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1. Introduction

The equations of motion of an adiabatic compressible fluid are given by

ou 1
m + Vyu= —gradp,
p (11)

90 . as .
3 + div(pu) =0, o + div(Su) =0,

where p is the mass density, S is the entropy density, and p is the pressure. It was shown in [25]
that this system, as well as its magnetohydrodynamic extension, admit a non-canonical Poisson for-
mulation, that is, Eq. (1.1) can be written as

f=1{f.h},

relative to a Hamiltonian function h. It is of great (mathematical and physical) interest to obtain these
Poisson brackets by a reduction procedure from a canonical Hamiltonian formulation on a cotangent
bundle. In [24], the non-canonical Poisson bracket associated to (1.1) is obtained via Lie-Poisson re-
duction for a semidirect product group involving the diffeomorphisms group of the fluid container
and the space of the advected quantities o and S. The Lagrangian formulation of these equations is
given in [17].

In the same spirit, the non-canonical Hamiltonian structure for adiabatic Yang-Mills charged fluids
discovered in [10] is obtained by reduction from a canonical formulation in [8], by using a Kaluza-
Klein point of view involving the automorphism group of the principal bundle of the theory. This
paper gives also the Euler-Poincaré formulation of these equations.

Non-canonical Hamiltonian structures for a wide class of non-dissipative fluid models were de-
rived in [11,14-16], and [12]. These examples include Yang-Mills magnetohydrodynamics, spin glasses,
and various models of superfluids, and involve Lie-Poisson brackets with cocycles. Remarkably, from a
mathematical point of view, the Hamiltonian structures of many of these models are identical. This
Hamiltonian structure together with the corresponding variational principles are studied in more de-
tail, with an application to liquid crystals, in [13]. We will refer to all these models as complex fluids.
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In this paper we show the remarkable property that these Lie-Poisson brackets with cocycles can
also be obtained by Poisson reduction from a canonical Hamiltonian structure. The cocycle in the
Hamiltonian structure appears only after reduction and it is due to the presence of an affine term
added to the cotangent lifted action. The associated reduction process is naturally called affine Lie-
Poisson reduction.

An important example of such an affine action is given by the usual action of the automorphism
group of a principal bundle on the connection forms. As a result, we obtain, in a natural way, covariant
differentials and covariant divergences in the expression of the Poisson brackets and of the reduced
equations. These gauge theory aspects in the case of complex fluids are mathematically and physically
interesting since they represent a bridge to other possible gauge theories in physics.

The new affine Lie-Poisson reduction principle presented in this paper unifies all previous ap-
proaches in the problem of complex fluid dynamics. Eringen and Holm have extensively studied the
roles of auxiliary variables that were Lie algebra valued 1-forms frozen into the fluid flow. In particu-
lar, Holm observed that these variables contribute generalized 2-cocycles in the Lie-Poisson structures
of ideal complex fluids. We implement Holm’'s observation as a fundamental principle which, for
physical interactions in complex fluids, is similar to the principle of spontaneous symmetry break-
ing in the coupling of charges and fields in electromagnetism. This new geometrically formulated
principle applies also to Lie algebra valued charges (e.g., spins, Yang-Mills charges, etc.). The present
paper reformulates the theory of complex fluids in the framework of the fundamental principles of
condensed-matter physics. Some results concerning the affine Lie-Poisson reduction and its appli-
cation to Yang-Mills magnetohydrodynamics and superfluids were announced in [9]. It is clear that
other geometric applications in condensed-matter physics are forthcoming, such as micropolar elas-
ticity, for example.

The paper also formulates a parallel theory on the Lagrangian side by extending the Euler-Poincaré
framework for semidirect products developed in [17] to the case of an affine representation of the con-
figuration space Lie group on the vector space whose dual are the convected variables. The resulting
affine Euler-Poincaré reduction is natural in two senses. Firstly, in the case of complex fluids and at the
reduced level, it coincides with that given in [13]. Secondly, in the hyperregular case and through the
Legendre transformation, it is compatible with the affine Lie-Poisson reduction for semidirect prod-
ucts discussed previously. In addition, the Euler-Poincaré formulation immediately leads to analogs of
the Kelvin circulation theorem for complex fluids.

Organization of the paper. The paper is organized as follows. The first third, comprising Sections 2-7,
presents only theoretical results. These are developed and applied to a wide range of examples in the
last Section 8 forming the bulk of the paper.

The theoretical part begins by recalling at the end of this introduction some needed facts about
the Lagrangian and Hamiltonian reductions for semidirect products. It is well known that these pro-
cesses form the basic framework for the geometric formulation of various models of simple fluids. In
Section 2 we present the theory of affine Euler-Poincaré reduction for a general Lie group G acting by
affine representation on a dual vector space V*. This theory is specialized, in Section 3, to the case of
general complex fluids. More precisely, we describe concretely the group G and the cocycle needed in
the affine representation, in order to obtain by reduction the general equations for complex fluids. In
order to carry out the Hamiltonian side of the theory, we need to recall and state some results con-
cerning the reduction of a canonical symplectic structure with a magnetic term. This is the subject of
Section 4, whose principal result states that, under some conditions, reducing a canonical symplectic
form relative to a cotangent lift with an affine term is equivalent to reducing a magnetic symplectic
form relative to the cotangent lift. This observation is used in Section 5 to obtain the theory of affine
Lie-Poisson reduction for a general Lie group G acting by affine representation on a dual vector space
V*. In particular, we compute the associated momentum map and Poisson bracket as well as the sym-
plectic reduced spaces. This theory is also shown to be a particular case of the process of reduction by
stages for nonequivariant momentum maps. In Section 6 we specialize these results to the case of the
group and the cocycle involved in the description of complex fluid dynamics. In particular, we com-
pute the associated Poisson bracket and momentum map. This part constitutes the Hamiltonian side
of the theory developed in Section 3. The Kelvin-Noether theorem is a version of the classical Noether
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conservation law that holds for solutions of the Euler-Poincaré equations. For example, an application
of this theorem to the compressible fluid gives the Kelvin circulation theorem. The generalization of
this result to the case of affine Euler-Poincaré equations is the subject of Section 7.

The rest of the paper is devoted to applications dealing with spin systems and complex fluids,
all of them contained in Section 8. In Section 8.1 we start with the example of spin systems, since
it illustrates the applicability of our theory in a very simple situation that exhibits, nevertheless,
some of the key difficulties of more complicated fluid models. We then treat, in Sections 8.2-8.7,
the examples of Yang-Mills and Hall magnetohydrodynamics for fluids and superfluids as well as
the HVBK dynamics for He with vortices. In each case, we formulate in detail the Lagrangian and
Hamiltonian reduction processes as well as the associated Poisson bracket and circulation theorems.
In order to compare fluids and superfluids from a Hamiltonian point of view, we present in Section 8.8
a summary of the models treated so far. In Section 8.9 we study the example of the Volovik-Dotsenko
spin glasses and try to understand, from a Hamiltonian point of view, the passage from a given spin
system to its hydrodynamic analogue. This process allows us to understand mathematically the link
between the two approaches to spin glasses appearing in the current literature. All the Hamiltonian
structures obtained so far by reduction of the canonical structure, coincide with the ones obtained
previously and by various different methods in a series of papers by Holm and Kupershmidt.

In the case of microfluids, treated in Section 8.10, we determine the Lagrangian and Hamiltonian
structure of three models proposed by Eringen, namely, the micropolar, the microstretch, and the
micromorphic models, corresponding to three groups associated to the internal structure of the fluid
particles. Since our theory applies to any group, we can obtain new models of microfluids such as the
anisotropic micropolar or anisotropic microstretch models. In the case of microstretch and micropolar
fluids, we show that the internal degree of freedom can be modeled by the group of invertible or unit
quaternions, respectively. In Section 8.11, we determine and compare the Lagrangian and Hamiltonian
structures of three models of liquid crystals dynamics. We also treat the case of Eringen’s polymeric
liquid crystals and give some information concerning the new model of anisotropic micropolar liquid
crystals.

We close this introduction by recalling some needed facts about Euler-Poincaré and Lie-Poisson
reduction for semidirect products.

Notations for semidirect products. In the Euler-Poincaré reduction for semidirect products (see [17])
one is given a Lie group G and a right representation p : G — Aut(V) of G on the vector space V. As a
set, the semidirect product S =G @)V is the Cartesian product S = G x V whose group multiplication
is given by

(81.v1)(82. v2) = (8182 V2 + pg, (V1)).
The Lie algebra of S is the semidirect product Lie algebra, s = g(© V, whose bracket has the expression

ad(z, vy (&2, v2) = [ (&1, vi), (82, v2) ] = ([&1. &2], vi&2 — va&1),

where v& denotes the induced action of g on V, that is,

d
vE€ = — v)eV.
3 dt t=opexp(t§)( )

From the expression for the Lie bracket, it follows that for (¢, v) € s and (i, a) € s* we have
adf (1, @) = (adi o + v o a, af),

where a& € V* and v ¢a € g* are given by

d
at = —

dt Pexp(—te)(@ and  (voa,&)g:=—(ag, v)v,
t=0
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and where (-,-)g:g* xg— R and (-,-)y : V* x V — R are the duality pairings.
Lagrangian semidirect product theory.

e Assume that we have a function L: TG x V* — R which is right G-invariant.

e In particular, if ag € V*, define the Lagrangian Lq,: TG — R by Lq,(vg) := L(vg, aop). Then L, is
right invariant under the lift to TG of the right action of G4, on G, where Gg, is the isotropy
group of ag.

e Right G-invariance of L permits us to define [: g x V* — R by |:=L|gxv+ and hence

[(TgRg-1(vg), pg(ao)) = L(vg, do).

e For a curve g(t) € G, let &£(t) := TRg()-1 (g(t)) and define the curve a(t) as the unique solution of
the following linear differential equation with time-dependent coefficients

a(t) = —a(®)é (),

with initial condition a(0) = ag. The solution can be written as a(t) = pg(t) (ap).

Theorem 1.1. With the preceding notations, the following are equivalent:

(i) With ag held fixed, Hamilton'’s variational principle

t

5 [ Lap(e®. 20)de =0

t

holds, for variations 5§ g(t) of g(t) vanishing at the endpoints.
(ii) g(t) satisfies the Euler-Lagrange equations for Ly, on G.
(iii) The constrained variational principle

)

8 f (5, a())dt=0

t
holds on g x V*, upon using variations of the form

an
(S = — — , , (S = — s
& T (&, n] a an

where n(t) € g vanishes at the endpoints.
(iv) The Euler-Poincaré equations hold on g x V*:

a ol L ol 4l
— o =—ad; -+ _—oa (1.2)
ot 6& 86 ba

It is worth noting that there is a remarkable symmetry breaking from L:TG x V* — R to
Lgy : TG — R. Whereas the function L is right G-invariant, that is, L(vpg, p;_l (a)) = L(vy, a) for all
vp e TG, a e V*, g e G, the Lagrangian Lq, is only Gg,-invariant, that is, Lq,(vpk) = Lqy(vp) for all
vp € TG, k € Gq,. Note, however, that Ly, is a Lagrangian function on TG, whereas L is not since it is
not defined on a tangent bundle. The relationship between these two different invariance properties
are dealt with in the previous theorem and the evolution a(t) = ,o;,"(t)ao or, equivalently, the equation
a(t) = —a(t)é(t), a(0) = ag, that needs to be added to (1.2) in order to get a complete system of equa-
tions for all the unknowns, is exactly due to this symmetry breaking from G to G4,. We shall observe
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the same phenomenon throughout the paper when working out the affine reduction theorem on both
the Lagrangian and Hamiltonian sides.

Hamiltonian semidirect product theory. Let S := GV be the semidirect product defined at the be-
ginning of this section. The lift of right translation of S on T*S induces a right action on T*G x V*,
Consider a Hamiltonian function H:T*G x V* — R right invariant under the S-action on T*G x V*,
In particular, the function Hg, := H|1+Gx{q} : T*G — R is invariant under the induced action of the
isotropy subgroup Gg, :={g € G | pzap = ap} for any ap € V*. The following theorem is an easy con-
sequence of the semidirect product reduction theorem (see [24]) and the reduction by stages method
(see [22]).

Theorem 1.2. For ¢« (t) € T;(t)G and (1 (t) ;= T*Rg)(a(t)) € g*, the following are equivalent:
(i) a(t) satisfies Hamilton’s equations for Hq, on T*G.
(ii) The Lie-Poisson equation holds on s*:

8( a) = —ad* (n,a) =—\ad¥ +8h<>aa5h a(0)=a
3t /’l’a _— (%’%) M? _— %M 8(1 ) 8[;(, ) =4up,

where s is the semidirect product Lie algebra s = g (S V. The associated Poisson bracket is the Lie—Poisson
bracket on the semidirect product Lie algebra s*, that is,

S5f 8 5f 8 5g 8
{f,g}(u,a)=<u,[$,£]>+<a,—f—g——g—f>.

As on the Lagrangian side, the evolution of the advected quantities is given by a(t) = pg(t) (aop).

For example, one can start with a Lagrangian L,, as at the beginning of this section, suppose
that the Legendre transformation FLg, is invertible and form the corresponding Hamiltonian Hq, =
Eq 0 IFLa_Ol, where Eg, is the energy of L. Then the function H : T*G x V* — R so defined is S-
invariant and one can apply this theorem. At the level of the reduced space, to a reduced Lagrangian
l:g x V* — R we associate the reduced Hamiltonian h:g*(© V* — R given by

Sl
h(w,a) :=(u,§) —1¢,0), pn= 5
§
Since
Sh Sh S8l
—=¢f and — =——,
Y73 éa éa

we see that the Lie-Poisson equations for h on s* are equivalent to the Euler-Poincaré equations (1.2)
for | together with the advection equation a + a¢ = 0.

Links with reduction by stages. Consider the semidirect product Lie group S = G(@®V acting by right
translation on its cotangent bundle T*S. An equivariant momentum map relative to the canonical
symplectic form is given by

Jr(oty, (W, @) =T*Liguy (g, (u,a)) = (TiLp(ety) +uoa,a).

Since V is a closed normal subgroup of S, it also acts on T*S and has a momentum map Jy : T*S —
V* given by

Jv(ap, (u,0) =a.
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Reducing T*S by V at the value a we get the first reduced space (T*S)q =];1(a)/V. The isotropy
subgroup Gg, consisting of elements of G that leave the point a fixed, acts freely and properly
on (T*S), and has an induced equivariant momentum map J,: (T*S)q — g;, Where g, is the Lie al-
gebra of G4. Reducing (T*S), at the point g := j4|gq, We get the second reduced space ((T*S)q)u, =

o' (1) / (Ga) -

Using the Semidirect Product Reduction [24] or the Reduction by Stages Theorem [22], the two-
stage reduced space ((T*S)q)yu, is symplectically diffeomorphic to the reduced space (T*S)u.a) =
JEl(M, a)/Gu,a) obtained by reducing T*S by the whole group S at the point (u,a) € s*.

The first symplectic reduced space ((T*S)q, £2,) is symplectically diffeomorphic to the canonical
symplectic manifold (T*G, §£2) and the second reduced space (((T*S)a)u,, (£2a)1,) is symplectically
diffeomorphic to the coadjoint orbit (O, a), ®(u.a) together with its orbit symplectic form. Note
also that we can consider the right G-invariant Hamiltonian H:T*G x V* — R as being the Pois-
son reduction of an S-invariant Hamiltonian H:T*S — R by the normal subgroup {e} x V since
(T*S)/({e} x V) =T*G x V*. Here the G-action on T*G x V* is induced by the lift of right translation
of S. Theorem 1.2 is then a trivial consequence of these observations.

2. Affine Lagrangian semidirect product theory

Consider the right contragredient representation p;_1 of G on the vector space V*. We can form

an affine right representation 6g(a) = ,0;‘_1 (a) + c(g), where c € (G, V*) is a contragredient repre-
sentation valued right group one-cocycle, that is, it verifies the property c(fg) = ,0;_1 (c(f)) +c(g) for

all f, g € G. This implies that c(e) =0 and c(g~!) = —pg(c(g)). Note that

d

E t=09exp(t§) (a) = aé + dC(S)

and
(ag +dc(®),v), =(dc" (v) —voa, g)g,
where dc:g — V* is defined by dc(£) := Tec(£), and dc” : V — g* is defined by
(dc’ (v),§) = (de(®), v), .

e Assume that we have a function L:TG x V* — R which is right G-invariant under the affine
action (vp, a) = (ThRg(vh), 0g(a)) = (TpRg(vp), p;_1 (@) +c(8)).

e In particular, if ag € V*, define the Lagrangian Lq, : TG — R by L, (vg) := L(vg, ag). Then Lg, is
right invariant under the lift to TG of the right action of Gz, on G, where Gg is the isotropy
group of ag with respect to the affine action 6.

e Right G-invariance of L permits us to define l: g x V* — R by

(TgRg-1(vg), 0,-1(a0)) = L(vg, o).

e For a curve g(t) € G, let £(t) := TRy (g(t)) and define the curve a(t) as the unique solution of
the following affine differential equation with time-dependent coefficients

a(t) = —a(g(t) —de(£(0)),
with initial condition a(0) = ao. The solution can be written as a(t) = 04()-1(do).

Theorem 2.1. With the preceding notations, the following are equivalent:
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(i) With ag held fixed, Hamilton'’s variational principle

t

b / Loy (g(®), g(®))dt =0 (2.1)

1

holds, for variations §g(t) of g(t) vanishing at the endpoints.
(ii) g(t) satisfies the Euler-Lagrange equations for Lq, on G.
(iii) The constrained variational principle

t2

S/I(E(t),a(t))dtzo (2.2)

t

holds on g x V*, upon using variations of the form

d
58 = a—’z — &l sa=—an —dc(n),

where 1(t) € g vanishes at the endpoints.
(iv) The affine Euler-Poincaré equations hold on g x V*:

a 6l 8l sl sl
——:—ad§—+—<>a—dcT — . (2.3)
Jt 8 £58 ' sa sa

Proof. The equivalence of (i) and (ii) is true in general.
Next we show the equivalence of (iii) and (iv). Indeed, using the definitions, integrating by parts,
and taking into account that 1(t;) = n(t2) = 0, we compute the variation of the integral to be

t 2

t t1

and so the result follows.

Finally we show that (i) and (iii) are equivalent. First note that the G-invariance of L: TG x V* — R
and the definition of a(t) = 64()-1(ap) imply that the integrands in (2.1) and (2.2) are equal. It is
known that all variations 8g(t) € TG of g(t) with fixed endpoints induce and are induced by varia-
tions 8&(t) € g of £(t) of the form §& =i — [&, n] with n(t) vanishing at the endpoints; the relation
between §g(t) and 7(t) is given by n(t) = TRg()-1(5&(t)). See [2] for details.

Thus, if (i) holds, we define 7(t) = TRg()-1(3g(t)) for a variation §g(t) with fixed endpoints. Then
if we let 6§(t) = TR 41 (&(t)), we have 6& =1 — [&, n]. In addition, the variation of a(t) = Bq(1)-1(ao0)
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is da(t) = —a(t)n(t) — dc(n(t)). Conversely, if & = 1 — [, n] with n(t) vanishing at the endpoints,
we define 6g(t) = TRg)(n(t)). This 6g(t) is the general variation of g(t) vanishing at the endpoints.
From $a(t) = —a(t)n(t) — dc(n(t)) it follows that the variation of g (a(t)) = ap vanishes, which is
consistent with the dependence of Ly, only on g(t), g(t). O

3. Lagrangian approach to continuum theories of perfect complex fluids

Recall that in the case of the motion of a fluid on an orientable manifold D, the configuration
space is the group G = Diff(D) of all diffeomorphisms of D. In the case of incompressible fluids, one
chooses the subgroup Diff,, (D) of all volume preserving diffeomorphisms, with respect to a fixed
volume form on D. Besides the diffeomorphism group, the other basic object is the vector space V* of
advected quantities on which G acts by representations. Typical advected quantities are, for example,
the mass density, the specific entropy, or the magnetic field. One can obtain the fluid equations by
choosing the appropriate Lagrangian and Hamiltonian functions and by applying the semidirect Euler-
Poincaré or Lie-Poisson reduction processes (Theorems 1.1 and 1.2), see [24] and [17].

The goal of this section is to extend these formulations to the case of complex fluids. At the re-
duced level, the Euler-Poincaré equations for complex fluids are given in [13] (Egs. (3.23), (3.24),
(3.32) and (3.33)). The two key observations we make regarding these equations are the following.
First, the two equations (3.23) and (3.24) suggest that the configuration manifold Diff(D) has to be
enlarged to a bigger group G in order to contain variables involving the Lie group O of order pa-
rameters. Second, the two advection equations (3.32) and (3.33) suggest that there is a new advected
quantity on which the group G acts by affine representation. Making use of these two observations,
we construct below the appropriate configuration space and the appropriate affine action for the dy-
namics of complex fluids. By using the general process of affine Euler—Poincaré reduction developed
before (Theorem 2.1), we get (a generalization of) the equations given in [13].

Here and in all examples that follow, there are fields different from the velocity field for which we
shall never specify the boundary conditions. We make the general assumption, valid throughout the
paper, that all integrations by parts have vanishing boundary terms, or that the problem has periodic
boundary conditions (in which case D is a boundaryless three-dimensional manifold). Of course, if
one would try to get an analytically rigorous result, the boundary conditions for all fields need to be
carefully specified.

The configuration manifold. Consider a finite-dimensional Lie group O. In applications O will be
called the order parameter Lie group. Recall that in the case of the motion of a fluid on an orientable
manifold D, the configuration space is the group G = Diff(D) of all diffeomorphisms of D. In the
case of complex fluids, the basic idea is to enlarge this group to the semidirect product of groups
G = Diff(D) © F (D, O). Here F(D, ©O) denotes the group of all mappings x defined on D with values
in the Lie group O of order parameters. The diffeomorphism group acts on F(D, O) via the right
action

(n, x) € DiIff(D) x F(D,O)— x on e F(D,O).
Therefore, the group multiplication is given by
M. )@, ) =(no@, (X cP)V).
Recall that the tangent space to Diff(D) at 7 is
T, Diff(D) = {u, : D — TD | uy(x) € T, D},
the tangent space to F (D, O) at x is

Ty F(D,0)={vy:D—TO |vy(x) € TyO}.
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A direct computation shows that the tangent map of right translation is

TR,y (U, Vy) = (a0 @, TRy (vy 0 @)).

For simplicity we fix a volume form @ on D. Therefore we can identify the cotangent space
T;7k Diff(D) with a space of one-forms over 7, that is,

T, Diff(D) = {m, : D — T*D | my(x) € T, D}.
The cotangent space of F(D, ©O) at x is naturally given by
T3 F(D,0)={ky :D— T O | ky (x) € Ty, O}.
Using these identifications, the cotangent map of right translation is computed to be
T*Rig,p) My key) = J(97) (My 0 97, T* Ry o1 (ky 097 1)),

where J(¢~!) is the Jacobian determinant of the diffeomorphism ¢~!. The corresponding cotangent
lift, defined by R(T; s = T*Reg y)-1, is given by

Ry 4 (M, 163) = [ (@) (my 09, T*R -1 (kK 0 9)).
The Lie algebra g of the semidirect product group is
g=X(D)®F(D,o),
and the Lie bracket is computed to be
ad,1)(v,¢) =(@dgv,ad, ¢ +dv-v—d¢ -u),

where ady V= —[u,V], ad, ¢ € F(D, o) is given by ad, {(x) := adyx) £(X), and dv-v € F (D, o) is given
by dv - v(x) :=dv(x)(v(x)).

Using the previous identification of cotangent spaces, the dual Lie algebra g* can be identified
with

21 (D) x F(D, o*)

through the pairing

((m, k), (u, V))Z/(m-u—i—/c SV
D

The dual map to ad,y) is
ady, ,,(m, k) = (Egm + (divaym + « - dv, ady « + div(ux)). (3.1)
This formula needs some explanation. The symbol « - dv € £21(D) denotes the one-form defined by

K- dv(vy) ==k (x)(dv(vy))
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and ad} k € F(D, o*) denotes the o*-valued mapping defined by
ady i (x) := ad ) (k (x)).

The expression ux denotes the 1-contravariant tensor field with values in o* defined by

uk (0ry) == ax(u(x))k (x) € 0*.
Since ux is a generalization of the notion of a vector field, we denote by X(D, 0*) the space of all
1-contravariant tensor fields with values in o*. In (3.1), div(u) denotes the divergence of the vector
field u with respect to the fixed volume form g. Recall that it is defined by the condition

(diva)pu = £y L.
This operator can be naturally extended to the space X(D, 0*) as follows. For w € X(D, 0*) we write
w = wqe® where (%) is a basis of o* and w, € X(D). We define div:X(D, 0o*) — F (D, 0*) by the
equality
divw := (divwg)&?.

Note that if w = u«x then

div(uk) =dk -u+ (divu)x.

The space of advected quantities. In physical applications, the affine representation space V* of
G = Diff(D) ® F(D, O) is a direct product Vi @ V3, where V* are subspaces of the space of all
tensor fields on D (possibly with values in a vector space). Moreover:
e VI is only acted upon by the component Diff(D) of G.
e The action of G on V3 is affine, with the restriction that the affine term only depends on the
second component F (D, O) of G.
In this way, we obtain the affine representation

@y eVia Vi (an,ym, x)+C(x)) e Vi@ Vs, (3.2)

where y (7, x) denotes the representation of (1, x) € G on y € V3, and C € F(F (D, O), V) satisfies
the identity

C((X c@¥) =COO(@, ¥) +C(¥) (3.3)

for all x,v¥ € F(D, O) and ¢ € Diff(D). Note that this is equivalent to say that the representation p
and the affine term c of the previous section have the particular form

Pl 1@ y)=(an.y(m. x)) and c(, x)=(0,C(x)).

The infinitesimal action of (u,v) € g on y € VJ induced by the representation of G on V3 is

d d
yu,v) = n y (exp(tw), exp(tv)) = —| ¥ (exp(tu), e)(e, exp(tv))
tli—o dt o
d
= —| y(exp(tu),e)+ —| y(e,exp(tv))=:yu+yv.
dt |,— dt |,
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Therefore, for (v,w) e V1 @V, and (a,y) e Vi @ V;‘ we have
(v,w)o(a,y)=oa+wory,wory),

where ¢1 and ¢, are associated to the induced representations of the first and second component
of G on VJ. On the right-hand side, the diamond operation ¢ is associated to the representation
of Diff(D) on V7. The space V] is naturally the dual of some space Vq of tensor fields on D. For
example the (p, q) tensor fields are naturally in duality with the (q, p) tensor fields. For a € V{ and
v € V4, the duality pairing is given by

(@, v) =f(a V.
D

where - denotes the contraction of tensor fields.
Since the affine cocycle has the particular form c(n, x) = (0, C()x)), we obtain that

dc’ (v, w) = (0,dCT (w)).

