RENORMALIZATION AND BLOW UP FOR CHARGE ONE EQUIVARIANT
CRITICAL WAVE MAPS.

J. KRIEGER, W. SCHLAG, AND D. TATARU

ABSTRACT. We prove the existence of equivariant finite time blow-up solutions for the wave map problem from
R2+T1 — S2 of the form u(t, r) = Q(A(t)r) +R(t,r) where u is the polar angle on the sphere, Q(r) = 2arctanr
is the ground state harmonic map, A\(t) = t~17¥, and R(t,r) is a radiative error with local energy going to
zero as t — 0. The number v > % can be described arbitrarily. This is accomplished by first ”renormalizing”
the blow-up profile, followed by a perturbative analysis.

1. INTRODUCTION

We consider Wave Maps U : R>*! — §? which are equivariant with co-rotation index 1. Specifically, they
satisfy U(t,wz) = wU(t,z) for w € SO(2,R), where the latter group acts in standard fashion on R?, and the
action on S? is induced from that on R? via stereographic projection. Wave maps are characterized by being
critical with respect to the functional

U— (0,U,0°U) do, a = 0,1,2
R2+1
with Einstein’s summation convention being in force, 9% = m®93, mas = (m*?)~1 the Minkowski metric
on R?*! and do the associated volume element. Also, (-,-) refers to the standard inner product on R? if we
use ambient coordinates to describe u, d,u etc. Recall that the energy is preserved:

E(u) = /R (DU(-, ), DU (-, 1)) d = const

If one instead uses spherical coordinates, and lets u stand for the longitudinal angle, and similarly use polar
coordinates 7,0 on R?, we describe the Wave Map by (¢,7,0) — (u(t,r),0), where now u(t,r), a scalar
function, satisfies the equation

sin(2u)

272

The problem at hand is energy critical, meaning that the conserved energy is invariant under the natural
re-scaling U — U (A, Ax) (using the original coordinates and meaning of U). By contrast, the analogous wave
map problem on R"*1, n > 3 is energy-supercritical in the sense that the natural scale-invariant Sobolev space
is then H%, and the corresponding norm ||u)| ;% is not expected to be controlled globally-in-time for general
initial data, which leads to the general belief that in this case, there should not be a good well-posedness
theoory for general initial data, irrespective of the target. Indeed, singular wave maps stemming from C*°-data
have been constructed on background R3*! with target S in [Shal], and with origin R"*! n > 4 and for
more general targets in [Sha2].

Uy
(11) —Ugt + Upp + 7 =

In the critical case, global well-posedness is expected for hyperbolic targets, while singularity development
is expected for certain positively curved targets, such as S?. More precisely, numerical evidence in [Bi], [Li]
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strongly suggests singularity development for equivariant wave maps of co-rotation index 1 from R2*! to
52 with smooth data, while wave maps from R?*! to H?, and more generally H*, k& > 2, are expected to
preserve the regularity' of the initial data. Further evidence for possible singularity development up to this
date specifically, in the co-rotation 1 equivariant case has been recently provided in [Co]. We note that a
fairly satisfactory understanding has been achieved for small-energy wave maps from R2*! to general targets
[Tao|, [Tat], [Kri], as well as for rotationally invariant wave maps and general initial data [Chr-Tah], [Strl].
In particular, it is known that the latter never develop singularities [Strl], and that for equivariant wave maps
of co-rotation index 1, regularity breakdown can only occur in an energy concentration scenario [Str2]. For
equivariant wave maps, it is known that regularity of the initial data is preserved (see previous footnote)
provided the target satisfies a geodesic convexity condition [Sh-Tah)].

Our objective in this paper is to rigorously demonstrate regularity breakdown for equivariant wave maps
u: R#H — §2 of co-rotation index 1 with certain H'* regular initial data. More precisely, the data (u, u;)
will be of class H'*% x H? for some § > 0. It is well-known that such data result in unique local solutions
of the same regularity until possible breakdown occurs via an energy-concentration scenario. We note that a
result of Struwe shows that if the solution is indeed C'*°~smooth before breakdown?, such a scenario can only
happen by the bubbling off of a harmonic map [Str2]: specifically, let Q(r) : R? — 52 be an equivariant
hamonic map, which can be constructed for every co-rotation index k € Z (for example, for k = 1 stereographic
projection will do). We shall identify Q(r) with the longitudinal angle, as above. Then according to [Str2],
if an equivariant wave map w of co-rotation index k = 1, again identified with the longitudinal angle, with
smooth initial data at some time ty > 0 breaks down at time T' = 0, then energy focuses at the origin, and
there is a decomposition

u(t,r) = QA(t)r) +e(t,r), Q(r) a co-rotation k = 1 index equivariant harmonic map

where there is a sequence of times t; — 0, ¢; < 0, ¢ = 1,2,..., with A(¢)[t;] — oo, such that the rescaled
functions wu(t;, ﬁ) converge to (r) in the strong energy topology.

This is borne out by our main theorem. We let Q(r) represent the standard harmonic map of co-rotation
k=1, ie., Q(r) = 2arctanr. Recall that in the equivariant formulation the energy is

sin’(u)

S(u):/RZ [%(uf%—uf)-ﬁ- 53 }rdr

The local energy relative to the origin is defined as

1 sin?(u

It is well-known that for equivariant wave-maps singularities can only develop at the origin and this happens
at time zero iff

li]én iélf Eloc(u)(t) >0

The following theorem is the main result of this paper. Note that we need to "renormalize” the profile Q(rA(t))
by means of a large perturbation (denoted u¢ below). We find it convenient to solve backwards in time, with
blow-up as t — 0+.

Theorem 1.1. Let v > % be arbitrary and to > 0 be sufficiently small. Define \(t) = t=*~ and fiz a large
integer N. Then there exists a function® u® satisfying

u® e CVFY2 ({tg >t >0, |z| < t}), Eroc(u®) () < (tA#) "2 logt]* as t—0
and a blow-up solution u to (1.1) in [0,te] which has the form
u(r,t) = QA@)r) + u(r,t) + e(r, t), 0<r<t

1By this we mean that if initial data have regularity H'1+%, § > 0, the Wave Map can be uniquely globally extended in this
class.
2This result most likely can be adapted to solutions of lesser smoothness

3We refer to this as an "elliptic profile modifier”; see Section 2 for a detailed explanation of this notion. Also, C? for noninteger
3 means C[P1,8-16]
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where € decays at t = 0; more precisely,
ectNHITT(RY), & etV TIHYT(R?),  Eocle)(t) StV oas t—0

loc loc
with spatial norms that are uniformly controlled ast — 0. Also, u(0,t) = 0 for all 0 < t < tyg. The solution
u(r,t) extends as an H'V~ solution to all of R? and the energy of u concentrates in the cuspidal region
0<r=< ﬁ leading to blow-up atr =t = 0.

We remark that a somewhat surprising feature of our theorem is that the blow-up rate is prescribed. This
is in stark contrast to the usual modulation theoretic approach where the rate function is used to achieve
orthogonality to unstable modes of the linearized problem. Heuristically speaking, there are two types of
instabilities which typically arise in linearized problems: those due to symmetries of the nonlinear equation
(typically leading to algebraic growth of the linear evolution) and those that produce exponential growth in
the linear flow (due to some kind of discrete spectrum). For example, the latter arises in the recent work
on “center-stable manifolds”, see [Sch], [KrSchl], [KrSch2] whereas for the former see [KrSch3]. Both types
can lead to blow up. Here we do not have any discrete spectrum in the linearized equation, but rather a
zero-energy resonance which is due to the scaling symmetry. It is unclear at this point which role (other
than a technical one) the resonance plays in the formation of the blow-up. Indeed, our approach is really
non-perturbative as the crucial elliptic profile modifier produces a large perturbation of the basic profile Q.
The perturbative component of our proof deals with the removal of errors produced by the elliptic profile
modifier (it is crucial that these errors decay rapidly in time).

A recent preprint* by I. Rodnianski and J. Sterbenz [Ro-St] details the construction of generic sets of initial

data (including smooth data) resulting in blow-up with a rate A(t) ~ 7”“:{%“ for equivariant wave maps from
R2*+! to S2? with co-rotation index k > 4. These data can be chosen arbitrarily close to the corresponding
co-rotation k harmonic map with respect to a suitable norm stronger than ||.||z:. This latter behavior appears
specific for sufficiently large co-rotation indices but, due to numerical experiments (e.g., [Bi]) is not expected
for the case of co-rotation index one. More precisely, numerical experiments suggest that perturbations of
the “ground state” Q(r) = 2arctan(r) need to be of a certain size (depending on their profile) to result in
blow-up. Indeed, our theorem, which is partly based on perturbative techniques, has a non-perturbative flavor
in that the elliptic profile modifier cannot be made small at fized time t = tg > 0 and with a fized profile \(t).
On a technical level, we remark that the corresponding linearlized operator has zero energy as an eigenvalue
for k > 1 but for k = 1 zero energy becomes a resonance (indeed, \Qy(Ar)|a=1 € L?(0,00) iff k > 1 where
Qr(r) = 2arctan(r*)).

Our argument is correspondingly divided into two parts: first, we use a direct method, exploiting the
algebraic fine structure of the system, to find an approximate solution Q(A(¢)r) 4+ u®(¢,r). Roughly speaking,
one may think of u. (., .) as being obtained by a finite sequence of approximations which alternately improve the
accuracy near the light cone and near the origin. To model the solution near the light cone, one introduces the
coordinates (a,t) where a = 7 and reduces to solving an elliptic problem in a by neglecting time derivatives.
More precisely, one treats time derivatives as error source terms, which get decimated by iterating the elliptic
construction. Similarly, one improves accuracy near the origin r = 0 by working with the coordinates (R, t)
where R = A(t)r, again reducing to an elliptic problem by neglecting time derivatives. This process does not
lead to an actual solution, as one “keeps losing time derivatives”, which leads to worse and worse implicit
constants. Thus in a second stage, we construct a parametrix for the wave equation which is obtained by
passing to coordinates (R,7) where R = A(t)r, 7 = +¢t7”. This in turn relies on a careful analysis of the
spectral and scattering theory of the Schrodinger operator which arises by linearizing around Q(r). The
remaining error is then iterated away by continued application of the wave parametrix.

A surprising feature of Theorem 1.1 is the fact that blow-up may be arbitrarily slow, as we can prescribe
v arbitrarily large. However, the data leading to this blow-up are not generic, and indeed rather difficult
to describe. We observe that in [Bi] solutions blowing up with A(t) ~ t=23 were observed numerically,
corresponding to a transient regime dividing blow-up from global smoothness and scattering. In particular,
this blow-up rate appears to correspond to a set of initial data of co-dimension one. Our initial data sets
seem to lie on manifolds of very large co-dimension, which increases with v (we plan to return to a rigorous

4The conclusions of our paper were reached before the appearance of this preprint
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treatment of this conditional stability issue in a later paper). In particular, it appears unlikely that such
solutions corresponding to v >> 1 would be detected numerically.

Finally, we note that our technique quite likely lends itself to constructing blow-up solutions for higher
homotopy indices, too, as well as to problems of a similar nature, such as the critical Yang-Mills equation.

2. APPROXIMATE SOLUTIONS

2.1. The elliptic profile modifier. In this section we show how to construct an arbitrarily good approximate
solution to the wave map equation as a perturbation of a time-dependent harmonic map profile

Uo = Q(R)a R= T)‘(t)
with the polynomial timescale
Aty =t"177

To describe the approximate solution we use the time variable, the variable R which corresponds to the
harmonic map scale, and the self-similar variable a = r/t which is useful in analyzing the behavior near the
cone. The only trade off in this construction is that we need to allow singularities of the form

(1—a*)"(log(1 — a*))*

as we approach the cone. Thus the larger the parameter v, the better the regularity of the approximate
solutions.

Theorem 2.1. Let k € N. There exists an approzimate solution usy for (1.1) of the form

R—%mgu+-R%V)
(EN?

Cl

’U/Qkfl(?ﬂ? t) = Q()\(t)T) + (t)\>

2
5 Rlog(1 + R )—l—O(

so that the corresponding error has size

B R(log(2 + R))?*—1
e =0 (M —)

Here the O(+) terms are uniform in 0 <r <t and 0 < t <ty where ty is a fized small constant.

Remark 2.2. In the proof we obtain usg_1 and esr1 which are analytic inside the cone and C%“‘”_, respec-
tively C~2~ on the cone, with a good asymptotic expansion both on the R scale and near the cone.

More precisely, using our notations defined below we have

1
(tA)?

ugp—1 € QA(t)r) + IS°(Rlog R, Qy,)

while the error satisfies

1
e 1 € WISl(R(logR)%’l, Q1)

Proof. We iteratively construct a sequence uy of better approximate solutions by adding corrections vy,
Up = Vg + Ug—1
The error at step k is
sin(2uy)
2r2

To construct the increments vy we first make a heuristic analysis. If u were an exact solution, then the
difference

1
e = (—0f + 02 + ~Oru

E=U— Uk—1
would solve the equation

cos(2ugk—1)
272

sin(2ug—1)

1
—9? 24 —
(2.1) (—=0; +0: + Tar)s 2r2

sin(2¢e) + (1 —cos(2¢)) = ex—1
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In a first approximation we linearize this equation around ¢ = 0 and substitute ug_1 by ug. Then we obtain
the linear approximate equation

1 cos(2u
(2.2) (—33 + 02+ -0, — (20)> eRep_

r r
For r <« t we expect the time derivative to play a lesser role so we neglect it and we are left with an elliptic
equation with respect to the variable r,

1 (2
(2.3) (af + -0, - C%izu‘ﬂ) emxert, r<t

For r & t we can approximate cos(2ug) by 1 and rewrite (2.2) in the form
1 1
(—6152 + 8,,2‘ + ;8r — 72) ER €CL_1

Here the time and spatial derivatives have the same strength. However, we can identify another principal
variable, namely a = r/t and think of € as a function of (¢,a). As it turns out, neglecting a "higher order”
part of ex_1 which can be directly included in ey, we are able to use scaling and the exact structure of the
principal part of ex_; to reduce the above equation to a Sturm-Liouville problem in a which becomes singular
at a =1.

