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ABSTRACT. Exponential-polynomial families like the Nelson—Siegel or Svens-
son family are widely used to estimate the current forward rate curve. We
investigate whether these methods go well with inter-temporal modelling. We
characterize the consistent It6 processes which have the property to provide an
arbitrage free interest rate model when representing the parameters of some
bounded exponential-polynomial type function. This includes in particular
diffusion processes. We show that there is a strong limitation on their choice.
Bounded exponential-polynomial families should rather not be used for mod-
elling the term structure of interest rates.
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1. INTRODUCTION

The current term structure of interest rates contains all the necessary information
for pricing bonds, swaps and forward rate agreements of all maturities. It is used
furthermore by the central banks as indicator for their monetary policy.

There are several algorithms for constructing the current forward rate curve
from the (finitely many) prices of bonds and swaps observed in the market. Widely
used are splines and parameterized families of smooth curves {F'(., 2)}.ez, where
Z Cc RN, N > 1, denotes some finite dimensional parameter set. By an optimal
choice of the parameter z in Z an optimal fit of the forward curve = — F(z, z) to
the observed data is attained. Here x > 0 denotes time to maturity. In that sense
z represents the current state of the economy taking values in the state space Z.

Examples are the Nelson—Siegel [8] family with curve shape

FNs(x, Z) = Z21 + (2’2 + Z3$)€_Z4m
and the Svensson [11] family, an extension of Nelson—Siegel,
Fg(z,z) = 21 + (22 + z37)e” 5% 4 zqwe™ 07,

Table 1 gives an overview of the fitting procedures used by some selected central
banks. It is taken from the documentation of the Bank for International Settle-
ments [1].

Despite the flexibility and low number of parameters of Fiygs and Fg, their choice
is somewhat arbitrary. We shall discuss them from an inter-temporal point of view:
A lot of cross-sectional data, i.e. daily estimations of z, is available. Therefore it
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TABLE 1. Forward rate curve fitting procedures

central bank | curve fitting procedure
Belgium Nelson—-Siegel, Svensson
Canada Svensson

Finland Nelson-Siegel

France Nelson—Siegel, Svensson
Germany Svensson

Italy Nelson—Siegel

Japan smoothing splines

Norway Svensson

Spain Nelson—Siegel (before 1995), Svensson
Sweden Svensson

UK Svensson

USA smoothing splines

would be natural to ask for the stochastic evolution of the parameter z over time.
But then there exist economic constraints based on no arbitrage considerations.

Following [2], instead of Fiyg and Fs we consider general exponential-polynomial
families containing curves of the form

4

K
F(x,z) = Z <Z Zi7“x“>@7zi,ni+lw.

=1 p=0

Hence linear combinations of exponential functions exp(—z; »,+1%) over some poly-
nomials of degree n; € Ny. Obviously Fiyg and Fg are of this type. We replace
then z by an It6 process Z = (Z;)¢>0 taking values in Z. The following questions
arise:

e Does F(.,Z) provide an arbitrage free interest rate model?
e And what are the conditions on Z for it?

Working in the Heath—Jarrow—Morton [5] — henceforth HIM — framework with
deterministic volatility structure, Bjork and Christensen [2] showed that the expo-
nential-polynomial families are in a certain sense too large to carry an interest
rate model. This result has been generalized for the Nelson—Siegel family in [4],
including stochastic volatility structure. Expanding the methods used in there, we
give in this paper the general result for bounded exponential-polynomial families.

The paper is organized as follows. In Section 2 we introduce the class of 1t
processes consistent with a given parameterized family of forward rate curves. Con-
sistent It6 processes provide an arbitrage free interest rate model when driving the
parameterized family. They are characterized in terms of their drift and diffusion
coefficients by the HJM drift condition.

By solving an inverse problem we get the main result for consistent Ito6 processes,
stated in Section 3. It is shown that they are remarkably limited. The proof is
divided into several steps, given in Sections 4, 5 and 6.

In Section 7 we extend the notion of consistency to e-consistency when P is not
a martingale measure.

The main result reads much clearer when restricted to diffusion processes, as
shown in Section 8. It turns out that e-consistent diffusion processes driving
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bounded exponential-polynomial families like Nelson—-Siegel or Svensson are very
limited: most of the factors are either constant or deterministic. It is shown in
Section 9, that there is no non-trivial diffusion process which is e-consistent with
the Nelson—Siegel family. Furthermore we identify the diffusion process which is
e-consistent with the Svensson family. It contains just one non deterministic com-
ponent. The corresponding short rate model is shown to be the generalized Vasicek
model.

