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Inventory policies with ASI and non-stationary supply Introduction and Motivation

Introduction and Motivation

@ A manufacturer with supplier uncertainty

Supply is either fully available or unavailable

Supply availability is time-dependent
e seasonality
e scarcity of the resource
e supplier's contract with other manufacturers

Supplier provides information on future availability (ASI)

e periods of unavailability
e ASI is not modified
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Inventory policies with ASI and non-stationary supply Introduction and Motivation

Introduction and Motivation

@ Manufacturer faces deterministic non-stationary demand
o firm production quantities from an upstream stage (MPS)

@ Decision of timing and quantity of orders

e as a function of ASI
e considering expected holding, backorder and fixed costs

@ A supply system with

e non-stationary inter-delivery times
o the supplier keeps track of the manufacturer’s inventory level
e partial knowledge of delivery times is revealed
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Inventory policies with ASI and non-stationary supply Introduction and Motivation
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Inventory policies with ASI and non-stationary supply Description of the Mathematical Model

Description of the Model

g, =©°° Wn=(01 °°) Zn:(qnl Wn)

@ Supply State:

@ Zn = (qnawn)
o A vector of size M +1: 0 and o0's
o wy = (o, rpr—1), 1=0,1,..., M

@ Single period cost
L,(y) = h max(0,y — D,) + b max(0,D,, —y)

@ DP recursion

Collzn) =, _min {Ad(y—1)+La(v)

+ ElChi1(y — Dy, wn, Quin+1)]}
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Inventory policies with ASI and non-stationary supply ~ Structure of the Optimal Policy

Optimal Policy, A >0

@ auxiliary function

Gn(y7 wn) = Ln(y) + E[Cn-‘rl(y - Dna W, Qn+M+1)]

Cn(I,zn)= min {Ady—1I)+ Gp(y,wy)}

I<y<I+qn

Theorem

(a) Gn(y,wy,) is A-convex in y for all wy,

(b) the optimal ordering policy is a state dependent (s, (wy,), Sp(wy,))
policy where S, (wy,) minimizes G,,(y, wy,) and s, (w,) is the smallest

value of y for which Gy, (y, wy,) = A + G, (Sn(wn), wy)

(c) Cn(I, z) is A-convex in I for all z, and it is minimized at S, (wy,)
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Inventory policies with ASI and non-stationary supply ~ Characterization of the policy for zero fixed cost case

Optimal Policy, A =0

Theorem

(a) Gn(y,wy) is convex in y. Let the minimum of G,,(y, wy,) be at yn,(wy,)

(b) Cn(1,2,) = Cp(l,Gn,wy) is convex in I and it is minimized at
I = yn(wy)
(c) the optimal ordering policy is of order-up-to type. The ordering

quantity at the beginning of the period is u,,(w,) = max {y,(w,) — I,0}
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Inventory policies with ASI and non-stationary supply ~ Characterization of the policy for zero fixed cost case

Characterization for A =0

o First thing to notice
yn(wy) > Dy, foralln=1,2,..,N

@ Things get a little simpler for A = 0:

Bilge Atasoy (EPFL) IFORS 2011 July 11, 2011 9 /24



Inventory policies with ASI and non-stationary supply ~ Characterization of the policy for zero fixed cost case

Characterization for A =0

When there is at least one supply period in the ASI horizon...
Lemma

(a) yn(rar) = Dy, (where the next period’s supply is known to be co)
(b) Let w = (07, 7a7—;) for some [ € 1,2,..., M — 1. Then there exists
K(w) €1,2,...,14+ 1 such that y,(w) = D(n,n + K(w) — 1). Moreover,

1 if h >1b,
K(w) = joifhe {EEp L2, (1)
[+1 ifh< b

Remark: Does not depend on n and the demand values.
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Inventory policies with ASI and non-stationary supply ~ Characterization of the policy for zero fixed cost case

Characterization for A =0

When there is no supply period in the ASI horizon, y,(oar):

Easy: yn(opy) = Dy

Using Lemma: y,(oar) < Dy + ynt1(onr)

Suppose that y,+1(op) = D(n+ 1,n + K) (K-period demand)
For fixed j € {1,2,..., K} set y = D(n,n+ j)

For a small n > 0

Gn(y —n,0nm) — Gn(y, onr) <0 iff

Zf\;;n Pn(i) S h
1+ 3N " Qui,5) — h+0
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Inventory policies with ASI and non-stationary supply ~ Characterization of the policy for zero fixed cost case

Characterization for A =0

@ P, (i) is the probability that supply does not become available for the
periods n+1,...,n + i:

1 ifi<M+1
%
IT Q=pope) fFiz=M+1"
k=M+1

Pali) =

e Q,(i,7) is the probability that the inventory level can not be raised to
the optimal order-up-to level in periods n + 1,...,n + ¢ whenever the
starting inventory at the beginning of period n is D(n,n + j).