For a Lagrangian [ =I(u,v,a,y): [X(D)®F (D, 0)] x [V] ® V;] — R, the affine Euler-Poincaré equa-
tions (2.3) become

d sl sl (divu) sl 8l v+ sl cast sl .
atou . “su 5u sv 5a sy 1Y (3.4)
a 4l sl Sl sl sl .
__:_ad;k)_—dlv u— +—<>2y_dcT ).
ot Sv oV Sv 8'}/ 8'}/
and the advection equations are
a+au=0,
{J?+Vu+yu+dcf(v):o, (3.5)

Remark on the duality pairing. We remind the reader that, for simplicity, we have assumed that D
is orientable and we have also fixed a volume form p € £2"(D). Thus, using the L? pairing, the dual
space of the Lie algebra X¥(D) of vector fields is identified with the one-forms §2! (D). Therefore, the
functional derivative §l/éu is a one-form on D.

The natural dual of X(D) is the space £21(D)® Den(D) of one-form densities on D. In this general
approach, valid also for non-orientable manifolds, the duality pairing of & ® w € 21(D) ® Den(D)

with u reads
/ (¢ -ww.
D

Then the functional derivative §l/5u is interpreted as a one-form density on D. The same remark
applies for the dual of vector valued tensors on D, in particular for the Lie algebra F (D, o).

We chose to work on oriented manifolds and to avoid the use of £21(D) ® Den(D) because this
general case would considerably complicate the writing of various formulas and equations, without
adding any essential new information. We emphasize that all results of this paper are also valid
for non-orientable manifolds by appealing to the usual exterior differential calculus and the Stokes
theorem for twisted k-forms on D (see [1, Supplement 7.2A] for details).
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Basic example. Take VJ := Q1(D, o), the space of all one-forms on D with values in o. This space
is naturally the dual of the space Vy = X(D, 0™) of contravariant tensor fields with values in o*, the
duality pairing being given, for y € 21(D, 0) and w € ¥(D, 0*), by

(y.w) = /(y wn.
D

where y - w denotes the contraction of tensors. In what follows, we still let V{ be an arbitrary vector
space. In concrete examples, its dual V7 is formed by classical advected quantities, such as mass
density, entropy density, or magnetic field, for example.

We consider for (3.2) the affine representation of Diff(D)(©® (D, O) on V] x Q1(D, o) defined by

@ y) > (an,Ady-1 n*y + x"'Tx), (3.6)

where (1, x) € Diff(D) ® F(D, O), (a,y) € V{ x 21D, 0), and Aqu n*y + x " 'Tx is the o-valued
one-form given by

(Ad, 1%y + x 1T X) (vx) := Ad,y 1 (1Y (V) + X (07 T (Vi)

for vy € TxD. One can check that y (1, x) :=Ad, -1 n*y is a right representation of G on V3 and that
C(x) = x~'Tyx verifies the condition (3.3). In fact, (3.6) corresponds to the action of the automor-

phism group of the trivial principal bundle O x D on the space of connections.
For this example we have
yu=£y, yv=-ad,y and dC(v)=dv,
where ad, y € 21 (D, 0) denotes the one-form given by

(ady ) (vx) :=ady (¥ (vo) = [v(X), ¥ (v0)],

and dv € 21(D, o) is given by dv(vy) := Txv(vy) € o for all vy € TyD.
A direct computation shows that
wory=divw) -y —w-i dy € (D),
Woy Y = —Tr(ad’)", w) € F(D, o),
dcT(w) = —divw € F(D, 0*),

where Tr denotes the trace of the o*-valued (1, 1) tensor

ady w:T*D x TD — o, (Ctx, Vx) > ad]*/(vx)(w(ax)).

In coordinates we have Tr(ad;", w) = adj}i wi. Making use of these computations, the affine Euler-
Poincaré equations (3.4) become

a &l 3l . sl 4§l 3l .6l s,
§%=—£.,E—(dlvu>—u——-dv+£<>a+(d1v—y>-)/—— idy,

a ol sl sl sl sl
——=—ad}, — +div| — —u— ) = Tr(ad} — ),
ot sv sv sy sv Y sy
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and the advection equations are

a+au=0,
Y +£4y —adyy +dv=0.

These are, up to sign conventions, the equations for complex fluids as given in [13].

We now rewrite these equations using the covariant differentiation associated to a connection.
A one-form y € 21(D, 0) can be considered as a connection one-form on the trivial principal O-
bundle O x D — D, namely,

(Vx, &) € TxD x ThO > Ad,-1 (Y (%) (V) + TR, -1 (§n)) € o. (3.8)

The covariant differential associated to this principal connection will be denoted by d¥. Therefore, for
a function v € (D, 0), we have

d’v () :==dv(v) + [y (v), v]. (3.9)
The covariant divergence of w € X(D, 0*) is the function
div¥ w:=divw — Tr(ad;", w) € F(D, o), (3.10)

defined as minus the adjoint of the covariant differential, that is,

/(dyv-w)u=—/(v-div7’ W) (3.11)

D D

for all v € F(D, o). Note that the Lie derivative of y € 2'(D, 0) can be written as

£uy (V) =d(y (W) (V) +iudy (v)
=d"(y)v) — [yW), y@]+dy? @,v) - [y@), yv]
=d” (y () (V) +iuB(V), (3.12)
where
B:=d”y =dy + [y, y]

is the curvature of the connection induced by y.
Note also that, using covariant differentiation, we have

wory =(divw) -y —w-i dy =(divV w) -y —w-i_B.
Therefore, in terms of d”, div”, and B =d” y, the equations read

3 Sl 8l sl sl 8l 8l 3l
— — = —fy— — (dive)— — — -dv + — div! — ).y — — -i_B,
at su e VY T v+8a°a+( v 8)/) s =

a ¢l sl sl sl
— — =—ad} — —divlu— ) +div’ —,
ot v v sy 3y

(3.13)
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and

a+au=0,
Y +d” (y (W) +iuB +d”v =0,

The B-representation. In this example we want to reformulate the reduction process as well as the
equations of motion (3.13) in terms of another set of variables, namely, (u, v, a, B), where B=d”y =
dy +1y,yle QZ(D, o) is the curvature of y, instead of (u, v, a, y). As we shall see below, with this
choice of variables, the action (3.6) becomes linear instead of affine. We shall also assume that the
Lagrangian L, and hence also [, depend on y only through B. To do this we shall use the standard
Euler-Poincaré reduction for semidirect products (Theorem 1.1).

Indeed, if y"=Ad, 1 n*y + X ~'Tx then we have d”'y’ = Ad, -1 n*d”y. Thus the representation

of Diff(D) ® F(D, ©) on Vi & 2%(D, o) is given by
(a, B) — (an, Ad, n*B).
The associated infinitesimal action of (u, v) € X(D)® F (D, o) is
(a, B)(u,v) = (au, B(u, v)) = (au, £,B — ad, B).

The space £22(D,o) is, in a natural way, dual to the space $2,(D,o0*) of 2-contravariant skew-
symmetric tensor fields with values in o*. The duality pairing is given by contraction and integration
with respect to the fixed volume form . More generally, we can consider the space 2x(D, 0*) of
k-contravariant skew-symmetric tensor fields with values in o* and we can define the divergence
operators, div, div? : 2, (D, 0*) — 2¢_1(D, 0*), to be minus the adjoint of the exterior derivatives d
and d”, respectively. For example, div” is defined on £24(D, 0*) by

/(dyoz N —/(a -div” o), (3.14)

D D

where o € 2K 1(D,0) and w € 2,(D, 0*). Note that we have used the notations £2;(D, 0*) =
X(D,0*) and 20(D, 0*) = F (D, 0*).

Using the duality pairing defined before, for (v,b) € V1 @ $£22(D, 0*) and (a, B) e V] & 2%(D,0),
the diamond operation is given by

(v,b)o(a,B)=(voa+boq B,boy B),
where
boi B=(divb)-i B—b-i dB e 2 (D)
and
boy B=—Tr(adjb) = —adj, b e F(D, o*).
The Euler-Poincaré equations (1.2) are in this case

3 sl 8l sl sl 8l sl
— = —fy— — (div)— — — -dv + — div— )-i B— — -i dB
ptou - vy VWL T 5 1)Jraa““r( “’53) L L

9 ol sl sl Sl (3.13)
=—adl —+ — o B—Tr(adz E)

atsv Vsy ' 8B
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and the advection equations are

c'g+au=0,

We now show that when B is the curvature of the connection y, that is, B=d" y, then the affine
Euler-Poincaré equations (3.13) imply the standard Euler-Poincaré equations (3.15). Define the map

@:2Y(D,0) > 2%(D,0) by ®(y)=d"y
and suppose that the Lagrangians ll(u, v,a,y) and 12 (u,v,a, B) are related by
Pu,v,a, @) =", v,a,y).

We have T, @ (o) =da +[y,a]l+[a, y]=d”«a and @(Adxq "y +x" Ty = Adxq n*®(y). There-
fore, by taking the derivative, the infinitesimal action verifies

Bu+ By =d”(yu+yv+dv),
or, explicitly,
£4B —ad, B=d” (£yy —ad, y +dv). (3.16)

This proves that the advection equations for y imply the one for B. Using the preceding formula and
the definition of the diamond operation we find that

(div¥' b) o1y =—bo1 B and (div¥ b) o2 y + div(div” b) = —b o, B,
or, explicitly,
div? ((div? b)y) — div’ b-i_B=—divb-i B+b-i dB and div” (div? b) =Tr(ad} b).

Using the equality

2 1
— divy i od = i,
5B 3y
we obtain

5110 —8120 B and 8ll<> + div ol —5120 B (3.17)
5y VYT 5 sy 2V sy) 8B '

This proves that the affine Euler-Poincaré equations (3.13) imply the standard Euler-Poincaré equa-
tions (3.15).
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4. Affine and magnetic Lie-Poisson reduction

The goal of this section is to carry out a generalization of the standard process of Lie-Poisson
reduction for Lie groups, which is motivated by the example of complex fluids. The only modification
lies in the fact that the Lie group G acts on its cotangent bundle by a cotangent lift plus an affine term.
The principal result of this section states that, under some conditions, reducing a canonical symplectic
form relative to a cotangent lift with an affine term is equivalent to reducing a magnetic symplectic
form relative to the right cotangent lift. At the reduced level, we obtain affine Lie-Poisson brackets
and affine coadjoint orbits, whose affine terms depend on the affine term in the action.

Consider the cotangent lift Rg* of the right translation Ry on a Lie group G. Recall that Rg* is the
right action of G on T*G given by

Ry (af) = T*Rg—l (af).
Consider the map ¥, :T*G — T*G defined by

We(otp) =Ry (af) + Cg(f), (4.1)

where C:G x G — T*G is a smooth map such that Cg(f) € T}’ZgG, for all f, g € G. The map ¥ is
seen here as a modification of the cotangent lift by an affine term C. The following lemma gives the
conditions guaranteeing that the map ¥, is a right action.

Lemma 4.1. Consider the map ¥, defined in (4.1). The following are equivalent.

(i) Yy is a right action.
(ii) Forall f, g, h € G, the affine term C verifies the property

Cen(f) = Cn(f2) + R} (Co(f)). (42)
(iii) There exists a one-form o € £21(G) such that Ce(fH)=a(fg) — Rg* (a(f)).

Proof. The equivalence between (i) and (ii) is a direct computation. Suppose that (ii) holds. By setting
f =e in formula (4.2), we obtain that Cgy(e) = Cp(g) + R,T(Cg(e)). Therefore we can define the
one-form o by «(g) := Cg(e), and we have Cp(g) = a(gh) — R,f* (a(g)). Conversely, suppose that (iii)
holds. Then a direct computation shows that (4.2) holds. O

We denote by C(G) the space of all maps C:G x G — T*G, (g, f) > Cg(f) € T}’:gG verifying the
property (4.2). Note that given an affine term C € C(G), the one-form « in item (iii), is only deter-
mined up to a right-invariant one-form. Denoting by Q;(G) the space of all right-invariant one-forms
on G, we have an isomorphism between C(G) and QI(G)/.Q}Q(G). This space is clearly isomorphic
to the space .Qg (G) of all one-forms o on G such that a(e) = 0. From now on, when we say that
the one-form « is associated to C, we shall always assume that «(e) = 0 which then guarantees the
uniqueness of this one-form.

In order to carry out the symplectic reduction associated to an affine action ¥ of the form (4.1),
we make two crucial observations (see Theorem 4.6).

o letx e SZ&(G) be the one-form associated to ¥, and consider the associated fiber translation ty
on T*G defined by

ta (Br) :=Br —a(f).
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Then ty, viewed as a map from the canonical cotangent bundle (T*G, £2can) to the magnetic
cotangent bundle (T*G, £2can — 7ida), is a symplectic map. Moreover, t, is equivariant with re-
spect to the action ¥, on (T*G, £2can) and the cotangent lift RE* on (T*G, 2 — wida).

e Suppose that do is G-invariant. Then the action ¥, is symplectic relative to the canonical sym-
plectic form £2cap.

From these observations we conclude that, under some conditions to be specified later on, reducing
the canonical cotangent bundle (T*G, 2can) relative to an affine action of the form (4.1) is equiva-
lent to reducing the magnetic cotangent bundle (T*G, 2can — 7/da) relative to the cotangent lift of
right translations. It is therefore useful to recall below some facts about the reduction of magnetic
cotangent bundles.

Some facts about magnetic cotangent bundle reduction. We first recall the following result (The-
orem 7.1.1 in [22]) about the existence of momentum maps associated to cotangent bundles with
magnetic terms.

Theorem 4.2. Let BB be a closed two-form on a connected configuration manifold Q. Let ®:G x Q — Q
be a free and proper right action which leaves the form B invariant. Consider the cotangent lift qﬁgT " of the
G-action @4 to the symplectic manifold (T*Q , $2can — 7138), where $2can is the canonical symplectic form
and wq : T*Q — Q is the cotangent bundle projection. Suppose that there is a smooth map ¢ : Q — g* that
satisfies

g, B=d(,8)

forall & € g. Then the following hold:

(i) The map J = Jcan — ¢ o 7w, where Jcan is the standard momentum map for the G-action relative to the
canonical symplectic form, is a momentum map for the cotangent lifted action of G on T*Q with sym-
plectic form 2can — 7136.

(ii) The momentum map 1is, in general, not equivariant. Its nonequivariance g*-valued group one-cocycle
o :G — g* is given by

0(g) =—9(Pg(@) +Adg (o). (4.3)
with the right-hand side independent of q € Q. The cocycle identity is
o(gh) =Ad (o (g)) +oh).

Note that the G-invariance of B ensures that the action ®T" is symplectic relative to the sym-
plectic form $2¢ap — TL’EB. The momentum map J: T*Q — g* is equivariant relative to the right affine
action of G on g* given by

B (1) := Ad A+ 0 (g).

We turn now to the particular case when the configuration manifold is a Lie group G and the
action is the cotangent lift of right translation, that is, q)? = Rg*. We first recall from [22, Theo-
rem 7.2.1] the magnetic Lie-Poisson reduction theorem.

Theorem 4.3. Consider a closed G-invariant two-form B on G. The Poisson reduced space for the right cotan-
gent lifted action of G on (T*G, £2can — 7:13) is g* with Poisson bracket given by
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_ 5f og 5f og
{f.glp(n) = </L, [a a:|> +B(e)(a, @)

for f. g e F(g").

Note that for a Hamiltonian h: g* — R, the corresponding Hamiltonian vector field is given by
sh
Xn(p) = —ad%, p — B(e)(—, )
S 8/_1/

When the magnetic term 5 is absent, we recover the standard Lie-Poisson bracket on g*. In this
particular case, the symplectic reduced spaces JRTI(,u)/GM are symplectically diffeomorphic to the
coadjoint orbits O, = {Adfg(u) | g € G}, where Jg is the standard right momentum map for the G-
action relative to the canonical symplectic form and G, is the coadjoint isotropy group of u € g*. The
symplectic diffeomorphism is induced by the map

@:Jr (1) = O, @(ag) = T*Rg(atg) = AdY 1.
When a magnetic term B is present, the existence of a momentum map is not guaranteed, and we
shall use the result of Theorem 4.2. Recall that the infinitesimal generator of & for the right action is

the left-invariant extension of £; that is, £; = &L. Suppose that there is a smooth map ¢ : G — g* that
satisfies

ip B=d(¢,§)
for all £ € g. Since ¢ is determined by this equation only up to a constant, we can always impose the
condition ¢ (e) = 0. From Theorem 4.2, the map J =]Jgr — ¢ o1 is a momentum map for the cotangent
lifted action of G on T*G with symplectic form £2can — 72B. In this case, using the relation (4.3), the
nonequivariance cocycle is simply given by o = —¢. We denote by Gl‘j the isotropy group of u relative
to the affine action 0g(u) = Ad;(,u) + o (g). The following result (see [22, Theorem 7.2.2]) shows that

the reduction of a magnetic cotangent bundle of a Lie group at a given point u € g* is symplectically
diffeomorphic with the affine coadjoint orbit (’)g passing through L.

Theorem 4.4. Consider a closed G-invariant two-form I3 on G, suppose that there is a smooth map ¢ : G — g*
that satisfies

i B=d(g,£)

forall & € g, and consider the momentum map J = Jcan — ¢ o wq . Then for each . € g*, the symplectic reduced
space ]~ ()/ GZ is symplectically diffeomorphic to

O0f, ={6g(n) =Adg i+ 0(g) | g € G},
the affine orbit through 1. The tangent space at A = Gg (n) € OZ to Oy, is given by
T,0p ={adfr - Z(,) | e g},
where X (&,) := —T.0(§) = —B(e)(&, -). The symplectic structure on (’)ﬁ has the expression
wgM(adfr — 2 (&, ), ady A — 2, ) = (A, €, n]) — Z(E, ),

which we call the magnetic orbit symplectic form.
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The symplectic diffeomorphism between the symplectic reduced spaces and the affine coadjoint
orbits is constructed as follows. Consider the smooth map ¢:J~!(u) — (’)Z defined for o eJ ()

by

Ptg) :==0,1(W) =Ady 1t +0(g7").

Then ¢ is G‘ZL-invariant and induces a symplectic diffeomorphism
@07 (/GG 2u) = (0%, wf).

Note that we have ¢(ag) = T*Rg(g). Indeed, since oy eJ (), we have p = T*Lg(ag) — ¢(8),
therefore we obtain

plag) =Ady  p+o(g")
= T*Rg(atg) +Ad;_ (0 (8)) +0(g7")
= T*Rg(O[g).

The general theory of symplectic reduction implies that the affine coadjoint orbits (09, wg) are
the symplectic leaves of the Poisson manifold (g*, {, }5), where {, }3 denotes the Poisson bracket in
Theorem 4.3.

The following proposition shows that when the magnetic term B is an exact two-form, then
the magnetic cotangent bundle is symplectomorphic to the canonical symplectic cotangent bundle.
Through this symplectomorphism, the cotangent lift is transformed into an affine action. In the par-
ticular case of a Lie group G acting on its cotangent bundle by right cotangent lift, this affine action
is of the form (4.1).

Proposition 4.5. Assume that all the hypotheses of Theorem 4.2 are satisfied and suppose that B = da. Let
te : (T*Q, Lcan) — (T*Q, Lcan — na B) be the fiber translation defined by

ta(Bg) = Bg — x(q).
Then the following hold:

(i) ty is a symplectic fiber translation.
(ii) The symplectic action ¥ on (T*Q , §2can) induced by oT" through the map ty, thatis, ¥y := t;l o® oty
forany g € G, is the affine action given by

We(By) =P} (Bg) +Ce(q@), where Cg(q):=a(Pg(@) — " (a(q)).
(iii) A momentum map relative to the G-action ¥ on (T*Q , 2can) is given by
Jo=Joty =Jcanota —¢pomq;
its nonequivariance cocycle equals the nonequivariance cocycle of J.

Proof. (i) See Proposition 6.6.2 in [23].
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(ii) We have

Ve (By) =t (25 (ta(Bp)) =tz (25 (Bg— (@)
= o5 (B — (@) +(Pg(@))
= ‘pgT* (Bp) +a(2g(q) — CbgT* (x(@)

=0l (B + C5(@.

(iii) This is a consequence of the fact that J, =] o ty. The nonequivariance one-cocycle of ], is

00(8) =Ja (q/g (,Bq)) - Adz (Ja (,Bq))
=J((pgT* (ta(By)) — Adg J(ta(BY))

=0(g). O

Note that do is assumed to be G-invariant. When the one-form « is also G-invariant, then the
affine term C vanishes. Therefore, the most interesting case happens when « is not G-invariant but
do is.

Affine Lie-Poisson reduction. We apply now the previous results concerning the reduction with mag-
netic terms to our initial problem, that is, the Lie-Poisson reduction of the canonical cotangent bundle
(T*G, $2¢an) with respect to an affine action of the form (4.1). We obtain below, as an easy conse-
quence of the previous theorems, the main result of this section.

Theorem 4.6. Consider the symplectic manifold (T*G, $2can), and the affine action
Wy (By) =Ry (Br) + Cg(f),

where C € C(G). Let a € SZ& (G) be the one-form associated to ¥g. Then the following hold:

(i) The fiber translation ty : (T*G, Q2can) — (T*G, $2can — 75 da) is a symplectic map. The action induced
by Wy on (T*G, $2can — 7 5da) through ty is simply the cotangent lift R?.
(ii) Suppose that do is G-invariant. Then the action ¥y is symplectic relative to the canonical symplectic
form 2can.
(iii) Suppose that there is a smooth map ¢ : G — g* that satisfies

igrda = d(g, £)

forall & € g. Then the map Jo =Jr o te — ¢ o 7 is a momentum map for the action ¥, relative to the
canonical symplectic form. We can always choose ¢ such that ¢ (e) = 0. In this case, the nonequivariance
one-cocycle of Jo, is 0 = —¢.

(iv) The symplectic reduced space (J, T(w)/Ge, £2,,) is symplectically diffeomorphic to the affine coadjoint
orbit (0%, a)g), the symplectic diffeomorphism being induced by the GZ—invariant smooth map

Vil () = OF, lag) =¥y (ayg).

Proof. (i) That t, is a symplectic map follows from item (i) in Proposition 4.5. From item (ii) in
Proposition 4.5, we know that the action induced on (T*G, £2can) by the right cotangent lift on
(T*G, S2¢an — nada) through the map ty is the affine action whose affine term is given by «. This
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is precisely the action ¥,. Thus we conclude that ¥, induces the right cotangent lifted action on
(T*G, 2can — nadoz).

(ii) When do is G-invariant, we know that the right cotangent lift is symplectic relative to 2 —
nada. Since t,, is symplectic, we conclude the result.

(iii) This follows from items (i) and (ii) in Theorem 4.2. Since ¢ can be chosen modulo a constant
term, we can impose the condition ¢ (e) = 0. From the relation (4.3) we obtain the equality ¢ = —o.

(iv) The symplectic diffeomorphism t, induces a symplectic diffeomorphism between the reduced
spaces. Therefore, by Theorem 4.4, we obtain that (J,, T(w)/Ge, £2,,) is symplectically diffeomorphic
to the affine coadjoint orbit (OF, w7), the symplectic diffeomorphism being induced by the map

Yi=@oty:J;' () > OF. We have

¥ (Be) = ¢(ta(Bg)) = T*Rg(Be — () = R4 (Bg) — RL 1 (c(9))

= R11(Bg) + Cg1(8) = Wg(By),
where in the fourth equality we used the relation Cq(f) = (fg) — Rg*(a(f)). O

The affine coadjoint orbits (O, wZ) are symplectic leaves in the affine Lie-Poisson space
(g% {, 1), where

oy ﬂﬁ_gp_ (ﬂ 5_g>
{f,g}g(u)—<u[w,8“ X 53 )

Note that this bracket is the Lie-Poisson bracket on the Poisson submanifold g* x {1} C g* := g* x R,
where g is the one-dimensional central extension of g defined by the cocycle —X.
Assume that — X integrates to a group two-cocycle B:G x G — R, that is,

dZ

—X(E =

i ds (B(g(t). h(s)) — B(h(s), g(1))).

t=s=0

where t — g(t) and s — h(s) are smooth curves through e € G with tangent vectors & = d%#hzo and
n= %hz/g. Let G be the central extension of G defined by the two-cocycle B and recall that the Lie
algebra of G equals g. Then the affine coadjoint orbit (9/‘1 is obtained by usual Lie-Poisson reduction
of T*G relative to the lift of right translation at (u, 1). See [22, §6.2] for more details.

5. Affine Hamiltonian semidirect product theory

This is the Hamiltonian version of Section 2. More precisely, we carry out the Poisson and sym-
plectic reductions of a canonical cotangent bundle (T*S, £2can), where S = G®V is the semidirect
product of a Lie group G and a vector space V and where S acts on its cotangent bundle by cotan-
gent lift plus an affine term. We will see that this process is a particular case of the theory developed
in the previous section.

Consider the semidirect product Lie group S := G(©V associated to a right representation p :G —
Aut(V). The cotangent lift of the right translation is given by

Rigw (@, @,0) =Tl o o Rigw-1 (@, @,0)

= (T}Rg1(@p), v + pg), pi-1 (@)

= (R?(“ﬂ’ v+ pg(u), p;_l (@) € T(f g S-
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We modify this cotangent lifted action by an affine term of the form
Cigvy(fou):=(05g, v+ pg(u), c(g)) (5.1)
for a group one-cocycle c € F(G, V*), that is, verifying the property c(fg) = '0;—1 (c(f)) +c(g), as in
Section 2. The resulting affine right action on T*S is therefore given by
Wigv(ay, (u,a) = R{g*,v) (ery, (U, @) + Cg oy (f, )

= (Rg @), v+ pg(), pi1 (@ +c(g)). (52)

This action is clearly of the form (4.1). We now check that property (4.2) holds. This will prove that
Y(g,v) is a right action. Indeed,

Canowy ((F- (& V) + Ry ) (Cgon (F )
= Chow) (£8. v+ pg@)) + Ry ) (0. v + pg(w). c(2))
= (0sgn. w + pn(v + pg ). c()) + (R} (O5g). w+ pu (v + pg)). pj1 (c(2)))
= (Oggn, w + pr (v + pg()), c(h) + ;1 (c(8)))
= (Ofgh, W + pp(v) 4 pgn(u), c(gh))

= Cigh,w+p,v) (f s ) = Cigvyn.w) (f, ).

In the following lemmas, we compute the one-form o € 93(5) associated to C and we show that
it verifies the hypotheses of Theorem 4.6. Recall that « is defined by a(g, v) := C(g v)(e, 0).

