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1. INTRODUCTION

We consider the nonlinear Schrédinger equation
(1.1) 0 + O3 = — Y70
on the line R with ¢ > 2. This is exactly the L2?-supercritical case and these
equations are locally well-posed in H'(R) = WY2(R). Let ¢ = ¢(-,a) be the
ground state of
(12) _d)/, 4 Oé2¢ — ¢20’+1.

By this we mean that ¢ > 0 and ¢ € C?(R). It is a classical fact that such solutions
exist and are unique up to translations. In fact, for the case a = 1 the solutions
are

1
(0 + 1)
—
cosh? (ox)

(25(1‘,1) =

whereas for general a > 0 they are obtained from this solution by rescaling:
o(x,0) = a7 daz, 1).

Clearly, the standing wave 1) = eita2¢ solves (1.1). We seek an H!-solution ) of
the form ¢ = W + R where

(1.3) W (t,z) = ez —y(t), alt))

(1.4) O(t,xz) =v(t)x — /0 (v(s)? — a?(s)) ds +~(t)
(1.5) y(t) = 2/0 v(s)ds + D(t)

is the usual standing wave with a moving set of parameters 7 (t) := (v, v, D, a)(t),
and R is a small perturbation. Performing a Galilei transform, we may assume that
W(Ov .’E) = ¢(xa a)'
Theorem 1.1. Fiz any o > 2 in (1.1) and any ag > 0. Let
D= {f e L’ ®) |1 f] < oo}
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2 J. KRIEGER AND W. SCHLAG

where

NAN = 1+ [[@) flloraze + 1) Ou f1l L1
and set
(1.6) B:={Ro € 2| IR0l < 6}

Then there exist a real-linear subspace S C X of co-dimension five and a small
§ > 0 with the following properties: there exists a map ® : BNS — ¥ such that?

(L.7) [2(Ro)l < IRoll>  VRo€BNS
(1.8) [®(Ro) — ®(Ro)ll S SlIlRo — Roll ~ VRo, Ry € BNS

and so that for any Ry € BNS the PDE (1.1) has a global H' solution 1 (t) for
t > 0 with initial condition 1(0) = ¢(-, ag) + Ro + ®(Ro). Moreover,

P(t) =Wt )+ R(t)

where W as in (1.3) is governed by a path 7(t) of parameters, w(0) = (0,0,0, ap),
and which converges to some terminal vector m(co) with sup,s |7 (t) — w(c0)| < 62
and so that

(1.9) 1RO m 6, IRO)lloo S8E)7F, |z —y()) T R(t)]loc < 0(t) 7175

~

for all t > 0 and some ¢ > 0. The solution (t) is unique amongst all solutions
with these initial data and satisfying the above decay assumptions as well as certain
orthogonality relations and decay assumptions on the path (which will be specified
later). Finally, there is scattering:

R(t) = eitagfo +or2(1) ast— oo
for some fo € L%(R).

It is well-known that the supercritical equation (1.1) is orbitally unstable, see
Berestycki, Cazenave [3]. This is in contrast to the orbital stability of the subcriti-
cal equations that was proved by Cazenave and Lions [7] and Weinstein [55], [56]. In
fact, [3] shows that one can have finite time blow-up for initial data ¥y = ¢(-, @)+ Ry
where Ry can be made arbitrarily small in any reasonable norm. Theorem 1.1
states that we do have the same asymptotic stability and scattering as in the sub-
critical case, provided we choose our initial data on a suitable submanifold. In
addition to the aforementioned references, there is of course a vast literature on
the (in)stability of standing waves for nonlinear evolution equations. The orbital
stability question (for Klein-Gordon, NLS, as well as many other classes of PDE)
was addressed by Shatah [46], Shatah, Strauss [47], Weinstein [55], [56], Grillakis,
Shatah, Strauss [22], [23] (who developed an ”abstract” theory of orbital stability),
Grillakis [21], Comech, Pelinovsky [9]. As far as the question of asymptotic stability
is concerned (which is much closer to the present paper), see Soffer, Weinstein [49],
[50], Buslaev, Perelman [5], [6], Cuccagna [10], Rodnianski, Schlag, Soffer [42], [43],
Perelman [35], [36],[37], Frohlich, Jonsson, Gustafson, Sigal [16], Frohlich, Tsai,
Yau [17], as well as Gang, Sigal[18], [19]. For surveys of some of this material, see
Strauss [51], and Sulem, Sulem [52].

IThe weight (z) in the definition of || - || can be replaced with a more slowly growing weight,
but we keep it in this form for aesthetic purposes

2Whenever we use the symbol < certain universal multiplicative constants are implied which
do not depend on any varying parameters appearing in the proof.
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To understand the origin of the linear subspace S in our theorem, we associate
with each a > 0 the matrix operator
(1.10)
*85 + o? — (U + 1)(1520('7 0‘) *quza('v O‘)
=it = ( 06 (- 0) P -t (o + )¢ (a) )

This operator arises by linearizing the NLS equation (1.1) around a standing wave.
It is closed on the domain W22(R) x W22(R) and its spectrum has the following
form: It is located on RUIR, with essential spectrum equal to (—oo, —a?]U[a?, 00).
The discrete spectrum equals {0, +iy(a)}, where y(a) = a?y(1) > 0. Both +ivy(a)
are simple eigenvalues with exponentially decaying eigenfunctions, whereas 0 is an
eigenvalue of geometric multiplicity two and algebraic multiplicity four (the latter
fact goes back to Weinstein [55]).

Next, we introduce the Riesz projection P, () such that

spec(H(a) P (a)) = {0} U {iv(e)}.
The notation P, is meant to indicate the unstable modes as ¢ — +o0o. The real-

linear, finite-codimensional subspace S above is precisely the set of Ry € X so
that?

(111) Pitao) () =

The codimension of S is the number of unstable (or non-decaying) modes of the
linearization as t — oo: four in the root space and one exponentially unstable
mode. The stable manifold M is the surface described by the parameterization
Ry — Ry + ®(Rp) where Ry belongs to a small ball BN S inside of S. The
inequality (1.7) means that S is the tangent space to M at zero, whereas (1.8)
expresses that M is given in terms of a Lipschitz parameterization. It is easy to
see that it also the graph of a Lipschitz map ® : SN B — ¥. Indeed, define ® as

Ry + Ps®(Ro) — Ro + ®(Ro),

where Ps is the projection onto & which is induced by the Riesz-projection I —
Pl (ap) (the latter operates on L? x L?, whereas we need only the first coordinate
of this projection, see Remark 9.5 below for the details of this). The left-hand side
is clearly in §. Moreover, to see that this map is well-defined as well as Lipschitz,
note that (1.8) implies that

(1 =GBy = Roll < |[R1 = Ro + ®(B1) — ®(Ro)|| < (1 + CO)|| Ry — Roll
(1= CO)||Ry — Roll < |[Ry — Ro + Ps®(Ry) — Ps®(Ro)|| < (14 CO)[[ Ry — Rol.

Since the root-space of H(«) at zero does not destroy asymptotic stability or in-
stability in the subcritical case, one would expect that the new unstable phenomena
in the supercritical case should only be connected with the imaginary eigenvalues
of H(«). More precisely, since we are considering ¢ — +o00, they should result
exclusively from the eigenvalue iy, where v > 0. Hence, the true codimension of
our stable manifold should be one. In the following theorem we obtain such a
stable hypersurface, by applying the three-parameter family of Galilei transforms
together with scaling to the manifold M from Theorem 1.1. Since this family acts
transversally to M, we recover four of the missing dimensions this way.

3We will show below that Py : 5 — 3 where £ = {(}) : f € B}.
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Theorem 1.2. Fix any ag > 0. Then there exist a small § > 0 and a Lipschitz
manifold N inside the space ¥ of size* § and codimension one so that ¢(-, ) € N
with the following property: for any choice of initial data 1(0) € N the PDE (1.1)
has a global H' solution 1 (t) for t > 0. Moreover,

(1) =W(t,-) + R(t)
where W as in (1.3) is governed by a path ©(t) of parameters so that |m(0) —
(0,0,0,0)] < 0 and which converges to some terminal vector mw(oco) such that

SUp;>q | (t) — w(00)| S 62. The solution is unique under the same conditions as in
the preceding theorem. Finally, (1.9) holds and there is scattering:

R(t) = "% fo + 0r2(1) ast— oo
for some fo € L*(R).

This result raises the interesting question of deciding the behavior of solutions with
initial data ¢(0) € B\ N. It is known that at least for some choices of such initial
data the solution blows up, but the authors do not know what to expect in general.

Bates and Jones [2] studied the questions of stable manifolds for evolution equa-
tions in great generality. They proved the existence of stable, unstable, and center
stable manifolds (which are also Lipschitz) for abstract evolution equations un-
der certain conditions on the linear part of the evolution. Later Gesztesy, Jones,
Latushkin, and Stanislavova [20] verified these conditions for a class of nonlinear
Schrodinger equations which are obtained by linearizing around standing waves.
Thus, they obtain the existence of such a dynamical splitting of the space of initial
data close to a standing wave. The notion of stability used by these authors is
the orbital one. Hence, in contrast to our theorems, no asymptotic convergence
or scattering statements are made. Rather, their results are of a perturbative and
spectral nature situated in energy space. For yet more related results, see the paper
by Pillet and Wayne, as well as the book by Li and Wiggins [30]. Tsai and Yau [53]
investigated the question of stable manifolds for NLS equations with a potential
which admit excited states. These are standing waves which are generated by bi-
furcations off bound states of the linear Schrédinger operator. Such excited states
are unstable as they will tend to collapse to the ground state. Tsai and Yau obtain
conditional stability of these excited states.

Theorems 1.1 and 1.2 (but with unweighted norms) were first proved in three
dimensions in [44] for the cubic focusing NLS equation, albeit under the assumption
that there are no imbedded eigenvalues in the essential spectrum of the linearized
operators. The present paper is related to [44], although it does differ in sev-
eral important aspects. First, all spectral properties are proved here analytically,
whereas [44] required verifying some spectral properties of the well-known pair of
Schrodinger operators L and Ly numerically, see [13]. Moreover, the absence of
imbedded eigenvalues for the systems remained an assumption (although it should
be a generic assumption since imbedded eigenvalues are unstable, see Cuccagna,
Pelinovsky, Vougalter [12], [11]). Second, the (free) dispersive decay in one dimen-
sion is t’%, which is not integrable at infinity. This forces us to use an improved
decay estimate which takes the form

. 2
[(z) L O VIP, fll ooy < Ot 2 [[(2) fllamy

4This means that A is the graph of a Lipschitz map ¥ with domain BNS where S is a subspace
of codimension one and with B as in (1.6).
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for scalar operators —92 + V with no resonance at zero, see [45]. Weaker forms
of this result on L?*(R) and with higher weights were discovered by Murata [34]
and later reproved by Buslaev and Perelman [5] for Schrédinger systems. However,
due to the fact that we cover here the full supercritical range, we need to rely
on this estimate (or interpolates of it) rather than any weaker version, albeit for
non-selfadjoint matrix operators rather than scalar operators. The transition from
the scalar case (as in [45], say) to the matrix case requires a more sophisticated
functional framework, which involves developing the scattering theory (i.e., Jost
solutions) of these matrix Schrédinger operators as in [5]. Since the estimates
we require here are considerably sharper than the ones in Buslaev-Perelman, we
carefully develop this framework, together with the necessary spectral theory in
the second half of the paper. This part is of independent interest. As far as the
nonlinear argument is concerned, the weights inside of our norms will force us to
depart from the contraction procedure employed in [44], which takes place in a
fixed Banach space, and use a method of iteration which adjusts the Banach space
depending on the iterate. This issue here is that the weights need to be centered
around a path y;(¢). It is impossible to compare these norms for large ¢ because
these paths will then be separated by a distance exceeding one. This forces us to
truncate at a time T; which grows with j. This method, which is more involved
than the contraction from [44], is of independent interest.

Finally, we would like to point out that the L2-critical case is studied in the com-
panion paper [29]. There one is concerned with the question of conditional asymp-
totic stability of the pseudo-conformal blow-up solutions (see Bourgain, Wang [4]
for earlier work in that direction). The latter are known to be unstable, see Perel-
man [36], Merle, Raphael [31], [32], [33], Raphael [39]. The critical equation is much
more involved than the supercritical one, both conceptually and technically. For
example, one looses hyperbolicity, cf. Lemma 4.6 below. In addition, in the critical
case many estimates require exploiting cancelation effects (a ”nullstructure” needs
to be found for that purpose).

2. THE LINEARIZATION, GALILEI TRANSFORMS, AND J-INVARIANCE

We begin by linearizing around the standing wave.

Lemma 2.1. Let 0 < T < oo. Assume that w(t) = (y(t),v(t), D(t),a(t)) : [0,T) —
R* belongs to C1([0,T),R*), and let W = W(t,x) be as in (1.3). Then @) €
C([0,T), H'(R)) N C'([0,T), H*(R)) solves (1.1) with ¢ = W + R iff Z = ()
solves the equation

02 + (o + 1)|W|?%° o|WAle=D?

W*( o[ W2 =92 — (o + )W

) 7 = —iz0,W + N(Z,W)
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in the sense of C([0,T), H'(R) x H*(R)) n C*(0,
(—2e?(- —y, ) (- —

- U<xei9¢(' - Y, a)) - 7<e Ze(b -y >

(-

. €90,0(-—y, ) —e0,¢(- — y, )
_Zo‘(ewaaqb(-m) ( ~i00,(- — y, >)

(2.1)

T),H 1(R) x H 1(R)) where

—|R+WP(R+W) + W2 W + (0 + 1)|W|* R + o|[W[2C"DW2R
IR+ W2 (R+ W) — |[W[22W — (6 + 1)|W|>* R — o|W|2e-DW2R
=: —in0,W + N(Z,W).
Here y and 0 are the functions from (1.5) and (1.4), and o = «(t). For future

reference, we denote the matriz operator on the left-hand side of (2.1) by —H (= (t)),
i.e.,

_ (R (o+ D)W oW
e )= (T T

The nonlinear term in (2.1), which we denote by N(Z, W) = (%Igg W;), is quadratic
in R, R. This means that
N(O,W)=0grN(0,W) =0sgN(0,W)=0.
Proof. Tt will be convenient to consider the more general NLS equation
(2.3) 100 + O3p = —B(|¢1* ).

Let ¢ = ¢(-,a(t)) for ease of notation. Direct differentiation shows that W (¢, x)
satisfies

iOW 4+ O2W = —B(W D)W — W (bx + 7)) — i8¢ - D + ie? 0y .
Hence W + R is a solution of (2.3) iff
10, R+02R = —B(|WHR*)(W+R)+B(|W | )W +e" p(vx+7)+ie” 0,¢- D—ie™ 60n ¢
Joining this equation with its conjugate leads to the system

Z. 2+ B (W)W + B(W[2) 8(WPW? )
07+ ( —B (W)W —o2— B (W)W - a(w) )4

) ()
i0 C— U [ —e'? TYha
s ) P )
(2.4)

(—6(R+W2)(R+W) +BUW W + (8 (W)W +ﬂ(IWl2)]R+6’(IW2)W2R)
BUR -+ W) R+ W) — BIW[2W — [3([W[2)| W[ + B(W[2)]R — 5(|W[2)W2R

Conversely, if Z(0) is of the form
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and Z(t) solves (2.4), then Z(t) remains of this form for all times. This is simply
the statement that the system (2.4) is invariant under the transformation

. -7 _ (01 _(h
which can be checked by direct verification. This fact allows us to go back from the

system to the scalar equation (2.3). Finally, it is easy to see that the nonlinear term
in (2.4) is quadratic, and that (2.4) reduces to (2.1) if B(u) = u? for all u > 0. O

Remark 2.2. Notice that we have the equality

. _xei9¢(, - Y a) . _ei6¢(' - Y a) .. ewa@(b(' - Y Oé)

”(xei%(- ~, a)) i 7(e%‘%(- R y,a)) e (ewm(. -y, a>>
e _ewawd)(' - yva)

D (61661925( - Y, a))

(e ) (i )

.. ewaagb(' - Y, Oé) - _eieax¢(' - Y Oé)
e (€i98a¢(~ - Y, a)) b <_6108x¢( - Y, a))

Abusing notation, we shall later refer to this expression as i7d, W, where
7= (§ +dy,9,D,d)
The quantity 7 shall play an important role in the argument to follow.

The J-invariant vectors in L?(R) x L?(R) form a real-linear subspace, namely

{(;) ‘f € *R)}.

Writing f = f1 + if2 it can be seen to be isomorphic to the subspace

{(?) ‘fhf? c LQ(R), fi, fo are real—valued},
2

which is clearly linear, but only over R. Throughout the paper, we need to insure
that all vectorial solutions we construct belong to this subspace. Only then is it
possible to revert back to the scalar NLS (1.1).

To perform estimates, one needs to transform (2.1) to a resting frame. This
requires certain properties of the path m(¢). In the following definition, ¢ > 0 and
0 > 0 are fixed small constants.

Definition 2.3. Let 7' > 0, to be thought of as a large number® . We say that
a path 7 : [0,T] — R?* with 7(t) := (v(¢),v(t), D(t), a(t)) is admissible provided
it belongs to C1([0,T],R*), and the estimate |7 ()| < §2(¢)~27° holds. Define a

5The logic here is that we are working on a large time interval [0,7], and are not concerned
about what happens for times larger than 7. In the iteration, we will adjust this parameter to
the stage of the iteration we are at. Of course, T'— oo in this process
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constant parameter vector mp = ’yT, vr, Dp, aT)

(2.6) +2/ / o(s)a(s)) ds dt
(2.7) vr

(2.8) Dp:=D —2/ / s) ds dt

(29) ar = a(T)

The logic behind these asymptotic parameters can be seen in the following lemma.

Lemma 2.4. Suppose 7 is an admissible path and let 0,y and Or,yr be as in (1.4),
(1.5). Furthermore, define

(210) yT(t) := 2tvr + Dr, QT(t, x) = Urx — t(U% — a%) +yr
and
(211) pT(tax) = e(tax + yT) - aT(tax + yT)'
Then
lor(t,x)| < Cc (1 +[x))(H) 5, |y(t) —yr(t)] < C.6%(t)~°
as well as
(2.12) lpr(t,2)| < C*(L+[a)(H) 7175, [9(t) — g (t)] < C=62(t)~'—°

for all t with T >t > 0. The constants here only depend on €.

Proof. First,
(2.13)
O (t, v+yr) = vr(z+2tor+Dr)+t(—va+ad)+yr = t(—vi+ak)+or(z2+Dr)+r.
In view of the definition of 77,
0(t,z+yr) — 0r(t,x +yr)
t
— o(t)(x + 2tvr + D) — / (0(5)2 — 02(s)) ds + 7(¢)
0

—vp(x + 2tvr + Dp) + t(v% — aQT) — 7

T
= (v(t) — vr)(x + 2tvr + Dr) + 2/0 / (v0 — ac)(s") ds’ ds

—yr +(t) — 2/tT /ST(M'J —ad)(s') ds' ds

T T
= (v(t) — vr)(x + 2tvr + Dr) — 2/f / (v0 — act)(s") ds’ ds

(2.14) —3(T) + ~(t).
Using Definition 2.3 implies the desired bound on pr. As for y(t) — yr(t), the

definition of D implies that
(2.15)

yr(t)—y(t) = 2tUT+DT—2/Otv(s) ds—D(t) = / / " ds' ds,

which implies the stated estimate for 0 <t¢ < T. O
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Remark 2.5. One has similar definitions and properties for 7o, = (Yoo; Voos Doy Qoo )
etc. One then replaces [0,77] by [0, 00).

With 7 = (v, vy, D, ar) a constant vector, define the usual Galilei transform
to be

(2.16) gr(t) = ei(7T+va—t|vT\2) e—i(2th+DT)p’
where p := —i-L. The action of gr(t) on functions is

(ar(t)f)(x) = OTHvre=t0D) £(5 _ v — Dy).

It is unitary on L?, and isometric on all L?, and the commutation property
02 -4 02
"% gp(0) = gr(t)e’
holds. The inverse of gr(t) is

(2.17)
gT(t)fl _ 6i(2th+DT)p e*i("/T‘F’UTIft’U%) — 67i(’YT+vTDT+vT:L’+tv§~) ei(2th+DT)p_

Moreover, the Galilei transform (2.16) generates a four-parameter family of standing
waves: Let ¢(-, ar) be the ground state of (1.2) with o = ap. Then

(2.18) Wr(t,) = gr(t)[e*T (-, ar)]

solves (1.1), where Wr is a standing wave as introduced in (1.3) but with the
constant parameter path mp. This can also be written as

Wr(t,x) = ewT(t’x)¢(SE —yr(t),ar),

where yr,0r are as in Lemma 2.4. As usual, we transform (2.1) to a stationary
frame by means of Galilei transforms. In addition, a modulation will be performed.
The details are as follows.

Lemma 2.6. Let 7(t) and wr be as in Definition 2.3. Given Z = (2), introduce
U, as well as Mp(t),Gr(t) as

eiwr(t) £~ Zy(t
(219)  U(t)= ( 0 e_iST(t) ) <M> = Mr(t)Gr(t)Z(1),

where wr(t) = —ta2. Then Z(t) solves (2.1) in the H' sense iff U = (g;) as

in (2.19) satisfies the following PDE in the H* sense (with ¢7 = ¢(-,ar)):

. 0% + (0 +1)677 — af 067
(2.20) ’LU(t) + ( _Ud)%g _a% _ (O’ 4 1) %U + O[% U

= — 70 Wr(r) + Np (U, 7) + VU
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where

VT = VT(t,l‘) =
(2.21)
( (o +21)(¢§5’(m2 — ¢ (x+yr—vy)  o(¢77 () = PTP* (z +yr — y)) )
—0 (07 (x) — e 2P > (x +yr —y)) —(0+1)(¢7 () — ¢* (z +yr — )
(2.22)
o (— (x4 yr)eTd(x +yr —y) [—ePTP(z +yr —y)
0 Wr(m) = <(w +yr)e T (z +yr — y)> * <6"'”sz’>(m +yr — y)>

(P 0u¢(x +yr —y) ) . ( —e70pp(w + yr — y) )
e <6iPT8a¢(:E Y v —e" 10, ¢(x + yr — y)
(2.23)
(N (U,m) _ ( Nair(U,m)
Nr(U, ) := (NQT(U,W)> N (—NlT(U7T)>
and

Nip(U,7) = —|Uy + eiPT¢(l‘ +yr — y)|20(U1 + €ipT¢($ +yr —y))
+ ¢z +yr —y)* e’ + (o + Dz +yr —y)*Ur + 0p(z + yr — y)*7 7 Us.

Here pr = pr(t,x) is as in Lemma 2.4 and p(x+yr—y) = d(x+yr(t) —y(t), a(t)).
Finally, Z is J-invariant iff U is J-invariant, and U is J-invariant iff U(0) is
J -invariant.

Proof. Throughout this proof we will adhere to the convention that ¢ = ¢(-, a(t))
whereas ¢ = ¢(-, ar). Write the equation (2.1) for Z in the form

(2.24) 1O Z —HpZ =F 4+ (H(x(t)) — H1)Z
where

_( 0= (o + )W —a|WPDWE
ez = (TN T e )

see (2.18) and (2.10). With Gr(t) defined as in (2.19), and with p = —id,,

d (a7 AN —Qurp +ur?) er(t) A
g rOf = (igT@)%) - <<2va vT|2>gT<t>1fz<t>>

(226) — < 7(2’0Tp0+ |’UT‘2) _(2va0_ ‘,UT|2) ) gT(t)f
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for any f = ( ) Furthermore,

(2.27)

Mr(t)Gr(t)Hr (2)

_ < elr® ) ) er(t) A - o¢%“e2“9’f“vx+yﬂgT<t>—1f2)
0 7sz 20 o —2i07 ( t:r+yT) QT() 1ﬁ+(a%+(0.+1) 20) (t)71£

¢>
—|UT|2+2wT8 0 fi
( ot 200, ) 970(7)

ele

(5 o)
ein (t)

= 0 e—sz (t) X

—(02+ (0 +1)¢2) gr(t) " f1 — 0p%e 2i[07 (t,+yr)—(tlor|*+or (z+Dr)+y7)] ar(t)~1fa
O.gb%aefQi[ﬁT(t,quyT) (t\yT|2+vT(z+DT)+»yT]gT() 1f1 ( (ngl) 20’) T(t)flﬁ

7 eiwr (1) 0 —|vr|? + 2iv70, 0 Gr(t) f
0 e—in(t) 0 |’UT|2 + QiUTag; f2

Now
Or(t,x +yr) — (tlor|* +vr(z + Dr) +yr) = tak,

see (2.13). Hence, by the definition of w(t) (and dropping the argument ¢ from My
and Gr for simplicity),

iwr(t) 0 —(5? 1) 20 120 2ita?
(2.27) = ( e : o ) < (07 + (0 + )2 %) op7’e T20 Grf

o P37 e~ 2itar 02 + (0 + 1)¢%
eI erf -2y 0 N\
0 e iwr(t) 0 lor|? — 2vrp T
—02 — (0 +1)¢% —op2
O L
o =lvr|* = 2vrp 0
(2.28) ( 0 lor |2 — 2vrp MrGrf.

Denote the first matrix operator in (2.28) by H,. Hence, in combination with (2.26)
one concludes from (2.24) that

iU = iMrGrZ + iMrGr Z + MrGrHr + MrGr(F + (H(n(t)) — Hr)Z)

o 0
= < 0 wr >MTQTZ+

n —(2urp + |vT|2) 0
0 —(2vrp — |vr]?)

|UT|2 + 2’UTp 0
" < 0 fopl? 4+ 20pp ) Mr97Z + MrGr(F + (H(x(t)) - Hr)Z)

_ —02 + ok — (04 1)¢27 —o¢? U
077 92 —ag + (0 +1)¢77

+ My Gr(F + (H(r(t) — Hr)Gr' My U).

MrGrZ + HeMrGrZ
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It remains to compute the terms
(2.29) —i7d, Wr(r) + Np(U,7) = Mp(t)Gr(t)F(t)
(2.30) Vr = Mr(1)Gr (8)(H(x () — Hr)Gr(t) ™ Mr(t) ™!
In view of (2.1), one has
Fe s (—w_(ffjczﬁ(w — y)) B 7(—_ef‘)qb(sc — y))
zep(x —y) e "o(x —y)
e9,0(x — o —eP0,0(x — Ni(Z, W
- (e—wajqb(m —2)) - <_e—waf¢(<x —2)) i <N;EZ7 W;)
Now
0(t, z+yr)—(agt+or(z+Dr)+tlor|* +yr) = 0(t, x+yr)—0r(t, a+yr) = pr(t,z),
see (2.13) and Lemma 2.4. Thus, the first term of MpGrF is
e (& + yr)ei?tatyr) gmilthorPor @ DD g 1y — )
Y < 0 eir > < (& + yr)e— Bz tur) giltlor P+or (@+Dr)490) gz + yp — y) )
= i}((x +yr)e?r T gz + yr — y)>
(z +yr)errtmg(x +yr —y) )
This gives the ¢ term in (2.22). The other terms involving ¢, 4, and D are treated
similarly, and we skip the details. The cubic term in (2.1) is also easily transformed,

and it leads to the nonlinear term Np(U,7)in (2.23). We skip that calculation as
well. Finally, it remains to transform H(w(¢)) — Hr. One has

H(ﬂ'(t)) —Hr =

(L (EEF gl ov) o= e )
e 067~ y) = TG —yr))  ~(r + DGH (-~ yr) — 67 1)
where ¢ = (- —yr(t), ar), ¢ = ¢(- —y(t), a(t)) for simplicity. It is easy to check
that
iy — (o + 1)(¢77 (x) — ¢ (z +yr — y)) *
Grt)(H(n(t))—Hr) = ( 70672“(1’;( 20 (1) — BT E( 4y —y)) ) Gr(t).

T

After conjugation by the matrix Mr(t) this takes the desired form (2.21) and we are
done. For the final statements concerning J-invariance, observe first that the trans-
formation (2.19) from Z to U preserves [J-invariance. Second, the equation (2.20)
is J-invariant, which shows that it suffices to assume the J-invariance of U(0)
to guarantee it for all ¢ > 0. To check the J-invariance of (2.20), note that the
right-hand side of (2.20) transforms like

J[=i70,Wr(r) + Np(U, ) + VoU] = —[—i7d: Wr () + Np(JU, ) + Vo JU),
while the left-hand side transforms as follows:
T 07 + (0 + 1)o7 — of oo
THU) + ( 0% 32— (o + )% +a )V
T 07 + (o + 197" —af oo’
= -igut - (=K 32— (o + Vo +ad )TV
Combining these statements yields the desired [J-invariance of (2.20). O

Next, we state a standard bound on the nonlinearity Nr(U, 7).
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Lemma 2.7. The nonlinearity Np(U, ) from (2.23) satisfies
[Nz (U, m)(2,t)| < C(|U (2, t)]*7 " + U (2, ) P¢* (@ + yr — y))
for all x,t € R. Furthermore,
0. Nr (U, ) (, 1) < C(|U (2, )7 + U (2, )% (2 + yr — y))10:U (2, 1))
+C(U@, )77 + U2, t)?6* (z + yr — y))-
C here only depends on o.
Proof. Let
F(z,w) = —|z +w|* (z + w) + |w|*’w + (0 + 1)|w|* 2z + o|w|*“ Vw?z
for all z,w € C. Then F(0,w) =0 as well as 9,F(0,w) = 9;: F(0,w) = 0. Hence,
sup [F(z,w)] < C(|22+1 + |2 ).

lw]=1
Rescaling implies that
|F(z,w)| < Oz + |2 lw]* 7).
As for the second statement, we use the bound
sup (|0:F (z,w)| + [0z F (2, w)|) < C(|[*7 + |2]),

Jw|=1
as well as
sup (10w F (2, w)| + |00 F(z,w)]) < C(|2[*7* + |2[°).

