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Abstract A full rate-dependent cohesive law is imple-

mented in the distinct lattice spring method (DLSM) to

investigate the dynamic fracturing behavior of brittle

materials. Both the spring ultimate deformation and spring

strength are dependent on the spring deformation rate. From

the simulation results, it is found that the dynamic crack

propagation velocity can be well predicted by the DLSM

through the implemented full rate-dependent cohesive law.

Furthermore, a numerical investigation on dynamic

branching is also conducted by using the DLSM code.

Keywords Dynamic fracturing � Crack propagation

velocity � Rate-dependent cohesive law � DLSM

1 Introduction

A major objective in studying dynamic fracturing is to

predict crack dissemination pattern and velocity. Linear

elastic fracture mechanics (LEFM) theoretically suggests

the Rayleigh surface wave speed vR as the upper limit for

the material crack velocity vcr (Freund 1990; Broberg

1999). However, in rapid cracking of brittle solids, the

crack tip zone undergoes a series of complex mechanisms

such as large and nonlinear deformation, high strain rate,

plasticity, micro-crack nucleation, heat diffusion, and

subsequent thermal softening. These mechanisms cause the

fracture energy Gf to increase when the crack velocity

increases. For most materials, when vcr approaches a crit-

ical value vL, Gf infinitely increases, and finally, the crack

stops further accelerating (Ravi-Chandar and Knauss 1984;

Dally et al. 1985; Fineberg et al. 1991; Shioya and Zhou

1995; Sharon et al. 1996).

Several approaches have been so far applied to examine

dynamic fracturing. Nishioka (1995) and Nishioka et al.

(2001) introduced the dynamic J-integral into a moving

finite element mesh that needs a re-meshing algorithm with

a very fine mesh around the crack tip. Belytschko and Black

(1999) and Moes et al. (1999) suggested an extended FEM

(XFEM) solution with crack propagation through ordinary

elements which gives a smooth crack path with minimal

re-meshing effort. However, discontinuities must be con-

sidered in the shape functions to model broken elements.

It makes the solution too effortful when cracks intersect.

In resent years, cohesive finite element methods

(CFEM) which are based on the cohesive zone concept,

invented by Dugdale (1960) and Barenblatt (1962), have

been extensively used. In a cohesive element, crack sepa-

ration is expressed by a cohesive law linking crack surface

traction to its opening displacement. Xu and Needleman

(1994, 1995, 1996) have applied an elastic-exponentially

decaying cohesive law. Camacho and Ortiz (1996, 1997)

proposed a rigid-linear model law in 2D space. Later on,

Pandolfi et al. (1999, 2000) and Ruiz et al. (2000) carried

that out in 3D analysis. Zhai et al. (2004) analyzed dynamic

fracture in two-phase Al2O3/TiB2 ceramic composite

microstructures using a CFEM. The model integrates

cohesive surfaces along all finite element boundaries as an

intrinsic part of the material description. This approach

obviates the need for any specific fracture criteria and

assigns models with the capability of predicting fracture

paths and fracture patterns. Karedla and Reddy (2007)

applied high inertia zone theory to a cohesive finite
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element model to examine crack branching in PMMA.

However, crack propagation speed was not fully discussed.

In all the research mentioned above, the cohesive laws

used are rate-independent, i.e., the traction mobilized

within the crack is just a function of its separation and

independent of its opening speed. Much attention has been

paid recently to the rate-dependent cohesive models. Li and

Bazant (1997a, b) proposed a visco-elastic rate-dependent

law to analyze a stationary crack under dynamic loading in

concrete that results in cohesive forces extremely exceed-

ing the material ultimate strength. Lee and Prakash (1999)

studied dynamic fracturing in high-strength brittle steels.

They found that the rate-dependency assumption was cru-

cial to reproduce the experimental results. Zhou et al.

(2005) introduced a linear decaying law into the cohesive

interface elements to reproduce the laboratory results of

PMMA cracking. They emphasized the necessity of con-

sidering rate-dependency to restrict the crack velocity.

However, numerically predicted vcr was still larger than vL.

Block et al. (2007) proposed the cohesive nodal force

method, in which they assigned a continuum damage

model to the solid elements, to control the model energy

dissipation at high values of the loading rate.

In all the rate-dependent models reviewed, only the

crack cohesive displacement (i.e., separation) is changing

with the crack opening rate, and the crack cohesive

strength is held fixed. This is contrary to most experimental

observations which confirm that both the cohesive stress

and displacement increase with the opening velocity (Li

and Bazant 1997a, b; Costanzo and Walton 1998; Allen

and Searcy 2001; Kubair et al. 2003; Xu et al. 2003;

Ivankovic et al. 2004).