The above heuristics lead us to a two step iterative construction of the v;’s. The two steps successively
improve the error in the two regions r < t, respectively r ~ t. To be precise, we define vy by

1 cos(2u
(2.4) (372 + ;37- - 7(n20)> Vakt1 = €5y,
respectively
1 1
(2.5) (af vorelo, - TQ) S

both equations having zero Cauchy data® at » = 0. Here at each stage the error term ey, is split into a principal
part and a higher order term (to be made precise below),

1
ek:eg—l—ek

The successive errors are then computed as

e = €31 + Nog(va), eakt1 = €3y, — Ofvars1 + Nogy (vars1)
where
cos(2ug) — cos(2uay) sin(2usgy ) cos(2uay) )
(2.6) —Napy1(v) = 2 v+ 5,3 (1 —cos(2v)) + 7(21) — sin(2v))
respectively
1-— 29k — in(2ugk— 2ugk—
2.1)  Noe(v) = cos(2uag l)v sin(2ugp—1) (1 cos(20)) + M(% _ sin(20))

r2 2r2 2r2

To formalize this scheme we need to introduce suitable function spaces in the cone

Co=A{(rt) : 0<r<t,0<t<ty}

for the successive corrections and errors. We first consider the a dependence. For the corrections vy we use
Definition 2.3. Fori € N we let j(i) =i if v is irrational, respectively j(i) = 2i% if v is rational.

a) Q is the algebra of continuous functions q : [0,1] — R with the following properties:

(i) q is analytic in [0,1) with an even expansion at 0

(i) Near a = 1 we have an absolutely convergent expansion of the form

j(2i—1) 7(27)

q=qo(a) + Z a)@=Hv Z g2i—1,5(a)(log(1 — a))? + (1 — a)*¥*! Z q2i;(a)(log(1 — a))?

5The coefficients are singular at » = 0, therefore this has to be given a suitable interpretation
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with analytic coefficients qo, qi;
b) Q. is the algebra which is defined similarly, with the additional requirement that
¢;(1) =0 if i>2m+1,o0dd
For the errors e, we introduce

Definition 2.4. a) With j(i) as above, Q' is the space of continuous functions q : [0,1] — R with the following
properties:

(i) q is analytic in [0,1) with an even expansion at 0

(ii) Near a = 1 we have a convergent expansion of the form

J(2Z 1) J(21)

q=qo(a +Z )=y quj )(log(1 — a))’ + 1—a2WZq2” )(log(1 — a))’

with analytic coefficients qo, qi;
b) Q! is the space which is defined similarly, with the additional requirement that

¢i;(1)=0 if i>2m+1, odd
Next we define the class of functions of R:

Definition 2.5. S™(R*(log R)") is the class of analytic functions v : [0,00) — R with the following properties:
(i) v vanishes of order m at R=0
(i) v has a convergent expansion near R = oo,

v = Z Cij Rki% (log R)j
0<j<Ll+i
We also introduce another auxiliary variable,
(log(2 + R?))*
(tA)?
Since we seek solutions inside the cone we can restrict b to a small interval [0,bg]. We combine these three

components in order to obtain the full function class which we need:

Definition 2.6. a) S™(RF(log R)*, Q,,) is the class of analytic functions v : [0,00) x [0,1] x [0,by] — R s0
that
(i) v is analytic as a function of R, D,

(2.8) b=

v :[0,00) x [0,bo] — Qp

(#) v vanishes of order m at R =0
(#3) v has a convergent expansion at R = oo,

v(R,b)= > ci;(-,b)RF " (log R)
0<j<l+i

where the coefficients c;; : [0,bo] — Q. are analytic with respect to b
b) 1S™(RF(log R)!, Q,) is the class of analytic functions w on the cone Coy which can be represented as

w(r,t) = v(R,a,b), v e Sm(Rk(log R)f, )

We note that the representation of functions on the cone as in part (b) is in general not unique since R, a,b
are dependent variables. Later we shall exploit this fact and switch from one representation to another as
needed. We shall prove by induction that the successive corrections vy and the corresponding error terms ey
can be chosen with the following properties: For each k& > 1,

(2.9) Vog—1 € 153( (log R)**~1, Q1)

(t/\)
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1
(2.10) t2eqp_ 1 € WISl(R(logR)%_l, Q1)
1
(211) Vok € (t)\)m[sg(Rg(logR)Qkil, Qk)
1
(2.12) t2eqr, € NG [1S'(R™*(log R)**, Qy) + bIS' (R(log R)**~1, Q},)]
Moreover, for k = 0,
(2.13) t?eg € SY(R™Y)
Step 0: We begin the analysis at k = 0, where we explicitly compute eq.
We have
€0 = —Uott
= —IN@OPr*Q"(R) - N'()rQ'(R)
A\ 2 A\ )
- -(3) Pew-rewm
1 , AR3 2R
1 4R 2R
= = |- 12— 1)——
t2 ( (v+1) (14 R%)? Tyl )1+R2>

With our notations

t260 € Sl(Ril)
as claimed. It remains to complete the induction step. Hence we assume we know the above relations hold
up to k — 1 with k£ > 1, and construct vop_1, respectively vor, so that they hold for the index k.

Step 1: Begin with es_o satisfying (2.12) or (2.13) and choose vag—1 so that (2.9) holds.
If k = 1, then define €} := eg. If k > 1, we define the principal part €, , of eap_o by setting b = 0, i.e.,
edy,—o(R, a) := eap—2(R, a,0)

For the difference we can pull out a factor of b and conclude that

b B _ _
t?ed o € W[[S%R Y(log R)*2,Qy_1) + IS* (R(log R)** 2, Q) _1)]
1 _
C W.[Sl(R(IOg R)2k 17 Q;efl)

which can be included in esg_1, cf. (2.10).
We define voi_1 as in (2.4) neglecting the a dependence of €9, . In other words, a is treated as a parameter.
Changing variables to R in (2.4) we need to solve the equation
1 _ _
(tA\)?Lvgy_1 = t%€3,_, € WLS”(R Ylog R)**72, Q1)
where the operator L is given by
1 1-6R?+ R

1
— 92 — _ B

cos(2up)
R2

Then (2.9) is a consequence of the following ODE lemma.

1
L:@fﬁ—EaR—

Lemma 2.7. Let k > 1. Then the solution v to the equation
Lv=feSY R 'logR)**7?),  v(0)=2'(0)=0

has the reqularity
v e S3(R(log R)?k~1)
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Proof. Since f is analytic at 0 with a linear leading term, one can easily write down a Taylor series for v at 0
with a cubic leading term.

It remains to determine the asymptotic behavior of v at infinity. For this it is convenient to remove the
first order derivative in L (to achieve constancy of the Wronskian). Thus, we seek a solution of
3 8

_|_

We use this fundamental system of solutions for L:
R3 —1+4R?log R + R*
1+R VR (1+ R?)

Their Wronskian is W (¢, #) = 2. This allows us to obtain an integral representation for v using the variation
of parameters formula, which gives

¢(R)

1 R 1 B
v= 5Ef%a(bz)/ d(R)VRf(R) dR' — §R’%¢(R)/ O(R)VR f(R) dR'
0 0
Carrying out the integration shows that the right-hand side grows like R(log R)?*~! as claimed. g

As a special case of the above computation we also note the representation for vy,
1

(2.14) v = WV(R), V € S3(RlogR)

Step 2: Show that if var—1 is chosen as above then (2.10) holds.
Thinking of vor_1 as a function of ¢, R and a we can write es;_1 in the form
eak—1 = Nog—1(vak—1) + E'vop_1 + E%vor_1

Here Naj_1(vag—1) accounts for the contribution from the nonlinearity and is given by (2.6). Efvg,_; contains
the terms in
atQUQk—l (ta R7 Cl)

where no derivative applies to the variable a, while F%v9;_1 contains the terms in
(—02 4+ 02 + %&)vgk_l(t, R.a)
where at least one derivative applies to the variable a. We begin with the terms in Nog_;. We first note that,
by summing the v; over 1 < j < 2k — 2,
(2.15) Ung—2 — Ug € ﬁIS?’(Rlog R, Q5 1)

To switch to trigonometric functions we need

Lemma 2.8. Let

1
——_IS3(R1 _
v e ONE S°(Rlog R, Qp—1)

Then
IS3(Rlog R, Qk_1), cosv € IS°(1,Qr_1)

. 1
SInv € (N2
Proof. We write

sinv = vg(v?)
with g an entire function. Then it suffices to show that g(v?) € 15°(1, Q)_1). We begin with
1 R* 1

(t)\)4ISG(R2(IOgR)25 Qk:—l) C W (t>\)2

1126

IS8*((log R)?, Qx_1)
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But a? = R?(t\)~? and the remaining (t\)~2 together with up to two log R factors combines to give one b
factor. We conclude that
v? € a®bIS*(1, Q1) C 1S*(1,Qx_1)
For w € S?(1,Q_1) we evaluate g(w). Since g is analytic we conclude that g(w) is analytic in R,b when
interpreted as
g(w) : [0700) X [07b0] - Qk—l
We consider the asymptotic expansion at R = oo. Since we have an absolutely convergent asymptotic

expansion for w and a convergent Taylor series for g at 0, we obtain an absolutely convergent asymptotic
expansion for g(w). This gives

g(w) € S°(1, Qr—1)

and concludes the proof of the lemma. O

Using Lemma 2.8 and (2.15) we compute

cos(2ug) — cos(2uog_o) = 2cos(2ug)sin®(ugk_o — ug) + 2sin(2ug) sin(ugg o — ug) cos(ugk_2 — ug)
1 1
I 6 2 1 2 B T 41 B
- (t>\)4 S (R (OgR) an 1)+ (t)\)2 S (ogR, Qk 1)
Hence
2 cos(2ug) — cos(2ugk—2)
7"2 V2k—1

€ ()" (1 IS*(log R Qk_1)+ils6(R2(1ogR)2 Qr_1) LIS%R(logR)%—l Qs_1)

R2 \ (t\)? ’ (tA)4 ’ (tX)2k ’

1 1

I 5 —11 2k _ I 7 1 2k+1 _

< yE < S°(R™*(log R)**, Qx 1)+—(m2 S7(R(log R)***1, Q4 1))

1 _
C WIS5(R(log R)*=1 Q1 1)

where at the last step we have pulled a b factor out of the second term. Similarly we have

o
25I(2U2-2) (1 ()

2r2
OV — L L - ’
€ Rz (IS (R ,Qk71)+WIS (Rlog R, le)) (W\)%IS (R(log R) ,le))
1 1 _ _ 1 _
= % ( S (R '(log R)** 2,Qk_1)+W157(R(1ogR)4k 1,Qk_1)>
1 _
C (M)%IS%R(ng)% 1Ok 1)
where we have used a power of b* to pass to the final inclusion. Finally,
Qugy, , tA)? 1 3
t2wj’”)(2v%_l —sin(2u,_1)) € %150(1,%_1) ——5z 1S (R(log R)** ™", Q1)
r R (tA)
1 7 6k—3
c WIS (R(log R)™°, Qk—1)
1 7 2k—1
c WIS (R(log R)™ ™", Qk—1)

This concludes the analysis of Nog_1(vor_1). We continue with the terms in E'vgy_1, where we can neglect
the a dependence. Therefore, it suffices to compute

1
(tN)2F

t2a,?< ! ISS(R(logR)%l))c ISY(R(log R)?1)

(tA)2k
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Finally, we consider the terms in E%vq;_1. For

1
Vok—1(r,t) = Ww(R, a), w e S*(R(log R)?**71, Qr_1)
we have
1
t2Evgp—1 D)F [2kvaw, (R, a) — (v + 1)Rawpg, (R, a) + 2R ra Ywpre (R, a) + a  wa(R, a)

+ (1= a®)wea(R,a) — awq(R, a)]
Since Qj_1 are even in a we conclude that
a0y, 0" 0y, (1 — a2)82 : Q1 — Qi

Also the R~! factor simply removes one order of Vanishing at R = 0. Hence we easily obtain

t*E%vgy_1 € (t)\)% 5 IS (R(log R)*" 1, Q)

This concludes the proof of (2.10). We remark that for the special case of k = 1, i.e., with vy as in (2.14),
these arguments yield

(2.16) t?e; € (tA) 7283 (Rlog R)
Step 3: Define vy so that (2.11) holds.

We begin the analysis with es—1 replaced by its main asymptotic component for,_1 at R = oo for b = 0. This
has the form

R 2k—1 )
t2f2k—1 = W Z Qj(a)(log R)’, q; € Q;c,1
j=0

which we rewrite as
2k—1

t* fop 1 = t/\ T Z agj(a)(log R)’
7=0

We remark that (2.16) implies that t2f;(a) = (tA\)"talog R. Consider the equation (2.5) with far_1 on the
right-hand side,

1 1
t? (6? +02 + ;3r - 762) Way, = 2 for—1

Homogeneity considerations suggest that we should look for a solution ws; which has the form

L 2kl
Wak = (tA)2E—T Z W2]k )(log R)’
7=0

The one-dimensional equations for szk are obtained by matching the powers of log R. This gives the system
of equations

e (o oz to - ) (G (@) = s e - Bi@)
where
(2.17) Fi(a) = (+1) [((v + D02k = 1) + @ )WE + (07 = (14 v)a)da W3

+(G+2G+ (v +1)% +a )W

Here we make the convention that ng = 0 for j > 2k. Then we solve the equations in this system successively
for decreasing values of j from 2k — 1 to 0.
Conjugating out the power of t we get

(- (o + @)2 402+ %ar - T%)ng(a) = ag;(a) — F;(a)
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which we rewrite as an equation in the a variable,

(2.18) L(Qk,l)VWij = agj(a) — Fj(a)

where the one-parameter family of operators Lg is defined by

(2.19) Lg=(1—-0a%)8+ (a' +2a8 — 2a)8, + (—3*+ 5 —a"?)