Jw|=1

Via the homogeneity, for all w # 0,
|02F (2, w)| + [0:F (2, w)| < C(|2* + [2][w[**71),
10w F (z,w)] + |00 F (2,w)| < C(|12*Hw| ™! + |2 w7V,
Thus, if z = z(z) and w = w(x), then
102 F (2(x), w(@)| < C(|21* +[2][w]** 1) |za] + C(|12*7Hw| ™ + 2w V) g,
which implies that
|02 N (U, ) (2, 1) < C([U (2, )7 + U (2, 6)|¢° (z + yr —9))|0,U (2, 1)

oz +yr —y)
Since |00/ ¢|lco < C, the lemma follows. O

+C(JU (@, )7 + U (2, ) *¢* (@ + yr — y))

3. THE LINEARIZED PROBLEM AND THE ROOT SPACES AT ZERO
Recall that ¢ = ¢(-, a) is the ground state of —9%2¢ + a?¢ = ¢?** 1. Define

_ 92 _ 20 2 _ 20
B = (T )

Hence the matrix operator on the left-hand side of (2.20) is equal to —H(ar), i.e.,
(2.20) can be rewritten as

10U — H(ap)U = —ix0:Wr () + Np(U, 7) + VpU

or
iU — Hp(t)U = —ind, Wy (r) + Np(U, ),
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where Hp(t) := H(ar) + Vr(t).

In order to prove estimates on (2.20), we will need to have precise control on the
evolution e*7(®) Sections 5-9 deal with this issue. In particular, in Proposition 9.2
it is shown that the the essential spectrum of H(a) equals (—oo, —a?] U [a?, ),
and that the discrete spectrum equals {0, +iy(«)} with v = y(a) > 0. Here 0 is
an eigenvalue of geometric multiplicity two and algebraic multiplicity four, whereas
both +iv are simple eigenvalues (we are dealing with the supercritical case o > 2).
In fact, H(a) f*(a) = iy f*(a) where f*(a) are exponentially decaying, see Hun-
dertmark, Lee [27], and similarly H(a)* f*(a) = Fivf*(a) (cf. also Corollary 9.3
below). In [55], Weinstein showed that the root spaces

(3.2) N = ker(H(a)"), N* =[] ker((H(a)*)")

n=1 n=1

of H(a) and H*(«), respectively, are (with ¢ = ¢(-, «))

63 w=me=wnf( ). (00) (7). (120))
oo == (0). (55 (555) ()

In particular, in (3.2) the kernels are the same starting with n = 2. Let P; be the
Riesz projection onto the discrete spectrum, i.e.,
1 -1
Pi=— ¢(zI —H) " dz
2mi J,
where v is a simple closed curve that encloses the entire discrete spectrum of H
and lies within the resolvent set (see Hislop and Sigal [26] for basic properties of
these projcetions). Moreover, define P, = I — Py (“s” here stands for “stable”). In
Lemma 9.4 below we show that there is the direct and (skew) orthogonal splitting

(35)  L2(R) x L*(E) =\ + span{f=(a)} + (N + span{/=(a)})

Moreover, P; is exactly the projection onto the orthogonal complement on the
right-hand side with kernel equal to the sum of the first two terms, i.e., it is the
projection onto the orthogonal complement which is induced by this splitting.
The main estimates on e?*" P, are as follows, see Sections 6-8:

o sup, [e"Pofl2 < C|flla  and sup, [e"Pyf|m < Clf]|m
o [{@)e P flla < CUOI Il + (2} f]12)
o [[(z)~ %" Py flloe < Clt]72 [ {@)? f]l1 for all 0 < 6 < 1.

In order to apply these estimates to (2.20), we need to project U onto Ran(FPy). Fol-
lowing common practice, see Soffer, Weinstein [49], [50], and Buslaev, Perelman [5],
we will make an appropriate choice of the path 7(¢) in order to insure that U(t) is
perpendicular to A'*. However, for technical reasons it is necessary to impose an
orthogonality condition onto a time-dependent family of functions rather than N*
itself. We introduce this family in the following definition. In view of Lemma 2.4,
it approaches A'* in the limit ¢ — 7.
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Definition 3.1. Assume that 7 is an admissible path and let y, 0 be as in (1.5),
(1.4), yr, 07 as in (2.10), and pr as in (2.11). With these functions, define®

s €PTO(+ (yr —y)(t), o(t))

&i(t) = <e—ipT¢(. + (yp — y)(t),oz(?ﬁ)))7

s €T Oa( + (yr — y)(1), 1))

&(t) = <_iez'pTaa¢(- + (yr —y)(t), a(t))>

i ( e (z + (yr — 1) (£)o(- + (yr — y) (1), a(t)) )
e=i0r (@ + (yr — y)()e( + (yr — y)(), a(1) )’

2o i€T0(- + (yr — y)(1), a(t))

54(t) = (—’L'e_ipTaa:(b(' 4+ (yT — y)(t), Oé(t))) '

We similarly introduce the notation

(DG — (), a(t))
6i(1) = <e—w<t (- - ym,a(t)))’

B i) 9,0 (- — y(t), a(t))
a(t) == <_w O(t.2) 9 (- — y(t), alt) )>

_7 et (2 — (1)) (- — y(t), at)
€3(t) = <e—i9(t ) (z — y(t)p(- — y(t), alt )))’

o ie?(t2) 9, o —y(t), a(t))
€a(t) := <_Z€ 0t2) 9, (- — y(t), (t))>'

We also introduce other families {7;}7_; and {n;}j_, by
_ —i 0\ 2 - 0 )
(3.6) m:( 0 i )fj,an( 0 i )fj, for any 1< j <4.

By inspection, jéj = éj, JE =& for 1 < j <4 and we chose 7j;, n; in such a way
that J7; = 1, Jn; = n; for each j. Clearly, while the §;, &; correspond to H*, the
nj, n; correspond to H, see (3.3) and (3.4). Next, we modify the v parameter.

Lemma 3.2. Let w(t) be an admissible path as in Definition 2.3. Set
(3.7) A(t) =3 (t) +o(t)y(t)
and 7(0) := 0, i.e.,
¢
3= [ 10 +o(s)w()] ds
Then the function 7, Wr () on the right-hand side of (2.20) satisfies
70z W () = —Dija — 073 + 62 = Yiln
where the functions {77]} -, are as in (3.6). Similarly, we have (see (2.1))
70 W = —Dny — i3 + dmz — Am

Proof. By inspection. ([

6This notation is a bit inaccurate, since & depends on both T and the path 7 chosen. We will

later explicitly denote the path dependence by &;(7), and imply a time T explicitly chosen for
each path 7.
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The following lemma records some useful facts about the two families in Defini-
tion 3.1.
Lemma 3.3. Let ¢ = ¢(-,a(t)) be the ground state of (1.2) and let {éj};;l and
{7;}j=1 be as in Definition 3.1. Then
<§:1,f]j> = 2(0n,d) if j =2 and =0 else,
(€2.71j) = —2(0at¢) if j=1 and =0 else,
(gg,nﬁ —{(¢,0) if j =4 and =0 else,
(€4,7;) = (¢, ®) if j =3 and =0 else.
Here 0a($,¢) = 2(0a¢, ¢) = (2071 — 1)a"t||¢]3.
Proof. A simple calculation. O

We can now derive the usual modulation equations for the admissible path 7
under the orthogonality condition

(3.8) (U(t),&(t) =
forallt >0,1<j<4.

Lemma 3.4. Assume that 7 is an admissible path and that U is an H' solution
of (2.20) with an initial condition U(0) which satisfies the orthogonality condi-
tion (3.8) at time t = 0. Then U satisfies the orthogonality assumptions (3.8) for
all times iff m satisfies the following modulation equations (with ¢ = ¢(-, «(t)))

a(20t = Va9l = (U, 781 (. + yr — y)) + (N (U, ), &)
€2>

Y2071 = Da g]l5 = (U, 78s(. + yr — y)) + (iNr (U, 7),
DI|g|l5 = (U, 785(. + yr — y)) + (iN7 (U, ), &)
—i[|gll3 = (U, 78a(. + yr — y)) + (iN (U, 7), &)

In these formulae we denote by 7?5@(. +yr —y) a linear combination of four rapidly
decaying smooth functions with coefficients © and centered at (yr —y)(t). The right-
hand side is real-valued, consisting of scalar products of [J-invariant vectors. We

denote (as before) w(t) = (¥(t),v(t), D(t), a(t)).

Proof. The orthogonality conditions (3.8) are equivalent to the conditions (Z, &) =
0,£=1,2,3,4. Observe that assuming this, we have an equality of the form

([0 — H(m (1)) Z, &) = (Z,7Se(. = y(1)))
for suitable rapidly decaying functions Sy(-). More precisely, without assuming the
orthogonality, we have for suitable Ay € C

([10s — H(w ()] Z, &) = (Z,7Su(. = y(1)) + Ne(Z, &b) +10:(Z, &)
The statement of the lemma follows from this, the fact that solutions to first or-

der linear ODE vanish identically if they vanish at one point, and the preceding
lemmata. (]

Remark 3.5. The proof reveals that one may cast this system in the Z-picture
schematically as follows:

(=m0 W (m), (7)) = (Z(t),inS(m)(1)) — (N(Z, ), &(t))
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Equivalently, in the U-picture, this can be written

(—im0 W (m), &(m)) = (U (1), i78e(- + yr — y)(8)) — (N2 (U, 7), &(2))

4. CONSTRUCTING THE SOLUTION: THE ITERATION SCHEME

According to Lemma 2.1, in order to solve the NLS (1.1) with ¢(t) = W (t)+R(¢),
we need to find an admissible path 7(¢) as well as a function

Z € C([0,00), H'(R) x H(R)) N C'([0,00), H *(R) x H™(R))

so that Z(t) is J-invariant and such that (7(t), Z(t)) together satisfy (2.1). This
will be accomplished by means of an iteration argument. To explain it, we will
need to deal with several paths simultaneously. Therefore, our notations will need
to indicate relative to which paths Galilei transforms, root spaces, etc. are defined.
For example, Gr(m)(t) will mean the (vector) Galilei transform from (2.19) defined
in terms of 7, and {&;(7)(t) 71—, will be the set of functions from Definition 3.1 which
are obtained from 7 together with a time 7" specified explicitly in conjunction with
7. The iteration scheme is based on the linearized equation (2.1). In principle, we
want a suitable bounded subset of some Banach space X, containing (Z,7) (defined
globally in time), such that given some (7(9), Z(9)) ¢ X, with Z(0) = (gﬁﬁi), we can
solve for

. 52 o+ D)W (x(0)2 oW?2(z(®
10, Z(t) + ( t (_U—%/z)(lﬂ(o()) ) 92— (0 + (1)|W)(7r(0))|2 > @

= —i7 0, W (r ) + N(ZO 7O),

The vector 7 is determined by means of the modulation equations. The initial
datum Z(0) should be chosen in such a fashion that the solution Z(t) does not
grow in time, i. e., such that the exponentially growing mode remain controlled, see
below. The initial datum 7(0) is a fixed constant. Then we need to show that (Z, )
again lies in the same subset of X,. Unfortunately, this straightforward approach
runs into severe difficulties due to the fact that our norms (defining the underlying
Banach space) contain weights centered around the usual y-curve determined by
the path 7(9, and 7 diverges from 7(9) at infinity, leading to an incompatible
norm. In particular, there is no absolute X, we can work with, but only relative
versions of the form X, (), depending on the given path. Our way out of this
consists in adapting the time intervals on which the iterates are constructed. More
precisely, we shall solve the above equation on progressively longer intervals, which
are chosen in such a fashion that the paths differ very little on them. In particular,
the weighted norms are all compatible on such intervals. The details of the iterative
construction are rather involved and we now present them:

Definition 4.1. We let X, be the subset of the function space:
X = {(m,U) € Lip([0, 00), R*) x [L™((0,00), H'(R) x H'(R)) N Li5.((0,50),Y x V)] |

7(0) = (0,0,0,00) }
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where Y = {f € H'(R) | (z)f € L?, 9,f € LY(R)} for a very large number” ¢, for
which the following norm is < oc:

@1 [l(m U)lx. == sup {<t>2+6[ld(t)|+Ii)(t)l+I%(t)IHD(t)IHIIU(t)IIz

0<t<o0

+0.U®) |2+ sup &) @)°U@) 2+ sup (&) (2) U)o
0<6<1 0<0<1+e

+ O ) 0,u (), |

We define X, ([0,7]) analogously, replacing oo by T. We also introduce time-
localized versions of this norm, as follows:

[|(m, U)]

X,(o) == _ inf (7, 0)|
(TF7U)|[0,T]:(7T’U)

X

In the last line, (7,U) are to be in X. Finally, we introduce ||(, 2| %, (r)y- The
definition of the latter is the same as for ||.||x,, except that we replace (x) be
(x — 3O (t)). Here the quantity y(©(¢) is given by (1.5) with respect to the path
7(®). Time-localized versions of this norm are defined as before.

With the norm (4.1) the space X, becomes a Banach space. With these tools
we can now detail the iterative step and the a priori estimates: we shall again use
the notation

Also, we shall use the notation

1) = /0 #(5)ds + (0,0,0, ap).

Theorem 4.2. Let T; = i + 67, where § > 0 is as in the preceding definition,
i € Z>g. There exists 6p > 0 such that if 0 < § < dg, there exist positive numbers
A, C with the following properties: Assume that fori > 1, we are given (7T(j), Z(j)) €
X.([0,T3]), 0<j <i—1, all ZU) J-invariant, with the properties

VI ACINI _ . =) _ z(G-1)
(77, ZY9) %, (x-y(0,151) < €0 1SI§12;‘.’£1TJ tes[g,l;j] |7 T (1) <A

Also, assume that ZU) is constant past time t = T}, and that 7 is a straight line
past t = T;. Then given Ry as in Theorem 1.1, there exists a canonical procedure
for determining J -invariant initial data® Z(*)(0) satisfying (ZD(0), &(70-1)) = 0,

"It will be seen that q— 00 as o — 2.
s . R, . .
Sof course, these initial data are not just close to ( R—O ), but uniquely defined perturbation
0

thereof
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such that the following conclusion applies: the combined system

" P+ (o+1)|[W(xli=D)2e oW 2o 2(r(=D)W2(x(i-1) ;
(@) z _ , _ (@)
10 Z (t) + ( _U‘W|20—2(7T(z—1))W2(ﬂ.(z—1)) —82 _ (U + 1)|W(7T(2_1))‘20 (t)

= —ix @, W (r(=1) 4 N(Z20~D 7Dy

(4.2)

Z9(#)]1=0 = Z24(0)

(@7 D0 W (w7, &(x 7)) = —(Z0) (1), i7 VS () (1))
+(N (20D, 770) 6 (D (1)),

7 (0) = (0,0,0, )

has a solution on [0, Tl] satisfying the inequalities

@3) @D ZD) g oy oy < €8 T sup 70— 70D](1) < 4
’l te[0,Ty]

Also, ZW is J-invariant, and § can be made small independently of A, C.
In light of the theorem, we can make the following
Definition 4.3. Let 6y > 0, 4, C be as in the preceding theorem. The iterates Z(%)

are defined as follows: put Z(©) := ( % ), ) :=(0,0,0, ). Then determine
0

(Z® 7)), 5 > 1 from the preceding theorem: given (7(9, Z(0) .. (x(=1) ZG=1),
one constructs (7, Z(®) on [0, T;] and extends Z) beyond T; as a constant, and
7" as a straight line.

We now prove the theorem.

Proof. In order to avoid confusion, we shall stick to the following conventions: we
let &(7(?) etc. denote the functions defined in Definition 3.1, with the translations

(yr — y)(t) replaced by (yr O _ y)(t) etc. and time T; as above. Also, we denote
the basis of the root space of the operator

A+ (o + Do, o, )% — (o )2 ooz, af V)%
- i—1)\20 i—1
—o9(walf)? A= o+ Dl al )+ (o)
by ﬁg(agf*l)), and let eigenvectors corresponding to the imaginary eigenvalues
+iy(ay, (= 1)) be f* (oz%ﬁl)), both of which are chosen to be J-invariant. We shall
make the following ansatz for Z(*(0):

; Ry i—1) i—1 i i
(4.4)  2D(0) = ( FON >+h(’)f+( +Z}a Ay ), 0, ) eR
J

As stated in the theorem, we want this to satisfy the orthogonality relations
(Z29(0), (7 D(0))) = 0.

The assumptions in the theorem imply in particular that |7;(arp (e ) ()| < 6.
This entails that for ¢ sufficiently small, we may uniquely solve the system

<< 7 >+h REAC +Za(”ﬁj (o5 ). &(x D (@) = 0
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for the agi), for given h¥ € R and fixed Ry as in Theorem 1.1. Moreover, the fact
that both 7); (oz%ﬁl)), &(n=1)(0)) are J invariant implies that a;-i)(h(i), oz%ﬁl)) eR
for h(Y) € R. We shall then determine A" in such a fashion that the corresponding

solution Z(* (t) does not grow with time. In order to carry out estimates, we apply
a Gauge transformation to (4.2). Specifically, we put

U@ — M, (W(i_l))gn (W(i—l))Z(i)’

where we have

il (1)t
i— e 0
M, (71'( 1))(t) = < 0 o—iali=D (1) )

i 4oV DG+l a0 )?) il DS )

e

Gr, (n V) (t,2) =

i

i g T DT ol T et (0 T)2) Ji(2evy TV +DET)p

The notation here is the same as in Section 2. We apply the same procedure to the
Z() | thereby introducing quantities U, j < i — 1. Proceeding as in Section 2, we
derive the following equation in the gauged picture:

i0,UD — H(aHU®
= My, (" )Gr, (x7D) [=id D0, W (x D) + N (207D, 7(071))
+ (M0 (1) = H(g)(0) 2]

Here H(W%_l)(t)) is defined as H (7"~ 1) (t)) with the path y(*~1)(t) replaced by the

straight line path given by 2tv(Ti,_1) + D(Tii_l). Written out, the following equation

results:

iU () + 02 + (0 +1)837 — (ol V)? o% - 840
—o¢3 —02 — (o + 1)¢7 + (V)2

(4.5)

= —ix o, Wy, (n(71)
+ NT«; (MTi—l (W(i—l))ng;l (ﬂ-(i_l))gTifz (Tr(i_Z))_lMTifz (ﬂ-(i_Z))_lU(i_l)a W(i_l)) + V(i_l)U(i)

(i=1)

We use the abbreviation ¢r, = ¢(.,arp, ), as well as the following:

-1 — Vr, (ﬂ(i—l)) —

i— i— o i (i.il) o i— i—
( (4 D63 ~ (g U=y ) o8 = My -y 1>>>>

—24p87Y o i— i— o o i— i—
—o (37 — e PP g2 (gD —ymDY) (g 1)(93 — 62 (- +yl T — D))
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i7 W0 W, (V) ==

(i

1 i . (i—1)
.<i><_('+yn ) - yli=D)en
v

i . EPINCES)
() - y)e

(4.6)

o +ye V) — y“‘”))
o(- +yp D —yli-n)

(i-1)
—e'Pr;

(0) (@), (i-1) ¢(‘+9(Ti_1) —y )
+ (¥ + 0y ) il (i—1) -
e i o(-+yp - yiY)

o (i-1) i . . (i-1) i i
+ Za(l) ( eZ'DTi 8a¢( + ygﬂb 1) - y(i 1)) ) +ZD(74)( _eszi 8x¢( + yg"l 1) - y( 1)) >
(i—1
)

—ipl Y i , (i-1) i _
Ol + g =y 0(- +yg " = yi=Y)

,ipTi

€ —€

(4.7)

i—1 (i—1)
N (U, 7Y = (Nm(Um( >>> _ ( Nur, (U, 7071) )

N2Ti(U;7T(i_1)) —NlTi(U,ﬂ'(i_l))
and we have
Nig, (U, 7)) =
ipli—h i— - o ipli—h i—1 i
UL+ €T (gD =y RO 4 T (- oy g1
i— i—1)\ 2041 ipl—Y i i—1)\20
+ (- +yl =yt 4 (o4 e+ y Y =y D)0,
+og( + iV — ylimDyzegien "
As can be seen from (4.6), we need to define
(4.8) A0 Z 30 4 (0 (-1)

and then, as usual, 7 = (@ @ DO 4D) and 7@ (0) = (0,0, 0, o). As above,
we will sometimes write 7, W, (=) instead of 798, W, (=) to empha-
size that we are working with #() rather than 7(¥ itself.

We shall analyze (4.5) on the interval [0, T;], and establish control over ||U)|
upon defining A suitably. More precisely, we shall establish the following

X.([0.7,))s

Proposition 4.4. There exists a canonically determined value
h(Ro, 2079 (=D 7(=2)) e R

such that with initial data (4.4) and the assumptions of Theorem 4.2, we have for
some universal constant Cy independent of A, C

H(W(i)a U(i))HX*([O,Ti]) < 02[(A + 1)5]2 4 Q20152041 | Cod

This proposition allows us to retrieve the a priori bound on (w(i), U (i)), respec-
tively (7(?), Z(®); in order to establish Theorem 4.2, we still need to retrieve control
over

T; sup |7@(t) — 70~V
0<t<T;

This follows from the next
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Proposition 4.5. Assume h is chosen as in the preceding theorem, and moreover
A,C > 1 as above. Introduce the norm

(7 D) lly oo,y = sup (5w + sup [(8) 7| Z(D)]] 2
te[0,T] t€[0,7]

+ [z =y V@) 2,
where 6 = % + €. Then we have the inequality®
17D — 76D, 20 — ZEDY |y 6 0.1
< [A%06 4+ A2(CO) || (70D — &0, 267D — 26Dy o,
+[1+ (A+1)2(C8)? + (Co)* )T,
Let us now assume that these two propositions hold. Then we can finish the proof

Theorem 4.2. Observe that if we iterate the inequality of the second proposition,
we get

sup (1) |7t —707V|(t) S 1+ (A+1)%(C6)* + (C8)* T,
tE[O,Ti]

+ A2[C6 + (C3)*7][1 4 (A + 1)2(Co)* + (CO)* 1T, L + ...
+ (A2[C6 + (CO)*])[L+ (A + 1)*(C8)? + (C8)* )Ty
We conclude that if we choose A, Cy large enough and then § small enough, we can

bound
(@D UD)x, oy < C8, Ti sup ()" 2|70 — 70-1|(1) < 4,
te(0,T3]
which suffices to close the iteration. O

Thus we are left with proving the two propositions. This will be established by
means of a sequence of estimates.

Proof of Proposition 4.4. We shall estimate the various parts constituting the norm
H(w(i),U(i))|\x*([07Ti]). We commence with the parts concerning U®. We shall
decompose U into its dispersive, root, and hyperbolic part with respect to the
operator H(a%_l)). Thus we split

U(i) — U(g i) Ur(o)ot + U(Z)

hyp
and write
4
z i—1 [ i i—1 i (i—1
Ulooe ) = > a5 ()i (7). Up), = b0 f (0l 7) + 60 (af7Y)
Jj=1
We mean here that Uf;ot( t)=F (a(i_l))U(i), and U(i) = P# (a(i_l))U(i), where

P;—Lm (oz%__ )) projects onto the eigenspace corresponding to eigenvalue £iy (o, (= 1))

respectively. The orthogonality condition (ZW &(n=D)) =0, 0 =1,2,3,4, which
is equivalent to (U & (x(=1)) =0, implies an equation of the form

i

(U, & (a0 + (US| Eo(xi=D)) Z i), E(xV)) =0

9The statement here is far from optimal, but it is all that is needed to close the iteration.
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Our a priori assumptions on ﬂ(ifl) imply, upon choosing ¢ small enough, that the
4 x 4 matrix with entries (ﬁj(agﬁ*l)) &(w=1)) is nonsingular. In particular, we
can deduce formulae a; = aj(UT(o)ot, Uf(L;)p, 7(=1)). We feed this information back

into (4.5). Then we specialize this equation to the dispersive and hyperbolic parts:
for the dispersive part, we get

. 2 20 _ (,(i=1)\2 20 .
W) + (T O e iy ) VAR
—0¢7, 02 — (0 +1)¢77 + (g, ')?

= Py(afy )] = i# D0, W, (r0) + VEDUL) + UL+ oo

15 root

(Uit Usyy)]
+ NTi (MTi—l (,’T(iil))gTi—l (W(iil))gTq‘,—z (W(iiz))ilMTi—z (W(iiz))ilU(iil)v W(iil))}

For the hyperbolic part, we need to get a condition on b)+: denoting the hyperbolic
projection of the right-hand side of (4.5) as

+(U %) Uz 1) ) ,/T(’L 1) ,n_(z 2))
(U - 1),7T()77r(1 D pi-2)

we can formulate the system

d /pO+ —’7(045371)) 0 b+ gt

oo ) U7 ey ) o) = G)
In order to control the growth of 51, we use the following lemma already used in
[44]:

Lemma 4.6. Consider the two-dimensional ODE

i(t) — Aoz (t) = F(t),  x(0) = (361(0))

P

x(t) = (;;%3) remains bounded for all times iff

(49) 0= .231(0) + /OOC e_'ytfl (t) dt.

where f = (fl) € L>([0,00),C?) and Ay = (’y 0 > where v > 0. Then

Moreover, in that case

(4.10) 1(t) = / T e m0g (5) ds, wa(t) = e (0) + / =9 () ds.
t 0
for allt > 0.

Proof. Clearly, x1(t) = e"z1(0) + f (t=)7f,(s)ds and zo(t) = e Mx2(0) +
fot e~ (=9 fo(s) ds. If

lim e My (t) = 0,

t—o0

then 0 =x1(0) + fo e 57 f1(s) ds, which is (4.9). Conversely, if this holds, then
z1(t) = —€e [ e f1(s) ds, and the lemma is proved. O
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Of course we are working on a finite time interval, but we use this lemma to
motivate our choice of b"*(0), namely

T; i
b+ (0) = — / e10%, ”>tg+(U<i>,U<i*1>,7r<i>,7r<i*1>,7r<i*2>)(t)dt.
0
We now claim that there is a unique choice of h(" for which we have

P o D) (52 )+ 1Ol ™)

i

4
£ 3200y (al )] | =804 0)
j=1

This follows from the fact that due to our assumptions'®, we have
1— i— R
Prn(elf) (@ (00 - 1) (72 )] = 00)
(4.11)
4
Prn(0f) (01,00 (@) = DY a0, ol V)ii(af )] = 0 (60
j=1

Indeed, the dependence of A(*) on b()*(0) is linear. One also sees from the J-

invariance of f+(a%71)) as well as the root space representatives and the [J-

invariance of the equations that b(Y)*(t) is always real-valued, whence so is h(9).
With this 29, we can then define

i i i R i i
U0) = Pl {0 D) (52 )+ O ™)
4
+ > a9, ol i)}
j=1

Similarly, we can uniquely specify b(i)’(()). Of course, solving for U c(l?y U;L;)p is
complicated by the fact that the unknowns are on both sides of the equations (and
indeed also implicitly determine the initial data). Thus we need to run a contraction
argument to solve for them. Specifically, denoting

B — h(i)(Uég, U}S;)p’ yli-b g-1) 7T(i*2))
in the sense just established, we introduce a map Fr, (UC~1, 70=1 7(=2)) which
sends a given pair (7*, U*) satisfying the orthogonality relations

U=, &(r=)y =0, £=1,2,3,4

10provided we choose § > 0 small enough
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into another one (satisfying the same orthogonality relations) (m, U) as follows:

(4.12)
iUia(t) + [ 05 T (0T — (ag; )2 007 , Ui
) —0¢7] —R2 — (o 1)+ (ol )2 ) T

i—1 -k T i— i— * * * * *
= P (OL% )) [ - aﬂ'WTi (ﬂ-( 1)) + V( 2 (Udis + Uhyp + Uroot(Udisv Uhyp))
+ NTi (MTifl(ﬂ—(i_l))gTifl(ﬂ—(i_l))gTFz(W(i_Q))_lMTi72 (W(Z 2)) 1U(i_1)77r(i_1))]

(4.13)
Udis(o):

- i B i i-1) _(i-1) _(i— i
PG IO [ 2 ) HO Wi Uy U 100,10 2) 407

4
+ 7 0l (D (Ui, Uiy UG, 2070, 2072 0l s (a7 |
j=1

i % (?) . ( —v(ao%ﬂ) v(a§i1)> ) (l;) _

g (U, U, 7 i) 2(-2))
= g~ (U, U(i—1),77*77r(i—1)’7r(z’—2))

b+(0) — b+(U*7 (](i—l)7 7T*, 7_‘_(i—l)’ ﬂ_(i—Q))’ b (0) _ b_(U*7 U(i_l), 7_‘_*7 ,]T(i—l)7 7T(i—2))

(70, W, (D), & (n07D)) = —(U* (1), i# DS, (. + &Y — =) 1))
(415) + <NT1 (MTifl(ﬂ’(i_l))gTi71( G- 1))gT 2( = 2)) 1
% ]\4:,}72 (7_[_(1'72))71(](171)77‘.(171)) ( (i— 1)(t))>

Here S; is from Lemma 3.4. Of course we have written Uy, = b*f*(a%_l)) +

b~ f~ (a%ﬁl)), and this in addition to Uy;s uniquely determines the root part U,,ot,

on account of the orthogonality relations (U, & (7(=1)) = 0, which we assume to
hold. Our task is to find a fixed point for the affine map

Fp, (UG G- 7262y . (% U*) — (,U)

In order to do this, we need to show that it is a contraction with respect to the
norm ||.||x. jo,z,))- This will then (finally!) define the iterate (7("), U(®)) and thereby
(undoing the Gauge) (7, Z()). Note the equations (4.12)—(4.15) can all be solved
by integration in terms of the initial data and the right-hand sides.

