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Abstract

We give a self-contained discussion of recent progress in computing the non-

perturbative effects of small non-holomorphic soft supersymmetry breaking,

including a simple new derivation of these results based on an anomaly-

free gauged U(1)R background. We apply these results to N = 1 theories

with deformed moduli spaces and conformal fixed points. In an SU(2)

theory with a deformed moduli space, we completely determine the vacuum

expectation values and induced soft masses. We then consider the most

general soft breaking of supersymmetry in N = 2 SU(2) super-Yang–Mills

theory. An N = 2 superfield spurion analysis is used to give an elementary

derivation of the relation between the modulus and the prepotential in

the effective theory. This analysis also allows us to determine the non-

perturbative effects of all soft terms except a non-holomorphic scalar mass,

away from the monopole points. We then use an N = 1 spurion analysis to

determine the effects of the most general soft breaking, and also analyze the

monopole points. We show that näıve dimensional analysis works perfectly.

Also, a soft mass for the scalar in this theory forces the theory into a free

Coulomb phase.
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1 Introduction

In the last several years there has been significant progress in understanding the low-

energy dynamics of strongly-coupled supersymmetric gauge theories [1, 2, 3]. Most

of this progress has been limited to holomorphic quantities, which give a great deal

of interesting information if supersymmetry (SUSY) is exact. In many cases, the

moduli space of vacua and the phase structure and massless excitations of the theory

can be exactly determined. A natural question to ask is whether these results can

be extended to the case of explicit breaking of SUSY. As a first step, one can study

the case where SUSY is broken softly by mass parameters that are small compared

to the scale of strong dynamics in the gauge theory. In cases where the low-energy

effective field theory is known in the SUSY limit, one can carry out an analog of chiral

perturbation theory for SUSY breaking.

The most general soft SUSY breaking can be parameterized by turning on higher

θ-dependent terms in the coupling constants viewed as superfield spurions [4]. For

example, if we write

L =
∫

d4θZQ†eVQ+
(∫

d2θ S tr(W αWα) + h.c.
)

+ · · · (1.1)

with

S =
1

2g2
+ θ2mλ

g2
, Z = Z

[

1 − θ2θ̄2m2
]

. (1.2)

then mλ is a gaugino mass and m2 is a scalar mass. The effects of soft SUSY breaking

that can be parameterized by chiral superfields can be studied using holomorphy and

SUSY non-renormalization theorems [5, 6, 7]. However, when studying the non-

perturbative effects of soft SUSY breaking, non-holomorphic scalar masses cannot be

neglected compared to holomorphic soft terms such as gaugino masses. (For example,

in an asymptotically free theory, if scalar masses are smaller than gaugino masses at

a renormalization scale where the theory is weakly coupled, then the renormalization

group will generate a scalar mass comparable to the gaugino mass at the scale where

the theory becomes strongly coupled.) In superfield language, the problem is therefore

to determine how the superfield Z in the fundamental theory couples to fields in the

low-energy theory. Ref. [8] pointed out that one obtains nontrivial information by

viewing Z as a gauge superfield. The point is that Z contains a vector field

Z = · · · + θσµθ̄Aµ + · · · (1.3)

that couples to the Noether current associated with a U(1) ‘Q number’ symmetry. As

is well-known, this means that the dependence on Aµ at low energies are controlled
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simply by charge conservation. SUSY relates this to the dependence on the soft mass,

and one obtains non-perturbative information about non-holomorphic SUSY breaking

at low energies.

To make this idea precise, one must deal with several technical complications.

First, one must understand the renormalization properties of the superfield couplings

[11, 12, 13]. Second, U(1) ‘gauge’ symmetries such as the one discussed above are

generally anomalous. This does not give rise to any inconsistency (the relevant gauge

fields are non-dynamical sources), but it does mean that the U(1) symmetry is bro-

ken explicitly, and this must be properly taken into account. These problems were

addressed in Ref. [8] in a ‘Wilsonian’ language, and used to obtain results in several

theories of interest.

In the present paper, we extend the results of Ref. [8] in several ways. First,

we give a self-contained review of the method of Ref. [8] in terms of renormalized

couplings and superfield RG invariants. We also give a new derivation based on a

non-anomalous gauged U(1)R symmetry in a supergravity background. We apply

these results to several classes of N = 1 theories that were not treated in Ref. [8],

namely those with deformed moduli spaces and conformal fixed points. In the SU(2)

theory with a deformed moduli space, we are able to determine the vacuum uniquely

for vanishing gaugino masses, and compute the soft masses of the composite fields for

arbitrary perturbations at the maximally symmetric point. In the conformal window

of SUSY QCD, we give a very simple derivation of the fact that soft masses scale to

zero as one approaches the fixed point. This result was previously obtained in Ref. [9]

by explicit calculation.

We then turn to N = 2 SU(2) super Yang–Mills theory. This was studied in

Ref. [7] for a special subset of the possible soft SUSY breaking terms. We generalize

these results to include the non-perturbative effects of the most general possible soft

SUSY breaking. We first perform a spurion analysis in terms of N = 2 superfields

that includes all soft breaking terms except a non-holomorphic scalar mass. This

analysis also leads to an elementary derivation of the relation between the modulus

and the effective prepotential that had previously been obtained using properties of

the Seiberg–Witten solution. We then analyze the theory using the N = 1 techniques

discussed above. In this way, we are able to determine the exact potential on the

full moduli space for general soft SUSY breaking, including the potential near the

monopole points. The agreement between the two calculations serves as a nontrivial

check on our methods.

We find a rich structure of phase transitions in this theory as a function of the

soft masses. For example, when fermion masses dominate, the vacuum is near the
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monopole/dyon points and exhibits confinement via monopole/dyon condensation;

when the scalar mass dominates, the vacuum is at the origin and the theory is in a

Coulomb phase. We also show that ‘näıve dimensional analysis’ works perfectly for

all the quantities we compute, giving strong support for these methods in strongly

coupled SUSY theories.

2 Non-perturbative Non-holomporphic N = 1 Soft SUSY Breaking

In this Section, we review the results of Ref. [8] on the non-perturbative effects of

soft N = 1 SUSY breaking, including non-holomorphic scalar masses. Our discussion

here uses renormalized couplings rather than the ‘Wilsonian’ language of Ref. [8], but

all results are completely equivalent. We then apply this formalism to the case of

deformed moduli spaces. This case has not been considered before, so the results are

interesting in their own right. This case also has some important similarities with the

N = 2 super Yang–Mills theory we will study in the following Section.

2.1 RG Invariant Superfield Spurions

Consider a supersymmetric gauge theory defined in the ultraviolet by a renormalized

lagrangian at a scale µ where the theory is weakly coupled. We consider here only

the case where the gauge group is simple and there are no superpotential terms. The

renormalized lagrangian in superspace is

L(µ) =
∫

d4θ
∑

r

Zr(µ)Φ†
re
V (r)

Φr +
(∫

d2θ S(µ) tr(W αWα) + h.c.
)

. (2.1)

The renormalized couplings Zr(µ) and S(µ) can be promoted to superfields to all

orders in perturbation theory [13], and SUSY breaking can be included by non-zero

θ2 and θ̄2 dependence in the couplings:

Zr(µ) = Zr(µ)
[

1 − θ2Br(µ) − θ̄2B†
r(µ) − θ2θ̄2

(

m2
r(µ) − |Br(µ)|2

)]

, (2.2)

S(µ) =
1

2g2
S(µ)

− iΘ

16π2
+ θ2mλS(µ)

g2
S(µ)

. (2.3)

The quantity Zr is a real superfield. Its components are defined so that Zr is the

usual wavefunction factor, Br is a B-term. An elementary but important point is

that the θ2 terms affect the equation of motion for the auxiliary fields, with the result

that the physical soft mass depends on the logarithm of the superfield Zr:

m2
r = −[lnZr]θ2θ̄2 . (2.4)
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The quantity S is chiral and runs only at one loop [14]. Its components are defined

so that Θ is the vacuum angle, and at 1-loop level, gS is the gauge coupling and mλS

is the gaugino mass. However, gS and mλS differ from the conventionally-defined

renormalized gauge coupling g and gaugino mass mλ at two loops and beyond [14].

One manifestation of this is the fact that under the transformation

Φr 7→ eArΦr,

Zr(µ) 7→ e−(Ar+A†
r)Zr(µ),

(2.5)

where Ar is a constant chiral superfield, the coupling S has an anomalous transfor-

mation

S(µ) 7→ S(µ) −
∑

r

tr
8π2

Ar. (2.6)

Here, tr denotes the index of the representation r.1 For Ar pure imaginary, Eq. (2.5)

is a U(1) × · · · × U(1) transformation with charges

Qr(Φs) = +δrs, (2.7)

and Eq. (2.6) is a manifestation of the chiral anomaly. For Ar pure real, Eq. (2.5) is a

rescaling of the fields under which physical quantities are invariant, and Eq. (2.6) is a

manifestation of the Konishi (field rescaling) anomaly [15]. Note that Zr transforms

as a U(1) gauge superfield. The non-perturbative validity of these ‘anomalous U(1)’

symmetries is the crucial new ingredient introduced in Ref. [8] to analyze the non-

perturbative effects of soft masses in the theory.