Lemma 5.1. The one-form o € .Q(} (S) associated to the affine term (5.1) is given by

(g, v) (&g (v,u)) =(c(g), u) (5.3)

Jor (&g, (v,u)) € T(g,v)S. Moreover B :=da is S-invariant and its value at the identity is given by

B(e,0)((€, u), (n, w)) =(dc(§), w) — (dc(), u). (54)

Proof. For (&g, (v,u)) € T(g,v)S we have a(g, v) := C(g,v)(e, 0) = (0Og, v, c(g)). Therefore we obtain the
equality (g, v)(&g, (v, u)) = (c(g), u). We now prove the right-invariance of da. For (¢, u) € s define
the associated right-invariant vector field (&, u)® € X(S) by

Ewr(g v)i=TRewE u) = (E7(g). v, pgw)),

where £R(g) := TR (¢). Note that we have a((&,u)®)(g, v) = (c(g), pg(1)) = —(c(g™ 1), u). Therefore

Rtz da(e, 0)((&, u), (7, w))
=da(g, v)(TR(g.v) (. 1), TR(g.v)(1. W)
=da(g, v)(E wr(@ v), . w)f (g, v))
=d(a((m. w)F))(g. v) (. w)*(g. v)) —d(e(m. w»?)) (& v)((7. w)F (g, v))
—a([Ew®, o, w )@ v



F. Gay-Balmaz, TS. Ratiu / Advances in Applied Mathematics 42 (2009) 176-275 199

d

dt

a (€ wk)(exptng, v + pg(wi))
t=0

d
a((m, w)R)(exp(té)g, v + pg(ut)) — "
t=0

+oe(([8, m1,un — WS)R)(g, V)

d

-1 -1
— (c(g7 exptm) ™), u)

t=0

(c(g " expt&) "), w) + di
t=0 t

+a(g, (&, 1R Q). pgun — we))
=(c(g7")& +dc(®). w)—(c(g ") n +dc(), u) — (c(g™"). un — we)

= (dc(§), w) — (dc(), u) = dac(e, 0)((&, w), (7, w)),

where in the fourth equality we used the identity

[& Wk, 0, )R] = =[E w, 1, )] = —(1&, 01, un — we),

and for the sixth equality the identity

d

—| (c(g " expe&) "), w)

dt <'0:xp(t$)(c(g_1)) + C(EXp(tS)_l)’ W)
t=0

" dt
=—(c(g7M)e +dc®),w). O

This lemma shows that hypothesis (ii) of Theorem 4.6 is verified. This implies that the action ¥ v)
is symplectic with respect to the canonical symplectic form 2, on T*S. We now check hypothe-
sis (iii) of Theorem 4.6. This implies that the action ¥z ) admits a momentum map relative to the
canonical symplectic form.

Lemma 5.2. The map ¢ : S — s* defined by
¢ (g, v) = (dc" (v) — v oc(g), —c(®),
verifies the property
i yrda =d(p, (€, u)),
where (¢, u)L € X(S) is the left-invariant vector field induced by (&, u) € s.
Proof. We will use the following formulas:
(¢(g. V). (6. w) = —(c(@), u) + (v, c(g)& +dc(©)),

& w' (g, v) =TLgy & u) = (TLg(€), v, u + v§),

TR g1 (€W (g, v) = (Adg &, pg-1(u + vE)).

By the right-invariance of do, we have
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e yrdo(g, v)((n, w)t (g, v)
=da(g, v)(E w (g v), (7, w(g, v))
=da(e, 0)((Adg &, pg-1(u+ vE)), (Adg 1, pg-1 (W + V1))
= (dc(Adg §), pg1 (W + vip)) — (dc(Adg 1), pg-1 (U + vE))
= (Tgc(TLg(®)), w + v) — (Tec(TLg(m)), u + vE).

For the last equality, we use that

d d
*(dc(Adg §)) = pF_ — te)g ) = L
pg-1(de(Adg §) = oy — tZOC(geXp( 98 )=+ »

= Toc(TLg(§)).

(c(gexp(t§)) —c())

On the other hand we have

d(g, €, w)(g, v)((n, w)(g, )

(¢(g exP(tn)’ wt + pexp(tn) (V))’ (Sv u))
t=0

Tdrt

d

=< - (c(gexp(tm)), u) + (Wt + pexpen) (V). c(g exp(tn))& + dc(§))

t=0

d
= —(Tgc(TLg(m), u) + (w + vip, c(g)& +dc(§)) + (v.c(gexp(tn))§)

dt |,_g
= —(Tgc(TLg(m), u) +(w + vi, Tgc(TLg(8))) — (v, Tgc(TLg())

=(Tgc(TLg(§)), w+vn) — (Tgc(TLg(m)), u + v§).

Thus we obtain that
i da=dp, (¢, w). O

The momentum map. By item (iii) of Theorem 4.6 and using o € .{2(1) (S) given by (5.3), we obtain
that a momentum map for the right action ¥4 vy (c ¢, (u,a)) = (Rg*(af), v+ pg(u), p§,1 (a)+c(g)) is
given by

Jo (Bf (0, @) =Jr (ta(By, (1, @)) = $(f, 1)
=Jr(Bs. (w.a—c()) = o(f.w)
=T*Lisu(Br, (w.a—c(f))) —o(f.u)
= (T*Ly(Bp) +uo(a—c(f).a—c(f) - (dc" @) —uoc(f), —c(f))
= (T*Ls(Bf) +uoa—dc' (u),a), (5.5)

with nonequivariance one-cocycle

o(f.u)=—¢(f.u)=(uoc(f) —dc (). c(f)) es*. (5.6)
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Poisson bracket and Hamiltonian vector fields. Using Theorem 4.3 and the expression of 1B given in
Lemma 5.1, we obtain that the reduced Poisson bracket on s* is given by

st (o (225, (5.2 e (120). (2. 2)

S da

B 8f 6g 8f ég 6gof Sf dg\ of
_<M [5M Su}>+<a’5ﬁ_gﬁ>+<d (M) 5a>_<dc<8u)’5>'

Given a Hamiltonian function h:s* — R, the corresponding Hamiltonian vector field with respect to
the bracket {, }z, is given by

sh Sh
Xn(w,a) = ad(ah ah)(u a) — Be, 0)(( > )
3 5a Sp’ da

Sh Sh Sh Sh
=<—ad";h,u — oa+dc’ ( ),— ——d( ))
b éa éa Y73 Ly

The symplectic reduced spaces. By item (iv) of Theorem 4.6, the reduced space

02" ) /ST, 0 Rray)

is symplectically diffeomorphic to the affine coadjoint orbit (O(u a)’ a)g). More precisely, we have

oo = {Ad{g (@ + 0 (g, u) | (g, u) € S}
={(Adg 1 +uo (py1 (@) +c(g) - dc’ ), Py (@ +c(®) | (g.u) € S}. (5.7)

Note also that the bilinear form X appearing in the formula of the affine orbit symplectic form (see
Theorem 4.4), is given by

d
2(E w), ) =-Teoo ¢ u) = - (tu o c(exp(t&)) — dc’ (tu), c(exp(t£)))
t=0
= (dc" (u), —dc(®)),

where (£, u) € s. The tangent space to the affine coadjoint orbit O(M o At (4, b) is equal to

Ty Ofua) = = {adf; ,, (A, b) — Z((&,w), ") | (¢,u) s}
={(adf » +uob—dc" (u), b +dc(§)) | (5, u) €5}

The symplectic structure on (’)( 10.) is given by

wi . b)((adfr+uob— dc’ (), b& + dc(8)), (adyr+wob— dc” (w), by +dc(n)))
= (()\" b)a [(‘S;:’ U), (n’ W)]) - 2((55 u)’ (n’ W))

= (%, [£,n])+ (b, un — w&) + (dc(n), u) — (dc(€), w). (5.8)

Recall that the affine coadjoint orbits are the symplectic leaves of the Poisson manifold (s, {, }5)
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We now apply these results to the main result of this section, that is, the Hamiltonian counterpart
of Theorem 2.1
Consider a Hamiltonian function H:T*G x V* — R right invariant under the G-action

(an, @) = (Rg (en), 0g(@) := (R (@), p3-1 (@) +c(9)). (5.9)

This G-action on T*G x V* is induced by the S-action (5.2) on T*S given by

Wig.v (. (u.0)) = R{y ,, (an. (1, @) + C(g.v) (h, u)

= (Rg (@n), v+ pg(u), P} (@) +c(8))-

Note also that we can think of this Hamiltonian H:T*G x V* — R as being the Poisson reduction
of an S-invariant Hamiltonian H:T*S — R by the normal subgroup {e} x V since (T*S)/({e} x V) =
T*G x V*.

In particular, the function Hg, := Hl|1+Gx{q}: T*G — R is invariant under the induced action of
the isotropy subgroup Gg  of ag relative to the affine action 6, for any ap € V*. Recall that 6g(a) :=
,0;,] (@) + c(g) for any g € G and a € V*. The following theorem is a generalization of Theorem 1.2

and is also a consequence of the reduction by stages method for nonequivariant momentum maps,
together with the results obtained in Section 4 and at the beginning of the present section.

Theorem 5.3. For a.(t) € T’g*(t)G and ju(t) := Ty Rg)(a(t)) € g*, the following are equivalent:

(i) o (t) satisfies Hamilton’s equations for Hq, on T*G.
(ii) The following affine Lie-Poisson equation holds on s*:

0 Sh Sh Sh Sh
5(/%0) = (— adE—Z w— S <>a—|—dcT<%>, —a— — dc(ﬁ)> a(0) = ap,

where s is the semidirect product Lie algebra s = g(® V. The associated Poisson bracket is the following
affine Lie-Poisson bracket on the dual s*:

el M

{f’g}B(M’G)=<M’[8u’6u San " san

) ) 3 )
+ dc _f , _g —{dc _g s —f .
s ) éda s ) da
As on the Lagrangian side, the evolution of the advected quantities is given by a(t) = g1 (ao).

Proof. Recall that the momentum map relative to the canonical symplectic form on T*S and to the
action

W (Br. (@) = (RL (B). v + pg(u), py-1(@ +c(8))
is given by
Jo (Bf, (@) = (T*Lg(By) +uoa—dc’ (u),a).
The action ¥z y) of S induces an action of V given by

(Bf, (u, ) = (B, (v +u,a)).
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Since V is a closed normal subgroup of S, this action admits a momentum map given by

Jv(Bf, (W, @) =a.

Since V is an Abelian group, the coadjoint isotropy group of a € V* is V, =V and the first re-
duced space (T*S)q, =J"(a)/V is symplectically diffeomorphic to the canonical symplectic mani-
fold (T*G, Q2can). The action ¥ of S on T*S restricts to an action ¥? of G;®V on j;l(a), where
G :={geG| ,0;,1 (a) + c(g) = a}. Passing to the quotient spaces, this action induces an action

of G§ on (T*S),, which is readily seen to be the cotangent lifted action of GS on T*G. We de-
note by J;: (T*S)q — (g5)* the associated equivariant momentum map, where g; is the Lie algebra
of G§. Reducing (T*S), at the point g := w|gg, we get the second reduced space ((T*S)a)u, =
121 (10)/(GS) 1y, with symplectic form denoted by (£24),4,-

By the Reduction by Stages Theorem for nonequivariant momentum maps, the second reduced
space is symplectically diffeomorphic to the reduced space

U2 (. 0)/ST, o) L))

obtained by reducing T*S by the whole group S at the point (i, a) € s*. Here S¢ denotes the

(. @)
isotropy group of the affine coadjoint action with cocycle o given in (5.6).
As shown at the beginning of this section, this reduced space is symplectically diffeomorphic to
the affine coadjoint orbit

(0.0 @5)

endowed with the affine orbit symplectic form described in (5.8). These affine coadjoint orbits are the
symplectic leaves of the Poisson manifold (s*, {, }5).

Note finally that we can consider the right-invariant Hamiltonian H:T*G x V* — R, as coming
from an S-invariant Hamiltonian H:T*S — R.

The theorem is then a consequence of all these observations. O

Reconstruction of dynamics. We give now some details concerning the passage from the reduced
formulation (ii) to the canonical formulation (i). Let (u(t), a(t)) € g* x V* be the solution of the affine
Lie-Poisson equations, with initial condition (g, ag). Then the curve a(t) := T*Rg(t)—l (u(t)), where
g(t) € G satisfies the linear ordinary differential equation with time-dependent coefficients

. Sh
gt)= TRg(t)(@)v g0)=e,

is the solution of Hamilton’s equations associated to Hq, on T*G and with initial condition o (0) = wo.
Note that for the curve g(t) defined above, we have a(t) = 0,4)-1(ao).

The preceding theorem is compatible with Theorem 2.3. Indeed, we can start with a Lagrangian
Lgy : TG — R as in Section 2, that is, we have a function L: TG x V* — R which is right G-invariant
under the affine action (vy, a) = (TpRg(vp), 6g(a)) = (ThRg(vp), p;—l (@) +c(g)), such that Lqy(vg) =
L(vg,ap). Then Ly, is right invariant under the lift to TG of the right action of Ggo on G. Suppose
that the Legendre transformation FLy, is invertible and form the corresponding Hamiltonian Hgq, =
Eq, oIFLa_Ol, where Eq, is the energy of Lg,. Then the function H:T*G x V* — R so defined is S-
invariant and one can apply this theorem. At the level of the reduced space, to a reduced Lagrangian
[:g x V* — R we associate the reduced Hamiltonian h:g*© V* — R given by

sl
h(l‘L’a):= </.,L,$>—l($,a), M= E
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Sh Sl
—=¢ and — =
S

sa  éa’

we see that the affine Lie-Poisson equations for h on s* are equivalent to the affine Euler-Poincaré
equations (2.3) for [ together with the affine advection equation

a+aé +dc)=0.

6. Hamiltonian approach to continuum theories of perfect complex fluids

This section is the Hamiltonian version of Section 3. Recall that in Section 3 we have applied

Theorem 2.1 to the case of complex fluids. Here we apply the Hamiltonian analogue of this theorem,
namely Theorem 5.3.

Recall that for complex fluids we apply the abstract theory for G = Diff(D) ® F (D, ©O) and V*
Vi @ V3. The representations of G on V and V* are of the form

pa0o(v.w)=(vn,wn, x)) and pf i@ y)=(any®. X))
This implies that the infinitesimal actions of g on V and V* are of the form

(v,w)(u,v) = (vu,wu+wyv) and (a,y)u,v)=(au, yu+yv).
We therefore obtain the diamond operation

(v,w)o @@ y)=oa+wory,wory).

Since the affine term has the particular form c(n, x) = (0, C()x)), we obtain the equalities

dc(u,v) = (0,dC(v)) and dc'(v,w)=(0,dCT(w)).
We now compute some useful expressions in the particular case of complex fluids by using the
general formulas of Section 5.

By Theorem 5.3, we obtain that the affine Lie-Poisson bracket for complex fluids is

é é
{f’g}(m,K,a,y):/m-[_f _gi|
D

sm’ Sm

8 1) 1) 8 )

s 0K ék  ém ok dm

da dm

8f8g+8f8g g of dgof
V" \5ysm " 5y s«

(o) 11 -(2) )1

dK '8)/
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The first four terms give the Lie-Poisson bracket on the dual Lie algebra
([XD)®OF(D,0)]®[V1 @ V2l)" = 21(D) x F(D,0*) x Vi x V3.

The last term is due to the presence of the affine term C in the representation. Since C depends only
on the group F (D, O), this term does not involve the functional derivatives with respect to m.

The symplectic leaves of this bracket are the affine coadjoint orbits in the dual Lie algebra
([XMD)BSF(D,0)]®[V1 @ VaD*. The expression of the tangent spaces and of the affine orbit sym-
plectic forms involves the bilinear form X which is defined in this case on [X(D) S F(D,0)]|®[V1®
V3] by

Z((uy, v1,v1, wi), (U2, v2, v, wp)) =dC(v2) - wq —dC(vy) - wa.

For a Hamiltonian h = h(m, «,a, y): 21(D) x F(D, 0*) x Vi x V3 — R, the affine Lie-Poisson
equations of Theorem 5.3 become

0 Sh Sh  é&h Sh
—m=—£ﬂm—div(ﬁ>m—x-d———<>a——<>1)/,

at 3m 3k da sy

0 Sh Sh Sh

—Kk =—ad}, k —div| —« ——<>2)/—|—dCT — ],

ot 3 om sy 3y (6.1)
9 sh '
—a=—-a—,

at ém

g Sh Sh dc sh
o’ T Vsm Vik Sk )

As explained in the previous section, when the reduced Hamiltonian h is defined by a Lagrangian
[ through the Legendre transformation

sl 6l
h(m, k,a,y) =((m, k), (w,v))—Ilu,v,ay), (m,K):( >

su’ sy
we have
Sh Sh Sh sl Sh Sl
- =u — =V, —=—-—, —=——
om oK éa éa sy 3y

Using these equalities, we see directly that the affine Lie-Poisson equations (6.1) are equivalent to the
affine Euler-Poincaré equations (3.4), together with the advection equations (3.5).

Using formula (5.5), the momentum map of the affine right action of the semidirect product
[Diff(D) ® F (D, ©)1®[V1 @ V2] on its cotangent bundle is computed to be

JO( (mn’ KX’ (V, W)’ (a7 V))

:(T*nomn—i—T*X oky +voa+wory, T Lyoky +woy —dCT(w),(a,y)).

In this formula we need to elaborate on the meaning of the expression T*x ok, € Q1(D). Thus, by
definition, for any uy € TxD we set ((T*x oky)(x), ux) := (T x (kK y (X)), Ux) = (Ky (X), Tx X (uy)). In this
last expression, recall that x, : D — T*O covers x : D — O.

By the general theory, the nonequivariance cocycle of ], is given by 0 = —¢, where ¢ is computed
(using Lemma 5.2) to be
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¢ : [Diff(D) ® F (D, 0)|®[V1 & V2] — 21(D) x F(D, 0*) x Vi x V3,
o, x. v, w) = (dc’ (v, w) — (v, w) o c(n, x), —c(1, x))
= (—w 01 C()),dCT (W) — w 03 C(x), 0, —=C(x))-

One can also compute the momentum map J(q,,y,) appearing in the proof of Theorem 5.3 at the
second stage of reduction. It is associated to the cotangent lifted action of the isotropy group

(DIff(D) ® F(D, 0)) 4, oy =11 X | (a0, Y01, ) + C(0) = (@0, Y0)}
on the canonical cotangent bundle T*(Diff(D) S F (D, O)). It is given by

Jao,yo) My, k) = (T nomy,; +T*x oky, T" Ly oky). (6.2)

Basic example. As in the example given in Section 3, we consider the particular case when VJ =
Q21(D, 0) and the affine representation is

(@ y) > (an, Ady-1n*y + x ' Tx). (6.3)
Recall that in this particular case we have
yu=£yy =d’(y () +iud”y,
yv=-—ad,y, dC(v)=dv, and dcT(w) = —div(w).
The diamond operations are given by
wory =(divV w).-y —w-i.d’y and woyy=—Tr(ad} w).

The affine Lie-Poisson equations (6.1) become

ém

sh 8h
— (div” —))/ +—-id’y,

0 sh sh  6Sh
—m=—f£;m-—div| — Jm—«-d— — —oa
at om

sy sy ~
0 Sh Sh
1 —k = —ad¥, k —div| —« | —div’ —, (6.4)
ot 8K dm sy
0 Sh
—a=—-a—,
ot ém

0 sh Sh
—y=—d Vi dVy —d” —.
aty (y(8m>> l% Y Sk

So we recover, by a reduction from a canonical situation, Egs. (3.44) of [13], up to sign conventions,
as well as their Hamiltonian structure. In matrix notation and with respect to local coordinates we
have

m; myd; + m; Kpi @Ooa) 3y - Vﬁi (8h/sm)*

Ko | _ | ok K CE, 0 sba;—Chyf || Gh/s0° (6:5)
a adld 0 0 0 sh/sa :
1”78 va%+ v SR+ ChyS 0 0 Sh/sy))
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This matrix appears in [16, formula (2.26a)] and in [13, formula (3.46)] as the common Hamiltonian

structure for various hydrodynamical systems. For another derivation of this Hamiltonian structure
based on reduction see [3].

The associated affine Lie-Poisson bracket is

ﬂ5_g]

sm’ ém

{f,g}(m,/c,a,y)=/m.[
D

+ adsy — +

5 0K Sk ém Sk Sdm

+ éadm Sadm

!
!

(Sf 5g &g 8f)
a. _____

5f 5g 5g 5f
a2l 0% _ (ar28 RN P 6.6
+/[( 6K+f%y) 5y ( 8f<+£5—éy> ay}“ (6:6)
D

The momentum map is computed to be

JOC (mn’ KX’ (Vv W)7 (a7 V))

=(T*nomy + T x oky +voa+ (divV w) -y —w-i d"y, T*L, ok, +div’ w, (a, y)).

The B-representation. As on the Lagrangian side, we consider the case where the Hamiltonian is
given in terms of the curvature B =d" y. Recall that the affine representation of Diff(D)® F (D, O)
on a connection one-form on the trivial principal O-bundle @ x D — D induced by y € 21(D, o) is

Yy, x) =Ad, 1 n*y + x 'Tx.
It induces the linear representation
B(n, x):= Ad")‘(_l n*B

on the curvature B =d” y. The Lie-Poisson reduction for semidirect products (see Theorem 1.2) gives
the equations

d sh sh  Sh Sh sh
—m=—fsm-—div{ — |lm—-«x.-d— - —oa—div—-i B+ — -i dB,
ot 3m ém 3k éa 6B 6B

0 Sh Sh

—Kk =—ad}, k —div| —« )+ Tr| ady — ),

at 5k om 6B (6.7)
d Sh

—a=—-a—,

ot ém

ad

—B=—£s B+adsm B.

at im 5K
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Using formulas (3.17), we can prove, as on the Lagrangian side, that the Lie-Poisson equations (6.7)
are compatible with the affine Lie-Poisson equations (6.4). In matrix notation and with respect to
local coordinates, the Lie-Poisson equations read

il mdi + m;  kpd;  (Doa)y MY, (8h/sm)k
Ka | _ Ieka kcCo, 0 —CbBS || (8h/sK)P
a |- atdo 0 0 0 sh/sa |’
a ki
Bij Nij CopB; 0 0 (8h/8B)K
where
b b
M}, = —Bp; + B — 9B} and Niy = Bj ;. + By;di — Bjydj.

As before, we recover by a reduction from a canonical cotangent bundle, the Hamiltonian struc-
tures appearing in [16, formula (2.28)] and [13, p. 152], and we have explained in which sense this
matrix is Lie-Poisson, as already noted in these papers. More precisely, we have found the Lie group
which corresponds to the Lie algebra underlying this Hamiltonian structure. This group is given by

[Diff(D) ® F(D, 0)] ®[V1 & 22(D, )],
where Diff(D) ® F (D, ©) acts on 22(D, o) = [§22(D, 0*)]* by the representation
B+ Aqu n*B,

and where the space V7 is only acted upon by the subgroup Diff(D).
The Lie-Poisson bracket is computed to be

§f &
{f,g}(m,K,a,B)zf [f g]

sm’ Sm

adaf +d— —d—="
73 8K oK " sm Sk Sdm

0
/

( 8f g 5g ﬁ)

f
+ |:(£8fB ade B) - SB (E%B adag B) - 53i|

Using formulas (3.16) and

sf 5

— _givv 2L

we obtain that the map
(m,v,a,y) (m,v,a,d”"y)

is a Poisson map relative to the affine Lie-Poisson bracket {,} given in (6.6) and the Lie-Poisson
bracket associated to the B-representation.
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7. The circulation theorems
The Kelvin-Noether theorem is a version of the Noether theorem that holds for solutions of the

Euler-Poincaré equations. For example, an application of this theorem to the compressible adiabatic
fluid gives the Kelvin circulation theorem

d b

— =¢Td

i@ u ?{ S,
Yt Ve

where y; C D is a closed curve which moves with the fluid velocity u, T = de/ds is the temperature,
and e, s denote respectively the specific internal energy and the specific entropy. The Kelvin-Noether
theorem associated to Euler-Poincaré reduction for semidirect products is presented in [17]. We now
adapt this result to the case of affine Euler-Poincaré reduction.

Kelvin—-Noether theorem. We work under the hypotheses and the notations of Section 2. Let C be
a manifold on which G acts on the left and suppose we have an equivariant map K:C x V* — g**,
that is, for all ge G, ae V*, c € C, we have

(K(gc.bg(@)), ) = (K(c, a), Ady ),

where gc denotes the action of G on C, and 6, is the affine action of G on V*.
Define the Kelvin-Noether quantity I:C x g x V* — R by

Sl
I(c,&,a) := <IC(C, a), E(S’ a)>.

The same proof as in [17] yields the following result.

Theorem 7.1. Fixing co € C, let £(t), a(t) satisfy the affine Euler—Poincaré equations (2.3) and define g(t) to
be the solution of g(t) = TRg&(t) and, say, g(0) =e. Let c(t) = g(t)co and I(t) := I(c(t), £(t), a(t)). Then

d _ sl (9l
El(t)—<IC(c(t),a(t)),goa—dc (§)>,

As we will see in the applications, some examples do not admit a Lagrangian formulation. Nev-
ertheless, a Kelvin-Noether theorem is still valid for the Hamiltonian formulation. Keeping the same
notations as before, the Kelvin-Noether quantity is now the mapping J:C x g* x V* — R defined by

J. . a):=(K(c.a), u),
and we have the following result.

Theorem 7.2. Fixing cg € C, let . (t), a(t) satisfy the affine Lie-Poisson equations of Theorem 5.3 and define
g(t) to be the solution of

. Sh
g(t)=TRg(t)(a), g(0)=e.

Let c(t) = g(t)co and J(t) := J(c(t), u(t),a(t)). Then

d _ sh r( 8h
10 =(K(c0.a0). 5 oara (3 )).
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This result follows from the reconstruction of dynamics as described in Section 5. Of course, when
the Hamiltonian h comes from a Lagrangian by Legendre transformation, then this theorem is a corol-
lary of Theorem 7.1.

In the case of dynamics on the group G = Diff(D), the standard choice for the equivariant map C
is

(K(c,a), m) ::yg %m, (7.1)

where ¢ € C = Emb(S!, D), the manifold of all embeddings of the circle S! in D, m € 2 (D), and
p is advected as (Jn)(p o n). There is a generalization of this map in the case of the group G =
Diff(D) © F (D, O), see §7 in [8]. Therefore, Theorems 7.1 and 7.2 can be applied in the case of the
affine Euler-Poincaré and Lie-Poisson equations (3.4) and (6.1). Nevertheless we shall not use this
point of view here and we apply the Kelvin-Noether theorem only to the first component of the
group G, namely the group Diff(D), and we obtain the following result.