We shall show here that Fp, (U0—D, 70=1 7(i=2)) sends the ball

1m D). o < CoC2[(A+ )8 + O 16271 4 Cod =2 M(A, €, C, )

into itself, provided ¢ is small enough in relation to A,C,Cy, and provided the
latter quantities are large enough (relative to some absolute constant, and with Cy
small enough in relation to C'). The same estimates, upon considering a suitable
difference equation, will establish the contraction property, as well as the inequality
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in Proposition 4.4.
(A): Estimating ||Ugis||zse£2 ([0,7,]): for this we use the fact that

) (i—1)
|Udisl|lLeor2 (o)) S sup ||e" e, )Udis(O)HLg
‘ te[0,7y]

+ [[right-hand side of (4.12)[11 12 (o,1,))

We commence by estimating the various terms on the right-hand side of (4.12):
first, observe that

Py(af )it 0 W, (n 0= D)] = Py(al™ ) [ir* 0 W, (07D) — i 0, Wi, (w5 V),

where 9, Wr, (ﬂ%ﬁl)) is the same as 8, Wr, (r(~1) with the path (1) replaced

by the straight line path W(Tifl), see Definition 3.1, Lemma 3.2, and Lemma 2.4.

Therefore, by our assumptions on 7= we get

. . ~ . . Ti
1Ps(af )i 0 W, (1] 1 12 o)) S 5cl, . ]<t>2“lfr*l] /0 ()~ <dt
€10,73

SCIM(A,C,Cy,9)
We have used the following simple
Lemma 4.7. Under the assumptions of Proposition 4.4, we have
0 W, (70) = 0, W, (V) (1) S Ceo ()~

Proof. This follows from the definition of 8, Wr, (7(~1) (with y, yp replaced by
y=b, yyfl)), see the definition after (4.5), and the fact that

D () -y (0] S OO, |pr(t, )| < Co 821+ |z]) ()~

as follows from Lemma 2.4. O

Next, using the definition of V=1 in (4.6), as well as the linear dependence of
Uroot on Ug;s, Uhyp we get

HV(Z_I)(U;zs + U;:yp + U:oot(U;iSV U;:yp))”L%Li([O,Tl])
SIVEN @) oo 2 o, 1)~ Ustiall £ poe o,y + 142 ™8Tyl 21 e 0,120

+ 1) U ot 2t 2 0z
T;
< OOl < (2) U™ | e v / <t>717Cdt < CO6M(A,C,Cy,5)
0

We proceed to the last and most complicated term of the nonlinearity. To simplify
notation, denote

00D = M, (x070)r,_ ()G (x0) 7 M (n72) U6

Thus we need to estimate ||NTi(U(i_1),ﬂ(i_l))|\L%Li([07Ti]). Using Lemma 2.7, we
get

[N (T, 20D (1,2) S [T (@, )27
F O (@, )22 o + (v — g D))
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We first estimate the contribution of the local term. We have
106D (2,262 (@ + (5, =yl z2 oy
S ) 20D (@, )2y e [[(2) 027 (2 + (e =y (@) [ r2

T;
S (A+ D)) () U e oo [/ {6y~ 2dt) S (A+1)C26
0

We have crudely bounded for ¢ € [0, T;]

(4.16) sup(z) [TV |(t,2) < (A+ 1) supla)?[UED
z€R zeR

(t, )

Finally, we need to estimate |\(U(i_1))2"+1||L% 2(jo,y))- This is straightforward, we
have
N@ Y2 s oy S ||U(171)H%§Lgo||U(171)||Lf°L§

Note that the translations and phase functions distinguishing UG=Y from U-1
are irrelevant here. One bounds the preceding by

T; N ) 1 ) .
<Cs / o U ()2 dt + 6 / 10,060 (1) 25 + [0 ¢)125]ds,

where we have used Sobolev’s inequality in the last step. The expression can be

bounded by < (C§)2°FL. To finish the estimation of Uy, we still need to handle
. (i—1)

the free contribution, i.e. sup,e( 7 ||, )Udis(0)||L§. For this we need to

carefully keep track of the definition of Ug;s(0), which was

Udis(o):
i— i— R i * * i— i— i— 1=
PN DO ( 2 ) 00 Wi Uiy U100, 02 1 )

4
. i * * i— i— i— i— 1)\ ~ i1
* Z aé’)(h( )(UdiS’ Uhyp: Ut 1), ml 1), ml 2)), Oé%; ))m(a% ))} }

j=1
Recall that h®) (U, Upyps U= 70=1 7(=2)) depended linearly on
b+ (U, Uy U1 =1 p(-2))
which in turn was given by the expression

T; i—
— / e_’y(a'(Ti 1))t9+(U*; U(i_1)7 7T*7 ﬂ-(i_l)a Tr(l_z))(t) dt’
0

where g*(...) is as in (4.14). But this part is estimated exactly like above (indeed, we
have an extra exponentially decaying weight), and one winds up with the estimate

T; i
/ ol 1))tg+(U*, Ut o 70 =2y (1) dt
0

S(A+1)(C8)? +(C8)° + CIM (A, C,Cy, 5)

The fifth power here comes from 26+1 > 5. Keeping in mind the linear dependence
of the a;Z) on h(Y, and choosing Cj such that

’Ps<a%‘”>gn<w“*l><0>> < % ) \ @

1)
L?T<A’
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we get the estimate (for large A)
C
|Uais(0)|| 2 < Xoa + C1[(A+1)(C8)* + (C8)® + C5M (A, C, Cy, )]
. (i—1)
for suitable C1. Using the approximate unitarity of the evolution O ) acting
Py (a%_l))(LQ), we finally obtain

C
Udis|| 2o 12 (0,12)) < 705 + Co[(A+1)(C8)* + (C6)° + COM (A, C, Co, 8)]

for suitable C5 (independent of all other constants) and large A, provided A was
chosen large enough.

(B): Estimating ||Upoot||Lee 22 (0,13)) + [ Unypl e 22 ((0,7:])- To complete the estimate
for ||U||Ls L2 (j0,7])» We still need to estimate the contributions from the hyperbolic
and root part. For the former, we use (4.14), as well as the condition for b*(0) and
Lemma 4.6, which results in

T (i—1) . . .
br(t) = — / e = g (e G e =1 1 =2)y () gy

t

b~ (t) = efm(a(Ti;U)b_ (0) + /t 67(Oé(Tiiil))(Sft)g_(U*, U= g 20D 2(@=2y ) dt
0

for all ¢ € [0,7;]. One can then bound this by the same kind of expression as

| Udisll oo L2 (jo,1,))- Finally, the fact that U0 depends linearly on Ugis, Uy, implies

the same kind of bound for it. This completes estimating the ||.|| s 12 -contribution.

(C): The contribution of [|0,U||s 2. Using Corollary 8.3, as well as the Duhamel

parametrix, we see that we need to estimate

(|0 [right-hand side of (4.12) without the Ps]|| 1112 (j0,7:])
However, this follows from almost identical estimates. Omne simply substitutes
||<t>1+6(x>_%_258$UHL?oLg where before we used ||[(£)7(x) "0U || Lo oo [0, 7,1
(D): The contribution of supogegl<t>*9|\(x>9U||Li. This is treated just like the
preceding cases, using the Duhamel formula in addition to Lemma 6.12 (more pre-
cisely, an interpolate of this and the approximate L? conservation). The details are
very similar to previous calculations, and we skip them.
(E): Estimating the weighted norm [[(t)**¢(x) ~Ugss|| oo o (j0,7:]), @ = 3 +€. Using
Duhamel’s formula as well as Lemma 8.2, we see that we havel!

_ _p itH(a D
(@) " Uis ()| e < [1(a) 0™ T D U35 (0)| e

+ /0H<t T

+ NT«; (MTi—l (W(i—l))ng;l (ﬂ-(i_l))gTifz (Tr(i_Z))_lMTifz (ﬂ’(i_Z))_lU(i_l)a W(i_l))] (8) HLI ds

(@)? Py(af™ [ 0 W, (r 0~ 1) 4 VD (WU + Uy + U (Ui Upiy))

t
1 i—1 Ll T i— i— * * * * *
+ / (t— 8)7 2| Pyl )i 0 W, (D) 4 VDU, + Ustyp + Ut (Uiias Uriy))
t

-1
+ N, (Mr,_, (n")Gr,_, (n )G, (r2) T My, (rO2) U 2D () 1y ds

For the last integral expression, we have rather crudely discarded the weight ()%,
since this term turns out to be very small. We proceed as in case (A) by treating

HThe s in Ps(agffl)) stands for ’stable’ and has nothing to do with the integration variable s.
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all the different terms. First, consider the first integral expression on the right. We
estimate for ¢ € [0, T}]

t—1 ) . B )
/O (t =)~ N @) Polaly ) i7" 0 W, (7 )](s) |y ds

t—1 , _ . , . - ;
= [ = ) Pulafy ) 0, (07 = i 0, W, )]0 s
0
t—1
< 05/ (t —s) ™17 (s) "2 ds S CSM (A, C, Co, 0)(t) ¢
0
This is acceptable in light of the definition of ||.||x, (jo,7,))- We have used the fact

that we may safely move the weight (x)? past P (a(Tii_l)) and then discard it, due
to the local nature of the expression. Next, we have

/ot_1<t =) @) Pual VO Uiy + Uiy + Ut Uiss UngpDI(8) 11 ds

S /Otl@ = )7 @ VO )L @) " Udia + Uityp + Usoor (Uiias Unyp) (8) 1 25= ds
S COM(A,C,Cy,0) /Ot_1<t —8) sy ds S () TITECOM(A, O, Cy, ),

as desired. Next, we consider

t—1 . o )
/0 (t— s) 1| (2) Py(af V) [Ny, (D, 7ED)(s)]| 11 ds

As before, we move the weight past the operator Ps(a%_l)) and discard the latter,
obtaining the expression

t—1
[t = U@ N @D, 1)) 5) 1y ds
0
We use Lemma 2.7, which implies

t—1 . )

|t @) Ny (@D 7 D) o) s
0
t—1 .
S [t @ 1 D P
0

06D (@, 5) 02 (w4 ) =y D))l ds

We treat each of the two summands separately. First, consider the local term. The
weight is simply absorbed here, i.e., we can estimate

t—1 ) )
/0 (t—8) "1 @) TV (@, )22z + (v — y ) (s) ]| ds

t—1
< / (t— 8" )T (2, )] e [T (2, 8) 15 x

x [(2)2092 (@ + (y " =y D) (s)) |1 ds
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Again exploiting (4.16) (actually, we only need to pay A here), we can bound this
integral by

SMGWA_@—@**@%MSAwww**

Next, consider the nonlocal term. Here, we can no longer absorb the weights, and
therefore need to carefully keep track of the exact powers. For this purpose, we
assume (as we may) that 0 < € < o — 1 — 26. Using Lemma 6.12, we get

t—1
[t @ T Py ds
0

t—1
S /O {t =) W) T (@, 8) |2 100D (2, 9) 22 10 (@, 5) |75 ds

~

t—1
< A(o5)20+1/ (t— )15 E 0 ds < A(CO)2H ()T
0

We have crudely bounded

sup ()’ UV (2, 5)| < Asup (@)U (x, 9)]
z€R zeR

We proceed to estimating the fringe integral over the interval [t —1,¢]. The estimate
here is even simpler: we get

t N . ~ .
/ (t— )72 || Pu(al ) [ir* 0. W, (r =) (5)] || L, ds S C8(t) 2 M (A, C, Co, 6)
t—1 ®

Next, we have

t
_1 i— i— * * * * *
| =9 PO+ Uiy + Vo Uins Vi)Y ds
t

i
—1

5 C(SM(Aa 07 CO; 5)<t>7176
Of course we exploit here that
(@)U e < ()71 7°M(A,C,Cy, )

The remaining terms are more of the same and omitted!?. We still need to estimate
the free contribution. First, note that for 0 <t < 1 we have by Sobolev’s inequality
as well as the approximate unitarity of the free evolution, see Lemma 7.2

i ali=b i ali™h
[(z) e DU (0) | e S e Ui (0) |1 S NU(0) ] 10

The latter is estimated as in parts (A), (C). Next, assuming ¢ > 1, we have (using
Lemma 8.2)

i ali—b —1—¢
()= On Ui (0) 220 < )7 IN) Uuais (0) | 2

~

120ne has to be careful here, since the paths 7(i=1) 7(i=2) diverge a bit more past time
Ti—1 = T; — 1. Thus one needs to replace A by A + 1.
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Using that
Udis (0) -
i— i— R i * * i— i— i— i—
PG orm O 2 ) +HO Wit Uiy U 5,112 407
4
+ 37 ) (A Ui, Uiy U, 0D, 7072 0Dy (a5 7)]
j=1

This shows that first, the following term needs to be estimated:

,, S|@renaenon (1)

sl ()

which is majorized by %5 for Cy chosen sufficiently large and large A. The re-
maining terms constituting Uy;s(0), being local, are estimated similarly, in light of
the earlier comments on h(9(...) etc. More precisely, one obtains

H<x>9Ps(ag§—”)gn(w“*”(o)) ( % ) !

L

L

C
() Uais ()l 2. < TO5 +COM(A,C,Co,8) + Cs[(A+1)(CO)* + (C8)*7 ]

for an absolute constant C'5. We are done with (E).
(F): The estimate for

sup (t) "' [[(2) " Unypllre and  sup ()" (@) " Uyootl| e -
0<t<T; 0<t<T;

The estimate follows once we establish it for Uy, on account of the linear depen-
dence of Urpor 00 Ugss, Upyp. To see it for Upyy, use (recall the terminology from
the beginning of the proof of Proposition 4.4)

T; i
b () = _/ ¢80 g () 1) 2l0) i1 1 G=2) () gy
t

(i—1) t (i—1) . ) )
b~ (t) — e_t’Y(aTi )b— (0) T / e’Y(O‘Ti )(S—t)g—(U*7 U(l_l), 71'*7 ﬂ,(z—l)’ W(l_Q))(t)dt
0

The exponentially decaying weight accounts for the integrability of the integrands.
But then the desired decay rate of (t)~17¢ follows easily from the preceding esti-
mates for g*(...).

(G): The estimate for supg< <, (t) " ~¢[[(x) 2720, Uyis(t)||a. This is handled
by using Lemma 8.3, in addition to the Duhamel’s formula. One reduces to es-
timating the differentiated nonlinearity, which is handled just as before, using
(t>_1_€||<m>_%_268xU(t)||Lg instead of (t)~'7¢[|(z)~?0,U(t)|| 1 in some places.
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Thus one gets with 9(% - %) =1+e— l(% — 1y

1o, — 52, -

)20, O S 1)~ 32 ™ U 0w
t=1 11 . ~ .
[ =9 @) TRl 0 W ()

0

+ V(iil) (U;zs + U;:yp + U:oot(U;isv U;zkyp» + NTi (MTi,—l (Tr(iil))gqu—1 (ﬂ'(iil)) X
X gTz‘—Z (W(i_Q))_lMTifz (ﬂ—(i_Q))_lU(i_l)7 W(i_l))] (S) ,ds

t N . ~ .
* / (t— )72 || Po(als™ )i 0 Wi, (m D)
t—1

+ V(iil) (U;zs + U;yp + Ujoot(U;isv U;:yp» + NT{, (MTi—l (W(iil))gTi71 (ﬂ'(iil)) X
X gTz‘—Z (ﬂ—(i_m)_lMTifz (77 )_1U(i_1)7 W(i_l))] (S) ||W1f‘1' ds

.

In order to estimate the first summand on the right, invoke Lemma 8.3 for ¢ > 1,
and use Sobolev’s embedding as well as the results of (A), (C) in case 0 <t < 1.
Next consider the 2nd summand, i. e. the first big integral expression. Proceeding
as in case (E), we see that the local terms can be handled just as there, since the
different weight gets absorbed at no cost. For the non-local term, one uses similarly

to case (E) (let ﬁ + % - %)

t-1 11y ~ .
/0 (t—8) 71 (@) T DT (@, ) 2T ds
t—1 o(L 1y ~ . ~ . - .
/ (t— ) @) T DT (@, 8) | 2+ [0 (@, 8) [y [O D (a, 5) |25 ds

0

<
5 A(05)20+1 /

t—1
<t _ 8>—1—58—0+%+0(%—%) ds 5 A(06)2a+1<t>—1— ,
0
provided we have 1+¢e— %(% — %) <o-— %, which we may assume. The last integral

expression is estimated similarly.
(H): Estimating supg<;<r, (t)*7¢|7|(t). For this we of course use (4.15). The fol-
lowing terms need to be estimated:

* LA (i— i—1 i—
(U (@), 7 IS (A =y (@)
SNV Oz 186+ 3" =y ) @llz |7V ()] € C(6) 7>
Of course this estimate is rather crude, but it suffices for our purposes. Next,

consider the expression (N(U0=D(t), 7(=1 (1)), £(x=D(t))). Using Lemma 2.7,
we reduce this to the following two estimates. It suffices to consider T; > ¢ > 1.

(U (@, )22 @ + (5 Y =y (1), £V (1))

S (A+ D2 (2) U (1) 722 S ((A+ DCO)2 ()7

(T (@, )P4, (w1 ()| S o2 (2 1T (@, ) e 27 1€ (w0 (8) ] 1
< (777 ()
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Finally we have controlled all the components constituting ||(7, U)||x, (j0,7,))- Gath-
ering the preceding estimates from (A)-(H), we get

C .
|, Ul x. clo,73) ]\ =254+ CSM(A,C,Cy,8) + C3[(A +1)2(Co)* + (0827

for suitable large A (if we choose Cj large enough) and Cs an absolute constant.
We conclude that if C is sufficiently large in relation to Cy, Cs, and 4 sufficiently
small in relation to C, as well as Cy sufficiently large in relation to C5, we get

H (7T, U) ”X*([O,Ti]) < M(A7 07 007 6)7

which establishes the a priori inequality we need. Since the contraction step follows
along the same lines, the map FT,L.(U(i_l),ﬂ'(i_l), 7T(i_2)) has a fixed point. This is
the next iterate (7("), U(")). This establishes Proposition 4.4. O

Proof of Proposition 4.5. We need to analyze the difference equation at the level
of the Z, which will be accomplished by transforming Z" — Z(=1 into a suitable
gauge, similarly to the preceding (note, however, that we need to consider the
difference of the Z() since it is easy to see that the difference of the U cannot be
controlled in a reasonable way). Starting from (4.2) etc. we arrive at the following
equations, valid on [0, T;_1]:

(4.16)
i0,(ZW — 201y — H(x (D) (2D — zG=1)
= —[im#D oW (xV) — iz(=Vg W (2=2)]
+ N2, 707) = N(Z072 7 D)) 4 [H(r2) = H ()2
— (@0 W (x D), &(x V) — VoW (7 072), & ()]
= (Z20(8),ix IS (x0T (8)) — (N(Z207D, 707D, & (x D) (1))~
(Z0 (), in DS (x ) (2)) — (N (202,702, & (x 2 (1))
We commence by analyzing the first equation. Introduce the gauged quantity
Ulii=1) .— My, (W(ifl))gTi (ﬂ(ifl))(z(i) _ Z(ifl)),
It satisfies the following equation:
100 = H(a Uy
= My, (=G, (Wu—l)){ [ D, W (r (DY — 7D g W (n-2)]
4 N(Z6D 26=D) - N(Z6D 22 4 [ (n D) - H(nli~DY)] 20D
+ RO - Al @))(29 - 267) )

(4.17)

Introduce the norm |+, *)||¢o,7y) like [|(-;*)lly@ 0,77y but with the weight (z —
y=1D(t)) replaced by (z). We estimate the various constituents of this norm.
(A): The contribution from ||<t>*1U§;’;_1) oo 22 (jo,1,_,])- For t € [0,T;_1], we shall
use

1 TS @) 2 S @O USD(0)]] 2
+ (1) Y| Py(alV[left-hand side of (4.16)] 1112 (0.0
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we need to estimate the following terms:
ifr(i)&rW(w(i_l)) — ifr(i_l)&rW(w(i_Q))
= i(7®D — 7N W (D) 4 7Y@, W (xV) — 9, W (x(172)))
As for the a priori estimates, we can estimate
[i(7 D = 7D P [ Mo, (r )G, (x D)0 W (7 )] L 2 (0.1
= [i(G® = 70D) Py My, (x=D)Gr, (r D) (0 W (2 7D) = W (s D2 22 0.1
SO sy UG ) [ s
te[0,T;—1] 0
Moreover, we have for t € [0, T;_1]
1Py [Mr, (r )G, (D)7 =D (0, W (1) = 0. W (7)) 1 12104
t
S( sup <82+€>|7'T(i_1)\(8))/ (s)7'7%ds  sup 7OV —7UTI|(s)
SE[O,Tifl] 0 SE[O,Tifl]

SC5 sup (o) FE[FOTD — 7072 (s)
s€[0,T;-1]

We have used the following simple
Lemma 4.8. The following inequality holds for t € [0,T;_1]:
sup [0, W (V) (s) = 0, W (x)(s)| S sup (s)' 2[RIV (s) — 7D (s)]

s€[0,t] s€[0,t]

Proof. Note that 9, W (7m(*=1)) consists precisely of the generalized root functions,
translated by y~1 and twisted by a phase ¢~ and similarly for On W (m(1=2)),
But we have for s € [0, ]

[y (s) =y |</ 00D (") =07 (s)]ds’ + | DO (s) — DU (s))]

< s‘ﬁp]<8> 5l (5) — 0l %)MD@ V(s) — D2 (s)]
se|0,t

and similarly, we have

\H(i_l) (s,z) — gli—2) (s,2)]

< [0 (s) =02 () [] +

/0 (DY) — U2 (1)) d

/OS((Q“_”)Q(S’) — (@D())?) ds'| + |y (s) =2 (s)]

S D (s) = oD (s)] Jal + [y (s) =P (s)]

+ sup (5) FE[00D (5) = 0D ()| 4 [al TV (s) = ol (s)]]
s€10,t]
+ 1y (s) =7 (s)
Of course the factor x gets absorbed because of the local nature of the term. Finally
note that

_|_

|’Y(i71)(5) N Fy(i72)(s)| /S sup <S >1+2|7-r(l 1) _ (2 2)|(5 )7
s’€[0,s]
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and the lemma follows. O

In order to estimate the second term in the nonlinearity, we use that

[N(267D, 7=D) = N(76-2), (-2
1
_ [Z(i—l) _ Z(l—?)]/ 8ZN(S[Z(1—1) _ Z(z—Q)] 4 Z(i—2)7ﬂ_(i—1))d8
0
1
+ [7G~1) — 72 / 0N (2072 772 4 g(z(=1) _ 7(=2))) g
0

Now we have for ¢t € [0, T;_1]

(&) | oM, (x40, (r )26 - 267D)x

1
x/ 7N (s[z0~Y — z(=2)] +Z(i’2),7r(i’1))ds]’
0

LiL2[0,t]

S[ACS + (C6)%) sup  (s)7H| 207D — 22| 12 (s)
s€[0,T;-1]

We have exploited that
07N (s[201) — Z(=2] 4 7(=2) (=1
< |S[Z(’i—1) _ Z(i—Q)] + Z(i—2)|20 + ¢( . y(i_l))|S[Z(i_1) B Z(i_Q)] n Z(1—2)|

which follows from Lemma 2.7. Next, using reasoning as in the proof of Lemma 4.8
in combination with Lemma 2.7, we obtain

1
60 =7 62)) [ 0N (202,102 4 s(nl) = 220 ds
0

S [sup () T2 700 — 702 (9)]| 2072 @) sup (- — g + sy =y D))(1)
s€[0,t] 0<s<1

We can further estimate this by

[sup ()72 |7070 —7E=D|()]| 2072 (@) sup (. — D 4+ s(y" =y 2))(1)

s€0,t] 0<s<1

SO E [z — y T T 207D (1))

sup (z —y )26 —ylD 45y — D)) sup 70D - 707D|(s)
0<s<1 0<s<T;_1

and we bound this in turn by

SACOPHT78 sup (s)HERIYD - 20| ()

which can be comfortably integrated against t. Now we estimate the third term in
the nonlinearity. Note that it is here that we are forced to use the extra weight (¢)~!:

(&) 7| Po{ M, (7)o, (D) () = ()] 200 Y

LiL2[0,]

<SACS sup  |ROTY — 772 (s)
S€[0,T;-1]
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One again uses a version of Lemma 4.8. Furthermore, we obtain

-1 (i—=1)(\) _ (i—=1) (1) _ 7(i-1)
ogf’g:%,1<t> | [H(w () = H(mg, " ()I(Z Z )HL,}Lg[o,t]

<05 sup (- —y O T(2D — Z20Y)(s)]| L
0<s<T;_

Next, consider <t>_1||U¢§z; 1)( 0)|[z2. Note that
UH=D(0) = U*(0) =M, (x"= )G, (r=D)(0)G7.L, () (0) M, (x =2 U1 (0)

Moreover, we have
4
. . i R, i i i) ~ i—
U(0) = M, (x0=1)Gr, (¢ 1>><o>[( s ) + O @)+ a (el )]
k=1

Ut=v(0) =

4
i— i— R i— i—
M (500N (0 )+ R @) 4 Sl Vil )
k=1

The conclusion is that
U0y = 08[7% " — 7%~ D)) + O(h® — pt=Y)

Thus we need to estimate the difference lh(z) — hG=1_ For this, we decompose
U=1) with respect to the operator H(a%_l)):

pGi=1) _Z = (1,i—-1) (1 1)( gffl))+b+(i,i—1)(t)f+(a¥‘—1))

+ o (O () + UG
In other words, we have
Ui = zw D e
4,5—1) ii— 1—1 —(i.i— — i—1
Upyp e DO + 700 (o)
In particular, we have the identity
(4.18)
b (0)fF (oY) =
i—1 i— i— i i—1 i— i—2
= P} (af, >>{MT1<7T< D)()Gr, (0 )(0) [B0 £ (0l ) = BTV £ (a7

4

4 Z (@) (z 1) %—1)) 4 Za](;’—n[ﬁk(a%—l)) B ﬁk(a%_m)]} }
k

k=1

In order to control the difference (Y — A=V we need to control b(H)(@i=1)(0).
Indeed, assume we control the latter. Observe the simple identity

h(i)f+(a%—1)) _ h(ifl)er(a%—_?)) _ [h(i) _ h(ifl)]wa( (i—1))
+ D[ () = fHaf )]



STABLE MANIFOLDS FOR NLS 37

The conclusion is that'?

|h(@) — pl=Y)

< |P,+m<a§f;”>{Mn (@) O)Gr, () ORD FF (0l ) = RO (o DY

+ [Pr, (o) { M, (07 D)(0)(Gr, (x070) = D(O) [ £ (0l 7V) = 6 1>f+< Il
+dlag,” ” —af Y|

On account of the a priori estimates established thus far, we conclude that

(Gr, (7Y (0) — ) fF (0l )| S C6

Furthermore, back in (4.18), we have

| P (0 [ M, ()G (0 )3 (el il )] |(0)
k=1
‘ (1 1) [MTi(ﬂ'(i_l))g = 1 24: (l 1) )il (a%—l))H(O)
k=1

i i— i—1 1—2
S e R e
We use here that a,(f) = a,(f*l)(h("), a(i_fl)) etc. Also, we observe that!
(z 1) i—1 i—1) (i— (z— ) (i-2)
[P (o) [ M (x40, (¢ N3 )~ (ol )]
_(i—1)  ~(i—2
Sl A
Finally, we observe that thanks to the a priori estimates thus far established

L N L I b URSi=
€0, 151

Putting all of these observations together, and using (4.18), we get that
RO ==V < b0 () 46| (7O -7 02, 207D 20|y o oy T

and thus it suffices to estimate b*(#=1)(0), as claimed above. To do so, we observe
the ODE system satisfied by the b1(i=1) as follows:

4 ( b (1) ) (™) 0 ( b= (1) )
dt b(z‘,i—l)—(t) 0 —’V(Oégf 1)) b(i,i—l)—(t)
gH UG gl=1) gi=2) (=1) 7(=2) 76) _ ;(-1))

:( g (UG=DY =D [(=2) 7(=1) 7(=2) 7() _ p-1)) )

where
gi(U(i,i—l)’U(i—l) 7T(i—l) 7T(i—2) 7 _ﬁ-(i_l))

= Plim(a%_l)){M (7N Gr, (20D [right-hand side of (4.16)

FyG-D(Z0 _ Z(H))]}

13Use that M, (x(=1)(0) = I.
Myse that a,(;) = 0(9).
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On the other hand, by construction of U®*~1 as difference of two L?-bounded
functions, we know that b(**~1)(t) is controlled by an a priori bound C§ on [0, T}].
The solution b+(*=1 () of the ODE is given by

1) () :6tv(a(Ti;1))b+(i,i71)(0)+/ (t—s)y(af ") g (,)ds
0
We conclude that

+(iyi-1) SN S —y(af )Ty
b (0) = — e T JgT(,)ds +O0(e T )
0

Thus we need to estimate g*(.). However, this can be done as in our previous work
concerning the bound on ||(t)~1(Z®) — Z(Fl))HLg. This completes estimating the
dispersive part U g(lz’;_l).

