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a b s t r a c t

In multi-storey buildings, columns are usually not continuous through the slabs to enhance ease of con-
struction. Consequently, in slab–column joints, slabs have to carry column loads in addition to the shear
and bendingmoments due to loads applied to the slab. Inmost cases, when high strength concrete is used
for the columns and normal strength concrete for the slabs, compression stresses at the support areas of
the inner columns exceed the uniaxial compressive strength of the concrete of the slab. Due to this reason,
most current details for such regions reinforce the concrete of the slab between columns to ensure load
transfer. Typically, this is achieved by linking top and bottom columns with reinforcement. Sometimes,
it is also needed to incorporate special load transfer devices. This latter solution is however relatively
complicated and expensive.

In this paper, the crushing and flexural strength of slab–column joints is investigated accounting
for an increase of the compressive strength of the failure region (concrete between columns) due to
confinement stresses provided by the flexural reinforcement of the slab. The results of an experimental
programme on 6 full-scale slabs (250 mm thick) are presented showing that flexural reinforcement of a
slab significantly increases the crushing strength of slab–column joints. This allows ensuring load transfer
without incorporating special devices or even without linking top and bottom column reinforcement for
a wide range of cases leading potentially to more economic designs. An analytical approach, grounded on
the theory of plasticity, is also presented allowing one to determine a failure criterion for such regions. This
approach, which can also be used for design purposes, leads to an excellent correlation with test results.

© 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Reinforced concrete flat slabs supported by columns are cur-
rently one of the most widespread structural solutions for multi-
storey buildings, with columns cast in situ (Fig. 1(a)) or precast
with steel plates at their ends (Fig. 1(b)). The slabs are typically
cast in normal strength concrete (specified concrete compressive
strength around 30MPa) whereas the columns are usually cast us-
ing high strength concrete (with a specified compressive strength
between 60 and 120 MPa). Due to the lower compressive strength
of the slab, crushing of the slab at the slab–column joint may po-
tentially be governing for design.

The crushing strength of the joint (NR) can be calculated as the
sum of the compression strength of the concrete of the slab (Nc,R)
plus the strength of the reinforcing bars linking the upper and
lower columns (Ns,R see Fig. 1(a)). In the casewhere the eccentricity
of the column load can be neglected it results in:

NR = Nc,R + Ns,R = fcc (Ac − As)+ fyAs (1)

∗ Corresponding author.
E-mail addresses: roberto.guidotti@epfl.ch (R. Guidotti),

miguel.fernandezruiz@epfl.ch (M. Fernández Ruiz), aurelio.muttoni@epfl.ch
(A. Muttoni).

0141-0296/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.engstruct.2010.12.007
where fcc refers to the confined crushing strength of concrete, fy to
the yield strength of the reinforcement, Ac to the column support
area and As to the reinforcement area. In current design practice
and if no special confinement reinforcement is available, fcc is
typically replaced by fc (concrete uniaxial compressive strength),
neglecting the potential confinement of the failure region provided
by the flexural reinforcement of the slab. In order to ensure
sufficient strength, some structural solutions have been developed
in the past, following two basic principles:
1. Increasing the concrete strength of the slab fcc . This can be

achieved by casting the slab near the columns in high strength
concrete (Fig. 1(e)) or by placing confinement reinforcement
around the columns. Although the flexural reinforcement
(Fig. 1(b)) can provide a certain level of confinement, circular
stirrups are typically used as confinement reinforcement in the
slab (Fig. 1(f)).

2. Incorporating special (typically steel) devices, allowing it
to carry the compression of the columns through the slab
(Fig. 1(c)), in order to increase the reinforcement strength Ns,R.
These devices can is some cases be combined with corrugated
surfaces for the introduction of the shear forces (Fig. 1(d)).

From the aforementioned solutions to increase concrete com-
pressive strength, the most economic one is that of providing con-
finement only bymeans of the flexural reinforcement (Fig. 1(a, b)).
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Notations

The following symbols are used in the paper:

A surface (Ac column surface; As reinforcement con-
necting upper and lower columns surface)

E modulus of elasticity (Ec concrete; Ecc confined
concrete)

N column load (Nc column load carried by the
concrete of the slab; Nc,3 joint without slab load
strength; Nc,R at failure; Nc,R,calc calculated at
failure; Nc,R,test measured at failure; Nc,T at point 2
on the interaction diagram; Nc,max maximal column
load on the interaction diagram; NR column load at
failure; Ns,R column load carried by reinforcement
connecting upper and lower columns at failure)

Q slab load (QT at point 2 on the interaction diagram;
QR at failure; QR,test measured at failure;Qflex flexural
strength for joint without column load; Q (Nc,max) at
maximal column load on the interaction diagram)

R plastic cylinder radius
a confinement stress coefficient
aε , bε , cε axial-radial strain law parameters
b slab dimension (bn width of the slab used for

confinement of inner prism; bq position of applied
loads; bs slab width)

c square column dimension
d distance between concrete bottom surface and top

reinforcement (average of the 3rd and the 4th layer)
d′ distance between concrete top surface and bottom

reinforcement (average of the 1st and the 2nd layer)
f strength (fc compressive strength of concrete mea-

sured on cylinders; fcc compressive strength of con-
fined concrete cylinder; fc,e compressive effective
concrete strength; fct tensile strength of concrete; fy
yield strength of reinforcement; f ′

y yield strength of
bottom reinforcement)

h thickness of the slab, the cylinder or the confine-
ment ring

k coefficient accounting for compressive strength
increase due to uniform confinement stresses (km
used for non-uniform confinement)

l span length of a flat slab (l0 cantilever overhang)
m bending moment per unit length (mpl plastic

bending moment for the yield line over the support
region; m+

pl,2, m−

pl,2 positive and negative plastic
bending moment in the yield line at mid span)

n normal force per unit length (nc , ns, n′
s concrete, top

reinforcement and bottom reinforcement forces;
nlat resultant confinement force; npl normal force of
the outer confinement ring at full yielding)

r radial dimension (rc column radius)
t plasticized height
w vertical displacement (w0 bottom column penetra-

tion in plastic mechanism; wc sum of the top and
bottom column penetration; wcR,test sum of the top
and bottom column penetration measured at fail-
ure)

x height of compression chord
z vertical coordinate (zc distance between soffit of the

slab and the resultant of confinement stresses in the
case where no loads are applied on the slab; zlat
distance between soffit of the slab and confinement
resultant force)
1Q+,− slab load contribution of the positive and negative
mid span yield line