The couplings g and mλ are the lowest components of a real superfield

R(µ) =
1

g2(µ)
+

(

θ2mλ(µ)

g2(µ)
+ h.c.

)

+ · · ·

= S(µ) + S†(µ) +
tG
8π2

lnR(µ) −
∑

r

tr
8π2

lnZr(µ) + O(R−1). (2.8)

R is invariant under the transformation Eq. (2.5). One can choose a special ‘NSVZ’

scheme in which all of the O(R−1) and higher corrections vanish, but this will not be

important for our results. For a discussion of the superfield R (and in particular the

role of its θ2θ̄2 component) see Ref. [13].

If this theory is asymptotically free, the strong dynamics occurs at a scale µ ∼ Λ

where the gauge coupling becomes large. The scale Λ must clearly be RG invariant.

1The index tr is normalized to 1

2
for fundamentals.
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With the ingredients above, we see that we can form two RG-invariant scales:

ΛS ≡ µ exp

{

−16π2S(µ)

b

}

, ΛR ≡ µ exp

{

−
∫ R(µ) dR

β(R)

}

, (2.9)

where

b = 3tG −
∑

r

tr, β(R) ≡ µ
dR

dµ
. (2.10)

The RG invariant scale ΛS is a chiral superfield, and transforms under Eq. (2.5) as

ΛS 7→
(

∏

r

e2trAr/b

)

ΛS. (2.11)

In other words, ΛS is charged under the anomalous U(1):

Qr(ΛS) =
2tr
b
. (2.12)

Because ΛS is chiral, it is the scale that appears in non-perturbatively generated

effective superpotentials. The transformation property Eq. (2.11) is exactly what is

required to make the effective superpotential invariant under the anomalous U(1).

For example, in a theory with a simple gauge group and vanishing superpotential,

the anomaly-free symmetries constrain the dynamically-generated superpotential to

have the form [16]

Weff ∼ 1

Λ
b/(t−tG)
S

∏

r

Φ2tr/(t−tG)
r , (2.13)

where t =
∑

r tr is the total matter index, and the factors of ΛS have been inserted

by dimensional analysis. One can now check that the power of ΛS is precisely what

is required in order for Weff to be invariant under the transformation Eq. (2.5).

The RG-invariant scale ΛR in Eq. (2.9) is a real superfield defined by analytically

continuation into superspace. Specifically, for real R(µ) Eq. (2.9) defines a function

of R(µ) (up to a multiplicative constant), and the continuation into superspace is

defined by evaluating this function for R(µ) replaced by a real superfield. ΛR is

invariant under the transformation Eq. (2.5).

Another important RG invariant is the quantity

Ẑr ≡ Zr(µ) exp

{

−
∫ R(µ)

dR
γr(R)

β(R)

}

, (2.14)
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where

γr(R) ≡ µ
d lnZr

dµ
. (2.15)

Ẑr can be thought of as the wavefunction factor for the field Φr renormalized at the

RG-invariant superfield scale ΛR. Like ΛR, the quantity Ẑr is defined as a superfield

by analytic continuation. Although Ẑr is RG invariant, it is not physical by itself

because it transforms under field rescalings like a gauge superfield (like Zr(µ)):

Ẑr 7→ e−(Ar+A†
r)Ẑr. (2.16)

However, Ẑr can appear in the effective lagrangian: its transformation property is just

what is required to write kinetic terms invariant under the transformation Eq. (2.5).

Following Ref. [8], we can also define the RG-invariant

I ≡ Λ†
S

(

∏

r

Ẑ2tr/b
r

)

ΛS, (2.17)

which is also invariant under the anomalous U(1)’s. It is easily shown that

I = constant × Λ2
R, (2.18)

so this does not give an independent invariant.

When the theory includes explicit SUSY breaking, the RG invariants above have

θ-dependent components:

[ln ΛS]θ2 = −16π2

b

mλS

g2
S

, (2.19)

[ln ΛR]θ2 = − 1

β(R)
[R]2θ = −8π2

b

mλ

g2
+ · · · , (2.20)

[ln Ẑr]θ2 = −Br −
γr(R)

β(R)
[R]θ2 = −Br −

2Cr
b
mλ + · · · , (2.21)

[ln ΛR]θ2θ̄2 = − 1

β(R)
[R]θ2θ̄2 +

β ′(R)

β2(R)
[R]θ2 [R]θ̄2

= −1

b

∑

r

tr

(

m2
r −

2Cr
b

|mλ|2
)

+ · · · , (2.22)

[ln Ẑr]θ2θ̄2 = −m2
r −

γr(R)

β(R)
[R]θ2θ̄2 −

d

dR

(

γr(R)

β(R)

)

[R]θ2 [R]θ̄2

= −m2
r +

2Cr
b

|mλ|2 + · · · (2.23)
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The ellipses denote terms that are suppressed at weak coupling; they can be computed

exactly in the NSVZ scheme, but this is not important for our results.

The quantities in Eqs. (2.19)–(2.22) are RG invariants by construction, and can

therefore be evaluated at any value of the renormalization scale µ. In an asymptoti-

cally free theory, they simplify if they are evaluated in the limit µ→ ∞:

[ln ΛR]θ2 = −8π2

b

mλ0

g2
0

, (2.24)

[ln Ẑr]θ2 = −Br0, (2.25)

[ln ΛR]θ2θ̄2 = −1

b

∑

r

trm
2
r0, (2.26)

[ln Ẑr]θ2θ̄2 = −m2
r0, (2.27)

where

mλ0

g2
0

≡ lim
µ→∞

mλ(µ)

g2(µ)
, Br0 ≡ lim

µ→∞
Br(µ), m2

r0 ≡ lim
µ→∞

m2
r(µ). (2.28)

We can make a field redefinition to set Br0 = 0; since we are considering the case where

there is no superpotential, this has no further effect. We see that the SUSY breaking

components of the RG-invariant superfield spurions are simple combinations of the

bare coupling constants. This interpretation emerges very directly in the ‘Wilsonian’

approach of Ref. [8]. It is interesting and somewhat counterintuitive that the bare

scalar soft mass can be thought of as given by the wavefunction evaluated at the scale

µ = ΛR (appropriately continued into superspace).

A remark on anomaly-free generators is now in order. The wavefunctions Zr in

Eq. (2.1) can be thought of as gauge fields for the maximal abelian subgroup [U(1)]K

of the full flavor group of the model. We can choose a basis of generators so that

only one of the U(1)’s has an anomaly and the rest are anomaly-free. For a soft mass

proportional to an anomaly-free generator, the RG evolution of the soft masses is

simply determined by charge conservation. This implies that the mapping between

the UV and IR soft masses is obtained simply by matching quantum numbers of the

composite. For example, in SUSY QCD a soft term associated with baryon number

has the UV form m2
Q̃

= −m2
˜̄Q

= m2
0. In the s-confining case NF = Nc + 1, the low-

energy masses for baryons and mesons are simply m2
B̃

= −m2
˜̄B

= Ncm
2
0 and m2

M̃
= 0.

We now consider briefly the extension of these results to theories with superpoten-

tials in the UV theory. In this case, the anomalous U(1) symmetries considered above

do not suffice to determine the exact dependence on the soft masses because there

are additional invariants that can be formed using the superpotential couplings. For
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example, suppose that the UV theory contains a Yukawa coupling λ. In that case,

we can define an additional RG invariant λ̂ corresponding to the running Yukawa

coupling renormalized at the scale ΛR. The quantity |λ̂|2 is neutral under all sym-

metries (including U(1)R), and therefore symmetries do not suffice to determine how

this quantity appears in the effective Kähler potential. We can of course use holomor-

phy and symmtries to determine the exact dependence of the effective superpotential

on the Yukawa coupling. This can give nontrivial information in the case where the

running Yukawa coupling is perturbative both at the scale ΛR and at a UV scale µ0

where the gauge coupling is also perturbative. (We cannot in general take µ0 → ∞
because theories with Yukawa couplings are strongly coupled in the ultraviolet.) In

that case, we can expand the RG invariants in powers of |λ(µ0)|2/(16π2), and ‘näıve

dimensional analysis’ [27, 28] tells us that the effective Kähler potential is an expan-

sion in |λ̂|2/(16π2).2 If λ(µ0), λ̂ ≪ 4π, these effects are smaller than the ‘tree-level’

dependence on the Yukawa coupling in the effective superpotential.