The aim of this study is to develop a ‘‘full’’ rate-dependent

law in which both the cohesive stress and the displacement of

the contact depend on its opening rate (Kazerani and Zhao

2010). This model is to be introduced into the distinct lattice

spring method (DLSM) (Zhao et al. 2010a; Zhao and Zhao

2009) for simulating dynamic fracturing of the brittle mate-

rials. In coming sections, the experimental work done by

Shioya and Zhou (1995) on dynamic crack propagation in

PMMA plates is briefly reviewed. Following this, the DLSM

methodology and the proposed rate-dependent cohesive law

are explained in detail. Finally, the developed numerical

model is used to reproduce the laboratory data. The simula-

tion results show that our model is capable of reproducing the

actual fracture energy and crack propagation velocity

observed in the experiments.

2 Dynamic Crack Propagation in PMMA Plates

In this section, the experimental work done by Shioya and

Zhou (1995) on fracturing behavior of pre-strained PMMA

strips is presented. More explanation in terms of the test

setup and the experimental results is published by Zhou

et al. (2005), and a detailed description is presented by

Zhou (1996).

2.1 Experimental Setup and Measurement

Polymethyl methacrylate (PMMA) rectangular plate

(3 mm thick) was used as the test material. Before crack

propagation, a universal test machine loads the specimen in

tension. The magnitude of the loading is measured by the

load cell in the test machine. After reaching a given load

level, a small sharp crack is initiated at the middle point of

one specimen end by a razor. Because the material is very

brittle, the small crack propagates straight across the

specimen.

To record the crack propagation during the test, electric

conductive lines are drawn on the specimen surface. They

are connected to an electronic logic circuit. The output

signal is recorded by a digital memory. The time when the

crack cuts each line position is recorded in the digital

memory. From this record, and the position of each line,

the propagation history of the crack and its speed is

obtained.

The data show that the crack velocity tends to a steady

asymptotic value, and this steady propagation state con-

tinues even when the crack tip reaches the opposite edge of

the specimen. The average steady velocity of the crack is

called crack velocity and denoted by vcr.

2.2 Test Results

Various specimens with different geometries are tested.

The specimens are loaded to different levels of preloading

before initiating the crack. By changing the tensile load-

ing and the specimen shape, different values of elastic

strain energy, W, are obtained. As the prescribed dis-

placement is small compared to the specimen size, we

consider the kinetic energy of the material in the region

behind the crack front to be negligible. Therefore, the

strain energy stored per unit length of the specimen is

approximately equal to the energy consumed by the unit

length of the crack propagation, i.e., the dynamic fracture

toughness Gf. This equality is verified by Zhou et al.

(2005) in detail.

From each test, a data point of (vcr, Gf) is obtained. As

shown in Fig. 1, these points are fitted with a monotoni-

cally-increasing curve which can be expressed by an

empirical equation as follows:

Gf ¼ G0

vL

vL � vcr

ð1Þ

where vL = 675 m/s and G0 = 1,000 N/m.
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3 The Distinct Lattice Spring Method (DLSM)

The DLSM (Zhao et al. 2010a; Zhao and Zhao 2009) is a

microstructure-based numerical model based on the real-

istic multidimensional inter bond (RMIB) model (Zhao

et al. 2010b). The RMIB model is an extension of the

virtual multidimensional inter bond (VMIB) model

(Zhang and Ge 2005) in which materials are discretized

into mass particles (see Fig. 2). Whenever two particles

are detected in contact, they are linked together through

bonds between their center points. The multi-dimensional

internal bond is adopted which includes one normal bond

and one shear bond for both 2D and 3D. Due to the

explicit consideration of the material microstructure, the

proposed micromechanical model has the potential to give

a more realistic approximation of the material failure

behavior than a phenomenological model. Based on

Cauchy-born rules and hyper-elastic theory, the relation-

ship between the micromechanical parameters and the

macro material constants, i.e., the Young’s modulus and

the Poisson ratio, can be obtained as follows (Zhang and

Ge 2005):

kn ¼
3E

a3D 1� 2vð Þ and ks ¼
3 1� 4vð ÞE

a3D 1þ vð Þ 1� 2vð Þ ð2Þ

where kn and ks are the normal and shear stiffness of the

inter-particle bond, respectively. E is the material Young’s

modulus, v the Poisson ratio and a3D is the microstructure

geometry coefficient which is obtained from

a3D ¼
P

l2
i

V
ð3Þ

where li denotes the initial length (before loading) of the

bonds, and V is the volume of the model.