We claim that solving this system with 0 Cauchy data at a = 0 yields solutions which satisfy
(2.20) Wi, €a®Qy,  j=0,2k—1

To prove this we need the following

Lemma 2.9. Let 0 < m(j) < j2. Let f be an analytic function in [0,1) with an odd expansion at 0 and an
absolutely convergent expansion near a =1 of the form

e’} 2] 1)

fla Z a)® =¥ Z Fri—1.m(a) [log(1 — a)]™+

2.21
( ) m(237)

1—a23”2f2]m ) [log(1 — a)]™

with f; ; analytic near a = 1. Then there is a unique solutzon w to the equation
(2.22) Liog—1pw=f, w(0) =0, 9w(0) =0
with the following properties:

(i) w is an analytic function in [0,1)

(i) w is cubic at 0 and has an odd expansion at 0

(#ii) w has an absolutely convergent expansion near a =1 of the form

oo £(2j—1)

w( Z a)2i—Dvts Z waj—1.¢(a)[log(1 — a)]*+
=1

2.23
(2.23) £(25)

)Tt Z waj.¢(a)[log(1 — a)]*

with w; ; analytic near a = 1 and £(i) = m(i) with one exception, namely £(2k — 1) = m(2k — 1) + 1. If
however fap_1 me2k—1)(1) =0, then £(2k — 1) = m(2k — 1). In that case also war_1,(1) =0 if £ > 0, but not
necessarily when ¢ = 0. Finally, if fo;—1,;(1) =0 for alli > k and all j, then also wa;—1¢(1) =0 for alli > k
and all £.

Proof. Denote = (2k — 1)v. Since k > 1 and v > f, also 8 > % Cearly, Lg is the sum of two pieces: that
part which is homogeneous of degree —2 in a, viz.,

Ly=0.4a"'0,—a™? = a '94(ads) —

and the remainder which is homogeneous of degree 0. The equation L%y = 0 has fundamental solutions a
and a~!. A standard power-series ansatz then leads to fundamental solutions of Lgy = 0 of the form

¢1(a) = a(1+0(a?),  ¢2(a) =a"'(1+0(a?))
where the O(-) terms are analytic functions of a. Since our right-hand side f has size O(a) at 0, this implies
that we can use the equation to write a complete Taylor expansion for w near 0. Matching coefficients in

L@U} = f with
Q) =dfa7 w(a) =Y wya¥
j=1 j=2

yields
2j(2) — 2)w; = (2§(2j — 1) — (4] = DB+ B*)wj1 + fia
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where we take w; = 0. The coefficient of w; is always nonzero; this allows us to successively compute the
coefficients w;. The convergence of the series for w easily follows from the convergence of the series for f.
It remains to study the solution w near a = 1. The behavior of Lg at 1 is well approximated by

Ly =2(1-a)02+ (28— 1)0.+ (8- 6 —1)=2(1—a)’*20,[(1—a)"T20.] + (8- 8* - 1)
in the sense that
(2.24) Lg=Ls+(a-1)[1-a)d2+ (2(B8—-1)—a N0a+ (a+1)a"?] = Li+ (a— 1)L}
The differential operator
(2.25) 2(1 — a)?*29,[(1 — a)~7+28,]

annihilates 1 and (1 — a)ﬁ“‘%. Therefore, we seek a fundamental system for L}; y = 0 of the form

(2.26) (@) =1+ Y (1= a)f,  da(a) = (1= )’ 14> (1 - )]
=1 =1

This leads to the conditions, for £ > 1,

(2.27) pa(1=20)+ 53 —1=0, pepa(C+1)(20+1-28)+ (B 6% — Dpe =0

(2.28) (2B+3)+8—-08"—1=0, fup(0+1)(20+3+28)+ (8-> —1)je=0

Clearly, (2.28) always has a solution whereas (2.27) requires 8 — £ & Z7; in the latter case, the series in (2.26)
define entire functions. If, on the other hand, ¢y := 5 — % € 7, then ¢; is modified to

(2.29) $1(a) =1+ (1 —a)’ + ¢ ¢2(a) log(1 — a)
(=1

with the unique choice ¢; = —(28 + 1)7%(8 — % — 1)pg,. Here (2.27) is unchanged and can be solved for
e up to £ < £y; for £ > £, this equation is then modified by the terms from the ¢y series (in particular, for
£ = £y +1 the choice of ¢, assures the validity of the equation, whereas for all £ > £y + 1 we can again solve for
¢). Finally, observe that the same process also leads to a fundamental system for Lg; indeed, the remainder
(a —1)L3 in (2.24) does not change the coefficients of jug11 or i1 in (2.27) and (2.28). In conclusion, the
preceding power series argument leads to a fundamental system of Lgy = 0, which we again denote by ¢1(a)

and ¢z(a).

Modulo a linear combination of ¢, ¢o it suffices to find one solution to the inhomogeneous equation
Lgw = f near a = 1. At this point, it will be convenient to write Lg as a Sturm-Liouville operator. Thus,
we write

Ly = q; ()8a(g2(a)da) + g3(a)
with, cf. (2.19),
g 'q2(a) =1-a® g lg(a)=a+2a(f-1), g@(a)=-F+F-a’
One checks that for a close to 1 the first two equations admit solutions
1
T2
with ¢, ¢2 analytic near a = 1. The Wronskian can now be computed as
a2(a)[¢1(a)dy(a) — ¢ (a)p2(a)] = B+ 1/2

Thus, a particular solution of the inhomogeneous problem is given by

@(0)=1-a) P+ (1 -a)@(a)], @la)=-1-a) P E1+ (1 - a)f(a)

(230)  w(a) = (B+1/2) u(a) / 6o )ar (a!) £ () da’ + (B + 1/2) " (a) / "o (@)ar (a) (') dat
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where ag < 1 is some number close to 1. For the first integral, note that ¢3(a’)q1(a’) is an analytic function
in the neighborhood of @’ = 1. Let v # —1 and m be a positive integer. Iterating the relation
log(1 —a)]™(1—a)*" — ——

(2.31) / (1 o) llog(1 —a)]" da’ = — ]

shows that each summand on the right-hand side of (2.21), inserted into the first integral in (2.30), makes an
admissible contribution to w in the sense of (2.23) (for this it does not matter whether ¢ takes the form (2.26)

r (2.29)). The analysis of the second integral in (2.30) is again based on (2.31) provided j # k, since then
v # —1. If j = k, then we encounter

1

m (1 —a')[log(1 —a’)]™ * da’

/a(l — /)" log(1 — a)]" da’ = —(m + 1) 'log(1 — a)]"*' + C

0

which explains why we obtain an extra log-factor when j = k. Clearly, if fap_1 m(2k—1)(1) = 0 then there is
no extra log-factor and the lemma is proved. In that case also we write, with

m(2k 1)

f=01-a)’ Z for—1,m(a) [log(1 — a)]™
the second integral in (2.30) as

a) / " pr(a)ar (@) (@) da = paa) / 61()ar (@) () d’ — () / 61()a1(a)) f (o) da!

The first term on the right-hand side here is just a multiple of ¢2(a), whereas the second one possesses the
extra vanishing at a = 1, as claimed. The final claim of the lemma follows similarly. O

Before turning to the proof of (2.20) in full generality, we first discuss the special case k = 1. This will also
serve to explain how the algebra Qy arises at all in the iteration. If k = 1, then (2.18) reduces to the system

L, W;(a) =a, L, W(a)=—wv+1)+a>Wi(a) — (a™ = (v + 1)a)0. W3 (a)
due to t?f1(a) = (tA)'alog R. In view of the solution formula (2.30) with 8 = v, provided v — § & Z7,
W3 (a) = gola) + g1(a)(1 — @)
Wy (a) = ho(a) + hi(a)(1 — a)" " + ha(a)(1 — a)* % log(1 - a)

where g;(a), hj(a) are analytic around a = 1. Note that the term (1 — a)’*2 log(1 — a) appears in WY due to
0, W3 . Similarly, if v — % € Z*, then

Wi (a) = go(a) + gi(a)(1 — a)“*é + go2(a)(1 — a)" % log(1 — a)
W2(a) = ho(a) + (1 —a)"+2 Zheﬂ log(1 —a)) + (1 —a)**! ZhM log(1 — a)]",

with analytic g;, h;. The terms involving the (1 — a)?**! factor in WY are due to the modified ¢, see (2.29).
Thus, we see that in all cases WZJ € Q; for 5 =0,1 and a near 1.

We now continue with the proof of (2.20) for general k. At first we consider the easier case when v
is irrational. We apply the lemma in (2.18) using for the right-hand side the fact that gor—1 € Q},_;. This
implies that the coefficient of (1 —a)(%_l)”_% in qor_1 vanishes at a = 1. The lemma gives a similar expansion
for Wf,ffl with the required vanishing conditions. Hence W;,f*l € Ok, with one extra (1 — a)(zk’l)’j*% term
(this is the wag—1,0(1) # 0 statement of the lemma) — we refer to this as the "free term” in what follows.

Next we reiterate the argument for the remaining ng which solve (2.18). At each step we have to compute
F;, see (2.17). Since WQJJI and Wg,:rz have an odd Taylor expansion at 0 beginning with a cubic term, it
follows that F; has an odd Taylor expansion at 0 beginning with a linear term. The expansion of F}; around

J+1

a =1 is similar to the one for W3, except that one (1 — a) factor is lost in the "free term”. For j = 2k — 2
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this produces the term (1 — a)2*=D+3 log(1 — a) in W, etc. At the conclusion of the iteration we have
gained at most 2k — 1 logarithms in the free term for the W3, ’s. Then (2.20) follows.

Next we consider the case when v is rational. This is more difficult since now the term (1 — a)
can also arise in expressions of the form

Faj1m(@)(1 = a)P "2 log(1 = a)]™ or fajm(a)(1 — a)®” [log(1 — a)]™

using the notations of the lemma. This leads to more logarithms than in the irrational case. The first term
above will be of interest if 2(k — j)v is an integer, while the second needs to be considered if (2k —2j — 1)v — £
is an integer. The worst case is j = k — 1. Then we can have m(2k — 2) logarithms in the second term above,

while 2k more logarithms are produced by the 2k applications of the lemma. Hence we need the relation

(2k—1)v—1

m(j) =m(j—1)+j+1
which is verified e.g. by m(j) = j? (we pick n; = 252 because of j = 1, see above).
We cannot use wsy, for vgy, due to the singularity of log R at R = 0. However, we define instead

2k—1
1

, 1 j
Vo 1= (t)\)ﬁ 2 ng(a)<§ log(1 + RQ))

In doing this we add an additional component to the error. This is large near R = 0, but this is not so
important since the aim of this correction is to improve the error for large R. Since a® = R3/(t)\)3, pulling a
cubic factor a3 out of the W’s it is easy to see that (2.11) holds.

Step 4: For vy defined as above we show that the corresponding error egy, satisfies (2.12). We can write
egy, in the form

1 1
t2€2k = t2 (egk_l — ng_l) + t2 <6gk—1 - <8152 + (93 + ;37« - 7“2) UQk) + t2N2k-(U2k)

where Ny, is defined by (2.7) and

R 2k—1 1
ep_1 = (V% Z qj(a)<§log(1 + RQ))
=0

We begin with the first term in egy, which has the form

J

1 _ _
t*(e2k—1 — €3),_1) € 0N [IS*(R™'(log R)*, Q) _1) + bIS* (R(log R)** ', Q) _1)]
The second term is contained in the second term of (2.12). It remains to show that
(2.32) IS*(R™'(log R)**, Q}, ) C IS (R™'(log R)**, Qx—1) + bIS' (R(log R)** 7', Q) )

For w € IS*(R™!(log R)?*, Q) we write

R?*w

1
w=(1-a*)w+ 2

Then

(1 —a®)w e ISY(R™(log R)**, Q1_1), R%*w € bIS'(R(log R)**1, Q) 1)

(tA)?
as desired. The second term in eg, would equal 0 if we were to replace % log(1+ R?) by log R in both €3, and

va. Hence the difference is obtained when we replace the derivatives of %1og(1 + R?) by derivatives of log R
in the expression

2k—1 .
1 1 1 : 1 j
t2 <a§ + 0% + Tar) vop = t° (83 + 0% + r&") IET E ng(a)<§ log(1 + Rz))

Jj=0
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Computing these differences one finds that the second term in egy is a sum of expressions of the form
2k—1

M 21 Z ng [s(r )(log(1+R2))H+S(R*2>(log(1+R2))j*2}+8“L2]’“(“)

a

S(R™%)(log(14 R?))7 !