α concrete brittleness coefficient (αc for unconfined
concrete)

αf ;βf confined concrete law factors
γ confinement ratio
δ ratio between confined and unconfined response
ε normal strain (ε̇ plastic strain; ε1 lateral strain in

a concrete cylinder; ε3 axial strain in a concrete
cylinder; ε1,e, ε3,e lateral and axial strain at 0.8fcc in
a concrete cylinder; ε1,p, ε3,p lateral and axial strain
at peak load in a concrete cylinder)

ϑ angular coordinate
ν Poisson’s ratio (νc concrete elastic Poisson’s ratio)
ρsρ ′ top and bottom flexural reinforcement ratio
σ normal stress (σ1, σ2 principal stresses; σ3 axial

stress in a concrete cylinder (principal stress);
σc in concrete; σlat,1, σlat,2 minimal and maximal
confinement stress; σlat confinement stress; σlat ,
m average confinement stress; σpl plastic stresses
under column plate; σs stress in top reinforcement;
σ ′
s stress in bottom reinforcement)

τ tangential stresses
ϕ friction angle of Mohr–Coulomb material
ψ slab rotation
ω mechanical reinforcement ratio (ωt in the tangential

direction; ω̃t effective mechanical reinforcement
ratio in the tangential direction)

It also presents some additional advantages such as increasing the
punching shear strength of the slab or enhancing its deformation
capacity [1]. Many researchers [2–6] have investigated the be-
haviour of this type of joint. In most cases, the aim has been to
investigate its strength when the joint is subjected to loads com-
ing only from cast-in-situ columns. First works were developed by
Bianchini et al. [2] in 1960 leading to an empirical design approach
accounting for the concrete strength of the slab and of the columns.
In 1991, the thicknesses of the slab and of the column size were
also accounted by Ospina and Alexander [4]. Shah et al. [6] also
developed a formulation allowing one to consider the influence of
the flexural reinforcement ratio and of loads applied to the slab.
These researches focused mainly on the reduction of the strength
of columns due to flexural cracking of the slab.

This paper presents the results of a test programme on 6 full-
scale slab specimens. The tests were performed with the aim of
investigating the influence and the interaction between column
forces and slab loads on the crushing strength of slab–column
joints assuming that the column strength is not governing. The
specimens were subjected to loads applied on the column re-
gion by means of steel plates (Nc , simulating precast column load-
ing, Fig. 1(b)). Two specimens also had loads applied to the slab
(Q , simulating flat slab loads) in order to investigate the influ-
ence of the slab bending on the joint strength. A physical model,
suitable for predicting the behaviour of inner slab–column joints
for columns with continuous reinforcement or with support plates
(typical cases of cast-in-situ or precast columns, Fig. 1(a, b)) is also
presented. The model is grounded on the theory of plasticity and
allows calculating the strength of slab–column joints accounting
for the development of confinement stresses in the failure region
(between column loads).

It should be noted that slab–column joints may also fail by
punching of the slab around the support region (for low or
moderate values of Nc). A suitable approach for this problem and
compatiblewith the concepts presentedwithin this paper has been
published by the authors elsewhere [7].
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a b c

Fig. 1. Typical slab–column joints: (a) with continuous vertical reinforcement; (b) columns supported on steel plates; (c) with column load transfer device; (d) load transfer
device with corrugated surface; (e) slab with high strength concrete near columns; and (f) with confinement rings.
ca

b

Fig. 2. Tests on specimens subjected only to column loading: (a) geometry and loads (mm); (b) load–column penetration curves; and (c) crack patterns and saw cut of
specimens PG31 and PG34 after testing.
2. Experimental programme

Six slab–column joints were tested within the experimental
programme. Tests consisted of slabs where column loads where
applied bymeans of steel plates 0.26×0.26×0.05mplaced on the
top and on the bottom surface (Figs. 2(a) and 3(a)). Two sizes were
selected for the slabs: 1.0 × 1.0 × 0.25 m for slabs subjected only
to column loading (Nc) and 3.0 × 3.0 × 0.25 m for slabs subjected
to column and slab loading (Nc , Q ).

Specimens were only reinforced using flexural reinforcement
with a nominal average effective depth d = 210 mm for top
reinforcement and d′

= 30 mm for bottom reinforcement. No
reinforcement linking the loading plates, nor shear reinforcement,
was placed. The flexural reinforcement was arranged into four
layers (two orthogonal layers per side of the slab). Four nominal
ratios were used for the top reinforcement (ρ ranging between
0.25% and 1.50%) and three for the bottom reinforcement (ρ ′

ranging between 0.18% and and 0.31%), a complete summary is
provided in Table 1. After testing, the slabs were saw cut, allowing
one to measure the actual effective depth of the slabs and to
calculate the actual reinforcement ratios, see Table 1.
2.1. Materials

The slabs were cast using normal strength concrete. The
compressive strength measured in cylinder (diameter 160 mm,
height 320 mm) varied between fc = 33.9 and 51.6 MPa (see
Table 1). Maximum aggregate size was 16 mm for all specimens.