(B): We also need to estimate the root as well as the hyperbolic part for ¢ € [0,T;_1].
For the latter, one again invokes the ODE system, as before. However, there is a
technical difficulty since we no longer work on an infinite interval and can no longer
conclude that there is just one possible value for b (»*=1)(0) given in terms of an
integral representation. We do have the representation (for ¢ € [0,7;_1])

- (i—1) . t (i-1)
bJr(z,zfl)(t) _ etV(OéT% ! )b+(z,zfl)(0) +/ e(t*S)“/(aTi ! )g+(,)d8.
0
As before, this allows us to conclude that

+(4,i-1) (t=Ti—1)y(af ") Tis o(t=7(ag ) gt
b (t) =O(e ) — (,)ds
t

The first term on the left is only O(1), though, as ¢t — T;_;. Note that this problem
doesn’t occur for the establishment of the a priori estimates since we define b+(%)(0)
etc to be given by the integral expression. To remedy this, observe that we also
have

UGNy =UW()
— My, (x ) (O)Gr, (x D) 0)Gr,, (72 ()T My, (2O ()T U (8)
Observe that as long as T;_1 — t > Clog|T;_1|, one obtains the desired estimate

for b= 1(¢). If T;_y —t < C'log|T;_1|, one invokes the a priori estimates, which
produce a bound of the form

O U Ol S OTITD @)z + 10D ()] 1] S COT,2,

hyp
which is more than what we need. We proceed to the root part. Using the notation
from above, we have
4
1 1) 1 i—1
Ul D (8) =Y V@il V(e )
Jj=1
From the iterative construction, we have

<U(i’i_1)’£€(ﬂ'(i_1))> — <Z(i’i_1),§g(ﬂ'(i_1))> — <Z(z’—1), —fg(ﬂ(i_Q)) +§Z(71—(i_1))>
Hence
Ui Vs &elm 1)) = —(Ug ™Y, &(x 1)

root
- <Uf(LZ;71)’£@<7T(i_1))> + (20D gy (n72) 4 £y(x D))
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From here one obtains the bound

- ii—1
sup ()OS (012
te[0,T;—1]

< AO(;H(Z(FD _ Z(i72),ﬁ(i71) _ 77(i72))||y<i—1>[0,:n,1] + CaTi—l—e

C): Finally, we consider sup,cip ()" H|U® V|12 we use the a priori esti-
te[Ti—1,Ti] 2
mates to obtain

&) TSI < @) 12PNz + 11297V 22] S COT

We proceed to the weighted L>°-norm sup, (o 7, [[(z—y = (£)) (2D =Z0=D) (1) = -
We follow the same strategy as before by changing the gauge, working with

UG = My, (x ) (0)G, (r D) ()2 — 26 (1

(D): the estimate for ||<$>_0Ud(z’:71)||L:o([0’Ti71]). We use (4.17), Lemma 8.2 as well
as the Duhamel parametrix, to obtain

—07-(i,i—1 _g itH(a% V) (i,i—1
1(2) U () S IHz) 0o U= (0)]| o

t—1 ]
(419) + / (t— 5) "1 ||(2)° Py(ays V) [left-hand side of (4.17)(s)]|| 1 ds
0
t .
+/ (t— s)_% \|Ps(a¥:1))[left—hand side of (4.17)(s)]||z1ds
t—1

We start with the first integral on the right, which can be decomposed into the
following terms:

t—1 . ) . (i i
[ =9 U @) P ), (r) G ()i 00, W (2 1)
0
— i VW (D)) (s)| 11 ds

We split this into two contributions, the first of which is

t—1

=) ) Palady ) { M ()G, () x
x [i(7® — %“*U)aﬂW(w(Fl))](s)}||Li ds

Observe that one may move the (z)? inside, replacing it by (z — y(~D(t))¢. Then
one may replace the expression

Py(ali ™) My, (r D) G, (1) 0, W (m 1))
by
PS (a%il)){MTi (ﬂ.(i_l))gTi (ﬂ-(i_l))[aﬂ—W(ﬂ‘(i_l)) _ aWW(ﬂ,%;l))] }7

see Lemma 2.4. Thus, we need to estimate

) / (t-5) =y () (O — A D)0, W (26D () =0, W ()] |y s
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Due to the local nature of this expression, one can suppress the factor (z—y =1 (s))?,
and we can estimate the above by

t—1
o sup <t>”§l7‘r“)—%(“)l(t>/ (t—s5)"""(s)" "2 ds
t€[0,Ti 1] o

S5 sup ()FRW —70D|(r)
te[0,T;-1]

The second contribution is the following

/Ot_l(t gt

<x>9PS (a%*l)) {MTi (W(i_l))gTi (ﬂ_(i—l)) %

x [FD @0 (x0) - 0, W (2 (s)]}| | ds

Ll

S /0 (= 5) o — gD () R D@, W (70D) — 9, (2-D)) (5)] |, d

t—1
SL sup [RED - &7ED|(0)]ACs / (t—s)" 05 Sds
te[0,T; 1] 0

SACS sup <t >1E|RED 702 (4
te[0,T;-1]

We have used Lemma 4.8.
Next, we treat the difference N(Z0~D 7(@=1) — N(Z(=2) 7(=2)) in the nonlinear-
ity. We split
N(z(ifl),ﬂ-(ifl)) _ N(Z(F”?ﬂ-(i’”) — N(z(ifl)ﬂr(i*l)) _ N(z(i*2)7ﬂ(i*1))
+ N(z(i—Q)’W(i—l)) _ N(Z(i_2)77r(i_2))

: : . i1 :
Proceeding as in the estimate of ||U}% )||L§, we write

[

X N(Z07D, 70-D) = N(Z0-2, 2 6-0)](s)

0zN(Z72 4 (27D = 202 7=D)(s)]|

<x>9P5(a¥:1)){MTi (ﬂ.(i—l))gTi (ﬂ.(i—l)) %

ds
L

()" Po(ads” ) { M, (r )G, (n D) (2070 — 2072)

dsd
L;Su

We use Lemma 2.7 to reduce this to two estimates, a local and nonlocal one. First,
we get (by moving the multiplier (z)? inside and then removing Ps(a%_l)) etc.)

/t_l(t —8) 7w — y TV (5))? (207D — 207D (s)
0
12072 4+ (207D = Z072)|(5)g(. =y (5))l| 1 ds

t—1
<A205 sup ||z — D (1)) 020D — Z26-)(1)] / (t— )71 =(s) "1 ds
te[0,T;—1] 0
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For the nonlocal term, we estimate if we assume (as we may) that 0 < e < 0 —1—26

| = e = gt 12 - 26

12072 4 (2071 = Z07D) 27 ()| 1 ds
SA sup @ =y TP (0) (20D — 2072 ()] o]
te[0,T;-1]

t—1
/ (t =) N =y ()1 2072 4 (207D = ZE2) P (s) | 1 ds
0
SAYCHY sup @ —y D) (20 = Z207) (1)) ]
te[0,T;-1]

We have used Lemma 6.12. Further, using Lemma 4.8 as well as Lemma 2.7, we
get

(4.20)
[N (20679, 76-D) = N(262), -2 (s)

< sup (s)|707D — 702 (8)| 202D P(s)p(. — py" D (s) — (1 — )y (s))
0<p<1

+ |Z(i72) | (5)20+1]

Plugging this back in, we get for the contribution of the local term

t—1
/ (t=5)"1"(s) sup [(w =y ()R - 70D (5)x
0 0<pu<1

x |20 D(s)g(. - uy(“z)(S)’ L ds

< A%C?% sup  (s)'tE
s€[0,T;-1]

t—1
) [ =T

while for the contribution of the nonlocal term, we get

t—1
/ (t =)' 7(s) sup [z =y D)) 70D — 702 (5) [ 2072 ()2 1y ds
0

0<p<1

SA(CH* ] sup (s)'*3
s€[0,T;-1]

t—1
SED) [ ) s
0
Finally, we need to control the following two local terms:
t—1
/ (t =) Y =y () TH(E) = H(E ) (5) 207V | 11 ds
O x
€2 (s (i t=1 €
< sup  (s)iFE|RGTY - %(“2)|(5)A205/ (t—s) 175" 2ds
SE[O,Tifl] 0

where we have used Lemma 4.8. Similarly, by Lemma 2.4,
t—1 . _ )
/ (t =)l =y V() HETI)@) Mg 02D = 207)|ds
0

t—1
<ol sup |z — D () 029 - Z6D)| ] / (t—s) "\ "csds
s€[0,T; 1] 0
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This completes estimating the first integral expression in (4.19). The second is
handled similarly, and is hence omitted. We still need to estimate the contribu-
tion from the free term. The fact that the difference (Z() — Z(=1)(0) is a local
term ensures that this can be accomplished exactly along the same lines as for
[(Z® — ZG=1)(0)] 12, which we dealt with earlier. This completes part (D).

(E): The estimate for ||(z)~°U ,5;; D) L. This is handled exactly like the corre-

sponding contribution of ||{¢)~ 1U;(L;; Y L2, on account of the fact that this term is
local.
(F): The estimate for ||(z)=0U%" 1)||Loo. Use again that

root
7,1 1 ng i i 1 ~ . iie1) # .
(Ui, E(nS ) = —(U, Er D)) = (Ui, Eu(n )
+ (207D, & (7)) — &(x (D))
One combines the previous estimates for ||(z)~ 9U§Z; D) ||Lgo’ ([ ()~ 9U}(L;Z 1)HLM
with the following;:

(20D, £(xD) — &(xD))|(1) S ACS sup (s)

s€[0,T;-1]

F@=1) _ Z(i-2) |(s)

(G): Estimating sup,e i, , 77 [[{2)~ o=t )||ze=. This is again accomplished by
using the a priori estimates We get for t € [T;_1, T}]

(z) U0 (0| S (A+1)CIT;
taking into account the translation effect of
Mz, (a =) (0)Gr,_, (7)Y (G, (w2 ()7 My, (x 2 (1) 7

Putting these estimates together completes the estimation for the norms involving
z@ _ z=1),

(H): We proceed to estimating suptE[O’Ti]<t>1+§\7Lr(i) — 7#@=1D|(t). First, consider
the case t € [0, T;_1]. Use the equation

— il 00, W (D), G(r ) — (0D, 0,W (), g (x2))
421) = (2D, 7 IS (x) (1) — (N(Z0D, 70 g (x ) (8)) -~
(ZU7D(),ix Sy (x D) (1) — (N (2072, ml072)), (=) (1))
Note that
FO = 70-D1(1) S |00 W (), & () — (GO0 (1672), (x4 2))
+ RO ()7 (1) - 7P ()]
First we have

\<Z“)—Z(H>7i%(””Se(w(“))>(t)\§C5<t>’1’6t Sup ]<t> H(ZO=Z2E) ()12
€0, 151

Of course this term will then be moved to the left. Next, we have
|<Z(i—1) [i(i—l) _ L(i—2)]Sz(ﬂ_(i—2))>|

S/ < > 177||Z i—1) ”L2 [(SJUTP ]< s >1+§ |7~T(271) _%(i*Q)‘(S)
i1
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Further, using a variant of Lemma 4.8, we get
(207D, 7D (Se(n D) = (7)) (1)
SHZE D2 () EFCV(@)]|( D = 2 ED)(0)),
which is bounded by (always keeping in mind that ¢ € [0,7;-1])
Co)717F sup ()T <R (s)

s€[0,T;-1]

The difference
(N(Z0D 7 00), & (w=D)(1) = (N(Z2072, 7072, (=2 (8))
is handled as before. Indeed, one obtains
|<N(Z(i_”, =), Eo(x 1) (8)) — <N(Z(Z D r72), (w1 (8)]
Sy tE =72 (0|0 N (2" ),M(H) + (1= p)r =2 (1)

S AP[CP6 4 (oY) E sup () FE(RUTD - 2UTD)(1)]
te[0,T;—1]

(N (207D, ml= 2)) &) (®) = (N(Z072, 7072, & (D) (2)]
S 12070 = 20 D)0)0zN(uz) + (1= ) 2072, 702 (1))
(t

< A*[C6 + (C<S i (57 Sup ]||<$ - y(i_l)(s))_ (2070 = Z07)|
se[0,T; -1

(I): Finally, consider the case ¢t € [T;_1,T;]. Then we estimate
[(ZO(t), in DS (D) () — (N(Z07D, 7 07D), & (n ) (2)~
(207D (1), xS (n D) (8)) — (N (207,772, & (x 2 ()]
S A+ 1)X(Co)* + (CO)> T
Putting all of the preceding estimates (A)-(I) together, we obtain the claim of
Proposition 4.5. U

We have now shown that Definition 4.3 results in iterates satisfying the a priori
estimates (4.3). We now need to show that the (7(?, Z()) converge in a suitable
sense. We have the following

Theorem 4.9. Fori>1, j > i, the following inequality holds'®
17D =79, 20 — ZD) |y 6o S

There exists (w0, Z) € X, (w) solving (2.1) in the H'-sense in addition to satisfying
the orthogonality relations

(Z,&(n(t))) =0 Vit €0,00)
with the following property: for every T > 0, we have
lim |[(7 =7, Z = Z9) || 3 (my 107 — O

1—00

In particular, we get

L5This convergence is rather slow, of course, and can be significantly improved by choosing T;
less conservatively.
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Also, we have

R,
2(0) = ( o ) +hf* (o +Zaﬂ7] 0c0)
Jj=1
for suitable h, aj(h) € R, where h = h(Ry) depends in a Lipschitz continuous
fashion on Ry. Finally, (7, Z) is the unique solution with these initial data and
satisfying the above bounds and orthogonality relations.

Proof. We need to show that the (7(, Z()) form a Cauchy sequence in a suitable
sense. This follows from the following pair of inequalities. Let j > 4.

H(/]’-‘r(i) — 7@z _ Z(j))”Y(i)([O,Ti])
(4205 + AX(C7 )| (70D — 70D, 267D — Z6D)lyi oy
[1+ (A+1)%Co)* + (CoO)* 1,7t

Tysup sup |70 —7W|) <A
§>i te[0,Ty]

The proof of these follows along the exact same lines as the proof of Proposition 4.5.

One uses the fact that on account of the a priori estimates already established, we
have (5 > 0)

S
+

Tosup sup |7@ —7z0)|(t) < A
3>4 t€[0,To]

If one iterates the first of the above two inequalities, one obtains
(7@ — 70) Zz(®) Z(j))HYm 07 S it

Now choose T' > 0 and ¢ such that T;, > T". Then we see that for i > iy, j >, we
have

17D =79, 20 — ZD) |y oy S i~
In particular, the numbers (¢)'*27(9)(t) converge uniformly on [0, 7], whence also
w(i)\[oj] converge toward some Lipschitz continuous path 77 on [0,7]. Actually,
this path is C!, since 7 is locally the uniform limit of continuous functions. Note
that if we define yp (¢ fo vr(s)ds + Dr(s), we have

¥ Do,z (1) — yr(t),
and consequently we have

I-Ily@ o, = Mlyio.,

where ||.|[y[o,7) is defined like |||y (o) with 3~V (t) replaced by y(t). In sum-
mary, we get ‘ ‘ A ‘

lim ||(7~r(z) _ 7}(])’ 7@ _ Z(]))”Y[O,T] =0.

1,] —00
This in conjunction to the a priori estimates implies that the Z(i)\[QT] converge
point-wise toward some function Zr € X, ([0,T]), which satisfies

(4.22) Zlililo |(xp — 7@, Zp — Z(i)|[O,T])HX* o7 =0

Clearly (mr,Zr) weakly solves (2.1) and satisfies the orthogonality relations on
[0,77]. Indeed, we can improve this statement by observing that the norm [|.[|y-« 0, 7,])
in Proposition 4.5 may be strengthened to also include

) s[gl;][<t>’1HZ(t)llH1 + (e =y ) 70,2 (1) 4], qas i |x.
€|0,75
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The justification for this is as in the proof of Proposition 4.4. This in particular
entails that

Zr € C([0,T], H'(R) x H'(R)) N C*([0,T), H~(R) x H™'(R)),

and Z solves the equation in the H'-sense. Replacing T by a larger T, we can
compatibly extend (77, Z7) to a larger time interval, whence all the way to [0, c0).
Then the a priori estimates imply that the (7, Z) thus constructed lies in X, as
well as
C([0,00), H'(R) x H'(R)) N C*([0,00), H~Y(R) x H™'(R))
In particular, the limit aoo 1= lim;—, oo cr(t) exists. The estimate (4.22) implies that
Z®(0) — Z(0)

in the L2-sense. In particular, recalling
; R - i i-1) =, (i—
200) = (0 )+ R + Y o el

we get h*=1) — ATt for suitable ht € R, and similarly agfl) — ay, for suitable
ar € R. Moreover, on account of the a priori estimates, we have

o = alI(D) < T Jase — a(T)| < T
for i suitably large. Hence
i = a| < 27717 4 |a(T) — aO7H(T))

and therefore _
lim |a¥__1) — Q| < 2T71°
1— 00 K

Letting T' — oo, we get lim;_, a%_l) = (s, Whence indeed
R 4
_ 0 + ~
(4.23) Z(0) = ( Ro ) +hf () + g arMk (oo )-

k=1
We now verify that ht, a, depend in a Lipschitz continuous manner on Ry. We
claim the following;:

Lemma 4.10. Let (7, Z) be the solution associated with ( % ), and let (7*,2*)
0

*

be the solution associated with ( gg > Then the following inequality holds'®
0

) Z = Z*N Lse L2 (0, Ro—Rz1-1)) + I(F = 7))l Lee (0,1 Ro— B2 lI-1) S IR0 — Rol

Assuming this lemma for now, we introduce U (t) = Moo (7)(t)Goo (7)(£) Z(t), and
analogously for U*. The preceding considerations imply that we may write

U = Ugis + Uroot + Unyp with respect to H(aoo),

and we can write
Unyp = b7 () [ (o) + b7 (1) f ™~ (a0),
where

+ _ Ooe—w(aoo)s + ) (s)ds
b*(0) /0 g (U, m)(s)d

16We shall assume in the following that [|[Ro — Rl < 1.
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and we have

g (U, ) = P} (o) [0, Weao (1) + N (U, 70) + VU]

V=V(t)

(4.24)

o ( (0 +1)(¢%(2) = 6> (z +yoo —y)) (9% (2) = €¥P= ¢ (2 + Yoo — Y)) )
T\ (9% () — e (2 + Yoo —y))  —(0 +1)(92(2) — ¢*7 (¢ + Yoo — ¥))

(4.25)

o (@ Y)EP= (@ Yoo — )\ L [P P(T + Yoo — Y)

iw0R W (m) := v((x + Yoo )€ TP (T + Yoo — y)> M <€_i”°°¢($ + Yoo — y))
(€7 0,0(x + Yoo — ) o =€ 0, (2 + Yoo — )

e (eiﬂwam(x Yoo — y)) b (—eiﬂwam(x Yoo — y))

(4.26)

and N (U, 7) is defined as in (2.23) with T replaced by co. Plugging in the above
estimate, one easily!” obtains the bound

S 6llRo — Ryl

/ e*“’(o‘“)ngr(U,w)(s)dsf/ e @) g (U 1) (s)ds
0 0

Now one uses that (with an analogous equation determining b**(0))

4
7(0) = P (0 Mo ()00 (O [ (1) 417 0) + S (o)

k=1

Observing that

R R
Pt ( 50 ) = 1Piulan) = Phutaal (0 ).
one infers from the preceding that
|h = h*| S 6| Ro — Rgl

Furthermore, exploiting the orthogonality relations determining Us,.oot, U, OnE
obtains a similar estimate for a — aj for all k. The argument just given also easily
implies the bound

4

A+ > lax| S IRolI?
k=1

We now turn to the proof of Lemma 4.10, which is based on a recursive inequality:

17Repeating estimates as in the proofs of Proposition 4.4 etc. and breaking the integrals into
two parts, one over the interval [0, [[Ro — Rg|| =], the other over its complement, where the a
priori estimates are used.
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Proof. (Lemma 4.10) We recycle the notation from the proof of Proposition 4.4 etc.
We Claim the following pair of inequalities hold true'® for j >

F® =70, 29 = Z D) |y (0 mingr, i mo - Re -1 1)
< [A205 + A%(Co) |7 = 7D, 207D — Z D) |y (0min{ T Ro— RE 1)
+ 1+ (A+1)%(CO)* + (CO*IT;H + | Ro — Ryl
min{T;, || Ro — Rg[| "} sup 7O —7O|(t) < A
t€[0,min{T;,|| Ro— R ||~ }]
The proof of this proceeds inductively, assuming

sup  min{T}, |Ro — R;|~'} sup 79 — 7 0)|(t) < A
0<j<i—1 te[0,min{Ty,[| Ro— R ~*}]

Playing the usual iteration game, it is then easy to see that one can retrieve the
latter inequality for j = 4 from the foregoing inequality. To prove the first inequality,
one writes the difference equation satisfied by Z — Z* in the following fashion:

(4.27)
iat(Z(i) _ Z*(i)) _ H(W(z‘—l))(z(z‘) _ Z*(z’)) _
= —[i#D, W (x =) — i7*D g W (w*(~1)]
+ [N(Z0D,7070) = N(Z7CD D) (D) = H (D)) 2

(4.28)
7O — 0] = (20(8), iF0DE(xV)(1) - (N(Z67D, M) &(r D) (1)
(270 1), i OV (x" D) (1)) — (N(Z707D, 76D), & (" 0-D) a))

The estimation on the interval [0, min{T}, |Ro — Rg[|~'}] follows then almost ver-
batim the proof of Proposition 4.5. Note that the paths 7, 7* lead to compatible
norms on this interval. ([

We have almost completed the proof of Theorem 4.9. All that is left is the
uniqueness part. For this, consider the solutions (7, Z) € X, (n), (7*, Z*) € X, (7*)
with identical initial data:

4
20) = () +0rH ) + Y i)

k=1
* R *
_Z(O)_<Rg)+hf+ +Zaknk

We study the difference equatlon for Z — Z *, T —7" On account of the a priori
bounds, the two paths y(t fo s)ds + D(t fo s)ds + D*(t) differ by
A (say) on [0,T] where T =L We estlmate (the norm ||. Hy here is either with
respect to m or 7*)

17 = 7% Z = Z)lyqorr10) S ON(F = 7%, Z = Z)lyqozyy + 0T
Implicit in the equation are the constants A, C from before, which we assume to be
chosen once and for all. From the above, we obtain in particular that

(T+10) sup |7—7"|(t)< A
te[0,7+10]

18Possibly shrinking § and growing A, C a bit.
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Now one repeats the same argument with 7"+ 10 instead 7" etc. The conclusion is
that
(7 =7, Z = Z")lyqo,rp) =0 forall T >0,

whence the two solutions agree. O

Proof. (Theorem 1.1) In light of Theorem 4.9, we are almost done, we only need to
verify the scattering statement. Given a solution (7, Z) on [0, 00) constructed as in
the preceding proof and with Z(0) as given by (4.23), we define

4

®(Ry) = upper entry of [Af1(an) + Z axTk (Qoo)]
k=1
Define as usual U(t) = Moo (7)(t)Goo (7)(t) Z(t). We first seek a representation of
the form _
U(t) = e @)1} 4 072(1)
for a suitable U; € P,(L?(R)). Define

U1 = Udis (O) - Z/ €iTH(aoo)Ps(aoo)[F(T)] d’l“,
0
where

F(t) == id,U(t) — Haw)U(2)

Clearly, we then have

U(t) — e 1)Uy = Upgop + Unyp — i / ™M) P (a0 )[F(r)] dr

t
On the other hand, the preceding estimates as well as the fact that both Usoot, Unyp
are local and satisfy suitable L>° decay estimates imply that

Uroot + Unyp — i / M) P, () [F(r)] dr = og2(1)

t
It remains to show that one has scattering for the evolution of H(a). This is a
standard Cook’s method argument. Indeed, write

_H2 2 _ 20 20
H(ooo) = ( 3zg%o 52 _Oa2 >+< (002210)(1)00 (o ffﬁ)za ) =: Ho(awo)+V,

where ¢oo := ¢(+, o). Then
t
e—itH(aoc)Ul — e—itHo(aoo)Ul _ 'L/ e—i(t—S)Ho(aoc)Ve—’LSH(aoo)Ul dS
0

and thus
(4.29) Uy := lim etMo(ase) gmitH(ace) 17,

exists as a strong L? limit. Indeed, this follows from
/ Heis'Ho(aw)Ve—isH(aoo)Ul||2ds 5 / H<x>—96—is7-{(aoo)U1”OOds
0 0

with the latter integral being controlled as follows:

() e =) | o

= ) [ () i [ P ) Fr ]



STABLE MANIFOLDS FOR NLS 49

The first term on the right is controlled by Corollary 8.3 as well as Sobolev’s in-
equality:
()%™ T Ui (0) | 1o S ()7

For the integral term we rewrite it as
[y [~ etromen ) m ) ar|
0 o0

- H (z) /0 T ) P, (00 1700 W () () + Noo(T, 1) (1) + Voo ()]

oo

Proceeding as in the proof of Proposition 4.4 etc., and keeping the a priori estimates
in mind, we easily bound this integral by

o0
g/ min{jr — s/~ [r — 5|~ }r) 1< dr
0
Putting the preceding observations together, we obtain that

0 .
| @ te ey s
0

< / [(5)7176 + / min{|r — s|71*6, |r — s|*%}<r>*1*6 dr]ds < oo,
0 0
as desired. It follows that
U(t) = e Mole=)Uy 4 012 (1).

Finally,
Z(t) = Gool) " M($) U (1) = e~ H0G 1 (0)Us + 012 (1),

-0 0 . _ .
where Hg = ( O”” o2 ) Setting G .1(0)Uy = (}%) and Z(t) = (ggg), we obtain
R(t) = €% fo + 0p2(1),
and the theorem is proved. O

Proof. (Proof of Theorem 1.2) The idea is as follows: Given «g, consider the
NLS (1.1) with initial data ¢(-, ap) + Ro. Applying the usual four-parameter family
of symmetries (Galilei giving three parameters, scaling one — scaling here is the
same as the parameter «), we transform this to W(0,-) + R; where W(0,z) is a
soliton with a general parameter vector 7y which is close to (0,0,0, o). Hence, we
can apply Theorem 1.1 to conclude that these initial data will give rise to global
solutions with the desired properties as long as W(0,z) + R; lies on the stable
manifold associated with W (0, ). To prove that we obtain four dimensions back
in this fashion requires checking that the derivatives of W (0, x) in its parameters
are transverse to the linear space S of Theorem 1.1. However, these derivatives are
basically the elements of the root space N of H(«ap), whereas we know that S is
perpendicular to the root space N* of H(ag)*. More precisely, it is easily verified
that these derivatives are

(a)-(2) (%) (a2)
o )7\ 9 )7\ —iz¢ )7\ 0:0

But Lemma 3.3 implies that no nonzero vector in AV is perpendicular to N'*, which
proves that N is transverse to S, as desired. (I
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5. THE SCATTERING THEORY FOR SCHRODINGER SYSTEMS

This section presents the scattering theory for matrix Hamiltonians on the line
which was developed by Buslaev and Perelman [5]. Since the presentation in [5] is
somewhat sketchy, and since we need to refine some of the estimates in [5], we give
full details.