Theorem 7.3. Consider the affine Euler-Poincaré equations for complex fluids (3.4). Suppose that one of the
linear advected variables, say p, is advected as (Jn)(p o n). Then, using the map (7.1), we have

d?glél_ygl 8 gy o
dtJ] psu J p\ sv sa sy )
Ct Ct

where c; is a loop in D which moves with the fluid velocity u.
Similarly, consider the affine Lie-Poisson equations for complex fluids (6.1). Suppose that one of the linear
advected variables, say p, is advected as (Jn)(p o n). Then, using the map (7.1), we have

d % 1 % 1 sh  Sh sh
—-—-m=¢ —(—-k-d———oca——o1y ),
e J p 0 5k éba 3y
Ct Ct
where c; is a loop in D which moves with the fluid velocity u, defined by the equality

Sh
u:=—.
dm

y -circulation. The y -circulation is associated to the equation

0
FTed +£yy =—-dv+ad,y.

Let n; be the flow of the vector field u, let ¢y be a loop in D and let ¢; := 1 o cg. Then, by change of
variables, we have

d d .
G br=s by =Fuo e =puicdvrady)=fady o
Ct

Co Co Co Ct
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8. Applications
8.1. Spin systems

We thank D. Holm for challenging us with this example as a simple model for many applications.
It illustrates the applicability of Theorems 2.1 and 5.3 in a very simple situation that exhibits, nev-
ertheless, some of the key difficulties of more complicated fluid models. Let D be a manifold and O

a Lie group thought of as the “order parameters” of some fluid model. Take G = F(D, O) > x and
V*=Q1(D, 0) > y. Consider the affine G-representation on V* given by

Oy () :=Ad, 1y +x 'Tx.

This is simply the gauge transformation of the connection on the trivial principal O-bundle O x D —
D induced by y (see (3.8)). The associated diamond operation is given by

woy =—Tr(ad} w).
Since c(x) = x ~'Tx we obtain, as in the case of complex fluids,
dc(v)=dv and dc"(w)=—divw.

As before, we use the notations v € (D, 0) and w € X(D, o*). The affine Euler-Poincaré equations
(2.3) become

a ol sl sl
——=—ad}, — +divV —, (8.1)
at sv sy sy

where (ad} ) (x) = adﬁ(x) (« (x)). The evolution equation for y is
0
— d’v=0.
TR

Similarly, the affine Lie-Poisson equations of Theorem 5.3 become

Sh
&K = —ad>§_h K —divy 8—,
g Y (8.2)
9 +d” oh =0
otV Sk

In the particular case D =R> and © = SO(3), this system of equations appears in the context of
the macroscopic description of spin glasses, see Eqs. (28) and (29) in [6] and references therein. See also
Egs. (3.9), (3.10) in [18], system (1) in [19] and references therein for an application to magnetic media.
In this context, the variable « is interpreted as the spin density, v is the infinitesimal spin rotation, and
the curvature d” y is the disclination density.

Interesting choices for the Lagrangian are

1 1
luww=5/mmﬂwm Mww=5fMWJWWq
D D

and

€
kdww=§/qu—§/WVw (83)
D D
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In the expression of the Lagrangian I, [v, ] denotes the o-valued one-form on D given by vy
[v(X), ¥ (x)(vx)] € 0. The norm is associated to the metric (gk), on the vector bundle of o-valued
one-forms on D, induced by a Riemannian metric g on D and by an Ad-invariant inner product k
on o. More precisely, the metric (gk) on the vector bundle of o-valued k-forms on D is given in
the following way. The Riemannian metric g induces a Riemannian metric g on the vector bundles
A¥D — D of exterior k-forms on D. For oy, fx € AX(D, 0)x, we can write oy = «®f, and Bx = B fa,
where {f,} is a basis of o and «?, g% € (AKM)y. So we define

(8k)x(0tx, Bx) = kap (. B”),

where kg := k(fq, fp). This construction is independent of the basis. If the manifold is taken to be R
and if O =50(3), then the Lagrangian [, reads

o0
1 2
u<v,y>=§/||vxy|| u
—0oQ

This choice is reminiscent of the Skyrme model, a nonlinear topological model of pions in nuclear
physics (see [26]).

In the expression of the Lagrangian I, k(v,y) denotes the one-form on D given by vy —
k(v(x), y (x)(vyx)). The norm is taken relative to the Riemannian metric g on D.

Interestingly, when the Lagrangians [, or [ are used, the affine Euler-Poincaré equations (8.1)
simplify to

0 4l sl
— — =div—, (8.4)
at §v sy

where on the right-hand side we have the usual divergence operator in R3.

In the expression of the Lagrangian Isg, we used the symbols € and p for the constants of sus-
ceptibility and the rigidity. The norms are respectively associated to the inner product k and to the
metric (gk). The associated Hamiltonian reads

1
hsc(K,)/)=£/IIKIIZM+§/IIV||2M,
D D

and is used, with O = S0(3), in the context of the macroscopic description of spin glasses, see expres-
sion (26) in [6]. In this case the affine Lie-Poisson equation (8.2) reads

a
—k =—pdivy?,
Y pawvy

d 1
_ _dVKﬁ:()’
8ty+ €

where y* € X(D, 0*) and «* € F(D, o) are associated to y and k via the metrics.
More general expressions, such as

1 1 1% 1 q
hikc.y) = — 2 R 4 _/ 2 _/ 4 _/ I,
(K, ¥) 2€/||K||,u+261/||/<||M-i—z ||)/||M+2 ||J/||/L-|-2 I -yiI“n
D D D D D

are used in the theory of magnetic media, see e.g. Eq. (3) in [19].
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Lagrangian reduction. Consider a Lagrangian
L:TF(D,0) x 21(D,0) > R, L=L(vy,y)
such that, for all ¥ € F(D, O) we have
L(TRy ovy,Ady—1y + ¥ Ty) =Ly, ).

Let x be a curve in F(D, ©O) and consider the curve v := TRy -10 x. For yp € 21(D, 0) consider the
solution y of the equation

d
— d’v =0,
ol T

with initial condition yp. This solution is given by y = Ady yo + xT x~'. Then, by Theorem 2.1, x is
a solution of the Euler-Lagrange equations associated to Ly, if and only if v is solution of (8.1). Note
that in the special case yg =0, the evolution of y is given by the important relation

y=xTx!

and the disclination density vanishes, that is, dy + [y, y] = 0. This hypothesis is usually assumed in
the examples treated in [6] and [19], and is referred to as the Maurer-Cartan constraint. Recall that

the vanishing of the curvature is preserved by the flow of (8.2). In our approach the variable x can
be interpreted as the Lagrangian evolution of the spin.

Hamiltonian reduction. Consider a Hamiltonian

H:T*F(D,0) x 21(D,0) > R, H=H(ky,y)
such that, for all ¥ € F(D, O) we have

H(T*Ry-1 oky,Ady—1y +¥ ' Ty) =Hy, ¥).

Then, by Theorem 5.3, a curve k, € T*F(D, O) is a solution of the Hamilton equations associated
to Hy, if and only if the curve

R k
K:=T Ry oky

is a solution of the affine Lie-Poisson equation (8.2).
The associated affine Lie-Poisson bracket is given by

B 5g yof dg ., 08 Of
{f,g}(/c,y)—//c (ad% 5K>M+/<d 5k 3y d 5k 3y M.
D D

Thus, we have recovered the Poisson bracket of [6], by reduction of the canonical structure. The
momentum map is

Ja (i, (W, 1)) = (T*Ly o ky +divY w, )

and the reduced symplectic spaces are affine coadjoint orbits in (F(D,0)® 21 (D, 0))*. Using for-
mula (5.7), we obtain that they are given by

O = L(Ady K +div D w 0, (1)) | (X, w) € F(D, O)®X(D, 0%)}.
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8.2. Yang-Mills magnetohydrodynamics

Magnetohydrodynamics models the motion of an electrically charged and perfectly conducting
fluid. In the balance of momentum law, one must add the Lorentz force of the magnetic field created
by the fluid in motion. In addition, the hypothesis of infinite conductivity leads one to the conclusion
that magnetic lines are frozen in the fluid, i.e. that they are transported along the particle paths. This
hypothesis leads to the equation

3
—B+£4B=0.
g Thu

This model can be extend to incorporate non-Abelian Yang-Mills interactions and is known under the
name of Yang-Mills magnetohydrodynamics; see [14] for a derivation of this model. Recall that for
Yang-Mills theory, the field B is seen as the curvature of a connection A on a principal bundle. Clearly
the connection A represents the variable y in the general theory developed previously, on which the
automorphism group acts by affine transformations. This shows that the abstract formalism developed
previously is very natural in the context of Yang-Mills theory. Note that there is a more general
model of fluid motion with Yang-Mills charged particles, namely the Euler-Yang-Mills equations. The
Hamiltonian structure of these equations is given in [10], see also [8] for the associated Lagrangian
and Hamiltonian reductions.

As remarked in [16], at the reduced level, the Hamiltonian structure of Yang-Mills magnetohy-
drodynamics is given by the matrix (6.5). In this paragraph we carry out the corresponding affine
Lie-Poisson reduction.

The group G is chosen to be the semidirect product of the diffeomorphism group with the group of
(O-valued function on D, that is, G = Diff(D) ) F (D, O). The order parameter Lie group O represents
here the symmetry group of particle interaction. For example, © = S! corresponds to electromagnetism,
O =SU(2) and O =SU(3) correspond to weak and strong interactions, respectively. The advected
quantities are the mass density p, the specific entropy s, and the potential of the Yang—Mills field A.
Therefore, we set

a=(p,s)eVi=FD)x F(D) and A=y e 21 (D,0).

The action of (17, x) € G on (p,s) € V§ is the usual right representation of the fluid relabeling group
on the mass density and entropy. It is given by

(0,91, x)=(Jnpon),son).
The right affine action of (n, x) € G on A € 2'(M, o) is given, as in the example (6.3), by
A Ad, 1A+ x 7Ty
Since the variable x € F (D, 0*) is interpreted as the gauge-charge density, we use the notations

Q e F(D,0*)=TyF(D,0) and Qy € T;“(}'(D, ).
The Hamiltonian H, s a) : T*(Diff(D) ® F (D, O)) — R is given by

101
Hp.s.a)(my, Qy) = 5/Ellmnllzu+/pe(p(ln‘1),5)u
D
1
+ 5/||dAA-Tn‘1 [*Um. (8.6)
D

where e denotes the specific internal energy, the norm in the first term is associated to a Riemannian
metric g on D, and the norm in the third term is associated to the metric (gk), on the vector bundle
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of o-valued k-forms on D, induced by the metric g and by an Ad-invariant inner product k on o. For
details see Section 8.1.

The metric (gk) can be used to identify §2;(D, 0*) and its dual £2¥(D, o), by raising and lowering
indices. Through this identification, the operators div and div? act also on Qk(D, 0). The Hamiltonian
H(my,, Qy, p,s, A) is invariant under the right action of (¢, ¥) given by

(mi’]’ QX’ 1075’ A)
= (Jomy, 09), JO(T*R,-10Qy 09), Jo(pow),sop, Ad,—1 ¢*A+y ' Ty).

Therefore, the hypotheses of Theorem 5.3 are satisfied and the reduced Hamiltonian h:21(D) x
F(D,0*) x VI x V5 — R is given by

1 1 1 2
h(m,Q,p,s,A)z5/;Ilmllzu+fpe(p,s>u«+5/”"“‘“ I,
D D D

where the norms are respectively associated to the metrics g and (gk). We now compute the affine
Lie-Poisson equations (6.4) associated to this Hamiltonian. The functional derivatives are

sh 1 . sh

— = —m-, vi=—=0

sm p 0]

and

sh 1. 5 e sh de sh

— =—z|u e —, — =0—,
8p 2|| 1™+ +p8,o 8s '085 SA

—div? dAA

where div? is defined by (3.14). The advection equations are

9 d 9
o pHdivipw =0, —s+dsw) =0, &A+dA(A(u))+iuB:0.

The equation for the gauge charge is

0

aQ = —div(Qu) + div* div?d*A = — div(Qu).
Indeed, for all f € F(D, 0) we have

/ k(div? divt d? A, f)u / (gk)(d?A,d%a* f)u / (gk)(B,[B, fl)u =

D

where we used the equality dAd” f = [B, f] for B=d”A and the fact that, in an orthonormal frame
with respect to g, we have

(gk)(B. [B. f1) = B[B, f1}ikab = B;[Bij, f1°kap
= k(Bij, [Bij. f1) = —k([Bj;, Bij], f) =0

This proves that div/ div? dAA = 0.
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Using the advection equation for p we obtain the equality

9 . : d T
§m+£um+(d1vu)m =p §u+vuu+Vu -u .

We also have

sh 1\ 9 9
—(5 op+ s <>s> = ggrad |ul> — pgrade — pgrad<p£> +'08_§ grads

de de
=p(Vu' -u) - d( p— ) — p— grad
p(Vu' -u) —pgra <pap) Py, E2dP
=p(Vu' -u) —grad pzﬁ

ap

and

ﬁmA: divA 1 A—&-i_dAA
sA A A

=0+ (gk)(divid?A,i_d*A).

Therefore we obtain that the first line of (6.4) becomes

3u + Vyu = —%(gradp + (gk)(i_B, div" B)ﬁ),

ot

where B=d?A and p = ng—g. In summary, we have obtained the equations of Yang-Mills magneto-
hydrodynamics

0 1

e + Vau= - (grad p + (gk)(i_B, div? B)ﬁ), B=d"A,

0 ) 0 A .

gq +div(Qu) =0, &A—l—d (A(w)) +iuB =0, (8.7)

9 + div(pou) =0 8s—i—ds(u)—O

PTid PI=5 ot -

We now treat the particular case of magnetohydrodynamics, that is, the case © = S!. In order to
recover the standard equations we suppose that D is three-dimensional. In this case we can define
the magnetic potential A := A* € X(D) and the magnetic field B := (xB)* € X(D). Since the group is
Abelian, covariant differentiation coincides with usual differentiation and the equality d*A = B reads
curl A = B. Using the identities (div B)* = — curlB and (iyB)* =B x u we obtain

g(@i_B, divB)" = —(i(gj, p:B)* =B x curlB.

Suppose that all particles have mass m. The electric charge q is such that Q = p%, therefore the
equation for Q in (8.7) becomes

9
—q+d =0.
8tq+ q(u)
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If we suppose that at time t = 0 all the particles have the same charge, then this charge remains
constant for all time. By making use af these remarks and hypotheses, Egs. (8.7) become

d 1
au + Vyu = —E(gradp + B x curlB), B=curlA,

3
1 §A+grad[g(A, w|+Bxu=0, (8.8)

9 + div(pu) =0 8s—i—ds(u)—O
ot PO=5 5 o

Thus, we have recovered the equations for magnetohydrodynamics.
Turning back to the general case and using Theorem 5.3, we obtain the following result.

Hamiltonian reduction for Yang-Mills magnetohydrodynamics. A smooth path (m;, Q) €
T*[Diff(D) ® F (D, O)] is a solution of Hamilton’s equations associated to the Hamiltonian H s, A)
given in (8.6) if and only if the curve

(pw’, Q) =:(m, Q):=J(n~")(myon~ ", T*Rycy-1(Qyon ™))
is a solution of the system (8.7) with initial conditions (pg, So, Ao).
The evolution of the advected quantities is given by
p=Jm N (eoon™"), s=soon',

A :AdXOUq N«Ao + (X ) n_l)T(X_l o 17_1) = n*(Adx Ao+ XTX_I).
This theorem is interesting from two points of view. Firstly, it allows us to recover the non-canonical
Hamiltonian structure given in [16] by a reduction from a canonical cotangent bundle. Secondly,
it generalizes to the non-Abelian case the Hamiltonian reduction for magnetohydrodynamics given
in [24].
The associated affine Lie-Poisson bracket is that given in (6.6), where the third term takes the
explicit form

5f\ ég sg\of . (6f g . (68 6f
/ p("(%)ﬁ —“(%)ﬁ)‘”f S(C‘”(Eﬁ) ‘d‘v(gﬁ»“
D D

Since the Hamiltonian depends on A only through its curvature, the equations can be formulated
using the B-representation. One simply replaces the equation for A by those for its curvature B,
namely,

P
—B+£4B=0.
o> Thu

In particular, we obtain that the force term (gk)(i_B, div? B)? depends only on the curvature B and
not on the connection one-form A.
In the particular case of magnetohydrodynamics, the evolution equation of B reads

0
—B + curl(B x u) =0.
o + curl(B x u)

In the general case of Yang-Mills magnetohydrodynamics, the Kelvin-Noether theorem gives

o fu _7§Tds— f ;(gk)(l_B,le B),
Ct Ct Ct
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and the y-circulation gives

d ?g A=0

dt -

Ct
where ¢; is a loop which moves with the fluid velocity u, that is, ¢; = 1; o co.
8.3. Hall magnetohydrodynamics
As we will see, Hall magnetohydrodynamics does not require the use of the affine Lie-Poisson
reduction developed in this paper. However, in view of the next paragraph about superfluids, we
quickly recall here from [11] the Hamiltonian formulation of these equations. We will obtain this
Hamiltonian structure by a Lie-Poisson reduction for semidirect products, associated to the direct
product group G := Diff(D) x Diff(D). The advected quantities are
(p,s;n) e F(D) x F(D) x F(D).

The variables p and s are, as before, the mass density and the specific entropy, on which only the first
diffeomorphism group acts as

(,s) = ((Jm(pon),son).
The variable n is the electron charge density, on which only the second diffeomorphism group acts as
ne— (J§)moé).
By Lie-Poisson reduction, for a Hamiltonian h = h(m, p, s; n,n) defined on the dual Lie algebra
([xD)® (F(D) x F(D))] x [XD)®F(D)])" = [21(D) x F(D) x F(D)] x [21(D) x F(D)],

we obtain the coupled Lie-Poisson equations

0 . ( 6h Sh Sh
—m=—f£sm—div| — Jm—-— —op— —os,
at sm ém 8p 8s
0 Sh
—p=—divl —p |, 8.9
Tid W(Smp) (8.9)
0 Sh
—s=—ds| —
Jat ém
and
0

Sh Sh
—n=—£fgn—div| — |n— —on,
at n én

0 . <6h )
—n=—div[ —n ).
ot én

Here m is the total momentum density of the fluid and, as will be discussed below, n is interpreted
as the momentum density associated to the electron fluid velocity v := §h/én.
From the second Lie-Poisson system we obtain that the evolution of n/n is given by

(8.10)

%(n/n) = —E% (n/n) — grad % (8.11)
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The Hamiltonian for Hall magnetohydrodynamics is

1 1
h(m, p,s;n,n) := E/EHm_ %A
D

2
1
R M+/P€(;0,S)M+ E/IIdAIIZM, (8.12)
D D

where the one-form A, defined by

n
A :=RE e 21(D),

is the magnetic vector potential, the constants a, R are respectively the ion charge-to-mass ratio and the
Hall scaling parameter, and the norms are taken with respect to a fixed Riemannian metric g on D.
The functional derivatives are computed to be

sh 1 ., a . Sh 1. 5 a de sh de
u=——=-m'— —A, = juPl-Autetp—, —=p—,
smo p R 8p 2 R ap 3s as
and
Sh a R Sh a R 1
:=—=——'Ou——(divB)n, —=—pn-u+—n-(divB)ﬁ=——A-v, B:=dA.
sn n n Sn n? n2 R

Recall from (3.14) that div is defined on £2;(D) as the negative of the adjoint of the exterior differen-
tial d on £2X(D). However, the metric g on D gives an identification of £2,(D) with £2%¥(D) and hence
we can regard div as defined also on £2%(D). It follows that on £2%¥(D) we have div = —§, where § is
the usual codifferential induced by g and d.

The variable v is interpreted as the electron fluid velocity. The advection equations for p,s, and n
are given by

0 B 0
ap + div(pu) =0, &s +ds(u) =0, and &n + div(nv) = 0.

Using the expression of v in terms of u we obtain that div(nv) = —adiv(pu) (since B =dA implies
that div((div B)¥) = 0) which proves that

3
— =0.
at(a/0+n)

Thus, if we assume that apg + ng = 0 for the initial conditions, we have ap +n =0 for all time.
Using the definition of A and (8.11), we obtain that the equation for A is given by

8A— iyB
otV

Using the equations for A and p, we obtain the following equation for u:

] 1 ap de
—u+ Vyu=—— dp — —(iv_uB)* |, =p?—.
ot + Vu p(grap R(VU)> p '08,0
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Suppose that the initial conditions pg and ng verify the equality apg +ng = 0. As we have seen above,
the equality remains valid for all times, and we obtain v=u+ %(div B)F. Using this, the equations

above simplify and we obtain the system

5 1 , .
e + Vau = - (grad p — (igiv py: B)®),

ad ad
— o0 =—di — 5= 8.13
P4 div(pu), P ds(u), (8.13)

8A iuB — Ri B
ar T u p(dlvB)ﬁ .

When D is three-dimensional, we can define the magnetic potential A := A* and the magnetic field
B := (xB)”. In this case the previous equations read

ad

§u+vuu_ ——(gradp + B x curlB),

A div(pu) 9 s = —ds(u) (8.14)
T P 5= ’ '

0 R
—A=uxB+ —B x curlB.
ot ap

These are the classical equations of Hall magnetohydrodynamics. Note that we can pass from the
equations for magnetohydrodynamics to those for Hall magnetohydrodynamics by simply replacing
the advection law for A by Ohm’s law. In terms of the magnetic field B, one simply replaces the

advection law

9
—B+£4B=0,
o> Tl

where u is the fluid velocity, by the equation

3
— B4+ £,B=0,
ar” T

where v is the electron fluid velocity.
In fact, the Hamiltonian h given in (8.12), is the value at the identity of the right-invariant Hamil-

tonian H(m,, p, s;ng, n) =

is given by

l
Hp,s;my(myimg) = o Hmn -

Hp s:ny (my; ng), where

H(p,s:n) : T*(Diff(D) x Diff(D)) — R

o _10 2
%%35723?”ll+l/ﬁw(P]U_RSﬁi
D

5 o)

2
WU.
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Hamiltonian reduction for Hall magnetohydrodynamics. Suppose that apg + ng = 0. A curve
(my), ng) € T*(Diff(D) x Diff(D)) is a solution of Hamilton’s equations associated to H(y, so:ng) if
and only if the curve

m,n):=(J(n7 ") (myon"), JE) (s 0£7))

is a solution of Egs. (8.13) where A :=
advected quantities is given by

%n = —%n, since ap +n = 0. Moreover the evolution of the

p=J"(poon"), s=soon”', n=J(E ")(0oE™").

Let us assume from now on that the initial conditions pg and ng are related by apg +ng = 0. We have
seen that this implies that ap +n = 0. From the relations above we conclude the interesting result
that the action of £~ 1 o1 fixes nog, that is, J(§~ ' on)(ngo&~! on) =ngp. Conversely, given this relation
and the condition apg + ng =0, it is easily seen that ap +n=0.

The Lie-Poisson bracket associated to these equations is clearly the sum of two Lie-Poisson brack-
ets associated to the semidirect products Diff(D) Q) [F (D) x F(D)] and Diff(D) ® F (D).

The Kelvin-Noether theorem associated to the variable m gives

d , a
— —A|l=¢Td
dtf(u—FR ) f 5

Ct Ct

which can be rewritten as

d w = ?{ T ds +7§ ¥ B
dt = 0 (divB)# D>
Ct Ct Ct

where ¢; is a loop which moves with the fluid velocity u, that is, ¢; = n; o cp. The Kelvin—-Noether
theorem associated to the variable n gives

d
— @ A=0,
dt

de

where d; is a loop which moves with the electron fluid velocity v, that is, d; = & o dp.
8.4. Multivelocity superfluids

Superfluidity is a rare state of matter encountered in few fluids at extremely low temperatures.
Such materials exhibit strange behavior such as the lack of viscosity, the ability to flow through very
small channels that are impermeable to ordinary fluids, and the fact that it can form a layer whose
thickness is that of one atom on the walls of the container in which it is placed. In addition, the
rotational speed of a superfluid is quantized, that is, the fluid can rotate only at certain values of the
speed. Superfluidity is considered to be a manifestation of quantum mechanical effects at macroscopic
level. Typical examples of superfluids are >He, whose atoms are fermions and the superfluid transition
occurs by Cooper pairing between atoms rather than electrons, and 4He, whose atoms are bosons and
the superfluidity is a consequence of Bose-Einstein condensation in an interacting system.

For example, at temperatures close to absolute zero, a solution of He and %He has its hydrody-
namics described by three velocities: two superfluid velocities v},vf and one normal fluid velocity v;,.
If other kinds of superfluids are present, one needs to introduce additional superfluid velocities. For a
history of the equations considered below and the Hamiltonian structure for multivelocity superfluids
see [15].
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The two-fluid model. We first treat the two-fluid model, that is, the case of one superfluid velocity vg
and one normal-fluid velocity v,. Remarkably, this Hamiltonian structure can be obtained by affine
Lie-Poisson reduction, with order parameter Lie group O = S!. In this paragraph we also carry out
the corresponding Lagrangian formulation, by applying the general theory of affine Euler-Poincaré
reduction to the semidirect product group Diff(D)® F(D, S1).

The linear advected quantity is the entropy density S on which a diffeomorphism n acts as

S (Jm(Son).

The affine advected quantity is the superfluid velocity vs, on which the element (1, x) € Diff(D)(©
F(D, S acts as

Vg > (n*v'; +dx)ﬁ.

This action is simply the affine representation (3.6) for the Lie group O = S'. Here, the advected
quantity vs is a vector field and not a one-form, since it represents a velocity and hence formula (3.6)
was changed accordingly. As will be seen, in this formalism, the mass density does not appear as an
advected quantity in the representation space V*; it is a momentum, that is, one of the variables in
the dual Lie algebra g* = 21(D) x F (D).

The reduced Lagrangian for superfluids is [: [X(D) © F(D)|®[F (D) ® X(D)] — R given by

1
I(Vn, v, S, V5) := 5fp||vnllzu+/(pvm—/8(0,S,vs—vn)u, (8.15)
D D D

where v, is the velocity of the normal flow. The internal energy density ¢ is seen here as a function of
three variables e =&(p, S,r) :R x R x TD — R. The norm in the first term is taken relative to a fixed
Riemannian metric g on D. Note that for superfluids it is more convenient to work with the internal
energy and entropy per unit volume and not per unit mass as in the preceding examples. We make the
following definitions:

e 0€
Mchem := — (P, S, Vs —Vp) € F(D), T:=—(p,S,vs —vy) € F(D),
a0 S
o€
p:= ﬁ(p, S, Vs — V) € 21(D).

