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Abstract

We consider a 3-dimensional Dirac operator H, with non-constant magnetic field of constant direction,
perturbed by a sign-definite matrix-valued potential V' decaying fast enough at infinity. Then we determine
asymptotics, as the energy goes to +m and —m, of the spectral shift function for the pair (Ho + V, Ho). We
obtain, as a by-product, a generalised version of Levinson’s Theorem relating the eigenvalues asymptotics of
Ho + V near +m and —m to the scattering phase shift for the pair (Ho + V, Ho).

1 Introduction

It is known [38] that the free Dirac Hamiltonian H,, acting in the Hilbert space H := L%(R?; C*) is unitarily
equivalent to the operator h(P) @ —h(P), where P := —iV and R® 3 ¢ — h(&) := (€2 + m?)'/2. For this
reason, the set {m} = h[(Vh)~'({0})] of critical values of h plays an important role in spectral analysis
and scattering theory for Dirac operators. For instance, one cannot prove at =m the usual limiting absorption
principle for operators H,, + V, even with V' a regular perturbation of H,,, by using standard commutator
methods. Both the statements and the proofs have to be modified (see e.g. [4, 19]).

In this paper, we provide a new account on the spectral analysis of Dirac operators at the critical values by
discussing the behaviour at =m of the spectral shift function associated to sign-definite perturbations of Dirac
operators with non-constant magnetic fields. Our work is closely related to [27] where G. D. Raikov treats a
similar issue in the case of magnetic Pauli operators. It can also be considered as a complement of [33], where
general properties of the spectrum of Dirac operators with variable magnetic fields of constant direction and
matrix perturbations are determined. Other related results on the spectrum of 3-dimensional magnetic Dirac
operators can be found in [2, 3, 5, 7, 11, 13, 15, 16, 17, 20, 23, 34, 36, 37].

Let us describe the content of this paper. We consider a relativistic spin-% particle evolving in R in pres-
ence of a variable magnetic field of constant direction. By virtue of the Maxwell equations, we may assume
with no loss of generality that the magnetic field has the form

é(xla T2, iL'g) - (07 07 b(xlv 12)) .
The system is described in H by the Dirac operator

Hy := a 111 + aslls + azPs + Bm,
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where 8 = g, a1, a2, a3 are the usual Dirac-Pauli matrices, m > 0 is the mass of the particle and 1I; :=
—10; — a; are the generators of the magnetic translations with a vector potential

(w1, 9, x3) = (a1(21,22), az(z1,22),0)

that satisfies b = J1as — O2a;. Since ag = 0, we write P; = —i03 instead of II3. We assume that the function
b : R? — R is continuous (see Section 2 for details), so that Hy, defined on C§°(R?; C*), can be extended
uniquely to a selfadjoint operator in H with domain D(H) .

Then we consider a bounded positive multiplication operator V' € C(R?; %,(C*)), where %,(C*) is the
set of 4 X 4 hermitian matrices, and define the perturbed Hamiltonian H := Hy = V. Since V' is bounded and
symmetric, the operator H is selfadjoint in H and has domain D(H) = D(H,). We also assume that |V ()|
decays more rapidly than |z| 3 as |z| — oo and that

(Hy —2)™% — (Hg — 2)"® € S1(H) foreach z¢c R\ {o(Hy)Uo(Hy)}, (1.1)

where S7 () denotes the set of trace class operators in H.
Under these assumptions, there exists a unique function &(-; Hy, Ho) € L'(R; (1 + [A[)~*d\) such that
the Lifshits-Krein trace formula

Te [f(Hy) — f(Ho)| = /R ax /(N (A He, Ho) (12)

holds for each f € C§°(R) (see [39, Sec. 8.11]). The function &( - ; Hy, Hy) is called the spectral shift function
for the pair (Hy, Hp). It vanishes identically on R \ {o(Hy) U o(H4)}, and can be related to the number of
eigenvalues of Hy in (—m, m) (see Remark 4.5). Morever, for almost every A\ € o,.(Hp) the spectral shift
function is related to the scattering matrix S(\; Hy, Hy) for the pair (H., Hy) by the Birman-Krein formula

det S()\, H:I:a HO) = e_27”45(k§Hi,H0) .

After identification of (- ; H1, Hy) with some representative of its equivalence class, our results are the
following. In Proposition 4.4, we show that there exists a constant ¢ > 0 defined in terms of b (cf. Proposition
2.1) such that &(-; Hy, Hy) is bounded on each compact subset of (—+/m?2 + ¢, /m?2 +¢) \ {#m} and is
continuous on (—y/m?2 + ¢, /m2 + () \ ({£m} U o,(Hx)). In Theorem 6.5, we determine the asymptotic
behaviour of £(\; Hy, Hp) as A — £m, |A| < m, and in Theorem 6.14, we determine the asymptotic behaviour
of &(A\;Hy, Hp) as A — £m, |A] > m. In both cases, one has {(\; Hy, Hy) — foo as A — Fm. The
divergence of £(\; Hy, Hy) near A = £m scales as the number of eigenvalues near 0 of certain Berezin-
Toeplitz type operators. When V' admits a power-like or exponential decay at infinity, or when it has a compact
support, we give the first term of the asymptotic expansion of £(\, ; Hy, Hy) near A = +m (see Proposition
6.10 and Corollary 6.17). In these cases, we also show that the limits

. £(m+€;H7aH0> 5(_m_€;H+>HO)
lim and lim
N0 &(m —e; H-, Hy) N0E(—m+e;Hy, H)

exist and are equal to positive constants depending on the decay rate of V' at infinity (see Corollary 6.18 for a pre-
cise statement). This can be interpreted as a generalised version of Levinson’s Theorem relating the eigenvalues
asymptotics of H. near Fm to the scattering phase shift for the pair (H., Hy) (see [21, 22] for usual versions
of Levinson’s Theorem for Dirac operators). The relation between the behaviour of the spectral shift function
near A = +m and near A = —m is explained in Remark 6.15 by using the charge conjugation symmetry.

These results are consistent with the results of [27] (where Pauli operators with non-constant magnetic
fields are considered) and [12] (where Schrodinger operators with constant magnetic field are considered). Part
of the interest of this work relies on the fact that we were able to exhibit a non-trivial class of matrix potentials
V satisfying (1.1), even though Hj is not a bounded perturbation of the free Dirac operator. We refer to Remark
3.3 and Section 7 for a discussion of this issue.

Let us fix the notations that are used in the paper. The norm and scalar product of H = L?>(R3;C*) are
denoted by || - || and (-, - ). The symbol ® stands for the closed tensor product of Hilbert spaces and .S, (H),



p € [1,00], denotes the p-th Schatten-von Neumann class of operators in H (S (H) is the set of compact
operators in H). We denote by || - ||,, the corresponding operator norm. The variable z € R? is often written as
r = (z),23), withz; € R? and z3 € R. The symbol Q;, j = 1,2, 3, denotes the multiplication operator by
zjinH, Q = (Q1,Q2,Q3), and Q1 := (Q1,Q2). Sometimes, when the context is unambiguous, we consider
the operators (); and P; as operators in L?(R) instead of H without changing the notations. Given a selfadjoint
operator A in a Hilbert space G, the symbol £ (-) stands for the spectral measure of A.

2 Unperturbed operator

Throughout this paper we assume that the component b : R? — R of the magnetic field B= (0,0,b) belongs
to the class of “admissible” magnetic ﬁe~lds defined in [27, Sec. 2.1]. Namely, we assume that b = by + b, where
by > 0 is a constant while the function b : R? — R is such that the Poisson equation

Ap=0b

admits a solution ¢ : R? — R, continuous and bounded together with its derivatives of order up to two. We
also define @o(z ) = ib0|:c 1 |? for each z; € R? and set ¢ := ¢y + @. Then we obtain a vector potential

@ = (a1,az,0) € C1(R%; R3) for the magnetic field B by putting
a1 := —0ap and ag := 1.