The particles and springs represent the material. The

equation of motion of the system of particles and springs is

expressed as

½K�uþ ½C� _uþ ½M�€u ¼ FðtÞ ð4Þ

where u represents the particle displacement vector, [M]

the diagonal mass matrix, [C] the damping matrix, and F(t)

the vector of all external forces acting on the particles.

In the DLSM, the motion equations of the particle sys-

tem are solved through the explicit central finite difference

scheme. The calculation cycle is illustrated in Fig. 2. Given

the particle displacements (either prescribed initially or

obtained from the previous time step), new contacts and

broken bonds are detected. The list of neighboring particles

for each particle is updated. Then the contact and spring

forces between the particles are calculated according to the

prescribed force–displacement relations. The interaction

between the particles is represented by one normal spring

and one shear spring. The shear spring is a multi body

spring which is different from the conventional lattice

spring methods. Multi body means that the shear dis-

placement is calculated from the local strain state which is

determined from the displacement of a cloud of particles.

Multi body spring is necessary to keep the rotational

invariance and to allow the model to handle problems

where the Poisson’s ratio is larger than 0.25. The details are

presented by Zhao et al. (2010a) and Zhao (2010). The

behavior of the normal spring is in the conventional way,
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Fig. 1 The initial stored energy (i.e., fracture energy) versus the

crack propagation velocity observed in the PMMA plates

Fig. 2 The physical model (top) and the calculation cycle (bottom) of

the DLSM
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which means that the normal deformation is directly cal-

culated from the displacement of the two linked particles.

For example, assume that there exists one bond between

particles i and j, and the unit normal n nx; ny; nz

� �
points

form particle i to particle j. The relative displacement

vector is calculated as

uij ¼ uj � ui ð5Þ

Then normal displacement vector and interaction force

between two particles is given as

un
ij ¼ uij � n

� �
n and Fn

ij ¼ knun
ij ð6Þ

where kn is the normal spring stiffness and n is the normal

to the bonds. The multi-body shear spring between two

particles is introduced through a multi-body shear

displacement vector:

us
ij ¼ e½ �bondnT � e½ �bondnT

� �
� n

� �
n ð7Þ

where e½ �bond is the bond strain state which is evaluated by

the DLSM (Zhao et al. 2010a). Then the shear interaction

between two particles is given as

Fs
ij ¼ ksu

s
ij ð8Þ

where ks is the stiffness of the shear spring. Equations 6–8

provide the force update for the DLSM. For displacement

update, the particle velocity is calculated as

_u
ðtþDt=2Þ
i ¼ _u

ðt�Dt=2Þ
i þ

P
F
ðtÞ
j

mp
Dt ð9Þ

where _u
ðtþDt=2Þ
i is the particle velocity at t þ Dt=2; _u

ðt�Dt=2Þ
i

the particle velocity at t � Dt=2;mp the particle mass,
P

F
ðtÞ
j the sum of all the forces acting on the particle i

including external forces, and dt the time step. Finally, the

updated displacement of the particle is obtained as

u
ðtþDtÞ
i ¼ u

ðtÞ
i þ _u

ðtþDt=2Þ
i Dt ð10Þ

where u
tþDtð Þ

i and u
tð Þ

i are the displacements at t ? Dt and t,

respectively. Equations 9 and 10 form the main procedure

involved in the DLSM.

3.1 Cohesive Law Used in the DLSM

The constitutive law implemented in the DLSM is shown

in Fig. 3, where u represents the norm of u, and u* is its

ultimate value beyond which the bond fails. d1 is the ratio

of bond deformation to its ultimate deformation at the

hardening point, and d2 is the same ratio but corresponding

to the softening point (see Fig. 3).

There are three phases involved for each single bond:

linear, hardening, and softening phase. The bond consti-

tutive law is written as follows:

f ¼

knu for u� d1u�

knu�d1 þ
kredu�d2 � knu�d1ð Þ u� u�d1ð Þ

u�d2 � u�d1

for d1u�\u� d2u�

kredu�d2

u� � u

u� � u�d2

for d2u�\u� u�

8
>>>>><

>>>>>:

ð11Þ

kred is called the initial softening stiffness and is defined in

Fig. 3. The fracture energy, needed to fully open a unit area

of a cracked surface in the DLSM model, is

Gf ¼
1

2
aE

u�

l�

� �2

l� ð12Þ

where l* is the mean bond length in the whole DLSM

model (Zhao 2010), and the dimensionless coefficient a is

obtained by

a ¼ d2
1 þ d2 � d1ð Þ d1 þ

kred

kn

d2

� �

þ kred

kn

1� d2ð Þd2 ð13Þ

Finally, the initial softening stiffness kred is calculated in

terms of the material tensile strength rmax as

kred ¼ kn

1

d2

rmax

E

l�

u�
ð14Þ

Using Eqs. 12–14, kred and u* are calculated provided;

we have d1 and d2. Because the obtained kred and u* are

computed from the material properties (i.e., E, rmax, Gf,

etc.), which are evaluated from static fracturing, we call

them rate-independent parameters. The parameters d1 and

d2 are estimated by a simple trail and error, as explained

later.

3.2 Rate-Dependent Model

To introduce rate effects into the DLSM, the initial soft-

ening stiffness and the ultimate bond deformation is

assumed to change instantaneously with the bond defor-

mation rate _u as follows:

Fig. 3 The constitutive law used in the DLSM
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k̂red ¼ kred 1þ _u

_uk
ref

� �n
 !

and û� ¼ u� 1þ _u

_uu
ref

� �g� �

ð15Þ

In Eq. 15, k̂red and û� are the rate-dependent values for

the initial softening stiffness and the bond ultimate

deformation. _uk
ref ; _uu

ref ; n, and g are model parameters

which are adjusted such that the experimental results are

reproduced. Their effect on the model response is discussed

in Sect. 6. The validity of Eq. 15 is examined by Kazerani

and Zhao (2010) in detail.

Expansion of Eq. 11 leads to Eq. 16, into which

substituting k̂red and û� for kred and u� gives the rate-

dependent cohesive law:

f ¼

knu for u� d1u�

knu�d1 þ
k̂redu�d2 � knu�d1

� �
u� u�d1ð Þ

u�d2 � u�d1

for d1u�\u� d2u�

k̂redu�d2

û� � u

û� � u�d2

for d2u�\u� û�

8
>>>>><

>>>>>:

ð16Þ

4 Modeling

To verify the model validity and adequacy, the laboratory

tests introduced in Sect. 2 are simulated. The model

geometry and mechanical properties are assumed the same

as those used in the laboratory.

4.1 Material Properties

The PMMA material parameters are: density q =

1,180 kg/m3, Young’s modulus E = 3,090 MPa, Poisson

ratio m = 0.35, tensile strength rten = 75 MPa, and frac-

ture energy Gf = 300 N/m. According to the elastic wave

theory (Bedford and Drumheller 1996), longitudinal, shear,

and Rayleigh surface wave speed are obtained as cL =

1,618 m/s, cS = 985 m/s, and cR = 906 m/s, respectively.

Note that the experimentally obtained limiting velocity of

crack propagation, vL, is about 70% of cR.

4.2 Model Micro-Parameters and Geometry

The DLSM model is fully three-dimensional. The

PMMA plate modeled is l = 32 mm, h = 16 mm, and

contains a 4-mm-long edge crack along the centerline

(see Fig. 4).

The plate is made of 512,000 particles with diameter of

0.1 mm. As seen in Fig. 2, all the particles have the same

size and they are regularly packed. Therefore, the entire

bonds have the same length, which is equal to the particle

size, i.e., l* = 0.1 mm in Eq. 12.

Regarding Eq. 2, bond stiffness in tension and shear is

calculated as kn = 219.67 MN/m and ks = -65.09 MN/m.

In the rate-independent cohesive law (i.e., static fractur-

ing), the bond strength rmax and the ultimate bond defor-

mation u* are constant. rmax = 75 MPa, which is assumed

equal to the PMMA tensile strength.

As seen in Fig. 3, parameters d1 = 0.358 is adjusted

such that the maximum bond deformation at the end of

phase-I becomes rmax=kn: Parameter d2 = 0.536 is deter-

mined by a trail and error process explained in Sect. 6.

Using Eqs. 12–14, the ultimate bond deformation

u* = 6.78 lm and a = 0.667 are calculated to fit the given

material fracture energy Gf = 300 N/m.

4.3 Boundary Conditions and Fracture Numerical

Mechanism

As Fig. 4 illustrates, the plate is initially loaded by a pre-

scribed tensile displacement D along the upper and lower

boundaries in the y-direction, while the crack is not

allowed to propagate yet. The specimen is not constrained

in the x-direction. A static analysis is conducted to calcu-

late the initial strain and stress states of the plate with the

stationary crack. Under these loading circumstances, the

strain energy W (per unit area) stored in the pre-strained

plate is calculated by:

W ¼ 1

2

E 2Dð Þ2

h
¼ 2ED2

h
ð17Þ

After the static calculation, an explicit dynamic analysis

is performed without changing the boundary conditions.

