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Poisson reduction and the Hamiltonian structure of the
Euler-Yang-Mills equations

Frangois Gay-Balmaz and Tudor S. Ratiu

ABSTRACT. The problem treated here is to find the Hamiltonian structure for
an ideal gauge-charged fluid. Using a Kaluza-Klein point of view, we obtain
the non-canonical Poisson bracket and the motion equations by a Poisson
reduction involving the automorphism group of a principal bundle.

1. Introduction

The motion equations of an ideal incompressible fluid in a Riemannian
manifold (M, g) are given by the Euler equations

(1.1) % + V,v = —gradp,

where the Eulerian velocity v is a divergence free vector field, p is the pressure and
V is the Levi-Civita covariant derivative associated to g. From [A] it is known
that equations (1.1) are formally the spatial representation of the geodesic motion
on the volume-preserving diffeomorphism group D, (M) of M with respect to the
L? Riemannian metric. See also [AM], §5.5.8, for a quick exposition of this fact
and [EM] for the analytic formulation and many rigorous results concerning the
Euler and Navier-Stokes equations derived from this geometric point of view. From
the Hamiltonian perspective, equations (1.1) are the Lie-Poisson equations on the
Lie algebra Xq;,(M) of D, (M), consisting of divergence free vector fields. Here,
Xaiv(M) is identified with its dual by the weak L2-pairing.
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In [MRW, MWRSS], this approach is generalized to the case of the motion
of an ideal compressible adiabatic fluid

1
% + Vv = ;gradpa

dp | .
1.2 s =
(1.2) 5t + div(pv) =0,

g—? +do(v) =0,
where p is the mass density, o is the specific entropy and p is the pressure. In this
case, the configuration space is the full diffeomorphism group D(M) and equations
(1.2) are obtained via Lie-Poisson reduction for semidirect products.

In this paper we generalize the previous approach to the case of a classical
charged ideal fluid. More precisely, using a Kaluza-Klein point of view, we obtain
the motion equations by Poisson reduction. Therefore we need to consider on M a
G-principal bundle P — M and to enlarge the configuration space from the group
of diffeomorphisms to the product of the group of automorphisms of P with the
field variables. This point of view is directly inspired by the paper [M] on the
motion of a particle in a Yang-Mills field.

If G = S' we get the Euler-Maxwell equations describing the motion of an
electrically charged fluid. The Euler-Maxwell equations are given by the system

dv q 1
N + Vv = E(EH_U x B) — ;gradp,
17)
87,;) + div(pv) =0,
(1.3) 9o +do(v)=0
ot ’
OE q 0B
i curl B — el Fri —curl E,

dvE=21) divB=0,
m

where v is the Eulerian velocity, E is the electric field, B is the magnetic field,
and the constant ¢ is the charge per unit mass. The Hamiltonian structure of the
Euler-Maxwell equation was derived in the paper [MWRSS] and is closely related
to the Hamiltonian structure of the Maxwell-Vlasov equations (see [MW]).

In the general case of a Lie group G, we will show that the Poisson reduction
leads to the equation for an ideal compressible adiabatic fluid carrying a gauge-
charge, as given in [GHK]. We call these equations the Euler-Yang-Mills equa-
tions. The standard examples are obtained for G = SU(2) or G = SU(3).

The physical interpretation of the point of view given in this paper is the
following. The evolution of the fluid particles as well as of the gauge-charge density
of the fluid is given by a curve 1; in the automorphism group. In fact 1; is the
flow of a time-dependent vector field U; on the principal bundle P. This vector
field induces a time-dependent vector field v; on M, which represents the Eulerian
velocity of the fluid. Given the evolution of the magnetic potential A; and
of the mass density p¢, the vector field U; induces also a Lie algebra valued and
time-dependent function p;A¢(Uy), which represents the gauge-charge density of
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the fluid. Note the analogy with the Kaluza-Klein point of view for the charged
particle in a Yang-Mills field (see [M]).