(changing, if necessary, the gauge, we shall always assume that the vector potential @ is of this form). We refer
to [27] for further properties and examples of admissible magnetic fields.

Since the vector potential @ belongs to L (R?; R?), the magnetic Dirac operator

loc

Hy = o111 + aslls + a3 P + Bm

satisfies all the properties of [33, Sec. 2.1]. The operator H is essentially selfadjoint on C§°(R?; C*), with

domain D(Hy) C 'Hllo/f (R3; C*), the spectrum of Hy satisfies
o(Ho) = 0ac(Ho) = (=00, —po] U [0, 00), (2.1)
and we have the identity
H ®14+1®(P7+m?) . 0 . 0 0
HE = g bu®1+1§(133 +m?) HI®1+1;(P32+m2) 8 2.2
0 0 0 HT@1+10(P7+m?)

with respect to the tensorial decomposition L?(R?) ® L?(R) of L?(R?). Here the operators H are the compo-
nents of the Pauli operator H, := H| & H{ in L>(R?;C?) associated with the vector potential (a1, a2), and
po := +/inf o(H ) + m?2.

We recall from [27, Sec. 2.2] that dimker(H ) = oo, that dimker(H) = 0 and that we have the
following result.

Proposition 2.1. Let b be an admissible magnetic field with by > 0. Then 0 = info(H)) is an isolated
eigenvalue of infinite multiplicity. More precisely, we have

dimker(H,) = oo and (0,¢) CR\ o(HL),

where

¢ = 2by e~ 205¢(%) and osc(@) := sup @(xy)— inf @(z,).
z | €ER2 z, €R2

In particular, we have by Equation (2.1)

o0(Hp) = 0ac(Ho) = (—00, —m] U [m, 00).



Finally, since (0,{) C R\ o(H ), we know from [33, Thm. 1.2.(d)] that the limits

i (Qa) ™% (Ho = AFie)"H(Qa) ™%, vy > 1, 23)
exist for each A € (—/m2 + ¢, /m2 + () \ {£m} (note that we use the usual notation () := /1 + - [2).

3 Perturbed operator

We consider now the perturbed operators Hy = Hy £V, where V' = {Vj;} is the multiplication operator
associated to the following matrix-valued function V.

Assumption 3.1. The function V € C(R3; B, ((C4)) satisfies for each x = (v, ,x3) € R? and each j,k €
{1,...,4}

V(z)>0 and |Vik(x)] < Const. (@) "+ (x3)~"® for somev, >2and vz > 1. 3.1)
The potential V' in Assumption 3.1 is short-range along x3. So we know from [33, Thm. 1.2] that

(1) Uess(Hi) = Uess(HO) = (7003 7m] U [ma OO)

(ii) The point spectrum of Hy in ( — Vm2 + ¢, /m?+¢ ) \ {££m} is composed of eigenvalues of finite
multiplicity and with no accumulation point.

(iii) Hy has no singular continuous spectrum in ( — \/m?2 + (, \/m?2 + (). In particular, H, and H have a
common spectral gap in (—m, m).

Using the formula

o0
(A+N)77 = F(’y)_l/ dtt7te AN A D(A) - H, A>0, A,y >0,
0

the diamagnetic inequality [1, Thm. 2.3], and the compactness criterion [9, Thm. 5.7.1], we find that
—1/4
Vitl 2 (s e +m2) € S [L2(R2)].
Since b is bounded this implies that
| Ho| ™2V |Ho|™/? < |Ho|~/2( 2, s |Vikl) [Ho| 712 € So(H).

So |Ho|~*/2V|Hy|~/? also belongs to S..(H), since Soo(H) is an hereditary C*-subalgebra of Z(H) [24,
Cor. 3.2.3]. One has in particular
VI2(|Ho| +1)71/2 € So(H). (3.2)

The standard criterion [31, Thm. XI.20] shows that
Vg2 (= A +m?) 7 € S [L2(R®)] if g € [2,00) and vg > 3/2.
This together with arguments as above implies that
VY2|Ho|™" € S,(H) if g > 2isevenand vq > 3. (3.3)
So we have in particular that
VY/2EHo(B) € Sy(H)  for any bounded borel set B C R. (3.4)

In the sequel we shall need a more restrictive assumption on V. For this, we recall that there exists numbers
z € R\ {o(Hy) Uo(Hy)} since Hy and Hy have a common spectral gap in (—m, m). We also set Ry(2) =
(Ho—2)"tand Ry (z) := (Hy —2z) ! forz € C\ o(Hp) and 2z € C \ o(Hy.), respectively.



Assumption 3.2. The function V € C(R3; %,(C*)) satisfies for each v € R? and each j, k € {1,...,4}

V(z) >0 and |Vik(z)| < Const.(x)™" for some constant v > 3. 3.5)

Furthermore, V is chosen such that
R3.(2) — R3(2) € S1(H) foreach z € R\ {o(Hp) Uo(Hz)}. (3.6)

Note that (3.5) implies (3.1) if one takes v3 € (1,7 — 2) and v| := v — v3. Note also that the choice of
function A — (X — z)~3 in the trace class condition (3.6) has been made for convenience. Many other choices
would also guarantee the existence of the spectral shift function for the pair (H., Hy) (see e.g. [39, Sec. 8.11]).

Remark 3.3. Since the operator Hy is not a bounded perturbation of the free Dirac operator, we cannot apply
the results of [40, Sec. 4] to prove the inclusion (3.6) under the condition (3.5). In general, one has to impose
additional assumptions on V' to get the result. For instance, if V verifies (3.5), and

(i) [V,a] = [V, 2] =0,
(ii) for each x € R3 and each j, k, 0 € {1,...,4}, one has |(3;V;jx)(z)| < Const.(x) ™ for some ¢ > 3,
(iii) for each j,k,t € {1,...,4}, one has (0,05Vj;) € L™°(R?),

then (3.6) is satisfied. Furthermore, if V is scalar, then the same is true without assuming (iii) (and (i) is
trivially satisfied). The proof of these statements can be found in the appendix. Here, we only note that a matrix
V € % (C*) satisfying (i) is necessarily of the form

vi 0vg O
_ 0 v2 0 vz
V= Vi 0ve 0 |
0 vy 0 vp
withvi,vs € Randvs € C.

4 Spectral shift function

In this section we recall some results due to A. Pushnitski on the representation of the spectral shift function for
a pair of not semibounded selfadjoint operators.
Given a Lebesgue measurable set B C R, we define p(B) := 1 [, %, and note that u(R) = 1.

T om

Furthermore, if 7' = T™ is a compact operator in a separable Hilbert space G, we set
ny(s;T) := rank EiT((s, 00)) fors > 0.
Then we have the following estimates.

Lemma 4.1 (Lemma 2.1 of [26]). Let Ty = Ty € Soo(H) and T = T5 € Si(H). Then one as for each
s1,82 >0

/Rdu(t) nt (s + sy 11 +t1o) <ny(s;Th) + 7%92 T2l
For z € C\ o(Hy), we define the usual weighted resolvent
T(z) := VY?(Hy — )" V12
and the corresponding real and imaginary parts
A(z) :=ReT(z) and B(z) :=ImT(z).

Then the next lemma is direct consequence of the inclusions (3.2)-(3.4) and [25, Prop. 4.4.(1)].



Lemma 4.2. Let V satisfy Assumption 3.1. Then, for almost every A € R, the limits A(A+140) = lim o A(A+
i€) and B(X +40) := lim~ o B(A + ie) > 0 exist in S4(H).

Next theorem follows from the inclusions (3.2), (3.4), (3.6), from the equations (1.9), (8.1), (8.2) of [25],
and from Theorem 8.1 of [25].

