
Journal of Theoretical Biology 266 (2010) 307–322
Contents lists available at ScienceDirect
Journal of Theoretical Biology
0022-51

doi:10.1

� Corr

E-m
1 Th
2 Pr

Switzer
journal homepage: www.elsevier.com/locate/yjtbi
Lifelong dynamics of human CD4+CD25+ regulatory T cells: Insights from
in vivo data and mathematical modeling
Irina Baltcheva a,1,�, Laura Codarri b,1,2, Giuseppe Pantaleo b, Jean-Yves Le Boudec a
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a b s t r a c t

Despite their limited proliferation capacity, regulatory T cells (Tregs) constitute a population maintained

over the entire lifetime of a human organism. The means by which Tregs sustain a stable pool in vivo are

controversial. Using a mathematical model, we address this issue by evaluating several biological

scenarios of the origins and the proliferation capacity of two subsets of Tregs: precursor

CD4+CD25+CD45RO� and mature CD4+CD25+CD45RO+ cells. The lifelong dynamics of Tregs are

described by a set of ordinary differential equations, driven by a stochastic process representing the

major immune reactions involving these cells. The model dynamics are validated using data from

human donors of different ages. Analysis of the data led to the identification of two properties of the

dynamics: (1) the equilibrium in the CD4+CD25+FoxP3+Tregs population is maintained over both

precursor and mature Tregs pools together, and (2) the ratio between precursor and mature Tregs is

inverted in the early years of adulthood. Then, using the model, we identified three biologically relevant

scenarios that have the above properties: (1) the unique source of mature Tregs is the antigen-driven

differentiation of precursors that acquire the mature profile in the periphery and the proliferation of

Tregs is essential for the development and the maintenance of the pool; there exist other sources of

mature Tregs, such as (2) a homeostatic density-dependent regulation or (3) thymus- or effector-derived

Tregs, and in both cases, antigen-induced proliferation is not necessary for the development of a stable

pool of Tregs. This is the first time that a mathematical model built to describe the in vivo dynamics of

regulatory T cells is validated using human data. The application of this model provides an invaluable

tool in estimating the amount of regulatory T cells as a function of time in the blood of patients that

received a solid organ transplant or are suffering from an autoimmune disease.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Regulatory T cells (Tregs) are important in the adaptive immune
system. They act as antagonists to immune responses by
suppressing the activation and proliferation of CD4+ helper and
CD8+ killer T cells. By this means, they are involved in self-
tolerance (Kim et al., 2007), homeostasis and in the control of
excessive immune reactions. They are identified by the surface
expression of CD4, as well as by high levels of CD25, the alpha-
chain of the interleukin-2 (IL-2) receptor (Sakaguchi et al., 1995).
In addition, they express the forkhead/winged-helix transcription
factor FoxP3 (Fontenot et al., 2003; Hori et al., 2003), a negative
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modulator of IL-2 transcription and are therefore referenced as
CD4+CD25+FoxP3+ Tregs. Several other markers have been
associated with Tregs, notably high levels of CTLA-4 (cytotoxic
T-lymphocyte associated molecule-4), CD62L, CCR7, GITR (gluco-
corticoid-induced TNF receptor) and low levels of CD127
(the alpha-chain of the IL-7 receptor) (Codarri et al., 2007; Liu
et al., 2006; Seddiki et al., 2006a). It has been shown that Tregs are
unable to produce themselves the growth factor IL-2 (Jonuleit
et al., 2001) and their proliferation in case of inflammation is
dependent on other IL-2 producers (typically CD4+CD25� T cells).
Moreover, Tregs are difficult to activate through their T cell
receptor and require optimal stimulation conditions in order to
initiate a clonal expansion (Takahashi et al., 1998).

As of today, two developmental pathways of human regulatory
T cells in vivo have been identified (Sakaguchi, 2003): naturally
occurring thymus-derived Tregs (Wing et al., 2002; Seddiki et al.,
2006b; Hoffmann et al., 2006; Fritzsching et al., 2006) and
adaptive or induced Tregs, derived from non-regulatory CD4+
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CD25�FoxP3� T cells (Walker et al., 2003; Kretschmer et al.,
2005; Vukmanovic-Stejic et al., 2006). Naturally occurring Tregs

originate in the thymus and are released in the periphery with a
naive phenotype (Seddiki et al., 2006b; Cupedo et al., 2005;
Takahata et al., 2004; Wing et al., 2003, 2002). They are identified
as CD4+CD25+CD45RO� T cells and will be called ‘‘precursor’’
Tregs throughout this article. Once precursors encounter their
cognate antigen, they acquire a suppressive capacity and a
memory phenotype (Fritzsching et al., 2006). We call these
differentiated cells ‘‘mature’’ Tregs. Adaptive Tregs are derived from
rapidly proliferating activated-effector or memory CD4+CD25� T
cells that acquire the permanent expression of CD25 and the
suppressive function in the periphery (Walker et al., 2003;
Vukmanovic-Stejic et al., 2006). Because they have experienced
antigen, these cells have a mature profile and express the memory
phenotype CD45RO. It is important to remark that there is no
difference regarding the surface markers characterizing both
types of mature Tregs and consequently, one cannot distinguish
both Tregs origins using fluorescent techniques. The same
observation can be made about T-cell receptor excision circles
(TREC): Tregs from both origins have similar decreased TREC
content (Kasow et al., 2004). Thymus-derived regulatory cells
divide during clonal selection in the thymus and in the periphery,
whereas activation-induced regulatory cells come from rapidly
proliferating non-regulatory T cells and therefore have decreased
TREC content.

In vivo studies of human Tregs have shown that the number of
precursors decreases significantly with age (Seddiki et al., 2006b;
Valmori et al., 2005), whereas the number of mature Tregs

increases in elderly individuals (Gregg et al., 2005). Thymic
involution, together with the fact that CD4+CD25+CD45RO+

mature regulatory T cells are known to be non-proliferating,
introduces the question of how is developed and maintained a
stable pool of Tregs throughout life. Different hypotheses are
evoked in Akbar’s opinion paper (Akbar et al., 2007); the question
of proliferation is central. The first hypothesis claims that
precursor CD4+CD25+CD45RO� cells are able to proliferate
(Walker et al., 2003; Klein et al., 2003) and even though the
thymic involution reduces the input of newly produced pre-
cursors with age, these cells are the main reservoir of mature Tregs.
The second hypothesis suggests that both precursor and mature
Tregs are non-proliferating but although mature Tregs are sensitive
to death because of their high levels of CD95 (Fritzsching et al.,
2006; Taams et al., 2001), the fact that precursors are apoptosis-
resistant suffices to sustain a stable pool of mature Tregs. Finally,
the third hypothesis points out the presence of an external source
of mature Tregs, derived from rapidly proliferating effector
CD4+CD25� T cells (Taams et al., 2001; Vukmanovic-Stejic
et al., 2006). Thus, there is a controversy about the mechanisms
by which Tregs regenerate throughout the lifetime of individuals.
The objective of our study is to evaluate the above biological
hypotheses by the means of a mathematical model and to
measure their effect on the development and maintenance of a
pool of human Tregs.

A major difficulty encountered in mathematical modeling of
biological systems is dealing with parameter values. The more
detailed the model is, the more parameters it involves and its
behavior can be completely different according to the values
taken by the latter. Good parameter estimates exist in some cases,
but it is often difficult to build an experiment that allows for their
direct measurement. In the mathematical model presented here-
after, we employ a modeling technique that alleviates the
parameter estimation problem by considering parameters as
random variables having a priori distributions (as in Bayesian
approaches). This approach allows us to evaluate simultaneously
several values, to produce results that depend little on the exact
values, and therefore to diminish the probability of errors due to
wrong parameter estimates.

Using the above technique, we define a generic model
describing the lifelong dynamics of Tregs. We attempt to include
in it all the actual knowledge about the population dynamics of
regulatory T cells, while keeping the model as simple as possible.
We consider all events that affect the population size of Tregs:
immune reactions to self- or foreign antigens, the homeostatic
activity and the external input—from the thymus or from the
non-regulatory effector CD4+CD25� T cell pool. We then imple-
ment the above-mentioned hypotheses about the origins and
proliferation capacity of Tregs. In order to validate the model, we
compare it to human data consisting in measurements of Tregs as a
function of age. We first study the expected model behavior
where the stochastic parameters take the average value of their a

priori distributions. Then, we evaluate the performance of the
model with random parameters. Its behavior is evaluated for
several values inside the given parameter range and the density of
trajectories is estimated. This density leads to the definition of the
likelihood of a model scenario, used to formally reject the
scenarios that are unable to fit the data.