The plan of the paper is as follows. Section 2 recalls some needed facts about
principal bundles, connections, automorphisms, and gauge groups. Section 3 recalls
the Hamiltonian formulation of the Maxwell equations and generalizes this to the
case of the Yang-Mills fields equations. Section 4 shows that the compressible and
incompressible Euler-Yang-Mills equations are Lie-Poisson equations for a semidi-
rect product associated to the automorphism group of a principal bundle. One of
the equations is obtained by conservation of the momentum map associated to the
invariance under gauge transformations. We naturally obtain the associated non-
canonical Poisson bracket. By applying the general process of reduction by stages,
we get some already known results about the Euler-Maxwell equations. We also
show that the two different Poisson brackets derived in [GHK]and in [MWRSS]
are in fact obtained by Poisson reduction, at different stages, of the same canonical
Poisson structure.

2. Connections, automorphisms and gauge transformations

In this section we fix our conventions on principal bundles and connections.
Consider a smooth free and proper right action

®:GxP— P (g9,p)— 24(p)
of a Lie group G on a manifold P. Thus we get the principal bundle
m:P—M:=P/G,

where M is endowed with the unique manifold structure for which 7 is a submersion.

Recall that the adjoint vector bundle is

AdP:=Pxgg— M,

where the quotient is taken relative to the right action (g, (p,&)) — (®4(p), Adg-1(§)).
The elements of Ad P are denoted by [p,€]g, for (p,§) € P xg.

Consider the space Q¥ (P, g) of g-valued k-forms on P and let Q%(P,g) be the
subspace of Q¥ (P, g) consisting of g-valued k-forms w such that
(1) ®jw = Adg-1 0w,
(2) if one of uy, ..., ux € T, P is vertical then w(uq,...,ux) = 0.
QF (P, g) is naturally isomorphic to QF(M, Ad P), the space of Ad P-valued k-forms
on M. Indeed, to each w € QF(P, g) corresponds a k-form @ € Q¥(M, Ad P) given
on vy, ..,v; € T, M by
(2.1) @(x)(v1,y .oy vg) = [, w(p) (U1, ..., ug)la,
where p € P is such that n(p) = z and u; € T,P are such that Tpm(u;) = v;. We
shall use the notation QO0(P,g) = Fg(P,g) and Q°(M,Ad P) = T'(Ad P).

A principal connection on P is a g-valued 1-form A € Q!(P, g) such that

PgA = Adg-r0A and A(ép) =¢,

where £p is the infinitesimal vector field associated to £. The set of all connections
will be denoted by Conn(P). It is an affine space with underlying vector space
QI(P,g). Recall that a connection induces a splitting T,P = V,P & H,P of the
tangent space into the vertical and horizontal subspace defined by

H,P := ker(A(p)).
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The covariant exterior differential associated to A is the map d* : QF (P, g) —
QFL(P, g) defined by

d"‘w(p)(ul7 oy i) = dw(p) (hory(u1), ..., hory, (ug)) ,

where hory(u;) is the horizontal part of w; € T,P, i = 1,...,k. Note that for
w € QF(P, g) we have dw € QFFL(P, g).
The curvature of the connection A is, by definition, the 2-form

B:=d*Ac Q%(P,g).

Recall that a principal connection A on P induces an affine connection and a
D.A

<> on the vector bundles

covariant derivative, denoted respectively by V4 and
AdP — M and Ad P* — M (see [KN]).
Given a Riemannian metric g on M and a connection A on P, we can define

the covariant codifferential
5 - QF(P,g) — QF1(P, g),

see definition 4.2.8 in [B].
Given a Riemannian metric g on M and an Ad-invariant inner product v on g
we can define a Riemannian metric gy on the vector bundles A*(M, Ad P) — M.
Let M be a compact oriented boundaryless manifold. For a € QF(M, Ad P)
and 3 € Q1 (M, Ad P) we have (see Theorem 4.2.9 in [B]) :

(2.2) /M<gv)<d*‘a,ﬁ>u - /M(gw)(aﬁ““ﬁ)m

where 1 denotes the volume form associated to the Riemannian metric g.
Given a connection .4, a Riemannian metric g on M and an Ad-invariant inner
product v on g, we can define the Kaluza-Klein metric K4 on TP by

(2.3) K a(up,vp) == g(Tpm(uy), Tpym(vp)) +v(Alup), A(vp)).