We conclude that bounded exponential-polynomial families, in particular Fiyg
and Flg, should rather not be used for modelling the term structure of interest rates.

2. CONSISTENT ITO PROCESSES

For the stochastic background and notations we refer the reader to [9] and [6]. Let
(Q, F, (Ft)o<t<oo, P) be a filtered complete probability space, satisfying the usual
conditions, and let W = (W},...,W)o<i<oo denote a standard d-dimensional
(Fi)-Brownian motion, d > 1.

Let Z = (Z%,...,2Z") denote an RY valued It6 process, N > 1, of the form

t d t
Z;:Zg)+/b§ds+2/ oW dWl, i=1,...,N, 0<t< oo,
0 0
7j=1

where Zj is Fp-measurable, and b, o are progressively measurable processes with
values in RY, resp. R¥*4 such that

t
/ (Jbs| + |os|?) ds < 00, P-a.s., for all finite ¢.
0

Let F(z,2) be a function in C*?(Ry x RY), i.e. F and the partial derivatives
(0F/0x), (0F/0z2;), (0°F/02;0z;), which exist for 1 < 4,5 < N, are continuous
functions on R, x RV, Interpreting Z; as the state of the economy at time ¢, we let
x +— F(x,Z;) stand for the corresponding term structure of interest rates. Meaning
that F'(z, Z;) denotes the instantaneous forward rate at time ¢ for date t 4 .

Notice that
G(x,z) :=exp (—/ F(n,z2) dn)
0

is in C12(R, x RY) too. Therefore the price processes for zero coupon T-bonds
Pt,T):=G(T —t,7Z;), 0<t<T < oo, (1)

and the process of the savings account

t
B(t) :=exp (—/ agG(O, Zs) ds) , 0<t< oo,
0 X

form continuous semimartingales.

Let Z denote an arbitrary subset of RV, The function F' generates in a canonical
way a parameterized set of forward curves {F( ., 2)}.cz. We shall refer to Z as the
state space of the economy.

Definition 2.1. Z is called consistent with {F(.,z)}.cz, if the support of Z is

contained in Z and
(P(t, T)) @)
B(t) 0<t<T



“x LDJAVILIV D1 UV i1V

1s a P-martingale, for all T < oo.

Set a := 0o*, where o* denotes the transpose of o, i.e. a7 = ZZ:1 olFal* for
1 <i4,7 < Nand 0 <t < oo. Then a is a progressively measurable process with
values in the symmetric nonnegative definite N x N-matrices.

Using It6’s formula, the dynamics of (2) can be decomposed into finite variation
and local martingale part. Requiring consistency the former has to vanish. This
is the well known HJM drift condition and is stated explicitly in the following
proposition.

Proposition 2.2. If Z is consistent with {F(.,z)}.cz then

—FxZ szaz (z,2)

+ = Z (azzasz(x Z) — aazz xZ/ n, Z)dn (3)

for all x > 0, dt @ dP-a.s.

Proof. Analogous to the proof of [4, Proposition 3.2]. O

3. EXPONENTIAL-POLYNOMIAL FAMILIES

In this section we introduce a particular class of functions F'. As the main result
we characterize the corresponding consistent Ito6 processes.

Let K denote a positive integer and let n = (n1,...,ng) be a vector with
components n; € Ny, for 1 <1i < K. Write |n| :=ny +--- 4+ ng. For a point

— n|+2K
= (21,07 <3 R1n1+19 22,00+ - -y R2no+1s - -+ RK,0 - - 'sz,nK—i—l) € Rl | (4)

define the polynomials p;(z) as
pi(2) = pi(x, 2) Zzwx“ 1<i< K.
The function F' is now defined as
K
2) = Y pila, 2)e T (5)
i=1

Obviously F' € CV2(R, x RI™*+2K) " Hence the preceding section applies with
= |n| + 2K.
From an economic point of view it seems reasonable to restrict to bounded
forward rate curves. Let therefore Z denote the set of all z € RY such that
U, er, |F(z, 2)| < oc.