Analysis of the in vivo data indicates that homeostasis is
maintained over both CD4+CD25+CD45RO� and CD4+CD25+

CD45RO+ populations taken together and that the ratio between
CD4+CD25+CD45RO� precursor and CD4+ CD25+CD45RO+ ma-
ture Tregs is inverted in the first years of adulthood. Following our
mathematical analysis, we claim that one of the following
conclusions must be true: if there is a homeostatic regulation of
the mature Tregs population or there is a thymic or external input
of mature Tregs, the antigen-driven proliferation of precursor or of
mature Tregs is not necessary for the development and main-
tenance of a pool of Tregs. However, in the absence of a density-
dependent homeostasis mechanism or of an external contribution
to the mature Tregs population, the antigen-driven proliferation of
precursors in the periphery is needed for the development and the
maintenance of the pool of mature Tregs.
2. Materials and methods

2.1. Immunological data

2.1.1. Biological specimens

A transversal study was performed on the peripheral blood of
120 healthy subjects constituted by 60 males with a median age
of 52.6 (range 20–81) and 60 females with a median age of 49.32
(range 19–78). Samples of peripheral blood were obtained from
laboratory co-workers or from the Blood Bank of the Centre
Hospitalier Universitaire Vaudois, University of Lausanne, while
the seven samples of cord blood and the two thymuses were
obtained from the Department of Clinical Chemistry, Microbiol-
ogy and Immunology, University Hospital, University of Ghent,
Belgium. Cord and peripheral blood mononuclear cells were
isolated using standard Ficoll-Hypaque (Amersham Pharmacia
Biotech, Piscataway, NJ) gradients centrifugation. Blood speci-
mens were collected under protocols approved by the Institu-
tional Review Boards of the above mentioned Institutions.

2.1.2. FACS analysis and sorting

Cell surface analysis and sorting were performed using a
combination of a panel of surface markers: PercP or PercP Cy5.5
conjugated mouse anti-human CD4 (Becton Dickinson, Franklin,
NJ), APC-conjugated mouse anti-human CD25 (BD PharMingen,
San Diego, CA), PE-conjugated mouse anti-human CD62L or PE-
conjugated mouse anti-human CD71 (Becton Dickinson, Franklin,
NJ), FITC or PE-conjugated mouse anti-human CD45RO (BD
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PharMingen, San Diego, CA) and FITC Annexin-V (Becton
Dickinson, Franklin, NJ). For cell-sorting experiments CD4+-
CD25+CD62L+CD45RO� , CD4+CD25+CD62L+CD45RO+,CD4+CD25�

CD62L+CD45RO� and CD4+CD25�CD62L+-CD45RO+ cell popula-
tions were isolated from the peripheral blood. The grade of cell purity
in all the sorting experiments was more than 97%. All flow cytometric
analyses were performed on a FACS Calibur and cell sorting on a FACS
Aria (Becton Dickinson Systems, Franklin, NJ). For intracellular FOXP3
analysis, cell preparations were fixed and permeabilized with
fixation/permeabilization buffers (eBioscience) after staining of cell
surface markers and stained with FITC-conjugated rat antihuman
FOXP3 (eBioscience).

Regulatory T cells have been sorted and purified from
peripheral and cord blood based on a CD4+CD25high-CD62L+

gate. In order to analyze the purity of naturally occurring Tregs, the
above population has been stained for Foxp3. It is clear from Fig. 1
that the cells sorted with this method are in majority Foxp3
positive. CD4+-CD25�CD62L+ cells have been sorted and stained
in the same way. The majority of all CD25� cells are Foxp3
negative. Naturally occurring Tregs express CD25 constitutively
and contrary to recently activated CD25� T cells, they do not
downregulate this receptor. It is not excluded that the above
sorting from peripheral blood involves some adaptive Tregs which
are also included in the mathematical model presented hereafter.
Fig. 2. Cell-to-cell contact is needed by the CD4+CD25+CD62L+CD45RO+ T cells to

exert their suppressive function, while cytokines do not seem to play any role.
2.1.3. Suppression assay

Sorted purified CD4+CD25� T cells have been stimulated
in vitro with anti-CD3 and anti-CD28 antibodies for 3 days alone
(positive control) or in the presence of sorted purified
CD4+CD25+CD62L+CD45RO+ T cells to test the suppressive
function of the latter on the proliferation capacity of the former
population. CD4+CD25+-CD62L+CD45RO+ T cells have been
added directly in the same well or in a transwell to test if their
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dynamics can be found in the Generic Model section.
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CD25+CD62L+CD45RO+, CD4+CD25�–CD62L+CD45RO� and
CD4+CD25�CD62L+CD45RO+) were plated at 5�103 cells per
well in 96 U-bottomed plates in RPMI 1640 plus 10% FBS in the
presence of 5�104 irradiated (4000 rad) syngeneic peripheral
blood mononuclear cells. Cells were cultured in the presence of
soluble anti-CD3 (OKT3) plus soluble anti-CD28 (BD Pharmingen,
San Diego, CA) with or without IL-2. The proliferation kinetic was
followed by FACS over 15 days and by [3H]-Thymidine incorpora-
tion in correspondence of proliferative peaks. The activation and
differentiation were monitored during 15 days by the expression
of activation markers such as CD25 and CD71 (Transferrin
Receptor) and the marker of mature cells CD45RO. Cell death by
apoptosis was measured in parallel for each population by the
expression of Annexin-V.
2.1.5. Extrapolation of a mathematical model from empirical

observations

Prior to formulating a mathematical model, we studied the
proliferation kinetics of three populations (CD4+CD25+CD62L+

CD45RO� , CD4+CD25+CD62L+CD45RO+, and CD4+CD25�CD62L+

CD45RO� cells) that may be involved in the maintenance of a
constant pool of regulatory T cells. The assay was performed several
times using sorted cells from different subjects in order to
extrapolate some parameter values for the model, free from the
individual vices. Each of the sorted cell populations was cultivated in
the presence of a polyclonal stimulus in order to stimulate all the
clones contained in a population. All the experiments were designed
in such a way that IL-2 is added at the beginning of the culture and
every two days, because of the limited proliferation capacity of
mature Tregs. In fact, these cells did not show any appreciable
proliferation in other parallel experiments driven in the absence of
IL-2. Each experiment lasted 15 days to permit the estimation of
parameter values such as the duration of the proliferation phase, the
amount of cells produced, the number of cells that were activated
(CD71+), differentiated and acquired a mature phenotype
(CD45RO+), the cell death (Annexin+ cells) and the number of
surviving cells. We then studied retrospectively the distribution of
the above populations in the peripheral blood of 120 healthy
individuals, seven cord blood samples and two thymuses, obtained
from two children of 1 and 3 years old, who underwent cardiac
surgery. In this way, we obtained the distribution of the above
populations as a function of age.

2.2. Mathematical model

In order to model the biological hypotheses concerning the
origins and the proliferation capacity of Tregs, we consider several
scenarios of a generic mathematical model. The scenarios are the
result of imposing constraints on model parameters such as the
input, proliferation and death rates of precursor and mature Tregs

in the generic model.
We use several mathematical tools in order to describe in a

robust way Tregs lifelong kinetics. Changes in the populations’ sizes
due to immune reactions and homeostatic activity are described by
ordinary differential equations (ODEs). Events corresponding to
encounters with antigen-presenting cells, which lead to (auto-
)immune responses, are generated according to a stochastic process.
A sketch of the entire system with all its components can be seen in
Fig. 3. For a quick reference, Table 1 summarizes all the assumptions
of our model. In the following section, we describe in detail the
generic model, the model scenarios, the parameter fitting and the
model evaluation procedure.

2.2.1. Generic model

The generic model describes the lifelong dynamics of Tregs. We
call it generic because it is taking into account all possible events
that may affect Tregs population size and because it is a general-
ization out of which we define the model scenarios that describe



Table 1
Summary of all model assumptions.

Biological
process

Assumptions

(Auto-)Immune

reactions process

1. Major immune reactions modeled as a stochastic

process with one (constant) parameter

2. Minor immune reactions triggered by antigens

sampled in the mucosa-associated lymphoid tissues

included in the homeostasis activity

3. Capacity to present self-peptides is not altered with

age in healthy individuals

4. During the fixed phase of an immune reaction, no

other reactions are allowed

Immune

responses

5. Two-phase immune response: a first phase of fixed

length and a second phase of random length

6. Exponential expansion/contraction of cells

following immunogen stimulation

7. 10% of the expanded population of activated Tregs

becomes long-lived mature Tregs

Homeostatic

activity

8. Unique source of precursors: thymus

9. Four possible sources of mature Tregs: thymus,

differentiation of precursors, phenotype switching

of effector CD4+CD25� T cells, and homeostatic

proliferation

10. Time-dependent thymic involution (exponential

decline)

11. Constant rate of generation of Tregs from rapidly

proliferating CD4+CD25� effector T cells under

certain conditions

Antigen

specificity

12. The size of the responding clone is chosen

randomly (uniform distribution)

Primary/

secondary

infections

13. The probability of primary infections is declining

with age and is such that children experience a

majority of primary infections and adults, a

majority of secondary infections
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the studied biological hypotheses. The generic model is composed
of two parts: a deterministic part describing cell dynamics during
immune responses and homeostasis, and a stochastic part
generating all infection events occurring in a human lifetime.