The interpretation of the quantities itchem, T, and p is obtained from the following thermodynamic
derivative identity for the internal energy (superfluid first law):

d(g(p, S, Vs _Vn)) = chemdp +TdS +p-V_(vs —vp) € 21(D),

where V denotes the Levi-Civita covariant derivative associated to the metric g. The function pchem iS
the chemical potential, T is the temperature, and p is the relative momentum density. The mass density p
is the function p = p(vy, v, S, vs) defined implicitly by the condition

€ 1
Hehem = = (P, S, Vs = Vo) = 5 IVall? + v. (8.16)
P 2

Therefore, p is not a variable in this approach. By the implicit function theorem, the relation above
defines a unique function p, provided the function & verifies the condition

82
a—;(r,s, vy) #Z0, forall (r,s,vy) e Rx R x TD. (8.17)
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The affine Euler-Poincaré equations for the two-fluid model. Using the definition (8.16) of the func-
tion p, we compute below the functional derivatives of I. We have

5ln—pn —|Ivn||2 p+ 8‘2 Mchem:p +p=pV,+p=m,
=Tl p v P e P = p,
AL LL L
%—%anllzg—"zikvg—"z Mchemg—ps—ll— -Pp.

Using the affine Euler-Poincaré equations (3.13), we obtain the following equations for p, S, and vs:

P P
Pt div(pvn +p*) =0, ES +div(Sv,) =0

0 1 .
&Vs + grad(g(vs, Vi) + chem — 5 ||Vn||2) + (lvnd"?)t1 =0.

The last equation can be rewritten as

ad 1 .
gvs + Vy, Vs = _grad</1vchem ) Vs — Vn||2) + (1vs—vndvz)ﬁ- (8.18)

When D is three-dimensional, the last term reads

(i‘,s_‘,ndvk;)ﬁ = (aardvz)Ij X (Vs — V) = curl vg X (Vg — V) = (Vy — Vs) X curlvg.

Using the equality
1 2
—pd| chem — z”vn” —SdT=—dp—p-V_vs+m-V_v,,

where p :=—¢&(p, S, Vs — Vy) + chempP + ST is the Euler pressure law, the equation for m is computed
as follows:

d _ 1 .
oM = —fy,m — div(vy)m — pd(uchem = 5 lIva ||2) — SAT — div(p)v; + dv;(_, p*)

=—fym—divivp)m+m-V v, —dp —p-V vs — div(pﬁ)vz +dv) (. pﬁ)
= —Vy,m — div(v,)m —dp — ijv?, — div(pﬁ)vz
= —DivT,

where T is the (1, 1) superfluid stress tensor defined by
T:=v, ®m+p’ QV, + ps,

8 is the Kronecker (1, 1) tensor, and Div is the divergence of a (1, 1) tensor, defined as the trace of
the bilinear map

(o0, V) > V,T(e, ) € 21(D).
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In coordinates, we have
T, =v,m; + p'vg; + pé}
and
(DivT)j = (VD) = 8T, + T, 1 — T| I},

The equations for superfluid dynamics are therefore given by

d .

—m = —DivT,

at

o . 0L

i div(pv, + p*) =0, 55 +div(Svp) =0, (8.19)
0 1 2 . by

avs + grad| g(Vs, Vn) + tchem — ) lvnll” ) + (lvndvs) =0,

where
T:=v, ®m—i—pIj ®v§ +ps, and p:=—¢e(p,S,Vs —Vy) + UchempP + ST.

Thus we have recovered Egs. (1a)-(1d) in [15], in the particular case of the two-fluid model. By
Legendre transformation of the reduced Lagrangian (8.15), we obtain the reduced Hamiltonian

1
h(m,p,S,vs)=—5/pllvnllzu+/(m-vn)u+/8(p,S,vs—vn)u, (8.20)
D D D

where v, =v,(m, p, S, V) is the vector field defined by the implicit condition
b de
m_pvnzg(p’sﬂ’s—vn) =:p. (8.21)

By the implicit function theorem, the above relation defines a unique vector field v,, provided the
function ¢ verifies the condition that
3%
Uy > — (1S, Vyx) - Uy — 'y
or2

is a bijective linear map. If (8.17) holds, then this condition is equivalent to saying that the Legendre
transformation is invertible. Of course, the functions | and h are the values at the identity of the
corresponding unreduced right-invariant Lagrangian and Hamiltonian L(v;, vy, S, Vs) = L(s v, (Vy, Vy)
and H(my, py, S,Vs) = H(s v,)(my, oy ), where

Liswy : T(DIff(D)®F(D,S')) >R and Hsy, : T*(Diff(D)® F (D, S')) — R.

Lagrangian reduction for superfluids. A curve (1, x) € Diff(D) ® F (D, S!) is a solution of the Euler-
Lagrange equations associated to the Lagrangian Ls, v, if and only if the curve

Vn, V)= (o' (TR,-1 ) on™")

is a solution of the superfluids equations (8.19) with initial conditions (Sp, Vso).
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The evolution of the advected quantities is given by
S=Jm H(Soon') and vs= (n*(vi0 + dx_l))ﬁ.
Note that the evolution of the superfluid vorticity is given by
dv) = n*dvso,

therefore, the irrotationality condition dv? =0 (curlvs = 0 for the three-dimensional case) is pre-
served.

Hamiltonian reduction for superfluids. A curve (m;, p,) € T*[Diff(D)(® F (D, S1)] is a solution of
Hamilton’s equations associated to the superfluid Hamiltonian Hs, v, if and only if the curve

m, p):=J(n" ) (myon~t p,on")

is a solution of the system (8.19) with initial conditions (Sg, Vo).
The associated Poisson bracket for superfluids is

5f 5g 3f dg . 8g &f
S,v5) = e 45 sm 95, sm
D D
5f og 8g of
d-2 . == —d== . =
+/ <5s sm 8S 5m>“
D

gt g »\ OfF
d—4+£; = —([d=4+£ L . 8.22
+/[( tEaLYs ) Vs <8p+ & Vs 8V H (8.22)
D

Multivelocity superfluids. We now quickly explain how to generalize the preceding approach to the
case of superfluids with m velocities. Consider the semidirect product

G :=Diff(D)® [F(D, S') x --- x F(D, s")],

m times

where the group on the right is the direct product of the groups F(D, S!). The semidirect product is
associated to the right action of Diff(D) given by

X' x™ = (xton,..., x™on).

The affine advected quantities are the m superfluid velocities (v!,...,v") € X(D)™ on which an ele-
ment (1, x',..., x™) acts as

(Vi V) e (7 (v)) +dx (V) dy™)

The reduced Lagrangian is defined on [X(D) ® F (D)™ ®[F (D) & X(D)™] and is given by

[V (%), 5. (v)) := /p||vn||u+2/p v / (p%). 5. (v — )i,

a=lp D
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where p“, the mass density of the condensate particles with flow v, is the function p% =
p% (v, (%), S, (v¥)) defined by the condition

0e 1
Hehem = 5 (0%): S (W —wn)) = Fl1va* 0.

By the implicit function theorem, these conditions uniquely determine p%, provided the matrix

(s (-5.0))

is invertible for all 1, s, v{; € R xR x TD. The variable p is defined by p := p! +---4 p™ and denotes
the total mass density. Using the notations

e e

Hhem = W((p"‘), S, (' —w)) e (D), Ti==5((p). S, (V& —vn)) € F(D),
o 88 o
p*i= 2 ((0%). S, (v —wn)) € 21 (D),

we obtain the functional derivatives

3l b N g 8l w 8l 8l
e — , —_— = , —_—= —T’ — _ —=_p%
5Vn Vit p soe P 55 P

a=1
and the thermodynamic derivative identity for the internal energy
m m
A(e((0%). 5. (v —V))) = D Wemp® +TdS + 3B V_ (v — ) € 2'(D).
a=1 a=1

Using the affine Euler-Poincaré equations associated to the group Diff(D)®[F(D,S!) x --- x
F(D, S1)], we obtain the equations for multivelocity superfluids

d

Em = — DiVT,

5 5

SoPC A div(p v + (p*)") =0, oS T div(sv) =0, (8.23)
5 1 ,

&v?‘ + grad(g(vg, Vi) + U em — 3 ||Vn||2) + (lvnd("gl)b)Ii =0,

where a =1, ..., m. The stress tensor T and the pressure p are given by
= b
T:=v, ®m+ Xj(po‘)ti ® (v¥)" + pé,
a=1

pi=—2((p%).S. (v =Vn)) + D _ Wehemp® + ST

a=1
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By Legendre transformation, we obtain the Hamiltonian
1
h(m, (/Oa)’ S, (V?)) =75 / plvall® 1 + /(m V) + / 8((:0“)7 S, (V(sx —Vn))ll,
D D D

where v, =vp,(m, (p%), S, (v¢)) is the vector field defined by the implicit condition

" de
=2 55 (%) 5. (& —wn)).
a=1
By the implicit function theorem, the above relation defines a unique function vy, provided the func-
tion ¢ verifies the condition that the linear map

m 2

&
Uy a%_:l W(r, S, Vy) - Uy — Ty

is bijective.
Lagrangian and Hamiltonian reductions hold as in the two-fluid model. The evolutions of S and v¥
are given by

S—J(n")(Soon") and vE = (%) +d(x*) )

and the irrotationality condition d(v¥)” =0 is preserved.
The associated Poisson bracket is given by

B Sf Sg dg dg &f
D
sf sg bg &f
+/ (“E ﬁ“‘ﬁﬁ)“

S )

a=1lp
The y -circulation gives

d

dtf(vg) =0, foralla=1,...,m,

ct
where c; is a loop which moves with the normal fluid velocity vy,.
8.5. Superfluid Yang-Mills magnetohydrodynamics
In this paragraph we combine the Hamiltonian structures of Yang-Mills magnetohydrodynamics
and superfluid dynamics, to obtain a new physical model for the theory of superfluid Yang-Mills

magnetohydrodynamics as well as the corresponding Hamiltonian structure. In the Abelian case we
recover the theory and the Hamiltonian structure derived in [15]. We need a slight generalization of
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the geometric framework developed in Sections 3 and 6, namely we consider the group semidirect
product

Diff(D) ® (F (D, 0) x F(D, S")).
where F(D, ©) x F(D, S1) is a direct product of groups on which Diff(D) acts as

(X1, x2) = (X10m, x20m).

The affine advected quantities are the potential of the Yang-Mills fluid A and the superfluid velocity vs,
on which (1, x1, x2) acts as

A Adxfl n*A+ X{IT)@ and v+ (n*vz + dxz)t.
The reduced Hamiltonian is defined on the dual of the Lie algebra
[X(D)® (F(D, 0) x F(D))]® (F(D) x 21(D, 0) x X(D))

and is given by

h(ma Q,,O,S,A,Vs):—

N —

1 2
/pnvnnzu + /(m Vi) + / £(p, S, Vs v+ 5 /HdAAH I,
D D D D

where vy, is the normal fluid velocity defined as in (8.21). This is simply the Hamiltonian (8.20) plus the
energy of the Yang-Mills field. The norms are respectively associated to the metrics g and (gk), where
g is a Riemannian metric on D and k is an Ad-invariant inner product on o. The affine Lie-Poisson
equations associated to this Hamiltonian are computed to be

2m = —DivT 3,0 + div(,ovn +pu) =0
ot Toot ’

0 0
&Q + div(Qvy) =0, ES + div(Svy) =0,
] (8.24)

0 1 .
Vs grad(g(vs, Vi) + ehem — 5 ||vn||2) + (i, dv)* =0,

i)
A +d*(A(w)) +iy,B=0, B:=d"A.

For superfluid Yang-Mills magnetohydrodynamics the stress tensor is given by
T:=v,®m+p°®V,+ BB+ ps,
where B - B is the (1, 1) tensor field defined by
(B - B)} = Bf’ng',
and where the pressure is given by p := —&(p, S, Vs — V) + chempP + ST — %||B||2.

The corresponding Hamiltonian reduction and affine Lie-Poisson bracket can be found as before
and the evolutions of the advected quantities are given by

S=J(n"")(Soont)., A=ni(Ady Ao+ x1Tx; ") and Vs = (n. (vl +dx; "))
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As in the preceding example, it is possible to generalize this approach to multivelocity superfluids. In
this case, the y-circulation gives

d d
m (v‘;‘)bzo, foralo=1,...,m, and a%A:O,
Ct

Ct
where c; is a loop which moves with the normal fluid velocity v,.
8.6. Superfluid Hall magnetohydrodynamics

The Hamiltonian formulation of superfluid Hall magnetohydrodynamics is given in [15]. As one
can guess, the Hamiltonian structure of these equations combines the Hamiltonian structures of Hall
magnetohydrodynamics and of superfluids. This is still true at the group level and we will obtain the
equations by affine Lie-Poisson reduction associated to the group

G := [Diff(D) ® F(D, $')] x Diff(D).

In this expression, the symbol x denotes the direct product of the two groups. The advected quantities
are

(S,u;n) e F(D) x X(D) x F(D).

The variable S is the entropy density of the normal flow, the other variables will be interpreted later.
The action of (1, x; &) € G is given by

(S, u;n) > (Jn(Som), (1w +dx)*; JEMo&)).
The resulting affine Lie-Poisson equations consist of two systems, the affine Lie-Poisson equations as-

sociated to the variables (m, p, S, u) and the Lie-Poisson equations associated to the variables (n, n).
The Hamiltonian of superfluid Hall magnetohydrodynamics is defined on the dual Lie algebra

(XD ®F(D)® (F(D) & X(D))] x [X(D)®F(D)])"
= (D) x F(D) x F(D) x 21(D) x 21(D) x F(D)

and is given by

1 2 ap
h(m,p,S,u;n,n):—i pllvall“n + m—TA “Vn |
D D

1
+/aa&%—wm+5/mmmu
D D

where m is the total momentum density of the fluid, n is interpreted below as the momentum density
associated to the electron fluid velocity v := 8h/dn, vy, is the velocity of the normal flow, vs :=u — %Aﬁ is
the superfluid velocity, and ¢ is the internal energy density. The one-form A is defined by

n
A:=R-—.
n
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The norm in the first term is taken with respect to a fixed Riemannian metric g on D. The velocity
v, is the function v, =v,(m, p, S, u; n,n) defined by the implicit condition

a de
m— pv), — §A= (P, 5. Vs — Vi) =P,

By the implicit function theorem, the above relation defines a unique function vy, provided the func-
tion ¢ verifies the condition that the linear map

2
&
Uy > —— (T, S, Vx, Wx) - Ux — T'lix
ar

is bijective for all (r,s, vy, Wx) ERx R x TD x TD.
Using the notations

e &
Mchem := — (P, S, Vs —Vp) € F(D), T:=—(p,S,vs —vy) € F(D),
ap 0S
e 1
p:= 5(’0’ S,vs —vn) € 2 (D),

the functional derivatives of h are computed to be

o, L @, sh_ . oh _
sm ns 5,0_ 5 n R n T Mchem: 5 Sll_p’
Sh 1 Sh 1

— _ it : f _
Vi=—=——(apvy,+a R(div B)*), —=——A-V.
sn = " (0Pvatap’ + RUAVBY). O=—p

The vector field v is interpreted as the electron fluid velocity. The equations for p, S, and n are given
by

0 0 B
i + div(pv, + p*) =0, P S +div(Svy,) =0, and T + div(nv) = 0.
Using the expression of v in terms of v, we obtain that div(nv) = —adiv(pv, + p*) which proves that

d
— =0.
o @p +n)

Thus, if we assume that the initial conditions verify apg + ng = 0, then we have ap +n =0 for all
time. The equations for A and u are computed to be

1 R
—A=—iy B— —i+«B— —iy; B,
at Vp 0 pt ap (div B)®

9 1 .
5u + grad(g(vs, Vi) + [chem — 5 ”Vn”z) + (lvndub)rL -0

From these two equations we obtain the evolution of the superfluid velocity v =u — %Aﬁ as

0 1 2 a., 1. . b ’
&Vs = —grad| g(vs, Vq) + [dchem — 5 vall” ) + @lij + El(divB)ﬁB — iy, dvs ) .
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Doing computations similar to those for superfluids we obtain that the equation for m + n is given by
9 (m+n)=—DivT
at N ’
where the stress tensor T is given by
T— b 4 o b _ 1 9
= ® (/OVn +p) +p"®Vs+B-B+ps, p=plchem+ ST —¢€— EHB” .
Thus, we have obtained the following equations
9 (m+n)=—-DivT
at N ’

0 0
P+ div(pvy + p*) =0, oS T div(Svn) =0,

(8.25)

1 R
—A=—iy B— —i B — —ig; B,
9t A 0 pt ap (div B)#

9 1 2
avs = —grad( g(vs, V) + Uchem — 5 [lvall

a . 1. A
+ ElptB + ;l(dlv B)ﬁB - lvndvs .

These are the equations for superfluid Hall magnetohydrodynamics as given in [15, Egs. (35a)-(35e)].
When D is three-dimensional, the two last equations read

0 1 R
—Af = <vn + —pf — — curlB) x B and
ot o) ap

d 1 1 a
gvs = —grad(g(vs, Vi) + [chem — 3 ||vn||2) + v, x curlvg + ; <curlB - Epﬁ) x B.

Hamiltonian reduction for superfluid Hall magnetohydrodynamics. Consider the right-invariant
Hamiltonian function H(my, oy, S, w;ng,n) = H(s y.ny(My, py;ng) induced by h and suppose that
we have apg +ng =0. A smooth curve

(my, py; ng) € T*[(Diff(D) ® F(D, S')) x Diff(D)]

is a solution of Hamilton’s equations associated to H s, uy:n,) and with the initial condition pg if and
only if the curve

(m, p;m) = (J(n~")(myon™"), J(n™ ) (ox on™1); J(ETT)(moETT))

is a solution of Egs. (8.25), where vy =u —aA*/R =u —an/n.

The Poisson bracket for superfluid Hall magnetohydrodynamics is the sum of the affine Lie-Poisson
bracket associated to the variables (m, o, S,u) and the Lie-Poisson bracket associated to the vari-
ables (n, n).

The y-circulation gives
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Using the definition vs :=u — %Aﬁ, we obtain
d b a
— @(vi+ =A%) =0,
dt % ( *TR )
Ct

where c¢; is a loop which moves with the normal fluid velocity v,. The Kelvin—-Noether theorem associ-
ated to the variable n gives

d A=0
dt o
dy

where d; is a loop which moves with the electron fluid velocity v.
8.7. HVBK dynamics for superfluid *He with vortices

The Hall-Vinen-Bekarevich-Khalatnikov (HVBK) equations describe superfluid Helium turbulence.
We consider the version of HVBK equations, together with its Hamiltonian structure, as given in [12].
It turns out that this Hamiltonian structure is the same as that of superfluid Hall magnetohydrody-
namics, that is, it is obtained by affine Lie-Poisson reduction associated to the group

G := [Diff(D) ® F(D, S')] x Diff(D).

As before, the advected quantities are

(S,u;n) e F(D) x X(D) x F(D),

where S is the entropy density of the normal flow. The action of (1, x; &) € G is given by

(S,u;n) > (Jn(Son), (10 +dx)%; JEMo&)).

The resulting affine Lie-Poisson equations consist of two systems, the affine Lie-Poisson equations as-
sociated to the variables (m, p, S, u) and the Lie-Poisson equations associated to the variables (n, n).

For simplicity we assume that the manifold D is three-dimensional. The Hamiltonian of HVBK
dynamics is defined on the dual Lie algebra

(XD B®F(D)® (F(D) @ X(D))] x [X(D)®F(D)])"
~ (D) x F(D) x F(D) x 21(D) x 21(D) x F(D)

and is given by

h(m, p,S,u;n,n) :=—

/pllvnllzu+/((m—pA)-vn)u+/8(p,5,vs—vn,w)u,

D D D

N[ =

where m is the total momentum density of the fluid, n is interpreted below as the momentum density
associated to the vortex fluid velocity v; := 8h/én, v, is the velocity of the normal flow, vs := u — A? is
the superfluid velocity, @ := curlvs is the superfluid vorticity, and ¢ is the internal energy density. The
one-form A is defined by
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Note that the Hamiltonian of HVBK dynamics is similar to that of Hall magnetohydrodynamics, for
R =a = —1. The norm in the first term and the operator curl are taken with respect to a fixed
Riemannian metric g on D. The velocity v, is the function v, = v,(m, p, S, u; n,n) defined by the
implicit condition

g
m—,ov,b1 —pA= E(p,s,vs—vn,w) =:p.

By the implicit function theorem, the above relation defines a unique function v, provided the func-
tion ¢ verifies the condition that the linear map

3¢
Uy = W(r, S, Vx, Wx) - Ux — Ty

is bijective, for all (r,s, vy, Wwx) e Rx R x TD x TD.
We make the following definitions

€ 0€
Mchem = %(p, S,Vs — Vg, w) € F(D), T:= g(p, S,Vs —Vy, ) € F(D),
ae 1 ae 1
p:= 5(,0, S,Vs —Vp, @) € 2 (D), A= %(p, S, Vs —Vp, @) € 2° (D).

The interpretation of the quantities ftchem, T, P, and X is obtained from the following thermodynamic
derivative identity for the internal energy:

d(£(0, S, Vs = Vn, ) = Uchemdp + TS +p- V_(Vs — Vo) + 1 V_w € 2'(D),

where V denotes the Levi-Civita covariant derivative associated to the metric g. The functional deriva-
tives of h are computed to be

Sh —v Sh:_luv I>—A-v, + &:T ﬁ: + curl 1
sm ns 5p 5 IVn n T Mchem- 5S s su p )
\ ;=%=l(pvn+pﬁ+curl)\), %=A-V1.

fn n én

The vector field v; will be interpreted as the vortex line velocity. The equations for p, S, and n are given
by

d 0 d
4 + div(pvy + p* + curlA) =0, 55 +div(Sv,) =0, and e +div(nv)) =0

Using the expression of v; in terms of v, we obtain that div(nv;) = div(pv, + p* + curl A) which proves
that

d
5(/0—”)2

Thus, if we assume that the initial conditions verify pg = ng, then we have p =n for all time. The
equations for A and u are computed to be

d
at

— A" = —(pvn +p* + curl ) x curl A" = v; x curl A%,

1
P
1 2
—u +grad|( g(Vs, Vn) + Mchem — 5 Vall* ) + curlu x v = 0.
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As in superfluid dynamics, this equation preserves the condition curlu =0, and we will suppose that

it holds initially: curlug = 0. In this case we have w = — curl A® and the equations above read
0 4 d 1 )
&A +vixw=0 and au + grad( g(vs, V) + Mchem — 3 [lva]© ) =0. (8.26)

From these two equations we obtain that the evolution of the superfluid velocity vy =u — A* is given
by

0 1
&Vs + XV = _grad(g("s, Vi) + [chem — 5 ||Vn||2), (8.27)

which can be rewritten as

0 1 2
&Vs + Vy, Vs = —grad| [Lchem — 5 Vs —vull“ ) +£, f=(Vj—Vs) X W,

(compare to (8.18)). Doing computations similar to those for superfluids we obtain that the equation
for m + n is given by

a
—(m+n) =—DivT,
5 t( )

where T is the HVBK stress tensor given by

T=Va® (0Vh +P) +P° OVe —@ @A+ P8, P = plhchem + ST —&+@" L.

Thus, we have obtained the following equations

i_] = —DivT,
ot
a . Gl .
] §p+d1vj:0, &S + div(Svy) =0, (8.28)
0 1 2
&Vs + Vy,vs = —grad(//«chem 5 Vs — vl ) +f, f=(v -V x o,

where we have used the notation
b
J=pvy+p=m+n

for the total momentum density. These are the equations of HBVK dynamics as given in Eq. (1) of [12]
with R =0.

Hamiltonian reduction for HVBK dynamics. Consider the right-invariant Hamiltonian H(my,, oy, S, u;
ng, 1) = H(s u.n)(My;, 0y Ng) induced by h. Suppose that pg =ng and curlug =0 and let (m,), oy ; Ng)
be a solution curve in T*[(Diff(D)® F (D, S')) x Diff(D)] of Hamilton’s equations associated to
H(s,,ug:ny) and with the initial condition pg. Then the curve

m, pim):= (J(n~ ) (myon™"). J(n7")(ox on7)s J(ET)(moETT))

is a solution of the HVBK equations (8.28), where v; = u — A = u + n/n. To obtain the converse of
this assertion, it is not enough to assume that (m, p, S, vg, n) verifies (8.28). It is also required that A
or u verify the corresponding equation in (8.26).
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Note that from the equalities vy = u — A* and curlu = 0 we obtain that the variables u and A* are
interpreted respectively as the potential and the rotational components of the superfluid velocity vs.
As in Section 8.6, we have

dt

Ct

4 (vg—I—A):O and i%A:O,
dt
de

where ¢; and d; are loops which move with the normal fluid velocity v, and the vortex line velocity vj,
respectively. Using Eq. (8.27) for the evolution of the superfluid velocity vg, we obtain the vortex Kelvin

theorem
d b
— v, =0.
dt?g s

dt

By the Stokes theorem, this can be rewritten as

%//@b-n)ds:o,
St

where n is the unit vector normal to the surface S; whose boundary 9S; is a loop which moves with
the vortex line velocity v;. This is the conservation of the flux of superfluid vorticity through any
surface whose boundary moves with the velocity v;.

In [12] it is also supposed that g—f is collinear to r, more precisely, that there exists a positive
function ps such that

P = ps(Vs — Vp).
The function ps is interpreted as the superfluid mass density, and the density of the normal fluid is given

by pn := p — ps. Using these notations, the total momentum J and the stress tensor T can be rewritten
as

J = ponVn + psVs
and
T=vy, ®,0nv,b1 + v ®p5vz —w® A\ +ps.
8.8. Classical fluids versus superfluids

We summarize below the examples that have been studied in the previous sections.

Classical fluids. In order to compare the two theories, we use the notation v, for the fluid velocity.
We also express the dynamics in terms of the entropy density S and internal energy density & (and
not in terms of the specific entropy s and internal energy e). We have

e(p,S) =pe(p,S/p),
and the first law of thermodynamics

p 5 de
de = —dp + Tds, =p°—,
e 02 p+1lds, p=p op
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reads

de = pchemdp + TdS, p= plUchem + ST —&.

(i) Basic hydrodynamics
Symmetry group Diff(D), momentum m € 21(D).
Advected quantities (p, S) € F(D) x F(D).

Hamiltonian
101
D D
b
m=pv,.
Stress tensor formulation m = — DivT, where

T:vn®,ov,b1+p8, P = PMUchem + ST —&.

(i) Yang-Mills magnetohydrodynamics
Symmetry group Diff(D) @ F (D, ©), momenta (m, Q) € 2 (D) x F(D, o*).
Advected quantities (p, S, A) € F(D) x F(D) x 21(D, o).