Theorem 4.3. Let V satisfy Assumption 3.2. Then, for almost every A\ € R, £(\; Hy, Hy) exists and is given by

¢\ Hy, Hy) = ﬁ:/de(t) nz (1; A(X +00) + tB(A +40)). @.1)

We know from (2.3) that A(\ +40) and B(\ +i0) exist in Z(H) for each \ € (—/m2 + {,/m?2 + () \
{£m}. In Propositions 5.2-5.3 and Corollary 5.5 below we show that in fact A(A+i0) € S4(H) and B(A+i0) €
S1(H) for each A € (—y/m2 + ¢, /m2 4 ) \ {£=m}. Hence, by Lemma 4.1, the r.h.s. of (4.1) will turn out
to be well-defined for every A € (—/m2 + ¢, /m2+ () \ {£=m}. In the next proposition we state some
regularity properties of the function

(—/m2+ ¢, /m2+ )\ {£m} 3 A £\ Hy, Hy) = :l:/Rdu(t)njF(l;A()\—l-iO) + tB(X +10)).

The proof (which relies on Propositions 5.2-5.3, Lemma 5.4, Corollary 5.5 and the stability result [14, Thm. 3.12])
is similar to the one of [6, Sec. 4.2.1].

Proposition 4.4. Let V satisfy Assumption 3.1. Then &(-; Hy, Hy) is bounded on each compact subset of
(—v/m2+ ¢, v/m?+ () \ {&m} and is continuous on (—/m? + ¢, \/m2 + ) \ ({£m} U, (Hy)).

In the sequel, we identify the functions &(-; Hy, Hy) and &(-; Hy, Hy) since they are equal for almost
every A € R due to Theorem 4.3 (see [35] for a study where the r.h.s. of (4.1) is directly treated as a definition
0f€(>\7 Hia HO))

Remark 4.5. In the interval (—m,m), Hy has no spectrum and the spectrum of H is purely discrete. Thus
the spectral shift function £(-; Hy, Hy) can be related to the number of eigenvalues of H as follows: for
A1, A2 € (—m,m) \ o(Hy) with Ay < Ao, we have (see [25, Thm. 9.1])

€3 Hy, Ho) — £(A2; Hy, Hy) = rank E* ([A, \2)).

S Decomposition of the weighted resolvent
In this section we decompose the weighted resolvent
T(z)=VY2(Hy - 2)VY2, zeC\o(H),

into a sum 7'(2) = Tyiv(2) + Thound(2), where Ty, (2) (respectively Thound(2)) corresponds to the diverging
(respectively non-diverging) part of T'(z) as z — +m. Then we estimate the behaviour, in suitable Schatten
norms, of each term as z — £m. We refer to [12, Sec. 4] and [27, Sec. 4.2] for similar approaches in the case
of the Schrédinger and Pauli operators.

Let a and a* be the closures in L?(IR?) of the operators given by

ap := (I} —illy)p and a*p = (I + illy) e,

for p € C§° (RQ). Then one has (see [38, Sec. 5.5.2] and [28, Sec. 5])

m 0 1®P; a®l
_ 0 m  a*®l —1QP;
Hy = 1QP3; a®l —m 0 ) (5.1
a*®1l —1®P; 0 —m



with
ker(a*) = ker(aa*) = ker(H ) C L*(R?). (5.2)

0000
P=(00pPo
0000

be the orthogonal projection onto the union of the eigenspaces of Hy corresponding to the values A = +m.
Since P = p ® 1 is the orthogonal projection onto ker(H | ) ® L*(R), the equations (5.1) and (5.2) imply that
Hjy and P commute:

Now, let

oyoo

=]

Hy'P=PH; . (5.3)
In fact, by using (2.2) and (5.1), one gets for each z € C\ o(Hj) the equalities
(Ho—2)7'P
— (Ho+2)(HZ —2°)"'P
) ) (z+m) 0 0 0 ) ) 0010
~porE w8 80,0 )+ e P -] (THEE).
0o o0 0% 0000

where R(z) := (P§ — 2) ~', 2 € C\[0,00), is the resolvent of P2 in L2(R). This allows us to decompose T'(z)
as T(Z) = Tdi\,(z) + Thound (Z), with

o

(=

m) (

T (2) := V2 [p® R(z> —m?)] (

cocot

0 0 y
0 0 1/2
(z—m) 0 Vs,
0 0

(=Rl

Tbound(z) = V1/2 [p ® P3R(Z2 — m2)] (

(]l

) V2 L VV2(Hy - 2)7PVY2 (P =1 P).

~ o—=OoOo
coor
cooo

One may note that this decomposition of T'(z) differs slightly from the simpler decomposition

T(z) = V'/?(Hy — 2)PV'/2 + V12 (Ho — 2)P V12,

since the first term in Thound(2) is associated to the projection P and not the projection PL. This choice is
motivated by the will of distinguishing clearly the contribution Ty, (z), that diverge as z — +m, from the
contribution Thound(2), that stays bounded as z — +m.

For A € R\ {0}, we can define the boundary value R(\) of the resolvent R(z) as the operator with
convolution kernel 7 ( - ), where

e~ V—Alz3l

Cf—— ifA<O0
/Y ’

R > T3 T)\(.’L‘;),) = ief\/ﬂmg\ .
e if A > 0.

So, we can extend the definition of Ty, ( - ) to the values A € R\ {£m}:

(A+m)0 0 0
)V -] (U5 ) v
0 0 0 ©
In the following proposition, we show that the trace norm of Ty;,(2) is continuous in C; := {z € C |
Im(z) > 0} outside the points z = 4m, where it may diverge as |z F m|~ /2. The proof of the proposition
relies on a technical result that we now recall.

Lemma 5.1 (Lemma 2.4 of [27]). Let U € LY(R?), q € [1,00), and assume that b is an admissible magnetic
field. Then pUp € Sy[L2(R?)], and

b _
Ul 02 oy < 57 & WUl -



The symbol y denotes the postive part of y € R.

Proposition 5.2. Let V' satisfy Assumption 3.1. Then the operator-valued function
Ci\{E+m} 32z Ty(2) € S1(H)

is well-defined and continuous. Moreover, we have for each A € R\ {£m} the bound

1Tl < Const. (|22 + 372 [2) (14 (2 = m)}/ ),

Proof. We have for each z € C \ o(H)) the identity
(+
Tdiv(z) = M(G 024 Jz2_m2) 8
0

where
M= VV2QU)™(Qs)2, G = (Qu)™p(Qu) ™2, J. 1= (Qa) TP R(2)(Qs) ™% (5.4)
The operator M is bounded due to Assumption 3.1. So
I Taiv ()11 < Const. (|2 +m| + |z = m|) [|Gll1 ][22 - mels-

But we know from Lemma 5.1 that ||G||; < Const., and from [6, Sec. 4.1] that the operator-valued function
C4+\ {0} > z — J, is continuous in the trace norm and admits the bound

[Jxll1 < Const. (1+ A" A|7Y2 for A € R\ {0}.

It follows that 1/2 1/2
m —m 1/4
| T (2)||1 < Const. (|—§fm + |3 )(1 + (X2 — m2)+/ )

foreach A € R\ {£m}. O

In the next proposition, we show that the function z — Thound(2) € S4(H) is continuous in C\ { (—o0, —/m? + (JU
[/m? + ¢, 00) }. The symbols H* stand for the operators H* := HT ® 1 + 1 ® P7 acting in L2(R?).