Since Wzk are cubic at 0 it follows that we can pull out an a factor and see that this part of the error is in
1/ p-1 2k—2
which is admissible by (2.32).
Finally, we consider the nonlinear terms in No,. Again the a,b dependence is uninteresting since Qy is an
algebra. We shall use that

U2k—1 — Ug € IS‘3(R10gR Qk)

(M)
By Lemma 2.8, for the linear term we therefore have

.2 1 — cos(2uok—_1)

5 U2k

(2‘2) ([51(317 Q) + (t)\) —IS%(Rlog R, Qk)) W%HISB(RB(I% R)*7 Qp)
c W (153(R_1(10g R)2k—1’ Qk) + (;\)2 (R(IOg R)Q’“, Qk) + (;\)4 (R3(log R)Qk-&-l, Qk))
c ﬁ <IS3(R_1(10g R)Qk—17 Qk) + (;;)2 (R(log R)Qk—17 Qk))

For the quadratic term we obtain

.2 sin(2uzk—1)

52 (1 = cos(2va))

tA 2 _ 1 B 2
(R2) (ISl(R 1Ok + 2 —515%(Rlog R, Qk)> (WIS3(R3(log R)?1), Qk.)>
1 1 _ 1 _
e (e RO )+ T 0o ) 00)
1
c OV (IS (R™'(log R)**, Q1) + bIS*(R(log R)**~1, Q)
Finally, the cubic term is
Qg , tA)2 1 3
tQW(%% sin(ua)) € L Rg (WIS3(R3(Iog R)21), Qk))
1 1 _
- WW157(R7(IogR)6’“ %, Q)
6b4k 2 1 ko1
C BN ————I1S" (R(log R)** ™%, Q)
b 1 2k—1 /
C (t)\)gk IS (R(log R) 9 Qk))
This concludes the proof of Theorem 2.1. a

3. THE PERTURBED EQUATION

We now need to complement the approximate solution found in the first section to an actual solution.
The mechanism for achieving this will rely on the construction of an approximate parametrix for a suitable
wave-type equation. We now set about deriving this equation: we seek an exact solution of the form

u(t, 7") = ’U,Qkfl(t? ’f’) + E(t, 7")
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where wus,_1 is as in the previous section and € will be obtained by means of an iteration procedure. To
motivate this procedure, note that we need to solve the following equation, see (2.1),

(3.1) 1 o cos(2Q(Ar))

—ewten e 2 €= Nap—1(e) + 21

where Nog_1 is defined in (2.6) but with wusi_o replaced by wuop_1.
In order to remove the time dependence of the potential in (3.1), we now introduce new coordinates: first,
the new time is to satisfy the relation

9_10
ar  A(t) ot
Specifically, we may put 7 = — ft ds—l— = %t*”. Thus, the singularity now corresponds to 7 = co. Next,

introduce the new dependent Varlable v(T, R) := e(t(1), \"!R), where we now understand \ as a function of
7. Then we have

0 -1
ov = (T)e(t(r), AT R) -

This entails that

Ar

S Re(#(r). AT R), D e () AR

Ar _ _
(0r + 7RaR)u = A"t (t(1),\"'R)
From here we get
A

)\T AT _ — >\T — T
(c'% + TR@R)zv = (87— + TRaR)[)\ 1€t] =A 25tt — Pst =)\ 2€tt — 787’0 — [T]zRaRU
We conclude that we may recast the wave equation (3.1) in the following way:
)\'r 2 )\'r )\‘r 2 1 COS[2Q(R)} —1
(@ + RO + 5 0r + ST RO + (0 + 50n — D)y = L Np 1 (€) + ek (1), AT R)

In order to turn the above second order elliptic operator in R into a selfadjoint operator we introduce the
new variable &(7, R) := Rzv(r, R). This leads to

)\7' ~ 1 )\ 1 )\
(0r + TRaR)E =R2(0, + RaR)U + R2 71)( ,R)
Ar 2:_ pl Ar 9 %)\T Ar 1 1 Ar
(87—&-7}283) E=R (8T+7R63) v+ R 7(8 S R@R)U+2R 0 ( )v+4R ()\ )2
One checks that
l l T >\7— . )\7— 2~ 1 )\7- 2 1 )\7— -
(8 + RaR) v+ R 7(87- + TR@R)’U = (37- + TR@R) 9 Z(T) 587—(7)5
as well as
192 l _ cos[2Q(R)] (a2 i 8 ~
R (aR + RaR 7R2 )'U = (aR 4R2 + (1 +R72)2)8

Combining these observations with (3.1), we now obtain the wave equation

SRS 10 VS PP VN WU L
(3.2) (—(87— + TRaR) + 1(7) + 2(97—()\)> E—LE=XNR (Ngk_l(R 6) + 62k_1)
where
3 8
(3.3) S, SV S

AR (1+ R?)?

Equation (3.2) is the main equation which we need to solve in this paper. As a first step, in the following
section we will carefully analyze the spectral properties of the underlying linear operator L.
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4. THE ANALYSIS OF THE UNDERLYING STRONGLY SINGULAR STURM-LIOUVILLE OPERATOR

The goal of this section is to develop the scattering theory of £ from (3.3). We start with the basict

Definition 4.1. Let
d? 3 8

Ly = — FRE ﬁi:ﬁo—m

be half-line operators on L?(0,00). They are self-adjoint with the same domain, namely

Dom(L) = Dom(Ly) = {f € L*((0,00)) : f, f € AC1oc((0,00)), Lof € L*((0,00))}

= Ly+V

It is important to realize that because of the strong singularity of the potential at * = 0 no boundary
condition is needed there to insure self-adjointness. Technically speaking, this means that £y and £ are in
the limit point case at r = 0, see Gesztesy, Zinchenko [GesZin]. It is worth noting that the potential % is
critical with respect to this property — any number smaller than % leads to an operator which is in the limit
circle case at r = 0. We remark that £y and £ are in the limit point case at » = co by a standard criterion
(sub-quadratic growth of the potential).

Lemma 4.2. The spectrum of L is purely absolutely continuous and equals spec(L) = [0, 00).

Proof. That £ has no negative spectrum follows from

3/2

(4.1) Lpo =0, Po(r) = 15,2

with ¢g positive (by the Sturm oscillation theorem, see [DS]). And since ¢y ¢ L?((0,0)), zero is not an
eigenvalue. The pure absolute continuity of the spectrum of £ is an immediate consequence of the fact that
the potential of £ is integrable at infinity. O

Since ¢g & L?((0,00)), one refers to zero  eNergy as a resonance. Heurlstlcally speaking, this notion can be
thought of as follows: by inspection, Lor™~ 2 =0and Lors =0. A generic” perturbation £ = Lo —|— 1%4 w1th
V bounded, smooth, and nicely decaying, will have zero energy solutions that behave just like 7~ 3 and r2,
respectively. However, in some cases V is such that these two £, solutions will be ”in resonance” and produce
a globally bounded zero energy solution of £ which behaves like 7% around zero and 7~ % around infinity —
just like ¢g.

For the parametrix construction in the following sections the relevance of the zero energy resonance lies
with the singularity of the spectral measure of £ at zero energy. Indeed, for Ly the density of the spectral
measure behaves like € as £ — 0, whereas for £ we will show that it behaves like (£ log? &) las¢&— 0. We
now briefly summarize the results from [GesZin] relevant for our purposes, see Section 3 in their paper, in
particular Example 3.10.

Theorem 4.3. a) For each z € C there exists a fundamental system ¢(r, z), 0(r, z) for L—z which is analytic
in z for each v > 0 and has the asymptotic behavior

3 1 1
(4.2) o(r,z) ~r2, O(r,z) ~ 57"_5 as 7 —0

In particular, their Wronskian is W(0(-, z),¢(-,z)) = 1 for all z € C. We remark that ¢(-,z) is the Weyl-
Titchmarsh solution” of L — z at r = 0. By convention, ¢(-,2),0(-,2) are real-valued for z € R.

b) For each 2 € C, Tmz > 0, let T (r, 2) denote the Weyl-Titchmarsh solution of L—z at r = co normalized
so that

1
1 .5 1
YT (r2) ~271e*?" as r— 00, Imz2 >0

6In this section we use the variable r > 0 for the independent variable. The reader should note that this now plays the role
of R in the previous section.

7Our ¢(-, ) is the ¢(z,-) function from [GesZin] where the analyticity is only required in a strip around R — but here there is
no need for this restriction.
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If € > 0, then the limit T (r, & +40) exists point-wise for all v > 0 and we denote it by T (r,£). Moreover,
define = (-,€) = Y+ (-,€). Then ¥+ (r, &), v (r,&) form a fundamental system of L — & with asymptotic
behavior ¥E(r, &) ~ 7 eiig%r as T — 0o.

¢) The spectral measure of L is absolutely continuous and its density is given by

(43) p(€) = = Tm m(€ +i0) xjes)

with the “generalized Weyl-Titchmarsh” function

(4.4) m(§) =

d) The distorted Fourier transform defined as

W(O(. &), ¥*(,¢)
W(W*(.,€),¢(-¢))

. b
Fif = J©) = lim | 6(r.6)f(r)dr

is a unitary operator from L*(R") to L2(R™, p) and its inverse is given by

L f— f(r) = lim ¢(r §)f(&) p(§) d¢

=00
Here lim refers to the L2(RY, p), respectively the L* (R+), limit.

Needless to say, part b) above has nothing to do with [GesZin] and is standard. Most relevant for our
computations are (4.4) (which is formula (3.22) in [GesZin]), as well as the Fourier inversion theorem in this
context (see Theorem 3.5 in [GesZin]).

Theorem 4.3 of course also holds for £j instead of £. In that case we have a Bessel equation with solutions

(4.5) o(r; z) = 22722 1 (21 )
6(r;2) = T2/ 2 [=Yi (M 2r) + 7 log ()11 (/%)
b(r;2) = 22022 (2 2r) 4 iy (21 2)] = 222 (212
=0(r;2) + m(2)o(r; )
m(z) = T2li — 7 'log(=)], z€C\RY

The last formula shows that for strongly singular potentials the Weyl-Titchmarsh function ceases to be
Herglotz, see [GesZin] for further discussion. Although we shall make no use of these formulas for £y, the
reader should note the similarities between the asymptotic expansions on ¢, § and 1™ we derive below and
the classical ones for the Bessel functions, cf. [Wat].

4.1. Asymptotic behavior of ¢ and 6. Beginning with two explicit solutions for L f = 0, namely

3
2 1—-4 21 —rd 1
" Oo(r) = roeT T :r_i(l—TQ)/2—2¢0(r)logr

r)=-—of,
$o(r) 1412 21"%(1+7’2)

we shall construct power series expansions for ¢ and 6 from (4.2) in z € C when r > 0 is fixed.

Proposition 4.4. For any z € C the fundamental system ¢(r, z), 0(r, z) from Theorem 4.3 admits absolutely
convergent asymptotic expansions

(r,2) = go(r) +7172 Y _(r22) ¢ (r”
j=1

O(r,z) = %(177’ Zr 2)70,( )/27(2+z/4) (r,z)logr
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where the functions ¢;, 0; are holomorphic in U = { Reu > —%} and satisfy the bounds

|65 (uw)] < ——7lo8(1 +[ul), [¢1(u)] > 5 logu if u>1

3¢
G-1)
6] < Clul [0 ()] <~

G-

1+ ), weU

Furthermore,

—ilogu+%+0(u’1log2u) as u— 0o

(4.6) ¢1(u)={ —r 2 O as u— 0

Proof. We begin with ¢. We formally write

o(r,z) = Pz Z 29 f;(r)
j=0

This becomes rigorous once we verify the convergence of the series in any reasonable sense. The functions f;
should solve

5(7“_%fj)=7"_%fj—17 f-1=0
The forward fundamental solution for £ is

H(1r,5) = 5(60(r)00(s) = 60()00(r)) e

Hence we have the iterative relation

1 s 1 _ 1 T
fi(r) = 5/0 72572 (go(r)00(s) — ¢o(s)00(r))fj-1(s)ds,  fo(r) = T2
Using the expressions for ¢g, 8y we rewrite this as
" r2(—1+4s%logs + s*) — s2(—1 +4r?logr + 1)
f](lr) - /(; 28(1 _~_,,,2)(1 ¥ 82) fj—l(S)dS

We claim that all functions f; extend to even holomorphic functions in any even simply connected domain not
containing +%, vanishing at 0. Indeed, we now suppose that f;_; has these properties and we shall prove them
for f;. Clearly, f; extends to a holomorphic function in any even simply connected domain not containing +i
and 0. We first show that at 0 there is at most an isolated singularity. For this we consider a branch of the
logarithm which is holomorphic in C\ RT and show that f;(r 4+ i0) = f;(r —40) for r < 0. Disregarding the
terms not involving logarithms, we need to show that for any holomorphic function g we have

r+10 r—i0
/ (log s —log(r +i0))g(s)ds = / (log s — log(r —i0))g(s)ds
0 0
This is obvious since for s < 0 we have
log(s +i0) — log(r + i0) = log(s — i0) — log(r — i0)

The singularity at 0 is a removable singularity. Indeed, for s close to 0 we have |f;_1(s)| < |s| which by a
crude bound on the denominator in the above integral leads to |f;(r)| < |r| (again with r close to 0). This
also shows that f; vanishes at 0.

The fact that f; is even is obvious if we substitute 2log s and 2logr by log s® respectively log s? in the
integral. This is allowed since due to the above discussion we can use any branch of the logarithm. Indeed,
denoting f;_1(s) = f;_1(s) the change of variable s> = v yields the iterative relation

(4.7) f'j(u):/ou u(—=1+ 2vlogv +v?) — v(—1 4+ 2ulogu + u?) ; . U

40(1 + )1+ 0) f] 1(v)dv Jo(u) = 1+u
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Next, we obtain bounds on the functions f] To avoid the singularity at —1 we restrict ourselves to the region
U={Reu> f%} We claim that the f; satisfy the bound

~ J .
] < gl (1 + fu)
The kernel above can be estimated by
u(—1+2vlogv + v?) — v(—1 + 2ulogu + u?) < CM
20(1 4+ u)(1+v) |y
We have
ot <3021

which yields
1
1+

5 |l
[Fitw)] < 3Chul | dz = 3C1ullog(1 + |u])
0

From here on we use induction, noting that
[ul 1.
/ 2/ og(1 + z)dx < ~|ul? log(1 + |ul)
0 J

To conclude the proof, we note that the functions ¢; are given by ¢;(u) = u™7 fj(u) and satisfy the desired
pointwise bound. Finally, (4.6) follows by an asymptotic evaluation of the explicit integral (4.7) with j = 1,
which we leave to the reader.