The time step used in the dynamic solution should be

shorter than the time of P-wave propagation through the

lattice length as in classical explicit based methods, e.g.,

DEM and FEM. To satisfy that, the time step is taken as

0.01 ls which guarantees the numerical stability of the

analysis.

Note that at end of the static stage, a high stress con-

centration is induced at the crack tip because of the pre-

existing crack. This stress far exceeds the bond strength

x

y

Δ

Δ

l

h

Fig. 4 The model geometry and boundary condition
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and may lead to a sudden and extensive bond failure over

the zone close to the crack tip during the first steps of the

dynamic solution. However, after a short time, the crack

will propagate in a steady state similar to what is observed

in the laboratory (see Sect. 6).

As soon as a bond breaks during the steady crack

propagation, the force distribution within the entire particle

system will adapt itself with the model new geometry. It

means that the tensile stress concentration moves toward

the bonds, which are located at the new position of the

crack tip. This tensile stress stretches the bonds and

accelerates the particles. During this phase, the bond

stiffness k̂red and the ultimate displacement û� are adjusted

according to Eq. 15, and the bond force is continuously

updated by Eq. 16. This procedure clearly shows how the

crack propagates through the particle assemblage and the

rate-dependent law controls the crack speed.

5 Crack Branching (Bifurcation)

The crack surface appearance varies when the crack

velocity changes. The general tendency is that the surface

roughness becomes larger when the crack velocity

increases.

As described by Zhou et al. (2005), under low pre-strain

(D\ 0.10 mm), the crack steady velocity is low

(vcr \ 450 m/s), and the fractured surface is smooth. In

moderate values of pre-strain (D = 0.10–0.14 mm), the

crack velocity is higher (vcr = 450–600 m/s), and some

streaks and roughness are observed on the crack surface. At

first, these streaks are not remarkable. However, when the

crack velocity approaches 600 m/s, they become deeper

(0.01 mm order), but the crack still runs in a single straight

path (Zhou et al. 2005; Fineberg 2006).

Under the highest pre-strain (D = 0.16 mm), the crack

velocity exceeds 600 m/s, and some small cracks start

branching from the main crack. Generally, in the

velocity range about 600–650 m/s, these small cracks

stop further propagating and create the micro-branches

seen in the laboratory. However, when vcr [ 650 m/s,

one or few of these small cracks continue running as far

as 1 mm or more, and crack bifurcation (branching)

happens. A schematic representation of the crack bifur-

cation, observed by Zhou et al. (2005), is presented in

Fig. 5.

A review on the fracture studies shows that the model

mesh size cannot be lower than 0.1 mm order to have an

efficient solution with the current computer facilities (Xu

and Needleman 1994, 1995, 1996; Zhai et al. 2004; Zhou

et al. 2005; Block et al. 2007; Kazerani and Zhao 2010;

Zhao and Zhao 2009). The streaks and micro-branches,

observed on the crack surface, are much smaller than this

value for low and moderate pre-strain. Therefore, crack

branching could not be allowed in the numerical model

except for the highest pre-strain where the branch size is

larger than the mesh resolution.

6 Calculation Results and Discussion

The experimental results presented in Fig. 1 are compared

with the predictions using the rate-independent (RI) and

rate-dependent (RD) models.

In these models, crack propagation under six different

loadings is determined. The prescribed boundary dis-

placement D is chosen to be 0.06, 0.08, 0.10, 0.12, 0.14,

and 0.16 mm. According to Eq. 17, the stored energy W

is 1,391, 2,472, 3,863, 5,562, 7,571, and 9,888 N/m,

respectively.

As shown in Fig. 3, the softening length in phase-III will

decrease with increasing d2. However, we found that when

d2 exceeds a threshold, equal to 0.536, the crack will arrest

for the lowest pre-strain (D = 0.06 mm) in the rate-inde-

pendent model. For this reason, d2 can be finally deter-

mined from a trail and error process which finally led to

d2 = 0.536.

There are two rate-dependent (RD) cases possible:

• Partial rate-dependency, RD-P: Only u* is rate-depen-

dent, while kred is held constant.

• Full rate-dependency, RD-F: Both kred and u* change in

terms of the bond deformation rate.