Hot-rolled reinforcement was used for top layers of specimens
PG33, PG34, PG 13 and PG 35. The bottom reinforcement of all
specimens aswell as the top reinforcement of specimens PG31 and
PG32 were cold-worked.

2.2. Measurement and testing procedure

Four specimens (PG31 to PG34) were only tested under column
loading (Nc), see Fig. 2(a). Column load was introduced through
the steel plates using a Schenk Trebel machine with a maximum
load capacity of 10 MN. Load was applied in two stages. First, the
introduction of the load was force-controlled until a total force
of 3.5 MN was applied. Thereafter, the test was displacement-
controlled. The test was stopped when the load decreased at least
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Fig. 3. Tests on specimens subjected to column and slab loading: (a) geometry of the specimens and loads (mm); (b) test frame; (c) slab load–column load (Q–Nc ) records;
and (d) slab load–rotation (Q–ψ) records; and (e) cracking pattern and saw cuts after testing.
Table 1
Summary of main properties and test results (failure loads refer to the column load (Nc,R) measured when the maximum slab force (QR) was reached).

Specimen ρ (%) ρ ′ (%) d (mm) d′ (mm) fy (MPa) f ′
y (MPa) fc (MPa) Ec (GPa) NR,test (MN) NR,test/fcAc QR,test (MN) wcR,test (mm)

PG31 0.271 0.271 203 40 500 500 50.7 33.7 5.90 1.72 0 2.05
PG32 0.347 0.270 204 40 500 500 51.2 33.7 6.35 1.84 0 2.32
PG33 0.804 0.275 200 35 510 500 51.6 33.7 6.97 2.00 0 2.77
PG34 1.571 0.275 200 35 551 500 51.6 33.7 7.62 2.19 0 2.43

PG13 0.822 0.181 195 38 538 531 33.9 34.0 6.61 2.88 1.03 –
PG35 0.785 0.306 205 37 510 500 49.6 33.7 6.58 1.96 0.894 –
10% with respect to the maximum recorded load. Penetration of
the steel plates in each side of the slab was measured by means of
four LVDT’s placed on each loading plate.

In order to minimize irregularities on the contact between the
steel plates and the slabs, contact surfaces were mechanically
smoothed. In addition, a thin layer of plaster (0.5–1.0 mm thick)
and a 0.1mm-thick PVC (PolyVinyl Chloride) sheetwere placed be-
tween the plate and the slab. Prior to the beginning of the test, the
specimens were preloaded to 1.5 MN during 4 h in order to ensure
perfect contact between the plates and the slab.

Two specimens (PG13 and PG35) were tested to investigate
the interaction between column loading (Nc) and bending of the
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slab (load Q ). Loads were introduced with the arrangement given
in Fig. 3(a) through a stiff testing frame [7,8] shown in Fig. 3(b).
SpecimenPG35was providedwith the same interface as tests PG31
to PG34. On the contrary, for specimens PG13 column loads were
applied through a thin layer ofmortarwithout a PVC sheet between
the surfaces (which increased the friction on the load surface) to
investigate on the influence of contact surface properties.

3. Experimental results

3.1. Specimens subjected exclusively to column loading

First cracks appeared in the radial direction for all specimens
at a load of approximately 2.1 MN. Thereafter, additional cracks
developed in the radial direction with crack distance and opening
influenced by the top and bottom reinforcement ratios. Cracks
continued to open with increasing load until yielding of the
reinforcement developed at one of the corners of the support plate
in the bottom reinforcement (side with lowest reinforcement).
Thereafter, strains localized at this crack, leading to a rotation of
the slab upwards and to a progressive decrease of the recorded
column load. Fig. 2(c) shows the crack patterns and saw cuts after
testing of specimens PG31 and PG34 (with the lowest and highest
top reinforcement ratios respectively).

Fig. 2(b) plots the applied load versus column penetration
records (Nc–wc). The figure shows that after reaching the
maximum strength (Nc,R) the behaviour was rather ductile even
for fairly low reinforcement ratios. This indicates, together with
the fact that themaximum loadwas significantly larger than that of
the uniaxial compressive strength of concrete (Table 1), that failure
zoneswere significantly confined by the available reinforcement of
the slab.

3.2. Specimens subjected to columns and slab loading

Tests PG13 and PG35 developed both a plastic mechanismwith
yielding of the top reinforcement. No cracks were on the contrary
visible on the bottom face. The plastic mechanisms consisted of
a single yield line (developed by the layer of reinforcement with
smaller effective depth). After development of the yield line, slab
load Q could be increased by reducing the column load Nc , see
Fig. 3(c).

The slabs developed significant rotations around the column
during the plastic phase with large crack widths concentrated at
the yield line. Such rotations led to local spalling of the concrete on
the bottom face for specimen PG35 near the column region. After
large deformations, the specimens eventually punched. This is
explained because the ability of concrete to transfer shear reduces
with increasing crack widths, and is consistent with experimental
observations of other researchers [8,9]. Contrary to specimens
subjected only to column loading, the failure mechanism occurred
in this case with the specimens developing rotations downwards.

It can be noted that, as for tests subjected only to column
loading, the concrete stresses under the loading plates exceeded
significantly the uniaxial compressive strength of concrete (see
Table 1). Confinement provided by the flexural reinforcement
was thus also effective even for the very large transverse strains
developed by concrete at the column loadplates (estimated around
5% for the measured rotations).

With respect to the ductile behaviour observed for the tests,
it is interesting to note that similar specimens but tested with
no or limited column load showed brittle punching shear as the
governing failure mode. More details can be found on [7].
a b

c

Fig. 4. Geometry and stress field in a slab–column joint subjected to column loads:
(a) geometry and loads; (b) stress field in the inner prism; and (c) in the surrounding
region of the slab.