The argument for the function 6 is similar. The ansatz

O(r,2z) = P2 (1 R szgj(r))/Q — (24 2/4)p(r, 2) logr

j=1
1 > . > 1
=r 2 (1 — r2 _ Z Zﬂgj(’/‘))/Q + (2 + 2/4) (¢Q(T) — Z 2;77“7§fj(7‘)) IOgT
j=1 j=1
yields a recurrence relation for the g; via (£ — 2)§ = 0. Indeed, for j =1,

_1 1 _1
L(r=z2g1(r)) =60o(r) — £(§¢0(r) logr +4r~2 fi(r) logr)
2 2
_ =32 T (3+7r7) 8 8.
=r 2 [’F — m - ﬁfl(r) + ;f1(7“)]
where the important fact is that the quantity in brackets is even analytic around 0 and vanishes at 0. A
similar computation yields for j > 2

L0 2g;(r) =74 gy (1) =172 fima () T () = 8L ) + 87 ()

The same considerations as in the case of f; show that each g; is an even holomorphic function in any even
simply connected domain not containing +i. Also, the same bound for the fundamental solution for £ leads
to |g1(r)| < Cr* and more generally, for j > 2,
CJ -
l9;(r)| < = r#(1+1%)
! (=1t

The proof of the proposition is concluded. O

Remark 4.5. The logarithmic behavior of ¢;(u) for large u is inherited by ¢(r,¢); indeed, suppose that
1>¢>0andr = 55’% where > 0 is small. Then the proposition shows that
o(r,€) Z v % logr

The size of § here only depends on various constants in the expansion of ¢ and is thus itself an absolute
constant. We remark that the appearance of the logr term is a specific feature of £ — it does not occur for
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Lo, see (4.5) — indicative of the fact that £ is a long range perturbation of L£y. We shall see later that the
logarithm in ¢ produces crucial logarithmic factors in the small ¢ asymptotics of the spectral density of L,
see Proposition 4.7 below.

We note that although the above series for ¢ converges for all r,z, we can only use it to obtain various
estimates for ¢ in the region |z|r? < 1. On the other hand, in the region &r? > 1 where z = £ > 0, we will
represent ¢ in terms of T and use the ¥+ asymptotic expansion, described in what follows.

4.2. The asymptotic behavior of ¢)*. The following result provides good asymptotics for 1T in the region
r2€ > 1.

Proposition 4.6. For any & > 0, the solution ™ (-, &) from Theorem 4.3 is of the form

.1
WHrE) =i a(rer ), %21
where o admits the asymptotic series approximation

— 3 1
o(q,r) = Zq “/J;F(T)a vg =1, v ==+ O(m
=0

3 )

with zero order symbols 1/);' (r) that are analytic at infinity,
sup \(r@T)kw;'(rﬂ < o0
r>0

in the sense that for all large integers jo, and all indices o, 3, we have

r>0

Jo
w100, [o10.7) - 307947 0] <
j=0

for all g > 1.
Proof. With the notation
1

olq,r) = €t (r,g)e e

we need to solve the conjugated equation
2 el 3 8 3 ) —

(48) (_8T_2Z€28r+41’1“2_(1—{-7‘2)2>0(T§2’T)_0
We look for a formal power series solving this equation,

(4.9) S
j=0

This yields a recurrence relation for the f;’s,

) 3 8
210, f; = (—33 + ol (1—#7‘2)2) fi-1, Jo=1

which is solved by
) i [ 3 8
fi= garfj—l + §/T (452 - (1+32)2> fi—1(s)ds

Extending this into the complex domain, it is easy to see that the functions f; are holomorphic in C\ [—3, ¢].
They are also holomorphic at co, and the leading term in the Taylor series at oo is r—7. At 0, on the other
hand, f; are singular. The worst singularity is of power type, namely 7~7; however, weaker terms contain
logarithms and powers of logarithms so it is not easy to obtain a complete expansion. Instead we contend
ourselves with a weaker estimate, namely

|(r0 )k £ < cjrr™d Vr >0
which is easy to establish inductively. The functions

i (r) =1 f(r)
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now satisfy the desired bounds due to the bounds above on f;.

Unlike in the expansion for small , here we make no effort to obtain a uniform estimate on the size of the
derivatives of w;f. This is because we do not expect the formal series (4.9) to converge, on account of the fact
that derivatives are lost in the iterative construction of the f;’s. Instead we can construct an approximate
sum, i.e., a function o4y (g, ) with the property that for each jo > 0 we have

Jo
(4.10) (r0,)(a0,)° [apla ) = D a7 0F ()] < oo a7
j=0
The construction of o4,(q, ) is standard in symbol calculus; indeed, we can set
Tap(q,7) = > _ q ¢} (r)x(ad))
j=0

where 0; — 0 sufficiently fast and x is a cut-off function which vanishes around zero and is equal to one
for large arguments. The bound (4.10) implies that ogp,(r§ 3,r) is a good approximate solution for (4.8) at
infinity, namely the error

1 1 3 8
6(7"55,7') = (_872 - 2i§§8r + E - (1_’_712)2) O'a;o(ra 5)

satisfies for all indices «, (3, j
|(r9,)*(a04) e(q. )| < Caypir a7

To conclude the proof it remains to solve the equation for the difference 01 = —0 + 04,
2 oipl 3 3 Loy 1
(_8r —2i§20, + yrci (1+?"2)2> o1(r2,r) =e(réz,r)

with zero Cauchy data at infinity. We claim that the solution o satisfies
(r0,)*(409) 01 (g, 7)| < capja™,  j>2

Note that this finishes the proof by defining o = 04, — 01. A change of variable allows us to switch from the
pair of operators (r0,,q0,) to (rd,,£0:) with comparable bounds. We rewrite the above equation as a first
order system for (vq,v2) = (01,70-01):

8 U1 o 0 T_l . V1 _ O
"\ v 437 — 7(1_3:2)2 r~1 — 2462 voa )\ re

d _
2ol 2 = ol = rfolle]

Then we have

which gives

d -
o= =Cr ol + rlel)

lo(r)| < /TOO (;)Cs|e(s)|ds

(4.11) le| SE 22 = | ST =q7d

and by Gronwall

Then for large 7 we have

To estimate derivatives of v we commute them with the operator. For derivatives with respect to r we have

0 1 0 0
U1 r U1 - ) U1
O] ( v, >‘< b o2 ) o) ( vy ) B ( & — ) ( vy >+( 10, (re) )

But the right-hand side is bounded by r—7~! from the previous step and the hypothesis on e, therefore as
above rd,v is bounded by r~7.

S= 3=
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We argue similarly for the £ derivatives. We have

8({8) U1 . 0 % ) (58) U1 _ 0 01 U1 + 0
A 3 7(1f:2)2 1_2i¢2 N\ vy 0 2 Vg £0¢(re)
The only difference is in the first term on the right, for which we write £ 3 = r~1q and we use the decay
property of v with j replaced by j + 1:
€30 S€2q77 7 Sl [€0e(re)| Sl

as desired. Finally, higher order derivatives are estimated by induction using the above arguments at each
step. O

4.3. Structure of the spectral measure of £. We begin by relating the functions ¢, # and ¥*. By
examining the asymptotics at r = 0 we see that

(4.12) W(,¢) =1
Also by examining the asymptotics as r — oo we obtain
(4.13) Wt p) = 2

Hence we can express the £ — ¢ solutions in either the ¢, # basis or the 1+ basis. On the other hand, ¢, 6
are real-valued while the real and imaginary parts of 1* are equally strong. Hence the two bases are quite
separated. These are the main ingredients of the next result.

Proposition 4.7. a) We have
(4.14) ¢(r,€) = a(©)Y* (r,€) + a(€)Y* (r,€)

where a is smooth, always nonzero, and has sized

—fé logé ¢x1
la(§)] =<

Moreover, it satisfies the symbol type bounds

|(€8¢)*a(€)| < cxla(€)] V&> 0
b) The spectral measure p(§)dE has density

and therefore satisfies
1
dose? <1

& 21
Proof. a) Since ¢ is real-valued, due to (4.13), the relation (4.14) above holds with

) _
We evaluate the Wronskian in the region where both the 9™ (r, &) and ¢(r, &) asymptotics are useful, i.e.,
where r2¢ ~ 1. By Proposition 4.4 we obtain that both (j)(f*%,{) and (r&ngb)(f’%,f) can be expressed in the
form £7 f(€~1) with f holomorphic and satisfying

1
|f(u)| S log(1 + |ul), Reu>Z

84 = b means that for some constant C one has C~la < b < Ca
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On the other hand, it follows from Proposition 4.6 that both ¢ (672, €) and (10,1 ) (€72, €) can be expressed
in the form & _%h(f _%) with h satisfying symbol type bounds
[(rd,)*h(r)| < cx
Combining the two expressions above, it follows that a is a sum of terms of the form & 3 fEHRE _%) with

f, h as above. The bounds from above on a and its derivatives follow.
It remains to prove the bound from below on a, which is more delicate. By (4.13) we have

Im (1/}+ (7"7 9)6rw_ (73 6)) =-1
Since ¢ is real-valued, this gives
Im [9,47 (r, )W (¢(-,€),47 (. €))] = —0,¢(r,€)
which implies that for all » we have
|0r¢(r, €|
a@)] > 5 AL
2[0p 0t (r, €)]
We use this relation for r = §¢ ~2 with a small constant §. Then by Proposition 4.4 we have
0,(r,€)] 2 7 log(1 +12)
while by Proposition 4.6
0,47 (r,€)] S €7 (r26) ™7
This give the desired bound from below on a.
b) By (4.12) we can express ¥ in terms of 6 and ¢ by

V= —gW (T, 0) +0W (YT, ¢)
Since both ¢ and 6 are real-valued, by inserting this into (4.13) we obtain the relation
Im (W (¥",0)W (4™, ) = —1
Inserting this in the expression for the spectral measure (4.3) and taking (4.4) into account we obtain
L Im(WEH*,OW(Y~,¢) 1 —2 1
== = Wt ¢) 2 =
S T ST

as desired. O

5. THE TRANSFERENCE IDENTITY

Returning to the radiation part & in (3.2), the idea is to expand it in terms of the generalized Fourier basis®

#(R, &) associated with the operator £ = —0% + % — ﬁ, i.e., write

&(r.R) = /0 e (r OB(R, €)p(€) de

and deduce a transport equation for the Fourier coefficients z(7,£). The main difficulty in doing this is caused
by the operator ROr which is not diagonal in the Fourier basis. Our strategy for dealing with this is to
replace it with 2£0¢ modulo an error which we treat perturbatively. The operator ROg — 2£0; is natural since
1
i€2R

it annihilates the expression e arising in the asymptotic expansion of ¢(R, &) for large R. Consequently,

we define the error operator K by
(5.1) ROpu = —2¢0:7 + K

where fz Ff is the “distorted Fourier transform” from Theorem 4.3. Using the expressions for the direct
and inverse Fourier transform in that theorem we obtain

k1 ={ [ HORoRo(R Op(e) de o(r) , + ([ 20 O0(R 000 de. o(R.m)

2
R

9We now return to the variable R as the independent spatial variable instead of r as in the previous section.
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2(®+%¥?)f@)

where the scalar product is to be interpreted in the principal value sense with f € C§°((0,00)). Apriori we
have

Integrating by parts with respect to ¢ in the second expression we obtain

62 K10 = ([ HORo - 20J0(R 0 dE. o(R),, -

K+ C3°((0,00)) — C*((0, 00))
therefore we can write

K () = /0 T K, ) 1(6) de

for a distribution valued function n — K(n,§). We refer to (5.1) as the transference identity to indicate that
we are transferring derivatives from R to £. To asses its usefulness we need to understand the boundedness
properties of the operator . We begin with a description of the kernel K(n,¢&).

Theorem 5.1. The operator K can be written as

_ (3, ()
(5.3) K——(§+ Mm)éﬁ—n%+Ko
where the operator Ko has a kernel Ko(n,€) of the form!'®
(5.4 Ko(§) = 2 Pie.n)
with a symmetric function F(n, &) of class C? in (0,00) x (0,00) satisfying the bounds
£+ E+n<l1
< 3 1 1
FEnIS{ ¢t by Einon
1 E+n<l
OcF O F < 1 1
el + O FEnI S { (e ey e
|log (& +n)[° E+n<1

s ofosrEenl s { |

itk )73+ er — )N E4n>1

where N an arbitrary large integer.