(Auto-)Immune reactions process: In order to study the
dynamics of regulatory T cells over the entire lifetime of a human,
responses to self- and foreign-antigens are included in our
model. We consider two types of immune reactions: the minor
ones, occurring frequently and triggered by self- or dietary
antigens, and the major ones, occurring rather seldom, mainly
provoked by foreign antigens and having a great impact on the
Tregs pool. Minor immune reactions triggered by antigens sampled
in the mucosa-associated lymphoid tissues are taken into account
in the pool-size control dynamics described in the next section.
Major immune reactions are triggered by successful interactions
with antigen-presenting cells, in which a cytokine environment
allowing Tregs activation and (possibly) proliferation is present
(Carneiro et al., 2007). As we found no information about the
frequencies and time-distribution of such immune reactions
in vivo, we model this phenomena with a stochastic process
having a constant rate. Thus, we assume the length of time-
intervals between two infections to be random, having a shifted
exponential distribution with mean lþd, where d is the minimal
duration of an immune response. We make the simplifying
assumption that during the first phase of an immune response
(of length d), no other infections are occurring and that the
capacity to present self-peptides is not altered with time in
healthy individuals. We call ftngnAN the stochastic process of
infection times. The dynamics of cells between the events of the
stochastic process are described in what follows.
Cell dynamics: Based on the expression of the surface protein
CD45RO, one can sort two subpopulations of Tregs: CD4+CD25+

FoxP3+CD62L+CD45RO� precursor and CD4+CD25+-FoxP3+

CD62L+CD45RO+ mature Tregs. For the sake of the mathematical
model, we consider a third population that we call activated

mature Tregs and that has the same surface receptors as the
quiescent mature Tregs. Activated mature Tregs are composed of
both precursors that experience peripheral antigens for the first
time (they can be also activated precursors that have just
acquired the mature phenotype), and mature Tregs that are
recruited into a secondary immune response. Thus, the mathe-
matical model has three compartments: P, the precursor Tregs, Q,
the quiescent mature Tregs, and R, the activated mature Tregs. Let
Y ¼ ðP,Q ,RÞu.

(a) Immune responses: In vitro experiments show that following
acute antigenic stimulation, precursor Tregs activate and up-
regulate the memory-type CD45RO receptor, as they loose their
naive phenotype CD45RA receptor (Valmori et al., 2005; Fritzsch-
ing et al., 2006). In the meanwhile, they differentiate into mature
Tregs able to exert their suppressive function. Once the antigenic
stimulation is lost, a small proportion of all activated Tregs

becomes long-lived mature cells, and the others die by apoptosis,
similarly to other lymphocytes. As we are not modeling the
dynamics of other cell types and of pathogens, we apply the two-
phase immune response model used to describe CD4+CD25� and
CD8+ cell dynamics (De Boer et al., 2001, 2003; Althaus et al.,
2007; Fouchet and Regoes, 2008). We call tn the beginning of the
nth immune response to a foreign antigen ðnANÞ and tnþd
the time at which the expansion phase ends. We assume that the
effect of antigen on cells has a fixed duration d, after which cells
stop their intense proliferation phase (Phase 1) and start dying by
activation-induced cell death (Phase 2).

During Phase 1, precursor Tregs may divide, die, or convert into
mature effector cells at rate b. Quiescent mature Tregs activate at
rate f cells per day. Effector mature Tregs may also proliferate and
die. As the first phase is an expansion phase, we only consider a net
population expansion rate, which should be interpreted as the
cumulative effect of proliferation and death in the population of
precursors (resp. activated mature Tregs). Thus, for parameter
identification issues, we consider only one rate, called aP 40 (resp.
aR40), which is the net population expansion rate. The following
differential equations express the dynamics of the expansion phase:

_P ¼ ðaP�bÞP

_Q ¼�fQ ð1Þ

_R ¼ bPþ fQþaRR

During Phase 2, precursor Tregs die at rate dP per day. Activated
mature Tregs die at rate dR and convert to long-lived mature cells
at rate c per day. The long-lived mature quiescent Tregs have a
slight decrease in their population size expressed by death rate dQ.
The differential equations corresponding to the contraction phase
are the following:

_P ¼�dPP

_Q ¼�dQ QþcR ð2Þ

_R ¼�ðcþdRÞR

(b) Homeostatic activity: The biological processes included in
the homeostatic activity are (1) the proliferation and death of cells
for regulation of the population size, (2) the death of cells because
of their limited lifespan and (3) the input of newly produced cells
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from the thymus or from another external source. We hypothe-
size two types of basal proliferation and death: a constant and
density-dependent one. We call du the constant death rate,
accounting for the limited lifespan of cells. We assume that a
slow and steady cell division occurs at rate au. Nevertheless, these
constant renewal and death rates cannot account for self-
regulation of the cell population size. In a homeostatic situation,
cell numbers are regulated by competition for limited resources,
such as cytokines. This regulation can be achieved in three ways:
density-dependent proliferation, density-dependent death or
both. The exact way in which regulatory T cells perform their
homeostatic regulation is currently unknown. It is however
known that the in vivo homeostatic proliferation of murine
natural Tregs is not impaired by their anergic state (Gavin et al.,
2002) and that this proliferation is involved in a feedback
regulatory loop between dendritic cells and Tregs (Darrasse-Jeze
et al., 2009). Because the homeostatic activity is an important
issue to the study of the lifelong dynamics of cells in vivo, we
consider all possible mechanisms that may have an effect on the
model’s outcome. Thus, we assume that homeostasis of pre-
cursors is achieved through density-dependent death at rate jP .
For mature Tregs, we consider both a density-dependent death at
rate jQ and a density-dependent Michaelis–Menten type pro-
liferation at rate a, appropriate to make up for lymphopenic
situations. Recent thymic emigrants enter both precursor and
mature Tregs populations at a time-dependent rate g(t) ¼ gP(t) +
gQ(t). The constant term sQ, added to the quiescent mature Tregs

population, represents the constant generation of regulatory T
cells from rapidly proliferating CD4+CD25� effector T cells under
certain conditions (Vukmanovic-Stejic et al., 2006; Akbar et al.,
2007). Remark that we only add this term to the quiescent mature
Tregs population, because we assume that the unique source of
precursor CD4+CD25+CD45RO� T cells is the thymus. In addition,
cells that are derived from rapidly proliferating CD4+CD25� cells
are antigen-experienced and thus have probably acquired the
memory phenotype CD45RO before converting to FoxP3+ reg-
ulatory cells. The differential equations describing the homeo-
static activity are the following:

_P ¼ gPðtÞþðauP�duPÞP�jPP2

_Q ¼ gQ ðtÞþsQ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
External

contribution

þ ðauQ�duQ Þ Q|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Density-independent

regulation

þ
a

1þQ=QM
�jQ Q

� �
Q

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Density-dependent

regulation

_R ¼ 0; ð3Þ

where QM is the size of the mature Tregs population for which the
homeostatic renewal of cells is half of the maximal rate a. Let
hP ¼ auP�duP and hQ ¼ auQ�duQ be the cumulative effects of the
constant renewal/death rates, hP AR and hQ AR. Whenever
negative, we will refer to these parameters as lifespan of
precursors and mature Tregs. The thymic involution is represented
as a decreasing exponential function of rate n (Steinmann et al.,
1985; Marus̆ić et al., 1998; Dutilh and De Boer, 2003):

gPðtÞ ¼ sPexpð�ntÞ

gQ ðtÞ ¼ sQ expð�ntÞ

where sP ¼ s0 �%CD25thymus � pthymus, sQ ¼ s0 �%CD25thymus�

ð1�pthymusÞ, %CD25thymus is the percentage of CD25+ cells inside
thymic CD4+ T cells, pthymus is the percentage of precursors inside
CD25+ cells that are output from the thymus, and s0 is the
estimated thymic output of CD4+ cells in a newborn.

(c) Antigen specificity: Antigen specificity is implemented in the
following way. Eqs. (1) and (2) are applied to a proportion pn of
the total number of cells, those representing the antigen-specific
clone responding to the antigen that caused the immune reaction
at time tn. We call this population YcloneðtnÞ. The other 1�pn

proportion of cells do not participate in the nth immune reaction
and execute their homeostatic activity (Eq. (3)).

(d) Primary/secondary infections: We take into account the
difference between primary and secondary infections: when some
antigen is encountered for the first time, no memory cells exist,
but if the exposure is secondary, the organism already has
memory cells associated to it at the time of exposure tn. We call
q(t) the probability that an infection at time t is primary and does
not involve mature Tregs. Thus, with probability qðtnÞ, the
responding clone at time tn is set to YcloneðtnÞ ¼ pnðPðtnÞ,0,0Þu.
Otherwise, with probability 1�qðtnÞ, the responding clone is set to
YcloneðtnÞ ¼ pnðPðtnÞ,Q ðtnÞ,0Þu. Intuitively, the unexperienced im-
mune system of young individuals is confronted with more
primary infections than those of adults. We therefore define the
following sigmoid function that describes phenomenologically
the time-dependence of parameter q:

qðtÞ ¼
K1�K2

1þexpðoðt�thÞÞ
þK2 ð4Þ

where K1 is the (approximate) proportion of primary infections
at birth, K2 is the limit proportion of primary infections at
adulthood, o is the maximum decline rate and th is the age at
which the proportion of primary infections is q(th) ¼ (K1 +K2)/2.
Note that contrary to CD4 +CD25� memory T cells, mature Tregs

require additional conditions for their activation at the time of a
secondary antigen exposure. Because these cells are non-
proliferating and do not produce the growth factor IL-2
themselves, they need optimal stimulation conditions and a
high concentration of IL-2 in order to initiate a response
(Hombach et al., 2007). All this is taken into account in the
above definition of q(t).