Similar remarks apply to the case where the theory has a product gauge group,

with some matter fields charged under multiple group factors. If one of the gauge

couplings becomes strong at a scale where all the other gauge couplings are weak,

we can compute the effects of soft masses up to perturbative corrections using ideas

similar to those discussed above for Yukawa couplings. We cannot treat the case

where several factors of the gauge group become strong at the same scale.3

There are special choices of soft masses for which the RG-invariant Yukawa cou-

plings λ̂i or ratios of strong scales ΛRa/ΛRb have no θ dependence. In this case the

flow of soft terms can be controlled as in our simple SQCD examples. The physical

interpretation of these special RG trajectories is is clarified below using a gauged

U(1)R background.

2.2 Deformed Moduli Space

In Ref. [8], this formalism was applied to theories with confining and infrared free

‘dual’ descriptions. We now apply these results to soft breaking in theories with

deformed moduli spaces. We begin with SU(2) SUSY QCD with 4 fundamentals Qj ,

j = 1, . . . , 4 (2 ‘flavors’). In the SUSY limit, the moduli space can be parameterized

2Since λ̂ differs from λ(µ0) by an RG factor of order λ3(µ0) ln(µ0/ΛR)/(16π2), there are large

logarithms in the expansion when expressed in terms of λ(µ0).
3It may be possible to make progress in theories with discrete symmetries that interchange the

gauge group factors.

8



by the holomorphic gauge-invariants (‘mesons’)

M jk =
1

Λ2
S

QjQk = −Mkj . (2.29)

Classically, these satisfy the constraint Pf(M) = 0, but this is modified by quantum

effects to [2] (see also Ref. [17])

Pf(M) = 1. (2.30)

The anomaly-free U(1)R charge of Q vanishes and the anomalous U(1) charge of Q

and Λ are the same, so the quantum constraint is consistent with all symmetries.

To simplify the analysis, we use the (Lie algebra) isomorphism between SU(4) and

SO(6). In SO(6) language, we write the mesons as Ma, a = 1, . . . , 6 with constraint

MaMa = 1. (2.31)

If the soft breaking masses are small compared to the dynamical scale Λ of the

theory, they will make a small perturbation on the SUSY moduli space. We therefore

write the most general SO(6) invariant effective lagrangian written in terms of fields

M satisfying the constraint Eq. (2.31). The only SO(6) invariant combinations of M

are M †
aMa and MaMa = 1 (by the quantum constraint), so we have

Leff =
∫

d2θd2θ̄Λ2
R k(M

†M) + derivative terms, (2.32)

where M satisfies Eq. (2.31). Note that M †M is completely neutral: it is invariant

under SO(6), U(1)R, and the anomalous U(1), and is also dimensionless. To calculate

with this effective lagrangian, we must choose independent fields to parameterize M

so that the constraint Eq. (2.31) is satisfied. Expanding in these fields gives the terms

in the effective lagrangian in terms of derivatives of the function k. The function k

is completely unknown, except that it must give positive definite kinetic terms when

expanded about any point.

Up to SO(6) rotations the most general VEV can be written as

〈M〉 =

















(1 + v2)1/2

iv

0
...

0

















, (2.33)

where −∞ < v < +∞ parameterizes the set of inequivalent vacua in the SUSY limit.

For v 6= 0, SO(6) is broken to SO(4), while at v = 0 the unbroken symmetry is

enhanced to SO(5). We then write

M = 〈M〉(1 + ∆) + Φ, 〈Ma〉Φa = 0. (2.34)

9



The constraint Eq. (2.31) can be solved to give

∆ = −1
2
Φ2 +O(Φ4). (2.35)

Using the basis

Φ =
1

(1 + 2v2)1/2























v

i(1 + v2)1/2

0

0

0

0























Φ1 +























0

0

1

0

0

0























Φ2 + · · ·+























0

0

0

0

0

1























Φ5 (2.36)

we have

M †M = 〈M †M〉 +
2v(1 + v2)1/2

(1 + 2v2)1/2
(Φ1 + Φ†

1) − 1
2
(Φ − Φ†)2 +O(Φ3). (2.37)

Note that 〈M †M〉 = 1 + 2v2.

The vacuum energy as a function of v can be determined from the terms in the

effective potential that are independent of the scalar components of Φ. Eliminating

the auxiliary components of Φ, we obtain

V (v) = −[Λ2
R]θ2θ̄2〈k〉 +

|[Λ2
R]θ2 |2

[Λ2
R]0

4v2(1 + v2)〈k′〉2
(1 + 2v2)〈k′〉 + 4v2(1 + v2)〈k′′〉 , (2.38)

where 〈k〉 = k(1 + 2v2), etc. We do not know the function k explicitly, but we know

that k′ must be nonzero everywhere on the moduli space in order for the kinetic terms

to be positive in the SUSY limit. This is sufficient to conclude that the enhanced

symmetry point v = 0 is a local minimum for any positive soft scalar mass ([Λ2
R]θ2θ̄2 <

0) and for any gaugino mass ([ΛR]2θ2).

In the absence of a gaugino mass only the first term in Eq. (2.38) survives, so that

the positivity of k′ is sufficient to conclude that the global minimum is at v = 0. In

this case, the effective lagrangian is

Leff =
∫

d2θd2θ̄Λ2
R k

′(1)
[

Φ†
aΦa − 1

2
(ΦaΦa + h.c.)

]

+O(Φ4). (2.39)

Note that at this order the only dependence on the effective Kähler potential is

through an overall factor, which cancels when we compute masses. The masses are

m2
Re(Φ) = 0, m2

Im(Φ) = +2m2
0, (2.40)
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where m2
0 is a common bare soft mass term of the fundamental Q fields. The fields

Re(Φ) are massless because they are the Nambu–Goldstone bosons of the global

symmetry breaking SO(6) → SO(5). (Local SO(6) excitations of the VEV Eq. (2.33)

correspond to the real components of Φ.) The mass of the Im(Φ) fields is a simple

multiple of the bare mass, and is positive if the bare mass is positive.

These techniques can be applied to other models with deformed moduli spaces,

but we cannot generally determine the scalar masses. Consider for example the case

of SU(N) gauge theory (N ≥ 3) with N ‘flavors’ of quarks Qj , Q̄k̄, j, k̄ = 1, . . . , N .

In the SUSY limit, the moduli space is parameterized by the gauge invariants

M j
k̄ ≡

1

Λ2
S

QjQ̄k̄, B ≡ 1

ΛN
S

detQ, B̄ ≡ 1

ΛN
S

detQ̄. (2.41)

The quantum constraint is

detM −BB̄ = 1. (2.42)

The most general effective lagrangian invariant under the U(N) × U(N) flavor sym-

metry (which includes the anomalous U(1)) and the anomaly-free U(1)R symmetry

is

Leff =
∫

d2θd2θ̄Λ2
R k(B

†, B, B̄†, B̄,M,M †) + derivative terms, (2.43)

where M , B, and B̄ satisfy the quantum constraint Eq. (2.42). (The content of the

above equation is that ΛR appears only as a multiplicative factor.)

Suppose we are interested in the maximally symmetric point 〈B〉 = 〈B̄〉 = 0,

〈M〉 = 1. We write

M = 〈M〉 + Φ, (2.44)

and the constraint tells us that

tr(Φ) = BB̄ − 1
2
tr(Φ′2) + quadratic terms, (2.45)

where Φ′ = Φ− (tr Φ)/N is the trace-free part of Φ. No symmetry can forbid a term

in the effective Kähler potential of the form

k ∼ BB̄ + h.c. (2.46)

(A quick way to see this is that the combination BB̄ appears in the quantum con-

straint.) The quantum constraint is solved by Eq. (2.45), and so this term is quadratic

in terms of the independent fields. Therefore, in the presence of soft masses, a term
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of the form Eq. (2.46) this term gives a ‘B type’ mass for the baryon fields, and we

cannot determine the masses for these fields.

Although it is of limited interest, we can determine the mass-squared for the

mesons in the maximally symmetric vacuum. The unbroken U(N) ‘diagonal’ symme-

try means that the Kähler potential has the form

k = k0

{

tr(Φ′†Φ′) + c
[

tr(Φ′2) + h.c.
]

+ · · ·
}

. (2.47)

The fact that there must be N2 − 1 Nambu–Goldstone bosons from the spontaneous

symmetry breaking of the global symmetry means that c = −1
2
, and the soft masses

for the meson fields are determined. As in the SU(2) case, we find that the mass-

squared for the N2 − 1 massive mesons is +1
2
m2
φ0.