We say that a diffeomorphism ¢ of P is an automorphism if ®,0¢p = po &,
for all g € G. The Fréchet Lie group of all automorphisms is denoted by Aut(P).
An automorphism ¢ of P induces a unique diffeomorphism @ of M defined by the
condition o = @om. The Lie algebra aut(P) consists of G-invariant vector fields
on P. Its (left) Lie bracket is denoted by [U, V] and is the negative of the usual
Jacobi-Lie bracket [U,V];r. For U € aut(P) we denote by [U] € X(M) the unique
vector field on M defined by the condition

TroU=[U]om.

The normal subgroup Gau(P) of gauge transformations contains, by definition, the
automorphisms ¢ with @ = id.

The Lie algebra gau(P) consists of G-invariant vertical vector fields on P.
Therefore when U € gau(P) we have [U] = 0. Note the identifications

gau(P) = Fo(P,g) =T(Ad P).

Indeed, to f € Fg(P,g) we can associate the G-invariant vertical vector field o(f)
given by

(2.4) a(f)p) = f(p)p(p).
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The second equivalence is given by the map (2.1). A direct computation shows that
o is a Lie algebra isomorphism, that is,

a(lf,9]) = lo(f);o(9)]L-

If the principal bundle P — M is trivial the automorphism group is a semidirect
product of two groups :

Aut(P) ~ D(M)® Gau(P).

Duality. Throughout this paper we will identify the cotangent space T Aut(P)
with the space of G-invariant 1-forms on P along ¢ € Aut(P). The duality is given
by

MU = [ MU
where M, € T Aut(P) and U, € T, Aut(P). Note that in this formula we used
the fact that M, (U,,) is a smooth function on P that does not depend on the fiber
variables and hence induces a unique smooth function on M. In particular we have
aut(P)* = QL (P), the space of right-invariant 1-forms on P.

We identify the cotangent space T;;Gau(P) with the tangent space T,,Gau(P)
via the duality

(25) W V) = [ 7 (AT AT) .

for any principal connection 4 on P. Note that, since U, and V,, are vertical, the

pairing (2.5) does not depend on A, indeed, we have A(U,) =0 (U, 0 ¢ 1) 0.
3. Equations for the fields

In this section we give the Hamiltonian formulation for the Yang-Mills fields in
the vacuum. We first treat the electromagnetic case.

3.1. Hamiltonian formulation of the Maxwell equations. The Hamil-
tonian is defined on the cotangent bundle T*Q!(M,R) and is given by

1 1
7AY) =5 [ 1B+ [ 1B,

where F := —Y is the electric field and B := dA is the magnetic field. Hamilton’s
equations are

0B oF
1 — =—-dE and — =B
(3.1) ot SY ’
and the relation B = dA gives
(3.2) dB = 0.

To obtain the last equation § E = 0 we use the invariance of the Hamiltonian under
gauge transformations. The action of the gauge group F(M) on Q!(M,R) is given
by

(3.3) F(M) x QY(M,R) — QY (M,R), (p,A) — A+dyp,
and is Hamiltonian. The associated momentum map is

J: T*Ql(M,R) — F(M)*, J(AY) =14Y,
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so the condition J(A,Y) = 0 gives the Gauss law
(3.4) JE = 0.

Remark that we identify the tangent and cotangent spaces of Q'(M,R) and F (M)
using the natural L?-pairing.