Proof. We first establish the off-diagonal behavior of K, and later return to the issue of identifying the
d-measure that sits on the diagonal. We begin with (5.2) with f € C§°((0,00)). The integral

u(R) = / " F()[RoR — 260 6(R.©)p(€) de

behaves like R? at 0 and is a Schwartz function at infinity. The second factor ¢(R,7) in (5.2) also decays like
R3 at 0 but at infinity it is only bounded with bounded derivatives. Then the following integration by parts
is justified:

nkf(n) = <u,£¢(R, 77)> = <£u,¢>(R, 77)>

L2

R L3

R
Moreover,

cu= [ HOLL ROROR o)+ [ F(€) (ROR ~ 2606)60(R. )o(€)

- / " 1)L, RORIO(R, €)p(E) de + / T EF(€) (RO — 2£00) (R, €)p(€) de — 2 / T EFOB(R,€)p(€) de

with the commutator

16 32R?
[LR&ﬂ:2£+(L+R%27(1+R%3:2£+WKR)

10The kernel below is interpreted in the principal value sense
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Thus,

Lu = /Ooo FEOW(R)O(R, §)p(€) dE + /OOO EF(€)(ROR — 260¢) (R, €)p(€) de
Hence we obtain

k) = KN = { [ HOW R, de.o( )

The double integral on the right-hand side is absolutely convergent, therefore we can change the order of
integration to obtain

Ly

(1= K (0. ) = pl&)(W(R)S(R,€), (R m) )

This leads to the representation in (5.4) when £ # n with

F&n) = (W(R)$(R.). (R.m))

R

Ly

It remains to study its size and regularity. First, due to our pointwise bound from the previous section,

sup |¢(R, €)| < (€)1,
R>0

|RORG(R,€)| < min(RE™T,R)  VE>1
(5.5) 0c0(R, €] S min(RE™H, RE) V£ >1/2
0:4(R, )| < min(R> log(1 + R?),& 1| log€|R) V0 <&<1/2
026(R,€)| S min(R*¢3,R>)  VE>1/2
02¢(R,€)| < min(R? log(1 + R?), £ 1[log€| R?) V0 <&<1/2
we always have the estimates
[P m)] S ()~ Fm)F,
O F(Em)| S€)Hm) ™5, [0 F (&) S () F ) H,
(5.6) 02, FE ] SE© "5~ ve+nzl
O2F(E )| S €T T YE>1p>1
O2F(E, )| SEITE Ve n>1

They are only useful when £ and 7 are very close. To improve on them, we consider two cases:
Case 1: 1 < £+n. To capture the cancelations when £ and 7 are separated we resort to another integration
by parts,

nE(En) = (W(R)S(R,€), Lo(R.n)) = (£, W (R)G(R,€),6(R.n)) + EF (&,1)
Hence, evaluating the commutator,
(5.7) (1= F (€1) = —((2Wndp + Wrr)o(R.€), 6(R,m))

Since Wr(0) = 0 it follows that (2Wgr0Ogr + Wrr)o(R, £) has the same behavior as ¢(R, £) in the first region.
Then we can repeat the argument above to obtain

(1= €2 F(€.n) = —(1£,2WrOn + Wralé(R,€), 6(R,n))
The second commutator has the form, with V(R) := —8(1 + R?)~2,
[£,2WROR + WrR] = AWRRL — AWRRROR — WRRRR + 3R™*(R™'Wgk — WkR) — 2WRVR — 4WRRV
Since R™'Wg(R) — Wgrr(R) = O(R?) this leads to

(1= 2F(&,m) = (W™ (R)9n + W (R) + €W (R))$(R, ), 6(R,m))
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where by W% respectively WU we have generically denoted odd, respectively even, nonsingular rational
functions with good decay at infinity. Inductively, one now verifies the identity

k—1 k
655 (- F(&m) = ( (D€ WEld(R) or + 3 € Wi () (R, ), 6(R.m))
. 7=0 £=0

(RIWE(R)| + Wi (R)| S (R)™*2F V¢

By means of the pointwise bounds on ¢ and dr¢ from (5.5) we infer from this that

=i n)-

FEI S —— e
FEmIS = g

Combining this estimate with (5.6) yields, for arbitrary N,

P& S (€+m 2 (1+1¢2 —n2|)™" provided 4131,

as claimed. For the derivatives of F' we follow a similar procedure. If £ and 7 are comparable, then from (5.6),
10, F(&,m)| < (€)72. Otherwise we differentiate with respect to 7 in (5.8). This yields

L

vVeEZ1L, n>0

k—1 k
(n= %0, F(&m) = (D& W (R) 0 + > €' Wiz (R))6(R,€), 0,6(R,m) ) — 2k(n — ©)* ' F(€,1)
§=0 £=0
Using also the bound on F' from above we obtain
ch=ip-%
|8UF(£777)|S (n_g)gku 155777
respectively
10, F(&m)| < (nn— G E<1<y
and
¢
|anF(§>Tl)\§W n<1s¢

which again yield the desired bounds. Finally, we consider the second order derivatives with respect to £ and

n. For £ and 7 close we again use the bound from (5.6). Otherwise we differentiate twice in (5.8) and continue

as before. We note that it is important here that the decay of W;?fd and WZ7°" improves with k. This is

because the second order derivative bound at 0 has a sizeable growth at infinity which has to be canceled,
92¢(R,0)| ~ R% log R

Case 2: £, < 1. Our first observation is that F(0,0) = 0. This is easy to verify by direct integration,
and is heuristically justified by the fact that W = [L, ROg]. The pointwise bound

10 F(&m)| S 1
follows by a direct computation. The second order derivative bound is, however, more delicate. We have at
our disposal the pointwise bounds
1 .] = 07 1a 2

Ho(R,€)| S . ,
el <{ " e R i
If n < £ < 1/2, then these bounds imply that

R 22 log(1+ R?) R<& 2

67% 77 5 1
102, F(6,m)| < / (R) R (log(1 + R?))? dR + / (R RE¢H[logélog(1 + R?) dR
0 £ 2

[N

+ [, 2ty ogel gl dr
n 2
The main contribution comes from the first term. Integrating we obtain
|0%,F (€. n)| < |log&f®
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A similar computation yields, again when n < £ < 1/2,

£ 2
EFEmIS [ R s+ )R [ "R RYE Y logéllog(1+ B2) dR

-2

[SEN

+ / " R g log gl log | aR S g
It remains to consider the expression 5‘52F (&,7n) for € < n < 1/2. Differentiating in (5.7) we obtain
(0~ OOFF(&,m) = 20¢F(¢,m) — (926(R.€), (2Wrn + Wrn)6(R. 1))
We differentiate and integrate with respect to 7 to obtain
(5.9) (n—€)OFF(¢,m) = /E " [202F(6.0) — (920(R.€). (2Widn + Wan)oco(R.C))] de
Using also the bound 1
orocor o < { g S

we can evaluate the inner product in (5.9) as follows:

m\»—t m»—A

¢
-

%
|(026(R. ). 2WrR + Wrr)o(R.m))]| < / (R)"°R log(1 + R*)R% log(1 + R*) dR

1
£ 2 0o
+/  (R)°R? 1og(1+RQ)§*%|1og<|RdR+/ (R) ™% 1 |log €|R2C™T|log (|RdR < |log ¢
¢ 2 £ 2

2

Thus, (5.9) is controlled by

n
=93 IS [ om0 de] < altognl

Since n < £ this yields
102F(&,m)| < [lognl
which concludes the analysis of the off-diagonal part of the kernel.
Next, we extract the & measure that sits on the diagonal of the kernel K from the representation for-
mula (5.2), see also (5.3). To do so, we can restrict £, 7 to a compact subset of (0,00). This is convenient, as
we then have the following asymptotics of ¢(R, ) for RE 2> 1

O(R,€) = Re [a@)s—iemf% (14 }Z )} +O(R™)
(R0~ 26006(h.€) = ~2Re cac(a(e)e D (14 )| <o

where the O(-) terms depend on the choice of the compact subset. The R~2 terms are integrable so they
contribute a bounded kernel to the inner product in (5.2). The same applies to the contribution of a bounded
R region. Using the above expansions, we conclude that the d-measure contribution of the inner product
in (5.2) can only come from one of the following integrals:

o) - [* [ rexmre [faz(a(f)f‘i)a(n)n‘iem(f%*"%)(1+ ") (1 )| e dear

$R§2 .Rn§
(511 -3 / / FEX(R) €0 (a(€)¢™ i)a(n)n‘iem(&%‘”%)(ur8;2%)(1—8;;%)p(&)dde
612 =5 [ [ e cacaee ot re D (12 2 (14 ) ple)dear
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where x is a smooth cutoff function which equals 0 near R = 0 and 1 near R = oco. In all of the above integrals
we can argue as in the proof of the classical Fourier inversion formula to change the order of integration.
Integrating by parts in the first integral (5.10) reveals that it cannot contribute a d-measure. Discarding the
R~2 terms from (5.11) and (5.12) reduces us further to the expressions

(5.13) / / FEX(R) Re [fada(f)si)a(n)niem@"ﬂ p(€) dédR

Gy g [ / FONR I [c0e(al©)6 atnn e R g hp(e)acar

1

The second integral (5.14) has both an R~! and a (£72 — 77_%) factor so its contribution to K is bounded.
The first integral (5.13) contributes both a Hilbert transform type kernel as well as a §-measure to K. By
inspection, the § contribution is

-5 [ e [0 hatnte e b ea

— —7Re [¢0e(a(€)¢ Halmn ] p(&)o(e} — n?)

= —2me}p(&) Re [¢0e(a(€) Ha(©)eH] o(¢ — )

— —anedp©)Re |~ € HaOF + a7 ()] o6~ )
L, &)

=[5+l

where we used that p(¢)~! = 7|a|? in the final step. Combining this with the J-measure in (5.2) yields (5.3). O

Next we consider the L? mapping properties for K. We introduce the weighted L? spaces Lf;a with norm

(5.15) iz = ([ 15@RE@™0te) de)°

Then we have
Proposition 5.2. a) The operator Ko from (5.3) maps
Ko : L2 — L2412
b) In addition, we have the commutator bound
. 2, 2«
[]C(),gag] . Lp —>LP
Both statements hold for all o € R.

Proof. a) This is equivalent to showing that the kernel

1 o e 1
Pz () ()2 Ko(n,€)(€)"*p72(€) : L*(RT) — L*(RY)
With the notation of the previous theorem, the kernel on the left-hand side is

LD ey

We first separate the diagonal and off-diagonal behavior of Ko, considering several cases.

Case 1: (£,n) € Q :=[0,4] x [0,4]. _

We cover the unit interval with dyadic subintervals I; = [2771 271, We cover the diagonal with the union
of squares

Ko(n,€) = (m)*/2(¢)~

2
U IJXIJ

j=—o00
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and divide the kernel K into
1Ko = 1angKo + 1g\a Ko
Case 1(a): Here we show that the diagonal part lAmQK'O of Ky maps L? to L?. By orthogonality it suffices
to restrict ourselves to a single square I; x I;. We recall the T'1 theorem for Calderon-Zygmund operators,
see page 293 in [Ste]: suppose the kernel K (n,£) on R? defines an operator T : S — S’ and has the following
pointwise properties with some v € (0, 1] and a constant Cy:
(i) [K(n,&)] < Col& —n|~*
(i) [K(n,&) = K(n', &) < Coln —n'|"|§ —n|~ =7 for all [n — /| < £ —n|/2
(i) [K(n,€) — K(n,€)] < Col§ — €'[7[€ —n| =77 for all [§ —&'| < € —nl/2
If in addition 7 has the restricted L? boundedness property, i.e., for all » > 0 and &,19 € R, ||T(w™%)]y <
Corz and || T*(w"™)||, < Corz where w™0 (&) = w((& — & )/r) with a fixed bump-function w, then T and T*
are L?(R) bounded with an operator norm that only depends on Cj.
Within the square I; x I, Theorem 5.1 shows that the kernel of K satisfies these properties with v = 1,
and is thus bounded on L?2. ~
Case 1(b): Consider now the off-diagonal part 1o\ 4 Ko. In this region, by Theorem 5.1,

< !
VE&n|log &||log 7|

which is a Hilbert-Schmidt kernel on @ and thus L? bounded.
Case 2: (£,1) € Q°. We cover the diagonal with the union of squares

|f(0(777 5)

B = [OJIJ‘XI]'
j=1

and divide the kernel K into
1geKo = 1pngeKo + 1o\ s Ko
Case 2a: Here we consider the estimate on B. As in case 1a) above, we use Calderon-Zygmund theory.
Evidently, |Ko(n,€)| < 1€ —n]~" on B by Theorem 5.1. To check (ii) and (iii), we differentiate Ko. It will
suffice to consider the case where the 0, derivative falls on F'(§,n). We distinguish two cases: if |{ 3oz <1,
then [ — 7| < ¢z which implies that

£rle-¢) _|g-¢p
E=nl = Je—nl?
if, on the other hand, \5% - 77%| > 1, then
ae—¢] _|g-¢
€ —nll¢> —n2| T €0l
which proves property (iii) on B with v = 1, and by symmetry also (ii). The restricted L? property follows

VIE=&<IE—nl/2

VIE=¢&l<Ig—ml/2

form the cancelation in the kernel and the previous bounds on the kernel. Hence, Ky is L? bounded on B.
Case 2b: Finally, in the exterior region Q. \ B we have the bound, with arbitrarily large N,

(Ko, )l S (1+& N a+m~N

which is L? bounded by Schur’s lemma.
b) A direct computation shows that the kernel K§° of the commutator [£0¢, K] is given by
com p 5 com
K5 (01,6) = (10, + €06 Kl €) + Ko(n &) = 2L reom e

interpreted in the principal value sense and with F°°™ given by

Fcom(g’ 77) _ gg;éﬁ)

F(&,m) + (n0y + £0¢) F (&, n)
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By Theorem 5.1 this satisfies the same pointwise off-diagonal bounds as F. Near the diagonal the bounds
for F°™ and its derivatives are worse'! than those for F' by a factor of (1 + f)%. Then the proof of the L?
commutator bound is similar to the argument in part (a). |

6. THE FINAL EQUATION

To rewrite the equation (3.2) in a final form, we begin by expressing the operator ROr in terms of the
kernel K in the transference identity (5.1). We have, with F as in Theorem 4.3,

f(af + %RaR) = (67 + %(—2685 + /C))]-'

which gives
F(0r + %RaRf =(0-+ A—{(-2585 + IC))2_7-"

Ar

by

This leads to a transport type equation for the Fourier transform z(7,£) of € by applying F to (3.2). Indeed,
in view of the preceding

>\T 2 )\T >\72' 2
—(& - 72565> Fi2 IC(@T - ngag)yw S5 (K2 + 2[60e, K F

2 2
—(aT - ﬁzgag) x— ¢ =2ﬁ1c(ar - ﬁzgag)x + A—;(162 + 2[€0¢, K])a
- (E(TT)Q 4 537(77))35 F A 2FR? (Nop_1 (R™2F 12) + eapp_1)

We want to obtain solutions to (6.1) which decay as 7 — oo, which means we need to solve the equation
backward in time, i.e., with zero Cauchy data at 7 = oo. We treat this problem iteratively, as a small
perturbation of the linear equation governed by the operator on the left—hand side. For this we need to solve
the following transport equation

Ar 2
(6:2) ~[(0r —257¢0¢) " + €] alr.©) = vir.0),
We denote by H the backward fundamental solution for the operator

Ar 2

(0 —25r¢0c) +¢

and by H(7,0) its kernel,
x(r) = / H(r,0)f(0)do

The mapping properties of H are described in the following result, which will be proven in the next section.