Results using the RI case are presented in Fig. 6 in terms

of the crack tip position versus D where the crack speed for

each value of D is computed by the average slope of the

corresponding curve. As seen, the crack propagates in a

steady state, and no fluctuation or instability is observed in

the crack speed response.

Δ = 0.16 mm

Δ = 0.16 mm

Fig. 5 A representative crack bifurcation observed in the highest

pre-strain
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6.1 Partial Rate-Dependent Case

The RD-P modeling logic is similar to the cohesive ele-

ment model by Zhou et al. (2005) and the cohesive nodal

force model of Block et al. (2007). In Fig. 7, the experi-

mental results are compared with those of the RI and RD-P

model, with _uu
ref = 16 m/s and g = 1.0. As seen, the crack

velocity in the RI model is about the Rayleigh wave speed,

which is much higher than the limiting velocity vL

observed in the laboratory. This proves that the rate-inde-

pendent models are not applicable to dynamic fracturing,

and the rate effects have to be introduced into the model.

Although the RD-P model results in better predictions, it

cannot precisely reproduce the laboratory results. As

argued by Zhou et al. (2005), numerically obtained crack

speed directly depends on the magnitude of the fracture

energy Gf released at each bond failure. Since the bond

strength is held constant in the RD-P model, Gf increase is

limited to the increase in u*. Hence, the fracture energy

release cannot be adequately reproduced.

Zhou et al. (2005) claimed that the crack branching

allowance solves this problem. Block et al. (2007) assigned

a damage model to the solid material to increase the

fracture energy and control the crack speed. These two

methods artificially treat the discussed lack of energy dis-

sipation through the bond failure. As described in Sect. 5,

Zhou’s solution (i.e., crack branching allowance) is not in

agreement with the specimen post-fracture appearance in

low and moderate pre-strain where no branching is

observed in the plate. Application of a damage model for

solid elements by Block et al. (2007) does not sound quite

convincing, because the majority of the energy dissipation

seems to happen within the damaged solid material, not in

the cracked surface.

One may think that the RD-P model may lead to better

results by changing g or _uu
ref . However, as discussed by

Zhou et al. (2005), this model never properly reproduces

the laboratory results, and sometimes causes an unrealis-

tically high bond deformation that even exceeds the pre-

scribed boundary displacement (i.e., 2D).

6.2 Full Rate-Dependent Case

As observed in the laboratory, cracking in a fast moving

crack-tip zone may result in local stress increase (Costanzo

and Walton 1998; Allen and Searcy 2001; Kubair et al.

2003; Xu et al. 2003; Ivankovic et al. 2004). A quantitative

evaluation, performed by Zhou and Molinari (2004), shows

that the failure strength of ceramics increases up to 15%

when the strain rate increases from 40 to 5,000 s-1. This

stress increase raises Gf and consequently influences on the

material fracturing behavior.

All the previous discussions make us believe that each

bond break must dissipate enough energy to limit the crack

speed, and both the bond cohesive strength and deforma-

tion must be increased to produce the actual fracture

energy. This idea led to the development of a full rate-

dependent model (RD-F) in which both u* and kred change

with _u�:
A comparison of the laboratory results, RD-P and RD-F

simulations, is shown in Fig. 8. The rate-dependency
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parameters are taken as _uu
ref = 40.0 m/s, _uk

ref = 5.0 m/s,

g = 4.0, and n = 0.2 by trail and error to get the best fit.

As seen in Fig. 8, while the RD-P solution approaches

unrealistically high cracking speed for large values of

stored energy, the RD-F follows the experimental data and

closely predicts the PMMA fracture response.

According to the discussion in Sect. 5, no crack

branching is permitted in the model for low and moderate

pre-strain, and the crack propagates in a straight path only.

However, in the highest value of prescribed loading

(D = 0.16 mm), the crack is allowed to bifurcate. The

results of branching for this case are presented in Fig. 9. It

shows that the numerically obtained branching pattern is

quite similar to the laboratory results observed by Shioya

and Zhou (1995) and Zhou et al. (2005) (see Fig. 5).

7 Conclusions

Dynamic fracture behavior of PMMA, a brittle material,

was explored using a rate-dependent model implemented in

the DLSM. The proposed model increases both the ultimate

deformation and the strength of the bonds in terms of their

deformation rate.

Since the magnitude of the micro-branches, experi-

mentally observed on the cracked surface for low and

moderate pre-strain, is much smaller than the finest pos-

sible mesh size, no crack branching was allowed, and the

model assumes the crack to propagate through a straight

path within the plate. However, as the crack branch size in

high pre-strain is comparable with the model mesh reso-

lution, the crack bifurcation was allowed in this situation.