When M is three dimensional, we can define the vector fields E := E* and
B := (xB)!. In this case, equations (3.1), (3.2) and (3.4) are equivalent to the
Maxwell equations in the vacuum

a—E = curl B, divE =0,
ot

(3.5) IB
— =—curlE, divB =0.
ot

3.2. Generalization to any principal bundle. We now generalize the pre-
vious formulation to the case of a G-principal bundle P — M over an arbitrary
compact boundaryless manifold M. When P is a trivial S' bundle over a three
dimensional manifold, we recover the Maxwell equations.

As in the electromagnetic case, the configuration space variable is the magnetic
potential A € Conn(P) and the Hamiltonian is defined on the cotangent bundle
T*Conn(P) by

1 1
HAY) =5 [ 1EPa ;5 [ 1B
M M
where:

(1) E:=E€ € Q*(M,AdP) is the Ad P-valued 1-form associated, through the map
(2.1), to the “electric part” £ € QN(P, g) of the Yang-Mills field, given by

£:=-YecQl(Py),

(2) B := gj Q?(M,Ad P) is the Ad P-valued 2-form associated to the “magnetic
part” B € Q1(P, g) of the Yang-Mills field, given by the curvature

B:=d*Ac Q%(Pyg).

As before, we identify the cotangent bundle of Conn(P) with the tangent bundle,
using the L? pairing

(3.6) (0, B) = /M(gv)(a,ﬂ)u, o, € Q4(M,Ad P).

The Hamiltonian equations associated to H are

0B 4 08 4
o, = —dl€ and =548,

and the Bianchi identity gives

d*B = 0.
To obtain the last equation we use the invariance of the Hamiltonian under the
gauge transformations. The action of ¢ € Gau(P) on A € Conn(P) is given by ¢*A
and the cotangent lift of this action is given by (¢*A,¢*Y). Under this action, &
and B are transformed into ¢*& and ¢*B, so H is gauge-invariant. The momentum
mapping associated to this Hamiltonian action is given by

J: T*Conn(P) — gau(P)*, J(A,Y) = a(61Y),
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so the conservation law J(A,Y) = 0 gives the last equation
§AE =0.
Note that we identify gau(P)* with gau(P) via the L? pairing (3.6).

4. Hamiltonian formulation of Euler-Yang-Mills

We begin by quickly recalling some facts about the Hamiltonian semidirect
product reduction theory.

Hamiltonian semidirect product reduction with parameter. Let p :
G — Aut(V) denote a right Lie group representation of G in the vector space V.
As sets, the semidirect product S = G@®V is the Cartesian product S = G x V
whose group multiplication is given by

(.9171)1)(92,7}2) = (919277]2 + p92<v1))'

Below we shall use the operation ¢ : V x V* — g* defined by
<U ¢a, £>g = *((lf, U>V;

where v € V, a§ € V* denotes the induced g-action of £ € g on a € V*, and
()g:9"xg—Rand () : V* xV — R are the duality parings.

The lift of right translation of S on T*S induces a right action on T*G x V*.
Let @ be another manifold (without any G or V-action). Consider a Hamiltonian
function H : T*G x T*Q x V* — R right invariant under the S-action on T*G X
T*Q x V*; recall that the S-action on T*(Q is trivial. In particular, the function
Heoy = Hlp-gx1*Qx{ao} : T"G X T*Q — R is invariant under the induced action of
the isotropy subgroup Go, :={g € G | p;ap = ag} for any ag € V*. The following
theorem is an easy consequence of the semidirect product reduction theorem (see
[MRW]) and the reduction by stages method (see MMOPRY]).