Proposition 5.3. Let V satisfy Assumption 3.1. Then the operator-valued function

C\ {(=00, —v/m2+ (U [Vm2 +(,00)} 3 2 — Thound(2) € Sa(H)

is well-defined and continuous. Moreover, we have for each A € (— \/ m? + ¢, \/ m? + () the bound
2 2
[ Thouna(M)la < Const. (|A] + A2) (1+ S22+ ) + Const. (5.5)
Proof. One has the identity
1

(Hy—z)"' = Hy' +2(14zHy ') (Hf — 2%)

for each z € C\ o(Hyp). Thus the operator Thound (%) can be written as

Tbound(z) = M(G & Sz) (

(=l ele]
Sooo

> M+ VYRHGIPAVY2 4 VY2 (L4 2H ) (HE — 22) 7 PRV
(5.6)

01
00
00
00

= Tl(Z) +T5 + Tg(z)7



with M and G given in (5.4), and
S. = (Q3) "/ P3R(2* — m?)(Qs) /2.
The integral kernel of S, is

%<x3>—y3/2 (z3—z) ei\/z2_m2|x3—a:é\ <xl3>—y3/2’ (5.7

|w3—x3]

with the branch of v/22 — m? chosen so that Im /22 —m?2 > 0. So S, extends to an element of S2[L%(R)] for
each z € C, with ||, ||2 < Const. Since M is bounded and ||G||; < Const., this implies that

IT3(2)]|2 < Const. ||M]|2]|Gl1[1S:]l2 < Const. (5.8)

for each z € C. One also has
IT2]l4 < Const. 5.9

due to (3.3). So, it only remains to bound the term T3(z).
Let z € C\ {(—00, —/m? + (JU[y/m? + (,00)} and P+ := 1 — P. Then (H~ +m? — z2)_1Pl and
(H* +m? — 22)71 belong to Z[L%(R?)], and we have

(H4+m? =22 Pt=P-(H +m?-2%)"
Thus
2 N —lplv,1/2 2 2\ 1 PoL(f 3 0 1/2
(HG —2%) PV = (Hf —2°) 0 orto)V
000 1
PLH(H 4+m?—22)"1 0 0 0
o 0 (HT4m?—22)"1 0 0 Vi/2
B 0 0 PLH(H 4+m2—2z?)"1 0 ’
0 0 0 (HF+m?—2%)~"

and
[(H = 22) 7 PAVA2|S < 2 MIP{|| P (H +m? = 22) 7 M| + | (HY +m? = 22) 7 Mf5},
where My := (Q)~"+/2(Q3)~3/2. But, we know from the proof of [27, Prop. 4.4] that

HPL(H* +m? — 2%)71My||, < Const.C(2) and |(HT + m? — 22) 7 My, < Const.C(z),

I, I,

where +1
Y
C(z) = P ————— -
yelC,o0) [y +m? — 22|
It follows that
1T5(2)||2 < Const.HzV1/2(l + zHy )| 1M C(2) < Const. (|z] + |2[*) C(z). (5.10)
The claim follows then by putting together (5.8), (5.9), and (5.10). O

In the next lemma we give some results on the imaginary part of the operator S, in L2(R) appearing in the
proof of Proposition 5.3

Sz = <Q3>7D3/2P3R(Z2 — m2)<Q3>7"3/2, zeC \ O'(Ho), vy > 1.

Lemma 54. (a) One hasIm Sy = 0 for each A € (—m, m).



(b) Let p > 1 be an integer. Then one has for each X € R with |\| > m
[1m Sxllp < Cp,
where Cy, is a constant independent of \. Furthermore

lim [I'lm Sy, = 0.
A—tm, [A|>m

Proof. (a) This is a direct consequence of the spectral theorem.
(b) Let A € R with |A\| > m. Then one shows by using (5.7) that Im S} is equal to the rank two operator

Im Sy = (vx, ) ux + {uy, -) vy,
with
ux(z3) := (w3) 7"/ ?sin (23v/A2 — m?) and  wx(x3) == —£(23) 7"/ % cos (23V/ A2 — m?).
Since (vy, uy) = 0, this implies that
[1m Sx” = Jlual”{ox, ) vx + [loal[P (ux, ) ux.

Thus
[1m Sx[I7 = Tr ([ 1m Sx[P) = [lual[® [fox]l* + loallP [lux*.

This, together with the equality

lim HU)\H = 07
A—tm, [A|>m

implies the claim. O

In the next corollary we combine some of the results of Propositions 5.2, 5.3 and Lemma 5.4.

Corollary 5.5. Let V satisfy Assumption 3.1. Then the identity

T()\ + ZO) = Tdiv(>\) + Tbound(A) (5.11)

holds for each A € (—/m? + (,\/m? + () \ {m}, and the estimate

[ Im Tbound(/\)Hp < Const. || Im Sy ||, (5.12)

holds for each integer p > 1 an each A\ € (—\/m2 +¢, \/m2 + (). In particular, we have

lim || Im Thouna(A)|| =0, (5.13)

A—+m p

due to Lemma 5.4.

Proof. The first identity follows from Propositions 5.2 and 5.3. Let A € (— \/m2 +¢, \/m2 + (). Using (5.6)
and the commutation rule (5.3) one obtains that
)

with M and G defined in (5.4). Since M is bounded and ||G||; < Const., this implies (5.12). O

Im Tbound()\) = M(G@ Im S,\) <

orRoOo
[elelelw)]
[elelelw)]

1
0
0
0
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6 Proof of the main results

We begin this section by showing that the value of £(\; H, Hy) as A — +m is bounded from below and from
above by expressions involving only the term Ty;, (A) of the decomposition T'(A 4 i0) = Tyiv(A) + Thound (A)-
Then we consider separately the limits A\ — £m with |A| < m and the limits A\ — £m with |A\| > m.

We start by recalling two standard properties of the counting functions n... Given two compact operators
T, = T3 and T, = T¥ in a separable Hilbert space G, we have the Weyl inequalities

nay(sy + s2;T1 +To) < ni(s1;T1) + ni(se;To)  foreach sy, s9 > 0. 6.1)
Moreover, if T' = T belongs to S,,(G) for some p € [1, 00), then
nt(s;T) < s7P||T||)  foreach s > 0. (6.2)

Proposition 6.1. Let V satisfy Assumption 3.2. Then the estimates

/ du(t) ns (14 £ Re T () + tIm T (V) + O(1)
R
S $§()\, H:F7 HO)

< / du(t) ni(l —&;ReTgiy(N\) + tIm Td;\,()\)) +0(1)
R

hold as A — +m for each e € (0,1).

Proof. Using (5.11), the Weyl inequalities (6.1), and Lemma 4.1 we get
/Rdu(t) ns (14 5 Re oy (A) + £1m T (V) — 1= (£/2: Re Toouna () — % 1M Toouns (V)
< /Rdu(t) n4 (1; A\ +10) + tB(\ +40))
< /R dp(t) n (1 — &3 Re Tay(A) + £1m Tay (N)) + 1t (2/2; Re Thound (V) + %H Im Thouna(A)[[,- (6.3)

Due to (6.2), we have
N+ (/25 Re Thound (A)) < 166 | Thouna (M) 4,
which combined with (5.5) gives
N4 (5/2; Re Tbound()\)) =0(1) as A— +m.

Moreover, we know from (5.13) that

>\1—1>I£m H Im Tbound(/\)Hl =0.

So the claim follows from the estimates (6.3) and Formula (4.1) O]

6.1 The case |A\| < m

In this section we prove asymptotic estimates for £(\; H, Hy) as A — £m with |A| < m. We start with a
corollary of Proposition 6.1, which follows from the fact that Im Ty;, (A) = 0 and Re Ty, (A) = Ty (A) for
A € (—m,m).

Corollary 6.2. Let V satisfy Assumption 3.2. Then the estimates
nt(1+ & Tav(N) + O(1) < FE(A; He, Ho) < nt (1 — & Taiv(N) + O(1)
hold as A — £m,

Al < m, foreache € (0,1).