Definition 5.1. In what follows,

We will assume that V' as well as all its derivatives are exponentially decaying:
(5.1) [V® ()] < Cre™l Vi >0

with some 0 < 7 < 1. Moreover, all entries of V' are real-valued, and we will also
assume that V' is even: V(z) = V(—z).

The decay and regularity assumptions can be relaxed to polynomial decay and a
finite number of derivatives, but we do not dwell on this issue. Let the usual Pauli
matrices be given by

(01 (0 —i (1 0
7 1 0)727 i 0 )00 -1 )
Note that any V as in Definition 5.1 satisfies

(52) 037‘(*0'3 = H, 017‘(0’1 =—H.

The following three lemmas construct a basis of the solution space to Hf = (A2+1) f
with prescribed asymptotics at infinity. These are of course analogues of the Jost
solutions in the scalar case. Throughout, u = v A% + 2.

Lemma 5.2. For every A € R there exists a solution fs(x,\) of the equation
Hf?)('u )‘) = ()\2 + 1)f3(7>\)

with the property that fs(x,\) ~ e H* ((1)) as x — oo. Moreover, f3 is smooth in
both variables and satisfies the estimates

(5.3) ‘8§Bf |:6fo3(1‘, A) — <?>} ‘ <Cpp e

for all z >0 and k,¢ > 0. Finally, supycg Sup,cr e"* f3(z, A)| < C(V).
Proof. We set

B 0 [eS) sin(A(y—=z)) 0
(54) f3(1’, )‘) =e M (1> +/ ( 8 _ sinh(u(y—=)) V(y)f3(ya )‘) dy

o
Equivalently, with

Sin(A(y—2)) 0
(5.5) K(z,y; \) = 8 _ sinh(u(y—x)) ete=v),
“w

5o e = (1) + [T R0 hN dy
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Since for all A € R

weuw} <cp,

sup | (, 3 A)| < sup { (y — z)er==9) 4
y> W

y>x

with a universal constant C, we conclude that e#* f5(-, \) solves a Volterra integral
equation and thus

(5.7) supsup e f3(z, A)| < C(V).
AER z€R

Thus, we obtain that
et fa(x,A) — <?)‘ < / CpteWdy<Cpte”

for all x > 0. The estimate (5.3) follows by differentiating the Volterra equa-
tion (5.6). Indeed, since K (z,z,\) =0 and 0, K (z,y; \) = —0, K (x,y; ), integra-
tion by parts yields

D (eh® fa(w, ) = / K (g V() f5(y, \) dy

+f " K (e NV )0, (e fa(y, N)) dy.

By the usual estimates for Volterra equations as well as (5.1) and (5.7),
[ee]
|0 (e f5(z, N))] < C/fl/ e Wdy < Cpute ",
x

for x > 0, as claimed. The higher derivatives in x follow in a similar fashion.
Indeed, integrating by parts one verifies inductively that

k

(5.8) O (" fy(x, \)) = Z (?) /°° V=D ()07 f5(y, N)] dy,

=0
which implies the bounds
|05 (% f(w, \)| < O~ te ™™

for all z > 0. As far as the derivatives in A are concerned, differentiating (5.5) in A
reveals that

sup |03 K (2, y; A)| < Cpp™" !

y=>

for all £ > 0. Apply 0% to (5.8). Induction in £ implies the estimate (5.3). O

Next, we find a pair of oscillatory solutions.
Lemma 5.3. For all X\ € R there exist solutions f1(-,\), fo(+,\) of
Hfj(', )‘) =(1+ >‘2>fj('v A)

(7 = 1,2) and with the property that fa(-,A) = f1(-,\) and

eiwA

A = (% ) ol
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as x — o0o. The constant in the O-term is uniform in A € R. Moreover, fi is
smooth in both variables and there exists a constant'® xo > 0 only depending on V
such that

(5.9) ’8§0§ [e*imfl (z,A) — <(1)>} ‘ < Chpp Thate®

for all k, 0 > 0, A € R, and x > x¢. Finally, the same bound holds for all > 0
provided |\| > Ao where Ao > 0 is some constant' that only depends on V.

Proof. Since V has real entries, any solution fi(-, \) gives rise to another solution
f2(-, A). Hence it will suffice to find f;. We seek a solution of the form

1
(5.10) fi(w,A) = (O>U(x,x) T fa Az, A)
_ o
where v(x, \) ~ e and f3(z,)\) = (Jfgz)gaci;) is as in Lemma 5.2. Clearly,
3 3

B (WS (4 N) + udun f5 (-, 1)
Oua(wf5V (0 N) = udua £V (V) )

~ B (WS (4 N)) + b f5V (- N)
D (S (- N) = ud £V (-, N) )

In order to have Hf1(-,A) = (1 + M%) f1(-, \), we therefore need

H(fa( Au) = wH(f3(- ) + (

w1 N N) (

0=(H—(N+1)fi(-N)
(5.11)
_ ((—am P Vu)v(-,)\)) (—amuo,A)fé”(-,A) - 2amu<~,A>axf§”<-,A>>
Varo(-, ) Do, NS () + 200u(-, MO 57 (-, N)

The homogeneous equation
Y PN 2 0. 5P (0 =0
has the solution
2 _
Y (2) = C (57 (2, )2

which is well-defined provided x > xg by Lemma 5.2. Here zy > 0 is a large
constant independent of A (for large |A|, we can take o = 0). From the second
coordinate in (5.11) and the usual ”variation of constants” method we obtain that

O'(x) = — 7 (&, MVar (2)v(z, )

which implies, together with the boundary condition C'(c0) = 0, that

512) e = N [N Vel N

19T his constant becomes large as V' becomes large.
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From the first coordinate in (5.11) we conclude that (dropping A from f3,v,u for
simplicity)

ve) == - / " RO (414 149 () + 20 () 0 0 Varw)ota) dy

e, [T sin(Ay — o)) 15"
=e )‘Jr/ac f(%l( )f§ )( y) + Vi (y))v(y) dy

 sinAy - 2) () o D\ ()
-2 f (= Jmgy B+ 80wl

y / )WV (2)v(2) dz dy.
Yy
This can be written as
o0
(5.13) o) =4 [ Kol ) dy

where K (x,y; \) := Ki(z,y; A) + Ka(z,y; A) according to the splitting

(5.14)

in —x 1
Ki(z,y:\) = sy — z) (Vm(y)‘J;g(Q)(y; A)+ Vu(y))
3

A
(5.15)
Ko(z,y;A) =
VsinA(z-2) (A7 @EN L), 3y .
~2 [ (- D) $ 0+ 10 A YU @] dz D)V ).

Since y > x > x¢ > 0, Lemma 5.2 implies that
[Ky(z,y: M) < Oy — )1+ [N|(y — )" te

Yy
|K2(9c,y;)\)|§/ (z—x)(l—i—|)\|(z—m))_le(“_‘*)zdze_(”'w)z
T
y—x -1 _-2
C—r————pu e .
L+ Ay — =)

In the final estimate we used that is increasing in a. Hence, (5.13) is a

a
1+[Aa
Volterra equation with a solution v(x, \) on the interval [z, c0) satisfying

. o0 y—x _ _ e u _
) — LT < VY dy = % )
|v(z,A) —e \70/95 71_“)\'(2/_@6 y=Ce /0 1+|>\|ue U
<CA+ )t

for all x > xg. Thus, in view of (5.12),

[/ (2, M\)] < Cez”””/ e~ Bty dy < C’pfl =)z

x

for all z > 9 and A € R. Hence, assuming that u(zg, A) = 0, we obtain that

lu(z, \)| < Cp=2elr=12,
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By the preceding,
PPN
‘fl(:c,)\) - (60 >’ <Cpte

with a constant C' which is uniform in > xy and A € R. Now continue fi(-,\) to
the left of x¢ by means of the existence and uniqueness theorem.
As far as the derivatives are concerned, set

K(z,y; A) = e_M(”’_y)K(J;, yiA), Oz, \) = e My(x, M),
and similarly with K, Ky, see (5.14),(5.15). Then

(5.16)  Ori(a,A) = / K (.4 \)i(y, N) dy + / R (2, 5 N (y, \) dy.

In view of (5.3),
[Oxf3(z, \)| < Cze M

for large x. Consequently, for y > = > xg,
: (1)
- —ixz—y) SIN(A (Y —
or (o] = o o0 ORI (1) Sy 00 + Vs
3
(y —)* -7y -1 y—z -2
—_— +C - Y,
T+l —2)° ST el

To obtain this bound, it is helpful to introduce ¢(u) := Sinu("). Then |¢) (u)| <
Cy (1+ |u|)~! for all k> 0 and

sin(\(y — )

=(y—z)p(A\y — x)).

A
Similarly,
|OrK o (2,3 \)|
Y i (2) /.y
— Cixe—y SINA(z =) 1 S5 (N Ly, @,
‘a/\/z ‘ A ( f(z)(z;)\) 3 (A + f3 (z,)\))x

< A (0] 72 dz £ (Ve )|

2
<C /y ﬂef(u%ﬂze?uz dze—(HHY
e 1+ |)\|( x)

" C/ 1+ ‘)\| y— )( + MZ)M_le_(“”)Ze?#Z dze— (MY

y 95) —1,-2 y—x ~1 -2
<C—— W O— T lyem 2,
+PNy—o" © T+ Ny—=o)"

The conclusion is that

/ K (z,y; \)o(y,\) dy| < Cp~te "

and therefore also
|oxD(x, \)| < Cute®,
see (5.16). Inserting this into (5.10) yields

[OAle™" " fr(@, N)]| < Cptae™®
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for all x > xg. The case of higher derivatives in A is similar. Indeed,

14

(5.17) Oi0(x,A) =Y <f> / b K (z,y; N0 5y, \) dy.

3=0
As before, Lemma 5.2 leads to the bounds

(y—a) " ry—=z _
L+ My — )

Y

08K (z,y:\)] < Co

In combination with (5.17), this estimate inductively yields
|50 (2, \)| < Cop~te™ or |95v(z,\)| < Crafute™®

for large . Inserting this bound into the defining equation (5.12) for ' implies
that

|05 (2, \)| < Cpalp=teh=z,
Since O%u(zg, A) = 0 for all A,

|05u(z, )| < Cpalfp2er=7,
Finally, inserting this estimate into (5.10) we obtain

B8l A iz, M| < Cea'ute ™,

which is (5.9) with & = 0. The case of x-derivatives, i.e., k > 1 in (5.9) follows by

similar considerations. We skip the details. O

Remark 5.4. As already noted, we can take xg = 0 in the previous proof for large
|A|. This allows us to state that

RPN
sup |0y f1(z, A) — i/\<6 >‘ <C,
z>0 0
for large |A|, which will be useful later. Another important (but simple) observation
concerns the point A = 0. There fi(-, A), f2(+, A) are identical. However, it is simple
to obtain a pair of linearly independent solutions at A = 0. Indeed, just take
f1(-,0) and 9y f1(-,0). Note that the asymptotic behavior of 9y f1(-,0) is iz as
x — oo. Alternatively, one can also work with the pair

fl('7A)7 f1(7/\) _)\fQ('7_)‘)

which is independent for all A € R.

Next, we construct an exponentially growing solution at +oo. We will later
modify f4 to obtain fy, hence the notation.

Lemma 5.5. There exists a solution f4(-,\) of Hfs(-\\) = (14 A2)fa(-, \) with
the property that

Ja( X)) = <(1)) +O((1+ A tetnma)
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as x — oo0. The constant in the O-term is uniform in A. Moreover, fy(-,\) is a
smooth function of its arguments and there exists a constant?® x1 > 0 only depend-
ing on V' such that

(5.18) ‘afﬁf; [e““ﬂl(az, A)— (g)} ‘ < Cpop Mhgte

for all k, 0 > 0, A € R, and x > x1. Finally, the same bound holds for all > 0
provided |\| > A1 where Ay > 0 is some constant® that only depends on V.

Proof. Make the ansatz

fi(z, ) = et <(1)) +/ < 8 _%eg(zfy) >V(y)f4(y, A)dy
z "

T sin(A(z—y)) 0 B

T1 2n
where 1 > 0 is some constant that will be chosen large. Clearly, if f4(aﬁ, A) grows
at most like e** as x — oo, then this integral equation is well-defined. Moreover,
it is easy to check that a solution of this integral equation satisfies Hfs(-,\) =
(14 A2)f4(-, \). To find a solution, we solve

e =(1)+ [0 % ) vmsena

T2

x sin()\(mfy))e_#(x_y) 0
(5.20) + / * 12—y | V(Y A) dy
Z1

T 2u

by the contraction principle. Thus, ];4(:107 A) := e#® f(x, \) will be the desired solu-
tion. Denote the right-hand side by 7. Then

ar-toe= [ (o % ) v - swla

x 2

z sin(A(z—y)) efp,(xfy) 0
+/ * 12—y | VO Y) —9y)]dy,

1

which implies that

oo

(Tf — Tg)(@)| < O+ M)~ / e f(y) — g(y)) dy

x
x

+C(1+ (M) / [ — y)e @Y 720  £(y) — g(y)| dy

1

< CA+[A) e sup |f(y) — g(y)

y>x1
for all z > x1. Hence, T is a contraction in

{f € C([21,00),C?) | sup |f(x)] <2}

r>x]
provided z; is large (if |A| is large, we can take x; = 0). If f(-,\) is the fixed-point
of T, then

e - ()] ca+ e,

20This constant becomes large as V' becomes large.
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for all x > x1. The estimate on the derivatives follows by differentiating the equa-
tion (5.20). O

Remark 5.6. As noted, for large |A|, we can take x; = 0 in the previous proof. This
allows us to state that
0

fon - ()] sen,

as well as

mﬁ&»—(%(ga
1
for large |\|.
Here we record a useful property of these solutions.
Corollary 5.7. The solutions fi, fa, f3, f4 from the previous lemmas satisfy
fl('v_)‘):fl('v)‘) f2('7>‘)’ f2('7_)‘):f2('7>‘):f1(")‘)
F3( =N = f(,A) Z

f3('7)‘)7 f4('7_)‘>:f4('7)‘):f~4('7/\)
for all A € R. Moreover, fi(-,0) = fa(-,0).

Proof. This can be seen by inspecting the various integral equations defining these
solutions. Indeed, since V has real entries, (5.4) and (5.19) are invariant under
both conjugation and the substitution A — —A\. Finally, (5.10), (5.12), and (5.13)
imply that conjugation of f1(-,\) is equivalent to A — —A. O

The following two lemmas introduce the Wronskian in the matrix context. We
will need to use the property that c3V*o3 =V, see Definition 5.1 and (5.2).

Lemma 5.8. For two differentiable functions f, g taking values in C? let

WIf, gl(z) = (f'(x), g(x)) — {f (@), 4 (x))

where (-, -) is the real scalar product. Suppose that (H—z)f =0 and (H—z)g = 0.
Then

W{f, g] = const.
Moreover,

WIf1(5A)s f2(5 N)] = 20X, W[s(5 ), fal-, A)] = =24,
WL A), F3(5 M) = Wfa(, M), fa(- A)] =0,

where f1, fa, f3, f4 are as in Lemmas 5.2-5.5. There exists a unique choice of c1,co €
C so that

(5.21) fa(,A) = f~4('a A) =N fi(A) = e2(A) fa(5 A)
satisfies
W[fl(a)‘)7f4(’)‘)] = W[fQ(a /\)af4(a )‘)} =0.

Furthermore, fi(-,\) = fa(-, =) = fa(-, \). Finally, we also have W[f3(-, \), fa(-,\)] =
—2u and ¢;(N) = O(A™1) for j =1,2 as |A\| — occ.
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Proof. Compute

LWIF.6)(w) = (03" 030) ~ (03f.039")
=(1—=2z)osf +Vf,039) —(o3f, (1 = 2)osg + Vg)
= <U3Vf?g> - <V*U3fvg> =0.

The statements about the Wronskians follow from the asymptotics in the previous

lemmas. Now define
Ja(sA) = f4('7 A) = (M) fi(A) = e2(A) fa (-, A)
so that
W[fl('7 >‘)7 f4('7 )‘)] = W[f?(u )‘)7 f4('a )‘)} =0.
Thus, we need that
0= W[fl(? /\)a f4('7 /\)] - 82()‘)W[f1('7 /\)a f2('7 /\)]7
0= W[f2(7 )‘)7 f~4('7 )‘)] - cl()‘)W[fQ('7 >‘)7 fl('7 )‘)]7
and therefore
62()\) = (QZA)ilw[fl(a /\)? f~4('a )‘)]7 Cl(A) = _(22.)\)71W[f2('5 /\)? f4('a /\)}
It follows from (5.9) and (5.18) that c;(A\) = O(A™1) and c3(A\) = O
inspection, 3
a1 (A) = (2i0) W[ fa (5 A), fi(5N)] = e2 (V)
which implies that f4(-,A\) = f4(-, A\) by Corollary 5.7. Also,
Cl(f)‘) = (21)‘)71W[f2(7 7>‘)7 f~4('7 7)‘)] = (21)‘)71W[f1(7 >‘)7 f4('7 >‘)] = CQ(A)7

and by Corollary 5.7 again f4(-,—\) = fa(-,A). Finally, W[fs, fa] = W[fg,f4]
—2u as claimed.

We will need the following analogue of (5.18) for fy.
Corollary 5.9. Let fy be as in (5.21). Then

‘8§8’; {6_”””]”4(% \) — (?)} ‘ < Chy u—l-ﬁ—kmf e
for all k,¢ > 0.

Proof. This is an immediate consequence of Lemma 5.8 and (5.18).

Recall that we are assuming that V is even. In that case, set
gj(z,X) = fi(—z, ) for 1<j <4
Since V (z) = V(—x), these functions are again solutions of
Hgi (- A) = (1+2%)g; (-, A)

which have the same asymptotic behavior as x — —oo as the f; when x — oo.

(A7) By

O

Lemma 5.10. Suppose F,G are 2 x 2 matrix solutions of HF = zF, HG = 2G,

with some z € C. Then the matrix Wronskian
WIF, G(z) := F"'(2)G(z) — F'(2)G' ()
is independent of x. Now suppose that W[F,F] =0 or W[G,G] = 0. Then
det W[F,G] =0
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iff there exist vectors a,b € C2, not both zero, such that
F(z)a+G(x)b=0
for all z € R.

Proof. By assumption, F' = [¢1 ¢2], G = [¢1 2] where (H — 2)¢; = 0 and (H —
z)p; =0 for j = 1,2. Hence,

o Wenil(@) Wien bl(x)
WIF, Gl(@) = ( Wlea, t1](z) Wb, ta](x) )

By Lemma 5.8, each of the entries is independent of z and thus W[F, G]. For the
second statement, compute

(wed wak)-(& &)(& 7)

(1 ()

Since W[G, F] = —WI[F, G]" and W[F, F] = 0 (or W|[G, G] = 0) by assumption, we
conclude that

2 G F 2
(5.23) [detWIF, G]))? = [det( o } .

Now suppose that there exist vectors a,b € C2, not both zero, such that
F(z)a+ G(x)b=0
for all x € R. Then, clearly,

(66 rin ) (o) =

for every z € R, and det W[F, G] = 0. Conversely, if det W[F, G] = 0, then for any
given x € R there exists v = v(x) € C* such that

(&0 rey )e=o

Fix z = 0, say, and let v = (2) with a,b € C2. Then the column vector y(z) :=
G(z)b+ F(z)a is a solution of (H — z)y = 0 with y(0) = 0 and y'(0) = 0. By the
uniqueness theorem, y(x) = 0 for all z € R, and we are done. g

Definition 5.11. With f;(-,A), g;(-, A)
Fl('a)‘) = (fl( ) ( ))7 F2(a/\):(f2(a/\)vf4(v)‘))
Gi(5A) = (92(5,A), 94(, A), - G2(5A) = (91(, A), 93(, A))-

Remark 5.12. At this point it may be helpful to consider the case V = 0. Then

eixk 0 e—ixA 0
Aan = (9 O ) mea- (0 L),

eiz)\ 0 efia:)\ 0
Gl(zaA) = < 0 e—hT ) ) GQ(x7>\) = < 0 eHT > .

Hence, in that case F; = G and Fy = Gs.

as above, set for each A € R,

We record some simple but useful symmetry properties of these matrix solutions.
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Lemma 5.13. For all A € R,
Gl(x7/\) :FQ(_xa)‘)v GQ('Tv)\) :Fl(_ka)

Fl('7/\):F1('7_)‘)7 FQ(vA):F2(7_)‘)

Gl(UA) :Gl('v_)‘)v G2(7A) :GQ('v_)‘)'
Proof. This is an immediate consequence of the definitions, Corollary 5.7, and
Lemma 5.8. O

Lemma 5.14. For every A € R\ {0} there exist unique constant 2 X 2 matrices
A= A(N), B = B(\) with complex entries so that

(5.24) Fi(,\) = Gi(, NAN) 4+ Ga(-, ) B(N).
Then A(=X) = A(N\), B(=\) = B()\) and
(5.25) Ga(-,\) = Fy(-, A\ + Fi(-,A\)B()\)

)= Bl
(5.26) WIFL (- A), Ga (-, N)] = AN (2iAp — 2uq)
(5.27) WIFL(, A), G (- V)] = — BV (2iAp — 2u),

wherepz(é 8>,andq:<8 ?)

Proof. For each A\ # 0, the columns of G1(-,A),Ga(-, A) form a basis of the ker-
nel of H — (A\? + 1). Hence, the columns of Fj(:,\) are linear combinations of
these solutions, hence the existence of A(X), B(A). Replacing « with —x in (5.24)
implies (5.25). To check (5.26), compute

WIFL,Gs] = (A'G, + B'G,)Ga — (A'GY + B'GY) G
— ANG Gy — GLGY) + BY(GY' Gy — GLGY)
= —A'(F}'F = F{F]) - B'(F{'F\ - F{F})

— At W[f%fl] W[f27f3} _ nt 0 W[flafl’)]
=4 (W[f4,fﬂ W[f4,f3]) B (W[fg,fl] 0 )

= A"(2iAp — 2uq),

where the last line follows from Lemma 5.8. For (5.27), we compute
WIFL, G = (A'GY" + B'G,)G1 — (A'GY + B'GY) G,
= AYG,'G1 — GLGY) + BY(GY' Gy — GLGY)
= A F}'Fy — FiF}) — B'(F{'F, - F{F})

L ") o (Wi )

= —B'(2iAp — 2uq),
where the last line again follows from Lemma 5.8. Finally, by Lemma 5.13,
Fi(,=A) = Gi(, =) A(=A) + Ga(, =A)B(=)

is the same as
Fl('7 >‘) = Gl(', )‘)A(fA) + G2('7 )‘)B(f/\)

so that A(\) = A(=X), B(A\) = B(=)) for all A € R. O
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The following corollary is natural in view of Remark 5.12. Indeed, the limit
|A| — oo should correspond to V' =~ 0.

Corollary 5.15. A(XA) and B(\) are smooth for A # 0. Furthermore, ApA(\),
gA(XN), ApB(A\) and ¢B(\) are smooth functions of A € R. As || — oo,

AN =T+0(Y),  BO) =00,
Proof. The regularity statements are immediate from (5.26) and (5.27). By Re-
mark 5.4,
WIFL(+ A), Ga (- A)]
= [f1(0,2) f5(0, M)]*[g1(0, A) g3(0, \)] = [f1(0,A) f5(0, N)]*[g1 (0, ) g5(0, M)]
= [£100,2) 500, M) [£1(0,2) £3(0, )] + [£1(0, ) £3(0, N)*Lf1(0, A) £3(0, V)]
_ ( Mg(%(” _MO+(10>(1) ) (1+007)

+ (I+O(>ﬁ1)) ( i g{f;” _M0+(10>(1) >

2N 0 .
= ( 0 -2 ) +O(1) = 2iAp — 2uq + O(1).

It now follows from (5.26) that A* = I + O(A™!) as |\| — oo. Similarly, by
Remark 5.6 and the property that c;(A) = O(A71),

W[Fl('a )‘)7 Gl('a )‘)]
= [£1(0,2) £5(0, )][92(0, 1) ga(0, N)] = [£1(0, A) f3(0, X)]"[g2(0,A) g (0, )]

(B0 o Y (reon-h)

#(rroom) (T Lo )
o),

and the desired bound follows from (5.27). O

The following lemma establishes relations between A and B which are analogous
to those satisfied by the reflection and transmission coefficients in scalar scattering
theory.

Lemma 5.16. For each A # 0, the matrices A(X), B(\) satisfy the following rela-
tions:
(5.28)

—2iAp = —20IAA(N)*pA(A) — 2uAN)*¢B(A) + 2uB(N\)*qA(N) + 2iAB(\)*pB()\)
(5.29) 0= A"(2i\p — 2uq)B — B'(2i\p — 2uq)A
(5.30) 0=2uA"(A)g —2iAB*(N)p — 2ugA(N) — 2iApB(N)
Proof. Compute W[F;(-,\), Fi(-,\)] in two different ways. For the most part, we
will suppress A in our notation for the sake of simplicity. Then, on the one hand,

5oy (WAL WA _(—28 0 _
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And on the other hand,
W[Fl, Fl} = W[lez& + GQB, GlA + GQB]
(531) = A*W[Gl, GﬂA + A*W[Gl, GQ]B + B*W[GQ, GﬂA + B*W[GQ, GQ}B

Next, we compute each of the matrix Wronskians on the right-hand side of (5.31).
Before doing so, we calculate (see (5.21))

W (fa, fa] = W fa, fa] = 0.
Then
WI[G1,G1] = —W[Fy, Fy]
_ _( Wifz, f]  Wlfa, f] ) _ _( Wifi, fo] Wlf1, fdl )
W(fa, f2a] Wlfa, fal Wifa, f1l W{fa, f4]

2A 0 )
——( 0 O)——2z)\p,

and
WI[G1, Go] = —W|Fy, F]
_ < Wife, il WISz, fs] ) _ ( Wif1, il Wlf1, f3] >
Wfs, fi] Wfa, f3] Wifa, f2] Wifa, f3]

_ (0 0 Y__,
o0 2u ) Hq-

Thus,

W[G27G1] = W[G27él] = *W[Gl,GQ]t = 2,uq.
Finally,

W[GQ, GQ] = —W[Fl, Fl]

_ _( WIfi, f1] W1, fs] ) _ _( Wlf2, il Wlfa, f3] )
W(fs, f1]  W(fs, f3] Wifs, f1] Wlfs, fs]

2iA 0 .
= < 0 0 ) = 2i\p.

Inserting this into (5.31) yields
—2iAp = —2iAA"pA — 2uA*qB + 2uB*qA + 2i\B*pB,

as claimed. For the second quadratic relation, we compute W[Fi (-, A), F1(-, \)] in
two different ways. On the one hand,

_ W[flafl] W[flaf} _
(5.32) WIR, Bi] = ( Wit fil Wihs. il ) =0

And on the other hand,
WIFy, Fi] = W[G1A+ G2B,G1A + G2 B|
= A'W[G1, G1]A + AWI[G1, Go] B + B'W|Gs, G1|A + BW|[Gs, G2 B
= —A'WI[F,, [1]A — AYW[Fy, F5)B — B'W[F,, F1]A — B'W[F,, F»]B.
By Lemma 5.8,

_ | Wlfas fol Wlfa, fa] \ _
wiesnl= (i il windl ) =0
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By the same lemma,

_ o Wi, fol Wi, fal \ _ iy
WI[F1, Fy] = ( Wifs, fa] W(fs, fi] > = 2iA\p — 2uq,

and therefore,
W[Fy, Fi] = —=W[Fy, F5]" = —2iAp + 2ug.
The conclusion is that
0 = —A"(2iA\p — 2uq) B + B'(2i\p — 2uq) A,
which is (5.29). B
Finally, to obtain (5.30), we compute W[F}, G2] in two different ways: On the
one hand,

WIFy, G2 = W[G1 A+ G2B, Gy
= A*WI[G1, Gs] + B*W|G2, Ga]
= —A*WI|F,, F\] — B*WIFy, F]
= —2uA*q + 2iAB*p,
and on the other hand,
WI[F1, Ge) = W[Fy, Fo A+ FyB]
=WI[F, F2]A+ W|[Fy, Fi]B
= —2uqA — 2i\pB,
as claimed. (]

Next we turn to the important question of invertibility of A(\).