3 Anomaly-free Gauged U(1)R

In this Section we give a new derivation of the results of Ref. [8] reviewed in the previ-

ous Section that makes use of anomaly-free gauge symmetries. This gives additional

insight into why we are able to obtain exact results for non-holomorphic quantities.

We use these results to obtain a very simple derivation of the behavior of soft masses

in a theory with a conformal fixed point.

The ideas are easiest to explain in the context of a N = 1 supergravity (SUGRA)

background with a gauged U(1)R. This can be formulated simply using the super-

conformal approach to SUGRA [19]. In the flat limit, the tree-level lagrangian for a

gauge theory coupled to a SUGRA background can be written in superspace as [20]

L =
∫

d4θ (φ†e−
2
3
VRφ)(Q†ZeV eVR·RQ) +

(
∫

d2θ φ3W (Q) + h.c.
)

+
∫

d2θ S tr(W αWα) + h.c.

(3.1)

The chiral field φ is the conformal compensator, whose role in the full formalism is

to break the superconformal symmetry down to super-Poincaré symmetry. The φ

dependence is completely determined by dilatation invariance and U(1)R invariance,

under which φ has respectively weight +1 and charge 2/3. All other fields have van-

ishing weight and U(1)R charge.4 In this approach to SUGRA, the U(1)R symmetry

is part of the superconformal group, and is gauged (the gauge field is the SUGRA

vector auxiliary field). The field VR is a gauge superfield for an ordinary U(1) gauge

4In fact, it is worth noting that we do not need SUGRA to determine the dependence of φ.

However, SUGRA makes the dependence of VR more clear.

12



group whose charge matrix we call R. The superconformal compensator is charged

under this U(1) with Rφ = −2
3
. The VEV of the conformal compensator φ = 1 + · · ·

therefore breaks U(1) × U(1)R down to the diagonal U(1) subgroup. This unbroken

group is an R symmetry, and the matter fields have charge R. (This is the justifica-

tion for the somewhat abusive notation used above, where the charge of the ordinary

U(1) is denoted by R.) It is this U(1) symmetry that must be anomaly-free in order

for the dependence on VR to be fixed simply by considerations of charge conservation.

As shown in Ref. [18], the condition that a U(1)R symmetry with charges R must

be anomaly-free in order to define a consistent deformation of the theory can also be

derived without referring to SUGRA.

We now consider the SUSY-breaking background

VR = θ2θ̄2DR, φ = 1 + θ2Fφ. (3.2)

The field DR gives rise to soft masses at tree level, but the dependence on Fφ is more

subtle. Note that if the lagrangian contains no dimensionful terms, then W (Q) ∼ Q3

and the φ dependence can be completely eliminated from the tree-level lagrangian by

a field redefinition Q′ = φQ. However, regulating the theory necessarily introduces

mass parameters and therefore brings in additional φ dependence at loop level [21, 22].

The coupling of φ is completely determined by dilatation symmetry, so the loop effects

are correctly included by the replacement

µ2 → µ̂2 =
µ2

φ†e−
2
3
VRφ

(3.3)

in the renormalized couplings R(µ) = 1/g2(µ) and Zr(µ). This gives rise to running

scalar and gaugino masses [18]

m2
r(µ) = −[lnZr(µ̂)]θ2θ̄2 =

(

2
3
−Rr − 1

3
γr
)

DR − 1

4

dγr
d lnµ

|Fφ|2 (3.4)

mλ(µ) = [lnR(µ̂)]θ2 =
β(g2)

2g2
Fφ, (3.5)

where γr = d lnZr/d lnµ and β(g2) = dg2/d lnµ. These equations define a consis-

tent RG trajectory to all orders in perturbation theory in an appropriate class of

renormalization schemes [13]. The ‘bare’ soft mass parameters on this RG trajectory

are

m2
r0 = lim

µ→∞
m2
r(µ) =

(

2
3
− Rr

)

DR, (3.6)

mλ0

g2
0

= lim
µ→∞

mλ(µ)

g2(µ)
= − b

16π2
Fφ, (3.7)
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where b = 3tG −∑

r tr is the coefficient of the gauge beta function.

For SU(Nc) SUSY QCD with Nf flavors,

m2
r0 =

3Nc −Nf

3Nf

DR, (3.8)

mλ0

g2
0

= −3Nc −Nf

16π2
Fφ, (3.9)

We can now apply these results to the low-energy effective theory to find the mapping

of the UV soft masses onto IR soft masses. For Nc + 1 < Nf <
3
2
Nc the low-energy

description has an infrared-free ‘dual’ description in terms of an SU(Nf −Nc) gauge

theory with dual quarks q, q̄ and neutral ‘meson’ fields M . Because this theory is

infrared-free, we can easily read off the soft masses of these fields on the RG trajectory

defined above in the far infrared:

m2
q,IR = lim

µ→0
m2
q(µ) =

(

2
3
− Rq

)

DR =
2Nf − 3Nc

3Nf
DR, (3.10)

m2
M,IR = lim

µ→0
m2
M(µ) = 2

3Nc − 2Nf

3Nf
DR, (3.11)

mλD

g2
D

∣

∣

∣

∣

∣

IR

= lim
µ→0

mλD
(µ)

g2
D(µ)

= −2Nf − 3Nc

16π2
Fφ, (3.12)

where λD is the dual gaugino and gD the dual gauge coupling. Comparing to Eqs. (3.8)

and (3.9), we obtain the relation between the UV and IR soft masses obtained in

Ref. [8]. (The equations above are valid also in the s-confining case Nf = Nc + 1,

where the dual quarks are identified with the baryons.) Of course, the physical

masses should be evaluated at a renormalization scale µ equal to the physical mass.

However, this will give corrections to the masses of order g2
D(µ)/16π2, where gD(µ) is

the running coupling in the dual description. These corrections are small if the dual

description is weak.

The gauged non-anomalous U(1)R is also interesting for theories with Yukawa

couplings or multiple gauge factors. Here it can be used to define some non-trivial, but

nonetheless ‘integrable’, soft term RG flow. Indeed the duals of pure gauge theories

often involve Yukawa couplings. The underlying U(1)R symmetry then makes it

more clear why in Ref. [8] the soft term flow of the dual theory could also be followed

exactly.

We now consider SUSY QCD in the conformal window 3
2
Nc ≤ Nf ≤ 3Nc. This

was considered in Ref. [9], where the explicit RG equations of Ref. [23] were used

to show that all soft masses scale to zero. In this approach, the origin of this result
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is clouded in the computations; we believe that the supergravity approach gives a

significant clarification.

First, it is obvious that when the theory approaches a scale invariant point the

dependence on the scale compensator φ must drop out from the effective action. This

is manifest in eq. 3.5, since the contribution of Fφ is proportional to β(g2), which

vanishes at the fixed point. Second, if we choose R to be the same for all quark fields,

the contribution of DR is proportional to

2 − 3RQ − γQ ∝ 3Nc −Nf −NfγQ, (3.13)

which is the quantity that controls the vanishing of the NSVZ beta function:

µ
dg2

dµ
= − g4

8π2

b−
∑

r

trγr

1 − g2

8π2
tG

. (3.14)

This result holds because the R charge chosen is identical with the U(1)R charge in

the superconformal algebra at the fixed point, which satisfies dO = 3
2
RO for any chiral

operator O with scaling dimension dO. For example, the O 2-point function can be

described by a term in the 1PI effective action

Γ1PI ∝
∫

d4θ
(

O†eVRRO 1−dOO
) (

φ†e−
2
3
VRφ

)dO
+ · · · (3.15)

in which the dependence on VR drops out.