Hamiltonian
h(m, Q. p,S,A) = Sl [ et S+ |d A" e,
D D D
m= ,ov,bl.
Stress tensor formulation m = — DivT, where

1
T=Va®pVy+B-B+p3. p=phchem+ ST —&— - |BI>.

(iii) Hall magnetohydrodynamics
Symmetry group Diff(D) x Diff(D), momenta (m, n) € 21 (D) x 21(D).
Advected quantities (p, S;n) € F(D) x F(D) x F(D).
Hamiltonian

11
h(m,,o,S;n,n):—/—Hm—%A
2) p R
D

2

1 2 n

M+f8(p,5)u+5flld/\ll Mo A=Re
D D

a
m:,ov,b1+?’0A.

Initial conditions
app+no=0 = {ap+n=0and m+n=,0v,b1}.

Stress tensor formulation m + n = — DivT, where

1
T=Va® pVy+B-B+pS, p=plhchem+ST —&— S 1BI.
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Superfluids. As before, we denote by v, the velocity of the normal flow and by v the superfluid
velocity. For simplicity we treat the two fluid model in this summary. Generalization to multifluid
models follows as above in the examples. The superfluid first law reads

de = pchemdp +TdS +p - V_(Vs — Vp),
where ¢ is the internal energy density. For HBVK dynamics the term A - V_® has to be added.

(i) Basic superfluid hydrodynamics
Symmetry group Diff(D)® F (D, S!), momenta (m, p) € 21 (D) x F(D).
Advected quantities (S, vs) € F(D) x X(D).
Hamiltonian

1
h(m, p, $,v5) =~ f plIvallP e + /(m-vnm + / £(0, S,Vs — V)1t
D D D

m = pv,, +p.
Stress tensor formulation m = — DivT, where
T=v, ® (pV, +P) +P° @V, + P8, P = plhchem + ST — €.
(ii) Superfluid Yang-Mills magnetohydrodynamics
Symmetry group Diff(D) ) (F (D, O) x F(D, s1)), momenta (m, Q, p) € YD) x F(D, 0*) x
F (D).

Advected quantities (S, A, vs) € F(D) x 21(D, o) x X(D).
Hamiltonian

h(m9 Q? /05 S,A,Vs)

== [ plvallPpe+ [ movip+ [ (o, S, vs —vae+ 5 [ |[d*A]"p,
D D D D

m= ,ovk,)1 +p.
Stress tensor formulation m = — DivT, where
T=vp® (,ov,b1 +p) +p ®VE +B-B+ps, p=pUchem+ ST —&— %||B||2.
(iii) Superfluid Hall magnetohydrodynamics

Symmetry group [Diff(D)® F (D, S')] x Diff(D), momenta (m, p,n) € 21(D) x 21(D) x F(D).
Advected quantities (S, u;n) € F(D) x X(D) x F(D).

Hamiltonian
1 2 ap
h(m,p,S,u;n,n)=—§ Pllvall®pn + m—TA “Vn |
D D

1
+/8(p,5,vs—vn)u+E/IIdAIIZM,
D D

where
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A:=R—, Vs:=u— — A",
n R

a
m=,0v,b1+?'0A+p.

Initial conditions
apo+np=0 = {ap+n=0and m—|—n:,ov,b1—|—p},
curluyg=0 — curlu=0.

Stress tensor formulation m + n = — DivT, where
_ b i b _ 1 2
T—Vn®(pvn+p)+p ®Vs+ B - B+ pé, p—pﬂchem+ST_8_§||B” .

(iv) HBVK hydrodynamics
Symmetry group [Diff(D)(® F (D, S1)] x Diff(D), momenta (m, p, n) € 21(D) x 21(D) x F(D).
Advected quantities (S, u;n) € F(D) x X(D) x F(D).
Hamiltonian

1
h(m, p,S,u;n,n) = — E/pnvnusz((m—pm Vo) 14
D D

+/8(p759v5 _Vnaw):u»
D

n
A=——, vs::u—Aﬁ, w := curl vg,
m= ,ov,bl + pA+p.
Initial conditions
po=ny => {p=nand m+n=pv, +p=:]}, curlup=0 = curlu=0.
Stress tensor formulation m + n = — DivT, where
T=w® (pvrbl +p) ‘i'ptI ®V§ —w®) +pS, P =pPHchem+ ST —e+® A
The hypothesis p = ps(vs — v,) implies the equalities J = o,v;, + psVs and
T=V, ® PV} + Vs ® psVy + © ® 17 + ps.
8.9. Volovik-Dotsenko theory of spin glasses
In [27], the authors use a Poisson bracket approach to derive the equations of nonplanar magnet
with disclinations and of spin glass. These models are referred to as the Volovik-Dotsenko spin glasses.
In [16], the Hamiltonian structure of the Volovik-Dotsenko spin glasses is shown to be isomorphic
to that of Yang-Mills magnetohydrodynamics. Thus, it can be obtained using the affine Lie-Poisson
reduction developed in the present paper. In this section we also carry out the Lagrangian version of
the approach given in [16], to which we refer for additional comments on the physics of spin glasses.

The advected variables are

peVi=FD) and ye V§‘=.(21(D, 0).
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The variable p is the defect inertial-mass density and the curvature B = dYy is interpreted as the
disclination density.
The reduced Lagrangian [:[X(D) ® F (D, 0)]®[V] & V5] — R is given by

v, p.y)=3 [ plul*n+3 me+vnu—5 pllyl*u, (8.29)
D D D

where the norms are associated to the metrics g, k, and (gk), respectively, and € is the constant of
susceptibility. The unreduced Lagrangian L is the right-invariant function induced by [ on the cotangent
bundle. Since it has a complicated expression, we do not give the formula for L. We will justify the
choice of this Lagrangian by showing that its Legendre transformation yields the Hamiltonian of the
Volovik-Dotsenko spin glasses.

This Lagrangian appears as a generalization of the Lagrangian

€ 1
lsc(v,y) = E/HVHZM— §/pllyllzu, (8.30)
D D

associated to the macroscopic description of spin glasses in [6], where p is the constant of rigidity,
see Section 8.1. In order to understand mathematically the passage form the Lagrangian (8.30) to the
Lagrangian (8.29), we consider the following general situation.

General case. Consider a Lagrangian [, : 7 (D, 0) ® YD, 0) - R, lp =1,(v,y) associated to a spin
system and depending on a parameter p interpreted as the spin rigidity. Recall that the affine Euler-
Poincaré and advection equations are (see Section 8.1)

a 4l 3l él

§ﬁ = —ad;} ﬁ—l—divy 6_p’

: Y (8.31)
Pre4 +d’v=0.

To I, we associate the Lagrangian [: [X(D)® F (D, 0)]®[F (D) & 21(D, 0)] — R given by

1 _
mepmw=5fpru+uwwx
D

where vV := y(u) + v and p is now a variable. Remark the analogy with the process of minimal
coupling. In the case where [, is given by (8.30), we recover the Volovik-Dotsenko Lagrangian (8.29).
The functional derivatives of [ are computed to be

sl 6l sl Sl
=—=-f D, o* =—=pt’+ L .yeQ!(D
K 50 SEEf( ,07), m po '0“+317 y € 2 (D),
and
sl 1 sl 8l sl 3l
—=_uff+LeFr®, —=Lut+ LecxmDd oM.
sp 2 sp sy oV 3y

The advection equations are

d ad
&p—i-div(pu) =0 and ay +iyB+d"v=0.
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We now compute the affine Euler-Poincaré equations. We have

8l 8l sl sl 8l
i—fz—ad:—f—div +div’ [ Lu+ L
at sy oV 81) oV Sy
—adj_ N le((S_ >—|—le< 55 ) Tr(ad* T )—l—dlvy(g

— d*6ls+d r (3.
V— 8'}/

Using the equations for p, y, , the relation m = pu® + 81” -y, and the identity
ol 8l Sl
Eu =2 —d—L ) - P £
< 5D )’) 5D (w-y+ 5o uY

we obtain

9 : :
<§m + £ym + (dlvu)m)

8u+V u+vu' -u + (Slp + £ Ol +(divu)81p
=P " at\sv ¥ “\op Y 5o 7

0 sl _ 3l Sy, Sl _
—p( u+ Veu+ vVu' u) ad]’iaf y+d1vy(§>-y—ﬁ-1u3—é-dyv

I 8l
d—i’(u» +5—£’ £uy+(d1vu)—-y

d ol sl
_p( u+ Vyu+ vu' u)—adjj 55 y+divy(§)-y

1, . sl
.d” — iv| =2u ) -
+ 55 d” (y(u v)+d1v<8ﬁu) v,

where in the last equality we used the identity (3.12) and the definition of the curvature B. We also
have

sl f sl
—op) =p(vuT -u+grad 2
( ) ( gta 5,0)

and

sl sl sl sl sl
el —div’ [ =2 Rl IV (i —*1).i B.
o1y v <8ﬁu+8y> 14 <817u+8y 1

Thus the affine Euler-Poincaré equation for the variable u is
0 ol i sl 3l _ el
p(§u+ Vyu + Vu' -u) ady 2 .y +dlvy(§> Yt @ (yw D) +d1V(§U) y

v (S_
ol sl sl sl sl sl
:-—p-dv+p(VuT-u+grad$>+div7’(8fu+—p> (55 +§)-i_8,

v sy
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which, after remarkable cancellations, reads

d sl 1 /4l 3l
—u+Vyu=grad 2 — —( Lu+-L -i_B.
at sp  p\ v 3y

Thus the affine Euler-Poincaré equations associated to [ are given by

3 sl, 17/l 8l f

—u+Vuu:grad—p—— —fu+—p -i B,

at ép  p|\ oV Sy

3 1, 3l sl 9 _

— P — _ad* L +div (L), — iyB+d’v=0, (8.32)
con . gy AV (8)/) TR

d

Ep—i—div(pu):O, B=d"y, v=yu)+v.

This system of equations can be seen as a generalization of Egs. (8.31). If [, is hyperregular, then [
is also hyperregular, and the associated Hamiltonian is given by

1
/Ellm—lc-yllzwrhp(lc,y), (8.33)
D

where h, is the Legendre transformation of I,.

The case of Volovik-Dotsenko spin glasses. We now specialize the previous discussion to the case
of the Volovik-Dotsenko spin glasses, that is, we consider the Lagrangian (8.29). In this case, the
momenta are given by

k=€e(yw+v) and m=pu’ +«-y,

and Egs. (8.32) read

5 1, . 1\, T
gu-i—vuu:—gradzuyn +{ly —;KU iB|,

ad ad 1
_ divY =0, — i B+ —dVkb = 0, (8.34)
8tK+ v’ (py*) aty—|-1u —|—€ K

ad
P +div(pu) =0, B=d"y.

In the case of the spin glass dynamics described by the equations above, the term — grad %lly”2 is an
analogue of the electrostatic force and the term (y* — %
Lagrangian reduction for the Volovik-Dotsenko spin glasses. A curve (1, x) € Diff(D) ® F (D, O) is a
solution of the Euler-Lagrange equations associated to the Lagrangian Ly, if and only if the curve

kw)i_B is an analogue of the Lorentz force.

u,v):=(no n, (TRy-1%) o 17_1)
is a solution of the spin glass equations (8.34) with initial conditions (pg, ¥0), and where k =

e(y () +v).
The evolution of the advected quantities is given by

p=Jn"")(poon™") and y=n.(Adyyo+xTx").
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and the evolution of the disclination density is
B =1, (Ad, d"yyp).

The variable x is the orientation of Lagrangian particles in their reference configuration.
By Legendre transforming Ly, and I, we obtain the right-invariant Hamiltonian H . ,) and
the reduced Hamiltonian h, given by

h(m, )—1/1||m 72 +1/||K||2 +1/ 4k

see also (8.33). Note that this Hamiltonian differs by a sign in the first term from the Hamilto-
nian (2.26b) in [16]. This is due to our convention in the Hamiltonian structure which also differs
from theirs. This justifies the choice we made for the Volovik-Dotsenko Lagrangian (8.29).

Hamiltonian reduction for the Volovik-Dotsenko spin glasses. A curve (my, k) € T*[Diff(D)®
F(D,0)] is a solution of Hamilton’s equations associated to the spin glass Hamiltonian H ) if
and only if the curve

(o’ + k- y.k)=:m k) :=J(n" ") (myon~" T*R, -1 (ky on™))

is a solution of the system (8.34) with initial conditions (pg, }0).

The associated Poisson bracket is identical to that of Yang-Mills magnetohydrodynamics, except
for the fact that the variable s is not present in this case. Notice that the variables have not the same
physical meaning in the two theories; see [16].

The Kelvin-Noether theorem gives the complicated expression

d 1
T yg(ub + %y) =7§ ;(—Kdl) +div¥ (w)y — w-i_B),

Ct Ct

where
K "
v:_—g—y(u), wWi=Ku—py-,

which can be rewritten in the simpler form

d%ub—% :_eu)iB
dt —r\ 0 -
Ct Ct

The y -circulation gives

d
i ?§ Yy = f adc/e)—y ) V-
Ct

Ct
8.10. Microfluids

Microfluids are fluids whose material points are small deformable particles. Examples of microfluids
include liquid crystals, blood, polymer melts, bubbly fluids, suspensions with deformable particles, biological
fluids. In this section we find the Hamiltonian structure of the equations governing the motion of
non-dissipative microfluids in Eringen’s formulation by showing that they appear by Euler-Poincaré
and Lie-Poisson reduction.
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We quickly recall from [7] some needed facts about microfluids. A material particle P in the fluid
is characterized by its position X and by a vector Z attached to P that denotes the orientation
and intrinsic deformation of P. Both X and Z have their own motions, X — x =n(X,t) and & —
& = x(X, E,t), called respectively the macromotion and micromotion. Since the material particles are

considered to be of very small size, a linear approximation in & is permissible for the micromotion.
Therefore, we can write

§=xX,0E&,

where x(X,t) € GL(3)T :={A € GL(3) | det(A) > 0}. The classical Eringen theory considers only three
possible groups in the description of the micromotion of the particles: GL(3)™ > CSO(3) D SO(3). These
cases correspond to micromorphic, microstretch, and micropolar fluids, respectively, all of them dis-
cussed in detail below. The Lie group CSO(3) is a certain closed subgroup of GL(3)™ that is associated
to rotations and stretch. Of course, the general theory developed in this paper admits other groups
describing the micromotion.

Micromorphic fluids. A fluid in a domain D is called micromorphic if its macromotion and micromo-
tion are described respectively by a diffeomorphism 7 € Diff(D) and a function x € F(D, GL(3)"). As
a consequence of this description, the configuration manifold of micromorphic fluids is isomorphic to
the product of the two groups Diff(D) and F (D, GL(3)"). We will show the remarkable facts that, as
in the previous examples, the relevant group structure on the configuration manifold is given by the
semidirect product Diff(D) ® F (D, GL(3)™).

The general equations for micromorphic continua are given by

dt
Mg,k + tmi — Smi + O (im — O1m) =0, (8.35)
D
dt

D
tik +po| fi——uw ) =0,

. D. . .
p+pdivu=0, i — il Vir = iirvkr =0,

where D/dt denotes the material derivative.

Since this is the first time this symbol D/dt appears, it is useful to make some comments and to
place this discussion in the larger context of complex fluid motion on general Riemannian manifolds.
The domain D c R3 is endowed with the usual Riemannian metric given by the inner product in
Euclidean space. This Riemannian metric has an associated Levi-Civita connection V whose covariant
derivative along an arbitrary vector field u is defined by Vy :=u- V. Of course, if D is replaced
by a general Riemannian manifold, then Vy is the covariant derivative of the Levi-Civita connection
associated with the given metric and does not have this simple expression. The material derivative of
a vector field v along u is given, in general, by

Dv— aV+Vv
dt ~ at u

On functions f € F(D, V), where V is a vector space, the material derivative is given by

D 0
af: gf'i‘df(u),

which is metric independent.

In (8.35) the material derivative operator is applied to the vector field u and to the functions p
and iy, even though iy are the components of the symmetric tensor i. Thus, one should not interpret
the last equation in (8.35) as the covariant derivative of the tensor i. This convention is in force
throughout the rest of the paper and we shall comment on this in the relevant places.
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Egs. (8.35) are given in [7, Egs. (2.2.10), (2.2.11), (2.2.31), and (2.2.32)]. The variable p is the mass
density, vy is the microgyration tensor, and the symmetric tensor iy is the microinertia. The vector
field f} is the body force density and I}, is the body couple density. The spin inertia oy, is given by

. D
Okl = lml(avkm + l)knvnm>-

The tensors ty;, mym,, and s, are respectively the stress tensor, the couple stress tensor, and the mi-
crostress tensor; see Chapters 1, 2, and 17 in [7] for details. The four equations in (8.35) correspond
respectively to the balance of momentum, the balance of momentum moments, the conservation of
mass, and the conservation of microinertia.

The constitutive equations for non-dissipative micromorphic fluids are given by

ov ov v |
th=—70k, Mim =0, and sy =_—=38u+2p_——in, (8.36)
8:0 8:0 ik

see (3.4.6) and (3.4.7) in [7]. Here the function ¥ =¥ (p~!,i):R x Sym(3) — R is the free energy and
Sym(3) denotes the space of symmetric 3 x 3 matrices. It is usually assumed that

w(p ' ATliA)=w(p1,i), forall Ac 0(3).

This condition is imposed by the axiom of objectivity. Since i is symmetric, this implies that the free
energy depends on i only through the quantities Tr(i), Tr(i?) and Tr(i3).
Using the constitutive equations (8.36) and assuming that f, =0, [; =0, Egs. (8.35) read

D ov v
Pa“l = 818/0—*1’ Olm = —2 . U,
D
dt

b (8.37)
p+p divu=0, aikl — Vi — B Vgr = 0.

These are the equations for non-dissipative micromorphic fluids.

Microstretch fluids. A microstretch fluid is a micromorphic fluid whose micromotion y takes values in
the four-dimensional real Lie group CSO(3) defined by

CS0(3) = {A € GL(3)" | there exists A € R such that AAT =I5}
and called the conformal special orthogonal group. The Lie algebra of CSO(3) is
cs0(3) = {v € gl(3) | there exists 1 € R such that v+ vT = uls}.

Note that in the relations above we necessarily have A3 = det(A)? and 3 = 2Tr(v). Note also that
each v € ¢s0(3) decomposes uniquely as

Vij = U()B,'j — eijkvk, (8.38)
where vy € R, and (v1, v2, v3) =: v is a vector in R3. The equality (8.38) can be rewritten as
Vv =1gl3+V,
where ¥ € s0(3) is the matrix whose entries are given by v;; = —&ijk V.

The material particles of microstretch fluids have seven degrees of freedom: three for translations,
three for rotations, and one for stretch.
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The general equations for microstretch continua are given by

D
tik +p| fi——uw ) =0,

dt
Mg +t—s+pl—-0)=0, mygi+ Emntmn + o0 —01) =0,
! p (8.39)
— divu =0,
dt’o +podvu

D . . D . . . .
o~ 2jovo =0, Pl 2vo jii + (ExprJip + Eprikp)vr = 0.

These equations are given in [7, Egs. (2.2.38)-(2.2.41)]. Following the conventions introduced in the
discussion following (8.35), the material derivative operator D/dt acts on the vector field u and on the
functions vg, v;, p, jo, and ji. As before, the variable p is the mass density. The variables vy and v
are respectively the microstretch rate and the microrotation rate, constructed from vy as in (8.38). The
microstretch microinertia jo and the microinertia jj,; are constructed from iy as follows:

o 1, .
jo:=2ik and jy:= 5]05kl — Ik

The microstretch spin inertia o and the spin inertia o}, are given by

. D . . 1/D .
Ok = Jklavl + 20 jiVi + EkimjmnVivn and o = 5 <EV0 + V%) — JkiVkVI.

The microstretch vector my, the couple stress tensor my, the microstretch force density I, and the couple
density | are defined from my;,;, and [ by the decompositions

1 1 1
Mim = gmkslm - Eglmrmkr and Iy = glakl - Egklrl%

We also used the notations t := ty, and s := sy. Using these definitions and the fact that the fluid has
the microstretch property, one can obtain Egs. (8.39) from Egs. (8.35).
The constitutive equations for non-dissipative microstretch fluids are given by

ow ov . v .
thh = ——=6, Mu=0 m=0, and s—t=2p(_—ju+ Jo)
90 9 jki djo

where ¥ =¥ (p~ 1, j, jo) is the free energy, see (3.4.16) in [7].

Micropolar fluids. A micropolar fluid is a micromorphic fluid whose micromotion x takes values in
the Lie group SO(3). The material particles of micropolar fluids have six degrees of freedom: three for
translations and three for rotations. Micropolar fluids are, therefore, a particular case of microstretch
fluids.

The general equations for micropolar continua are given by

tux +po| fi b u)=0

kik T~ O\ Ji dt 1]=Y,

MLk + Elmntmn + ol —o1) =0,

) (8.40)

— divu=0,
dt'O+'0 iva

D . . .
a]kl + (ExprJip + Eprjkp)Vr =0,
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where the variables and tensors have the same meaning as in the previous examples. These equations
are given in [7, Egs. (2.2.43)-(2.2.46)]. They are derived from those of microstretch continua, using
that the microgyration tensor v takes values in the Lie subalgebra so(3) of cso(3), that is, vg = 0. In
particular, the spin inertia oy is given by

. D . D .
Oy := ]klEvl + EkimJmnVIVn = a(]klvl)-

The constitutive equations for non-dissipative micropolar fluids are given by

h1'4
ap~1

th = Sy and my =0,

where ¥ =¥ (p~!, j) is the free energy; see (3.4.27) in [7].

Lagrangian and Hamiltonian formulation for micromorphic fluids. We now show that the equations
for non-dissipative micromorphic fluids can be obtained by Euler-Poincaré reduction associated to the
semidirect product Diff(D)® F (D, GL(3)™). The advected quantities are the mass density p € F(D)
and the microinertia tensor i € F(D, Sym(3)). The symmetry group Diff(D)® F (D, GL(3)") acts lin-
early on the advected variables (p, i) by

(. i) (Jnpon, x" Gon)x).
The choice of this group representation is dictated by the form of the advection equations for the
mass density and the microinertia in Eqgs. (8.37). The infinitesimal actions p(u, v) = pu and i(u, v) of
(u,v) e X(D)®F (D, gl(3)) on p and i are given, respectively, by
pu=div(pu) and i(u,v)=di(u)+ vTi+iv.

Given two matrices a, b € gl(3) we denote by ab their product and by a-b :=Tr(a’ b) the contraction.
By identifying the dual of F (D, Sym(3)) with itself through the pairing

(m, iy = f me - (L,
D

we obtain the diamond operations
mori=—m-di and moyi=—2im.

In order to obtain the equations for micromorphic fluids we consider the Lagrangian [: [X(D)®
F (D, glB)I®[F(D) & F(D,Sym(3))] — R given by

1 1 , 1.
l(w,v,p,i):= ifpllullzwrifp(lv'vm—/pw(p L, (841)
D D D

where the function ¥ represents the free energy, and where the norm in the first term is taken relative
to a fixed Riemannian metric g on D. The functional derivatives are

o _ v oL _ iv —1IIUI|2+]iV v—w(p™ i)+1 s
SU_p ’ _10 ’ ,0_2 2 p ’ pap_l

(,0_1, i) and
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A computation, involving remarkable cancellations, shows that the Euler-Poincaré equations (1.2) as-
sociated to the Lagrangian (8.41) and to the group G = Diff(D)® F (D, GL(3)") acting linearly on
V*=F(D)® F(D,Sym(3)) are given by

au—i—Vu—1 rad A
at e

0 o
: d _ — 2 ’ 8.42)
1(—8tv+ v(u) vv) i (

0 . 0. . T: -
§p+dlv(pu)=0, &1+dl(u)+v i+iv=0.

Thus we have recovered Eqgs. (8.35) by Euler-Poincaré reduction, up to a change of variables, replac-
ing v by —vT.

Consider the right-invariant Lagrangian Ly, j,) : T[Diff(D) ® F (D, GL(3)™)] — R induced by the
Lagrangian (8.41). A curve (7, x) € Diff(D)® F (D, GL(3)™) is a solution of the Euler-Lagrange equa-
tions associated to L, i, if and only if the curve

wv):=(on L xx Ton ) eX(D)®F(D,GCLB)T)

is a solution of the micromorphic fluid equations (8.42) with initial conditions (pg, ip). Note that, in
our approach, the relation v = (¥ x ') o n~! between the microgyration tensor and the micro and
macromotions is due to the passage from the Lagrangian to the spatial representation. This relation
coincides with that given in [7], up to conventions. It is considered there as a definition of v.

The evolution of the mass density o and the microinertia i is given by

p=J(poon™") and i=((x") liox")on .
Note that the evolution of the determinant of i is

on
det(x)?

det(i) =

Therefore, if the initial microinertia iy is invertible, then i is invertible for all time. Under this hypoth-
esis we can take the Legendre transformation of the Lagrangian [ and we obtain the Hamiltonian

1 1 1 1
h ) = — — 2 — — (i1 . / /4 -1
(m, k, p,i) 2/,0”m” ,u+2/p(1 k-k)u+ [ p¥(p i,
D

D D

where (m, «, p, i) € 21(D) x F(D, gl(3)) x F(D) x F(D,Sym(3)), which consists of the sum of the
kinetic energy due to macromotion and micromotion and the free energy. By Lie-Poisson reduction,
we obtain that Egs. (8.42) are Hamiltonian with respect to the Lie-Poisson bracket

sm’ dm

b} )
{f,g}(m,x,p,i)zf [f g]

ad, 25 g2l 08 408 °F
§£5K+ s sm sk sm)t

]
D))

< 5f ég og 8f>
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(. (8f g\ sgsf Of
+/l'(dw<5: 5m>_55_5(ax>
D

. (88 6f Sf Sg Sf
—le(ER) + = Sk 50 + = 5i (8/{) >,u. (8.43)

The Kelvin-Noether circulation theorem applied to micromorphic fluids yields the simple relation
% 55 — - di.

Lagrangian and Hamiltonian formulation for microstretch fluids. The symmetry group of mi-
crostretch fluid dynamics is Diff(D)(© F (D, CS0(3)). As before, the advected quantities are the mass
density p € F(D) and the microinertia tensor i € F (D, Sym(3)), on which the symmetry group acts
linearly as in the micromorphic case.

The Lagrangian of the microstretch fluid has the same expression as that of the micromorphic
fluid, namely, [: [X(D) S F (D, ¢s0(3))1[F (D) & F (D, Sym(3))] — R is given by

v, p,0):=2 | pllulin+3 [ plv-vyu— [ p¥(p .

D D D

Using the change of variables i+ j:=Tr(i)Is — i, this Lagrangian reads

. 1 2 1 1. 5 1 .
v, p,jy=3 [ plul*+3 [ o Sjovo+jv-v)u- p¥ (™" j)m, (8.44)
D D D

where jo := Tr(j). The functions vy € F(D) and v = (v1,v2,v3) € F(D,R3) are defined as in
Eq. (8.38). The expression (8.44) for the Lagrangian has the advantage of giving the formula of the
energy due to microstretch and microrotation separately.