2.2.2. Model scenarios

The model scenarios are obtained from the generic model by
applying a set of constraints to the following parameters:
gQ ðtÞ,sQ ,jQ ,a,aP ,aR and dP. From the homeostasis dynamics of
the generic model, we define three homeostasis scenarios:
(i)
 No homeostatic regulation of mature Tregs: Due to their
anergic state, the only observed phenomena is the slow and
steady density-independent proliferation and death
ðgQ ðtÞ ¼ sQ ¼jQ ¼ a¼ 0Þ.
(ii)
 Homeostatic regulation of mature Tregs: In addition to the
constant proliferation and death rates, we allow for density-
dependent regulation mechanisms of mature Tregs. As we
search for the minimal model that explains the data, we
consider two mutually exclusive sub-settings:
(a) density-dependent death of mature Tregs ðjQ 40,a¼ 0Þ;
(b) density-dependent proliferation of mature Tregs

ðjQ ¼ 0,a40Þ.

(iii)
 External input: we consider two external contributions to the

mature Tregs population ða¼ 0Þ:
(a) thymic output of mature Tregs (Vanhecke et al., 1995)
ðgQ ðtÞ40Þ;

(b) peripheral differentiation of CD4+CD25� non-regulatory
cells into their regulatory counterpart (Vukmanovic-
Stejic et al., 2006) ðsQ 40Þ.
From the cell dynamics in response to self- and foreign
antigens, we define four proliferation scenarios accounting for
different proliferation capacities of Tregs:
(1)
 Both precursor and activated-mature Tregs proliferate and die
in response to an antigen stimulus.
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(2)
Tabl
Defin

(i)

(ii)

(iii

Para

rapid

Tabl
Defin

Pr

1

2

3

4

Para

prec
Neither precursor nor mature Tregs proliferate, but precursors
are very resistant to apoptosis, so they do not die during an
immune response.
(3)
 Precursors proliferate in response to antigen, but as soon as
they differentiate into CD45RO+ mature Tregs, they stop
proliferating and die extensively because of the high levels
of expression of the CD95 receptor (Fritzsching et al., 2006)
and because of the downregulation of the antiapoptotic
protein Bcl-2 (Yamaguchi et al., 2007).
(4)
 Precursors do not proliferate when they are CD45RO� , but the
proliferation starts while they acquire the mature profile.
Tables 2 and 3 summarize the above settings. We construct a
model scenario by choosing one homeostasis and one proliferation
scenario, thus obtaining 20 model scenarios, referred from now on
as scenario 1(i), 2(i), y, 4(i), 1(ii)a, y, 4(ii)b, 1(iii)a, y, 4(iii)b.

2.2.3. The model at a glance: typical model trajectories

In order to gain some insight into the model dynamics, we
present in this section an example of execution of our model.
Fig. 4 shows the number of precursors (solid line) and mature
Tregs (resting: dashed line and activated: dash-dotted line) as a
function of time in human peripheral’s blood. The zoomed
sections allow for a closer look at the activated Tregs population
that is mainly present during major immune reactions, which are
events of the stochastic process.

Fig. 4A depicts a typical trajectory for scenario 1(i) where the
ratio between precursors and mature Tregs is inverted in the early
years of adulthood, whereas Fig. 4B shows a typical trajectory for
scenario 2(i) where the ratio inversion is not observed. All model
scenarios will be evaluated based on their capacity to reproduce
this ratio inversion and on the capacity to reproduce the total
amount of Tregs suggested by the data. Note that because the
thymus produces thymocytes with a constant proportion of each
subtype of Tregs, there are four means of achieving a precursor/
mature Tregs ratio inversion: (1) a difference in lifespans of
precursors and mature Tregs; (2) a difference in the homeostatic
proliferation rates of precursors and mature Tregs; (3) the slow
e 2
ition of the homeostasis scenarios.

Homeostasis scenarios

No homeostasis

Homeostatic regulation

(a) Density-dependent death

(b) Density-dependent proliferation

) External input

(a) From thymus

(b) Peripheral differentiation of CD4+CD25� T cells

meter meanings: gQ(t), time-dependent input of recent thymic emigrants into the

ly proliferating CD4+CD25+ effector T cells, jQ and a are the density-dependent

e 3
ition of the four proliferation scenarios.

oliferation scenarios Proliferation capacity of y

Precursors

Proliferate

Do not proliferate

Proliferate

Do not proliferate

meter meanings: aP, antigen-induced proliferation rate of precursors; aR, antige

ursors.
accumulation of mature Tregs following an antigen stimulation;
(4) an external source of mature Tregs. The first mean is present in
all model scenarios and it acts in combination with the other
three means. Thus in each model scenario, we observe a
combination of the above means, and this combination can be
sufficient or not to achieve the ratio inversion. For example, in
Fig. 4 where there is no homeostatic regulation, the lifespan of
precursors is larger than the lifespan of mature Tregs ðjhPj4 jhQ jÞ,
but this lifespan difference is not sufficient to achieve the ratio
inversion. Here, the slow accumulation of mature Tregs, present in
scenario 1(i) and not in scenario 2(i), is needed.

2.2.4. Parameters

In order to cope with the large number of parameters and to
decrease the effect of single values on the dynamics of the model,
we split the parameters into two groups: G1, parameters for which
some a priori information is found, and G2, unknown parameters
that must be fitted to the data. The probability distribution of
parameters of group G1 is defined in the following way: we find in
the literature either a parameter together with a confidence
interval accounting for the uncertainty of the estimation or a
finite range without any preferred value specified. In the former
case, we use a Gaussian distribution with mean and variance
given by the confidence interval. In the latter case, we use a
uniform distribution over the range. Table S0 of the Supplemen-
tary Material summarizes all parameter distributions.

Our in vitro assays have shown that the expansion rate aP of
Tregs precursors is similar to the one of CD4+CD25� naive T cells
and that the expansion rate aQ of activated mature Tregs is 1.4–2
times lower than the expansion rate of precursors. To our
knowledge, the in vivo expansion rate of precursors (or even of
CD4+CD25� naive T cells) in humans has not yet been measured.
The in vivo T cell responses in mice have been quantified in De
Boer et al. (2003) which gives a first idea about the order of
magnitude of parameters such as the proliferation and death rates
of CD4+ T cells, as well as the duration of a T cell response. For aP,
we find in De Boer et al. (2003) values in the range 1–1.7 per day,
so we are sampling from an uniform distribution between 1 and
Parameter setting

gQ(t) ¼ 0, sQ ¼ 0, jQ ¼ 0, a¼ 0

gQ(t) ¼ 0, sQ ¼ 0, jQ 40, a¼ 0

gQ(t) ¼0, sQ ¼ 0, jQ ¼ 0, a40

gQ ðtÞ40, sQ ¼ 0, jQ ¼ 0, a¼ 0

gQ(t) ¼ 0, sQ 40, jQ ¼ 0, a¼ 0

peripheral mature Tregs population; sQ, constant input of regulatory T cells from

death and proliferation rates.

Parameter setting

Mature Tregs

Proliferate aP 40, aR 40, dP 40

Do not proliferate aP ¼ 0, aR ¼ 0, dP ¼ 0

Do not proliferate aP 40, aR ¼ 0, dP 40

Proliferate aP ¼ 0, aR 40, dP ¼ 0

n-induced proliferation rate of mature Tregs; d1, antigen-induced death rate of
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Fig. 4. Typical model trajectories for scenarios 1(i) and 2(i). The solid line

represents the evolution of precursors, the dashed one the dynamics of quiescent

mature Tregs, and the dash-dotted line represents the activated mature Tregs. Each

spike of the activated mature Tregs corresponds to a major immune reaction (an

event of the stochastic process). The ratio inversion observed in (A) is an example

of slow accumulation of mature Tregs following an antigen stimulation. Parameter

values: average values of the distributions of Table 4 with the following values for

the fitted parameters: hP¼�5�10�4, hQ ¼�5�10�5, l¼ 130 for scenario 1(i),

and hP ¼ �5�10�4, hQ ¼ 0, l¼ 30 for scenario 2(i).
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1.7 per day ðaP � Uð1,1:7ÞÞ. We set aR ¼ aP/K, where K takes two
different values, 1.4 and 5, the latter being an extreme value
representing the case where mature Tregs have a very limited
proliferating capacity compared to precursors. The value of the
differentiation rate b of precursors into mature Tregs defines two
settings: in the first, b� Uð1,10Þ (Burroughs et al., 2006) and in the
second, we apply the constraint braP , thus b� Uð0:5,1Þ. We will
see that these settings give slightly different results. The activation
rate of quiescent mature Tregs is set to half of the differentiation
rate of precursors, i.e., f¼b/2, because mature Tregs are anergic and
thus slow to activate. The duration dn of the expansion phase is
drawn from a Gaussian distribution N ð7:65,0:72Þ (in vitro assay
and De Boer et al., 2003). Both death rates dP and dR are considered
as uniform Uð1,2Þ because they should have similar or higher
values to the proliferation rates for system stability issues. It is
known that � 5210% of all effector cells become long-lived
memory cells. Thus, we set c¼dR/9, which corresponds to 10% of
the maximum value of the effector response. The death rate dQ is
distributed according to N ð0:0013,0:0002Þ (De Boer et al., 2003).