@ 9,(i,7) can be obtained efficiently in a recursive manner using the
first hitting time probabilities of an appropriately constructed
non-stationary Markov chain.
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Inventory policies with ASI and non-stationary supply ~ Characterization of the policy for zero fixed cost case

Characterization for A =0

Theorem

The optimal order-up-to level y,,(0ar) is equal to K, period demand
D(n,n+ K, —1) forsome 1 < K,, <N —n+1 with Ky =1. If
Yn+1(onr) = D(n+ 1,n+ K), then y,(opr) = D(n,n + K') where

N—n .
: Z'LI:VJ Pn (i) > h
1+ Quli,g) — kit

K' =max{j =1,2,...,K

}

If no such K’ exists, then y,, (o) = D,.

Algorithm
Step 0. K =1 (yn(om) = Dn)
Step 1. Forn =N —1to 1, find K satisfying the Theorem.
Set yn(onr) = D(n,n+ K')and K = K + 1.
If no such K exists, set yn(om) = D, and K = 1.
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Inventory policies with ASI and non-stationary supply Numerical Findings

Numerical Findings: Parameters

@ Demand is generated by discretizing Gamma distribution:
o 1€ {5,10,15}
o cv €{0.1,0.5,1}

@ 12 periods
e Stationary availability probabilities: {0.1,0.5,0.9}
o h=1be {510}, A€ {5b,10b}.
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Inventory policies with ASI and non-stationary supply

Numerical Findings

Numerical Findings: Effect of ASI horizon

Stationary Probabilities and for b=15and A =0
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@ %VOI increases as the supply availability probability increases.
@ There is a diminishing rate of return of ASI for medium and high

availability of supply.
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Inventory policies with ASI and non-stationary supply Numerical Findings

Numerical Findings: Effect of non-stationarity

Forh=1,b=5, Ae{0,20}

Demand Cases

Demand | Period 1 Period 2 Period 3 Period 4
1 5 15 25 35
2 35 25 15 5
3 20 20 20 20
4 10 10 10 50
5 30 10 30 10

Probability Scenarios

Scenarios | Period 1 Period 2 Period 3 Period 4
Scenario 1 0.9 0.9 0.9 0.9
Scenario 2 0.9 0.9 0.1 0.1
Scenario 3 0.9 0.1 0.9 0.1
Scenario 4 0.1 0.1 0.1 0.1
Scenario 5 0.1 0.1 0.9 0.9
Scenario 6 0.1 0.9 0.1 0.9
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Inventory policies with ASI and non-stationary supply Numerical Findings

Numerical Findings: Effect of non-stationarity

Forh=1,b=5 A=0

Order-up-to levels (number of periods covered)
A=0

¥(0,0) y(0,00) y(c0,0) y(o0,00) | y(0) y(0) | w
Scenario 1 3 2 1 1 2 1 1
Scenario 2 4 1 1 4 1 2
Scenario 3 4 2 1 1 2 1 2
Scenario 4 4 2 1 1 4 1 4
Scenario 5 3 2 1 1 2 1 2
Scenario 6 3 2 1 1 3 1 1

@ In the absence of fixed costs, the optimal policy is insensitive to the
non-stationarity of demand.
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Numerical

Numerical Findings: Effect of non-stationarity (A = 20)

ASi M= M=1 M=0

Scenario 1 | Demand | S(0,0) _ S(0,00) __5(c0,0) __8(c9,059) | 8(0) __S() Ei %VOIy_3

1 3 2 1 2 2 2 2 2233

2 4 2 1 1 2 1 1 1131

3 3 2 1 1 2 1 2 9.14

4 3 2 1 2 3 2 3 19.86

5 3 2 1 2 2 2 2 13.67
Scenario 2 | Demand | S(0,0) _ S(0,00) __8(c0,0) __8(s0,050) | 8(0) __S() Ei %VOIy 3

1 4 2 1 2 4 1 2 22.64

2 4 2 1 1 4 1 4 18.21

3 4 2 1 1 4 1 2 23.03

4 4 2 1 2 4 1 2 17.43

5 4 2 1 2 4 1 4 19.93
Scenario 3 | Demand | S(0,0) _S(0,00) __8(c0,0) __8(s0,50) | 8(0) __S() S %VOIy 3