11



Define the bounded operators K+ : H — L*(R?;C*) by

1000
(ipor) = [ atiassplora) (B8E1) V26l ad)otelad),
K . d/d/ / 8888 V1/2 / / / /
(K_p)(zL) = s o' drgp(ry, 7)) 8858 (2!, 3) (2, 23),

where p(-, -) is the integral kernel of the projection p. One shows easily that K} : L2(R?; C*) — 'H are given
by

(K30) (21, 25) = VV2(xy, 23) ( ) (p) (1),

OO0 OO+
OO0 O OOOoOo
(=l elelelolele]
OOoOOoO OO0oOo

(K* )@ 23) = VV2(21, 23) ( ) (v (zL).
and that

Or(\) = 2(=2) K2k, and  O-(\) = —3(2=2)"’ KK

belong to Sa(H) for each A € (—m, m).
In the next proposition we show that the functions n ( . Td;\,()\)) as A — +m,
up to O(1) terms, from below and from above by expressions involving O ().

A| < m, can be bounded,

Proposition 6.3. Let V satisfy Assumption 3.2. Then the estimates

ny((1+€)s;04(N) + O(1) < ny(s;Taiv(N) < np((1—€)s; 04 (V) + O(1), (6.4)
O(1) < n_(s; T (V) < O(1), (6.5)
hold as \ /* m, for each e € (0,1) and s > 0, and the estimates
O(1) < ny(s;Tan(N) < O(1), (6.6)
n_((1+¢)s;0-(N) +O0(1) < n_(s;Taw(N) < n_((1 —e)s;0-(N)) + O(1), (6.7)

hold as A\, —m, for each e € (0,1) and s > 0.

Proof. We only give the proof of (6.4)-(6.5), since the proof of (6.6)-(6.7) is similar. In point (i) below we
show that the difference Ty, (A) — O4 () can be approximated in norm, as A ' m, by a compact operator
independent of A. Then we prove (6.4)-(6.5) in point (ii) by using this result.

(i) Let A € (—m,m) and take v/ € (3, v). A direct calculation shows that

. N A+m)0 0 0\ _
Taiv(A) — OL(\) = M(Gu_y/ ® J ) 9 90 (/\Em) O ) M+0_(N), 6.8)
0 0 0 0
where 7V ¢ 12(R) — L2(R) is given by
, —1V/mZ N2 |z —ah| /02 22 o ,
(SO () = —(ag) ™2 / da, S ’ sinh( m? = Mlzs x3|)<x§,>"’ (),
v R m2 — \2 2
and
]Tj — ‘/1/2<CQL>(1/71/)/2<623>1//27 (6.9)
Gy = (Qu) ") 2p(Qu) /2, (6.10)

The operator M is bounded due to Assumption 3.2, G,_, is compact in L2(R%; C*) due to Lemma 5.1, and
O_()) satisfies
im  [l0_(]|, = 0. 6.11)

A—m, |A|[<m
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Define

N (m+m)0o 0 0\ _
Te=M(G, o Jy) [ 8 9,0, 8], (6.12)
0 0 0 0

with 7 : 12(R) — L2(R) given by
(5 0) a3) = a7 [ o a5 5) = ).

Since v/ > 3, Jy,n) belongs to So[L%(R)], and T is compact in H. Moreover, by using Lebesgue’s dominated
convergence theorem, one shows that

im 5 — IV = 0.
A—tm, [A|<m
This, together with (6.8), (6.11) and (6.12), implies that
Jim [T (V) = 0+ (N) = T || = 0. (6.13)

(ii) Take A € (—m,m), e € (0,1), and s > 0. Using the Weyl inequalities (6.1) we get

ni((l +e)s; O+()\)) —ng (ss;Tdiv(/\) - O+()\)) <ng (5; Tdiv()\))
< ni((l —&)s; O+(>\)) + ny (55;Tdiv()\) — O+()\)).

Now we have n_ (t; O4 (X)) = 0 for each t > 0 and A € (—m, m), since O () is a positive operator. So, to
prove (6.4)-(6.5), it is sufficient to show that n (es; Tgiv(A) — O4 (X)) = O(1) as A / m, for each e € (0,1)
and s > 0. Let ¢ > 0 be fixed. Then we know from (6.13) that we can chose Ay € (—m,m), close enough to
m, so that HTdiV()‘-‘r) —04 (M) — Ty H < t/2. Thus, using again the Weyl inequalities, we get

nt (t;TdiV(AJ'_) - O+()\+)) S nt (t/?, Tdiv()\_;,_) — O+()\+) - T+) +n4 (t/2,T+) = N4 (t/2,T+)

Since the r.h.s. is independent of Ay we have shown that n (t; Tuiv(A) — O (X)) = O(1) as A/ m. This
concludes the proof of (6.4)-(6.5). ]

We show now that the counting functions ni( - Oi(/\)) in Proposition 6.3 can be rewritten in terms of
Berezin-Toeplitz type operators. Define for each A € (—m, m)

wi(N) = %(m—f;\)lmpWer and w_(A) == —%(%)I/pr,p,

where the functions W : R? — R are given by
Wi(zy) = / dzs Vir(zy, z3) and W_(zy):= / das Vss(z L, z3). (6.14)
R R
Under the condition (3.5) one has
0<Wau(zy) < Const.(z, )" forallz, € R2,

and wy (A\) € S1[L2(R?)] if V satisfies Assumption 3.1 (see Lemma 5.1). Moreover, one has the following.

Proposition 6.4. Ler V satisfy Assumption 3.1. Then we have for each \ € (—m,m) and s > 0

ni(s;Oi()\)) =n4 (s;wi()\)). (6.15)
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Proof. Given s > 0 and two separable Hilbert spaces H1, Ho, one has
ni(s;B*B) :ni(s;BB*) (6.16)

for any B € #(H1,H2) such that B*B € S, (H1). Moreover, one can easily check that
000 § 0000
808)?W+P and  K_K® = (88?8)pr.
000 0000

Thus

n (‘O A)) = L1 (m4A 1/2 6888 _ .lLﬂl/Q _ .
(500 00) = (55 (55) 7 (8889 ) pWap ) = ne (55 3(222) *pWop) = i (s500 (V).

The proof of the second equality in (6.15) is similar. O
The next theorem is direct consequence of Corollary 6.2 and Propositions 6.3-6.4.

Theorem 6.5. Let V satisfy Assumption 3.2. Then one has for each e € (0, 1)

—ny (1—gwi (V) +01) <ENH-, Ho) < —ny (145w (V) +0(1) (6.18)
as \ /' m, and
n_(1+gw_(X\)+0(1) < &N Hy, Hy) <n_(1—g5w_(N) + O(1) (6.19)
O(1) < &N H_, Hy) < O(1) (6.20)
as A\, —m.

Remark 6.6. The inequalities (6.17) together with Remark 4.5 imply that the eigenvalues of Hy+V in (—m, m)
near +m (if any) do not accumulate at +m. On the other hand the inequalities (6.18) tell us that the number of
eigenvalues of Hy — V in (—m,m) near A\ = +m scales, up to O(1) terms, as

ny(s;wy (X)) = rank EpW+p((s(Z—1§)1/27 oo))

with s & 2. Accordingly, the problem of counting the number of eigenvalues of Hy — V in (—m,m) near
+m reduces to the problem of counting the number of eigenvalues of the positive Berezin-Toeplitz type operator
pW_p near 0. The inequalities (6.19)-(6.20) lead to similar conclusions on the number of eigenvalues of Hy £V
in (—m,m) near —m.