Proposition 6.1. For any o > 0 there exists some (large) constant C = C(«) so that the operator H(T,o)
satisfies the bounds

o\ C
(6.3) |H(r,0)l 20 preis S7(2)

(6.4) (0. - F2coe) o). .. <(2)°

;
uniformly in o > 7.

This leads us to introduce the spaces Lo L,%’a with norm
i N
1l g2 1= SUp TN £ 30
T>1
Then the above proposition immediately allows us to draw the following conclusions:

1 The one derivative loss can be avoided by a more careful analysis, but this does not seem necessary here.
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Corollary 6.2. Given a > 0, let N be large enough. Then

A 1
L e H (0 - 27§0§)HbHL < Co 3 bll oo 20

oc,N—lL?)aa
with a constant Cy that depends on « but does not depend on N.

The small factor N~! is crucial here for our argument to work. On the other hand, the nonlinear operator
Noi—1 from (6.1) has the following mapping properties:

s ; 3 1
Proposition 6.3. Assume that N is large enough and 5 + 7 > > 3. Then the map

2 — AN2FR2(Noy_1 (R 2F 1))

is locally Lipschitz from L"O’N_QL?,’O‘H/2 to L‘X”NLf,’a.

The above two results, combined with Proposition 5.2, allow us to use a contraction argument to solve
equation (6.1). The next two sections are devoted to proving Propositions 6.1, 6.3. Finally, in the last section
we close the argument.

7. THE TRANSPORT EQUATION
Here we consider the backward fundamental solution H for (6.2) and prove Proposition 6.1. Observe that
(6.2) implies
[02 + A72(1)&)a(m, A72(1)€) = b(m, A7 (7)€)

We introduce the operator

Ler = 07 + A72(1)€
and the fundamental solutions S(7,0,¢), U(T,0,&), which satisfy

LE,TS(T7 g, é-) = 07 S(T7 T, 5) = 07 a.,-S(T, ag, §)|T:U = _1

Le U(1,0,6) =0,U(r,7,&) =1, 0;U(1,0,&)|7=0 =0
Then (6.2) may be solved via

o0

(r A2(r)E) = — / S(r.0,)b(0, A" 2(0)€) do

Given this representation, we note that the index « plays no role in (6.3) and (6.4) since
(SN LA
(1+A72(0))> ~

-
Hence without loss of generality we set o = 0. Similarly, we can neglect the measure of integration p(§)d¢
which also has a polynomial behavior both at 0 and at infinity,

p(A2(1)E) _ (g)c
p(A72(0)€) ™ \r
Then the bounds (6.3) and (6.4) reduce to proving that

sreole () aramat  esEeoi< (D). 15r<o

Recalling that A(7) = rlv! (we are ignoring a multiplicative constant here), we strengthen the first bound
and prove instead that

(7.1) 5(r,0,6)| S o (g)c (1+772)7%,  10,5(r.0.8)| S (g)c 0<7<0

The advantage of doing this is that the last bound is scale invariant. Precisely, one verifies directly the scaling
relation

S(r,0,6) =£285(r¢ 7,067 7,1)
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which leaves (7.1) unchanged. Hence in what follows it suffices to prove (7.1) in the case £ = 1. We begin by
constructing two special solutions for the operator L; ,. For small'? 7 we use a standard WKB ansatz.

Lemma 7.1. a) (Large T solutions) If v is not an even integer then there exist two analytic solutions ¢g and
o1 of L1-¢; = 0 with a series representation

oo
i 2k
$i(T) = eV, =1
k=0

which is convergent for all T > 0. If v is an even integer then the result still holds with a modification in the
expression for ¢y, namely

= _ 2k
¢1(T):Cl¢0(T)10gT+ E Clk’rl 21/7 010:1
k=0

b) (Small T solutions) There is a solution ¢o for Ly . of the form
.o -1
da(r) =TTV (Lt a(r)]
with a smooth and satisfying a(0) = 0.
Proof. a) We substitute the formal series in the equation
(@2 + 72 3)0; — 0
in the equation and identify the coefficients of the similar terms. This yields
. 2k, 2k
k(i = —)i—1= )+ ejea=0  k>1
Hence the coeflicients c;; can be iteratively computed and satisfy a bound of the type
Ck
1 = e

which implies that the series converges for all 7.

If j = 0 then the argument works for all v > 0. If j = 1 then there is an obstruction if v is an even integer;
indeed, this happens precisely when 2k = v. As usual, this is compensated for by adding in the logarithmic
term, since

Ly +(¢o(r)logT) = =7 2¢o + 7 120,90
has a nonzero coefficient on the 772 term.

b) In this case, we use the usual WKB-ansatz which we now recall in a more general setting: we wish to
solve the equation (9% + Q)1 = 0 where Q(7) is a smooth potential for 7 > 0. Fix some (small) 75 > 0. WKB
means that we seek a solution of the form (1) = 1o (7)[1 + a(7)] with

1

do(r) =Q (1), §(r) = / Q*(0)do
Since
2o + Qrbo = Vb,

we obtain the following equation for a(7):

(a'95)'(r) = Vi (7)[1 + a(7)]

oA

which we solve in the form

a(r)

_/OT /OT Vo 22 (0)V (o)1 + a(o)] dodr’
— f T —3(o)[1 — £2i(S(e)=5(r)) o o) do
_2/0Q (@) | V(o)1 + (o)) d

12The reader should bear in mind that by this 7 we mean the rescaled one, i.e, 5_%7', which can be arbitrarily close to zero.
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provided these integrals converge at zero. They do in our case: in fact, Q(7) = A~2(7) which implies that

1,1 5
5ta5, T

=
[=)
—~
3
~—
I
3

or, after changing variables to a(7”) = a(7),
(7.2) a(r) = icv / [1— 2 =7 [1 4 d(0)] do
0
By the boundedness of the kernel, this Volterra equation has a solution a € C([0,00)) which is clearly then

also smooth for all 7 > 0. We now claim that in fact a € C'*°([0, 00)). Indeed, the zero order iterate here is a
smooth function at 7 = 0:

/T [1 _ 621'1/((77177'71)] do = /OO [1 . e?il/(ufol)} dﬂ
0 T

-1 u2
m
-1 du
=7 _ / 621V(u ) — = ch 4 O(Tm+1)
-1 u =

for any positive integer m by repeated integration by parts. One now proceeds to show the same for the
higher Volterra iterates; alternatively, we insert the ansatz

a(r) =Y dj/ + 0™
j=1
into (7.2) and solve for the coefficients d;. In either case, the conclusion is that (7.2) has a smooth solution,

as claimed. O]

We now use this lemma to prove (7.1), which will then conclude the proof of Proposition 6.1. Considering
the limits at infinity, respectively at 0, one finds that

W (o, ¢1) = 1, W (o, py) = —2i

This allows us to express the backward fundamental solution S(7,0) in terms of these bases. Note that we
suppress the £ variable as £ = 1 is fixed. We consider two cases.
Case 1: 0 > 1. Then we have

S(1,0) = ¢1(0)do(7) — po(0)d1(T)

If 1 <7 <o, then (7.1) follows directly from the properties of ¢o and ¢;. If 7 <1 then we express ¢o(7) and
¢1(7) in terms of the {¢2, d5} basis to obtain

S(7,0) = Re(c(o)g2(T)), le(o)| S o
This gives
|S(T7 J)| 5 O—T%-i_%» |87—S(T7 O’)| 5 0'7'_%_2,,

Again (7.1) follows. B
Case 2: 0 < 1. Then we express S(7,0) in the {¢2, ¢5} basis to obtain

S(7,0) = Im (¢2(0)dy(7))
This gives the bounds

which imply (7.1).
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8. THE NONLINEAR TERMS

In this section we consider the nonlinear source terms, i.e., those given by the right-hand side of (3.2), and
prove Proposition 6.3. Recalling that R = r\, we write

. o1
)fQR%Ngk_l(Rféé) _ cos(?qu,}%)z— cos(2Q)) 9 + 51n(221§k,1) cos(?s];% 2)—1
sin(26R™2) — 28R 2
2R?
where the regularity of the coefficients above is computed as in Step 2 of the proof of Theorem 2.1,
cos(2ugp—1) — cos(2Q)
R2

%ﬁi’“‘l) € IS°(R2log R, Qx_1)

(8.4) cos(2ugy—1) € 1S°(1, Qx_1)

where we used here that tA(t) < 7 and also that R < 7 (recall the algebras @ and Qj from Definition 2.3).
Proposition 6.3 amounts to proving multiplicative estimates in the context of the classical Sobolev spaces.
Here we use Sobolev spaces adapted to the operator £, namely

(8.1)

+ cos(2uak—1)

(8.2) € 772IS*(R*(log R)?, Qk_1)

(8.3)

l[ull g == llull 2.«
Restating Proposition 6.3 with this notation shows that we need to prove that the map
£ AN 2R2 Ny (R™28)
is locally Lipschitz from LOQ’N_QH,?‘JA/2 to LOO’NH/‘J". Note that (8.2) has an explicit gain of 772 which
explains why we can improve the time-decay of the first (linear) term on the right-hand side of (8.1) from
N —2 to N. On the other hand, there is no such gain in (8.3) and (8.4). What saves us here is that both the

second and third terms on the right-hand side of (8.1) are truly nonlinear terms in &.
As a technical tool we introduce an inhomogeneous Littlewood-Paley decomposition

/= ZPAf Z/ PSR, F()p(€) de

corresponding to a smooth partition of unity {p,} in the Fourier space. Here \ € {2] 2o and py is adapted
to frequencies of size A. Our first result is

Lemma 8.1. Let g € 5(1,0Q) and |a| < ¥ + 3. Then
lafllmg < W fIleg

Proof. We decompose the multiplication operator into its Littlewood-Paley pieces:
q=Y_ PyqP,
A

The diagonal sum corresponding to A < p is estimated using only the L* bound on ¢q. For the off-diagonal
component it suffices to show rapid decay. In fact, we claim that

1Py qPullra—z2 S (u+ X) "5 2 [log(p+ A))™

where m is some large integer. The Fourier kernel of Py ¢P, is

Ko 1:€) = V/o@p00) 22 (©pun) [ a(RI0(E R0 R) dR
in the sense that

VP .7:P)\qP f /KA’M 7, f \/ df
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Therefore, the above L? bound would follow from the pointwise estimate (recall p(¢) < £ for € > 1)

/Q(RW(fa R)o(n, R)AR| < (€)™ ()~ (& +m) ™7 % [log(2+ & + )™

The function ¢ has a symbol type behavior with respect to R except near R = 7, where it has a power type
singularity (1 — a)”*é, a = R/7, possibly involving also logarithms'®. To separate this singularity from the
behavior at 0 we use a smooth cutoff to split ¢ into (recall that 7 is a large parameter)

q=d4<r/2 + d>7/2
The first term is a symbol of order 0 with respect to R. To proceed, we recall the calculations leading up
o (5.8). The main tool there is the following double commutator identity: if £ # n and U is a zero order
symbol, then

(€ = AU RSB, ), 6(R,m) = ( [[U. L], L]6(R. ), 6(R,m))

(8.5)
= <( — 4URRE + 3R *(Ugrr — R'UR) + 4UrRV + Urgrr + 2UrVR + 4UrrrOR) 9(R. &), (R, 77)>

where the inner products exist in the principal value sense (recall that V(R) = —8(1 + R?)~2). Iterating this
identity k times yields
k—1

(€ =M™ (4<r 2 (R)O(R.€), 6(R,m) ) = <[Zfﬂ o awzgf e (R)| @R, ), 6(R.m))

odd even

where ¢7** and ¢;”“" are symbols of order at most —2k with odd, respectively even, expansions around R = 0.
For 1 —|—§ # 1+ n this gives
{g<r/2(R)B(R, €), 6(R, )| S (€ +m) "
for all £ which is more than we need.
The second term g ,/3 can be thought of as a function of a,

R
‘I>T/2(R) = q(a), a=—

T

where gy is supported in [1,2] and has a Q type singularity'® at @ = 1. We divide it into a singular and a
nonsingular component,

Gr/2= Grpt Grpe Gr2 = Gr/2X g eyt B2 = G2 g s e )

where the x’s define a smooth partition of unity relative to the indicated sets. For the singular component
we bound the integral directly using the pointwise bounds on ¢(R,§) to obtain