The associated Euler-Poincaré equations are the same as in (8.42). We now rewrite these equa-
tions, using the fact that, for microstretch fluids, the microgyration tensor v has values in the Lie
subalgebra cso(3). We will make use of the following two lemmas.

Lemma 8.1. Suppose that the free energy ¥ verifies the axiom of objectivity, that is,
w(p~ ' AT iA)=w(pl,i), forallAeO(3).

Then the matrix 13— is symmetric.

Proof. Consider a curve A(t) € SO(3) such that A(0) = I3 and A(0) = & € so(3). Differentiating the
equality ¥ (A(t)"liA(t)) = ¥ (i) at t =0, we obtain the condition

DW (i)(i& — i) =0, for all & € 50(3).

Using the equalities DW (i) (i& — &i) = Tr( - (iE — &0)) = Tr((—l —1 )S) we obtain that the matrix

aa'f’l — laa—‘f' is symmetric. Since this matrix is clearly also antlsymmetrlc, we obtain aaf’l —id¥ az =0. O
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Lemma 8.2. For i € 7 (D, Sym(3)) define
j:=Tr()Iz —ie F(D,Sym(3)).
For v € F(D, ¢cso(3)) define vo € F(D) and v € F(D, R3) by the condition
v =1vgl3 + V.

Then,

e the equation

(2 Z'BW (8.45)
i| —v—vv|=2i— .
dt i
is equivalent to the system

jo(D o LGy v =2 oY
Slggo—vo)+U =2\Jog5, t 57 )

D
i—v —2v9jv — (jv v =0,
I3 0Jjv — (jv) x

(8.46)

e the equation

D, T. .
—i+vii+iv=0
dt

is equivalent to the equation

D N
—j 2V j ',v =0.
i oj +1J, V]

Proof. The results follow by direct computations. The two equations in (8.46) are obtained by taking
respectively the trace and the antisymmetric part of Eq. (8.45). For the computation of the trace, we
use the equalities

. . 1 . } 1, . 14 14 4
Tr(zv):vOTr(l)zivojo, Tr(wv):ivo—(]v)-v and Tr IW :]o—,0+]-—.

For the computation of the antisymmetric part, we use the equalities

~

iv—(iv)T = jv,

—
. A

ivv — (ivv)T =20 (i% — ()7) + (9D — (D9)T) = 2vpjv + (jv) x v,

and the fact that the matrix i% is symmetric, by the preceding lemma. O
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Using this lemma, we obtain that the Euler-Poincaré equations (8.42) become

au—|—V u—1 rad A
at " _,0g ap~1’
jo( D ) ) 14 14
S\go o +@(v)-v=2 Joa—.‘i‘]'T ;
4 Jo J (8.47)
D
i—v —2vgjv — (jv v =0,
b 0jv — (jv) x
! + div(pu) =0 D | +2voj +[j, v]1=0
atﬁ pu) =0, dtl o] +1J,v]=0.
The third equation can be rewritten as
D('v)—O
a V=

From the last equation, we deduce that the conservation law for jg reads

D, +2v0jo=0
dtJO oJo=V.

Thus we have recovered Egs. (8.39) by Euler-Poincaré reduction, up to a change of variables, replac-
ing v by —vT.

The Lagrangian reduction for microstretch fluids follows from that of micromorphic fluids and so
we do not repeat it. Making use of the fact that the micromotion y takes values in CSO(3), we obtain
that the evolution of the microinertia i with initial value ig is

| G TN
i=((x") iox ") o 1:(WX’°X 1>°" -

It follows that the evolution of the variable j has the same expression and that the evolution of the
microstretch inertia jg, with initial value (jg)o, is given by

1 . _‘1
YE (Jooon .

Jo= det(x

As in the micromorphic case, if the initial microinertia tensor ig is invertible, we can obtain the
equations and its associated Poisson bracket by Lie-Poisson reduction.

Lagrangian and Hamiltonian formulation for micropolar fluids. The symmetry group of micropolar
fluid dynamics is Diff(D)(© F (D, SO(3)). In terms of the variable j, the Lagrangian reads

v, p. )= [ plul*+3 [ pGv-wu— [ p¥ (o™ ji.
D D D

Using that vy = 0 for micropolar fluids, we obtain that the Euler-Poincaré equations are given by

d 1 ow D
—u+Vyu=—grad——, j—v—(jv) xv=0,

-1
aat P 85 dt (8.48)
9 L4 —o. Do
8t'0+ iv(pu) =0, dt]+[J,V]

Note the analogy between the second equation and the equation for the rigid body.
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The Lagrangian reduction for micropolar fluids follows from that of micromorphic fluids so we
shall not repeat it. Making use of the fact that the micromotion x takes values in SO(3), we obtain
that the evolution of the microinertia j with initial value jg is

j=(xjox Yon .

Thus, the evolution of its determinant is given by

det(j) = det(jo) o 1,

which shows that j is invertible if and only if jo is invertible. Thus, if the initial microinertia tensor
jo is invertible, the equations of motion (8.48) can be obtained by Lie-Poisson reduction. Using the

equalities

m:= 81— o and k:= 81— v
._(Su—p .—SV—PJ,

the Legendre transformation yields the Hamiltonian
h(m, &, p j)zlflnmnzml/l(rllc -'c)u+/plP(p‘1 Hw
9 9 b 2 p 2 p 9
D D D

representing the total energy of the system. In the particular case of micropolar fluids, and in terms
of the variable j, the Poisson bracket (8.43) becomes

sf Sg]

sm’ Sm

{f,g}<m,rc,p,j>=/ [
D

) 1) ) )
5 81{ Sic ‘sm Sk Sdm

e
Sg\é&f
+ [o(a(55) 545y )5 )
D
di 5f ég Sf og . (08 6f ’g &f
/ ( (61 5m)+[3] ax} dw(w 8m> [81 Mb“’ (8:49)
D

where the brackets in the last term denote the usual commutator bracket of matrices.

+

A quaternionic point of view on microstretch and micropolar fluids. We now show that, in the case
of microstretch fluids, we can use the Lie group H* of invertible quaternions to describe the micro-
motion of the particles. To see this, recall that there is a 2 to 1 surjective group homomorphism

752 =SUR2) — SO(3)
given by

_ Re(@? — B2) Im(a?—B2%) 2Re(ap)
_aﬁ]H —Im(@*+ %) Re(@®+p%) —2Im(@p) |,

a+jB = [
—2Re(aB) —2Im(aB) |a)? — |8

= R
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where the universal covering group S3 ={a +jB € H||a|?> +|8]?> =1} c H* denotes the Lie group of
unit quaternions. The tangent map of ;v at the identity is the Lie algebra isomorphism

p=k(v +ivy +jv3) e 1S3 = 20 € 50(3),

where v = (v1, v2, v3) and the Lie algebra T1S3 consists of pure quaternions.
Remarkably, the map 7t extends to a 2 to 1 surjective group homomorphism

7 H* = CSO(3)

given by the same expression. Thus the group H* of invertible quaternions can be seen as the univer-
sal covering group of the conformal special orthogonal rotations. The Lie algebra isomorphism reads

p=vo+Kk(vi+ivy +jv3) e H > 2(vgl3 + V) € cs0(3).
These observations show that the micromotion of a microstretch fluid can be described by a map
X : D — H* with values in the group of invertible quaternions.
The same remark applies to micropolar fluids where one can use the group of unit quaternions S3

instead of SO(3). In both cases, the only difference in the equations of motion is that the variable v
takes values in H or in the Lie algebra of pure quaternions, respectively.

Remarks on the use of other groups and the anisotropic cases. For K an invertible and symmetric
3 x 3 matrix, we define the group

SO(K)={AeGLB3)" | ATKA=K]}.
This is a three-dimensional Lie group, called the special K-orthogonal group with Lie algebra given by
so(K)={v egl3) | v K+ Kv=0}.

Note that SO(K) is the group of orthogonal linear maps relative to the (possibly indefinite) inner
product u” Kv. The analogue of the hat map ~:R3 — so0(3) is the map ~X :R3 — so(K) defined by

i .= K=" Ku e s0(K).
The adjoint and coadjoint actions of SO(K) on R3 are computed to be
Adgu=K 'AKu and Adj ,v=KA TKlv.

By differentiating the adjoint action we find the expression of the Lie bracket on R> associated to the
group SO(K). This Lie bracket generalizes the cross-product u x v associated to SO(3), thus we shall
use the notation u xg v and we call it the cross-product associated to K. We have

Uxgvi=—| Ad v=K'a"Kkv=K2KuKkv

~K
dt =0 exp(tu™)
= K 2(Ku x Kv) =det(K)K 3 (u x v),

where we used the relation

Ku x Kv=det(K)K~'(u x v),
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valid for any invertible and symmetric matrix K. To show this formula, we first note that it holds
when K is a diagonal matrix. Then it suffices to write K = B DB, where B € SO(3) and D is the
diagonal matrix of eigenvalues. Note that, by construction, we have the formula

K [ﬁK’ f,K].

The infinitesimal coadjoint action is computed to be
ad}; w = det(K)(K>w) x u.

Note that so(K) = [s0(K),so(K)], as is easily seen using the formula for xg. Thus, since
dimso(K) = 3, the Lie algebra so(K) is simple (see [20, example at the end of §2, Chapter I]). Ac-
cording to the classification of all three-dimensional real Lie algebras (see [20, Problems 28-35 in
§15, Chapter 1]), it follows that if K is definite, then so(K) = so(3) and if K is indefinite, then
s0(K) =sl(2,R) (see also the discussion at the end of §14.6 in [23]).

A Casimir function for the Lie-Poisson bracket on (R3, x) is given by

1
C(w)= szK’3w,
since we have

This shows that the coadjoint orbits of SO(K) are ellipsoids (when K is definite) or hyperboloids
(when K is indefinite).

When K is positive definite, the group O = SO(K) can be used for the description of the anisotropic
version of the theory of micropolar fluids. In such micropolar fluids, the particles have preferred axes
of deformations. Note that if u € R3 is given, then the SO(K)-orbit {Au | A € SO(K)} through u in R3
coincides with the ellipsoid & :={v € R® | vI Kv = ¢} containing u. Typical cases are given by

1 00 e 00
K=|:0 1 O:| or K=|:O & 0:|, e~0,
0 0 ¢ 0 0 1

corresponding to extremely oblate and prolate ellipsoids.
As in the micropolar case, the Lagrangian of the anisotropic micropolar fluid is deduced from that of
the micromorphic case. For the microrotation energy, we have identity

Tr((iv)Tv) = jkv-v,

K
= v and where

where v
jk :=Tr(ik"?)K? —i e Sym(3)
is the anisotropic generalization of the relation

j=Tr()I5 —i

that was used in the micropolar case. Thus the Lagrangian of the anisotropic micropolar fluid can be
written as

v, p.jio=3 | plulP+3 [ pGrv-mu— [ p¥ (o, jK)u.
D D D
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In terms of the variables (u, v, p,i) the associated motion equations are given by (8.42), except that
now v takes values in so(K). One can write these equations in terms of the variables (u, v, p, jx) by

simply replacing v by pX and i by
1 .o ;
5Tr(JKK K% - jk

in the micromorphic fluid equations (8.42).
We also can consider an anisotropic version of the microstretch theory, by choosing as internal
symmetry group the Lie group

CSO(K) = {A € GLT(3) | there exists A € R such that ATKA =K}
called the conformal special K -orthogonal group. The Lie algebra of CSO(K) is
cso(K) = {v € gl(3) | there exists 1 € R such that vI K + Kv = uK}.

In such anisotropic microstretch fluids, in addition to have preferred axes of deformations, the fluid
particles can also stretch.
As in the microstretch case, we have, for all v € c¢so(K), the decomposition

U=9K+Vol3

for a unique v € R® and vy € R. The adjoint action and Lie bracket read

R 1 _ ~K _— K
Ada (P +vol3) = ——— (K TAKv vlz and [v,u]l=v .
a(P" 4+ wol3) det(A)1/3( ) +vols (v, ul XK M

As in the microstretch case, the Lagrangian of the anisotropic microstretch fluid is deduced from
that of the micromorphic case. In the anisotropic case the microrotation energy takes the complicate
expression

: . A 1 R .
Tr((w)Tv) = jxv-v— 2v0Tr(JKvK) + vgiTr(JKK 2)Tr(1<2) — V2 Tr(jx),
which generalizes the formula

. . 1,
Tr((iv)'v) = jv-v+ EJOV(Z)

valid when K = I3.
8.11. Liquid crystals

The liquid crystal state is a distinct phase of matter observed between the crystalline (solid)
and isotropic (liquid) states. There are three main types of liquid crystal states, depending upon
the amount of order in the material. The nematic liquid crystal phase is characterized by rod-like
molecules that have no positional order but tend to point in the same direction. In the cholesteric (or
chiral nematic) phase, molecules resemble helical springs, which may have opposite chiralities. As for
nematics, the molecules exhibit a privileged direction, which is the axis of the helices. Smectic liquid
crystals are essentially different from both nematics and cholesterics, in that they have one more de-
gree of orientational order. Smectics generally form layers within which there is a loss of positional
order, while orientational order is still preserved. See for example [4,5], and [28] for more information.

There are various approaches to the dynamics of liquid crystals. In this section we carry out the
Lagrangian and Hamiltonian formulation for three of them:
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- the director theory due to Oseen, Frank, Zocher, Ericksen, and Leslie,

- the micropolar and microstretch theories, due to Eringen, which take into account the microinertia
of the particles and which is applicable, for example, to liquid crystal polymers,

- the ordered micropolar approach, due to Lhuillier and Rey, which combines the director theory
with the micropolar models.

For simplicity we suppose that the fluid container D is a domain in R* and all boundary conditions
are ignored. This means that in all integration by parts we assume that the boundary terms vanish.

8.11.1. Director theory

In this theory it is assumed that only the direction and not the sense of the molecules matter in
the description of the physical phenomena. Thus, the preferred orientation of the molecules around a
point is described by a unit vector n: D — S2, called the director, and n and —n are assumed to be
equivalent.

This description is convenient for nematics and cholesterics. We will consider the director as a
map n:D — R3, and we will show that the condition |n|| =1 is preserved by the Euler-Poincaré
dynamics.

We shall obtain the Ericksen-Leslie equations by Euler-Poincaré and Lie-Poisson reduction. For
nematic and cholesteric liquid crystals, the order parameter Lie group is O =SO(3). In this paragraph
we always identify the Lie algebra so(3) with R3, that is, we have ady, v = u x v. Identifying the dual
through the canonical inner product on R3, we have ad; w=w x u.

The symmetry group is the semidirect product Diff(D)(© F (D, SO(3)). In the original Ericksen-
Leslie approach, the liquid crystal flow is supposed to be incompressible. In this case the subgroup
Diff(D)yo © F (D, SO(3)) should be used. Here we treat general compressible flows. An element
(n, x) € Diff(D)® F (D, S0(3)) acts linearly on the advected quantities (p,n) € F(D) x F(D,R?),
by

(p.m) > (Jn(pon), x ' mon)).
The associated infinitesimal action and diamond operations are given by
nu=vn-u, ny=nxy, modq n=-vn' -m and mon=nxm,

where v, m, n € F(D, R?). We use here and in the rest of the paper Vn instead of the usual derivative
dn of the director n € (D, R3), since this notation is standard in the liquid crystals literature. Thus
Vn is a 3 x 3 matrix whose rows are the vectors Vny, Vny, Vns and hence its columns are 91n, d3n,
93n; vn' denotes the transpose of Vn. The Euler-Poincaré equations (1.2) associated to the group
(Diff(D) ® F (D, S0(3))) ® (F(D) x F(D,R3)) are

9 ol sl sl sl 8l s1\”
E%z_fuﬁ —diVuE— E dv+,0d8—— (VnT' E) y
p (8.50)
o 4l sl a Sl
——=vx ——div| —u ) +nx —.
ot év v ) én

Note that the first equation is in £21(D), the dual of the Lie algebra X(D). The advection equations
are

] .
5,0 + div(pu) =0,
(8.51)

0
an+(Vn)u+nxv=0.



256 E Gay-Balmaz, TS. Ratiu / Advances in Applied Mathematics 42 (2009) 176-275

The reduced Lagrangian for nematic and cholesteric liquid crystals is of the form
I . 2 4 2u— [ pF(p~',n, Vv 8.52
@ v, p.m:=c [ pllulu+ > [pJivitn— [ p (0" m, Vn)pu, (8.52)
D D D

where the constant | is the microinertia constant and F is the free energy. The axiom of objectivity
requires that

F(,o_l, A 'n, A_IVnA) = F(,o_1, n, Vn)

for all A € 0(3) for nematics, or for all A € SO(3) for cholesterics.
A standard choice for F is the Oseen-Zdcher-Frank free energy given by

1 1
pF(p~',n,Vn) = K (n- curln) + = K1 (diva)? += Koz (n - curln)?

_\/—/
chirality splay twist
1 2
+ — K33 ||jm x curln||*, (8.53)
2 N ———
bend

where K, # 0 for cholesterics and K, = 0 for nematics. The free energy can also contain additional
terms due to external electromagnetic fields. The constants K11, K»2, K33 are respectively associated to
the three principal distinct director axis deformations in nematic liquid crystals, namely, splay, twist,
and bend. In general, these constants are different, but the expression of the resulting equations of
motion can be greatly simplified if we make the one-constant approximation K11 = K23 = K33 =K. In
this case the free energy becomes, up to the addition of a divergence,

1
pF(p™',n,Vn) = i1<||Vn||2.

The functional derivatives of the Lagrangian (8.52) are computed to be

me e e,
T P T PV
and
LN NE TS S S B ) ho S OF o OF
sp 2 2 pap1’ s Pon Y pan,i ‘

The vector field h is referred to as the molecular field. In the case of the free energy (8.53) for nematics
(K> = 0), the vector h is given by

h = K1y graddivn — K3, (A curln + curl(An)) + K33(B x curln + curl(n x B)),
where A :=n - curln and B :=n x curln. In the case of the one-constant approximation we have

h=—-KAn.
Using the Lagrangian (8.52), the Euler-Poincaré equations (8.50) become

aquVu = grad oF 0; oF Vn
IO 8t u _g alo_l 1 '0811,, )

b (8.54)
pJ—v=hxn,
dt
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where we have used the standard notation % = % +u -V for the material derivative acting on every
component of v. The advection equations are

2 o+ diviow =0,
t (8.55)

—Nn=v XN
dt

The evolution of the advected quantities is given by

p=J(m")(poon™") and n=(xmo)on~'.

We now show that under some conditions, Egs. (8.54) and (8.55) are equivalent to the Ericksen-
Leslie equations for liquid crystals. This will use the following lemma.

Lemma 8.3. Let v and n be solutions of the Euler-Poincaré equations (8.54) and (8.55). Then:
(i) |Img|| =1 implies ||n|| = 1 for all time.

(ii) % (n-v) = 0. Therefore, ng - vg = 0 implies n - v = O for all time.
(iii) Suppose that ng - vg = 0 and ||ng|| = 1. Then the second equation of (8.55) reads

vy=n Dn
g X —
dt

and the second equation of (8.54) reads

DZ
pjﬁn—anikh:O,

where2q:=n-h—pJ| Gt 1> =n-h—pJ|v|>

Proof. (i) This is clear from the evolution n= (xng) o !, since x € SO(3).

(ii) Using the second equations in (8.54) and (8.55), we have
D(n y) = Dn Y+n Dv =(W®xn)-v+n ! (hxn)=0
dt —\dt dt ) oJ -
(iii) Using the first two results, we obtain
D
n x an:nx vxn=m-nmy—m-v)n="v,

which proves the first relation.

To prove the second, we take the material time-derivative of the relation above to rewrite the
second equation of (8.54) as pJ(n x %n) = h x n. Taking the cross-product with n on the left we
obtain the equation

D? D?
p](n-ﬁn)n—pjﬁn:h—(n-h)n.
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Defining 2qg:=n-h+pJ(n- %n), this equation reads
2

D
p]mn—an—i-h:O,
(?Tin = —||%||2 = —||v||%. The last two equalities are obtained

by taking two consecutive material time-derivatives of |n||> =1 and using the identity v =n x %n,
respectively. O

which is the second relation since n -

Thus, we obtain the following theorem.

Theorem 8.4. Let (u, v, p, n) be a solution of Egs. (8.54) and (8.55), with the initial conditions ng and vg
verifying

Ingl=1 and ng-vo=0.

Then (u, p, n) is a solution of the Ericksen-Leslie equations

au—i—Vu = grad oF 0j oF vn
P\ ot ull ) = 818551 =%\ Pon ’

2

D
pJozn—2qn+h=0 (8.56)

ad

di —0,
5p P T diviow

where 2q:=n-h—pJ| 522,
Conversely, let (u, p, n) be a solution of the Ericksen-Leslie equations (8.56) such that |n|| = 1, and define

v:=nx —n
dt

Then (u, v, p, n) is a solution of Egs. (8.54) and (8.55).

Remark. One should think of the function q in the Ericksen-Leslie equation the way one regards the
pressure in ideal incompressible homogeneous fluid dynamics, namely, the g is an unknown function
determined by the imposed constraint ||n|| =1 in the following way. The dot product of the second
equation of (8.56) with n yields the formula of q given in the statement of the theorem by imposing
[l =1.

This q does not appear in the Euler-Poincaré formulation relative to the variables (u, v, p, n), since
in this case, the constraint ||n|| =1 is automatically satisfied by Lemma 8.3(i).

As a consequence of Theorem 8.4, we obtain the Ericksen-Leslie equations for liquid crystals by
Lagrangian reduction. Consider the right-invariant Lagrangian

L(po.no) : T[DIff(D)® F (D, S0(3))] — R

induced by the Lagrangian (8.52), and assume that |ng|| =1 and vg-ng =0. A curve (17, x) €
Diff(D) ® F (D, SO(3)) is a solution of the Euler-Lagrange equations associated to Ly, n,), With initial
condition vq if and only if the curve

@ v):=(on " yx Ton)
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is a solution of the Ericksen-Leslie equations (8.56), where

p=J(m")(poon™") and n=(xmo)on .

As in the case of microfluids, the curve n € Diff(D) describes the Lagrangian motion of the fluid or

macromotion, and the curve y € F(D, SO(3)) describes the local molecular orientation relative to a fixed
reference frame or micromotion. A standard choice for the initial value of the director is

ng(x) :=(0,0,1), forall xeD.

X13 )
n=\{ x23 Jon .
X33

This relation is usually taken as a definition of the director, when the 3-axis is chosen as the reference

axis of symmetry.
By the Legendre transformation, the Hamiltonian for liquid crystals is given by

In this case we obtain that

h(m, k, p n)::1/l||m||2,u—|—l l||K||2M+/,OF(p_] n, vn)LL.
2) p 2] ) p
D D D

The Poisson bracket for liquid crystals is given by

ﬂ‘s_g}

sm’ ém

{f’g}(m’p’lcvn):/m'[
D

) 8 sf ¢ g ¢
+ K.(_fx_g+d_f. g dg. f>,u

/ Sk Sk Sk Sm Sk Sm
D
) 1) é é
sp fm §p sm
D
D

+ [(nxg—i-Vn ﬁ>(S—£’r—(nx5—g—i—Vn-S—g>%:|,u. (8.57)

SK ' ém / én oK ém

The Kelvin circulation theorem for liquid crystals reads
d 1
—¢pu’ = f —vn' -h,
dt ol
Ct Ct

where h is the molecular field defined by

8.11.2. Micropolar theory of liquid crystals
This approach is based on the equations for micropolar continua given in (8.40). The difference

from the micropolar fluid treated before is that for liquid crystals the free energy ¥ depends also
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on a new variable y = ()/i“b) € 21(D, s0(3)) called the wryness tensor. This variable is denoted by

y = (¥{) when it is seen as a form with values in R3.
The constitutive equations in the non-dissipative case are given by

; oy 5 p oY yo and m p ov
kKl= 5 1% — P qd71 k=P _—7>
ap—1 0 Z 8}/;<

according to (12.5.18) in [7], where the function ¥ =¥ (p~ !, j, ¥):R x Sym(3) x gl(3) — R denotes
the free energy. The axiom of objectivity requires that

w(p AT A AT Iy A) =W (07 ) )

for all A € 0(3) (for nematics and nonchiral smectics), or for all A € SO(3) (for cholesterics and chiral
smectics). See paragraphs 12.6, 12.8 and 12.9 in [7] for the choice of the free energy for nematics,
cholesterics, and smectics, respectively.

Assuming that f; =0 and [, =0, Egs. (8.40) for micropolar continua become

Dl.l—a ow 3 v, o — 3 ov . L.
'Odt 1= 18,0_] k pa}’z)’l , PO = 0k pa)I;( lmnpay%yru

(8.58)

D . D . . .
ap + pdivu =0, E]kl + (Ekpriip + Eiprikp)vr =0.

These are the equations for non-dissipative micropolar liquid crystals as given in Section 12 of [7].
To these equations one needs to add the evolution of y given by

D
Vi =va+ vaby? — yiou, (8.59)

which is Eq. (12.3.13) in [7]. Here 2 acts on the one-form y € 21(D,R?) as 2y := 2y + £,p.

Lagrangian and Hamiltonian formulation of micropolar liquid crystals. We now show that the
system of Egs. (8.58) and (8.59) can be obtained by affine Euler-Poincaré and affine Lie-Poisson
reduction. As in the case of micropolar fluids, the symmetry group is the semidirect product
Diff(D) © F (D, SO(3)). The advected quantities are the mass density p, the microinertia tensor j €
F(D,Sym(3)), and the wryness tensor y € 21(D, s0(3)). The action of the symmetry group on the
variables p and j is linear and is the same as for micropolar fluids. The action of (n, x) on the
wryness tensor y is affine and is given by

Yy x T )x +x ' Tx.

The Lagrangian is the same as that for micropolar fluids, except for the fact that the free energy
depends also on the wryness tensor. We thus have

. 1 1 ) -1 .
w.v.p. gy =3 [l [oGv-vm= [ pw(p™ sy (8.60)
D D D

The computation of the affine Euler-Poincaré equations is similar to that for micropolar fluids, except
for the equation associated to the variable v for which we give some details below.
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Using the Lagrangian (8.60) we find that the evolution for v is

1D~ (0w\ (0w 12
Pra” =257 ), 3y viePy |

where the index A denotes the antisymmetric part of the matrix. According to our conventions, %ﬁ'

on the right-hand side means that % is applied to every entry of the matrix valued function ﬁ: :D—
50(3). Using the equality

0 _ o
i

we obtain

D ow\ (o 0w
Pa(]v) =4<Ja—j)A - le(ﬁﬁ) —ViX '03—}’,-’
where " denotes the inverse of . We now use the axiom of objectivity to simplify this expression.
Lemma 8.5. Suppose that the free energy W verifies the axiom of objectivity, that is,
(o ', ATHA, ATy A)=w(p i, y), forall AeSO@3) (or 0(3)).