4. Physical model for joints subjected exclusively to column
loading

The behaviour of slab–column joints for specimens subjected
exclusively to column loading can be investigated on the basis of
a concrete prism subjected to vertical compression stresses due
to column loading and to transverse confinement stresses of the
slab, see Fig. 4. Confinement stresses are originated by the top and
bottom reinforcement which restrains the transverse expansion of
concrete under vertical compression stresses. As experimentally
observed, confinement stresses increase the strength and ductility
of concrete between column loads with respect to the uniaxial
behaviour of concrete.

Such a model can be developed for a flat slab by splitting it into
two regions: a concrete prism between column plates (Fig. 4(b))
and the outer region of the slab (Fig. 4(c)). The inner concrete
prism ensures transfer of column loadswhereas the rest of the slab
provides confinement for the inner concrete part.

4.1. Behaviour and strength of the concrete prism

The compressive strength of the concrete prism carrying
column loads depends on both the transverse strains and stresses
applied to it. With respect to the influence of confinement stresses
(σlat ) it has been experimentally shown that they increase the
vertical compressive strength of concrete (fcc) with respect to its
uniaxial strength (fc , accounting for concrete cylinder size [7]).
This increase is usually assessed by means of the following linear
formula:

fcc = fc + kσlat . (2)

Fig. 5(b) compares Eq. (2) to a set of availableexperimental
data (discussed in Appendix of this paper) showing good
agreement. Other expressions (root-type) to describe the influence
of confinement stresses on concrete strength are also discussed in
Appendix.

With respect to the influence of transverse strains, their in-
fluence can be investigated on the basis of the vertical stress–
transverse strain curve (σ3–ε1) of concrete (see [16]). Such an
approach is shown in Fig. 6(a), where specimens subjected to
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Fig. 5. Effect of the confinement of concrete: (a) confined (σlat > 0) andunconfined
(σlat = 0) concrete behaviour (stress versus longitudinal strain relationship; and
transverse expansion); and (b) ratio between confined and unconfined strength as
a function of confinement stresses (tests from [10–15]).

imposed transverse strains crush at lower strengths than corre-
sponding specimens without imposed strains. The reduction on
the strength is justified by the fact that specimens with imposed
transverse strains exhibit the same state of stresses and trans-
verse strains than specimens without imposed strains during their
compression softening branch. Such behaviour has widely been
confirmed experimentally for panels or specimens under non-
confined conditions (see for instance [17,18]). A comparison of
expressions based on fitting to test results [17,18] for unconfined
specimens to the compression softening approach [16] shows sim-
ilar results (refer to Fig. 6(b), compression softening behaviour cal-
culated using the formulas given in Appendix).

Based on this approach, the reduction of concrete strength
depends not only on the imposed transverse strains but also on
the shape (brittleness) of the compression softening behaviour of
concrete (Fig. 6(b)). As a consequence, for confined specimens,
the strength reduction due to a given imposed transverse strain
is significantly lower than the corresponding for an unconfined
specimen. This is justified because the slope of the softening
branch in the σ3–ε1 curve decreases with respect to non-confined
specimens (less brittle behaviour), refer to Fig. 6(c).

It should be noted that confinement compression stresses can
be developed by concrete even if an imposed positive transverse
strain is applied. This behaviour can be explained with the analogy
shown in Fig. 7, where a volume of soil is retained by two lateral
hinged walls anchored by a tension tie (Fig. 7(a)). In the elastic
phase, any lateral movement of the soil leads to a reduction of the
confining pressure (force of the tie), refer to vector A in Fig. 7(b).
The confining pressure is furthermore sensitive to changes in the
length of the tie (such as changes in temperature or relaxation
losses of the tie). However, as lateral expansion progress, the
soil reaches its plastic active state and the confining pressure of
the soil (force in the tie) remains constant even for increasing
lateral displacements or for changes in the length of the tie, refer
to vector B in Fig. 7(b). The region of a slab between columns
actually behaves after crushing in this manner (as the plastic
active state of soil) with the confinement pressure governed by
equilibrium conditions even for significant positive transverse
strains (activation of the confining pressure for a given column load
according to Eq. (2)).

The σ3–ε1 behaviour is also shown in Fig. 6(c) as a function
of the confinement stresses for a concrete with a uniaxial
compressive strength of 30 MPa and in Fig. 6(d) to a concrete of
51.3 MPa (average strength of the test series presented within this
paper). It can be seen that, even for rather limited confinement
a b

c d
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Fig. 6. Influence of imposed transverse strains on concrete compressive strength: (a) effective concrete strength (fce) on the basis of σ3–ε1 curve (behaviourwithout imposed
lateral strains in continuous lines and with imposed lateral strains in dashed lines); (b) influence of uniaxial compressive strength (fc ) on concrete effective strength for
unconfined concrete; (c) influence of confinement stresses on effective compressive strength (fc = 30MPa) and; (d) idem for fc = 51.3MPa (estimated range of confinement
stresses for tests PG31 to PG34 indicated in the shaded region).
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Fig. 7. Analogy of the influence of elastic and plastic regimes in confining pressures: (a) soil retained by two hinged walls and a tie; and (b) force–displacement relationship
for elastic and plastic states.
stresses, the increase on the ductility is significant. This fact is
particularly relevant with respect to slab–column joints, where
confinement stresses can be relatively high and the behaviour
may be significantly ductile (close to a perfectly plastic behaviour).
For instance, for the specimens tested within this research, the
estimated increase is shown in the shaded region of Fig. 6(d)
(corresponding to a calculated confinement stresses according to
the physical model presented in the following).