S T v+ 1 m _3 _3
[ opmorgorman < [0 RrHon = B L6 e R

2

v

SO Ir TR e+ ) E R log(2+ € + )™
SO THm THE+ ) E T log(2+ € + )™

For the nonsingular component, a k-fold iteration of (8.5) yields

)
)"

k
(86) (€= m*(a% p(R)O(R.€), 6(R.m) ) = <[Zsﬂ PR + D €' (R)| 6(R,€), 6(R,m) )
7=0 =0
with
2k—j—1 2k—¢
aig ()= 3 () 0F a2 o (R), er‘: O >(R)
=0

13Strictly speaking, there is a multiplicative constant in a = ¢R/7, but we ignore it
14q1 also has a nonsingular part, which by a slight abuse of notation we include in g, /2
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where the coefficients are rational functions, smooth for all R > 0, decaying at rates

PR (R)| S BP0, (R ROk

The logic behind the numerology here is simple: a factor & consumes 2j derivatives, so the remaining 4k
derivatives need to hit either the symbol ¢2%_,(R) or the weight V' (the latter leading to the rational functions).
We show how to apply these formulas for the case of the even weights, the odd ones being analogous. As

for the derivatives
alzzlqgsfm(R) = 0% (Q>7/2XHR_T|>(£+”>_%]>

it will suffice to consider two extreme cases: when all derivatives fall on the symbol, or all fall on the cut-off
function. The contribution by the latter to [(¢%5 o (R)¢(R,£), #(R,n))| is bounded by (ignoring logs)

e[ R Qg e e T TR

[|R—r|=<(g+n) 2]
S (§ )RS ARTRE T g ) T E TR )
_ _ _r_ 1

SO THE TR

as desired. The other cases are checked similarly and we skip them. O

This allows us to deal with the coefficients in front of the £ terms. As remarked above, the 7 decay for the
first term in Nop_; comes from the 772 factor in the coefficient and from the quadratic (respectively, cubic)
expressions in € for the remaining terms. It remains to prove the following:

Proposition 8.2. Let a > %. Then the maps

ol=
~
|
—_
~

(8.7) & R™%(cos(26R™
(8.8) & R™3(sin(26R™

N|=
~—
|
[N}
=
|
N|=
~—

are locally Lipschitz from H,?H/Q to H.

The proof will be split up into the following four lemmas. We first obtain a pointwise bound for frequency
localized L? functions:

Lemma 8.3. For dyadic A > 1 we have
[PAf(R)] S Amin{R>, A~ 3} f]|
for all f € L*>(RY).

Proof. Using the inversion formula we write

~

PuI(R) = /0 T A OT©)0(R. €)p(c) de

The pointwise bounds for ¢,
[6(R.6)| < min{R*, ¢4}
and the Cauchy-Schwarz inequality finish the proof. O

We also have estimates for the derivative:
Lemma 8.4. For dyadic A > 1 we have
|0rPyf(R)] < Amin{R7, ™5} £]|.2

and
IOrRPAfll2 S A2 flz2
for all f € L?>(RT).
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Proof. The first estimate follows from the pointwise bounds on dr¢. For the second bound we can integrate
by parts (justified by the first bound) to obtain

3
NP3 2 (£F.£) > 10nf3: + SIRTFIR: — CILAI%
which leads to the desired conclusion. O

Next we consider bilinear estimates but with a weight that is singular at 0. This suffices in order to
estimate the quadratic and the cubic terms in the proposition. The logic behind the Lemma 8.5 is the
following: dividing by R3 should amount to a loss of f% on the Fourier side (since the scaling relation is

R¢ 3 = 1). Inspection of the following estimates shows that we do indeed lose a combined % weight in & on
the right-hand side.

Lemma 8.5. Let a > %. Then
_3

1Rl ot S 10 oyl

respectively
_3
IR™2 fgllus < ||fHH§+%||g||H:+%
for all f,g so that the right-hand sides are finite.
Proof. We first use the above pointwise bound to obtain an L? estimate,
_3 .
[B72 Py, fPr,gll2 S min{Ay, Ao} Py, fll 22| Py gl 22

This suffices for both of the above estimates provided that the output is measured at frequency o <
max{A1, A\2}. Indeed, in that case

Z Z 0a+iHPa[R7%PA1fP)\2.g]H2

A1,A2 o<max(A1,A2)

a+t a+i
S D AT RlIPy fllzlPrugllz + Y AT APy fllalProglle
A1> A2 A1< A2

1 1_
S S AT ey gl oy
3 P
A1> A2

which gives the desired bound since o > %.
For larger o, however, we need some additional decay. For this we compute using integration by parts

(R 2P\, fPyg Poh) = (RTEPy, fPyg, £5L7F P 1)
= (L5(R™3 Py S Prg) £7°PoR)

To justify the integration by parts we observe that near R = 0 we have

Py, f(R) = R%q(RQ), q analytic
Then the bilinear form is given by

R_%P,\lfP)\Qg = R%q(R2)7 g analytic
which successively implies that (recall LoR? = 0)
Ek(ngpAlfPM,g) = qu(RQ), q analytic
We claim that we can estimate the left-hand side here in L? by
(8.9) ICH(R™2 Py, fPr,g)ll12 S minfAa, A} max{As, Ao} (| Py, |2 [ Pr gl 2
Given the above integration by parts, this implies that
(B3 Py fPyg. Poh)| S minfon, Ao} max{Ae, Ao | Py, 12 | Praglloa ]| Poll
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and further
_3 . _
|Po(R™2 Py, fPr,9)ll 12 S min{ A1, Ao} max{Ay, Ao }o || Py, fl| 12| P, gl 22

thus providing the additional decay for large o.
It remains to prove (8.9). We assume that A; < A2 and use different bounds depending on whether R is

_1
small or large. Assume first that R < A, 2. Then we start from

~

(8.10)  LF(R™ZPy, f(R) Prg(R)) = / / P (€)ra (M LE[R™2 (R, €)d(R, )] F(E)T(n) p(€)p(n) dédn

Next, we claim that

(8.11) IeH R 2R ol , g SN

If true, then combining (8.10) and (8.11) via Minkowski and Cauchy-Schwarz yields
_3
I£5(R™% Py, f(R) Pag(R))| S AL P, 1Py, g1l

20,
as desired. To prove (8.11), consider first kK = 0. Then

1
1 2
2

Ay
IR-26(R, )6(Rn)| < / RAR| <A

_1
L2(0,x, %)

The higher k£ cases now follow from Proposition 4.4, which allows us to write

R™39(R,&)$(R,n) = R2q(R*,(R* nR*),  q analytic
Then, following our previous discussion concerning applications of £, we obtain
LYR2G(R.OG(RM) = Y RIEN"qun(R? ER* nR?),  qom analytic
t4m<k

which implies (8.11).
For large R we use the product rule to write

LMRTEP\ [Pyug)= Y. WIMR)OLLIP f - 03 L Pryg
2i+2j<2k—0—m
£,m=0,1
(Wi (R)| < R ki) +tm=3
Then we have

_3 k—i—j)—ttm _3 i m o
IR 2P Pg)l L,y S > T T IRTRORL P f ORI Pasglle

20 %0 2i4+2j<2k—f—m
£;m=0,1
We use Lemmas 8.4, 8.3 to bound the first factor in L> and the second in L2. This gives
18R IPug) oy S AP lz2 Pragle
as desired. ]

Finally, in order to estimate the higher order terms in the Taylor expansion of the sin and cos functions in
the proposition we also prove a trilinear estimate:

Lemma 8.6. Let o > 0. Then
18 Fghling S 171 ors ooy [y

for all f,g,h so that the right-hand side is finite.
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Proof. The pointwise bounds above imply the following L? estimate,
1 3
(8.12) IR~ Py, fPr,gPx, L2 S 12%1{)\;‘ A HIPx, Fll2 [ Progllnz | Pag | e

which again suffices to estimate the output at frequency o < A := max{A1, A2, A3}. To see this, we write,
with the summation variables o, M, A1, A2, A3 € {27 };?';0,

> > Py(RT'Py fPrgPyh) =Y Y Py (RT'Py fPy,gPR)
A1,A2,A3 0<A M Ai,A2,A3
A>M
On the right-hand side we distinguish the cases A1 < Ao < A3, A1 < A3 < Ag, A3 < A1 < Ao. We only treat
the first case, the other two being similar and easier. Thus, we estimate the right-hand side for fixed M as
follows:

- 2 A3\ 2@ 3 1 2
| X Pum@ PysPagrh)| < 0 (55) I1PhlE (D MNP £l Pragllee)
A< <3 4 As>M A1<A2

N> M
)\3 2c 1 o _1_g, 2
S (5) Il (X ATyl ey
A3>M A1< A2 4 s

< A -2y )2 2 2
S M1 ey M o I

The summation with respect to M is trivial.
For higher frequency outputs we need some additional decay,

1o (R Py, S PrgPagh) e < min{A ATy max {0, do, A3y oo™ | Py, [ Pryg | P
This in turn is a consequence of the estimate
|4 (R Py £ PragPah) e S min{AS ATy max{hn, da, As} 15, e | Pragllze | Pyl
which is proved in the same manner as (8.9). O

These lemmas now imply Proposition 8.2. Indeed, we express the cosine-map in (8.7) in the form
R (cos(26R™2) — 1) = R™28%¢(R™'&?) q entire

The first factor is bounded by

3.9 2
IR 2&%|lng < ||5||H§+%

while for ¢ we use its Taylor series together with Lemma 8.6, which shows that as a multiplication operator
the factor R~'£2 can be bounded by

(8.13) IR mg—me S ||5||2a+%
P

Similarly, we write the sine-map from (8.8) in the form
R™3(sin(26R™%) — 26R™%) = R3&%(R™'&?)

For the first factor we apply Lemma 8.5 twice to estimate

—3 _3 ~ ~
IR& g S IR 252||H;+%||€IIH§+% S ||€||2§+%

while for the ¢ factor we use again (8.13).
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9. PROOF OF THE MAIN THEOREM.

Here we summarize how to assemble together the elements of the proof. Fixing v > % we begin with the
approximate solution usx_1 given by Theorem 2.1 and with the corresponding error es;_1. The index k is
chosen sufficiently large, depending on v. Apriori both usx_1 and esg_1 are defined only inside the cone
{r <t}. We can extend them to functions with similar regularity supported in a double cone {r < 2t}. This
extension is done crudely, without any reference to the equation but insuring the matching on the cone for
all derivatives which are meaningful.

With these choices for ugr—1 and egr_1 we seek to solve (3.2) backward in 7 and find a solution € so that

. _ Ary - _
(9.1 5 o ST @+ gy STV, N2
Here the exponent « is chosen so that
1 v
Z <a< 5

The first bound is solely dictated by estimates for the cubic term in the nonlinearity. The second one is a
consequence of the regularity of esx_1; namely, ear—1 has a singularity of type (1 — a)”_% log™ (1 — a) on the
cone. Therefore, if @ < v/2, then for eg;_1 we have the bound

INT2RE eajoy (H(T), AT R) [ g S 72

Using the transference identity we recast (3.2) for € in the form (6.1) with & = F&. By virtue of Proposi-
tions 6.1, 6.3, 5.2 we can solve (6.1) using the contraction principle with respect to the norm
Ar
el ~

L —2L,2,’a+% + (- — \ )xHLao,N—lLf;o‘

Using again the transference identity and Proposition 5.2 we return back to &, which has the regularity (9.1).
Now eventually we have to return to the original coordinates (¢,7) as well as the function (¢, r). For this we
define the map
w(R) — Tu(R,0) = e R 3u(R)
where the right hand side is interpreted as a function in R? expressed in polar coordinates (R, ). It is easy
to see that this is an isometry
T:L*R") — L*(R?)
Then for the corresponding Sobolev spaces we have
Lemma 9.1. For any o > 0 we have
ol 72 ey = I Tl
in the sense that if one side is finite then the other is finite and they have comparable sizes.

Proof. The spaces H 5 (RT) are defined using fractional powers of the operator £. However, we can also define
them using fractional powers of the operator Ly since the difference £ — Ly is bounded in L? and also in any
H pﬁ . This is easily seen if § is an integer, and for noninteger values it follows by interpolation.

Then the conclusion of the lemma follows from the identity

ATu = Tﬁou
which is valid whenever u € L? and Lou € L?. O

To pass from u(r, R), or alternatively wu(t,r), to the co-rotational wave map in terms of the ambient
coordinates of R? D S2, observe that these coordinates are given by ¢ o T'(u), where ¢ : R? — S§2 C R3 is
given by

#(pe’?) = (cos p, sin pcos B, sin psin §)
It is then easily seen that ¢ o T(u) € H2*+t1(R?), interpreted component-wise. We have now constructed a
wave map on the cone r < t, 0 < t < tq, which is of class H'*¥~ on the closure of the cone. To get a solution
on all of R?*1 extend the solution dyu(to,.),u(ty,.) at time t = tq to all of R? within the same smoothness
and equivariance class. Call the corresponding wave map @(t,r). We claim that this wave map extends to
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(0,tp] x R? and is of class H**”~ until breakdown at time ¢ = 0. Indeed, by finite propagation speed (¢, ) is
given by u(t,r) on the light cone r < ¢,0 < ¢t < ty. Furthermore, the @ does not develop singularities on the
interval 0 < t < ty, as this could only happen outside the light cone, where energy concentration is precluded
by the equivariance condition. The fact that singularity formation is tantamount to an energy concentration
scenario is a consequence of [Sh-Tah], [Tao], [Tat]. This concludes the proof of Theorem 1.1.
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