THEOREM 4.1. For a(t) € T, G and pu(t) := T* Ryt (a(t)) € g*, the following
are equivalent:
i (a(t),q(t),p(t)) satisfies Hamilton’s equations for Hy, on T*(G x Q).
ii The following system of Lie-Poisson equations with parameter coupled with
Hamilton’s equations holds on s* x T*Q:

0 . . oh oh B
E(u,a) = —ad((;h M)(,u,a) = — <ad§:1 W+ Moa,aéu) , a(0) =ag

Spda

and
dq’ _ Oh dp;  Oh
dt — dp;  dt  dq
where s is the semidirect product Lie algebra s = g@ V. The associated

Poisson bracket is the sum of the Lie-Poisson bracket on the Lie algebra
5% and the canonical bracket on the cotangent bundle T*Q

(ot manan) = (u |2, 09]N 4 (o 00099 _ 0901\ | 07 89 _ 0 Of
y s\, Qs 4, P) = M 5#’6# ’5@5# 50,5[}, aqz 8})1 aqzapl
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The Hamiltonian. The Hamiltonian for the Euler-Yang-Mills equations is
defined on the cotangent bundle T*(Aut(P) x Conn(P)) and is given, for (p,o) €
F(M)*2, by

1
Hip My AY) = 5 [ SHAM Mot [ pelplT0) o

(4.1) / 1B+ 5 [ 1817

where e is the fluid’s specific internal energy and K7 is the metric induced on
T*P by K 4. This Hamiltonian is obtained by integrating the Kaluza-Klein energy
of the particles and by summing it with the internal energy of the fluid and the
Hamiltonian for the Yang-Mills field. By Theorem 4.1, Hamilton’s equations for
H(, ) are equivalent to the Lie-Poisson equations on the dual of the semidirect
product Lie algebra aut(P)® F(M)?, together with the Hamilton equations on
T*Conn(P), relative to the reduced Hamiltonian h given on (aut(P)® F(M)?)* x
T*Conn(P) by

WMo A V) = 5 [ SRAMM [ ey [ 1B [ 1B

The momentum map of the gauge group. As it was the case in section
3, the nonabelian Gauss equation

1€ =-0

is obtained by invariance of the Hamiltonian under the gauge transformations.
Indeed, consider the action of the gauge group given for n € Gau(P), by

(4.2) (1, A) — (n~ ' o, " A).

The cotangent-lift of this action leaves the Hamiltonian invariant. So the associated
momentum map, which is computed in the following lemma, is a conserved quantity.

LEMMA 4.2. The momentum mapping associated to the cotangent lift of the
gauge group action is given by

J(My, A,Y) =0 (5Ay y ((JE”) Vy o wl)) € gau(P)*,

where Vi, € Ty Aut(P) is such that My, = KA(Vy,-) and o : Fg(P,g) — gau(P) is
defined in (2.4).

When My, = K 4(poUy, -), is a solution of Hamilton’s equations associated to
Hp,,00), the conservation law J(My, A, )) = 0 gives

A((787) (b0 YUy 0pt) = 54y,

Using the definition of the charge density Q := pA(U), the identities Uy ot ~! =
(Jﬂ_l) (po oﬂ_l) = p, and the notation £ = —Y, we get

)

Q= —§4€.

We can now state our main result.
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THEOREM 4.3. Let (My, A, Y) be a curve in the cotangent bundle T* (Aut(P) x
Conn(P)), and consider the induced curve (M, A,Y) € aut(P)* x T*Conn(P) given
by M := (JE) My o~ t. Then (My, A, Y) is a solution of the Hamilton’s equations
associated to the Hamiltonian H,, »,) given in (4.1) if and only if (M, A,)) is a
solution of the system

v 1 # 1

E + Vv = ;7 (QaE() + B(,U)) - ;gradpv

ap . B B do B B

En + div(pv) = 0, p(0) = po, g +do(v) =0, 0(0) = oy,
(4.3) aaicf +VAQ + Qdive =0,

0 4 b

i B - Qv

oB 4

i —d7¢€,

where
pr=p %(p,a),
E:=-YeO(Pg) and E:=EcQ'(M,AdP),
B:=d*4 and B:=B8,
Q:=Qel(AdP).