Then

(15), = () (55 @61
597 ), ey ) Y ey ) )y '

Proof. Consider a curve A(t) € SO(3) such that A(0) = I3 and A(0) = & € so0(3). Differentiating the
equality ¥ (A(t)"1jA(t), A(t) "1y A(t)) =¥ (j, y) at t =0, we obtain the condition

DY (j,y)(jé —&j,yE—&y)=0, forall & €s0(3).

Using the equalities

. . . W . aw\'
DV (. ) (j& — £, & —£9) =Tr(a—jus - sn) +Tr((5> (yé sy))

(222 (Y, () e
=\ e ey ) Y Ty
o o

and the identity 2(j%—"§.’),q = ja_j — a_jj' we obtain the result. O

Note that Eq. (8.61), can be rewritten in R? as

—_~—

4<jaq/> i Y
—_ el X X .
9j /4 aye KT dy,
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Using these results for the equation for v, the affine Euler-Poincaré equations associated to the La-

grangian (8.60) read
5 E)lI/

]Dv (jv) xv = d1v<,oalp>+yax it
de p oy oy (8.62)

3u—FVu = grad i

D . A
—Jj+I[j,v]=0

— di =0
at’OJr v(pw dt

d
&)/ +£u)/ +d’v =

Recall that d”v = dv + [y, v]. Thus, we have recovered Egs. (8.58) for non-dissipative micropolar
liquid crystals, together with Eq. (8.59), up to a change of variables y > —y.

Consider the right-invariant Lagrangian Ly, j,,y) - T[Diff(D) ® F(D, SO(3))] — R induced by the
Lagrangian (8.60). A curve (7, x) € Diff(D)(©® F (D, SO(3)) is a solution of the Euler-Lagrange equa-
tions associated to Ly, jo,y,) if and only if the curve

w,9):=Hon ", xx Ton!) e X(D)®F(D,S0(3))

is a solution of Egs. (8.62) with initial conditions (po, jo, Y0). The evolution of the mass density p,
the microinertia j, and the wryness tensor y is given by

-1

p=JmN(eoon™), j=(xjox Non ', and y=n(xyox '+ xTx").

If the initial value yp is zero, then the evolution of y is given by

y=n(xTx™").
This relation is usually taken as a definition of  when using Eq. (8.58). We consider y as an inde-
pendent variable and therefore the system (8.62) contains an evolution equation for y.

The Legendre transformation and the Hamiltonian formulation can be carried out as in the case of
micropolar fluids. The affine Lie-Poisson bracket consists of the sum of the Lie-Poisson bracket (8.49)

with the term
8f 5g og Sf
L 4f e dv e 4 2L
/[( 5 %’/) 5y ( o ﬁy) sy "
D

due to the presence of the variable y.
The Kelvin-Noether circulation theorem applied to micropolar liquid crystals yields the relation

av
—dl—l——ld ——d1v<,o—) .
ifv -4 15 Mesy) v

The y -circulation yields the relation

J— — X
dt Y Y
Ct Ct

in R3.
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Remark. According to Eq. (12.9.1) in [7], a liquid crystal flow is called smectic if the constraint

3
Tr(y) =) yi=0

i=1

is satisfied. However, note that this constraint is not preserved by the evolution y = n.(xyox "' +
xTx~1) in general. This is consistent with the fact that the last equation in (8.62), which can be
written equivalently in vectorial form as

0
8—Jt,+£uy+dv+yxv=0,

does not imply that if the initial condition for y has trace zero then Try =0 for all time.

8.11.3. Microstretch theory of polymeric liquid crystals

This approach is based on the equations for microstretch continua given in (8.39). The difference
from the microstretch fluid treated before is that for polymeric liquid crystals the free energy ¥ de-
pends also on the wryness tensor y € 21 (D, s0(3)) and on the microstrain e € 2! (D). The constitutive
equations in the non-dissipative case are given by

t = ﬂ51<1—,0%)’?—;0%€1, mkl:,O%,
dp~! Yy dey ay!
mk:g, and s—t=20<£jkz+gjo>,
ey 0 Jjki djo

see Egs. (16.3.13) and (16.3.13) in [7], where
w=w(p",j,y.e):RxSym3) x gl(3) x R - R
denotes the free energy. The axiom of objectivity requires that
w(p AT AL ATy A AT ) =W (07 ye)

for all A € 0(3) (for nematics and nonchiral smectics), or for all A € SO(3) (for cholesterics and chiral
smectics). See paragraphs 16.4, 16.6 and 16.7 in [7] for the choice of the free energy for nematic,
smectic, and cholesteric polymers, respectively.

Assuming that f; =0 and [, =0, Eqgs. (8.39) for microstretch continua become

Du _ 3 ov 9 v a a‘l/e
'Odt | = 18'0_1 k ,08),;:}’1 ,ank 1)
oo 8(/)8‘1’) 2,0<8lpj +3l1/j>
= Ok o, |~ —— Jki . JOo )

o =3 ov . L. 4 ov .
O] = ok pa)’;{ Imn 0 3)’?71},“ e nl»
D ) D . . .
E,O + pdivu =0, E]kl + (Expriip + Eprikp)vr =0.

These are the equations for non-dissipative microstretch polymeric liquid crystals as studied in Section 16
of [7].
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To these equations one adds the evolution of y € 21(D,R3) and e € 21(D) given by

D n
a)’? = dva + Papy? — ¥ opur

and

D
—ek = Vo,k + ejl; k,
dr k 0,k ik

which is Eq. (16.3.8) in [7]. Like in Eq. (8.59), D/dt acts on the one-forms y and e as D/dt = 3/0dt +£4.

Lagrangian and Hamiltonian formulation of polymeric liquid crystals. We now show that Egs. (8.63)
can be obtained by affine Euler-Poincaré and affine Lie-Poisson reduction. As in the case of mi-
crostretch fluids, the symmetry group is the semidirect product Diff(D)(© F (D, CSO(3)). The ad-
vected quantities are the mass density p, the microinertia tensor i € F(D,Sym(3)), the wryness
tensor y € 21(D,s0(3)), and the microstrain e € 21(D). The action of the symmetry group on
the variables p and i is linear and is the same as for microstretch fluids. The action of (n, x) €
Diff(D) ® F (D, CSO(3)) on the wryness tensor y is affine and is given by

Y= XX+ XTX, (8.64)
where ¥ € F(D,S0(3)) is defined by the equality
x =det()'X,

and is the microrotation part of x € F(D, CSO(3)). The determinant det(x)!/3 can be seen as the
microstretch part of x. The action of (1, x) on the microstrain e is also affine and is given by

er> ne+ %det(x)_ld(det(x)). (8.65)

We now explain why these affine actions are natural. The variables e and y can be seen as the
symmetric and antisymmetric parts of a strain tensor ¢ € 21 (D, cs0(3)). More precisely, we have

¢=el3+v,
where 3e :=Tr(¢) and y := 4. The affine action of (n, x) € Diff(D) ® F (D, CS0(3)) is the natural ac-

tion of the automorphism group onto the connections of the trivial principal bundle CSO(3) x D — D,
as defined in the general theory (see (3.6)), that is,

Cex T+ x T T
By taking the trace of this action we find the affine action (8.65), whereas the antisymmetric part

gives the affine action (8.64).
We now give the associated right infinitesimal actions and diamond operations. We have

yu=£yy, yv=[y, v, wory=divw)-y —w-idy, woy=I[y wil
eu=£,e, ev =0, feore=ivf)-e— f-i de, foxe=0.

Relative to the two group one-cocycles

{0 1 _
Ci(x)=x"'Tx and Co(x) = 5 det(x) Tddet(x)
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we have

dCi(v)=db,  dC](w)=—divw,

1
dC;(v) =dvy, dCl(f)= -3 (div f)I5.

The Lagrangian is the same as that for microstretch fluids, except for the fact that the free energy
depends also on the wryness tensor ¥ and on the microstrain e. We thus have

, 1 1 , 1
l(u,v,p,lay,e)z§/pllullzu+E/p(w-vm—fpw(p Liy.e)u, (8.66)
D D D

where iv - v = Tr((iv)Tv). The computation of the associated Euler-Poincaré equations involves the
following generalization of Lemma 8.5.
Lemma 8.6. Suppose that the free energy ¥ verifies the axiom of objectivity, that is,

w(p ' ATHA AT YA AT e) =W (p i, y.e), forall A€SO@3) (or 0(3)).

Then

NEIANILIAN ow\" ow 067
057),= () 7 r(5) ~= %), oo

Using this lemma, a direct (but long) verification shows that the affine Euler-Poincaré equations
associated to the Lagrangian (8.66) are

aquVu = grad i d it a4 alI/e
Pl gpt Vuu | =grad o0y —ak( pgay® o :

8}’% dex
jo(D 5 vy LA L AN PO
S\ g0 )+ =2{Jogs t1 55 )~ v P )
1. D . . 1. ([ 0¥ ov v 8.68)
—v —21vjv— (jy) x v=——div[ p— a e X —, (8.
I3 0jv — (jv) x P (p8y>+7 Xaya+ Sy

0 +div(pu) =0 D'+2v i+ [j,v]=0
Btp pu) =, dtJ o) T 11, V]=U,

a R R a
EV"‘EUV‘F[V,V]-FCIV:O, Ee+£u6+d|)0=0.

Thus, we have recovered Eqs. (8.63) for non-dissipative polymeric liquid crystals together with the con-
servation laws for ¥ and e, up to a change of variables v — —vT and y > —y. Recall that the
microstretch rate vy € F(D) and the microrotation rate v € F(D, R3) are constructed from the vari-
able v € F(D, cs0(3)) through the decomposition

1):1)013—}—13.

As before, Lagrangian reduction can be carried out, by starting with the right-invariant Lagrangian
L(py,i0,y0.e0) - TIDIff(D) ® F (D, CSO(3))] — R induced by the Lagrangian (8.66). The evolution of the
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linear advected quantities o and i is the same as in the case of microstretch fluids. The evolution of
the affine advected quantities is given by

1 1 _
y=n(Xvox '+xTx" ') and e:n*(eo+§det(x)d(det(x) 1))
If the initial values are zero, then the evolution of y and e is given by

1
y=n.(XTX"") and e= zn.(det(x)d(det(;)")).

[7] takes these relations as definitions of y and e.

The Legendre transformation and the Hamiltonian formulation can be carried out as in the case
of microstretch fluids. The affine Lie-Poisson bracket consists of the sum of the Lie-Poisson bracket
(8.43) with the two terms

sf 3g 58 5f
/ [(“V(a)ﬁ“ﬂ) 5 (“V(a)ﬁfﬁ—iy)'w]“
D
sf 58 58 sf
+f [(“(a)o”“ e)% - (“(a)o“?—ée)%}“
D

due to the presence of the variables y and e. Here § f/éx € F (D, c¢s0(3)) and so it has a unique de-
composition & f /5k = (8 f /Sk)olz + (8 f/dk)a, where (§f/5k)g € F(D) and (§f/dk)a € F (D, s0(3)).
The Kelvin-Noether circulation theorem applied to polymeric liquid crystals yields the relation

14 14 '4
— d1+— 1dy——d1v<,o—) Y+ ——- 1de——d1v<,0—>
% 7§ P oy de p

The y -circulation yields the relations

=9

i — X

da Y Y
Ct Ct

in R3, and

8.11.4. Ordered micropolar theory

This approach is developed in [21]. It is based on the micropolar theory and uses the Oseen-
Zocher-Frank free energy. As we will see, it gives a direct generalization of the Ericksen-Leslie
equations.

Lhuillier and Rey consider the general equations for micropolar continua (8.40), together with the
constitutive relations in the non-dissipative case,

dF aF dF
sz:ap—_]&d—pmﬂ,, and  my = EgpNaP 5~

Jk



F. Gay-Balmaz, TS. Ratiu / Advances in Applied Mathematics 42 (2009) 176-275 267

see Egs. (10) in [21]. Note that here we adapted these relations to the compressible case. Thus,

Egs. (8.40) read
Du _3 oF 9 oF e
'Odt | = 18'0_1 k 'Oanak NaE

oF oF
01 = | lapMap — | — Emnp ——n%,, (8.69)
POl k< lab apanbk> lmnpan?m .n

D
dt

. D . ) .
p+pdivu=0, a]kl + (Expriip + Eprikp)vr =0.

To these equations one needs to add the evolution for n

D
—n=vxn,
dt

which is Eq. (9) in [21]. Recall that o = 2 (jv).

Lagrangian and Hamiltonian formulation of ordered micropolar theory of liquid crystals. We now
show that Egs. (8.69) can be obtained by Euler-Poincaré and Lie-Poisson reduction. As in the case
of micropolar fluids, the symmetry group is the semidirect product Diff(D)® F (D, SO(3)). The ad-
vected quantities are the mass density p, the microinertia tensor j € F(D,Sym(3)), and the director
n € F(D,R3). The representation of the symmetry group on the variables p and j is the same as for
micropolar fluids. The representation on the director is the same as that for the director theory.

The Lagrangian is the same as that for micropolar fluids, except that it involves the elastic free
energy F(p~!,n, Vn), which is usually taken to be the Oseen-Zocher-Frank free energy. We thus
obtain

_ 1 1 , _
l(u,v,p,J,n)z§/p||u||2u+5/,0(JV-V)M—/,0F(0 '.n, Vn)Lu.
D D D

The associated Euler-Poincaré equations are

au—i—Vu = grad oF 0i oF Vn
1Y ot ul) =8 ap1 j 'Oan,,' ,

b (8.70)

—(@(v)=hxn.

,Odt(J )=hx

The advection equations are

0 + div(pu) =0
8t,0 pu) =0,
D
— i,v]=0, 8.71
dt1+[1 ] (8.71)
Dn Yy xXn
—n=v XN
dt

The evolution of the advected quantities is given by

1 1

p=Jn")(eoon™"), i=(xjox ')on' and m=(xmp)on.
Thus we have recovered Eqs. (8.69) together with the evolution of the director. One just needs to
prove that the equations for the variable v are equivalent in (8.70) and (8.69). As shown in the
following lemma, this is a consequence of the axiom of objectivity.
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Lemma 8.7. Suppose that the free energy F verifies the property
F(p™',A"'n,A"'VnA) =F(p~',n,Vn), forall AeSO@3) (or 0(3)).

Then the matrix

( 9F )T ( 9F )T (8F)T
) vn)— (vo)[ — ) —n( =
aovn ovn on

is symmetric.

Note that in this expression the last term denotes the multiplication of a column vector with a
row vector and the result of this operation is a 3 x 3 matrix whose (i, j) entry is n;-2

;-
Using this lemma, we obtain the equality

oF oF , h 7
Ok 8labna/087 —Slmnpwn,n—( X, (8.72)

Jk »m

therefore, the equations associated to the variable v in (8.69) and (8.70) are equivalent.

The Hamiltonian and Lie-Poisson bracket can be computed as in the preceding examples. The
Kelvin-Noether circulation theorem has the same form as that of the Ericksen-Leslie equations,
namely

d 1
—¢du’ = f —vn' -h.
dt Jol

Ct Ct

8.11.5. Comparison of the three theories

In this subsection we summarize the known relationships between the three theories for liquid
crystals presented in this paper. We shall prove that the director theory of Ericksen-Leslie is a par-
ticular case of the ordered micropolar theory of Lhuillier-Rey. Therefore, one needs to compare the
latter with the micropolar theory of Eringen. As will be shown, these two theories, while close, do
not seem to be equivalent.

Theorem 8.8. The Ericksen-Leslie equations are a particular case of the equations given by the ordered mi-
cropolar theory.

Proof. As we have seen in Theorem 8.4, if |n||=1 and v =n x %n, then the Ericksen-Leslie equa-
tions (8.56) are equivalent to Egs. (8.54) and (8.55). It turns out that these equations are a particular
case of Egs. (8.70) and (8.71) given by the ordered micropolar theory. To see this, it suffices to as-
sume that the microinertia j is constant and given by j = JI3, where J is the microinertia constant
appearing in the director theory, and Is is the identity 3 x 3 matrix. O

Thus, the ordered micropolar theory is a generalization of the director theory, which takes into account the
variation of microinertia. We now compare the ordered director theory with the micropolar theory of
Eringen for a particular choice of the initial condition for the microinertia j. This choice imposes the
condition that j is a moment of inertia. This will use some technical lemmas.

Lemma 8.9. Let j and n be solutions of Egs. (8.70) and (8.71). Let jo and ng be the initial values and suppose
that

jo=J(U3—mnp®@np),
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where ] is a scalar constant. Then
Jj=JU3—n®n)
for all time.

Proof. From the Lagrangian formulation, we know that the evolution of j and n is

1 -1

n=(xng)on ' and j=(xjox ')on

1

Since xy(m®n)x ' = (xn) ® (xn) for all x € SO(3), we obtain

i=(xdox ont=J(I3—(xmo) ® (xmp)) = JU3 —n®@n). O
Lemma 8.10. Let v, j, and n be solutions of Egs. (8.70) and (8.71). Define
y :=(Vn) xne 2'(D,R?),

that is, y (v) = [(Vn)v] x n € F (D, R3) for every v e X(D). Then y verifies the equation

d J
— £ v+ =dv=0.
PY: Yy +thyy +y xv+ ]

Proof. Using the equation

Dn Vv Xn
—nNn = X
dt

and ||n|| =1, we compute

D D D
Ey:V(an>xn+an En:(dvxn)anr(van)xn+an(v><n)

=m-dv)n—dv+ @ -»)Vn— (Vn-v)n=v x (Vo xn) — (dv — (n-dv)n)

=vxy—(Iz3—n@n)dy. O
Theorem 8.11. Suppose (see the following lemma) that the free energy F can be written in terms of
ji=JUz3—n®n) and y:=Vnxn,
that is, there exists a function ¥ : R x Sym(3) x gl(3) — R such that

F(,o_l,n, Vn) = ll/(p_l,j, y)-
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Let (u, v, p, j,n) be a solution of Eqs. (8.70) and (8.71), and suppose that the initial conditions verify jo =
J(3 —ng ® ng). Then (u, v, p, j, p) is a solution of the system

.D . 1 jov 14
]—v—(]v)xv=—;d1v p=— | +y"x ,

0 v o,
p\ 7;u+ Vuu ) =grad — — /| p y°,

ot ap V%

dt J oy

9 D A
oop+diviow) =0, —j+[].91=0,

Iyt (8.73)

3 .
§y+£uy+yxv+%dv=0.

This system is very close but distinct from the system (8.62) studied by Eringen. The difference is due to the
presence of the factor £ in the second and last equations.

J

Proof. Let (u, v, p, j,n) be a solution of Egs. (8.70) and (8.71). The equations associated to the con-
servation of mass and microinertia in (8.73) are clearly verified since they are identical. Using that

jo= J(3 —ng @ ng), we

obtain j = J(I3 — n® n), by Lemma 8.9. Thus by Lemma 8.10, the last

equation in (8.73) is verified.

Using that the relation

This shows that

b

Y =Vn xnreads y{ = ¢; n’n° in coordinates, we obtain

OF _ v dy! _ v 6 ne
anf’j aysd anf’j ayg e

) <p oF na) ) (paq/ ya)
Kk =kl p—p*).
on‘, .1 \Taye !

Thus, the first equation is verified.

We also have

oF
a a
ElapM” = = ElgpN
n,k

h1'4 ¢4 n — nfn! o ow a n®n) ov (] 8'I/>
oyl " vy vy “oyl Ik

Using this equality and the relation (8.72), the second equation of (8.70) reads

This can be written as

D . _8 a 8F aF a
PE(JV)I— k| ElapM /Oan,k —51mn/0m“,n

— s jow . o,
=—d\ P Ty )y lmnpay?nyn-

2('v)——div l% + GX%
po V)= 'Ojay oY By’

which is exactly the second equation in (8.73). O



F. Gay-Balmaz, TS. Ratiu / Advances in Applied Mathematics 42 (2009) 176-275 271

No Lie-Poisson or Euler-Poincaré interpretation of the system (8.73) is known. This system would
coincide with Eringen’s system (8.62), if j/J could be taken equal to one. This, however, cannot be
achieved since j is an advected variable; ] is a constant. We interpret Theorem 8.11 as saying that
the Lhuillier-Rey and Eringen formulations are very close but not equivalent.

We now show that the hypothesis made on the free energy F is verified in the case of the Oseen-
Zocher-Frank free energy.

Lemma 8.12. Let n be a unit vector. Define

y:=Vnxn and j=I3—-n@n

Then
Tr(y) =n-curln,
Tr(y"y) =Tr(Vn' Vn)
= (divn)? + (n - curln)? + ||In x curln||? + div((n- V)n — ndivn),
Tr(y"y(m®@n)) = |n x curln|?.
Thus,

Tr(y "y j) = (divn)® + (n - curln)? + div((n - V)n — ndivn).
Proof. Note that the relation y = Vn x n reads
n3oin? — n29;n3
yi=dmnxn=|n'gn> —n3gn!
n29;n' —nlo;n?
Thus, we obtain
n-curln=n’ (82n3 — 83n2) + 112(83111 - 81113) +n’ (81n2 — 82111)
= (n381n2 — n231n3) + (nlazn3 - n332n1) + (nzagn] - nlagnz)
=yi+Y3+yi=Ti»).

This shows the first equality.
In order to check the second assertion, we compute Ty in terms of n. We have

yiw .v=u-ywv)=u- (Va(v) xn) =Va(v) - (nxu) =v- vn! (n x u),
therefore, we have yT(u) = Vn' (n x u) and we can compute
y'y@=vn'[nx (yw)]=Vn'[nx (Vn(u) x n)]

=vn'[(n-n)Vn(u) — (n- Vn(u))n]

=vn! Vn(u).
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We have obtained the equality Ty = vn! Vn. The formula
Tr(Vn' vn) = (divn)? + (n - curln)? + ||n x curln||® + div((n- V)n — ndivn)

can be checked directly, see for example Lemma 3.3 in [28]. This proves the second equality.
The third assertion follows from the equalities

2 2
Tr(y"y(m@n)) =Tr((yn) yn) = [lyn||* = |(Vm)n x n|” = | (Vn)n|” = ||n x rotn||?,
where the last one follows from the identity (Vn)n = —n x rotn; see Lemma 3.3 in [28]. O

As a consequence of this lemma, the expressions associated to chirality, twist, splay, and bend
appearing in the Oseen-Zdcher-Frank free energy can be expressed in terms of the variables j and p.
We have

n-curln=Tr(y), (n-curln)? =Tr(y)?,
(diva)2 =Tr(y"yj) — Tr(»)?, modulo a divergence,

Inx curln||* =Tr(pTy) - Tr(y Ty J).

Thus, in terms of j and y, the Oseen-Zocher-Frank free energy reads

1 1
p¥(p™! J. ) = KaTe(y) + S K (Tr(y 'y J) = Te(0)?) + Koo Tr(p)?
1 .
+ 5 Kas(Tr(yTy) = Tr(r "y ),

up to the addition of a divergence. This functional clearly satisfies the axiom of objectivity.

8.11.6. Remark on the use of other groups
From a mathematical point of view, the previous approaches generalize to any order parameter Lie
group O C GL(3)™.

y-theory. In the case of Eringen’s theory, it suffices to consider the group Diff(D)(© F (D, O) acting
on the advected quantities (p,1i,¢) € F(D) & Sym(3) & 21D, o) as

prnpom, i xTGomyx, ¢ Ad, i+ x Ty

If O =5S0(3) then ¢ =y is the wryness tensor, and we recover the theory of micropolar liquid crys-
tals (see Section 8.11.2). If O = (CSO(3) then ¢ = (y, e), where y is the wryness tensor and e is the
microstrain and we recover the microstretch theory of polymeric liquid crystals (see Section 8.11.3). In
general, we obtain a theory of “O-liquid crystals” whose Lagrangian given by

wvpi 0= [ pluitu g [odv-vu= [ pw(e o),
D D D
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and the variable ¢ is interpreted as a connection on the trivial O-principal bundle over D. The asso-
ciated affine Euler-Poincaré equations (3.13) are

au+Vu = grad el 0 0 a
p at u _g 8,0_1 k paglgé‘ )

P(i(iv +dv(u) —vy — 2%)) =0
at di ’ (8.74)

3 3
i div(pu) =0, ai +di(w) +vTi+iv=0,

0
&{ + £ful + ¢, v]+dv =0,

where P:gl(3) — o denotes the orthogonal projection onto the Lie algebra o, associated to the inner
product

a-b =Tr(aTb), a,beo.

n-theory. Recall that in the case of the Ericksen-Leslie and Lhuillier-Rey theories the director is a
map n:D — R3, on which the group Diff(D)® F (D, SO(3)) acts linearly as

n— X”(non). (8.75)

This representation can be generalized to other groups in two ways. First the action (8.75) clearly still
makes sense for any matrix Lie group O. In this case, the advection equation for n reads

Dn n
—n=vn,
dt

where v € F(D, 0), and the variable n evolves by

n—= (Xno) o 77_1.

Note that, in general, the norm |n(x)| is not constant. For example, if O = SO(K), for K positive
definite, then n describes an ellipsoid. As in the case of microfluids, the typical cases to consider are

1 0O e 0O
K1=<0 1 0) or K2:<O & 0), e~0.
0 0 ¢ 0 0 1

The group SO(K1) should be useful for the description of smectic liquid crystals. If O = CSO(3), then
the norm ||n| evolves as

[n(ne0) | = det(x %) [mo ()]

Therefore, the norm depends on the “stretch part” det(x)'/® of x € CSO(3). More generally, we can
use the group CSO(K) to model the theory of anisotropic microstretch liquid crystals. This constitutes a
first way of generalizing the representation (8.75) to other groups.

A second way to generalize the representation (8.75) consists in replacing the director n: D — R3
by a Lie algebra valued variable n:D — o on which the group Diff(D) S F (D, O) acts as

n— Adxq (nomn). (8.76)
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In this case, the advection equation reads

D
—n=adyn,
dt v

and the variable n evolves as
n=(Ady np) o n_l.

Note that when O = SO(3), both approaches coincide because the birth representation and the adjoint
representation of SO(3) on R? are identical. When O = CSO(3), (microstretch case) then we can write
n=n-+mlz and the action (8.76) reads

(m,m) > (x '(mon),mon),

where

1
X =——=x:D— S003),
X det(x)1/3X - ( )

and the evolutions are given by

1 1

n=(xng)on  and m=mgon .

Therefore n can be seen as a director, since ||n(x)|| is constant in time. Since the evolution of the
variable m does not depend on the micromotion and the evolution of n depends only on the SO(3)
part of the micromotion x € CSO(3), this approach cannot be used for the description of microstretch
liquid crystals. This shows that the first generalization seems physically more interesting.
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