One can compare these results with the results of [8] and [19] on the finiteness in (—m, m) of the discrete
spectrum of the Dirac operator perturbed by a matrix potential Q = {Q (m)};{kzl. In Corollary 2.2 of [8], the
author shows that the spectrum in (—m, m) of the Dirac operator perturbed by Q is finite if the 2 x 2 diagonal
blocks of Q are of order (9(|a:|_2_5) and the anti-diagonal blocks are of order (9(|a:|_1_5), for some § > 0 as
|z| — oc. In Corollary 2.1 of [19], the authors show that the Dirac operator perturbed by vQ, with || small
enough and

’ij(x)‘ < <:L‘>_2, j7k€{17"‘74}7

does not have any point spectrum. Therefore, in our case where () = —a1a1 — asas + V, we would not have
had any accumulation of eigenvalues in (—m,m) if we would have imposed such decay assumptions on the
magnetic part —o a1 — Qiaas of the perturbation.

As seen in Theorem 6.5 the behaviour of the function {(-; Hy, Hy) in (—m, m) depends on the distribution
of eigenvalues of the trace class operator pW=p. In our next proposition we shall exhibit different types of
behaviours depending on the choice of the functions V;; and V33 appearing in W_.. For that purpose, we first
have to recall some technical results taken from [27], [29] and [30].
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In the first lemma, an integrated density of states (IDS) for the operator H | in L*(R?) is defined as follows
(see e.g. [10, 18]): Let y, .-, be the characteristic function of the square z | + (—r/2,7/2)?, with | € R? and
r > 0. Then a non-increasing function ¢ : [0,00) — R is called IDS for the operator H if for each z, € R?
it satisfies

Q(A) = TILH;O T72 Tr [XT,M_ (QL)EHI ((700, )‘))Xr,fw_ (Ql)]

for each point A € R of continuity of p.

Lemma 6.7 (Lemma 3.3 of [27]). Let U € C*(R?) satisfy
0<U(x,) < Const.{x )~ and |(VU)(z1)| < Const. (z, )~ >
for all x € R? and some o > 0. Assume moreover that
o U(zxy)= u(li—j) (14 0(1)) as |z, | — oo, for some nonzero uw € C(S"),
e b is an admissible magnetic field,

o there exists an IDS gy, for the operator H | .

Then we have
b
ny (s;pUp) = i‘{m_ ER*|U(zy) > s}(1+0(1)) = Ualsiu,bo)(1+0(1)) as s\,0,

where | - | denotes the Lebesgue measure, and

872/ab0

\I]a(s; u, bO) =
v

/ do u(v)?/e, s> 0. (6.21)
Sl

Lemma 6.8 (Lemma 3.4 of [27]). Let 0 < U € L°°(R?). Assume that
In(U(z1)) = -z [*’(1+0(1) as |zi]— oo,
for some n, 3 > 0. Let b be an admissible magnetic field. Then we have
ny (s;pUp) = Og(s,n, bo)(l + 0(1)) as s\, 0,

where

S | In(s)| /7 if Be(0,1),
Ds(s,m,bo) := m \ ln(sz|1 if =1, se (0,e7h). (6.22)
o (| ns))) " In(s)| i B> 1,
Lemma 6.9 (Lemma 3.5 of [27]). Let 0 < U € L°(R?). Assume that the support of U is compact, and that

there exists a constant C > 0 such that U > C on an open non-empty subset of R. Let b be an admissible
magnetic field. Then we have

ny (s:pUp) = Poo(s)(1+0(1)) as s \0,

where
®oo(s) = (In|In(s)]) "In(s),  se(0,eh). (6.23)

Combining Theorem 6.5 with Lemmas 6.7-6.9 we obtain the behaviour of {(\; Hy, Hp) as |A| — m,
|[A| < m, when the functions W admit a power-like or exponential decay at infinity, or when they have a
compact support.

Proposition 6.10. Letr V satisfy Assumption 3.2.
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(a) Assume that the hypotheses of Lemma 6.7 hold with Uy = W and o = v — 1. Then we have

O H-, Ho) = =W, 1 (2(22) i b0 ) (L +0(1) as A/ m,

and
EOG Ho Ho) = 0, (2(223)2

with V,,_1 given by Equation (6.21).

;u,,bo> (1+0(1)) as A\, —m,

(b) Assume that the hypotheses of Lemma 6.8 hold with Uy = W_. Then we have
172
E(N\H_,Hg) = —®pg, (2(%) / ;77+7b0) (1 —|—0(1)) as N/ m,

and
EOv Hy, Ho) = ®5_ (2(25)%5m-00) (14 0(1)) a5 AN —m,

with B+ € (0,00) and O, given by Equation (6.22).
(c) Assume that the hypotheses of Lemma 6.9 hold with Uy = W. Then we have
O H-, Ho) = =0 (2(223) ") (1 +0(1)) as A/ m,

and
EO Hy, Ho) = 0o (2(252) %) (14 0(1) as AN =m,

with ® ., given by Equation (6.23).

The estimates of Proposition 6.10 are consistent with the ones of [27, Cor. 3.6], where the corresponding
situation for magnetic Pauli operators is considered.

6.2 The case |\| > m

In this section we prove asymptotic estimates for (\; H, H1) as A\ — £m, when |A| > m. We start by showing
an estimate for n4 (s; Re Tdiv()\)).

Proposition 6.11. Let V satisfy Assumption 3.2. Then the estimates
ni(s;ReTyiv(N) =O(1) as X — +m, [\ >m,
hold for each s > 0.

Proof. Take A € R with |[A\| > m, and let v/ € (3,v). Then we have
N ) (A

ReTyiv(A) = M (G @ R)) |5

0

with M and G, _, as in (6.9)-(6.10), and
RYY = (Q3) ™ /?Re R(\? — m?)(Qs)~"'/2.
By using Lebesgue’s dominated convergence theorem, one shows that

A-»i}i{r\lxpm IRe Zuiu (A) — T || =0,

with T’y as in (6.12). So the claim can be proved as in point (ii) of the proof of Proposition 6.3. O
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The next result follows from applying Propositions 6.1 and 6.11, the Weyl inequalities (6.1) and the iden-
tities [12, Sec. 5.4]

dp(t) ny (s; tT) = 7! Trarctan(s~'7), s> 0, (6.24)
R

where T' € S1(H), T = T* > 0. We also use the fact that sgn(\) Im Ty, () is a positive operator if |\| > m.

Corollary 6.12. Let V satisfy Assumption 3.2. Then the estimates

7! Trarctan [(1 4 €)' sgn(A) Im Ty (A)] + O(1)
< FE(A; He, Ho)
< n ! Trarctan [(1 — €)™ sgn(A) Im Ty (V)] + O(1)

hold as A — +m,

Al > m, for each e € (0,1).

As in the case |A| < m, we introduce auxiliary operators in order to express the lower and upper bounds for
FE(X; He, Ho) in terms of Berezin-Toeplitz type operators. For A € R with |A\| > m, we define the operators
Ky Koy H — L2(R?%C*) by

0 0

00 | V2!, af)p(al,, 7f),

(Kiap)(xy) = / da’, daly p(z 1, @' ) cos (x5 A2 — m?)
R3
0

0
0
0
00 | VA2, ah (e, o).
0

(Ko ap)(xy) = / dz’, dz p(z 1,2’ ) sin (acg VA2 — m2)
RS

Direct calculations show that the adjoint operators K7 ,, K3 , : L2(R%;C*) — H are given by

VIA+m| 0 0 0
r,r3)= > 2 —m T1,T3
(KT \)( ) = cos (z3V/A )V ) o0 L0

0 0 v/|A—m| 0
0 0

0 0
VIx4mlo 0 0
(G0 1, 23) = sin (w32 —m2) V2 @) |00 00 ) (o) (o),

0 0 0 0

(pﬂ})('rl)a

and that )
sgn(A) Im Ty (N) = ————= (K7 \ K1 A + K5, K2.)).
g ( ) d ( ) 2m( 1AL 2\ 2)\)
This last equation can be written more compactly as
1
sgn(A\) ImTgiy(A) = ———= KiK. 6.25
g ( ) d ( ) 2m AN ( )

if we use the operator

Kx:H—LR%CY, Kip:= <K17W) :

with adjoint
(G}
(o>

For the next proposition we also need to introduce for each A € R with |A\| > m the positive operator
Q(N) : L2(R?;C®) — L2(R?; C?) defined by

K} :2(R%C® — H, K3 ( ) = K7 i1 + K3 \v.