The Eulerian velocity v and the gauge-charge density Q are given in terms of the
momentum M by

(4.4) v=[U] and Q= A(pU) where U =K} (12[, ) .

Conservation of the momentum map associated to the gauge transformations gives
the equation

§AE = —0Q.

Thus we have recovered the Euler-Yang-Mills equations as given in [GHK].
One can adapt this theorem to the incompressible and homogeneous case.

COROLLARY 4.4. In the Abelian case of the trivial bundle P = M x S' and
assuming that the fluid is composed of particles of mass m and charge q, we obtain
the Euler-Mazwell equations

0 1
—U—I—Vvv:g(E—f—va)—fgradp’
m p

ot

0 0

S+ div(pr) =0, p(0) = po, 5 +do(v) =0, 7(0) = v,
(4.5) ¢ t

0E q 0B

E—curlB—Epv, E——curlE7

dvE=2L) divB=0,
m

where
E:=E' and B:= (xB)".
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PRrOOF. If we define Q; = p; &t

d
0= 20 4 dgw) = Lo,
where x(t) is the trajectory of the particle starting at x(0). Since all particles
have the same charge ¢ € R by hypothesis, we conclude that ¢(¢,z) is a constant.
Therefore, the equation for @ in (4.3) disappears. It is easily seen that the other
equations become the ones in (4.5). |

the equation for @ in (4.3) becomes

m’

Poisson bracket. From Theorem 4.1 we know that the Euler-Yang-Mills equa-
tions can be written .
f=Afn}

with respect to the Poisson bracket

(roonpean) = [ m([ 2 )
“Joe(a(5) [l -2 (5) [l
o (o (5o o] ) - (32 v

+/M(gv) (gj;, g) = /M(gv) (3’%) [

We can obtain this bracket and the associated Hamilton equations (4.3) al-
ternatively by a reduction by stages process (see [MMOPR]). The symplectic
reduced spaces are of the form O x T*Conn(P), where O is a coadjoint orbit of the
semidirect product S := Aut(P)® (F(M) x F(M)).

If the principal bundle is trivial, the automorphism group is a semidirect prod-
uct of groups. In this case the first term can be written more explicitly by taking
advantage of the internal structure of Aut(P), and we recover (up to sign conven-
tions) the Poisson bracket given in equation (38) in [GHK].

(4.6)

The second reduction. Note that right translation of Aut(P)® (F(M) x
F(M)) on itself and the action of Gau(P) on Aut(P) x Conn(P) given by (4.2)
commute if one views them as actions on S x Conn(P). Therefore, by the general
theory of commuting reduction by stages (see [MMOPR]), the momentum map
associated to the gauge group action is Aut(P)-invariant and induces a momentum
map J¢+ on 5% x T*Conn(P) which restricts to a momentum map Jo on the reduced
space O x T*Conn(P). A direct computation shows that we have

(4.7) Jor 18" x T*Conn(P) — gau(P)*, Ji(M,p,0,A,Y) =0 (64Y — A(V)),

where V' € aut(P) is such that M = K 4(V,-), and o on the right hand side denotes
the map defined in (2.4). The gauge group action induced on s* x T*Conn(P) and
O x T*Conn(P) is given by

(4.8) (M, p,0,A,Y) = (Ad; M, p,0,n" A, 0" ).
Using the notation S := (M, p, o) € O, it can be written as
(4.9) (S, A, )) — (Adzkn,o,o) S,n*A,n*Y).

This action is simply the diagonal action given on the first factor by the coadjoint
action of the subgroup Gau(P) of S = Aut(P)® (F(M) x F(M)), and on the
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second factor by the gauge transformations. Note that when the center Z(G) of
the structure group G of the bundle 7 : P — M is trivial, then the transformation
A — n*Ais free. In this case, the reduced action (4.9) is also free and the second
reduced symplectic spaces

J5'(N)/Gau(P)n, N € gau(P)*,

have no singularities.