Definition 3.1. The exponential-polynomial family EP(K,n) is defined as the set
of forward curves {F(.,z)},crn-

The bounded exponential-polynomial family BEP(K,n) C EP(K,n) is defined
as the set of forward curves {F(.,2)},cz.
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Clearly Fng(z,z) € BEP(2,(0,1)) and Fg(z,2) € BEP(3,(0,1,1)), if at each
case the parameter z is chosen such that the curve is bounded. From now on, the
Nelson-Siegel and Svensson families are considered as subsets of BEP(2,(0,1)) and
BEP(3,(0,1,1)) respectively.

If two exponents 2; n,41 and zj,;41 coincide, the sum (5) defining F' reduces to
a linear combination of K — 1 exponential functions. Thus for z € RY we introduce
the equivalence relation

7 ~, ] = Zin+1 = Zjm;+1 (6)

on the set {1,..., K} and denote by [i] = [i], the equivalence class of i. We will
use the notation

ny) = np(2) == max{n; | j € [i].}
i =Zigu(z) ={j € [ilz | n; = pn},  0<p < np(z)

i = 2iu() = Yz 0<p<ng(2) (7)
F€L1i),u(2)
p(2) = Y pi(2).
j€lil-

In particular pp;(z) = ZZ[;']O 23],u2" and (5) reads now
Pa)= 3 pgla)e s,
[e{l, . K}/
Observe that for z € Z we have
Zim41 =0, only if pp(2) = 20
Zimi+1 <0, only if pp;(2) =0.

(8)

We shall write the R¥-valued Ito process Z with the same indices which we use
for a point z € RY, see (4),

t d t
ZpH = Z(’)’“—f—/ bg’“ds—i—Z/ oA AW, 0<pu<n;+1, 1<i<K. (9)
0 3170
It’s diffusion matrix a consists of the components
d
abmIv — ZO’Z7M;)\0']’V;)\, 0 S m S n; + 1, 0 S v S n; + 1, 1 S 'l/,j S K.
A=1

Notice that for 1 <: < K

(zlp(x)=0t= | ({z | 2,41 = Zim, 41 for all j € T}

JC{1,...K}
J>i

max{n;|j€J}

NN Y He=0 (10)

pn=0 JjeJ
i > p

VU2 2 = 2 })

leJe
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is not closed in general but nevertheless a Borel set in RY. We introduce the
following, thus optional, random sets of singular points (¢, w)

Ai={pi(Z)=0o0rp;(Z) =0}, 1<i<K

K
B e U {Zi,ni-i-]. — Zj,'flj-}-l}
i,j=1
i#j
K
c:= J {2zttt = zimit1}
i,5=1
i#]

and the optional random sets of regular points (¢, w)

D:= Ry x )\ (| JAuBUC)

D= (R, x Q) \ (BUC).

Let us recall that for S and T' stopping times, a stochastic interval like [S, T is a
subset of R x . Hence [S] =[S, 5] is the restriction of the graph of the mapping
S : Q) — [0,00] to the set Ry x €.

For any stopping time 7 with [7] € (Ry x ) \ A; we define

' (w) :=1inf{t > 7(w) | (t,w) € A;},
the debut of the optional set [T, co[N.A;. Observe that in general it is not true that
7> 7 on {7 < co}. This can be seen from the following example: For
F(z,z) = 21,06 "% + 25 0~ *21% 4 z3 g *2% € BEP(3,(0,0,0))

let 2,0 =22 =1,2° = -1, 22" =1+tand Z/' = Z>" = 1fort € [0,1]. Then
p1(Zo) = ppj(Zo) = 1 and pp)(Z;) = 0 for all ¢ € (0,1]. Hence [0] € (Ry x Q) \ Ay,
but 7 = 0. However, by continuity of Z we always have

7<7 P-as. on{w]|(t(w),w)eDY}. (11)

Recall the fact that there is a one to one correspondence between the It processes
Z starting in Zy (up to indistinguishability) and the equivalence classes of b and o
with respect to the dt ® dP-nullsets in R4 ® F. Hence we may state the following
inverse problem to equation (3): Given a family of forward curves. For which
choices of coefficients b and o do we get a consistent It0 process Z starting in Zy?

The main result is the following characterization of all consistent Ito processes,
which is remarkably restrictive. The proof of the theorem will be given in Sections
5 and 6.