The thymic input is calculated as follows. For the value of the
total number of CD4+ T cells output from the thymus of a
newborn ðs0Þ and for the thymic involution rate ðnÞ, we found the
following parameter settings in literature: s0 ¼ 1:98� 108 cells
per day and n¼ 0:024 per year (Marus̆ić et al., 1998; Steinmann
et al., 1985); s0 ¼ 4:48� 108 cells per day and n¼ 0:05 per year
(Dutilh and De Boer, 2003; Clark et al., 1999). We therefore use an
uniform distribution Uð1� 108,5� 108

Þ for s0 and Uð0:01,0:06Þ for
n to include the above settings in our simulations. The percentage
of CD25+ cells among all CD4+ thymocytes (%CD25thymus)
was measured to be 1.3% in young children (unpublished data).

The proportion pn, nAN, of cells that respond to a particular
antigen is drawn uniformly between 10�7 and 10�4 cells. To
estimate the total number of T cells in human’s peripheral blood
as a function of age, T(t), we use the fact that the mean blood
volume of a healthy 70 kg individual is 5 l (Feldschuh and Enson,
1977) and it contains about 1011 T cells (Clark et al., 1999). We
then use a function that maps age to the mean weight of
individuals (WHO, 2009; CDC, 1988–1994).

The constant and density-dependent homeostatic proliferation
and death rates (hP, hQ, jP , jQ , a, QM), as well as the infections
occurrence rate (l) and the external input from the thymus
(pthymus) or from CD25� conversion (s), are fitted to the data. The
time-unit of the model is 1 day.

2.2.5. Model evaluation procedure and parameter fitting

The model assessment procedure consists of the following
steps: first, we consider the mean model dynamics and we fit the
unknown parameters to the biological data using a least-squares
procedure (implemented in Matlab). The mean model is derived
from the stochastic one by fixing the parameters of group G1

to the mean value of their a priori distribution and by averaging
over the remaining random quantities. The latter are Yclone, the
size of the responding clone, and Dn ¼ tnþ1�tn, the time-interval
between two consecutive immune reactions. Based on this fit, we
can reject some model scenarios. However, this result may
depend on the mean values of the a priori distributions. In order
to eliminate this possibility, we fit the stochastic model (in which
parameters of group G1 are random variables) using a Bayesian
approach. This fit consists in maximizing the likelihood function, a
measure of how good is the model in explaining the data. It is the
probability that, given the best-fit parameters and the a priori

distributions, the data are a realization of a particular model
scenario. The higher this probability, the closer the model is to the
data. The likelihood of a model scenario is computed as follows.

Consequently to the fact that the parameters of group G1 are
defined as random variables, fPðtÞgtAR, fQ ðtÞgtAR and fRðtÞgtAR

are stochastic processes. In order to fit each model scenario to the
biological data, we transform the above processes in the format of
the data, i.e., in terms of the ratio precursor/mature Tregs and of
the percentage of CD4+CD25+ cells inside all T cells, in
logarithmic scale. Thus, we consider two other stochastic
processes, namely fUðtÞgtAR and fVðtÞgtAR, given by

UðtÞ ¼: log
PðtÞ

Q ðtÞþRðtÞ

� �

VðtÞ ¼: log
PðtÞþQ ðtÞþRðtÞ

TðtÞ

� �
;

where T(t) is the total number of T cells at time t.
Let gUV(u,v; t) be the joint density of U and V. Because it is

difficult to compute gUV(u,v; t) analytically, we estimate it using
Monte Carlo simulation, as follows. The model is executed M

times for a time horizon of 85 years with parameters drawn
according to the distributions of Table S0 of the online
Supplementary Material. At each time, the density of trajectories
in the space of U and V is estimated using a bivariate histogram.
Call ĝ

ðsÞ
UV ðu,v; tÞ the estimated density of model scenario s at time t.

Using the M model replicates, we construct a confidence interval
for the bivariate histogram (Davison, 2003). We then consider the
relative size of the confidence interval of each bin. If the latter is
greater than 10% for some bin, the number of replicates M is
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increased. The density estimation is considered satisfactory if the
relative size of the confidence interval of all bins is smaller than
10%. In the case of our model scenarios, M is taking values
between 100 000 (in most cases) and 500 000.

Each model scenario s is fitted to the data by maximizing the
log-likelihood function defined as

‘sðyÞ ¼
XN

i ¼ 1

logðĝ
ðsÞ
UV ðui,vi; yjtiÞÞ, yAYs,

where N is the number of data points (N¼126) and ĝ
ðsÞ
UV ðui,vi; yjtiÞ

is regarded as a function of y for (ui, vi) and ti fixed. The parameter
space Ys is defined by the values that can take the free
parameters y¼ ðhP ,hQ ,l,jP ,jQ ,QM ,a,pthymus,sÞ.

The log-likelihood is also used for objectively comparing the
different model scenarios by performing a likelihood ratio test
(F-test) for nested models that formally rejects the scenarios that
are not compatible with the data. Two models are nested if the
parameter space of one of them is a subset of the parameter space
of the other. Proliferation scenarios 2, 3 and 4 (null hypothesis)
are subsets of scenario 1 and homeostasis scenario (i) (null
hypothesis) is a subset of all other homeostasis scenarios. The null
hypothesis is rejected if the p-value of the test is o0:01.
3. Results

3.1. Properties of Tregs dynamics

The immunological data are presented in Fig. 5, in which are
plotted A: the percentage of CD4+CD25+ cells inside all T cells, B: the
ratio CD4+CD25+CD45RO� precursor/CD4+CD25+CD45RO+ mature
Tregs as a function of age and C: the proportions of precursor and
mature Tregs inside the CD4+CD25+ compartment. A direct analysis
of the above data sets allows the identification of two properties.

3.1.1. Homeostasis is maintained over both CD4+CD25+CD45RO�

precursor and CD4+CD25+CD45RO+ mature Tregs populations:

Consider the data of Fig. 5(A) corresponding to adulthood, i.e.,
ages 19–81. In order to see whether the population of CD4+CD25+

cells is in equilibrium, we need to know if there is a significant
trend in these data. The best-fit of a linear regression model
results in a 95% confidence interval of the slope that contains zero
(slope ¼ �0.0034, 95% confidence interval: [�0.0071, 0.0003]).
Thus the trend is not significant, suggesting that the population of
CD4+CD25+ Tregs is in equilibrium and that there is a common
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3.1.2. The ratio between CD4+CD25+CD45RO� precursor and

CD4+CD25+CD45RO+ mature Tregs is inverted in early adulthood:

By analyzing cord and peripheral blood data for precursor
CD4+CD25+CD45RO� and mature CD4+CD25+CD45RO+ Tregs, we
observe that their ratio is inverted before or in early adulthood.
Indeed, in Fig. 5(C), we see from the experimental data giving the
proportions of precursor and mature Tregs that there is a majority
of precursors ð � 80%Þ in the cord blood of newborns and a
majority of mature Tregs ð � 80%Þ in the peripheral blood of adult
donors. This ratio is inverted at latest in the early adulthood (20–
30 years of age) and this inversion is what we call the
‘‘development of an in vivo pool of CD4+CD25+CD45RO+ mature
Tregs’’. The following results show that the ratio inversion is a
critical issue that is not achieved by all model scenarios.

3.2. Analysis of the mean model

In this section, we fit the mean model to the data of Fig. 5. As a
reminder, the mean model is derived from the stochastic one by
fixing the parameters of group G1 to the mean value of their a

priori distribution and by averaging over the remaining random
quantities.

Fig. 6 shows the trajectories of precursors (left subplots) and
mature Tregs (right subplots) under the four proliferation
scenarios. Parameters hP, hQ, l, jP , jQ , QM, a, pthymus and s are
fitted to the data using a least squares procedure (see Table 4 for
best-fit values and Table S1 of the Supplementary Material for
confidence intervals). The three different line types and colors in
Fig. 6 correspond to the three homeostasis scenarios: solid red,
scenario (i) (density-independent regulation), dashed blue,
scenario (ii) (density-dependent regulation) and dash-dotted
green, scenario (iii) (external contribution). The dynamics of
precursors are very similar for all scenarios: we observe an
increase during the first 10 years, followed by an exponential
decrease. This is not surprising as this population is mainly
influenced by the influx of recent thymic emigrants. The major
difference is in the dynamics of mature Tregs. This population
increases constantly with age, but according to the studied
scenario, we observe qualitative differences in the way the
population grows.