4.2. Confinement stresses provided by the surrounding slab

Themaximumconfinement stress that the slab surrounding the
concrete prism (Fig. 4(c)) can provide can be calculated assuming
full yielding of the reinforcement [19] and neglecting concrete
contribution in tension for design purposes:

npl = ωt · h · fc
bs
c

(3)

where ωt refers to the total mechanical reinforcement ratio of the
slab:

ωt =
(ρ + ρ ′)fyd

fch
(4)

where ρ and ρ ′ refer to the top and bottom reinforcement ratios
respectively, d is the effective depth of the member, fy is the
reinforcement yield strength (assumed to be the same for top and
bottom layers), b is the width of the slab and c is the column
dimension. The confinement force provided by the surrounding
concrete is in equilibrium with the resultant of the confinement
stresses at the inner prism. Thus npl =

 h
0 σlatdz (equilibrium

of forces) and the position of the stress resultant (equilibrium of
moments) is placed at:

zc =
ρd + ρ ′d′

ρ + ρ ′
. (5)

With respect to the distribution of confinement stresses over the
depth of themember, several stress profiles are possible, see Fig. 8.
The simpler one corresponds to a linear distribution when the
stress remains smaller than the concrete uniaxial strength (fc), see
Fig. 8(a). Another profile corresponds to a bilinear distributionwith
a plateau at fc (Fig. 8(b)). The condition for both profiles of keeping
stresses below the concrete uniaxial strength has to be required
since the concrete surrounding the inner prism is not confined in
the out-of-plane direction.

Assuming the previously introduced laws, the stress profile
can be determined as follows if concrete stresses remain below
concrete uniaxial strength:

σlat,2 = npl
6zc − 2h

h2
≤ fc . (6a)
a b c d

Fig. 8. Stress profiles over the cylinder: (a) linear; (b) bilinear; (c) simplified and
(d) resultants.

For other cases, the following relationships apply:

σlat,1 =


npl

4h − 6zc
h2

if σlat,2 < fc

fc −
2
3

·
(fch − npl)

2

fch2/2 − nplzc
if σlat,2 = fc

(6b)

with:

b = 2
fch − npl

fc − σlat,1
≤ h. (6c)

In some cases, with an extremely low reinforcement on one side,
σlat,1 or σlat,2 may potentially become negative. This solution,
without physical meaning, can be avoided by reducing iteratively
the yield stress of the strongest reinforcement layer in order to
satisfy the conditions σlat,1 = 0 (this is for instance governing for
test PG34).

4.3. Concrete strength in the inner concrete prism accounting for non-
uniform confinement stresses

The increase on concrete strength with a confinement pressure
can be estimated on the basis of the theory of plasticity [10,20].
For instance, in cases where the confinement pressure is uniform
over the height of a concrete cylinder and if aMohr–Coulomb yield
criterion is assumed, concrete strength results:

fcc = fc + k · σlat = fc +
1 + sinϕ
1 − sinϕ

σlat (7)

where ϕ is the friction angle of concrete. Assuming a value of∼37°
(usual cases [10,20]), coefficient k results k = 4.0, which is in
rather good agreement with test results (see Fig. 5).

Applications of the theory of plasticity to concrete members
where confinement is not uniform over the height of the member
(refer to Fig. 8) have not been found in the scientific literature. This
case, which is relevant for the present study, will be investigated,
for the axis-symmetric case, in the following. The problem will be
solved on the basis of the following assumptions:
- An axis-symmetric concrete cylinder with its height at least
double its width is considered. The cylinder is subjected to
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Fig. 9. Plastic analysis for a cylinder subjected to non-uniform confinement:
(a) geometry and boundary conditions considered; (b) stress equilibrium in
axis-symmetric geometry; and (c) Mohr–Coulomb yield criterion without tensile
strength.

non-uniform confinement stresses (σlat(z)) and to a relative
displacement (w0) between the top and bottom faces, refer to
Fig. 9(a, b).

- A Mohr–Coulomb yield criterion without tensile strength is
used assuming an associative flow rule (Fig. 9(c)).

- The problem is solved using the characteristic lines method
(α, β-lines) and a numerical approach for solving the differen-
tial equations defining the stress field [21–23].

This method allows calculating the plastic strength of the cylinder
(refer to Fig. 10). For comparison to uniformly confined cylinders,
the average vertical stress (fcc) and the average confinement stress
(σlat,m) on the plasticized height (t) will be used in the following.
The average vertical stress can be calculated by dividing the plastic
strength of the cylinder by the surface of the support plates and the
average confinement stress by using:

σlat,m = σlat,1 +
σlat,2 − σlat,1

2b
t

−
(σlat,2 − σlat,1) (t − b)

2bt
⟨t − b⟩ (8)

where function ⟨x⟩ is equal to x if x > 0 and to 0 otherwise.
The increase of the concrete’s strength for such cases (non-

uniform confinement) can be written in a similar way as Eq. (7)
but using the following parameter km = (fcc − fc)/σlat,m. Fig. 10(g)
shows that coefficient km is little sensitive to the shape of the con-
finement pressures, and that a value km = 4.0 is still sufficiently
accurate for most cases. For preliminary design purposes, select-
ing a value t = 1.25R is also sufficiently accurate (error in σpl,m
smaller than ±4%). More refined values can be obtained through
the diagrams (refer to Fig. 10(f–g)). This approach can also be used
to square prisms by introducing R = c/

√
π and a height of the

plastic zone equal to t = 0.7c .

4.4. Consideration of reinforcement linking upper and lower columns

In case vertical reinforcement bars connect the upper and lower
columns (Fig. 1(a, c, d, e)) a fraction of the load can be transmitted
by them (refer to Eq. (2)). According to a plastic approach, this
contribution can be estimated as:

Ns,R = fyAs. (9)

With reference to the vertical strains measured in the tests
presented in this paper, this approach would be completely
justified. For instance (refer to Fig. 2(b) and Table 1) column
penetration at concrete crushing was between 2.0 and 2.7 mm for
all specimens, which (for a slab thickness of 250 mm) corresponds
to a vertical average strain larger than 8.0h (more than 3 times the
strain of ordinary reinforcing steel at yielding).
g

a b c d e f

Fig. 10. Stress and displacement fields for representative cases: (a) uniformly confined cylinder; (b) linear confinement law; (c–e) bilinear confinement laws;
(f) and (g) ratio t/R and coefficient km as a function of the confinement stress profile.
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Fig. 11. Slab load–column load interaction diagram: (a) shape and characteristic
points; and (b) stress field and failure zone for characteristic points.