Theorem 3.2. Let K € N, n = (ny,...,ng) € NEX and Z as above. If Z is
consistent with BEP(K,n), then necessarily for 1 <i < K

abrithinitl — o on {pi(Z) #0}, dt ® dP-a.s. (12)
pisnitl 0, on{pi(Z)#0}n {p[i](Z) #0}, dt® dP-a.s. (13)

Consequently, Z»™+1 is constant on intervals where p;(Z) # 0 and p[i](Z) # 0.
That is, for P-a.e. w

Z;,7n1+1(w) — Z17jL7n’b+1(w) fO’r’ t e [u7 U]?
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if pi(Zi(w)) # 0 and ppy(Z:(w)) # 0 for t € (u,v).

For a stopping time T with [t] C D’ let 7/(w) := inf{t > 7(w) | (t,w) & D'} denote
the debut of the optional random set (BUC) N [r,00[. Then it holds furthermore
that T < 1’ on {1 < 00} and

My i,m;+1

. . +1 .
W i, — 2, t tutly —Z, t
VA Al + Z0H T e

o . in;+1
Zil = 2yme
on (0,7 — 7], for0<pu<n;—1and 1 <i< K, up to evanescence.
If D' above is replaced by D and 7' is the debut of (UX, A; UBUC)N[r, 0], then
7/ = 00 and in addition

t,ni+1l _ ring+1
ZT+t - Z’T ’

for1 <i< K, P-a.s. on {17 < c0}.

Remark 3.3. It will be made clear in the proof of the theorem that it is actually
sufficient to assume Z to be consistent with EP(K,n) for (12) to hold.

As an immediate consequence we may state the following corollaries. The nota-
tion is the same as in the theorem.

Corollary 3.4. If Z is consistent with BEP(K,n) and if the optional random sets
{pi(Z) = 0} and {p;;)(Z) = 0} have dt®dP-measure zero, then the exponent Z“"it1
1s indistinguishable from Zé’nrH, 1<i<K.

Proof. 1f {p;(Z) = 0} and {p};(Z) = 0} have dt ® dP-measure zero, then {p;(Z) #
0} N{p(Z) # 0} =Ry x Q up to a dt ® dP-nullset. The claim follows using (12)
and (13). O

Corollary 3.5. If Z is consistent with BEP(K,n) and if the following three points
are P-a.s. satisfied

i) pi(Zo) #£0, forall1 <i< K,

ii) there exists no pair of indices i # j with Zé’nﬁl = Zj’nj+1,
iii) there exists no pair of indices i # j with 2Zé’niJrl = Zg’njH,
then Z and hence the interest rate model F(x,Z) is quasi deterministic, i.e. all
randomness remains Fo-measurable. In particular the exponents Z>™*1 are indis-

tinguishable from Zé’niH, for1 <i<K.

Proof. 1f 1), ii) and iii) hold P-a.s. then [0] C D. The claim follows from the second
part of the theorem setting 7 = 0. U

4. AUXILIARY RESULTS

For the proof of the main result we need three auxiliary lemmas, presented in
this section. First there is a result on the identification of the coefficients of It6
processes.

Lemma 4.1. Let

t d t
Xt:X0+/ B;deJrZ/ 5T AW

t d t
Y;:Y0+/ ﬁsYdHZ/ YT AW
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be two Ité processes. Then dt ® dP-a.s.

d d d
Lix=vy Z(’YX’J)z =lix=vy Z’VX’J’YY’J =lix=vy Z(’V 7)?
=1 =1 =1
lix=v 8% = 1ix=v 8.
Proof. We write (., .) for the scalar product in R, Then
7)== 10K =) < XX (X =Y X =)

By the occupation times formula, see [9, Corollary (1.6), Chapter VI],

t
/ 1{stys}(’y;X — 'yf,’ygx — ’yz/> ds =0, forallt< oo, P-a.s.
0
Hence by Holder inequality

7

(v vy = (v ) ds

s—1Is

/ Loy 20 (0 =Y A% =Y ds

1 1

1t 1

</ Lix,=v. ) X, v ds ) </ 1{XS:YS}<’Y;X — vy —’72/>d5)
0

0,

for all ¢t < oo, P-a.s.

IN

IN

Thus by symmetry
Lix=vi (75, 7)) = Lixev (05, 77) = Lixevy (07, 7Y),  dt @ dP-aus.