1 4 2 1 2 2 2 2 17.88

2 4 2 1 1 2 1 2 8.97

3 4 2 1 1 2 1 2 12.85

4 4 2 1 2 2 2 2 12.40

5 4 2 1 2 2 2 2 17.97
Scenario 4 | Demand | 5(0,0) __5(0,00) __S(00,0) __S(o9,00) | S(0) __5() 5 %VOIo 3

1 4 2 1 2 4 1 4 0.43

2 4 2 1 1 4 1 4 0.05

3 4 2 1 1 4 1 4 0.17

4 4 2 1 2 4 1 4 0.53

5 4 2 1 2 4 1 4 0.13
Scenario 5 | Demand | S(0,0) __S(0,00) __5(o0,0) __5(c9,09) | _5(0) __5() Ei %VOI; 3

1 3 2 1 2 2 2 2 7.39

2 4 2 1 1 2 1 2 0.14

3 3 2 1 1 2 1 2 0.44

4 3 2 1 2 3 2 3 8.83

5 3 2 1 2 2 2 2 0.63
Scenario 6 | Demand | S(0,0) __S(0,00) __S(00,0) __5(09,09) | _8(0) __S5() Ej %VOI; 3

1 3 2 1 2 3 1 3 9.25

2 4 2 1 1 4 1 4 0.86

3 3 2 1 1 3 1 3 3.64

4 3 2 1 2 3 3 3 10.06

5 3 2 1 2 3 1 1 0.63
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Inventory policies with ASI and non-stationary supply Numerical Findings

Numerical Findings: Effect of non-stationarity (A = 20)

@ ASI does not only make the system less costly to operate, but it also makes
it more robust in terms of dependency on the demand pattern.

ASI that signals an upcoming supply period decreases the system's desire to
stock against supply scarcity.

Similarly, ASI that signals an upcoming supply scarcity elevates the
order-up-to levels protecting the system from shortage.

Not only the content of ASI, but also the mere existence of ASI may change
the optimal solution. This is because the overall uncertainty of the problem
decreases as the length of ASI horizon increases.

@ The existence of the fixed ordering cost triggers intricate cost interactions in
the system, which makes it difficult to draw simple conclusions regarding the
order-up-to level as a function of ASI.
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Inventory policies with ASI and non-stationary supply A heuristic for the non-zero fixed cost case

A Heuristic for the non-zero fixed cost case

@ A Silver-Meal based heuristic

@ T: the number of periods of coverage
@ In a period with supply availability

e Decide on T that will minimize fixed, holding, and expected backorder
costs per period, based on available ASI

e Once a new supply period is encountered, check if a new order should
be given.
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Inventory policies with ASI and non-stationary supply A heuristic for the non-zero fixed cost case

Performance of the heuristic algorithm

vy vy vy
p=01 M g p3 | g g 3 21 2 i3 | average %av
b=5, A=25 | %av | 0.71 083 083|067 075 086 | 211 169 1.39
b=5, A=50 | %av | 0.72 0.71 0.77 | 063 061 069 | 210 160 1.29 0.8

b=10, A=50 | %av | 0.09 0.10 0.14 |0.13 017 017 | 2.14 139 1.07
b=10, A=100 | %av [ 0.24 0.15 0.17 023 0.18 0.19 | 226 142 107

vy cug cu3
p=05 " 2] H3 m B2 3 a3 H2 3 average %av
b=5, A=25 | %av | 047 212 125|241 524 5095 | 409 515 547
b=5, A=50 | %av | 1.85 025 3.14 | 1.77 255 375 | 329 412 423 5.6

b=10, A=50 | %av | 268 6.87 6.15|6.12 1045 1222 [ 11.00 13.32 14.47
b=10, A=100 | %av | 272 247 4.03|453 6.81 841 | 985 11.63 11.72

cuyp cuy cvy
p =09 mopp ps | m Iz Iz} 2 3 | average Y%av
b=5, A=25 | %av | 0.85 153 100|233 3.10 363 | 361 376 513
b=5, A=50 | %av | 523 152 079|286 221 275 | 333 278 429 3.2

b=10, A=50 | %av [ 3.22 251 051316 393 572 | 447 6.04 7.96
b=10, A=100 | %av | 0.67 3.10 022|288 291 258 | 3.62 439 536

@ Heuristic method performs best for p = 0.1.

@ p = 0.5 case has the biggest variability in terms of the supply
availability and therefore heuristic algorithm performs better in low
and high availability cases.
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Conclusions

o A stylized model

e Deterministic demand

e All-or-nothing type supply
@ Analytical findings

e non-stationary demand
e non-stationary supply and supply availability information
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Future Studies

o Extensions

e Random demand
o More than a single product/location (shared supply)
e Variations of the supply process and ASI structure
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Inventory policies with ASI and non-stationary supply Conclusions

Thank you for your attention !
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