5. Behaviour of slabs subjected to column and slab loading

In actual flat slabs, slab–column joints are subjected to both
loads coming from the columns (Nc) and to loads applied to the
slab (Q ) as shown in Fig. 3(a). In the case where a fraction of
the flexural reinforcement is required for confining the concrete
of the slab between columns (concrete crushing) the full flexural
strength (assessed for instance by means of the conventional yield
line theory) cannot be developed. On the contrary, for moderate
levels of column loading (stresses due to column loading below
the uniaxial compressive strength of concrete) no confinement is
required and the full flexural strength is available.

The interaction between column and slab loading can be
investigated on the basis of aQ–Nc interaction diagramas shown in
Fig. 11(a). Such diagram is composed of a series of regimes, where
some characteristic points are:
- Crushing of the concretewith no loads applied to the slab (point
4 in Fig. 11). Details on this case were given in the previous
section.

- Crushing of concrete under maximum uniform confinement
(with yielding of both reinforcements, point 3 in Fig. 11). This
leads to themaximum strength in terms of column loading, and
can be calculated by equilibrium conditions as:

Nc,max = Ac


fc + 4.0

npl

h


− Q (Nc,max) (10)
Table 2
Comparison between measured and calculated failure loads and column penetra-
tions for the different proposed models.

Rigid plastic model
t and k var. t and k const.

Specimen NR,test (MN) NR,calc (MN) NR,calc (MN)

PG31 5.90 5.71 (1.03) 5.75 (1.03)
PG32 6.35 6.02 (1.06) 5.94 (1.07)
PG33 6.97 7.30 (0.95) 7.04 (0.99)
PG34 7.62 7.69 (0.99) 7.70 (1.00)

Average: 1.01 1.02
COV: 0.04 0.03

where:

Q (Nc,max) = 2npl
zc − h/2
bq/c − 0.5

(11)

where zc is calculated using Eq. (5) and bq is the distance of the
applied loads to the bending yield line (this valuewill be defined
for practical applications in section ‘‘design proposal’’).

- Maximum slab load at which the bottom reinforcement still
yields at concrete crushing (point 2 in Fig. 11). It can be
calculated assuming the confinement stress distribution of
Fig. 11(b) (which maximizes the flexural lever arm), leading to:

QT = 2npl
zc − zlat

bq/c − 0.5
(12)

where zlat refers to the distance between the bottom slab face
and the resultant of confinement stresses (nlat = npl). The
corresponding column load is thus:

Nc,T = Ac(fc + kmσlat,m) (13)

where the average confinement stress can be calculated from
Eq. (8) with the distance t and the corresponding distribution
of nlat . The values of the height t and of the coefficient km can
be obtained through the diagrams of Fig. 10(f–g). Alternatively
the simplified values can be used (km = 4.0 and t = 0.7c).

- Development of a flexural mechanism, without crushing of the
concrete between column loads (point 1 in Fig. 11). This regime
governs if the concrete stress between column loads is lower
or equal than the uniaxial compressive strength of concrete.
Conventional yield line theory canbeused to assess the strength
of this regime.

6. Comparison between the proposed model and the experi-
mental results

6.1. Specimens subjected exclusively to column loading

The results in terms of column load versus column penetration
are compared to the test results in Fig. 12(a). The plots show
very good agreement with the tests for the crushing strength. The
accuracy of the plastic approach is justified by the very ductile
behaviour of concrete under confinement stresses as previously
explained.

The column penetration can be estimated using the approach
presented in this paper assuming axis-symmetric conditions and
accounting for compatibility conditions at the interface between
the inner concrete prism and the surrounding concrete. This
approach (leading to a nonlinear analysis) is thoroughly described
in Guidotti [19] for the stress–strain law detailed in Appendix
of this paper. Its results are compared to tests measurements in
Fig. 12(a) and Table 2 with an excellent agreement in terms of
strength, column penetration and post-peak behaviour.
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Fig. 12. Comparison of test results and theoreticalmodel: (a) joints subjected exclusively to column loads (actual curves in continuous lines, strength calculated according to
the plastic approach in horizontal dotted lines and nonlinear predictions in dashed lines); (b) simplified plastic model; and (c) joints subjected to slabs and column loading.
6.2. Specimens subjected to column and slab loading

Fig. 12(b) plots the recorded slab load–column load diagrams
(solid lines) and compares them to the yield surfaces determined
on the basis of the formulas introduced in the previous section
(bq = 860mm). It can be noted that the plastic regime (decreasing
column loadwith increasing slab load) is satisfactorily reproduced,
with a good estimate of the strength and Q–Nc slope after yielding.
For specimen PG13 the strength is somewhat underestimated.
This is explained because column loads were applied through a
thin layer of mortar without the PVC sheet between the surfaces,
which increased friction on the load surface with respect to test
PG35 (thin layer of plaster plus PVC sheet). A discussion on the
practical implications of the interface properties can be found
elsewhere [19].