Lemma 5.17. If A # 0, then the following are equivalent:

e det A(\) =0

o £ =X\ +1 is an eigenvalue of H

o det W[F1 (-, A),Ga(-,A)] = 0.
Proof. Since A # 0, the first and third properties are equivalent by (5.26). Now
suppose that A% + 1 is an eigenvalue. Then F (-, \) (2) and Go(-, \) ((1)) are linearly
dependent (note: the sign of A is irrelevant here). Since

ACN(T) = Gatnam(]) + ot nsm ()

we conclude that
() s () ()

for some « # 0. In particular, A()) is singular, as claimed.
Conversely, let A(A\)v = 0 for some v € C2, v # 0. Then (5.28) implies that

—2iA{pv,v) = =2iIA(AN)* pA(N)v,v) — 2u(A(N)*¢B(A)v,v)
+ 2u(B(X)"qA(N)v,v) + 20N(B(X)*pB(\)v, v)
= 2i\|[pB|?,
and hence —2i\||pv||* = 2i\||pBvl||?>. Since A # 0, this implies that pv = 0 and

pBv = 0. In other words, both v and B(\)v are parallel to (]). By the previous
paragraph, this implies that A2 + 1 is an eigenvalue. ([
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Unlike the scalar case, where rapid decay of the potential insures absence of
embedded eigenvalues, this is not the case in the system case. Indeed, take Vo =0
and V; < 0. If |V;] is sufficiently large, then there is E > 1 and f € L?(R) so that

(8mx*1*‘/1)f:Ef'

This implies that H(?) = E(?) so that E becomes an embedded eigenvalue of H.

The case E = 1 requires more care.

Definition 5.18. We say that F = £1 is a resonance of H provided Hf = £ f has
a solution f € L> \ L.

First, we characterize the solutions f € L=\ L2.

Lemma 5.19. Any solution f € L\ L? of Hf = f is of the form
flx)=0C4 <(1)> +0(e™*) as z— too

where both Cy #0 and C_ # 0. Similarly, solutions of Hf = —f are of the form
f@) = Ca ((1’) +O(E™) as 1 — +oc

Proof. In view of Remark 5.4, any such f has to be a linear combination of

fl('ao)v a)xfl('ao)7 f3('a0)7 f4(a0)

Clearly, only f1(-,0), f3(-,\) can occur in this linear combination when z — oo.
Similarly when z — —oo. t

There is a characterization similar to Lemma 5.17 for the endpoint E =1 (E =
—1 is analogous).

Lemma 5.20. E =1 is a resonance or an eigenvalue of H iff det W[F} (-, 0), Ga(+,0)]
vanishes.

Proof. By definition and the proof of Lemma 5.19, F = 1 is a resonance or an
eigenvalue of H iff there exist a,b € C? not zero such that Fy(-,0)a and Ga(-,0)b
are linearly dependent. In view of (5.32) and Lemma 5.10 this is in turn equivalent

to det W[F1(+,0),Ga(+,0)] = 0, as claimed. O
Define
(5.33) D) == WI[Fi(-, A), Ga(, \)]

for all A € R. By (5.26),
(2iAp = 2uq) A(N) = WIFL(, ), G2 (-, N)]' = =WI[Ga(-, A), F1(-, V)]
(5.34) = WIFi( A), G2, A)] = D(N),
(5.35) DA)" = =WI[Ga(- A), Fa (-, )] = WIF1(-, A), Ga (-, A)] = D(A)
(5.36) D(=A) = WIF| (-, =), Ga (-, —\)] = WIF; (5 ), Ga( V)] = DV

for all A € R. Combining the previous two lemmas therefore yields

Corollary 5.21. The following properties are equivalent:

e There are no eigenvalues in [1,00) and E = 1 is not a resonance
e D(\) is invertible for all A € R.
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In that case,
AN = DO (2iAp — 24q)
for all A € R.

The point of the final statement is that it should be viewed as a definition of the
left-hand side in case A = 0. Note that (5.27) allows us to conclude that

(5.37) lim (20ApB(A) — 2B(\)) = WIF,(-,0), Ga(:, )]

6. SCATTERING SOLUTIONS, THE RESOLVENT, AND THE DISTORTED FOURIER
TRANSFORM.

From now on, we shall assume that the conditions of Corollary 5.21 hold. We
will call such Hamiltonians admissible.

Definition 6.1. We say that H is admissible if it satisfies the requirements of
Definition 5.1, if there are no eigenvalues in the essential spectrum (—oo,—1] U
[1,00), and if the edges +1 are not resonances.

Later we will prove that the linearization of NLS around a ground state is ad-
missible. It turns out that this class of H admits the construction of scattering
solutions for all energies |E| > 1, see Lemma 6.3. We start with a rather obvious
lemma about the smoothness of D()\)~?

Lemma 6.2. Let H be admissible. Then both D(X) and D~1()\) are smooth func-
tions in A € R. Moreover, D(A\)~'A = O(1) as |A\| — oo.

Proof. Since both Fy(z, \) and Ga(x, \) are smooth functions in A, it follows from
(5.33) that D(X), and therefore also det(D(A)), are smooth. Since Corollary 5.21
implies that det(D(\)) # 0 for all A € R, we conclude from Cramer’s rule that
D~Y()) is smooth for all A. Finally, the asymptotics of D~1()) follows from Corol-
lary 5.15. (]

For the remainder of this section, admissibility of H will be a standing assumption
and we will not mention it further.

Lemma 6.3. Let e = ((1)) Then for all X € R
(6.1) F(x,A) := 2iAFy (2, \)D(\) " te
(6.2) G(x, ) := 2iAGo (2, \)D(\) e

are bounded solutions of Hf = (1 + A2)f. Moreover, their asymptotics are given
by21

Fla,N) = s e+ O((1+ [A)"'e ™) + O+ [A)2e™7)  as x — oo

Flz,\) = [ + r(Ne e + OA1 + |A\))"27*) as z — —oc0

Gz, \) = s(\) e e+ O((1 4+ X)) + ON1 + [A])2e*®) as z — —o0
Gz, A) = [e7 +r(N)e™ e + O+ [A)) %e™7)  as z— oo

where

s(N)e = 2iApD(\)"te and r(\)e = 2iApB(\)D(\) e

2lHere O(A(1 + |A|)~2) stands for a function which vanishes linearly as A — 0 and decays like
A~ as A — oo.
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are smooth functions for all A € R with s(0) = 0,7(0) = —1. The matriz S(\) :=

( ig; 283 ) is unitary. In fact, one has

for all N e R.
Proof. By Lemmas 5.3 and 5.2,
F(x, ) = 2iAFy (2, \)pD(\) " te + 2iAFy (2, \)gD(M\) e
= s(A)fu(a,X) + ON(L + |A[)"Te™)
= sV e+ O((L+[A) e )] + O+ [A) e )
as © — o0o0. On the other hand, as x — —o0,
F(2,A) = G1(z, Ne + Ga(z, \)B(N)A(N) e
= fo(—z,\) + Ga(x, ) pB(A)AN) e + Ga(z, \)gB(N) AN " te
= fa(=2,2) + (V) fi(=2,X) + OA(L + [A]) "1e™)
= [ + r(N)e e + O(A(1 + |A])Te™).

(
Here we used that A=1¢B(A\)A(MN)~le = 2iB(A)D~1()\)e is smooth in \. The as-
ymptotics for G now follow since G(z, A) = F(—z, A).

As far as the unitarity is concerned (5.26) 1mpheb that for A # 0,

= 2iMpAT (N, A7 (Ve)
= —2IA(AN)PAN)A(A ) e, AN e) = 2u{AN) BN AN e, AN) e)
+2u(B(N)"gANAN) e, AN T e) + 2iIMBO) pBA) AN e, AN e,

Since s(A\)e = pA(X\)~le an ( Je = B(A\)A(N)"te for A # 0, we obtain from this
that

s+ Ir(V? =1,
which also extends to A = 0 by continuity. On the other hand, (5.30) implies that

0= 2u(A"(N)gAN) "'e, AN T e) — 2iM(B*(N)pA(N) e, AN Te)
= 2u(g AN AN) "', AN M) — 200 pB(NAN) e A(/\) ‘e)
= 21{qAN) e, €) — 20MpAN) TTe, pB(A)AN) e)

—2u{ge, AON)"te) — 2iIN(pB(A\)AN) "te, pAN) e
= —2iAs(N)7(X) — 2iAr(X)5(N)
so that 0 = s(A)7(A\) +7(A)5(N), as claimed. Finally,
s(=N)e = —2idApD(=\)"te = 2iIAD(\)~1e = s(\e,
H(=A\)e = —20pB(-\)D(—\)le = SABDN e = r(Ve

for all A € R which proves that S(—\) = S(A) = S(A)*. O

The solutions F (-, A), G(-, A) are fundamental for several reasons, one being that
they form the (distorted) Fourier basis associated with H. This will be clarified
later. First, we show that any globally bounded solution for A # 0 is a linear
combination of these two solutions.
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Lemma 6.4. Any solution f of Hf = (A2 4+ 1)f with A # 0 and f € L>(R) is a
linear combination of F(-,A) and G(-, A).
Proof. By (the proof of) Lemma 5.10, see (5.23), the matrix

(T &)

is invertible for all x € R. As noted in the proof of that lemma, this means that
the four columns of Fi, G5 are linearly independent. Hence, there exist v,w € C?
so that

f(x) = Fi(x, v+ Ga(z, Nw

forall x € R. As x — —o0,

f(@) = Gi(z, VAN + Ga(z, A)[B(A)v + w]
remains bounded iff A(\)v is parallel to e. Similarly, as © — oo,

f(x) = Fa(z, Mo+ B(Nw] + Fo(z, ) A(Mw
remains bounded iff A(\)w is parallel to e. Hence,

v=0aA""'Ne, w=pAT (Nw
for some constants «, 3 € C. This implies that
fl@) =aF(x,\) + BG(z, A)
for all x € R, as desired. t
We can now obtain expressions for the resolvent kernel on the essential spectrum.

Lemma 6.5. For all A\ > 0,
2 . —1 _
(H—()\ +1+20)) (x,y)—{ —G(z, \) DLV F

(H—()\Q—l—l—i()))l(x,y):{ z(x,—/\ll)?‘

-G
Proof. There exist matrices M (y,\) and Ma(y, A) so that

W—u%u+m»%%w:{£%yxg$% oy

The choice of Fy(z,A) and Ga(z, A) for A > 0 is due to the fact that these are the
only functions that remain bounded for A + i€ as * — 0o or  — —o0, respectively.
As usual, one needs compatibility conditions at x = y. Here they take the form

Fi(z, )My (z,A) — Ga(z, \)Ma(z,A) =0
Fl(z, )M (z,\) — Gy (z, Y Ma(z,\) = —03.

To see why, observe that for any Schwartz function, say, h(z) = (Z;E;%) we need to
ensure that

ﬂ@:%@N/WMMMww®+HmM[TMMAWM@

satisfies
(H— (N +1))f = (03(—02x + 1) + V) f(z) = h(2)
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for all x € R. Direct differentiation leads to the conditions above. In matrix

notation,
(Fey) @i ) (i) = (o)

By Lemma 5.10 (or more precisely, its proof), the 4 x 4 matrix on the left-hand
side is invertible for all x € R. In fact, in view of (5.22) and (5.32) we have the
following explicit expression for the inverse:

F G\ ' _ [(-Dt o0 0 I Ft FI 0 —I
F| G - 0 D! I 0 Gy Gy I 0
_( -D7'Gy" DG
~\ D'F" -D'Ft )’

Consequently,
My (z, N —D Y N)GE(z, N)os —D7Y(N)GL(x, N)o3
<M2<m>> - (—Dl(A)Ff(%A)Us) - (—D1<A>Ff<x,A>as>’
as claimed. The case of —i0 is basically identical, and we are done. (]

Remark 6.6. If V' =0, then it is easy to check that Lemma 6.5 yields

+iX|e—yl
el
(H - ()‘2 +1&+ iO))_l(x,y) = < Toom e klz—yl > )

0 T 2p

which is also an immediate consequence of the standard formulas for the one-
dimensional scalar free resolvent.

Next, we need to express the jump of the resolvent across the spectrum [1, 00).

Lemma 6.7. Let

E(x,A) = [F(z,A) G(z, )]
for all X\ € R. Then

— - -1
(6:3) (H=(\414i0)) ™ (a,y)— (H=(W+1=i0)) " (2,9) = 5 (. NE* (4. N)org
for all X > 0.
Proof. Let A > 0 and set
S(a,y; A) = (H— (A +1+140)) " (z,9) — (H— (A\> +1—i0)) " (2,y).

For fixed y € R

(H— (N +1)S(,y:A) =0
so that

z = S(z,y; )

is a globally bounded solution. It vanishes identically for A = 0. If A > 0, then
Lemma 6.4 implies that

S(x,y;A) = E(x; )M (y; A)
for some matrix M(y; A). Lemma 6.5 implies that
03 S(w,yi ) 03 = —S(w,y: ).

Hence,
a3 M(y; A)*E(x;0)" 03 = =E(y; )M (3 M),
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Since £(x, A) is invertible for A > 0 and every = € R, we conclude that
E(y; \) L aosM(y; \)F = =Mz N)ozE(x; )7 =: C(N)

is a matrix which depends only on A. Moreover, we see that C(A\)* = —C(\).
Consequently,
(6.4) S(z,y; ) = —E(z; \)C(NE(y; )" os.

To determine C'()), we invoke the asymptotics of both sides of this equation as
x — o0 and y — —oo. In view of Lemma 6.5 the left-hand side satisfies

T\ 0 B —iyA 0
s == 0 )ow( " § )

e—im/\ 0 . eiy)\ 0
+ < 0 0 D™ (=) 0o o )O3 +o(1)
— _pilz—y)A (A) _—i(z—y)A s(—=A) 1
(6.5) e 5 P € o P +0(1)
in this limit. The matrix C(\) can be written as

c) = ( Z—O;- zzﬂ )

where o, 3 € R and z € C. By Lemma 6.3 and (6.4),

Sz, y;A)
_ _( S()\%)Gm)\ e—1TA +O,r.(>\)€zx)\ )C()\) ( e*ly;(_)’\_)zg;\)?ely)\ 0 >03 +0(1)
=— [ei(£+y)>‘(iozs()\)77(/\) + z|s(\)|? +iBr(N)5(A) — 2[r(V)]?)

(6.6)

+ @A Gas(N) — 1(V)2) + e TN —zZR(N) + i85(N)) — ze*“wﬂ] p+o(1).

Comparing (6.5) with (6.6) yields z = 0 and

: _s(Y) oy L S(EA) (Y
fas) =95 0N =7 = 9
This implies that a = § = f% or
1
A)=—1
e 2N\
and the lemma follows. O

Let P; be the Riesz projection onto the discrete spectrum, i.e.,

1 -1

(6.7) Py = 57 7(2[ H) dz
where v is a simple closed curve that encloses the entire discrete spectrum of H
and lies within the resolvent set. Moreover, define Ps = I — Py (“s” here stands for
“stable”).

We now recall a general representation formula for the expression (e®*’P,¢, 1))
from [14]. It is elementary and was probably known before. Although [14] dealt
with dimension three, these particular statements are independent of the dimension
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(basically, (6.8) follows from the Hille-Yoshida theorem). Nevertheless, we present
the proof for the reader’s convenience.

Lemma 6.8. Assume that H is admissible. Then there is the representation

, 1
(6.8) €'t =

=5 ) e (H—(A+1i0)) 7" = (H— (A—i0))JdA+ ) €' P
T J|A|>1 -

J

where the sum runs over the entire discrete spectrum {(;}; and P¢; is the Riesz
projection corresponding to the eigenvalue (;. The formula (6.8) and the conver-
gence of the integral are to be understood in the following weak sense: If ¢, € S,
then

(e, ) = lim = e"M[(H— (A +1i0) 7" = (H — (A —i0)) "o, ¥) dA

+ D (TP 6, ).
J

for all t. The integrand here is well-defined in view of Lemma 6.7.
Proof. We start by checking the following limiting absorption principle

(6.9) sup  [AJR[(H — (A ie)) | < oo,

IA|>Xo, >0
where the norm is that of L*(R) x L7 (R) — L*77(R) x L*»~?(R) where ¢ > 3,
say, and Ag is large. In the free case (i.e., V = 0 and H = Hy) this bound is an
immediate consequence of the explicit form of the resolvent. If V' £ 0, then we

write
1

(H—(A+i0))""' = (Ho — (A£40)) "' (I + V(Ho — (A£40))"") .
This is to be understood as identity between operators L?7(R) x L*°(R) —
L?77(R) x L*>~°(R) where ¢ > 3. Note the the inverse

(I+V(Ho—(A+i0))") "
exists as operator on L%7(R) x L% (R) — L?°(R) x L?°(R) because
1

sup ||V (Ho — (A £i0)) 7' < 5
X120 2

for Ao large. Hence, (6.9) holds.
The evolution ¢®™ is defined via the Hille-Yoshida theorem. Indeed, let a > 0
be large. Then iH — a satisfies (with p the resolvent set)

p(iH —a) D (0,00) and |[(iH —a—A)" oz <A™! forall A > 0.
The estimate here follows from
. _ . _ J 1y -1
IGH —a— X" < ||(iHo —a — \) 1H||(I—|—1V(1H0 —a—A)"") |

L = 1 <At
1-Cla+MN)"t X+a-C~

provided a is large. Hence {e )},50 is a contractive semigroup, so that ||e?7||y_5 <
eltle for all t € R. If Rz > a, then there is the Laplace transform

<(A+a)t

t(iH—

(6.10) (iH—2)"' = —/ e el gt
0
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as well as its inverse (with b > a and ¢ > 0)

) 1 b+ioco
(6.11) et = e (iH — 2) "t dz.

2mi b—ioco

While (6.10) converges in the norm sense, defining (6.11) requires more care. The
claim is that for any ¢,v € Dom(H) = W22 x W22,

) 1 b+iR
012 @Mo) == Jim oo [ e (=2 g )
To verify this, let ¢ > 0 and use (6.10) to conclude that
1R ) | R oo -
- z ), _ - d — . z —Ssz 18 d d
5t ) TR s = oo [ e /0 e (el 6, ) dsdz

1 [ in((t — .

(613) — 7/ e(tfs)b M <elSH ¢,,¢> ds.
T Jo t—s

Since e(t=5)b (¢ ¢ 4} is a C* function in s (recall ¢ € Dom(H)) as well as expo-
nentially decaying in s (because of b > a), it follows from standard properties of
the Dirichlet kernel that the limit in (6.13) exists and equals (e®*¢, ), as claimed.
Note that if t < 0, then the limit is zero. Therefore, it follows that for any b > a,

("¢, ) =
b+iR

211 _iR
1 —b+iR

- — e ((iH — 2) "1, 1) dz}

2mi J _yir

R
= lim i/ e ([P (H — (A +1ib)) 7t — " (H — (A —ib)) Y], ) d.
R—oo 271 R
Next, assume that ¢, 1 are as in the statement of the theorem, and shift the contour
in the previous integrals by sending b — 0+. More precisely, we apply the residue
theorem to the contour integrals over the rectangles with vertices £ R+ ib, £ R+ 0
and the reflected one below the real axis. The horizontal segments on the real axis
need to avoid the poles, which can be achieved by surrounding each of the at most
finitely many real poles of the resolvent (H —z)~! by a small semi-circle. Combining
each such semi-circle with its reflection yields a small closed loop and the resulting
integral is precisely the Riesz projection corresponding to that real eigenvalue. The
Riesz projections corresponding to eigenvalues on the imaginary axis are obtained
as residues. On the other hand, we also need to show that the contribution by the
horizontal segments is zero in the limit R — oo. This, however, follows from the
limiting absorption principle (6.9). The lemma follows. O

Under our assumptions, H can only have finitely many points in its discrete
spectrum, each of which is an eigenvalue of finite algebraic multiplicity (however,
the geometric and algebraic multiplicities my differ for each one of them). Let P
denote the Riesz projection onto the discrete spectrum. It is given by the Cauchy
integral of the resolvent around a simple closed curve which surrounds the entire
discrete spectrum but avoids the essential spectrum. We write P; = I — P, for the
“stable” projection.



72 J. KRIEGER AND W. SCHLAG

We can now state the Fourier expansion theorem. So far, our analysis has been
restricted to the right half of the essential spectrum, i.e., [1,00). To extend this to
the left half, it will be convenient (but not essential) to use a further property of
V, see Definition 5.1 and (5.2). Namely,

01Voy =-V and oyHoy = —H where o = ( (1) (1) ) .

Therefore, if we denote the scattering solutions of Lemma 6.3 by Fy (z, A), G4 (z, \),
then the corresponding ones for the negative essential spectrum are

F_(x,A) =01 F (2, N), G_(x,N) :=01G4(z, \).
Proposition 6.9. Let

[ Fe(@)) i Az0
ei(“’”—{ Golz,—\)  if A<0

Then for every ¢, 9 € S,

o) = o [ " (6.05es (A ) T en (LA dA

1
2r ) o
t3r [ G (N A

The integrals on the right-hand side are absolutely convergent. In fact, the inte-
grand is rapidly decaying.

Proof. We start from the representation formula

(Pub ) = / 7R o) = (= (- i0) )6 )
= 2m 2)\<( — (N 4+1+40) = (H— (N> +1-10)) "), ¢) dA
+2im 002/\<((H7(7>\2—1+i0))*1f(Hf(—/\ —1—10))"") ¢, ¥) dA

which holds in the principal value sense. This was proved in [14]. Since for A > 0

(H = (W +1+i0)) " (z,y) = (H— (A +1-10)) " (z,y)

- %h(”ﬂ) er(z, =N)]le+(y, A) ex+(y, —N)] o3

(H = (=X =1+4140)) 7 (z,y) = (H = (=A* = 1 i0)) (2, )
-1 .
= e 2) e =Nlle- (1 A) e (.~ N0,
this representation formula can be rewritten as

(o) = 5= | m((%t)agcﬁ(y), (Mt)m)m
e (S (S5 o)
R

— 5 [ _omeonTeat a5 [ °;<¢, ose (NI e,
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as claimed. So far, we need to interpret the right-hand side in the principal value
sense. Since ey are solutions, i.e., they satisfy Hex(-,\) = (1 + A2)ex(:,\), we
obtain

(p,03e1) = (H™ ¢, 0564 )(1+ X)™

and the rapid decay follows. O

In fact, the same proof also yields the following representation of the time evo-
lution.

Corollary 6.10. With the same notation as in the previous theorem,

‘ it oo -
(P, 4) = = / & (. oy (- NV ex (5 ) dA

21 J_ o

efzt

2

/jo e (g, a5e (- )W, e (5 N) A,

with absolutely convergent integrals.

Formally, this can be written as

it

. e oo
P =T [N o one () s N dA

efzt

2

+ /fo e (h, aze_ (- \)) e (-, \) d.

One easy consequence of Proposition 6.9 is the following stability bound on the
evolution. Not too surprisingly, it can also be established independently of the
scattering theory from above. In fact, it is a relatively straightforward consequence
of Kato’s smoothing theory which does not depend on the dimension. See [14] for
the three-dimensional case. The argument which is presented there only uses the
representation from Lemma 6.8 and carries over to the one-dimensional case as well.

Lemma 6.11. Let H be admissible. Then the following stability bound holds:
(6.14) sup || Pyloo < C.
teR

Proof. In view of Corollary 6.10,
("7 Pugp, )|

< / (0 () 1 e (A dA + / (6, 056 ( ) 18, e (- A dA,

<2max ([ J@oaes (PN ([ west I dN) < Cllalul
where the final bound follows from the asymptotics of Lemma 6.3. O

Next, we state the natural bound on ze’** P;:
Lemma 6.12. Let H be admissible. Then
lze’ ™ Py flla < COI Il + Cllzfl2
for allt > 0.
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Proof. Clearly,

i e g, )

= (o] = [aPH)e" ™ P, f, e, f)

= ([0, [2[*|ose’ M P f, e Py f) + ((VF = V) [a?e" P, f, " P, f)

= —((2+220,)05¢ P £, P f) + (VF = V)|aPe P f, e P, ).

In particular,

I A N

< [(@+200,)05Pof, P)| + | (V= V)IalPPof, Pu )
< CUah 2l s + 1713):
Thus,

d? ) )
- ﬁ<|x|2eZtHPsf7 62tHPsf>

= —2((H*z0, — w@mH*)oge”HPsf, eitHPSf>
H(H (V= V)2 = (V* = V)[a*H)e" T Py f, e P f)
= 2((0%(20,) — x0,02)e" M P, f, "™ P, f) + 2(x0, (V*)o3e P, f, e P, f)
~ (Beos(V" = V)af* = (V* = V)|z[?0307)e" T Py f, €T Py f)
VAV = V)Ja? = (VF = V)2 V)e" P f, e P f),
which implies that

d? ) ) )
sup | 25 (|al*e ™ P f, TP, )| < sup Clle™ Py f 3 < CI 3.

A Taylor expansion of degree two therefore yields

lze™™ Py fI5 < C () 13 + Ctl ) flall flla + 1 F13) + C 211
< CO2 117 + 1) f13),

and the lemma follows. O

7. DISPERSIVE ESTIMATES: THE UNWEIGHTED CASE

In this section, we prove dispersive estimates on e’ P, in the L'(R) — L*(R)
sense. For the scalar case, see for example Weder [54], Artbazar, Yajima [1], and
Goldberg, Schlag [24].

Proposition 7.1. Let H be admissible, see Definition 6.1. Then for all ¢ # 0,
e Pyll1—00 < O] 2

with some C' = C(V).
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Proof. We will follow the proof strategy of the one-dimensional case of [24]. To do
so, we start from the representation formula

(€7 Pog, )

_ ENA((H = (W +14i00)7 = (H— (A2 +1—i0)) 1), ) dA
T Jo
e;;t /OOO eTNAN((H = (A2 = 14100)) " = (H — (=A% = 1—1i0)) )¢, 9} d],

which holds in the principal value sense if ¢,¢ € S. It will suffice to deal with
energies £ > 1 since the second integral will satisfy the same bounds as the first
by symmetry. Let x be a smooth, even, and compactly supported bump function
so that x(A\) = 1 for [A] < A1, where A\ = A\ (V) will be specified later. On the
support of 1 — x(A) (the “high energy case”) we will use a Born series expansion.
More precisely, since

(Ho — (A +1£10)) "' (z,y)

< (= 0w — (A2£00)) ' (z,) 0 )
0 (_ax;c - /Lz)il(xvy)

+iX|z—y]
e
T 0‘ ‘
e~ Hlz—y )
0 7

I(Ho = (A +1£140)) oo < CIA7Y,

satisfies

we conclude that

(7.1)
(= (2 +14i0) 7 = 30 (1) (Mo — ( +1+i0) 7} (V(Ho — (A2 +1+i0) )
n=0

converges in the operator norm of L!(R) — L (R) provided |\| > A is sufficiently
large compared to |V||r:. Indeed, the operator norms of the n-th summand on the
right-hand side is bounded by CA~'(||[V[[;A~!)". Hence??

("7 (1 = x(H = D) P ¢, )|

< CZ ‘ /Ooo N N1 — YOI [((Ho — (A2 +14140)) "1 (V(Ho — (A2 + 1 +i0)) 1) "¢,7)

n=0

(7.2)
—{((Ho — (N* +1—140)) " (V(Ho — (N> + 1 —10)) ") "¢, ¥)] d/\‘.

The term n = 0 represents the usual free Schrodinger decay and its contribution is
bounded by C|t|~2||¢||1]|¢]|1. Indeed, the oscillatory integral bound that arises in

22Symbols like 1 — x(H —I) and P; are being used in a purely formal way — they are defined
by the A-integrals in which they arise.
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this case is

sup ‘/ it x(A?)) cos(A|z — y|) dA
z,yER

< e / Y ()1~ x(02)) cos(Nle — ] () du| < CJ 5.

Here the Fourier transforms are with respect to A and we used that

[(1 = x(X?)) cos(Aa)]¥ (u)
is a measure with total variation norm uniformly bounded in a. Next, consider the
contribution by n = 1 in (7.2). Writing ¢ = (i;),d; = (5;) this term becomes (we
ignore multiplicative constants and we write dz = dzgdxidzy for simplicity)

/Rz / e A1 = (W) sin(A(Jzo — 1] + 1 — 2])) dA Vi (1)1 (20} (z2) i
/R2/ N A1 = x(A%)) sin(Nzo — a1 [)e 172771 A\ Vo (1)1 (w0) o (2) da

/R/ N AT(1 = x(A?)) sin(Ara — 1 [)e =70l dA Va (1) a0 (2) d

To bound the oscillatory integrals, note first that

(1 a®)AHL = x(W2)))Y ()|

< [T = x|, + ClARATH A = x (W), < oo,
since [A71]V(u) = csign(u). Hence

A= XD ()], < oo
Second, we claim that (recall p = v/2 + A2)
(7.6) sup || /00 emaV2EA gidu d)\HM = sup H /OO e VIIAZ g midu d)\HM < 00
a0 J-o b0 J -0

where the norms refer to the total variation norms of measures. To see this, compute

o —virxey _ [Tl _ b - —VbFAZ
loge " = [ |( (sz)%*bw)e

R =
/ (b+/\23d)\+ A

2

< 7d)\+/ Mgy < c
<[ armrt ]

uniformly in b > 0. It follows that

sup (1+ uQ)‘ / e VIHAT g midu d)\‘ <C
b>0 —o00

dX

88

and (7.6) holds. By the same type of argument as in the n = 0 case, we conclude
that the contribution from (7.3)-(7.5) is

< CI= VIl
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as desired. Finally, the terms n > 2 in (7.2) are similar. More precisely, they lead
to oscillatory integrals of the form

sup ’ / eit)\Q/\fn(l _ X(>\2))6iaA67b\/2+A2 d)\| < C)‘l_nmi%v
b>0,a€R | J_

which follow by the same type of arguments as before. Hence, the entire series
in (7.2) is estimated by

g —1 n 1
YoCATEIVIRIGlvl < Clelm =gl
n=0
as claimed.
It remains to deal with those A that belong to the support of x. By Lemma 6.5,
("X (M — )P o,4)
eit

= - eifVAX(AQ)([(H — (N +1+40)"' = (H— (A +1—10))""]p,%) dA

™ 0
/R ] / e Ay (A2) ) F1(z, \) D™ NG (y, \)osd(x), ¥ (y)) dAX 23y dody

&
= / OBl VDT P 0 N (0).(0)) DN iy

The second integral (7.8) can be transformed into a variant of the first (7.7) by
means of the change of variables x — —x, y — —y:

L] e MO8 Gae D M) P o), 0)) Ay

/Rz/ RO XA (F1 (2, \)D™HN)GE(y, Nosd(—z), h(—y)) dAX (> dody.