Before assessing the proliferation scenarios, we first wanted to
see whether one or the other homeostasis scenario is better
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Table 4
Best-fit parameters of the mean model dynamics for each model scenario.

Scenario Best-fit parameters

hP

(�10�5 day�1)

hQ

(�10�5 day�1)
l (days) jP

(�10�13 day�1 cell�1)

jQ

(�10�13 day�1 cell�1)

QM

(�107 cells)

a (day�1) pthymus (%) s (�105 cells)

1 (i) �7.83 �8.87 51.65 4.86

(ii) a �4.42 60.53 58.98 3.27 2.54

(ii) b 7.84 �18.20 99.44 4.41 7.50 0.0051

(iii) a 7.10 �8.05 92.94 3.84 83.95

(iii) b 14.35 �16.74 95.37 5.11 3.23

2 (i) �0.48 15.16 0.95 6.36

(ii) a �4.69 156.40 60.88 3.23 5.55

(ii) b 12.19 �16.61 164.80 4.87 2.04 0.0250

(iii) a 6.54 �1.78 100.95 3.63 78.87

(iii) b 12.22 �16.21 97.34 4.87 4.96

3 (i) �0.29 15.07 1.25 6.50

(ii) a �4.75 203.77 55.39 3.22 7.23

(ii) b 12.00 �17.35 168.80 4.85 6.02 0.0090

(iii) a 6.55 �1.78 101.74 3.63 78.87

(iii) b 12.52 �16.18 98.47 4.90 4.95

4 (i) �20.53 �5.97 63.57 1.48

(ii) a �13.78 64.60 55.70 2.29 2.66

(ii) b 12.15 �19.96 98.57 4.87 9.90 0.0045

(iii) a 2.29 �7.96 91.78 3.29 81.87

(iii) b 17.46 �16.98 92.24 5.42 3.43
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explaining the data. For this, we applied an F-test for nested
models opposing consecutively scenario 1(i) (H0) to scenarios
1(ii)a, 1(ii)b, 1(iii)a and 1(iii)b (H1). At level 0.01, H0 was not
rejected. This suggests that we do not have a strong evidence that
a density-dependent homeostatic mechanism is regulating the
population of mature Tregs.
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The following three subsections describe the assessment
results of the four proliferation scenarios, given either home-
ostasis scenario (i), (ii), or (iii).
3.2.1. In the case of a density-independent regulation of mature Tregs,

the ratio inversion is a critical issue if the peripheral differentiation of

precursors is the unique source of mature Tregs:

First note that due to the linearity of the differential equations
of scenario (i), the ratio inversion can be achieved either because
of a lifespan difference or through the slow accumulation of
mature Tregs following an immune response. In what follows, we
will see that the lifespan difference alone is not sufficient to
achieve the ratio inversion.

From the solid red lines of the upper plots in Fig. 6, we see
that scenario 1(i) is achieving the ratio inversion, whereas
scenario 2(i) is not. The difference between these two scenarios
is easy to explain when observing the typical trajectories of P, Q

and R in Fig. 4. Indeed, the magnitude of immune responses is
very different in both scenarios (zoomed sections of Fig. 4). In
scenario 1(i), the clonal expansion goes up to 107 cells, whereas
in scenario 2(i), it does not exceed 105 cells. This has an impact on
the size of the mature Tregs pool: in the case of scenario 2(i), the
only input to the mature Tregs population are the long-lived cells
that have survived an immune reaction and they are set as 10% of
the maximum effector response. As the peak of the effector
response is relatively low, caused by the non-proliferating state of
Tregs in scenario 2(i), very few cells feed the mature Tregs pool.
Therefore, in scenario 2, the only way to achieve a ratio inversion
is through a difference in parameters hP and hQ, because there
is a deficient accumulation of mature Tregs following an antigen
response. The latter parameters being fitted, we see that
scenario 2(i), even with positive values of hQ (Table 4) cannot
reach the plateau level of the pool of mature Tregs suggested by
the data. This suggests that, in the case of a density-independent
regulation of mature Tregs, the slow accumulation observed only
when there is a sufficient population expansion during antigen-
triggered immune reactions is necessary to achieve the ratio
inversion.

A similar explanation is valid for scenario 3(i) in which only
precursors are endowed with a proliferation capacity. This
scenario seems to be unable to accumulate a sufficient pool
of mature Tregs (bottom left subplot of Fig. 6). This is because
for the mean values of the parameters of group G1 (Table S0
in Supplementary Material), the differentiation rate b is on
average larger than the proliferation rate aP, meaning that
following an antigen priming, precursors have a higher prob-
ability of differentiating into hyporesponsive mature Tregs than to
proliferate as precursors. Thus, most cells become anergic before
having divided and the mature Tregs pool is underfed. As in
scenario 2(i), a large and positive hQ (Table 4) is not able to make
up for the lack of accumulation of mature Tregs following antigen
priming. In order to eliminate any dependence of this result
to the exact values of the parameters of group G1, we will
study the behavior of scenario 3(i) in the stochastic model
(Section 3.3).

Finally, the analysis of the mean model trajectory for scenario
4(i) suggests that the ratio can be inverted (bottom right subplot
of Fig. 6). Note that this scenario is favored by the fact that the
rate of secondary infections increases with age. Secondary
responses recruit more mature Tregs that, once activated, start
proliferating intensively. Therefore, the fact that precursors do not
divide has only a minor impact on the population dynamics.
However, we will evaluate the performance of this scenario with
the stochastic model in order to see how it is affected by a change
in the proliferation parameter values.
3.2.2. In the presence of a density-dependent homeostatic regulation

of mature Tregs, the ratio precursor/mature Tregs is inverted without

the need of peripheral proliferation in response to antigens:

This claim is suggested by the best-fit of homeostasis scenario
(ii), where the population size is regulated either via a density-
dependent death (sub-setting (a), bold dashed lines in Fig. 6), or
via a density-dependent homeostatic proliferation (sub-setting
(b), light dashed lines in Fig. 6). We see that both mechanisms
produce different dynamics, but the lack of data in the age-range
0–19 years does not allow us to eliminate either of them. The sum
of squared errors indicates however that a density-dependent
homeostatic renewal (scenario 1(ii)b) fits slightly better the data.
This is not surprising as this scenario has one more parameter
than scenario 1(ii)a.

It is interesting to observe that a density-dependent death
compensates for a large and positive value of hQ (Table 4)
meaning that the turnover rate of the mature Tregs population is
very high. Concerning the density-dependant homeostatic renew-
al, we see from Table 4 that the per cell maximal renewal rate a
needs to be on average 2 times larger in the case of hyporespon-
siveness to antigen stimulation (scenario 2(ii)b) compared to the
case where cells proliferate (scenario 1(ii)b). Therefore we
conclude that the density-dependent regulation is able to explain
the data, as long as there are no restrictions in the parameters
defining the homeostatic proliferation and death rates.

3.2.3. The ratio inversion is easy to achieve without peripheral

proliferation if there is an exponentially decreasing thymic output or

a constant external input to the mature Tregs population:

This can be seen by analyzing the performance of homeostasis
scenarios (iii)a and b. The green dash-dotted lines in Fig. 6 show
the best-fit of these scenarios to the data (bold: scenario (iii)a,
thymic output of mature Tregs; light: scenario (iii)b, external
source). The ratio precursors/mature Tregs is inverted regardless
the underlying proliferation scenario. Although there is no
density-dependent regulation here, the increase of the population
of mature Tregs is due to the thymic output of mature Tregs

(scenarios 1–4(iii)a) or to the external and constant input of
mature Tregs (scenarios 1–4(iii)b) from a phenotype switching of
CD4+CD25� T cells. Thus, we conclude that in this case, the
peripheral proliferation of precursor or mature Tregs is not
required for the development of the mature Tregs pool.

Furthermore, by analyzing the best-fit parameters of scenarios
1–4(ii)a (Table 4), we see that on average, the estimated value of
pthymus is about 80%. This means that the data can be explained
with 20% of all CD4+CD25+ T cells that exit the thymus having a
CD45RO+ mature profile. Assuming that there are 1.3%
CD4+CD25+ Tregs inside all CD4+ T cells exiting the thymus, 20%
(mature Tregs) of all Tregs is equivalent to 0.26% of all CD4+ T cells.
Thus, if as few as 0.26% of all CD4+ T cells exiting the thymus are
mature Tregs, antigen-driven proliferation in periphery is no
longer necessary for the deployment of the pool.