7. Design proposal

For practical applications, a simplified distribution of confine-
ment stresses around the concrete confined part can be assumed.
For instance, it is convenient to assume two zones of constant
confinement stress (refer to Fig. 8(c)), whose integral respects the
value and position of the stress resultant. In so doing for slabs sub-
jected exclusively to column loading (point 4 of Fig. 11), the av-
erage confinement stress (σlat,m) can be calculated over a height
t = 1.25R ≤ h leading to the following crushing strength (assum-
ing km = 4.0 as previously justified):

σpl = fc + 4.0ω̃t fc
bs
c

≤ 5.0fc (14)
where ω̃t refers to an effective mechanical reinforcement ratio
accounting for the actual reinforcement distribution:

ω̃t = ωt


h − 2zc

zc
+ 1 − h

h − 2zc
zc(h − zc)


1 −

zc
t


. (15)

In the case where a set of loads (Q ) are applied to the slab, the
position of the confining stresses resultant (zlat , see Fig. 11(b)) is no
longer coincident with zc (position of confining stress resultant for
a slab with no loads applied on it). However, Eqs. (14) and (15) still
remain valid and can be used by selecting a suitable position for
the confining stresses resultant (zlat ) maximizing the flexural lever
arm. For cases between points 1 and 2 of Fig. 11, it is sufficiently
accurate for design purposes to adopt zlat = h/3. This value can be
introduced into Eq. (15) by replacing zc = h−zlat = 2h/3 (crushing
on the top side of the slab as shown in Fig. 11). In addition, the
actual width of the slab (bs) in Eq. (14) has to be replaced by the
width of the slab necessary to equilibrate the confining stresses
of the inner prism. This term, named bn in the following, can be
calculated as:

bn =
mplbs − Q/2bq

mpl − ωfch(zc − zlat)
(16)

where mpl refers to the plastic bending moment calculated
considering only the top (flexural) reinforcement.

For the other regimes of the diagram of Fig. 11, a similar ap-
proach can be adopted. To do so, Eq. (16) can be used to calculate
zlat by assuming bn = bs. This value of zlat replaces the term zc in
Eq. (15) when failure occurs with crushing at the bottom side of
the slab (refer to regime between points 3 and 4 of Fig. 11).
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Fig. 13. Interaction diagram Q–Nc for a flat slab accounting for reinforcement at mid-span: (a) governing failure mechanism for a flat slab with regular (orthogonal) bays;
(b) interaction diagram Q–Nc ; (c) stress state at the yield line over the columns (corresponding to dashed line in Fig. 12(b)); (d) stress state at the yield lines for deflection
downwards at mid-span; and (e) stress state at the yield line for deflection upwards at mid-span.
With respect to the Q–Nc interaction diagram of a flat slab
(Fig. 13), it can be calculated on the basis of Eqs. (10)–(13) or
(14)–(16) by adding the contribution of the reinforcement at mid-
span. To do so, the reinforcement ratios ρ and ρ ′ of the previous
equations refer to those of the yield line developed through
the columns (yield lines ‘‘1’’ in Fig. 13). The contribution of the
reinforcement crossing the yield line at mid-span (yield line type
‘‘2’’ in Fig. 13) can be evaluated through the following term:

1Q+,−
= 2

m+,−
pl,2 bs

bq − c/2
(17)

where the plastic moment of the yield line at mid-span is
calculated using the bottom flexural reinforcement (m+

pl,2) if the
displacements at this line are downwards (typical cases for
design). In other cases, where this line deflects upwards, the value
m−

pl,2 (plastic moment calculated with the top reinforcement at
mid-span) is to be used. Fig. 13(b) shows the influence of the
contribution of the reinforcement at mid-span for both situations.
The contribution of the yield line at mid-span is also shown in
Fig. 13(c–e).

With respect to the maximum crushing strength of the joint,
it is limited by the compressive stress that can be developed
by the concrete of the slab confining the inner prism. Assuming
no confinement out of the plane of the slab (no transverse
reinforcement) the maximum compressive stress the slab can
provide is equal to the uniaxial compressive strength (fc), leading
to:

Q + Nc ≤ 5fcAc . (18)

For applications to actual flat slabs, it is still necessary to define
an equivalent slab width (bs) as well as an equivalent position of
the loads of the slab (bq). For inner columns, the equivalent slab
width can be taken equal to the span length (bs = l, a justification
of this hypothesis on the basis of a compatibility-based model can
be found elsewhere [19]) accounting for the length of the yield
lines. For edge or border columns, no increase of the compressive
strength can be accounted for unless slab overhangs are provided.
In such cases, the span length l has to be replaced by twice the
overhang l0 (see Fig. 13(a)).

With respect to the equivalent position of the loads (bq) it
depends on the governing failure mechanism. For a flat slab with
regular (orthogonal) bays, such amechanism is shown in Fig. 13(a),
leading to:

bq =
ℓ− 2c + c2/ℓ

4
≈
ℓ− 2c

4
. (19)

A comparison of the simplified design approach discussed in this
section to the tests presented in this paper is shown in Fig. 12b
for specimens PG31 to PG 34 (specimens subjected exclusively to
column loading). The strength is accurately estimated, with a very
limited scatter of test results (coefficient of variation of 3%, refer
to Table 2). In Fig. 12(c) the interaction diagrams of specimens
PG13 and PG35 calculated with the simplified design approach
(dashed lines) are compared to the ones calculatedwith the refined
method. This comparison yields also almost same results for both
methods.

8. Conclusions

The present paper describes the main results of a test
programme on 6 slab–column joints where the concrete between
column plates was confined only by the top and the bottom
flexural reinforcement. Four specimenswere subjected exclusively
to column loading and two were subjected to column and
slab loading. All specimens developed a plastic mechanism at
maximum load and exhibited significant deformation capacity.
Testing, in addition to amodel grounded on the theory of plasticity
to interpret the results, show that:
1. Inner slab–column joints reinforced only with flexural rein-

forcement allow carrying column loads significantly larger than
those corresponding to the uniaxial compressive strength of the
concrete of the slab.
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2. The increase on the concrete strength between column plates is
due to the development of confinement stresses. Such stresses
are originated by the flexural reinforcement of the rest of
the slab, which acts as a tension ring restraining the lateral
expansion of the joint.

3. Under confinement stresses, concrete exhibits a very ductile
response. As a consequence, plasticity-based approaches are
suitable to estimate the strength of slab–column joints.