Fig. 9 Distribution of the

y-direction strain, predicted by

the DLSM at t = 5 ls (a) and

t = 25 ls (b) for the highest

pre-strain
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The model reproduces the actual energy dissipation

through the cracked surface. It also predicts the laboratory

crack velocity for all values of the prescribed loading, as

well as the branching pattern observed in high pre-strain.

All these achievements are reached while no additional

assumptions, like introducing a damage model (Block et al.

2007) or unnecessary branching (Zhou et al. 2005), are

required.

The obtained results verify the validity and the adequacy

of the proposed model to effectively predict the fracture

behavior of the brittle materials.

Acknowledgments This research is sponsored by the fund of the

Swiss National Science Foundation (SNSF) and the Ecole Polytech-

nique Fédérale de Lausanne (EPFL). The financial support from the

China Scholarship Council to G.F Zhao is also acknowledged. The

authors are grateful to the anonymous reviewer for his/her construc-

tive comments and valuable time devoted to improving their

manuscript.

References

Allen DH, Searcy CR (2001) Micromechanically-based model for

predicting dynamic damage evolution in ductile polymers. Mech

Mater 33(3):177–184

Barenblatt GI (1962) The mathematical theory of equilibrium cracks

in brittle fracture. Adv Appl Mech 7:55–129

Bedford A, Drumheller DS (1996) Introduction to elastic wave

propagation. Wiley, New York

Belytschko T, Black T (1999) Elastic crack growth in finite elements

with minimal re-meshing. Int J Numer Methods Eng 45(5):601–

620

Block G, Rubin M et al (2007) Simulations of dynamic crack

propagation in brittle materials using nodal cohesive forces and

continuum damage mechanics in the distinct element code

LDEC. Int J Fract 144(3):131–147

Broberg KB (1999) Cracks and fracture. Academic Press, New York

Camacho GT, Ortiz M (1996) Computational modeling of impact

damage in brittle materials. Int J Solids Struct 33(20–22):2899–

2938

Camacho GT, Ortiz M (1997) Adaptive Lagrangian modeling of

ballistic penetration of metallic targets. Comput Methods Appl

Mech Eng 142(3–4):269–301

Costanzo F, Walton JR (1998) Numerical simulations of a dynam-

ically propagating crack with a nonlinear cohesive zone. Int J

Fract 91(4):373–389

Dally JW, Fourney WL et al (1985) On the uniqueness of the stress

intensity factor—crack velocity relationship. Int J Fract 27(3–

4):159–168

Dugdale DS (1960) Yielding of steel sheets containing slits. J Mech

Phys Solids 8(2):100–104

Fineberg J (2006) The dynamic of rapidly moving tensile cracks in

brittle amorphous material. In: Arun S (ed) Dynamic fracture

mechanics. World Scientific, Singapore, pp 104–146

Fineberg J, Gross SP et al (1991) Instability in dynamic fracture. Phys

Rev Lett 67(4):457–460

Freund LB (1990) Dynamic fracture mechanics. Cambridge Univer-

sity Press, Cambridge

Ivankovic A, Pandya KC et al (2004) Crack growth predictions in

polyethylene using measured traction-separation curves. Eng

Fract Mech 71(4–6):657–668

Karedla RS, Reddy JN (2007) Modeling of crack tip high inertia zone

in dynamic brittle fracture. Eng Fract Mech 74(13):2084–2098

Kazerani T, Zhao J (2010) Simulation of dynamic fracturing in brittle

materials using discrete element method and a full rate-

dependent logic for cohesive contact. Eng Fract Mech

(submitted)

Kubair DV, Geubelle PH et al (2003) Analysis of a rate-dependent

cohesive model for dynamic crack propagation. Eng Fract Mech

70(5):685–704

Lee Y, Prakash V (1999) Dynamic brittle fracture of high strength

structural steels under conditions of plane strain. Int J Solids

Struct 36(22):3293–3337

Li YN, Bazant ZP (1997a) Cohesive crack with rate-dependent

opening and visco-elasticity: I. Mathematical model and scaling.