These results give the scaling of the soft masses for µ larger than the soft masses

themselves; below this scale, the soft masses are relevant perturbations and the physics

is no longer controlled by the fixed point. The approach to the fixed point g = g∗ is

given by

g2(µ) = g2
∗ + c

(

µ

Λ

)γ′

, (3.16)

where Λ is the scale of strong interactions. The critical exponent is

γ′ =

(

1 − g2
∗

8π2
tG

)−1
∑

r

g2
∗

8π2
tr

dγr
d ln g2

∣

∣

∣

∣

∣

∗

> 0. (3.17)

In a strongly-coupled theory, näıve dimensional analysis tells us that γ′ ∼ 1. By

Eqs. (3.4) and (3.5) we find that the scaling of soft terms is mQ(µ) ∼ FΦ(µ/Λ)γ
′/2

and mλ(µ) ∼ FΦ(µ/Λ)γ
′

. We see that, for µ ≪ Λ, mQ ≫ mλ, so the scalar masses

control the exit from the fixed point. Solving m2
Q(µ)(µ ∼ mQ) ∼ mQ gives

mQ

Λ
∼
(

Fφ
Λ

)2/(2−γ′)

,
mλ

Λ
∼
(

Fφ
Λ

)(2+γ′)/(2−γ′)

, (3.18)
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where we have assumed that the gaugino masses essentially freeze upon exiting the

fixed point. For γ′ > 2, this solution is not applicable. In that case, the scalar mass

is scaling to zero faster than µ itself, and the physical soft masses vanish. This is

a logical possibility in strongly-coupled theories, but unfortunately we are unable to

compute γ′ and so we cannot determine whether this occurs.5

We close this Section with some remarks on the possible phenomenological ap-

plications of conformal theories. The fact that soft masses decrease as a non-trivial

power law in the infrared in stronlgly-coupled conformal theories raises the possibil-

ity that this could play a role in understanding the smallness of SUSY breaking in

our world. However, there are some very generic difficulties with this idea. First,

as pointed out above, the gaugino masses are always smaller than the scalar masses

in such a scenario. Second, the reduction of the scalar mass discussed above ap-

plies only to the component proportional to the anomaly-free U(1)R generator. All

flavor breaking scalar masses associated to the anomaly-free generators of the fla-

vor group (SU(Nf )× SU(Nf ) for SQCD) will not undergo the suppression discussed

above. Since realistic supersymmetric theories require the squark masses to be ap-

proximatively flavor-preserving, this will make the SUSY flavor problem more severe.

However, strongly-coupled theories near their conformal fixed points may play a role

in nature for other reasons, and it is important to know how the soft masses scale in

such theories.

4 N = 2 Super Yang–Mills

We now turn our attention to SU(2) N = 2 super Yang–Mills theory.

4.1 N = 2 Spurion Analysis

We first consider the theory formulated in N = 2 superspace and perform a spurion

analysis by generalizing the couplings to N = 2 superfields. This analysis generalizes

the results of Ref. [7] because we use more general N = 2 spurions. This is sufficient

to parameterize all soft SUSY breaking except for a non-holomorphic soft mass for

the scalar field. We work out the effects of this breaking on the low-energy potential

using N = 2 techniques and compare our results to those of Ref. [7]. We also give an

elementary derivation of the relation between the modulus and the prepotential.

5The anomalous dimension γ′ can be calculated in weakly coupled theories, such as the 1/Nc

expansion around the Banks-Zaks fixed point at 3Nc − Nf = ǫNc in SQCD. There one finds γ′ ∼
ǫ2 ≪ 1 [9]. The question seems to be open whether γ′ > 2 in the middle of the conformal window.
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The gauge multiplet can be described in N = 2 superspace (xµ, θα, θ̃α, θ†α̇, θ̃
†
α̇) by

a superfield A satisfying [25]

D̄j
α̇A = 0, (4.1)

DiDjA = D̄iD̄jĀ, (4.2)

where i, j are SU(2)R indices (θα1 = θα, θα2 = θ̃α).6 Notice that by SU(2)R covariance

D̄i = ǫij(Dj)∗, where ǫij is the antisymmetric tensor. Eq. (4.1) states that A is a

N = 2 chiral multiplet, while Eq. (4.2) is a reality condition that defines an N = 2

vector multiplet. In this notation, the lagrangian is

L =
∫

d2θd2θ̃
1

2g2
tr(A2) + h.c. (4.3)

(We have set the theta term to zero. We take A = Abτb with the SU(2) generators

normalized by tr(τaτb) = 1
2
δab.) The N = 1 decompositions of A is

A = Φ + i
√

2θ̃αWα + θ̃2
[

−1
4
D̄2

(

eV Φe−V
)]

, (4.4)

where Φ and Wα are N = 1 chiral superfields that are functions of θ and

yµ = xµ + i(θσµθ† + θ̃σµθ̃†). (4.5)

We now consider extending the gauge coupling to a N = 2 superfield:

L =
∫

d2θd2θ̃Σ tr(A2) + h.c. (4.6)

This is N = 2 supersymmetric provided that Σ is chiral:

D̄j
α̇Σ = 0. (4.7)

Ref. [7] also performed a N = 2 spurion analysis, but they imposed the additional

condition that Σ is a N = 2 vector multiplet.

The low-energy effective theory arising from the strong dynamics depends on Σ

through the RG-invariant scale

Λ = µe−4π2Σ(µ), (4.8)

where we have used the beta function appropriate for SU(2). (Recall that N = 2

SUSY implies that the gauge coupling runs only at one loop.) Note that this is an

6We use the conventions of Ref. [25], which extend the conventions of Wess and Bagger [26] to

N = 2 superspace. For a precise definition of Ā, see Ref. [25].
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N = 2 chiral superfield. Away from the monopole points, the effective theory can be

written in terms of a U(1) gauge superfield a:

Leff =
1

4π
Im

∫

d2θd2θ̃F(a,Λ), (4.9)

where dimensional analysis implies

F(a,Λ) = Λ2G(a/Λ). (4.10)

These considerations lead directly to an elementary proof of the relation between

the modulus u ≡ trφ2 and the prepotential. Suppose we turn on a θ2θ̃2 component

of Σ as a source:

Σ =
1

2g2
+ θ2θ̃2D̃. (4.11)

From the fundamental lagrangian, we see that

δΓ1PI

δD̃

∣

∣

∣

∣

∣

D̃=0

= 〈u〉. (4.12)

In the effective theory, we can evaluate the term linear in D̃ in δΓ1PI/δD̃ by expanding

out the θ- and θ̃-dependent terms in Λ:

D̃〈u〉 =
1

8πi

[

Λ2G(a/Λ)
]

θ2θ̃2

=
1

8πi

[

[Λ2]θ2θ̃2G(a/Λ) + Λ2G′(a/Λ) · a[1/Λ]θ2θ̃2
]

=
π

2i

[

D̃ (2F − aaD)
]

, (4.13)

where aD ≡ ∂F/∂a. This immediately gives

F − 1

2
aaD = − i

π
u. (4.14)

Previous derivations [10] of this result have relied on specific properties of the Seiberg–

Witten solution. Here we see that it follows from elementary spurion considerations.

We can also use this formalism to work out the effects of soft SUSY breaking in

the low-energy theory. If we write

Σ =
1

g2

[

1
2

+ θ2mλ + θ̃2mχ + 2iθθ̃mD − θ2θ̃2m2
B

]

(4.15)
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then this gives rise to SUSY breaking terms in the fundamental lagrangian:

∆L =
1

g2
tr
[

−mλλλ−mχχχ− 2imDλχ− (2g4∆ +m2
B)φ2

]

+ h.c.

− 2g2T tr(φφ∗) (4.16)

where

T =
1

g4
tr(m†

ΨmΨ), ∆ =
1

g4
det(mΨ), mΨ =

(

mχ −imD

−imD mλ

)

. (4.17)

and where λ and χ are the fermion components of A. (Because the kinetic terms are

multiplied by a factor of 1/g2, the mass parameters as defined here are the running

masses. In N = 2 there is no running beyond 1-loop, or, equivalently, the holomorphic

and 1PI coupling can be take to coincide, R = S + S†. As a reflection of that the

matrix mΨ/g
2 is RG invariant, and coincides with the bare parameter at µ = ∞

defined in Section 2.) We can now work out the effects of this soft SUSY breaking

in the low-energy theory directly from the Seiberg-Witten solution for G in (4.10) by

expanding out the θ- and θ̃-dependent terms in Λ.

Specifically, the terms relevant for the potential for the effective theory are

a = σ + θ2f + θ̃2f † + iθθ̃d, (4.18)

where σ is the complex propagating scalar, and f , d are auxiliary fields. The reality

condition on a implies that d is real, relates the coefficients of the θ2 and θ̃2 terms, and

implies the absence of a θ2θ̃2 component. The effective lagrangian including soft SUSY

breaking is then simply given by Eq. (4.9), where we expand the θ- and θ̃ dependence

of both a and Λ. After some straighforward algebra (and use of Eq. (4.14)), we obtain

Veff =
T

ku†u
+ 8π2 Re

[

∆ ·
(

2u− ku†

ku†u

)]

+
2

g2
Re(m2

Bu), (4.19)

Note that SU(2)R is manifest. The results above are valid away from the monopole

points; we will postpone the discussion of the physics of this result to the next Section,

where we consider the most general soft breaking terms.

Before we leave the subject of N = 2 spurions, we comment on the relation

between our results and those of Ref. [7]. In that paper the ‘dilaton’ S = iΣ is taken

to be a vector superfield. This corresponds to setting m2
B = 0, and mλ = −m†

ψ

with mD pure imaginary, which gives T = −2∆. SU(2)R invariance means that

the perturbation is to just one independent soft parameter T . From Eq. (4.16) it is

manifest that for this choice of parameters the half-line trφ2 = tr(φφ†) > 0 remains
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flat to all orders in perturbation theory. Non-perturbative effects remove this flatness

and the vacuum is picked out along this half-line at the monopole point u = 1 [7].