4. Due to this fact, strength reductions due to transverse strains
of concrete can be neglected even after yielding of the bending
reinforcement.

5. For practical applications, the maximum strength of a slab
subjected to column loading can be calculated using a simplified
(rigid-plastic) distribution of confinement stresses.

6. When loads are applied to the slab (in addition to column loads),
the plastic mechanism developed at failure may be modified
depending on the ratio of loads applied to the slab and to the
columns. The strength in such cases can be calculated on the
basis of a series of licit stress fields in the slab.

7. A comparison between test results and the proposed approach
leads to very good correlation for all failuremodes investigated.
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Appendix

This Appendix presents a model for evaluating the behaviour
of concrete in compression under confined conditions. It extends a
previous model of the authors [24] and provides the stress–strain
response of concrete in the longitudinal and transversal directions.

Longitudinal stress (σ3) is calculated as a function of longitudi-
nal strains (ε3) and confinement conditions as:

σ3 = (α − 1)
ε3Ecc

α − 1 +


ε3
ε3,p

α (A.1)

where Ecc refers to the confined modulus of elasticity and ε3,p to
the strain at peak load. Both values can be calculated on the basis
of the following formulas:

Ecc =
Ec

1 − 2νcγ
(A.2)

ε3,p =
αfcc

Ecc(α − 1)
(A.3)

where γ is the ratio between the confinement (transverse) stress
σlat and the uniaxial concrete compressive strength fc :

γ =
σlat

fc
. (A.4)

The strength of concrete under confined conditions (fcc) can be
estimated as a function of confinement stresses. Good agreement
to test results can for instance be obtained by using the expression
proposed by Farhad and Li [25]:

fcc = fc + αf f
1−βf
c σ

βf
lat (A.5)

where the authors of this paper propose to use αf = 3.0 and
βf = 2/3 (values calculated from 41 test results, see Fig. 5(b)).
For confinement stresses below 0.6fc (case of slab–column joints,
refer to Fig. 6(d)) it is however sufficiently accurate to use a linear
approximation, see Fig. 5(b). For instance, the values obtained
using the theory of plasticity assuming a Mohr–Coulomb yield
criterion with an associative flow rule and a value of the friction
angle of concrete equal to ϕ = 37◦, are αf = k = 4.0 and βf = 1.0
(similar values as those proposed by Richart [10]):
fcc = fc + kσlat . (A.6)
With respect to coefficient α, it refers to concrete brittleness,
where the following values have a physical meaning:
- α = 1.0 leads to a plastic plateau for σ3 = fcc ;
- α > 1.0 leads to a compression softening after reaching its
maximum strength. For larger values of α, the surface below
the stress–strain curve is reduced with a larger negative slope
(more brittle behaviour).

Concrete brittleness is assessed on the basis of two factors:
concrete uniaxial compressive strength (more ductile behaviour
for lower concrete strength) and confinement (more ductile
behaviour for larger confinement). The following formula is
proposed for coefficient α:

α =
αc + aγ

δ + αc(1 − δ)+ aγ
≥ 1.0 (A.7)

where δ is the ratio:

δ =
fcc
Ecc

Ec
fc

(A.8)

and αc refers to α for unconfined conditions:

αc = 1.5 +
fc
75

+
f 2c

4500
where fc is in (MPa). (A.9)

Coefficient a can be fitted on the basis of several tests under
confined conditions. A value a = 40 is proposed to be used on the
basis of the test results of the literature [10–15].

With respect to transverse expansion of concrete, three
different regimes are considered [26]:
- for moderate stresses, σ3 lower than approximately 0.8fcc , the
elastic behaviour applies (value of the Poisson’s coefficient v =

vc = 0.2);
- thereafter, longitudinal microcracking develops and the value
of the Poisson’s coefficient increases. At maximum strength
σ3 = fcc , a constant value of v = 0.5 can be adoptedwith rather
good agreement with test results;

- after reaching the maximum strength, and while concrete is in
its softening phase, transverse strains (and thus coefficient ν)
continue to increase.

Such behaviour can be described on the basis of transverse
strains (ε1) as a function of longitudinal strains (ε3) assuming the
following law:

ε1 =


νcε3 −

σ1

Ecc
(1 − νc) if ε3 ≤ ε3,c

aεε23 + bεε3 + cε if ε3 > ε3,c

(A.10)

where: ε3,c = ε3 (σ3 = 0.8fcc). This equations accounts for a linear
(elastic) phase prior to development of microcracking followed by
a more than proportional increase of transverse strains thereafter.
Parameters aε , bε and cε can be determined imposing:
- equality of transverse strains at ε3,c between both regimes;
- equality of the slope of both regimes at ε3 = ε3,c ;
- lateral strain at maximum strength ε3 = ε3,p equal to v = 0.5.

Thus, it results in:

aε =
ε1,p − ε1,c + vc(ε3,c − ε3,p)

(ε3,p − ε3,c)2

bε = vc − 2aεε3,c
cε = ε1,c − aεε23,c − bεε3,c .

(A.11)

Fig. A.1 compares the results of themodel to a series of test results,
showing very good performance both in terms of predicting the
strength (calculated with αf = 3.0 et βf = 2/3) and transverse
deformation before and after peak load.
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Fig. A.1. Comparison between experimental tests (dashed lines) and test predictions (continuous lines): (a) Lahlou 1992 [11] series OC (fc = 44MPa; σ1 = 0/7.6/22MPa);
(b) Lahlou 1992 [11] series HSC (fc = 78Pa; σ1 = 0/7.6/22 MPa); (c) Candappa 2001 [15] series U40 (fc = 40 MPa; σ1 = 0/4/8/12 MPa) et; (d) Candappa 2001 [15] series
U60 (fc = 60 MPa; σ1 = 0/4/8/12 MPa).
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