By the reduction by stages process (see MMOPRY), the reduced spaces J ;' (N)/Gau(P)n
are symplectically diffeomorphic to the reduced spaces obtained by a one step re-
duction from the cotangent bundle

T*(S x Conn(P))

with respect to the product of the two cotangent-lifted actions.
Note that the Euler-Yang-Mills equation (4.3) projects to the reduced space at
zero momentum

(4.10) J,5'(0)/Gau(P).

The general case corresponds to the Yang-Mills fluid with an external charge N.

In order to obtain the reduced Poisson structure concretely, we will identify
the space s* x T*Conn(P) with a space on which the gauge action is simpler. This
identification is given in the following proposition.

PROPOSITION 4.5. Consider the group K = D(M)® (F(M) x F(M)) and
denote by €* the dual of its Lie algebra. There is a gauge-equivariant diffeomorphism

(4.11) i:8" X T*Conn(P) — " x Fa(P,g") x T*Conn(P),
given by
i(Mapa g, Aa y) = ((HOTA)* © Mapa U7J © MaAa _y) = (n>P, g, v, A7£)7

where the gauge group acts on s* x T*Conn(P) by the action (4.9) and on € X
Fa(P,g*) x T*Conn(P) only on the factor Fo(P,g*) x T*Conn(P) by the right
action

(4.12) (v, A, &) = (von,n"A,n"E).
Moreover, the image of the level set J;l (N) by the diffeomorphism i is given by
{(0,p,0,0, A, ) [ v +4(84E + f,-) = 0},

where N € gau(P) and f € Faq(P,g) is such that o(f) = N. Thus J7'(N) is
diffeomorphic to ¥ x T*Conn(P).

The map J : T*P — g* denotes the momentum map J(cp)(§) = (op, Ep (D)),
and (Hor 4)* denotes the dual map of the horizontal-lift Hor g : TM — TP with
respect to A.

From this Proposition we obtain that the reduced spaces J..*(N)/Gau(P)N can
be identified with the quotient space ¢* x [(Fa (P, g*) x T*Conn(P)) /Gau(P)N], via
the diffeomorphism induced by ¢ and given by

(4.13) (M, p,0,v, A, V)] — ((Hor4)* o M, p, 0, [v, A, E]),

where [-] denote the corresponding equivalence classes.
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We now compute the Poisson structure {,}’ induced by i on & x Fg (P, g*) x
T*Conn(P). For f,g € F(¢* x Fa(P,g*) x T*Conn(P)) we have the formulas

Ued iyl ppo®,  [Med] o

M on o SM on’ = (Hor,)" o M,

(9’)’)(5(§;i),(3>—(9’y)<§£ ) (c(mu(gi))), vi=JoM.

Therefore, we obtain

{f.9Y (np,0,v, A, E) == {foi,goi}(M,p,0,A )
= [ (lwin] e [ (ali) in-a (i) 30)
+/ <div (gf §g> — div <§g gi)) "
(4.14) / (M 55) "= /M(gv) (;Qg) I
«f (5 5)
)
dg
v

o )
o () )

of
H 2
> < or 4 0611)
4] ]
+B | Hor g o— / Hoer—g I
on on
Note that the first three terms in (4.14) represent the Lie-Poisson bracket on
£*, the fourth and fifth terms represent the canonical bracket on T*Conn(P), the

sixth term is the Lie-Poisson bracket on Fg (P, g*), and the last term provides the
coupling of the fluid variables to the Yang-Mills fields.