Notice that if we had taken Σ rather that iΣ to be vectorlike, the flat direction would

have been along trφ2 = − tr(φφ†) < 0, and the vacuum would be stabilized at the

dyon point u = −1. This explains the apparent asymmetry between the monopole

and dyon points in Ref. [7].7

4.2 General Spurion Analysis

We now consider the most general soft breaking down to N = 0. In N = 1 superspace,

the action including the most general soft breaking terms can be written

L =
∫

d2θd2θ̄ZΦ tr(Φ†eV Φe−V ) +
(∫

d2θ S tr(W αWα) + h.c.
)

+
(∫

d2θm tr(Φ2) + h.c.
)

,

(4.20)

where ZΦ, S, and m are now regarded as superfields with θ-dependent components

parameterizing the SUSY breaking. Because Φ transforms as an adjoint under the

gauge group, there is an additional allowed soft term of the form
∫

d2θ θα tr(WαΦ) + h.c., (4.21)

which gives rise to a mixing mass between the gaugino and Φ fermion.8 However, the

theory has a SU(2)R symmetry that is not manifest in the N = 1 formulation under

which the gaugino and Φ fermion form a doublet. We therefore choose the ‘N = 1’

direction to diagonalize the fermion mass matrix and eliminate the term Eq. (4.21).

Under SU(2)R, the fermions χ and λ form a doublet

Ψj =

(

χ

λ

)

, (4.22)

and the fermion masses form a triplet

(mΨ0)jk =

(

mχ0 0

0 mλ0

)

. (4.23)

The SU(2)R invariance of our results will be a non-trival check of our formalism.

7In fact, under the Z8 R-symmetry of the theory, we have u 7→ −u, Σ(θ, θ̃) 7→ Σ(θeiπ/4, θ̃eiπ/4).

Therefore the symmetry that exchanges monopole and dyon poins is mΨ → imΨ, (T, ∆) 7→ (T,−∆).
8This term also gives a term in the scalar potential proportional to tr(φ[φ†, φ])+h.c. that vanishes

identically.
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In the N = 2 SUSY limit, we have ZΦ → S + S†, and therefore R → S + S†,

Λ2
R → |ΛS|2. We now add the most general soft SUSY breaking terms: a scalar mass

m2
φ for the scalar component of Φ; a B-type mass term B trφ2 + h.c.; and fermion

masses mλ and mχ, where λ is the gaugino and χ is the fermion component of Φ. As

discussed above, these terms can be viewed as θ-dependent terms in the superfield

coupling constants. As might be expected, this technique is especially powerful in

theories with N = 2 SUSY. For example, using the gauged U(1)R or the results of

Section 2, one finds

ZΦ(µ) = ẐΦR(µ) = ẐΦ

(

S(µ) + S†(µ) − 1

4π2
ln ẐΦ

)

(4.24)

where ẐΦ is the RG invariant wave function of Eq. (2.14). In the U(1)R approach one

has e−2VR/3 = ẐΦ. This gives a simple exact closed-form expression for the running

soft parameters.

The bare parameters m2
φ0 and mλ0 are defined as in Section 2. Moreover we define

in the same spirit

m =
mχ0

g2
0

− θ2m
2
B0

g2
0

(4.25)

in a field basis where [lnZΦ]θ2 = 0.

As long as the soft SUSY breaking parameters are small in units of Λ, they can

be treated as a perturbation on the strong dynamics. These lift the flat directions

and give a potential on the moduli space of SUSY vacua that we will determine. The

moduli space can be parameterized by the chiral gauge-invariant operator

u ≡ 1

Λ2
S

tr(Φ2). (4.26)

Note that ΛS and Φ transform in the same way under the anomalous U(1), so u is

completely neutral: it is dimensionless, and uncharged under the anomaly-free U(1)R
symmetry

Φ(θ) 7→ Φ(θe−iα), V (θ) 7→ V (θe−iα), m(θ) 7→ e2iαm(θe−iα), (4.27)

as well as the anomalous U(1) symmetry

Φ 7→ eAΦ, V 7→ V, ΛS 7→ eAΛS, m 7→ e−2Am. (4.28)

Neutral variables similar to u are also present in the N = 1 theories with deformed

moduli spaces discussed in Section 2.2. This is no accident, since the moduli space

is in a sense ‘deformed’ in the Seiberg–Witten solution, allowing the holomorphic

prepotential to be a nontrivial meromorphic function of u.
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4.3 Away from the Monopole Points

We begin by describing the theory away from the monopole/dyon points 〈u〉 = ±1.

As long as |〈u〉−(±1)| >∼ 1, the only light (compared to Λ) states in the theory are the

U(1) gauge multiplet and the modulus field u. The most general effective lagrangian

compatible with N = 1 supersymmetry, holomorphy, and anomalous U(1) invariance

is

Leff =
∫

d2θd2θ̄Λ2
Rk(u

†, u) +
(∫

d2θ 1
2
s(u)wαwα + h.c.

)

+
(
∫

d2θΛ2
Smu+ h.c.

)

+ derivative terms,

(4.29)

where wα is the U(1) gauge field strength. Note that all SUSY breaking is contained

in the spurions ΛR and ΛS, as follows purely from N = 1 reasoning.

The Kähler function k cannot be determined from N = 1 considerations, but it is

completely fixed by the Seiberg–Witten solution in the N = 2 SUSY limit. It is crucial

for our results that the Seiberg–Witten solution also determines the purely chiral (or

antichiral) part of the Kähler potential. (Recall that our inability to fix such terms was

responsible for our inability to determine the vacuum in N = 1 theories with deformed

moduli space discussed previously.) These terms vanish in the SUSY limit, but they

contribute to the potential when SUSY is broken explicitly. In the SUSY limit, these

terms can be probed by promoting the N = 2 gauge coupling superfield to a dilaton

source, as done in Ref. [7]. They are then fixed by the modular invariance of the

Seiberg–Witten solution in the presence of the dilaton, which ensures that if we travel

around a closed path in the moduli space we return to the same theory up to a duality

transformation. Adding a chiral plus antichiral term to the effective superpotential

corresponds to modifying the N = 2 prepotential by F(a) → F(a) + const × a, but

this clearly breaks modular invariance. (More direct physical arguments that the

linear terms in the prepotential are fixed are also given in Ref. [3].)

Combining this with the expressions for the higher components of ΛR given in

Eqs. (2.24) and (2.26), we can compute the potential for the scalar component of u.

The result is

V = |Λ|2


m2
φ0 −

∣

∣

∣

∣

∣

4π2mλ0

g2
0

∣

∣

∣

∣

∣

2


 k −
[

Λ2

(

m2
B0

g2
0

− 2
4π2mχ0mλ0

g4
0

)

u+ h.c.

]

+ |Λ|2
∣

∣

∣

∣

∣

4π2mλ0

g2
0

∣

∣

∣

∣

∣

2 |ku|2
ku†u

−
(

Λ24π2mχ0mλ0

g4
0

ku†

ku†u
+ h.c.

)

+
|Λ|2|mχ0|2

ku†u
,

(4.30)
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where ku = ∂k/∂u, etc. Here

Λ = µe−4π2/g2(µ)eiΘ/4 (4.31)

is the holomorphic scale in the N = 2 limit. One can check that the dependence

on the vacuum angle Θ and the fermion masses is the correct one dictated by the

chiral anomaly. The result above does not have manifest SU(2)R symmetry because

the coefficients of |mλ0|2 and |mχ0|2 are different. (Note that mλ0mχ0 = det(mΨ0) is

SU(2)R invariant.) The potential is SU(2)R invariant if and only if

kku†u − |ku|2 = − 1

(4π2)2
. (4.32)

This relation is in fact satisfied, as can be seen by differentiating the relation Eq. (4.14).

Since our formalism is not manifestly SU(2)R invariant, this is a non-trivial check.

Using Eq. (4.32) we can simplify the expression for the potential to obtain

V =
Λ2

4π2

6
∑

j=1

m2
soft,jfj(u

†, u), (4.33)

where

m2
soft,1 = m2

φ0, f1 = 4π2k,

m2
soft,2 = 4π2T0, f2 =

1

4π2ku†u
,

m2
soft,3 = 4π2 Re (∆0) , f3 = 8π2 Re

(

2u− ku†

ku†u

)

, (4.34)

m2
soft,4 = 4π2 Im (∆0) , f4 = −8π2 Im

(

2u− ku†

ku†u

)

,

m2
soft,5 = 4π2 Re

(

m2
B0

g2
0

)

, f5 = 2 Re(u),

m2
soft,6 = 4π2 Im

(

m2
B0

g2
0

)

. f6 = −2 Im(u),

where

T0 ≡
1

g4
0

tr |mΨ0|2, ∆0 ≡
1

g4
0

det(mΨ0). (4.35)

These results agree with the results of the previous Subsection obtained using N = 2
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arguments.9 We have factored out powers of 4π2 = 16π2/b according to the expecta-

tions of näıve dimensional analysis [27]. The overall factor of 1/(4π2) arises because

the potential is a 1-loop effect, while the factors of 4π2 in the definitions of m2
soft,j

are chosen so that these quantities are equal to soft parameters renormalized at the

scale Λ where the theory becomes strong: g2(Λ) ∼ 4π2. If näıve dimensional analysis

is reliable, then the functions fj should all be order 1.