Hence it suffices to bound the first. To this end we need to consider three cases:
r>0>y,0>2>y,and x>y > 0.

Case 1: x> 0>y
We write the A-integral in (7.7) as the sum of four pieces, according to the various
possibilities for the asymptotic behavior as x — 0o or —y — oc:

[ Y A () Fy (2, D ()G Ao d

(7.9) = / e A () [a (2 A) 0D A fi (=, A) O] dA
(7.10) +/jO e”’\zAX()\Q)[fl(x,A) 0]D~E (N[0 f3(—y, M) o3 dA
(7.11) + [ TN A0 o MDA fi(—9 A) 0o dA

(7.12) + [ TN A0 o MDA fa(—y, Ao dA.
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Now pick another cut-off function x so that xx = x. Then (7.9) is estimated as
follows (with the Fourier transform relative to A):

(7.9)] < ) [ A (A2) [ (2, A) 0D (V) [ fi (=g, A) 0o d/\’

<Clt~> [ N ’[)\X(/\z)D*I()\)]V # [X(O)e™™ fi (2, )]+ [X(Az)e’“yfl(—y,A)]v(é)] dé
(7.13)
< Ol PO D A RO fular D] RO 129 0]

Since D71(\) is smooth, the first norm on the right-hand side of (7.13) is simply a
constant. On the other hand, we claim that

sup [[X(A)e ™ (e, ]|, < € and sup | [x(W*)e™ i(=p, M), < C.

This is an easy consequence of Lemma 5.3. Indeed, (5.9) insures that
|03 [X(A})e ™ fi (2, \)]| < CaPe”

for all A € R and all x > zy. Since we are dealing with a compact A-interval it also
follows that

sup [(1 = BR)[X(A*)e™™ fi(z, M) < C.

z>0,A€R
Hence, . -
sup (14 8)|[X()e P fi(2, W)Y ()] < €
EER,z>0
and thus
(7.14) st;;g” XD e ™ fy (2, )] Hl <C,

as claimed. Hence the right-hand side of (7.13) is at most C|t|~ 2, as desired.
For the second term (7.10) we estimate (recall y < 0)
e}
(7.10)] < ‘ / ei[t,\2+w/\]e—u|y\)\X()\Q)[e—m,\fl(x’ A) O]D_l(A)[O e“‘y|f3(|y|, Atos d)\‘
(7.15)
< Ol P OA D e |02 e ] L 2 ol 0]
It follows from (5.3) that
sup || [R(W%)e ¥ fo((ul, V]I, < oc.

Furthermore, (7.6) and Lemma 6.2 imply that
sup || [Ax(/\z)D_l(/\)e_“‘yl]le < C.
y

Combining these estimates with (7.14) shows that the entire right-hand side of
(7.15) is uniformly bounded in z,y € R.
The same type of arguments show that

[(7.11)] + | (7.12)| < C|t| =
uniformly in > 0 > y, which finishes Case 1.
Case 2: 0> x>y
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In this case, we need to use (5.24). Thus, we write the A-integral in (7.7) as the
sum of two integrals:

/ h ™ AY(A2) Fy (2, \) DL (V)G (y, N)os dA
(7.16) = /_Oo "™ Ax(A2)G1 (2, \) AN D~ (N Gh(y, N)os dA

(7.17) + /_ h "™ Ax(A2)Ga(z, ) B(A) D (N Gh(y, \)os dA.,

each of which is itself broken up into four pieces just as in (7.9)—(7.10). Thus,
starting with (7.16),

/_Oo e Ax(A2)G1 (2, \) AN D~ (N Gh(y, Ao dA

118) = [ O BAND T A3 ) 0

(7.19) +/Z e A (M) [fa (=2, A) 0JAN)DE(N)[0 f3(—y, A)]fos dA
(7.20) +/_O; e A0 fa(=z, NJAN) D W) [f1(=y, A) 0] o3 dA
(7.21) +/o; N AX(A)[0 fa(—2, VAN D N[0 fs(—y, A)]'os dA.

We remark that in view of Corollary 5.21,

In particular, the expression on the left-hand side is smooth for all A\ € R. Moreover,
the diagonal form of the right-hand side implies that (7.19) = (7.20) = 0 (which in
the case of (7.20) is crucial), as well as

1 [ e ) ,
(7.18) = o / eI () e fa (=2, X) 0][e" fr (=, A) 0] o5 dA

(7.21) = —/jo emze*lx*y\#%x(m[e e £ (1), ][0 e f3(Jyl, A)] o d.

The same type of arguments as in Case 1 involving the Fourier transform in A show
that both of these expressions are bounded by C |t|_% uniformly in 0 > = > y. The
only new ingredient in this case is the estimate

sup | [¥(3)e ™ fa(lal. )]l < oo,
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which follows from Corollary 5.9. Continuing with (7.17), we write

/o:o e AX(A2)Ga (2, \)B(A)D 1 (\)Gh(y, \)os dA

= [ A (e () BID T W (-, Y) O
b [ (O (-, 3) OLBOYD T )0 e (] Ao A
b [ )0 € £l VIBOVD VI (03) 0o )

* / e kD A (A2)[0 1 fy(Je], AT BOYD (N[0 €Y fi (], A s dA.
We remark that in view of (5.27)
AB(A)D(N) 7! = ( _02%‘ 2 )W[Fl(-,A),Gl(-,A)]tD(A)‘1
2p

is a smooth function in A\. Hence, the same methods as before prove that each of
these integrals are bounded by C' \t|*% uniformly in 0 > z > y.

Case 3: x>y >0
This case can be reduced to the previous one. Indeed, using that Fj(z,\) =
Ga(—z, A), as well as (5.35), one obtains

/ ¢ Ay (2)Fy (2, ) D~ (\) G (3, A)ors dA
:/ I A (A2)Ga( =2, \) D~ (A)Fl (—y, N)ors dA

o0 . 2 t
= 03{/ e AN Fy(—y, D™ NGy (—z, Aoz dA| os.

Since 0 > —y > —z, and since o3 and the transpose do not affect the point-wise
estimate of Case 2, we are done. ([l

The previous estimate also allows for the introduction of derivatives. We will
consider only at most two derivatives, although more are possible.

Corollary 7.2. Let H be admissible. Then

101

. 1
€7 Pl sy < CE 277 fllwrncay
for0<k<2and1l<p<2.

Proof. The case k = 0 is obtained by interpolating between Lemmas 6.11 and 7.1
and holds for the entire range 1 < p < 2. We need to require p > 1 only for the
derivatives. If a is sufficiently large, then

(H —ia)™': L? x L? — W% x W22
is an isomorphism. More generally,
(H—ia)™2 : LP x LP — WP x WP
is an isomorphism for 1 < p < oco. This can be seen from the resolvent identity
(H —ia)~" = (Ho —ia) ' [1 4+ V(Ho —ia) '],
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since ||V]|co < 0o implies that
1

IV (Ho — i) My < 5

if a is large enough, and because
(Ho —ia)™2 : LP x LP — W2P x W2P
for any a # 0 as an isomorphism. Hence,
02" Py £l < CI|(H —ia)e™ fll,y = [l (H — ia) f
3G |(H —i <ot G
N(H —ia) fllp < N fllwze w)-

This gives the case k = 2 of the lemma, whereas &k = 1 follows by interpolating
between k =0 and k = 2. O

Finally, as in [44] one can now derive Strichartz estimates on the evolution e’ P,
even with derivatives.

Corollary 7.3. Let ‘H be admissible. Then the following Strichartz estimates hold:

(7~22) ||6_itHP8f||L;(vaP) < CllfHWk~2
t
—i(t—s)H ,
(7.23) H/O e P.F(s) dsHL{(Wﬁ,p) < CIFl Ly v
provided (r,p), (a,b) are admissible, i.e., 4 < r < oo and % + % = 1 and the same

for (a,b). Here k is an integer, 0 < k < 2.

Proof. We first show how to reduce matters to k = 0. As in the previous proof, we
rely on the fact that (because of ||[V||oo < 00),

102 fllq < CII(H —ia)fllq
for any 1 < ¢ < co. Hence,
le™ Py fl| 1 w2y < Cl(H —ia)e™ Py fll Lprny = lle™ " Po(H — ia) fl| Ly ()
< Cl(H —ia) fllz < C|lfllwz2,

which is (7.22) for k = 2. Similarly, one proves (7.23) for k = 2. The case k = 1
is then obtained by interpolation between k = 2 and k = 0. For k = 0 we use an
argument from [41], Section 4. Let (S for “Strichartz”)

t
(SP)ta) = [ (P (s ) (@) ds
0
In this proof it will be understood that all times are > 0. Then by (6.14),
[SF Lz r2) < ClF L1 (z2),

and more generally, by the usual fractional integration argument based on Propo-
sition 7.1,

(7.24) ||3F||L;(Lg) < C||F|

Ly (Ly)
for any admissible pair (r,p). In the unitary case this implies (7.22) via a TT*
argument, but this reasoning does not apply here. Instead, we rely on a Kato



82 J. KRIEGER AND W. SCHLAG

theory type approach as in [41], Section 4. Since H = Hp + V, Duhamel’s formula
yields

t
(725) e*itHPS — efitHOPS o 7// efi(tfs)HgvefisHPS ds.
0
Set p(x) = (z)~17, say, and define
- ([ p 0
- a-(20).
With V = MMV, observe firstly that

| [ eemitgsas], || [T ety i,

where the last inequality is the dual of the smoothing bound

2(L2)>

| e as < e

Here “smoothing” is used in the sense of Kato’s theory, see [28] and [40]. Now one
applies the Christ-Kiselev lemma, see [8] or [41], to conclude that

H / =90 () ds

<C
Lorn) = ||g||L’;‘(Lg)

for any admissible pair (r,p). Hence, continuing in (7.25), one obtains (using that

1Psfll2 < Clfll2)

le™ ™ Pufllzzazy < Cllflla + || M7 Ve

L2(12)
It remains to show that M1V is HP,-smoothing, i.e.,

(7.27) HM*lve ’

<C .
zay <CIA

It follows from Lemma 6.8 that the integrand here is the same as
. 1 L~
M~ Ve sHp, f= — / e M YWI(H - (A 4i0)"t = (H— (A —1i0)) " ] f dA.
21 [A]>1

Hence, applying Plancherel in ¢ yields

/ M~ Ve " p,f|2ds

_ / NIV — (A +i0) 1 — (H — (A — i0)) " || dA

A[>1
R 2
= 2/ AMM7TYWI(H = (A +14i0)) " — (K — (A\* + 1 —140)) "] f||5 dA
0

+ 2/00 A[FTTVIH = (=X 4 140) 1 = (K= (=22 + 1= i0)) "] ||, dx.
0
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In view of Lemma 6.7,
0 ~ .
[ ntve e pizas
— 00

1

=5 [ AU E N ] dx

2
By the definition of £ and Lemma 6.3,

|MVEL(z, N) HLZ < CIAP(L+ )2

+1 /m ANV E (2, M)(E7 (-, Nas, )|, dX
i

Hence,

1 [ ~
L RS L CHESVC VNI

o3 [T eve e o 1 0

<0/ (E1(, Vo3, f |L2d)\+C/ (2 (- Nos. )3, dr < CII I3,

where the final inequality is a Plancherel type property that follows from Lemma 6.3.
Hence (7.27) holds. The conclusion is that

le™™ Py fl|pyrey < ClIfl2

for any admissible (r,p), which is (7.22). The proof of (7.23) is now the usual
interpolation argument. Indeed, in view of the preceding one has the following
bounds on S for any admissible pair (r,p):

(7.28) S:LY(L2) — LT(LP)
(7.29) S:LT(LP') — LT(LE)
(7.30) S:LT(LP) — L°(L2).

These estimates arise as follows: (7.29) is exactly (7.24), whereas (7.28) follows
from (7.22) by means of Minkowski’s inequality. Finally, (7.30) is dual to the
bound

(7.31) H/ ei(t*S)H*PCG(s)ds’
t

< |G .

sy S Gz
Here P, corresponds to H* in the same way that P, does to H. In particular, one
has

e Pl1moe < Ot 2

and therefore, (7.31) is derived be the same methods as (7.28). It is important to
notice that Py = P, which is essential for the duality argument here. This can be
seen, for example, by writing the Riesz projections onto (generalized) eigenspaces as
contour integrals around circles surrounding the eigenvalues. Since the (complex)
eigenvalues always come in pairs, the adjoints have the desired property. Interpo-
lating between (7.28) and (7.29) yields (7.23) for the range a’ < ' or a > r, whereas
interpolating between (7.28) and (7.29) yields (7.23) in the range a < r. O
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8. DISPERSIVE ESTIMATES: THE WEIGHTED CASE

In this section we obtain the decay rate of t=% on e P,. The latter will exploit
the fact that absence of resonances at the thresholds leads to better time-decay,
albeit at the cost of a linear weight. This property was discovered by Murata [34],
and then used by Buslaev and Perelman [5] for systems. However, they worked
on L? and with a loss of a higher power x, namely of 23-°7¢. This would not be
sufficient for our purposes. For the same estimate in the scalar case, see [45].

Proposition 8.1. Let H be admissible, see Definition 6.1. Then for all ¢ # 0,
—1 4 _3
z) e Py flloo < CIt17% [{2) fly
with some C' = C(V).

Proof. As in the proof of Proposition 7.1, we divide the arguments into A large and
not large. In the former case, the estimates that lead to the unweighted L' — L*°
bound apply here almost verbatim up to an additional integration by parts, whereas
in the latter case we will need to use the Fourier representation from Proposition 6.9.
As before, we start from the representation formula

<€itHPs¢7w>
- % - e“’\2>\<((H — (AN 4+1+40) = (H— (A\*+1—10))"") ¢, ¢) dA
0
e—it

Ly

| A= (3 = 1 i) = (= (22 = 1 i0) o) an
0

which holds in the principal value sense if ¢,9 € §. With the same x as in the
proof of Proposition 7.1, we arrive at

(71— x(H = D)PS6,0)]
<ol [T e S {0 X0t - 021 10

x (V(Ho — (A2 +141i0))71) ", 9)
— ((Ho— (A2 +1—i0) " (V(Ho — (A2 +1—i0))"1)" ¢, ¥)] } d)\‘.

If the A-derivative falls on 1—y(\?), then the exact same arguments apply which we
used in the unweighted case. If the derivative falls on the resolvents, then weights
|z; — x;j_1| appear. However, these are bounded by |z;| 4 |z,;_1| and can therefore
be absorbed either by V or the test functions ¢, 1. The conclusion is that

‘<eit7't(1 — y(H - I))P;r¢71/}>‘ <Ct _%||<m>¢||1||<x>¢||1,
and therefore also
(e (1 — x(—H + 1) Py ¢, )| < Clt|7% (@)l [ (),

as desired. Cf. the treatment of (7.3)—(7.5) for details.
Next, we use Proposition 6.9 to write

<eitHX(H - I)Pj¢7w> = %Z_ Lm eit)\2X()‘2)<¢70'36+('7>\)><e+('7/\)a¢> dA
(e (—H + I)P7 ¢, 1)) = 62_: /_ h e XYY (b, aze— (., A)e— (), 1) dA.
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It suffices to estimate the first integral. Integrating by parts in A yields

("X (H = I)PF¢.4)

(8.1)
= [ o[y B DT RN (Ne )] ay
0
b [ o [N, Gal ~ND T N (Galt NP (Ne, )] d.

By symmetry, it will suffice to treat the integral (8.1) involving Fj(-, ). We dis-
tinguish three cases, depending on where the derivative 0y falls. We start with the
integral

(8.2) /OOO e W), 03 Fy (-, )DL (N)e) (Fy (-, ) D (N)e, ¥) dA,

where we have set w(\) = 9\[x(A\?)\]. By the preceding, w is a smooth function
with compact support in [0,00). As usual, we will estimate (8.2) by means of a
Fourier transform in A. Since we are working on a half-line, this will actually be a
cosine transform. Let @ be another cut-off function satisfying w® = w. Then

\ /0 06, 05 FL (4 A) D (A)e) (B (5 A D1 (e, 1) dA

(83) < ClI72 [wi@ o3 Fi (- NDT M) Il @(Fi (- ) D™ (Ne, )] 1.

It remains to show that
[w(g, 03 F1(-, A) D™ (A)e)]¥ (u) := /000 cos(uA)w(N)(¢, o3 F1 (-, A) D~ (N)e) dA

satisfies

| [wto o Pt 0D 006l () < o

— 00

The second L'-norm in (8.3) is treated the same way. This means that we need to
prove that

(8.4) [ o; ‘[wFl (z, A)D*l(x)gw(u)] du < Cla)

for all z € R. We will consider the cases x > 0 and x < 0 separately. In the former
case,

[wWFy (2, YD (N)e]Y (u) == /000 cos(uN)w(N)Fy (2, \) D™ (N)e dA

65) =3 [ AN ) e DT i

0

86 5 [ TP @A) e D7 e i
2 Jo

(8.7) + /000 cos(uN)w(N)e "Tel” f3(x, A) (e, D71 (N\)e) d,
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where ¢/ = ((1)) We integrate by parts in (8.5)—(8.7):
(8.5) +(8.6)
*f#w x e, D71 67¥w 1(x e, D1(0)e
85) = g O A0 D 0 -~ Zo w0 il 0e D 0
- m /O ¢, [N e fy (2, X) (e, D~ (A)e)] dA
- ﬁ /0 " e, (e i) D (N)e)] dn,
whereas
/000 cos(uN)w(N)e Pl fa(x, A){e/, D71 (\)e) dA
—— /0 ~ sin(\u)oy [W(A)efﬂw Falz, (e, D*I()\)@} dX.
Since
89 su (e ™ ie N £ CV), s @50 foa, V]| < OV,
as well as
(8.10) sup \6§\ [wNe ™ < C

x>0

for j > 0, it follows via another integration by parts that

Py (1D (el ()] € Oy D 4 Ot ) 4 Ol — )™ 4 Cu.

We will use this bound if ||u| — |z|| > |z| and |u] > 1. On the other hand, if

[Jul =

|z| | < |z|, or Ju| < 1, then we simply estimate

lwFi(z, ) D™ (Ne]" (w)] < C.

The conclusion is that

(8.11)

for all

[ IeOVA@ D (Mel ()] du < €

x > 0.

If x <0, then recall that

2iNFy (z, \) D (N)e
= 2iAG1 (2, \)A(N) D (Ve + 2iAG2(z, \) B(A) D~ (N)e

0

12

= G1(z,\) ( é A >e+ Ga(z, N)e(2iApB(A) D~ (N)e, €)

m

+ Ga(, N (2iAgB(\) D~ (Mg, €)

(8.12)
= fa(=2, A) + (N fr(=2,A) + fs(=2, A)(2iAgBA) D~ (Ve ')
= fi(=z,=A) = fi(=2,X) + (r(X) + D fi(=2,A) + fs(=2, \)(2iAgB(A) D™ (Ve €),
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where r(A) is as in Lemma 6.3. Thus,

Fi(z,\) D '(\)e

= 2IAG1 (2, \)AAN) D~ (Ve + 2iAGo (2, \) B(N) D1 (e

= @) (X~ A )]+ T )
+ f3(=2, M) (gB(A)D™ (Ve €).

By Corollary 5.15 and Lemma 6.2, (¢B(A)D~*()\)e, ¢’) is smooth in A\. Returning
to the cosine transform (where x = —y with y > 0) we conclude that

/OOO cos(uN)w(N)Fy(—y, \) D1 (\)ed\

813) = [ cosOue)@N N - Al ]
(8.14) + /000 cos()\u)eiy’\w(A)T(;)Z%:—le_iy)‘fl(ya A) dA
(8.15) + /000 cos(Au)e " (qB(AN) D™ (N)e, e)e! f3(y, \) dA.

The easiest term to deal with is (8.15). Indeed, integrating by parts in A twice
shows that

(8.16) sup‘/ cos(Au)e MY {(gB(A\) D™ (Ne, e'Ve! f3(y, A) dA\| < C(1 + |u|) 2,

y>0

see (8.9) and (8.10). Next, consider (8.14). By Lemma 6.3, (0) = —1 and r(A) is

smooth. Hence, % is also a smooth function. Set wi(A) = w(/\)r(’\iiﬂ. Then

(8.14) :/ cos(uN)e wi(N)e WA f1(y, \) d.
0
By the same arguments that lead from (8.8) to (8.11) we obtain the bound
(8.17) / ] / cos(uN) e wi (X)W £ (y, ) dA| du < O(y)
—o0 0

uniformly in y > 0. Turning to (8.13), we see that is the same as (with 92 being the
partial derivative with respect to the second variable of f; and ignoring constants)

/ / cos(uN)w(N)da f1(z, Ao) dAdo
(8.18) = / / cos(uN)eP7w(\)da[e = f) (x, A\o)] dAdo
-1Jo

1 o'}
(8.19) + zx/ / cos(uX)e? 7 w(\)e = £, (z, A\o) d\do.
0



88 J. KRIEGER AND W. SCHLAG

We will focus on the second integral (8.19), since the first one (8.18) is similar. We
will integrate by parts in A, but only on the set |cz +u| > 1. Then

1 %)
—ix / cos(uN)e™ 7 w(N)e” N fi (2, Aa) dAX[|oztu>1) O
—1Jo
! x

1
X
+/1m_ww(o)ﬁ(%o))([mimzl] do

1 e’}

T 3 —iT Ao

(8.20) + / e / eilerturg, [w()\)e A fl(x,A)} A\ X[Joztul>1) do
—1 0

1 )

z ) —u —ix Ao

(8.21) +/ o —a) u)/ ¢iloe )’\(%\{w()\)e Afl(:g,A)] A X{oa-ta/>1] do.
—1 - 0

The first two integrals here (which are due to the boundary A = 0) contribute

1
X
/1 mw(o)fl(xao))(ﬂmimzu do

1
T
+ [1 mwmm(x, 0) X{joatu>1] do = 0,

where we performed a change of variables o +— —o in the second one. Integrating
by parts one more time in (8.20) and (8.21) with respect to A implies

oo 1 o] ) )
/ ‘x/ / cos(uN)eM T w(N)e ™A f1 (2, Aa) dAX[|prtu|>1) do | du
—oo -1J0

oo 1

|z
=¢ (oz +u)? dod
a /—oo /_1 (0m+u)2X[\amﬁ:u|21] odu

o0 1
X
0 [ [ a g iessuz dodu < Clal.

Finally, the cases |ox + u| < 1 and |oz — u| < 1 each contribute at most C|z| to
the u-integral. Hence

oo 1 oo
/ ‘x/ / cos(uN) e w(\)e M £ (z, Ao) d/\do' du < Clz|.
—o00 —-1J0

Since (8.18) can be treated the same way (in fact, the bound is O(1)), we obtain

0 1 00
/ ‘ / / cos(uN)w(A)Da fa(x, Ao) d/\do) du < C(x).
—00 -1J0
Combining this bound with (8.16), (8.17), and (8.11), we conclude that
|lwN)Fi(z, ) D~ (N)e]¥||, < Clz) VazeR,
which in turn implies that

522 | [T )60 (WD N ND N vy

< Clt~2 @)1 | ()l
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This is the desired estimate on (8.1), but only for the case when 9y falls on the
factors not involving Fy (-, \)D~1()\)e.

We now consider the case when 9y falls on F;(x, \)D~!(\)e. Hence, we need to
estimate

/0°° e XN, 03 03 [F1 (-, \)D ™ (V]e) (Fi (-, D™ (Ne, 1) dA

(8.23) :/OOo e XYY (b, o3 ONAFL (-, VD (N)]e) (Fi (-, A) D~ (N)e, ¥) dA

- /O‘X’ e XN (6, 03 FL(, )D T (NN (Fi (5 M D™ (Ne, ) d.

The final integral we have just estimated. Hence (8.23) is the main issue. By the
same reductions as before, it will satisfy the desired bounds provided

[ [wi(NONAFL (2, VD™ (Ve ]|, < Ofa)
where w; is a smooth cut-off. Now

[w1(A\)OANFy (, YD~ (V] ] (u)

(8.24) —ix /O " cos(uA) e o (A= £y (2, A) e, D (Ve dA
(8.25) - /0 h cos(uX) e wi (N[ Ae A f1 (2, ) (e, D™H(N)e)] dA
(8.26) - /0 " cosuA)z! (V) wi (e~ TN s (2, A) el D1 (\)e) d
(8.27) + /O h cos(uN)wi (N)e "HOz[Ae®  f3(z, \) (e, D™1(N)e)] dA.

We again need to distinguish = > 0 from z < 0. We start with the former case.
Integrating by parts in (8.24) leads to

i / " cos(uA)e ™ w (A e= T £ (2, M) (e, DL (A)e) d

0

(8.28) :—%(;”jru)/ooo GGy, [wl(A)Ae—mfl(x,A)<@D—1(A)g>] X
(8.29) - ﬁ /0 ella=wAg, [wl(A)Ae—mfl(x,A)<;,D—1(A)g>} dX.

It is important that boundary terms do not appear here (due to the A). On the other
hand, boundary terms do arise upon integrating (8.25) by parts. More precisely,
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for the case of (8.25) we obtain

/0 " cos(uA) N wn (N)Or e fu (1, 0) (e, DL (A)e)] dA
1

(8.30) = AT (0)Ox[Ae™ A fi(z, \) (e, D~ (A)e)] ‘ o

(831) — Wl_u)wl(om e fi(w, A, DTN

(8.32) —-2i¢t{%10}Ea)e“m*lokék[aq(k)8A[AeimA]ﬁ(x,A)(@,l)1(A)e>ﬂ aA
(833)  — 21(%—@0 /Ooo elTmwAg, {wl(A)EA Ae™ " fi (=, A)<g,D‘1(A)g>ﬂ dA.

Integrating by parts one more time in (8.28) and (8.29) implies

‘m/ cos(uN)e™ wi (M) Ae ™A f1 (z, X) dA
0
< Claf(1+ |z —u) 7 + Cla|(1 + o + u])
uniformly in x > 0, whereas (8.30)—(8.33) are treated the same way as (8.8). Con-

sequently, (8.24) and (8.25) each have L!(du) norm < C(z) provided z > 0. Inte-
grating (8.26) and (8.27) in A twice yields

(8.26)] + |(8.27)] < C' (1 +u?)~!

uniformly in z > 0 since for £ =0, 1,2

sup |4 o' (0) w1 (e ™A™ fy(w, M) (e, D~ (Ve < €

x>0
sup |04 [eal (3) wr (Ne ™™ Ae™ fy (. M) (€', D™ (V]| < €.

Hence, (8.26) and (8.27) each have L!(du) norm < C provided x > 0.
To deal with < 0, we use (8.12):

2N (2, \) D (Ne = fo(—2, \)+7(N) f1(—2, \)+ f3(—2, \)(2iAgB(A) D™ (N)e, €).
This implies that

2i[w1 (\)ONAF (2, ) D~ (\)e] ] ()

= /0 cos(Au)wi (A)Ox fa(—x, N) dA —|—/O cos(Auw)wy (N)Ox[r(A) f1(—z, A)] dA

e, )] dX,

+ /OOO cos(Au)wr (N)OA[f3(—x, \)(2iAgB(A\) D1 (N)
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which further simplifies to

_ /0 ~ cos() e (N[ iy (—a, A)] dA
(8.34) + / h cos(Au)e” A wy (N)IA[r(N)e™ fi(—x, \)] dA
0
+ix /00 cos(Au)e ™ wi (A)e™ fo(—x, X) dA
0
(8.35) — zx/ cos(Au)e” T wy (N)r(N) e fi (=, \) dA
0

e e')d\

(8.36) + /000 cos(Mu)zp (N)e™ wy (N)e ™™ f3(—x, ) (2iAgB(A\) D1(\)

e e)]dA.

