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Introdution
• a paths is a onneted sequene of nodes in a network
• onept of �path� arries over to �travel plan�
• DTA simulations: huge (path) hoie sets
• objetive: e�ient path sampling from arbitrary distributions
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Choie proess
• hoie proess: deision maker n...1. onsiders a set Cn of alternatives2. selets one alternative i from that set
• two modeling questions:1. what hoie set Cn is onsidered?2. given Cn, what hoie i is made?
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Choie set and hoie
• hoie in the presene of an unertain hoie setPn(i) = ∑

Cn⊆C

Pn(i |Cn)Pn(Cn)
• simulation: draw from Pn(i) by1. drawing Cn from Pn(Cn)2. drawing i from Pn(i |Cn)
• the hoie set is deisive for the simulated hoie!
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Modeling of path hoie sets
• di�ult beause real hoie set is typially not observable
• two broad lasses of methods� modeling of onsideration sets

◮ deterministi (e.g., K-SP) or stohasti (randomized SP)
◮ unrealisti: fail to apture the hosen alternative� assume that deision maker onsiders all alternatives
◮ also unrealisti
◮ sampling protool generates operational subset
◮ orret for sampling in the estimation
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How to sample from large (path) hoie sets?
• approah� give every path i ∈ C a weight b(i) > 0� sampling probability q(i) shall be ∝ b(i)
• diret sampling from q(i) requires path enumerationq(i) = b(i)

∑j∈C b(j)
• but pair-wise omparison of paths is easily doneq(i)q(j) =

b(i)b(j)
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Metropolis-Hastings (MH) algorithm1. set iteration ounter k = 02. selet arbitrary initial state ik3. repeat beyond stationarity3.1 draw andidate state j from proposal distribution q(ik , j)3.2 ompute aeptane probability
α(ik , j) = min( b(j)q(j , ik)b(ik)q(ik , j) , 1)3.3 with probability α(ik , j), let ik+1 = j ; else, let ik+1 = ik3.4 inrease k by one
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Convergene of MH algorithm
• given� a �nite state spae� positive weights b(i)� an irreduible1 proposal distribution q(i , j)MH onverges to stationary distribution2 b(i)/∑j b(j)
• proposal distribution q(i , j) ruial for onvergene speed� too little variability: slow onvergene� too muh variability: random searh1every state an (eventually) reah every other state2long-term state overage of the proess 11 / 28
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State spae
• a state i = (Γ, a, b, ) onsists of� a path Γ� three node indies a < b <  within that path
• node indies simplify omputation of transition probabilities
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Weights
• intuitive: weight exp[−µδ(Γ)] with path ost δ(Γ) and µ ≥ 0
• there are |Γ|(|Γ| − 1)(|Γ| − 2)/6 states with the same Γ

• orreted weights:b(i) = exp[−µδ(Γ)]

|Γ|(|Γ| − 1)(|Γ| − 2)/6
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Proposal distribution
• SHUFFLE operation� re-sample (uniformly) a < b <  within path Γ

• SPLICE operation� sample a node v �near� the path segment Γ(a) . . . Γ()� onnet Γ(a) to v� onnet v to Γ()� let new b point at v , update 
• ombined proposal: randomly selet one proedure
• [[ompliated omputation of proposal probabilities℄℄
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SPLICE example
A B C D Eorigin destinationa = 2 b = 3  = 4
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SPLICE example
A B C D Eorigin destinationa = 2 b = 3  = 4GFa′ = 2

b′ = 4  ′ = 5
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Simple example
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Simple example: orrelation within the hain
distane

similarity
00.20.40.60.81.0

0 2500 distane
similarity

00.20.40.60.81.0
0 2500 distane

similarity
00.20.40.60.81.0

0 2500(a) µ = 0.0 (b) µ = 2.0 () µ = 4.0
• for independent draws, extrat every 2500th path
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Simple example: satterplots
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• χ2 test does not rejet hypothesis: sample from target distr.� test statistis: 198.93, 177.29, 157.69 for µ = 0, 2, 4� 0.5, 0.9, 0.95 quantiles: 168.33, 192.95, and 200.33 20 / 28
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Tel-Aviv example: network
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Tel-Aviv example: within-hain orrelation
distane (103)

similarity
00.20.40.60.81.0

0 5 10 15 distane (103)
similarity

00.20.40.60.81.0
0 5 10 15 distane (103)

similarity
00.20.40.60.81.0

0 5 10 15(a) µ = 0.01 (b) µ = 0.02 () µ = 0.04
• for independent draws, extrat every 10 000th route
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Tel-Aviv example: length distribution
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Computational performane
• performane is quite problem spei�� narrow target distribution → faster� origin/destination nearby → faster� small overall network (or preproessing) → faster� missing some routes unritial→ faster� simple proposal distribution → probably faster
• Tel-Aviv example: order of 103 . . . 104 iterations per minute
• main bottlenek: many shortest path tree omputations
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Outlook: hoie set formation in the simulation loop
travel demand

• route hoie
• dpt. time hoie
• mode hoie
• ...

network supply
• tra� �ow
• ongestion, delay
• reliability
• ...

travel behavior
network onditions

27 / 28



Outlook: hoie set formation in the simulation loop
travel demand network supply

• tra� �ow
• ongestion, delay
• reliability
• ...hoieset hoie

travel behavior
network onditions
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Summary
• Metropolis-Hastings sampling of paths� generalizes to all-day travel plans� well-spei�ed hoie set distributions
• operational implementation� upoming re-implementation of BIOROUTE� quite e�ient (but an be tuned further)
• onsisteny with iterated DTA simulations� iterated simulation onstitutes Markov hain� so does Metropolis-Hastings algorithm� spei�ation of one joint hain
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