3.3. Analysis of the stochastic model

The analysis of the mean model led to the rejection of model
scenarios 2(i) and 3(i). However, this is true for the mean values of
the a priori distributions, but it might not be true for all parameter
values. To eliminate this possibility, we fit the stochastic model
with parameters of group G1 sampled from the distributions in
Table S0. We apply this only to homeostasis scenario (i), as the
other homeostasis scenarios were able to explain the data already
with the mean model.

In order to obtain results that are robust with respect to
parameter values, we define three parameter settings (Table 5)



I. Baltcheva et al. / Journal of Theoretical Biology 266 (2010) 307–322318
that give slightly different results. These settings concern three
important parameters of the immune response: aP, the proliferation
rate of precursors, aR, the proliferation rate of activated mature Tregs

and b, the differentiation rate of precursors into mature Tregs. In the
first parameter setting of Table 5, the average value of b is larger
than the average value of aP, in other words, precursors have a
higher probability of acquiring the mature phenotype than to
proliferate as precursors in response to a foreign antigen. In settings
2 and 3, it is the opposite: precursors stay longer (and possibly
proliferate) in this undifferentiated state before acquiring the
mature phenotype. In settings 1 and 2, aR takes values 1.4 times
smaller than the values of aP as measured in vitro, whereas in setting
3, we model an extreme case where mature Tregs proliferate, but 5
times less than precursors. Note that the analysis of the mean model
in Section 3.2 was done under parameter setting 1.

To give an idea of the spread of trajectories of the stochastic
model, Fig. 7 shows the best-fit of the stochastic model under
scenarios 1–4(i) (parameter setting 1). In what follows, we use the
Scenario 1(i)

Scenario 3(i)
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Table 5
Parameter values and distributions of the three parameter settings.

aP (day�1) aR (day�1) b (day�1)

Parameter setting 1 U(1, 2) aR ¼ aP/1.4 U(1, 10)

Parameter setting 2 U(1, 2) aR ¼ aP/1.4 U(0.5, 1)

Parameter setting 3 U(1, 2) aR ¼ aP/5.0 U(0.5, 1)

U(a,b) stands for a uniform distribution on [a,b].
evaluation procedure described in the Methods to assess all
proliferation scenarios and find those that are unable to explain
the biological data.
3.3.1. In the absence of a density-dependent homeostatic regulation

and of an external source of CD4+CD25+CD45RO+ mature Tregs,

proliferation of precursors or of mature Tregs is necessary to the

development of the mature Tregs pool:

This result is obtained in the case where the unique source of
mature Tregs is the peripheral differentiation of precursors with-
out density-dependent homeostatic regulation (scenario (i)). The
results of the model evaluation procedure applied to the four
proliferation scenarios are shown in Fig. 8A (see Table S2 of the
online Supplementary Material for the best-fit parameters of the
stochastic model). Each bar of Fig. 8 indicates the absolute value
of the maximum likelihood of a proliferation scenario. The closer
this bar is to zero, the better the model is explaining the data.

We observe that scenario 2(i), i.e., the one in which neither
precursors nor mature Tregs proliferate, has a very poor perfor-
mance in all three settings of Table 5. As stated in the previous
section, the problem with this scenario is its inability to achieve
the ratio inversion. Indeed, we found no parameter values such
that this scenario is explaining the data. Scenario 2(i) is therefore
rejected when compared to scenario 1(i) using the F-test for
nested models (in all parameter settings). This implies that the
proliferation of precursors and of mature Tregs following a
successful interaction with an antigen presenting cell is essential
Scenario 2(i)

Scenario 4(i)
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to the development of a stable pool of mature Tregs in the absence
of a density-dependent homeostatic regulation and of an external
source of CD4+CD25+CD45RO+ regulatory T cells.

Now, in order to test which proliferating capacity is more
important, the one of precursors or the one of mature Tregs, we fit
the stochastic model scenarios 3(i) and 4(i).

3.3.2. The proliferation of precursors alone is sufficient if E½b�oE½aP�:

Fig. 8A shows the results of the evaluation procedure applied
to scenario 3(i) (light grey bars) in which only precursors are
endowed with a proliferation capacity. We remark that, as
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Fig. 8. Goodness of fit of the mathematical model in scenario (i) (no homeostatic
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Table 6
Summary of all our findings.
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mechanism
suggested by the assessment of the mean model, this scenario
performs poorly in parameter setting 1. However, using the
stochastic model, we have found two other parameter settings (2
and 3) for which scenario 3(i) performs similarly to scenario 1(i).
Thus, the stochastic model suggests that there exist parameter
values for which the proliferation of precursors alone is sufficient
to the development of a viable pool of mature Tregs. As a
consequence, the F-test for nested models rejects scenario 3(i)
only in parameter setting 1. The difference between parameter
setting 1 and parameter settings 2 and 3 being in the average
value of the differentiation rate b with respect to the value of the
proliferation rate of precursors aP, we conclude that in order to
validate model scenario 3(i), it must be shown that the
proliferation rate aP of precursor cells is significantly larger than
the rate b of expression of CD45RO following an antigen stimulus.
3.3.3. The proliferation of mature Tregs alone is sufficient if their

division rate is not too small compared to the division rate of

precursors:

The assessment of model scenario 4(i) in which only mature
Tregs proliferate is illustrated in Fig. 8A (white bars). For settings 1
and 2, the performance of this scenario is comparable to the one
of scenario 1(i), whereas for parameter setting 3, scenario 4(i) is
not able to reproduce the dynamics of the data and the maximum
likelihood is fairly low. In that case, the F-test for nested models
rejects scenario 4(i) when compared to scenario 1(i). We remark
that this happens in the extreme case where mature Tregs

proliferate very little (the distribution of aR in parameter setting
3 is Uð1=5,1:7=5Þ). Thus, the proliferation of mature Tregs is
sufficient for the development of a peripheral pool only if the
proliferation rate is not too small.
3.4. Maintenance of a lifelong in vivo pool of CD4+CD25+CD45RO+

mature Tregs

In order to assess the importance of antigen-driven prolifera-
tion in the lifelong maintenance of a peripheral pool of Tregs, we
examine the situation where the model is executed from the time
at which the pool is already constituted, i.e., from the age
corresponding to our first adulthood data (19 years old). We only
study here homeostasis scenario (i), as it is the only one that led to
the rejection of some proliferation scenarios.
Found
using
they

45RO� precursor and CD4+CD25+CD45RO+ mature Tregs populations Data
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Given that at the age of 20, a peripheral pool of mature Tregs is

constituted, antigen-driven proliferation in the periphery is not

necessary for the maintenance even in the absence of other input of

mature Tregs or of a density-dependent homeostasis mechanism: We
assess the four proliferation scenarios of Table 3, in the case of
homeostasis scenario (i). The percentage of precursors inside
CD4+CD25+ T cells at the age of 19 (p19) is drawn from a Gaussian
distribution with mean 0.35 and standard deviation 0.1, values
obtained from the statistics of the data points corresponding to
the age range 19–24 years. The percentage of mature Tregs at the
age of 19 is set to 1�p19. The maximum likelihood of the fit of the
stochastic model under all proliferation scenarios is in Fig. 8B.
None of the scenarios is rejected after the likelihood ratio test.
Thus, the proliferation in response to antigen stimuli is not
necessary for the lifelong maintenance of a pool of mature Tregs,
once the pool is constituted (Table 6).

A summary of all our findings can be found in Table 6.
4. Discussion

With the help of a mathematical model, we studied different
developmental pathways of regulatory T cells and established
conditions in which each of them can explain the biological data.
The stochastic infection process combined with the differential
equations with random parameters and Monte Carlo simulation is
a modeling methodology allowing the description of cell
dynamics on the scale of years. We believe that such a scheme
is particularly appropriate for use in human studies, where data
are sparse and several sources of uncertainty and noise have an
influence on parameter values. Although still requiring the
computation of confidence intervals, using random parameters
was a way of avoiding tedious high-dimensional parameter fitting
by decreasing the number of unknown parameters and instead,
introducing distributions covering an entire set of possible values.
In order to keep the model tractable, we have made several
simplifying assumptions. One of them is the assumption that,
except for thymic involution, parameter distributions are inde-
pendent on age. This is probably a simplification, but recent
studies indicate that CD4+CD25+ Tregs in aged mice are function-
ally comparable to those in young mice (Nishioka et al., 2006).

In an effort to keep the model simple, we used a two-phase
model (Eqs. (1) and (2)) that describes the way cells respond to
antigen stimulus when only the responder cell population is
considered (De Boer et al., 2003; Althaus et al., 2007). Such a
model corresponds to a view of the immune system where the
size of immune responses is proportional to the number of pre-
existing cells. However, the biological reality might be more
complicated and it could be possible that the number of cells
produced at the end of an immune response is independent of the
initial number of cells.