1
Q) i= ————— K, K}.
W= s e 1S

17



A direct calculation shows that

KAKG = p (%u %@\) ».
2, 3.2
where
) Am|Vii(z,23) 0 VAX2Z—m2Viz(x ,x3) 0
Ml’)\(l'L) = /]Rdl'g COS (lUg\/ A2 — m2) <m§31($L713)§ |>\—m\V323(zJ_713) §> )

Moa(zy) = /Rdxg sin (xgv A2 — m2) coS (Ig\/ A2 — m2) (

[IAm|Vii(z,x3) 0 VA2—m2Vig(z ) ,x3) 0
0 0 0 0
)

\/WV:H(ZCL,JE:;) 0 |)\—77’L|V33($J_7x3) 0
0 0 0 0

[A+m|Vii(z,z3) 0 VA2—m2Vig(z,xz3) 0

— in2 A/)\2 a2 0 0 0 0
M3’)\(xL) - /]Rdl:3 Sl (':63 >\ m ) vV >\2—m2V31(Ii,LE3) 0 ‘k—m‘V33($L,I3) 0
0 0 0 0

This implies that

Il < G2 pWop]), + (Gz2) 2 lW-p]),.

and thus Q(\) € S1[L2(R?;C¥)] if V satisfies Assumption 3.1.
Next Proposition is a direct consequence of Equations (6.16) and (6.25).

Proposition 6.13. Let V satisfy Assumption 3.1. Then we have for each \ € R with |\| > m and each s > 0
n (s3sgn(A) Im Ty (A)) = ng (s Q(N)).
In particular, it follows by Equation (6.24) that
Trarctan (s~ sgn(A) Im Ty (A)) = Trarctan (s~ Q(X)). (6.26)
The combination of Corollary 6.12 and Equation (6.26) gives the following.
Theorem 6.14. Let V satisfy Assumption 3.2. Then one has for each e € (0,1)

£r~ ! Trarctan [(1 +£e)7'Q(\)] + O(1) < &(\; Hy, Hop) < £ ! Trarctan [(1 F) 7' Q(N)] + O(1)

as A — £m, |\| > m.

Remark 6.15. The fact that the operators wi (\) and Q(X) in Theorems 6.5 and 6.14 depend in a distinguished
way on the components V11 and Vi3 of V is due to our initial assumption by > 0. Indeed, this choice implies
that ker(H ) is non trivial, whereas ker(HT) = {0}. This lead us to introduce in Section 5 the projection
P = diag(P, 0, P,0), which put into light the priviledged role of the components V11 and V33 of V.

The variation of §(\; Hy, Hy) under the change X\ — —X\ can be explained using the antinunitary trans-
formation of charge conjugation [38, Sec. 1.4.6]

C:H—MH, ¢ — Uc,
where Uc := ifas. Indeed, if we write H(d,+V') and Hy (@) for Hy and Hy, then we get
CH(d,+V)C™' = —H(—a,¥UcVUE),
and a direct calculation using the Lifshits-Krein trace formula (1.2) shows that
E(\ H(@,£V), Ho(@)) = —£(— A H(=@, FUCVUE), Ho(—@)).

This obviously explains why the overall sign of the spectral shift function is reversed under the change \ —
—\. But it also explains why the roles of V11 and V33 are interchanged in the estimates. Indeed, the natural
projection corresponding to the vector potential @ is P = diag(P, 0, P,0) since we have by > 0 for d, whereas
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P’ := diag(0, P, 0, P) is the natural choice for the vector potential —a since we have by < 0 for —d. Now, one

has -
Vag —Vaz —Vaz Vau

17 ~Vaq Vaz Vaa —Var
U~VUE = V34 V33 Va2 V31
e c T —Vaq Vaz Voo —Va

Via —Vis —Via Vip

So, the projection P which selects the components +(V11,Vss) of the potential £V is replaced, after the
change A\ — —\, by the projection P’ which selects the components F(V33,V11) of the transformed poten-
tial FUCVUE.

For the next proposition we define for each A\ € R with || > m the positive operator Q1) ()) in L2(R?; C?)
given by

1 Myp 0 |A4m|W, 0 0 0
QW) = ———— (p A ) where My = ( 6o 0 0],
0 0 |A—m|W_ 0
20/ A2 —m? 0 0 0 0 | 0| 0
Proposition 6.16.  (a) Let V satisfy Assumption 3.2 with v € (3,4]. Then one has for each s > 0 and each
o€ (%%3)

Trarctan [s~'Q(A)] — Trarctan [5_1(2(1)(/\)] =0(xF m|_6) as A — +xm, |A] > m.

(b) Let'V satisfy Assumption 3.1 with v, > 2 and v3 > 2. Then one has for each s > 0
Trarctan [s~'Q(X)] — Trarctan [s_lﬂ(l)()\)] =0(1) as A— xm, |\ >m. (6.27)

Proof. Points (a) and (b) are proved by using the Lifshits-Krein trace formula (1.2) with f(\) = arctan()),
A € R. We do not give the details, since the argument is analogous to the one of [12, Cor. 2.2]. O

1
rv—1

Note that if V' satisfy Assumption 3.2 with v € (3, 4], we can choose § € (43~
6.16.(a) entails

). and so Proposition

Trarctan [s~'Q(\)] — Trarctan [5*19(1)()\)] =o(|AF m|7ﬁ) as A —+m, [A|>m.  (6.28)

Moreover, if V' satisfy Assumption 3.2 with v > 4, then it satisfies Assumption 3.1 with v, > 2 and v3 > 2,
and, hence (6.27) is valid. Finally, we have for s > 0 and |\| > m

dt

Trarctan [s~'QM (A :/007
rarctan [s (N)] 1t

iy 1/2 *odt m1/2
ny (25t(;\+—m) / ;pW+p> +/ Tre (23t(:\\f—m) / ;pW_p).
0
(6.29)
Combining Equations (6.27)-(6.29), Theorem 6.14 and Lemmas 6.7-6.9, we get the following.

Corollary 6.17. Let V satisfy Assumption 3.2.

(a) Assume that the hypotheses of Lemma 6.7 hold with Uy = W, and o = v — 1. Then we have

1
X Ho, Ho) = ~2cos (1/(v — 1)) Yo-1 (2(%)”2”“” bo) (L+o(D) as AN m,
and
1
N Has Ho) = 5 o1 (2(352) % us o) (L4 0(1)) as A7 —m,

with ¥, given by Equation (6.21).
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(b) Suppose that V also satisfies (3.1) with v, > 2 and v3 > 2, and assume that the hypotheses of Lemma
6.8 hold with Uy = W. Then we have

EOH Ho) = —5 @5, (2052) im bo) (1 0(1)) as AN,

and
1
O H- Ho) = 5 05 (2(25)*in- b ) (1+0(1) as A/ —m,

with B+ € (0,00) and ®g, given by Equation (6.22).

(c) Suppose that V' also satisfies (3.1) with v, > 2 and v3 > 2, and assume that the hypotheses of Lemma
6.9 hold with UL = W . Then we have

E(\H_, Hy) = —%%(2(:;3)”2) (1+0(1)) as AN m,

and
1 maay 1/2
¢\, Hy,Hy) = 3 D (2(m—f§) )(1 + 0(1)) as X/ —m,
with O, given by Equation (6.23).
Putting together the results of Proposition 6.10 and Corollary 6.17, we obtain the following.