Int J Fract 86(3):247–265

Li YN, Bazant ZP (1997b) Cohesive crack model with rate-dependent

opening and visco-elasticity: II. Numerical algorithm, behavior

and size effect. Int J Fract 86(3):267–288

Moes N, Dolbow J et al (1999) A finite element method for crack

growth without re-meshing. Int J Numer Methods Eng

46(1):131–150

Nishioka T (1995) Recent developments in computational dynamic

fracture mechanics. In: Aliabadi MH (ed) Dynamic fracture

mechanics, chap 1. Computational Mechanics Publications,

Southampton, pp 1–60

Nishioka T, Tokudome H et al (2001) Dynamic fracture-path

prediction in impact fracture phenomena using moving finite

element method based on Delaunay automatic mesh generation.

Int J Solids Struct 38(30–31):5273–5301

Pandolfi A, Krysl P et al (1999) Finite element simulation of ring

expansion and fragmentation: the capturing of length and time

scales through cohesive models of fracture. Int J Fract 95(1–

4):279–297

Pandolfi A, Guduru PR et al (2000) Three dimensional cohesive-

element analysis and experiments of dynamic fracture in C300

steel. Int J Solids Struct 37(27):3733–3760

Ravi-Chandar K, Knauss WG (1984) An experimental investigation

into dynamic fracture: II. Microstructural aspects. Int J Fract

26(1):65–80

Ruiz G, Ortiz M et al (2000) Three-dimensional finite-element

simulation of the dynamic Brazilian tests on concrete cylinders.

Int J Numer Methods Eng 48(7):963–994

Sharon E, Gross SP et al (1996) Energy dissipation in dynamic

fracture. Phys Rev Lett 76(12):2117–2120

Shioya T, Zhou F (1995). Dynamic fracture toughness and crack

propagation in brittle material. In: Constitutive relation in high/

very high strain rates, pp 105–112

Xu XP, Needleman A (1994) Numerical simulations of fast crack

growth in brittle solids. J Mech Phys Solids 42(9):1397–1434

Xu XP, Needleman A (1995) Numerical simulations of dynamic

interfacial crack growth allowing for crack growth away from

the bond line. Int J Fract 74(3):253–275

Xu XP, Needleman A (1996) Numerical simulations of dynamic

crack growth along an interface. Int J Fract 74(4):289–324

Xu C, Siegmund T et al (2003) Rate-dependent crack growth in

adhesives: I. Modeling approach. Int J Adhes Adhes 23(1):9–13

Zhai J, Tomar V et al (2004) Micromechanical simulation of dynamic

fracture using the cohesive finite element method. J Eng Mater

Technol 126(2):179–191

Zhang ZN, Ge XR (2005) Micromechanical consideration of tensile

crack behavior based on virtual internal bond in contrast to

cohesive stress. Theor Appl Fract Mech 43:342–359

Zhao GF (2010) Development of micro-macro continuum-discontin-

uum coupled numerical method, PhD thesis. EPFL

Zhao GF, Zhao J (2009) Microscopic numerical modeling of the

dynamic strength of brittle rock. In: Proceedings of ICADD9

Dynamic Fracturing Simulation of Brittle Material using DLSM 725

123



analysis of discontinuous deformation: new developments and

applications, pp 633–640

Zhao GF, Fang J, Zhao J (2010a) A 3D distinct lattice spring method

for elasticity and dynamic failure. Int J Numer Anal Methods

Geomech (submitted)

Zhao GF, Fang J, Zhao J (2010b). A new microstructure-based

constitutive model for failure modeling of elastic continuum. Eur

J Mech Solid (submitted)

Zhou F (1996) Study on the macroscopic behavior and the micro-

scopic process of dynamic crack propagation, PhD dissertation.

The University of Tokyo, Tokyo

Zhou F, Molinari JF (2004) Stochastic fracture of ceramics under

dynamic tensile loading. Int J Solids Struct 41(22–23):6573–6596

Zhou F, Molinari J-F et al (2005) A rate-dependent cohesive model

for simulating dynamic crack propagation in brittle materials.

Eng Fract Mech 72(9):1383–1410

726 T. Kazerani et al.

123


	Dynamic Fracturing Simulation of Brittle Material using the Distinct Lattice Spring Method with a Full Rate-Dependent Cohesive Law
	Abstract
	Introduction
	Dynamic Crack Propagation in PMMA Plates
	Experimental Setup and Measurement
	Test Results

	The Distinct Lattice Spring Method (DLSM)
	Cohesive Law Used in the DLSM
	Rate-Dependent Model

	Modeling
	Material Properties
	Model Micro-Parameters and Geometry
	Boundary Conditions and Fracture Numerical Mechanism

	Crack Branching (Bifurcation)
	Calculation Results and Discussion
	Partial Rate-Dependent Case
	Full Rate-Dependent Case

	Conclusions
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