(8.37) + /0 h cos(Au)e™ wy (N)Ox[e™ " fa(—x, N)(2iAgB(\) D™ (\)

The two integrals in (8.34) (which are not preceded by iz) are integrated by parts
in the same way as (8.30)—(8.33). Their contribution to the L!(du) norm is at
most C(z) with a constant uniform in x < 0. The integrals in (8.35), which are
preceded by iz are also integrated by parts, but we need to check in this case that
the boundary terms A = 0 cancel each other. However, these boundary terms are

mwl (0)r(0) f1(—==,0) — mwl (0)r(0) f1(—=,0)
_ mm(o)fz(—z,O) — mwl(o)fz(_z,o) =0,

since r(0) = —1 and f1(—x,0) = fo(—x,0). Hence, (8.35) can be treated as (8.28),
(8.29). Finally, (8.36) and (8.37) are < C(1 + u?)~! uniformly in x < 0, see (8.26),
(8.27), and we are done. O

Interpolating this estimate with the unweighted L!(R) — L*(R) as well as the
L? bound yields the following:

Lemma 8.2. Let H be admissible, see Definition 6.1. Then for all0 < 0 < 1, all
1<p<2 andallt#0,

(@) 5 M, fly < Ot~ G (@) 5
Here C' is some absolute constant.
Proof. Interpolating between Propositions 7.1 and 8.1 yields
(@) =P Py flloo < ClEI72 1)’ £ 1.
The lemma now follows from a further interpolation with Lemma 6.11. (I

Just as in the unweighted case, derivatives can be introduced here as well. We
restrict ourselves to two derivatives, although more are possible.

Corollary 8.3. Let H be admissible, see Definition 6.1. Then for all 0 < 6 < 1,
all 1 <p <2 and all £ # 0,
(8.38)

k
—0(3—2) i ~(340) (L - 6(L-2) 5
() " P, | iy < CltI~ PGS ()G T8 o ay

=0
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for all 0 < k < 2. Alternatively,
(8.39)

k
—0(L-4 _ —(+0)(2 -4 o(L—-L ;
1) 0G0 P ||y < Lt E OGS (@) 50 | oy
=0
for all 0 < k < 2. Here C'is a constant that depends on p.

Proof. The case k = 0 is Lemma 8.2. Let a > 0 be large. As in the proof of
Corollary 7.2, for p’ < oo,

H<x>79(%7ﬁ)eit7'lpsf

'W2»P’ (R)

< C|[(H —ia)@) "GP e g
p

< C|(@) G P (H ~ ia)f

o R N
p p

< CM*(%*@)(%*I? )

|(@)* G (1 — ia)f

o+ H[<x>*9<%*ﬁ),H}e“HPSpr/

The first term on the right can be controlled in terms of ordinary derivatives,
whereas the second only involves derivatives of order zero and one. Therefore, this
second term can be controlled by means of interpolation. Hence, (8.38) holds. The
second inequality follows from the first by induction in k. O

9. THE SPECTRUM OF THE LINEARIZED NLS
The linearization of the NLS
101 + Ouatp = —[9)[*79
around the ground state
o(z) = (o + 1)% coshfﬁ(am)
of =0y + ¢ — ¢2°T1 = 0 leads to the operator

9.1) H= ( _Z.OL+ e )

where

L= —0p+1—¢* =0, +1— (0 +1)cosh™?(ox)

Ly =—0p+1—(20+1)¢% = —ypp +1— (20 +1)(0 + 1) cosh™?*(oz).
Equivalently, H can be written in the form

B _8II+1_(0,+1)¢20 _0.¢20
(9.2) H = < 02 Ozp — 1+ (0 +1)¢%7 )

Lemma 9.1. Ifo > 1, then Ly and L_ have the following properties: they have
no eigenvalues in the interval (0,1] and for both Ly and L_ the threshold 1 is not
a resonance.

Proof. A “resonance” of L. at energy one means one of the following equivalent
things:
e There is a solution f € L\ L? of Ly f = f
e The Wronskian of the two Jost solutions with energy one are linearly de-
pendent
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e The transmission coefficient at energy one does not vanish
The lemma can easily be deduced from Fliigge [15], for example — see Problem 39
on page 94. It is shown there that the Hamiltonian H = —% — 2%

with A > 1 has a zero-energy resonance (which is the same as T'(0) = 0 for the
transmission coefficient T'(E)) iff A is an integer. In the case of L_, @ = ¢ and

A= % + % 14428 If A =n > 2, then ";;1 =n(n — 1) > 2, which implies that

o2

o < 1. Moreover, it is shown there that the number of negative bound states of H is
the largest integer < A. Here A\ < 2 iff ¢ > 1 so that there is exactly one bound state

of L_ below energy one iff ¢ > 1. For L, we have A\ = %—i—%\/ 1+ 4% <3
iff o > 1. This implies that L, has exactly two bound states below energy one, as

desired. It same way, it can be checked that L, does not have a resonance at 1 if
o>1. O

The main result of this section is the following proposition.

Proposition 9.2. For any o > 2 the operator H on L*(R) x L%(R) with domain
W22(R) x W22(R) satisfies:

e The spectrum of H, denoted by spec(H), is contained in R U iR

e The essential spectrum equals (—oo, —1] U [1,00). There are no embedded
eigenvalues in the essential spectrum.

e The only real eigenvalue in [—1,1] is zero. The geometric multiplicity of
the zero eigenvalue is two, and its algebraic multiplicity equals four or six,
depending on whether o > 2 or o = 2.

e If 0 > 2, then there is a unique pair of imaginary eigenvalues +ivy, v > 0,
which are both simple.

e The edges +1 are not resonances>.

In particular, H is admissible?* for all o > 2.

Proof. We will rely on the techniques from [5] and [36]. The latter paper only deals
with the critical case o = 2, which means that we need to adapt some of Perelman’s
arguments to the supercritical case o > 2.

The statement about the essential spectrum follows from Weyl’s criterion via the
symmetric resolvent identity, see [21]. It will be convenient to introduce the ground
state ¢(x, ) (which also depends on o) of

—0patp + % — ¢*7 = 0.
Then ¢(z,a) = aﬁj)(am, 1). Similarly,
) _ag;g;+042 _¢20'
Ly = —0p + 0 — (20 +1)¢*

Clearly, L_¢ = 0, L (0a¢) = —2a¢, and L, (¢') = 0. Since ¢ > 0, it follows
that L_ > 0. Also, ker(Ly) = span{¢’} (by the simplicity of eigenvalues in
the one-dimensional case), and L; has a unique negative eigenvalue Ey < 0. If
Hf = zf with f = (}c;) € L?\ {0} and 2z # 0, then L_L, f; = 2%f; and thus

1
VL_Li\/L_g1 = 2?g; where g = L_?f; (note that f; L ¢). It follows that

23see Definition 5.18
2456e Definition 6.1
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2?2 € R. Moreover, this argument can be refined (see page 1137 in [5]) to show
that if z # 0, then the geometric and algebraic multiplicities of the eigenvalue z
are equal. If H has imaginary eigenvalues, then some 22 < 0 would need to be an
eigenvalue of \/L_Ly/L_. This implies that

<L+¢a ¢> <0.

Ao = min
lfll2=1, fLo

If g is a minimizer here, then by Lagrange multipliers

(L+ - )‘O)g = C¢, 0= <g?¢> = C<(L+ - )‘0)_1¢7 ¢>

Since ¢ # 0 (otherwise, g > 0 is the ground state of L, which contradicts g L ¢)
one has h(Ag) = 0 where

h(N) = ((Ly =N, 9).

But h()\) is strictly increasing which requires

0<h(0)=(L7'¢,¢) = —i@m,@.

Since
dall¢ll3 = 2(0at, ¢) <0 iff o> 2,

it follows that spec(H) C R if 0 < 2 (we will see later that this is if and only if).
As far as the zero eigenvalue is concerned, note that (use (9.1))

n(o) o m(5) =0 () = (757) #(5) = (ains)

It is clear that this describes ker(H) and ker(H?) completely. Moreover, it is easy
to check that ker(H*) = ker(H?) if k > 3 provided o # 2. Indeed, it is enough to
check this for £ = 3 and that case is settled by writing out the third power of (9.1)
explicitly, see [55] page 485. In the critical case ¢ = 2, one has d,¢ L ¢. Hence
a9 € Ran(L_). In fact, direct differentiation shows that L_(2%¢) = —4ad,¢.
Finally, since 22¢ L ¢/, it follows that Ly p = x2¢ for some p. In summary,

#(,20) = (70"7) #(0)= (i)

for the case ¢ = 2. This shows that ker(H?) ¢ ker(H?) ¢ ker(H?*) and the
codimensions in each case equal one. Again, it is easy to check that in this case
ker(H*) = ker(H*) for k > 4.

Let us now assume that the only real eigenvalue of H in [—1,1] is zero for all
o > 2 (this is false if o < 2). Then by the continuous dependence of the Riesz
projection onto the discrete spectrum of H on the power o, it follows that the rank
of this projection is constant equal to six. Hence, if o > 2, then there are two
imaginary eigenvalues counted with multiplicity. By the commutation properties
relative to the Pauli matrices (5.2), it follows that this has to be a pair iy, v > 0
of simple eigenvalues.
It remains to show the following three properties:

i) The only real eigenvalue in [—1, 1] is zero.

ii) The edges %1 are not resonances.

iii) There are no embedded eigenvalues in the essential spectrum.
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Perelman proved these statements for o = 2, cf. Sections 2.1.2 and 2.1.3 of [36].
Hence, it will suffice to consider the case o > 2 which can be dealt with by adapting
Perelman’s arguments. We will rely on Lemma 9.1 for that purpose.

Suppose i) fails. Then H()? has an eigenvalue E € (0, a?]. For simplicity and
without loss of generality, let us choose o = 1. Then there is ¢ € L?(R), 1 # 0,
such that

L Liy=Ey
with 0 < E < 1. Clearly, v» L ¢ and ¢ € H}. (R) by elliptic regularity. Define
A := PL, P where P is the projection orthogonal to ¢. Since (¢, dn¢) # 0, we
conclude that

ker(4) = span{/, 6}.
Moreover, let Ey < 0 be the unique negative eigenvalue of L. Then consider (as
before) the function

h(A) = ((L+ =N) "', 0)
which is differentiable on the interval (Ep, 1) due to the orthogonality of ¢ to the
kernel of L, . Moreover,

W) = (L =N 26,6) > 0, h(0) = ~5(6,006) > 0,

The final inequality here is due to the supercritical nature of our problem. Since
also h(A\) — —oo as A — Ej, it follows that h(\;) = 0 for some Ey < A; < 0.
Moreover, this is the only zero of h(A) with Ey < A < 1. If we set
ﬁ = (L+ - Al)ild)?
then
An = M, (1, ¢) =0.
Conversely, if
Af=Xf
for some Ey < A < 1, A # 0, and f € L?(R), then f L ¢ and
(PL.P-Nf=(A-Nf=0.
Since also

E0<faf> < <L+f7f> :>‘<f7f>
it follows that A > Ey. If A = Ey, then f would necessarily have to be the ground
state of Ly and thus of definite sign. But then (f,¢) # 0, which is impossible.
Hence Ey < A < 1. But then h(\) = 0 implies that A = \; is unique. In summary,
A has eigenvalues A; and 0 in (—oo,1), with A; being a simple eigenvalue and 0
being of multiplicity two. Now define

F = span{y, 1, ¢, ¢}
We claim that
(9.3) dim(F) = 4.
Since ¢ is perpendicular to the other functions, it suffices to show that
c1y) + cof + ¢3¢’ = 0
can only be the trivial linear combination. Apply L. Then

ClL+QZJ + CQL+’I7 =0
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and therefore
cr(Ly, ) + ca(Ly i), ) =0
cr (L, ) + c2(L47},7) = 0.
This is the same as
c B(L=", 1) 4+ e (7, 4) = 0
c1 A1 (¥, 0) + cadi (7, 1) = 0.

The determinant of this system is

EM (LT, 9)(, 1) — M, ¢)]* <0

Hence ¢; = ¢o = 0 and therefore also ¢35 = 0, as desired. Thus, (9.3) holds. Finally,
we claim that

(9.4) sup (Af,fy<1

I fll2=1, feF

If this is true, then by the min-max principle and (9.3) we would obtain that the
number of eigenvalues of A in the interval (—oo,1) (counted with multiplicity)
would have to be at least four. On the other, we showed before that this number
is exactly three, leading to a contradiction. Hence, we need to verify (9.4). Since
(PLTYPf, f) < (f,f) for all f# 0, and since E < 1 by assumption, this in turn
follows from the stronger claim that

(9-5) (Af.f) < E(PLZ'P{, f)

for all f = ayp + bg + c¢’ + dij. Clearly, we can take b = 0. Then the left-hand side
of (9.5) is equal to

(Ly(atp), atp + cd’ + dij) + (Ly(cd’ + di), ap + c¢’ + diy)
= B(LZ"(avp), atp + c¢' + dij) + E{c¢’ + dij, LZ" (av)) + (L (df)), dif)

(9.6) = B(LZ'(av),a + c¢' + dif) + E{cd’ +dij, LZ* (atp)) + A [ i3,
whereas the right-hand side of (9.5) is
(9.7)

= B(LZ"(av), atp + c¢’ +dij) + Ec¢' + dij, L=  (ay)) + E(LZ" (c¢’ + dij), c¢' + di).
Since

Mlldill3 <0, E(LZY(cg' + di), ¢’ + dif) > 0,
we see that (9.7) does indeed dominate (9.6), and (9.5) follows.

Next, we turn to the resonances. Suppose Hf = f where f € L=\ L?>(R). By
Lemma 5.19, f = Ci( ) +O(e¥77) as & — +oo where Cy # 0 and C_ # 0. Hence
there exists 1 € L> \ L? (the first component of f) so that ¢ = Cy + O(eT1%)
as * — Foo and such that L_L ¢ = 1. This asymptotic expansion can also be
differentiated. Pick a smooth cut-off y > 0 which is constant = 1 around zero, and
compactly supported. Define for any 0 < e < 1

Wx(e), 9}

ZZJE = ¢X(5) + /L(&)QS, :U’(E) = <¢ ¢>
Clearly, (1%, ¢) = 0 and |u(¢)| = o(1) as € — 0 (in fact, like e=¢/#). Tt follows that

145112 = Mo (e) + o(1), /w )x(ex)?
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with My(e) — oo as € — 0. We now claim that

(9-8) (L™, 9%) = 9713 + (L — 1), 90) + 0(1)
as € — 0. From the asymptotic behavior of ¢ it is clear that M; := (L4 — 1), ¢)
is a finite expression. Write L_ = —92 + 1+ V; and Ly = —0% + 1 + Vs, with

Schwartz functions Vi, Vo (they are of course explicitly given in terms of ¢, but we
are not going to use that now). We start from the evident expression

(L™, %) = (|97 + (Ly = VY=, 9%) = [[9°]15 + (=05 + Va)ob, %)
By the rapid decay of V53,

—H? € f) = £(x)|? dx o(x z)|? dx + o(1).
(=2 + Va)ue, o) /R|aw<>| a +/RV( )ib(@)? di + of1)

Since ¥ € L?, we calculate further that

[ v @i = [

- / [ (@) di + / @) P(x(ex)? — 1) da

U (@)x(ex) + ep(z)x (ex)| dw

‘ 2

o / Ble)x(en)! (2) - X (ex) da + €2 / b)Y ()| da
- [ W@ e +o(1).

To pass to the last line, use the asymptotics of ¥ and v’. By these asymptotics,
f = (L4 — 1)¢ is rapidly decaying. Hence, ((Ly — 1)y, ) = (f, ) is well-defined
as a usual scalar product. Moreover, one has

Lof=—(Lo=19 or ¢=—(Lo—1)"'L_f=—f—(Lo—1)7'f.
We conclude that

(9.9) (f+0,f) =~{(L-=1)7'f, f) <0,

where the final inequality follows from L_ > 1 on {¢}*, as well from the property
that L_ has neither an eigenvalue nor a resonance at the threshold o? = 1. The
inequality (9.9) will play a crucial role in estimating a quadratic form as in the
previous paragraph dealing with the absence of eigenvalues. To see this, let

fs = span{t/;f, ¢/a "77 ¢}
As before, one shows that dim F. = 4, as least if ¢ > 0 is sufficiently small (use
that (L%, 9°) — oo as € — 0). It remains to show that for small € > 0

(9.10) max (PLPS f) <1

JeFe <fa f>
where P is the projection orthogonal to ¢. If so, then this would imply that
A = PL, P has at least four eigenvalues (with multiplicity) in (—oo,1). However,
we have shown above that there are exactly three such eigenvalues. To prove (9.10),



98 J. KRIEGER AND W. SCHLAG

it suffices to consider the case f L ¢. Compute
(L (ay)® + g’ + diy), alp® + c¢’ + diy)
lay + c¢’ + di||?
_ JalP(le 13 + My + o(1)) + 2R (a®, dif) + A |di |13
C JalPllvElls + 2R(aye, edf + di) + [leg! + difll3
|21 [2(1 4 82 My + 0(62)) + 20\ R{w11b5, w3€0) + A1|23/?

< max
T xeC3 |l‘1|2 + 25%<x1¢6,$2€1 + l‘3€2> + ngel + $3€2H%
where we have set 62 := [|4°||5 2 and
¢’ n
el = +—7— €y = ——.
¢'ll2" 7]l

Note that 7 is an even function, since it is given by (L, — A1)~ '¢ and both ¢ and
the kernel of (L4 — 1)~ are even. Hence e; L ey. Set

b; == (Y, e5) for 1 <5 <2,
Then 05 — bg-) = (1, e;) as € — 0 by the exponential decay of the e;. Let B%,C*
(which depend on €) be 3 x 3 Hermitian matrices so that
C5y =14 0%M; +0(6?), Cf3 = C5) := \0b5, Csy:= N
and Cf; = 0 else,
Bi; =B =0b5_; for 2<j<3

and Bf; = 0 else. In view of the preceding,

max FLlH ) o (Cma)

fer. (. f) zec3 (I + B)z, z)
Clearly, the right-hand side equals the largest eigenvalue of the Hermitian matrix

. . 1 1
(I+B%) 2C(I+B°) 2 =C— 5(Bc+ CB) + %(BQC+ CB?) + zBCB+O(53),

where we have dropped the € in the notation on the right-hand side. With some
patience one can check that the right-hand side equals the matrix D which is given
by (dropping & from the notation)

14+6°M;  —5b 3\ —1)by

2 2

—gbl %b% %(1 —Z%Al)blbg —+ 0((52)

SO = Dby (1= $M)biby Ay + & (1= A\)b3
where My := M; — %x\lbg + %(b% + b3). When § = 0, this matrix has simple
eigenvalues 1, 0, A\; < 0. When ¢ # 0 but very small, the largest eigenvalue will be
close to one, of the form 1+ = with x small. We need to see that x < 0. Collecting
powers of z in det(D — (1 + x)I) we arrive at the condition

(1 - /\1)1‘ = 52[M1(1 — )\1) + b?(l — )\1) + b%(l — )\1)2] + 0((52)
= M (1= M) + (B)2(1 = A) + (4)2(1 = A0)?] + 0(62).
We have
b = (¥,e1) = —((Ly = ), e1) = —(f, en).

On the other hand,

bg = <’(/}762> = _<f7 €2> + <¢7L+62> = _<f7 62> + Albg
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and thus,
b5 = —(1— A1)~ (f, e2).

Since A1 < 0 in the supercritical case, we obtain that
2
(1= M)z < (1= A\)0%[M + Z fre)?]+0(6%) < (1= A)0%[My + (f, f)] + o(6?)
=1

= (1= )8 (f + v, f> +0(6%) = —(1 = A)o*((L- — 1)1 f, f) + 0(6?)

which yields that « < 0 for § small. But £ > 0 small implies that § is small and we
are done.

Finally, we turn to the remaining issue of embedded eigenvalues in the essential
spectrum. The argument is that of Subsection 2.1.3 of [36] generalized from o = 2
to o > 2 (in fact, it applies to any o > 0). Suppose that

(9.11) Hf =Ef with E > 1.

Then the substitution z = tanh(oz) and v(z) = f(x) transforms this into the
following system of differential equations with meromorphic coefficients:

2 1 1)2 1 E
(78%1 —Zzzaz+ it s

o?(1— 22)2)1)7 o?(1— 22)1}7 o(l— zz)glv - o2(1—22)2

g3v.

We remind the reader that ¢ > 2 is a scalar, whereas o; = ( (1) (1) ), o3

< é _01 ) are Pauli matrices. The singularities are exactly z. = £1 and z, = 0.
In fact, these are regular singular points, see Hartman [25] page 70 and in particular
Fuch’s Theorem 12.1 on page 85. This means that in a small punctured disk around

z =1, say, one can find a fundamental system of solutions of the form
(z—1)P(log(z — 1))k f(2) with f analytic around z = 1

where 3 € C is a zero of the characteristic equation and k is a nonnegative integer
less than the multiplicity of that zero. Plugging this ansatz into the equation one
now observes that in the vicinity of z4 there is a basis of solutions of the form

(z— z)) 8 ejn(2), (2= 2) eja(2), (2 — 2) P esa(2),
as well as

{ (z—zj)"2weju(z) if LEZ
log(z — 2;)(2 — 2;) % ej3(2) + (2 — 2zj) "5 eju(2) if L€Z

where e;¢, 1 < /¢ < 4, j = £, are analytic and non-vanishing functions in some disk
centered at z;, and with £ = 1+ A%, and p = v/E + 1, as before. Since E is an
eigenvalue, we conclude that there would have to be a non-vanishing solution of the
form

(1 - 22)%(2)

with an entire function ¥(z). However, 9(z) can grow at most polynomially since
z = 0 is a regular singular point. Hence, 9(z) is a polynomial. Setting w = % this
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would imply that the equation
2w 1 (o +1)2 o+1
—92 — —— 9, ) — —
( w2 1" + o?(w? —1)2 Y o2w?(w? — l)y ow?(w? — 1)01y
(9.12)

E
T 2?12
has a solution around w = 0 of the form
y(w) = w7 "1+ O(w))

for some integer n > 0. Inserting this ansatz into (9.12) implies that 8 = —& —n
would need to satisfy the quadratic equation

det { (~ (5 - 1) + (0;1)2)I+ 0—0’_101} —0

This means that 8 would have to equal one of the four choices, with k =

o+1
o )
kK, 1+K, —Kk, 1 —K

Of these, only —« and 1 — k are possible. In other words,
o+1 1
or

By 1
g g g

The latter is impossible, since ;> /2 and n > 0. Thus, the only possibility is that
p—1_
— =

0< 1—-n
which forces that n = 0. However, direct calculation shows that (1 — 22)2+ € is not
a solution of the eigenvalue equation (9.11) for any constant vector € # 0. Indeed,
if €+ 0, then in that case ¢ would need to satisfy
2 1\2 1
[r+ L1 (U+ )1- s o ]e=0
o o o

E o+ 1\2 o+1
[t B (72
o o

Thus,
2 E
(2 Bem (B E)e
o o o o
which is the same as —u?/E being an eigenvalue of o3. However, the eigenvalues
of o3 are £1, and 2 = E 4 1 # £E. We are done. O

We now present a simple continuity statement.

Corollary 9.3. Let H(a)f*(a) = +iyf*(a) where ||f¥(a)| = 1. We can choose
the f*(a) to be J-invariant, i.e., Jf*(a) = f¥(a). Since ||f*(a)|2 = 1, they
are therefore unique up to a sign. Choose this sign consistently, i.e., so that f*(a)
varies continuously with «. In that case there is the bound

(9.13) [y(e1) = v(a2)| + [ f* (1) = fF(a2)ll2 < Clar)]ar — ag
for all a1, g > 0 which are sufficiently close. Let Pifl(a) denote the Riesz projection

onto f*(a), respectively. Then one has, relative to the operator norm on L? x L2,

(9.14) 1Pia (1) = Po(az)|l < Clan)|an — az|
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for all a1, as as above. Moreover, the Riesz projections admit the explicit repre-
sentation

(9.15) Pip(a) = [ (@), [*(a)),

where H(a)* f*(a) = FivfE (), and || fE(a)|2 = 1.

Proof. By Remark 9.5, ker(H(a) F4v) is J-invariant. Thus, J f*(a) = A\ f* () for
some A € C. It is easy to see that this requires that |\|? = 1. Let ¥ = X. It follows

that J(e®® f*(a)) = € f*(a), leading to our choice of J-invariant eigenfunction.
Using the fact that

ker[H(a) F iv(a)] = ker[(H(a) F iy(a))?],
one easily obtains (by means of the Riesz projections) that
[(H(a) = 2)7H S 1z F iy(a)| ™" provided |2 F in(a)| < ro(a).
In conjunction with the resolvent identity, this yields
[v(a1) = y(az)| < Cla)|ar — g,

as well as (9.14). However, the latter clearly implies the remaining bound in (9.13).
Finally, by the Riesz representation theorem, we necessarily have that (9.15) holds
with some choice of f*(a) € L? x L2. Since PZ (a)? = P (a), one checks that

P (@) f5(a) = [¥(a).

However, writing down P () explicitly shows that

Pa(@) = (g () 4201 de) =~ f (e +21) s
= 2%” 7_(*7'((04)* + 2I)7ldz

gl
which is equal to the Riesz projection corresponding to the eigenvalue —i~y of H(«)*.
Here 7 is a small, positively oriented, circle around i7y. A similar calculation applies
to P (a). Hence H(a)* f*(a) = Fiy(a) f*(a), as claimed. In view of (9.15),

175 (@13 = 1P (@) F(@)]l2 < 1f5 ()]
which implies that ||f=(a)|l2 < 1. On the other hand,

L= fH(@)l2 = P (@) fF (@2 < [FE (@) 2]l (@)ll2 = |7 (@)]l2,
and we are done. O

We conclude with an explicit decomposition of L2 x L? into the stable and
unstable subspaces.

Lemma 9.4. Let N = ker(H(a)?) and N* = ker((H(a)*)?) be the root spaces of
H and H*, respectively, whereas f*(a) and f*(a) are as in the previous lemma.
Then there is a direct sum decomposition

(9.16) L*(R) x L*(R) = N + span{f*(a)} + (N* + Span{fi(a)}> .

This means that the individual summands are linearly independent, but not nec-
essarily orthogonal. The decomposition (9.16) is invariant under H. The Riesz
projection Ps is precisely the projection onto the orthogonal complement in (9.16)
which is induced by the splitting (9.16).
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Proof. This is immediate from the definition of the Riesz projections. First,
1 -1
I-Pi=— ¢zl —H) " dz
27i J,
where v is a simple closed curve that encloses the entire discrete spectrum of H
and lies within the resolvent set, see (6.7). Then, on the one hand,

L*(R) x L*(R) = ker(P,) 4+ Ran(P,) = ker(P;) + ker(P})*.
On the other hand,
ker(P,) = Ran(I — P,) = N + span{f¥(a)}
as well as .
ker(P}) = N* + span{f*(a)}.

This last equality uses that P is the same as the Riesz projection off the discrete

spectrum of H*, as can be seen by taking adjoints of (6.7). ([l

Remark 9.5. By inspection, all root spaces in this section are J-invariant. This
is a general fact. Indeed, one checks easily that JH(a)J = —H(«). Therefore,
it H(a)f = iof with o € R, it follows that H(a)Jf = —iocJf where as usual

0 1
J—<1 0>.Hence

Jker(H —iol) = Jker(H —iol) = ker(H — iol)

for any 0 € R. A similar argument shows that the root spaces at zero are also
J-invariant. In particular, one concludes from this that the Riesz projections
Py, P.oot, P preserve the space of J-invariant functions in L2(R) x L?(R). This
can also easily be seen directly: Let P be any Riesz projection corresponding to an
eigenvalue of H(«) on iR, i.e.,

p—_L j{(zl ~H(a)) L de

211

where v is a small positively oriented circle centered at that eigenvalue. Since
JH(a)J = —H(a), one concludes that

L e ey L -
JPJ—Zm_ﬁJ(zI H(w)) sz_mfi(H(a)Jrzf) dz.

Thus, if F = (£!), then —5 = ~ (in the sense of oriented curves) implies that
v

Fy
—_— 1 S 1 —
JPF = —— f(H(a) +2I)"tdz JF = — ¢ (21 — H(a)) *dz JF = PJF,
2mi J, 2mi J,
so JoP = PoJ, as claimed.
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ABSTRACT. The standing wave solutions of the one-dimensional nonlinear
Schrodinger equation
O + 0o = —[¢1*7y

with o > 2 are well-known to be unstable. In this paper we show that asymp-
totic stability can be achieved provided the perturbations of these standing
waves are small and chosen to belong to a codimension one Lipschitz sur-
face. Thus, we construct codimension one asymptotically stable manifolds for
all supercritical NLS in one dimension. The considerably more difficult L2-
critical case, for which one wishes to understand the conditional stability of the
pseudo-conformal blow-up solutions, is studied in the companion paper [29].
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