
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(ii) Similarly, replacing W, by W, and using that Alt*(W,,) is self-dual,
one has

Sy (Wa,) < AP (Wy,)" @ Wy, < Wy, @ Wy, @ Wy,
and
S (Wa,) < Sym?*(Wa,) © Wa, < Wi © Wy, @ W,

(iii) Using that Alt*>(W5") is isomorphic to Sym?(W,, ) one has
AL (W) < Al (W) @ o, < Wi, @ Wy, @ Wi,
(iv) In the same manner, one has
Sym?(Wy,) < Sym*(Wy,) @ Wy, < Wy, @ Wy, @ Wy,
0

Remark 5.12. If we show that So,1)(W3'), Alt*(Wah), S(a.1)(Ws,,) and Sym®(W5,)
are irreducible, then we can actually improve proposition 5.11 saying that
they occur only one time in the decomposition of the above modules.

5.5 Open Questions

This section details some results we tried to prove but without success.
The following statements are motivated by the fact that they are true for the
cases Sp,(3), Spg(3) and Spg(3). First, we think that the following modules
are irreducible :

Sym?*(W,) @ Wy, Al (W) S (W3,)
Ath(Wﬁ) ® WQJ; Symg(WZ_n) S(Z,l)(W2_n)-

Then, we presume that the norm squared of the characters of the following
modules is equal to 2 :

Sym? (W5, Al(W5) @ Wi,
Al (W) Sym? (W) @ W .

We proved in the last section that they are all reducible and we gave an
irreducible component of their decomposition. Our hypothesis is that there
is just one other irreducible component in each of their decompositions.
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Remark 5.13. If these hypotheses are right, then we are able to understand
Wi,

Now one can notice that Sym*(W,) ® W, is irreducible if and only if
Adj(W,,) does not occur in the decomposition of Sym?(W,") ® Sym?(W,).
Indeed, we have
<XSym2(W2tl)®W2_n7XSme(W;l)®W2:L> = <XSym2(W;;)®Sym2(W2';)’XW{:®W2‘”>
<XSym2(W;>®Sym2<wﬁ>> Xaajwg,) + X1>

= I+ <X5ym2(wﬁ)®8ym2(W£)’ XAdJ(W2%)> ’

where X; denotes the trivial representation and we used that Sym?(W.!) is
self-dual. Similarly, one can see that Alt>(W,, )@W, is irreducible if and only
if Adj(W,5,) does not occur in the decomposition of Alt?(Wy,) ® Alt*(Ws,).

Besides, using the same argument, the scalar product of Sym?(W,, )@ W,
with itself is equal to 2 if and only if one of the following equivalent equalities
holds :

¢ <XSym2(W{n>®Sym2(W22)*’XAdJ(szl>> =L
y <XSym2(W{n)®Alt2(W22)’XAdJ(szm)> =1

® <XA1t2(W2t,,)®A1t2(W;,)*’XAdJ'(Wztz)> =1

These equations are equivalent because we have Xsme(WQ‘n y =X AW by
proposition 5.4. Likewise, the scalar product of Alt*(W;) ® W, with itself

is equal to 2 if and only if one of the following equivalent equalities holds :
. <XA1t2(W;1>®A1t2<W;L>*’XAdj(W;n)> =1,
° <X8ym2<W271)®A1t2<W2tl>7XAdj(W{ )> =1,

. <XSym2<W2;>®Sym2<W2;>*’XAdj(W;n)> =L
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