We have observed that the number of CD4+CD25+CD45RO�

precursor Tregs decreases with age. This result confirms the
findings of Valmori et al. (2005), where the authors point out a
significant negative correlation between the number of precursors
and the age of donors. Then, we have observed that the number of
CD4+CD25+CD45RO+ mature Tregs increases with age. This
finding as well goes in the direction of the results of Valmori
et al. (2005) and is in accordance with the results of Gregg et al.
(2005), where the authors observe an increased number of
peripheral CD4+CD25hi T cells. We then have shown that the
ratio between precursors and mature Tregs is inverted in early
adulthood. Furthermore, the model suggested the continuous-
time trajectory of Tregs. In particular, we have observed interesting
cell dynamics during infancy and puberty, time-periods for which
we have not found immunological data due to ethical reasons. As
this is the period of life where the thymus functions at a maximal
regime, we have observed an important increase of thymus-
derived precursor cells, peaking at 10–12 years old, age
corresponding to the onset of puberty. Then, precursor cells start
their decline, while mature Tregs continue their progressive
increase, having their most important increase rate in the age
range 0–20 years. The latter is thus a critical period for the
constitution of a pool of mature Tregs. This ratio inversion was also
a critical issue of the model behavior; it led to the elimination of
some model scenarios that could not reproduce it.

We have studied several pool-size regulation mechanisms of
Tregs: density-independent and density-dependent renewal/death
of mature Tregs, as well as a constant or time-dependent external
contribution. Given these distinct mechanisms, we have identified
conditions in which the antigen-driven proliferation is necessary
for the creation of a viable pool of CD4+CD25+CD45RO+ Tregs. It
turned out that the antigen-driven proliferation is not necessary if
a density-dependent homeostatic mechanism regulates the pool
of mature Tregs. In other terms, as we found no information about
the exact values of the parameters governing the homeostatic
regulation, the antigen-driven cell division could be replaced in
our model by a homeostatic (cytokine-driven) proliferation.
However, the homeostatic expansion is unlikely to be the main
source of mature Tregs, because if that was the case, the diversity
of the T cell receptor (TCR) repertoire would be reduced by
competitive exclusion. Indeed, if there is no external contribution
to this cell population, the diversity of T cell receptors would be
determined by the few cells present at birth. Yet, it is known that
Tregs have an ab TCR repertoire with size and diversity closely
similar to those of CD4+CD25� T cells (Fazilleau et al., 2007).
Therefore, we believe that in addition to a homeostatic mechan-
ism, other sources of de novo generation should be present.

In this perspective, we have studied other sources of mature
Tregs that are able to replenish the peripheral pool of mature
CD4+CD25+CD45RO+ Tregs and enrich the TCR repertoire. One
such source is the thymus output of mature Tregs. We have
established the percentage of Tregs that should be output daily
from the thymus so that the peripheral expansion of this
population is not required for a successful development of the
pool. This threshold is about 20% of all CD4+CD25+ T cells output
from the thymus, or, equivalently, less than 0.3% of all CD4+ T
cells exiting the thymus. Another question arises then: Are Tregs

with a mature phenotype able to exit the thymus? We found two
points of view in the literature.

On the one hand, Wing et al. (2003) claim that only regulatory
T cells with a naive phenotype, namely CD45RO� precursors, are
released in the periphery from the thymus (corresponding to our
homeostasis scenario (i)). If this is indeed the case, then we have
demonstrated that proliferation of both CD4+CD25+CD45RO�

and CD4+CD25+CD45RO+ cells is sufficient, but not necessary for
the development and maintenance of a pool of Tregs. In scenario
3(i), where only precursors proliferate, we saw that if the
differentiation rate of CD4+CD25+CD45RO� precursors into
CD4+CD25+CD45RO+ mature Tregs is similar to or greater than
the proliferation rate of precursors, the model cannot explain the
data. However, it is unlikely that precursor cells stop suddenly
their proliferation because of the acquisition of the mature
phenotype. Our in vitro experiments have shown that in presence
of antigen with a co-stimulatory signal, precursor CD4+CD25+

CD45RO� cells proliferate intensively while acquiring the mem-
ory phenotype (unpublished data). This observation suggests that
either the acquisition of CD45RO is not associated with anergy
during a first priming, in which case, instead of scenario 3(i),
scenario 1(i) would be the appropriate model, or the parameters
governing cell dynamics have the property that the rate of pro-
liferation of precursors is greater than the rate of differentiation
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into mature Tregs, in which case scenario 3(i) is in accordance with
the in vivo data. In scenario 4(i), where only activated recently-
matured CD4+CD25+CD45RO+ cells proliferate, cells start their
intense proliferation after a time-delay, which is compatible with
the fact that regulatory T cells activate slowly, only when there is
a sufficient amount of growth resources in the environment. The
fact that the expansion of regulatory T cells is dependent on
growth factors produced by other cells was also pointed out in
Leon et al. (2000) and Burroughs et al. (2006). A recent study (Lee
et al., 2008) brings light to the molecular mechanisms through
which Foxp3 maintains the unresponsiveness of Tregs. The link of
Foxp3 to c-Jun blocks proliferation and therefore makes it even
more difficult for Tregs to activate and proliferate. Scenario 4 with
its initial delay, attests for this difficulty.

On the other hand, it cannot be excluded that a small
proportion of mature-type Tregs might exit thymus tissues.
Vanhecke et al. (1995) identify five stages of thymocyte
differentiation during which CD4+ T cells acquire and lose several
surface receptors. The last two stages define the most mature cells
that consist of CD4+CD1�CD45RO+ (stage 4) and CD45RO� (stage
5) helper T cells. As no particular sorting was applied to mark
regulatory T cells in this study, we can assume that they are
comprised in the above populations. Vanhecke et al. (1995) claim
that both stage 4 and stage 5 cells emigrate from the thymus in a
severe combined immunodeficient mouse carrying a human
thymus, even though they consider CD45RO� stage 5 cells as
more mature. Another question arises then, which is whether
these thymic emigrants with mature profile switch back to a
naive form soon after their entry in the periphery or not. This
event was not considered in our mathematical model, but it will
certainly reinforce the need of proliferating capacity of Tregs for
the development of a reliable pool. However, if these stage 4
CD45RO+ Tregs maintain the mature profile once in the periphery,
their number could be sufficient for the development of a pool of
mature Tregs.

Recent studies point out the presence of an input of mature
Tregs coming from non-regulatory helper T cells (Vukmanovic-
Stejic et al., 2006). This hypothesis is perfectly able to explain the
biological data, when daily there are at least 105 CD4+CD25� cells
acquiring a regulatory profile. To our knowledge, there is no
quantitative data measuring this transformation, nonetheless, we
hypothesize that this external contribution should be such that
the entire pool of CD4+CD25+FoxP3+ cells, including naturally
occurring thymus-derived Tregs, is in steady state, as suggested by
our data.

At last, we have shown that although the antigen-driven
proliferation of regulatory T cells is essential for the development
of a pool of mature Tregs, it is not a critical issue for the lifelong
maintenance of this compartment. This finding confirms the
intuitive fact that the homeostasis-related kinetics have more
impact on the lifelong maintenance of a cell population than the
antigen-response kinetics.

An important contribution of the mathematical model de-
scribed here is the suggestion of new research directions that will
deepen our knowledge about regulatory T cells. Indeed, our
results led to the identification of crucial mechanisms having an
important impact on Tregs dynamics and that could be subject to
further investigations: the quantitative assessment of the para-
meters governing the homeostatic maintenance of Tregs, the
assessment of the quantity of mature Tregs exiting the thymus,
and the quantitative description of the phenomena transforming a
non-regulatory cell into a regulatory CD4+CD25+FoxP3+ T cell
in vivo.

In conclusion, the mathematical model allowed us to have a
global view on the lifelong dynamics of Tregs. We evaluated three
different homeostatic scenarios about possible sources of mature
Tregs that can explain how a stable pool of Tregs is developed and
maintained through human life. This enabled us to appreciate and
estimate the different contributions of each single path in the
absence of others. Moreover, we also evaluated four different
scenarios concerning the intrinsic proliferation ability of pre-
cursors and mature Tregs. This ability has a considerable impact on
Tregs development and maintenance if precursors are the unique
source of mature Tregs. Our model is the first attempt to
mathematically and computationally describe the behavior of
regulatory T cells over life. The mathematical model is able to
estimate the trend of Tregs over time when one or more sources
are affected. Although it is already possible to have an empirical
idea of the future trend of regulatory T cells from the blood of a
patient, it is not possible to predict their amount at a certain time
in the future. Further developments could enable our in silico

model to virtually monitor and predict the dynamics of regulatory
T cells throughout an individual life. This application can be
particularly useful for prospective studies on patients that
received a solid organ transplant or are suffering from an
autoimmune disease. Such patients have often decreased num-
bers of Tregs in their blood, compared to healthy donors. Once the
mathematical model is able to predict the amount of Tregs over
time, it would allow for the individual dosing of the immuno-
suppressive drugs needed to prevent chronic rejection episodes or
disease relapses. In the perspective of introduction of regulatory T
cells in cell-therapy as a more specific and sophisticated
substitute to immunosuppressive drugs (Riley et al., 2009), our
model is a first step towards the development of tools aiming at
the clinical monitoring of regulatory T cell dynamics before and
after their adoptive transfer.
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