The functions f1, . . . , f4 are plotted in Figs. 1–4. There are several interesting

points to note about the results. First, note that the functions f1, . . . , f4 are all of

order 1, as predicted by näıve dimensional analysis. This is striking evidence for the

correctness of these ideas in the context of supersymmetric theories.

Although the results we have derived are not justified near the monopole/dyon

points, the behavior near these points is interesting. Note that m2
φ0 and Im(∆0)

apparently drive the theory away from the monopole/dyon points, while T0 drives the

theory toward the monopole/dyon points. Re(∆0) apparently gives a local minimum

at either the monopole or dyon points, depending on the sign. When we will consider

the theory near the monopole points, we will find that these conclusions are in fact

correct.

Finally, note that the results above predict a rich phase structure as the various

soft breaking terms are varied. To give only one example, it can be seen that there is

a first-order phase transition between a Coulomb and a confined phase as we increase

the ratio m2
Φ0/T0.

We now consider the question of how close we can get to the monopole points

u = ±1 before the results above break down. The reason that the effective theory

breaks down near the monopole points is that there are extra monopoles (or dyons)

with mass

mM ∼ Λ[〈u〉 − (±1)]. (4.36)

The Seiberg–Witten solution away from the monopole points gives the exact effec-

tive lagrangian (up to higher derivative terms) with the monopole integrated out.10

Therefore, as long as mM ≫ msoft, it is a good approximation to integrate out the

9As already mentioned in Section 4.1, the soft terms induced by an N = 2 dilaton spurion and

studied in Ref. [7] correspond to the choice m2

soft,2 = −2m2

soft,3 with all other soft terms vanishing.

The N = 1 mass perturbation studied in Ref. [3] simply corresponds to m2

soft,2 6= 0 with all other

terms vanishing.
10Higher derivative terms affect the scalar potential at O(m3

soft
), while the leading effects we

compute are order m2

soft
. Therefore, higher derivative terms are negligible for small msoft.
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Fig. 1. Fig. 1. Potential induced by a soft scalar mass m2
φ0.
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Fig. 2. Fig. 2. Potential induced by the trace of the fermion mass matrix T0. The

potential approaches a finite value at the cusp singularities at the monopole/dyon

points u = ±1.
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Fig. 3. Fig. 3. Potential induced by Re(∆0), where ∆0 is the determinant of the

fermion mass matrix. The potential approaches a finite value at the cusp singularities

at the monopole/dyon points u = ±1.
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Fig. 4. Fig. 4. Potential induced by Im(∆0), where ∆0 is the determinant of the

fermion mass matrix.

28



monopoles. This means that the results above are valid as long as

|〈u〉 − (±1)| ≫ msoft

Λ
. (4.37)

The corrections are suppressed by powers of msoft/mM for |〈u〉 − (±1)| <∼ 1, and are

of order msoft/Λ for |〈u〉− (±1)| >∼ 1. For msoft ≪ Λ this means that we can trust the

above results up to a small region |u− 1| <∼ msoft/Λ. Inside this region the monopole

VEV’s can be turned on and decrease the energy. However we will later show that

this effect is parametrically small and it does not significantly alter the picture of

where the vacuum resides. We can therefore conclude that m2
φ0 and m2

B0 push the

vacuum away from the monopole points, while fermion masses mλ0 and mχ0 tend to

stabilize the monopole points.

4.4 Near the Monopole Points

We now describe the effective theory near the monopole point 〈u〉 = +1.11 As argued

in Ref. [3], near 〈u〉 = +1 the weakly-coupled light degrees of freedom are the modulus

field u, the dual photon field vD, and the monopole fields M , M̄ . The effective

lagrangian is therefore

Leff =
∫

d2θd2θ̄Λ2
RkD(u†, u) +

(∫

d2θ 1
2
sD(u)wαDwDα + h.c.

)

+
∫

d2θd2θ̄ZM (u†, u)
(

M †evDM + M̄ †e−vDM̄
)

+
[∫

d2θ
(√

2M̄aD(u)M + Λ2
Smu

)

+ h.c.
]

+ O(M4) + derivative terms.

(4.38)

A term of the form [13]
∫

d2θ wαDD̄
2Dα ln ẐΦ + h.c. (4.39)

is absent by charge conjugation. (A careful discussion of charge conjugation is given

below.) The monopole fields form a SU(2)R doublet

Mj =

(

M

iM̄ †

)

. (4.40)

Note that M is in a doublet with M̄ † (rather than M̄) because the doublet must have

well-defined U(1) gauge charge. The factor of i is required by SU(2)R: the coefficient

11The point 〈u〉 = −1 is related to this point by charge conjugation.
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of the term ψM̄aDψM is real, while the coefficient of the terms ψM̄ψM and ψM̄λM

are both imaginary.

The Seiberg–Witten prepotential gives the exact effective Kähler potential and

gauge coupling with the monopoles integrated out. Since the effective theory Eq. (4.38)

includes the monopole fields, we must ‘integrate in’ the monopoles, i.e. invert the

process of integrating out the monopoles. In a general theory this is not unique, but

in the present case we need the effective Kähler potential and gauge coupling only in

the N = 2 limit, where the result of integrating out the monopoles is exhausted by a

1-loop calculation. We therefore have

sD(µ) = s
(SW)
D +

1

8π2

(

ln
aD
µ

+ 1 + c

)

,

kD(µ) = k(SW) +
a†DaD
8π2

(

ln
a†DaD
µ2

+ c

)

,

(4.41)

where ‘SW’ denotes the Seiberg–Witten solution with the monopoles integrated out,

and c is a scheme-dependent constant. (The analytic corrections to sD and k are

related by N = 2 SUSY.) We will set c = 0 from now on. Here µ is a renormal-

ization scale that is required because the effective theory containing the monopoles

has marginal interactions, and hence logarithmic renormalization effects. As a consis-

tency check, we note that sD and the Kähler metric (kD)u†u derived from Eq. (4.41)

are non-singular as u→ 1 (aD → 0).

In order to determine ZM in Eq. (4.38), we must discuss the transformation of

the monopole fields under the anomalous U(1) transformation Eq. (4.28). Note that

the anomalous U(1) is broken both explicitly (by anomalies) and spontaneously (by

〈u〉 6= 0). Furthermore, the monopole fields are not in any sense simple functions of

UV fields, so we must proceed carefully. The most general transformation law allowed

by holomorphy, U(1) gauge invariance, and dimensional analysis is

M 7→ f(A, u, M̄M/Λ2
S) ·M, M̄ 7→ f̄(A, u, M̄M/Λ2

S) · M̄, (4.42)

where A is the anomalous U(1) transformation parameter. The explicit (anomalous)

breaking of U(1)A is contained entirely in the fact that ΛS is not invariant. The

monopole term in the superpotential is therefore U(1)A invariant, which gives

f̄f = e−A. (4.43)

(Recall that aD ∝ ΛS, so aD has charge +1.) Finally, charge conjugation (defined

below) exchanges M and M̄ , and therefore implies f̄ ≡ f . We conclude that the
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monopole and antimonopole transform linearly under the anomalous U(1) with the

same charge −1
2
. [The details of the charge conjugation argument are as follows.

Define C in the ultraviolet theory as

C : V 7→ −V T , Φ 7→ +ΦT . (4.44)

This is a symmetry of the UV lagrangian, and the positive sign for Φ is chosen so

that 〈Φ〉 6= 0 does not break C. (In a manifestly N = 2 symmetric description, C

is therefore an R symmetry.) The coupling spurions ZΦ and S are clearly invariant

under C. When the SU(2) gauge group breaks to U(1), the fields in the effective

theory transform as

C : v 7→ −v, u 7→ u, (4.45)

where v is the U(1) gauge superfield. This is obvious far from the origin where the

theory is weakly coupled, and cannot change in the strong-coupling region because of

continuity. Because the monopole fields have opposite charge under the ‘dual’ U(1)

gauge group, they must transform as

C : M ↔ ±M̄ (4.46)

under C, implying f̄ ≡ ±f . The negative sign is ruled out by the fact that f = +1

for the identity transformation A = 0.]