Corollary 6.18. Under the assumptions of Corollary 6.17.(a), we have
£<m(1_5)_1;H—aHO) 1 . E(_m(l_E)_l;H-‘raHO)

sii% &(m(1 —¢e); H-, Hy) _QCOS(W/(I/—].)) _51{1(1) §(—m(l —e);Hy Hy)

and under the assumptions of Corollary 6.17.(b)-(c), we have

f(m(l_g)il;vaHO) _ 1 . 5(_m(1_€)71;H+aH0)

e ¢(m(l—e);H_,Hy) 2 0 £(—m(1—e); Hy, Hy)
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7 Appendix

We give in this appendix the proof of the inclusion (3.6) for the class of potentials V' given in Remark 3.3. We
start with a technical lemma. We use the notations o := (o, a2, a3) T and

@eV) = {(0Vir)}, YV = (01V.3V,05V)T, (000 V) = {(000mVir)}-
Lemma 7.1. Let V be as in Remark 3.3. Then
(a) One has in (D (H,),D(Ho)*) the equalities
[Ho, H] = —ia- (VV) + [as, VP +m[§, V] (7.1)
= —ia - (VV) + Ps[as, V] +i[as, (03V)] + m[B, V]. (7.2)
(b) Let z € R\ {o(Ho) Uo(Hx)}. Then there exist operators By € B(H) such that
R3(z) =By+H;* and R%(?)=H,>Bj. (7.3)
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Proof. (a) We know from Lemma 2.2(b) of [32] that D(H) C D(Ps). So each member of Equations (7.1)-(7.2)
belongs to (D (Hy), D(Ho)*).
Let ¢ € D(H,), take a sequence {¢,, } C C§°(R?; C*) such that lim ||, — ¢|p(r,) = 0, and denote by

(-, +)1,—1 the anti-duality map between D(Hy) and D(Hy)*. Then

(¢, [Ho, H]p)1,-1 = (Hop, Vo) — (Vip, Hop)
= hin <<pn, [al(Pl — (Ll) + CVQ(PZ - a2) + O‘BPB + 6m7 V]QOTL>

=lim (gn, { —ia - (VV) + [as, VIPs + m[B, V]}on). (7.4)
Since D(Hg) C D(Ps), we also have lim ||, — ¢||p(p,) = 0, and thus

(0, [Ho, H]p)1,-1 = (¢, { — i (VV) + [a3, V]Ps +m[3, V]}p)

This proves (7.1). Using (7.4), one also gets the equality (7.2).
(b) In what follows, we omit the indices “+£” to simplify the notations and we write By, Bs, . . . for elements
of (H). Since D(H) = D(Hy), we have

R?*(2) = BiHy 'R(z) = B1R(2)Hy " + B1[Hy ', R(2)] = BoHy® + B1Hy "R(z)[Ho, H|R(2)Hy .
Now, one has
R(2)[Ho, H|R(2)Hy ' = R(2){ —iac- (VV) + P3las, V] +ilas, (95V)] + m[B, V]} R(2) = B3H,?

due to Equation (7.2), the equality D(H) = D(Hy), and the inclusion D(Hy) C D(P3). This, together with
the preceding equation, implies the first identity in (7.3). The second identity follows from the first one by
adjunction. O

Proposition 7.2. Take z € R\ {o(Hy) Uo(Hy)} and let V be as in Remark 3.3. Then we have
R(2) - RY(:) € 51 (M),

Proof. In what follows, we omit the indices “+” to simplify the notations and we write B1, Ba, . .. for elements
of (H). Differentiating twice the resolvent identity

R(z) — Ro(z) = —R(2)V Ro(z)

we find that
R3*(2) — R3(2) = —R(2)VR3(2) — R*(2)VR%(2) — R*(2)VRy(2).

So it is sufficient to show that each term on the r.h.s. belongs to Sy (#). This is done in points (i), (ii) and (iii)
below.
(i) For the term R(2)V R3(%), one has

R(2)V R§(2) = R(2)Ro(2)VR3(2) + R(2)[V, Ro(2)] B3 (2). (7.5)
Since D(H) = D(H,), one has
R(2)Ro(2)VR(2) = R(2)(Ho — 2)R%(2)VRE(2) = (B1Hy *V*Y/?) (VY2 Hy 2 By).

So, by (3.3), R(2)Ro(2)V R3(z) is the product of two Hilbert-Schmidt operators, and thus belongs to Sy (H).
For the second term of (7.5), we have by (7.1)

R(2)[V, Ro(2)]R3(2) = R(2)Ro(2)[Ho, H|R}(z) = B1Hy *{ —ia- (VV) + [as, V]Ps + m[3, V] } Hy * Bs.
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Due to the hypotheses on V' and (0;V'), one can use (3.3) to write the first and third term as a product of two
Hilbert-Schmidt operators. So it only remains to show that H 2[as, V] P3Hy > belongs to Sy (). For this, we
use the inclusion D(Hy) C D(Ps) and the commutation of Ps and Hj; ! on D(Ps) [32, Lemma 2.2(b)] to get

Hi2[as, VIPsHy® = Hy ?[as, VHy 2PsHy * = Hy [as, V]Hy % By.

This, together with (3.3), implies that H; *[a3, V] P3 H;; ® belongs to S1(H).
(ii) One can write R?(2)V R2(z) as the product of two Hilbert-Schmidt operators by using (7.3) and (3.3):

R*(2)VRX(2) = BsHy 2V Hy 2By = (BsHy 2VY/?) (VY2 H 2 By).

Thus R?(2)V R2(z) belongs to S1 (H).
(iii) For the term R3(2)V Ry(z) we have

R*(2)VRy(z) = R*(2)VR(2)Ro(2) + R*(2)[R(2), V]Ro(2).
One shows that R?(2)V R(2)Ro(z) € S1(H) as in point (ii). For the second term, we have by (7.2) and (7.3)
R*(2)[R(z),V]Ro(z) = R*(2)[H, Ho)R(2)Ro(2)
= B5H()_2R(z){ia -(VV) = Ps[as, V] —i[as, (03V)] — m[B, V]}HO_QB&

Due to the hypotheses on V' and (8j V'), one can use (7.3) and (3.3) to write the first, third, and fourth term as a
product of two Hilbert-Schmidt operators. So it only remains to show that H; 2 R(z) Ps[as, V]H; ? belongs to
S1(H). Using [32, Lemma 2.2(b)] and (7.3), one gets

H;2R(2)Pslas, VIHy 2 = Hy 2 P3R(2)[as, V]Hy ? + Hy ?[R(2), Ps][as, V]Hy 2
= PysHy?R(2)[os, VIHy 2 —iHy ?R(2)(03V)R(2)[evs, V]H 2
= B;Hy%[as, V]Hy? + BgR(2)(05V)R(2)[as, V]Hy 2.
The first term on the r.h.s. belongs to S1 (), and for the second term we have by (7.2) and (7.3)
R(2)(83V)R(=) o3, VIH, 2
= (33V)R*(2)[as, V]H‘Q + R(2)[(95V), HIR?(2) 3, V]H, 2
= BgH [043, V H + R {za 63‘/ — P53 [0(3, (63‘/)}
—ilag, (93V)] —m[B, (3sV)] + [(0V), V]} Bs H *[as, VIH} .

Due to the hypotheses on V', (0;V), and (9;3V), one can use (3.3) to show that the first, the second, the fourth,
the fifth, and the sixth term are trace class. For the third term we have to use (3.3) and the fact that R(z)Ps
extends to a bounded operator. [

Remark 7.3. When the potential V' is scalar, the equations (7.1)-(7.2) reduce to the single equality
[Hy, H] = —ia - (VV)

in .@( (Ho), D(Hy)* ) So the calculations in points (i) and (iii) of the proof of Proposition 7.2 simplify ac-
cordingly, and we obtain the inclusion

Ri(z) — Rj(z) € S1(H)

without assuming anything on the derivatives of V' of order 2.
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