By the general process of Poisson (point) reduction, the reduced spaces
M (N)/Gau(P)x = ¢ x [(Fa(P,g") x T*Conn(P)) /Gau(P)x]
inherit a Poisson bracket {, }n given by

(4.15) {/nogndn(m, p, 0, (v, A E]) = {f, 9} (n,p,0,0, A, D),

where f, g are any Gau(P)-invariant extensions of the functions fx o 7N, gn © TN :
J}(N) — R, relative to the projection mx : J.'(N) — J.'(N)/Gau(P)n

The equations of motion on the Poisson point reduced space J,,'(0)/Gau(P)
cannot be written explicitly, because there is no concrete realization of this quotient,
to our knowledge. However, in the particular case of a trivial principal bundle, this
is possible.

We end this section by examining the case of the trivial bundle P = S'x M, that
is, the case of the Euler-Maxwell equations. Since G = S, the gauge transformation
(4.8) is simply

(ma v,p,0, A7Y) = (m + Vd77, v,p,0, A+ dnv Y)v
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where v = Q = p-L, by relation (4.4) and Corollary 4.4. This gauge transformation
coincides with the one given in equation (36) in [MWRSS], where the notation
a := L is used. The zero level set of the momentum map is given by

J2H0) = {(m,p%,p,mA,Y) | divE = p%, E:— fYﬁ}.

o
The bijection ¢ reads
i(m,pi7p,0,A,Y) = (mpr . P, 0, p A, Y)
m
and the image of J_.*(0) is given by
{(n,p,0,v,A)E) | divE = v},

where the notation E := Ef € X(M) is used. The gauge transformation (4.12) is
simply given by
(n,p,0,v,A,E) — (n,p,0,v, A+dn, E).
Through the diffeomorphism i, the projection my : J;.'(0) — J.1(0)/Gau(P) is
given by
(n,p,0,v, A, E) — (n,p,o,[A]l, E),

where [A] € QY(M)/dF(M). Assuming that the first and second cohomology
groups of M are trivial, H'(M) = H?(M) = {0}, we get the isomorphism

(4.16) [A] — B:=dA € Q%(M),

where Q2 (M) denotes the space closed two-forms. Thus i induces a diffeomorphism
between J_.' (0)/Gau(P) and the space £ x Q2 (M) x Q' (M) given by

m,v,p,0,A, Y] — (m — Av,p,0,dA,-Y) =: (n,p,0, B, E).

where Q2 (M) denotes the closed 2-forms on M. This identification coincides with
the one given in Proposition 10.1 in [MWRSS].

Using the definition (4.15) and the bracket (4.14), the reduced Poisson bracket
on £ x Q% (M) x Q' (M) is given by

(Fatotponsr) = [ n([5E32) )
Jo () m - (5) )
(4.17) +/Ma<div (gfgg) —div(?ig{l))u
o055 58) = o (055 55)
oo G () =5 (GR) 2 (G ) e

and the Euler-Maxwell equations can be written as

]é: {fvh}O’

relative to the induced Hamiltonian h given by

o5 E) =5 [ (Sotmm)+ 2082 )t [ petpeomry [ (B 41817 0
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Note that the function

1 1
C(napvaaB’E) = 5/]\/[ ;(5E)2

is a Casimir function, so an equivalent Hamiltonian is given by
— 1

1 1
o po,B8.5) =5 [ Sotmmut [ petp.ont g [ (1B + 1B o

When M is three dimensional, we can use the notations B := (xB)* and E :=
E*. Therefore the two last terms can be written as

/ curl(s—g ﬁ 7/ curlﬁ 5—9
' B oE )" )7 5B’ oE ) "

q og Of of dg of _ dg
+/M”m <g<6E’6n>_g<§E’5n TI\B 5 on ) )

This bracket coincides with the one derived in [MWRSS] by a direct computa-
tion. Note that the first line in the formula above is the Pauli-Born-Infeld Poisson
bracket for the Maxwell equations (see, e.g. [MR], §1.6). The Hamiltonian & is
very simple: it is the sum of the total energy of the fluid plus the energy of the
electromagnetic field.
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