Now that we know how the monopole fields transform under the anomalous U(1)

transformation Eq. (4.28), we can fix ZM in Eq. (4.38) as a function of the UV

couplings. ZM does not run by N = 2 SUSY, so it must be an RG-invariant function

of ẐΦ and Λ. It cannot depend on Λ by dimensional analysis, and the anomalous

U(1) tells us

ZM = cẐ−1/2
Φ , (4.47)

where c is a constant that is fixed by the N = 2 limit:

ZM |θ=θ̄=0 = 1. (4.48)

This result can also be obtained using the gauged non-anomalous U(1)R described

in Section 3. One has RΦ = 0 so that ẐΦ = e−2VR/3. On the other hand, by charge

symmetry and R-invariance of the low-energy theory, the monopole R charges are

RM = RM̄ = 1. Therefore ZM = eVR/3 consistent with Eq. (4.47).

A simple but remarkable consequence of these results is that the monopole soft

mass does not run to all orders in perturbation theory in the low-energy theory. This
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is a priori surprising because the theory has no unbroken SUSY and has marginal

interactions. The reason is simply that the wavefunction parameter of the monopoles

does not run in the N = 2 limit. The running of the soft masses is obtained by

analytically continuing the running in the SUSY limit into superspace [13], and is

therefore controlled by the SUSY limit.

Straightforward calculation gives the potential to be

V = V0 + (2|aD|2 − 1
2
m2
φ0)(|M |2 + |M̄ |2) +

g2
D

2
(|M |2 + |M̄ |2)2

−
√

2g2
DΛ

4π2

(

∂aD
∂u

)−1 [
4π2mλ0

g2
0

M̄M +
4π2mχ0

g2
0

(M̄M)†
]

+ h.c.,

(4.49)

where V0 is the potential given in Eqs. (4.33) and (4.34) with the replacement k → kD,

and the running dual gauge coupling is 1/g2
D ≡ [sD]0 (see Eq. (4.41)). Note that this

potential is SU(2)R invariant, since

M†
jMj = |M |2 + |M̄ |2,

M†
jǫ
jk(mΨ0)kℓMℓ = −i

(

mλ0M̄M +mχ0(M̄M)†
)

.
(4.50)

We now consider the energetics of the potential near the monopole points. For

this purpose, it is convenient to expand the potential in powers of u′ = u− 1 ≃ 2iaD
and write

V = g2
D

∣

∣

∣

∣

∣

√
2M̄M +

2iΛ

g2
0

(m∗
λ0 −mχ0)

∣

∣

∣

∣

∣

2

+
g2
D

2
(|M |2 − |M̄ |2)2

+
[

−1
2
m2
φ0 + 1

2
|u′|2Λ2 +O(u′4)

]

(|M |2 + |M̄ |2)

+ VNaive(u = 1) + Λ2

[(

m2
φ0ku(u = 1) + 8π2∆0 +

m2
B0

g2
0

)

u′ + h.c.

]

+ O(m2
softu

′2),

(4.51)

where

VNaive(u = 1) = V0(u = 1) + 4g2
DΛ2

∣

∣

∣

∣

∣

mλ0 −m∗
χ0

g2
0

∣

∣

∣

∣

∣

2

(4.52)

is the potential with the monopole fields set to zero. The above form of the potential

allows us to easily understand the origin of the cusp singularities in Figs. 2 and

3. These arise if we set M = M̄ = 0 and evaluate the running coupling g2
D(µ) at
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a renormalization scale equal to the supersymmetric monopole mass of order |aD|.
Since g2

D(µ) ∼ 1/ lnµ for µ≪ Λ, this gives a logarithmic singularity as aD → 0. This

singularity is smoothed out when we minimize the full potential because the monopole

masses do not go to zero as aD → 0 in the presence of soft SUSY breaking. (The

quantum corrections to the effective potential are well approximated by evaluating

the running coupling g2
D at a renormalization scale of order the monopole VEV.)

We now turn to the monopole VEV’s. Assuming that mλ0 −m∗
χ0 is nonzero and

all soft masses are of the same order, the monopole VEV’s are essentially determined

by minimizing the first two terms as long as |u′|2 ≪ |mλ0 −m∗
χ0|/Λ. This gives

|〈M〉|2 ≃ |〈M̄〉|2 ≃
√

2Λ

∣

∣

∣

∣

∣

m∗
λ0 −mχ0

g2
0

∣

∣

∣

∣

∣

. (4.53)

Note that this justifies dropping the O(M4) terms in the effective lagrangian Eq. (4.38),

since they contribute to the vacuum energy at most m2
soft〈M〉4 ∼ m4

soft.
12 The per-

turbation m∗
λ0 −mχ0 is equivalent to an N = 1 superpotential mass, so the system is

close to the confining phase found in Ref. [3].

The monopole VEVs induce a positive mass-squared for u′ of order Λ|m∗
λ0 −mχ0|.

This is larger than the O(m2
soft) contributions neglected in Eq. (4.51), so this stabilizes

the modulus at u′ ∼ msoft. Therefore the modulus is near the monopole points, and

the approximations made above are consistent.

We now consider the effect of the monopole VEVs on the vacuum energy. This

is important for determining whether there are first order phase transitions between

the monopole points and other local minima on the moduli space. By the above

qualitative discussion, it is easy to conclude that the value of the potential at the

minimum near the monopole points is VNaive(u = 1) + O(Λm3
soft). To obtain this

result, note that the terms in the first line of Eq. (4.51) respect N = 1 SUSY, and

therefore almost cancel at the minimum. Their contribution is therefore only O(m3
soft)

instead of O(m2
soft).

This result shows that the vacuum energy near the monopole points is well approx-

imated by the value at the cusp singularities in the näıve potential given in Figs. 1–4

that neglects the monopoles. Therefore, we can use Figs. 1–4 to decide if the vacuum

is in the monopole (or dyon) region.13 At these points there are always at least local

12Higher order terms in the monopole fields are severely constrained because the monopole fields

are short N = 2 multiplets. However, it is interesting to note that we do not need the power of

N = 2 SUSY to justify dropping these terms.
13In Figs. 1–4 we plot V/m2

soft
; since ∂2V/∂u2 = O(msoft) at the monopole minimum, the second

derivative is large in this plot.
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minima with

〈M〉2, 〈D〉2 ≃
√

2Λ

∣

∣

∣

∣

∣

mλ0 ∓m∗
χ0

g2
0

∣

∣

∣

∣

∣

=

√
2Λ

4π2

(

m2
soft,2 ∓ 2m2

soft,3

)1/2
. (4.54)

When m2
soft,1, m

2
soft,5, m

2
soft,6 are sufficiently smaller than the other soft terms, we have

that for m2
soft,3 < 0 the global minimum is at the monopole point, while for m2

soft,3 > 0

it is at the dyon point. This can be seen from Figs. 2 and 3. Notice also that in the

limiting cases m2
soft,2 = ±2m2

soft,3 the local monopole (dyon) VEV disappears [7]. On

the other hand, when m2
soft,1 is sufficiently larger than the other soft terms the local

minimum at the origin u = 0 is the global minimum. Indeed, when m2
soft,1 dominates,

the monopole vevs are even less important to the vacuum energetics. As can be

inferred from Eq. (4.51), they can decrease the energy only for |u′|2 < m2
φ0/Λ

2 and

only by an amount ∆V ∼ −m4
φ0/g

2
D.

5 Conclusions

We have considered the most general soft SUSY breaking of N = 1 and N = 2

theories, including non-holomorphic perturbations. Using the method of Ref. [8] we

are able to obtain exact results when the soft masses are small compared to the scale

of non-perturbative physics (msoft ≪ Λ) because SUSY relates soft mass terms to

background gauge fields. We gave a new formulation of this correspondence in terms

of a non-anomalous gauged U(1)R symmetry in a supergravity background. We also

applied this formalism to several cases of interest: N = 1 theories deformed moduli

spaces and conformal fixed points, and N = 2 super-Yang–Mills.

Our results show that in many cases, the theory formsoft ≪ Λ is in a different phase

than themsoft → ∞ limit. For example, in the N = 2 SU(2) super-Yang–Mills theory,

adding a small soft scalar mass drives the theory to a free Coulomb phase, while we

believe that the msoft → ∞ theory is in a confining phase. This means that there

are necessarily phase transitions as a function of the soft masses at msoft ∼ Λ. For

example, this is important for non-perturbative studies of these models on the lattice,

where supersymmetry presumably has to be imposed by tuning lattice parameters.

Clearly, the road to understanding the relationship between supersymmetric and non-

supersymmetric gauge theories remains a long one, but we hope that the steps taken

in this paper will prove useful.
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