By continuity of the processes X and Y there are sequences of stopping times
(Sn) and (1), S, < T, with [Sp,, Tn] N [Sn, Tn] = 0 for all m # n and

{X=Y}= U [Sn,Tn], up to evanescence.
neN
To see this, let n € N and let S(n,1) := inf{t > 0 | |X; — Y;| = 0}. Define
T(n,p) :=inf{t > S(n,p) | | X — Y¢| > 0} and inductively

S(n,p+ 1) :=inf{t > S(n,p) | | X — ;| =0 and SUD S (. p) <s<t | Xs — Y| >27"}
Then by continuity we have lim,_,o, S(n,p) = oo for all n € N and it follows that
{X =Y} =U, ,enlS(n,p), T(n,p)]. Now proceed as in [6, Lemma 1.1.31] to find

the sequences (S,,) and (7;,) with the desired properties.

From above we have 1;x_y}(y X — 42 = 0, dt ® dP-a.s. For any 0 <t < o0
n/\t

therefore fs v (vX —4Y)dW, =0, P-a.s. Hence

Th At

0=(X—-Y)pant — (X =Y)g, nt = / (ﬁf — ﬁf) ds, P-a.s.
Sy AL

We conclude

t T At
/ 1{stys}(ﬁ§ — BY)ds = Z/ (BX —BY)ds =0, for0<t< oo, Pas.
0

neN SnAt

Using the same arguments as in the proof of [4, Proposition 3.2], we derive the
desired result. O
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Secondly there are listed two results in matrix algebra.

Lemma 4.2. Let v = (v, ;) be a N x d-matriz and define the symmetric nonneg-
atiwe definite N x N-matriz o 1= yy*, i.e. a;j = aj; = Zf\lzl Yiavia- Let I and
J denote two arbitrary subsets of {1,..., N}. Define

ay g =0agg1 = ZZO@J.
jeJ iel
Then it holds that ar 1 > 0 and |ag, 7| < \/OI.1:/07.7-
Proof. For 1 < X <d define vy x := > _,.; Vi,x- Then by definition

d d d
ar,Jg = Z Z Z Vi, AV A = Z (Z%’,A) (Z’Vm) = Z VLAV I
jeJ A=1

jeJ iel A\=1 A=1 el

Hence
d

ar = Z (yra)? >0

A=1

and by Schwarz inequality

d d
Z (vr,0) Z ’VJA ERVACT W EVACH 2
A=1

A=1

O

Lemma 4.3. Let a = (o ;) be a nxn-matriz, n € N, which is diagonally dominant
from the right, i.e.

n
il =D e

7j=1
J#i
n n
’Ozi,i‘ > Z ‘Ozi,j’, <set Z U 0)’
j=it+l j=n+1

for all1 < i <n. Then « s reqular.

Proof. The proof is a slight modification of an argument given in [10, Theorem 1.5].
Gaussian elimination: by assumption |ag | > 2222 lag ;| > 0, in particular
a11 # 0. If n =1 we are done. If n > 1, the elimination step

o . Qi1 ..
;=5 — ——a1, 2<4,)<n,

leads to the (n — 1) x (n — 1)-matrix a(®) = (aglj))2<”<n We show that o) is

diagonal dominant from the right. If a;; ;1 = 0, there is nothing to prove for the i-th
row. Let o; 1 # 0, for some 2 <4 <n. We have

| ;.

’ai’l lag ], 2<j<n.

)
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Therefore
n
1 1 Oé',1
> Jaf) <Zfa() > e g Z\% =D lon
j=it1 =2 L1155
J;ﬁz J#i J;ﬁz J#i
n n
&.
= Z|Oéz',g\ a1 ] + - <Z\041,j - )
— , —
7 f
o
< evig| = fai| + 'az’l ’ (\041,1| - |a1,i|)
1,1
o
ol = | 252 s < a2l
Proceed inductively to a(? an=1) O

5. THE CASE BEP(1,n)

We will treat the case K = 1 separately, since it represents a key step in the proof
of the general BEP(K,n) case. For simplicity we shall skip the index ¢ = 1 and
write n = ny € Ng, p = p1, &/ = b1, a» = ab%1J ete. In particular we use the
notation of Section 2 with N =n + 2.

Lemma 5.1. Let n € Ny and Z be as above. If Z is consistent with BEP(1,n),
then necessarily

Z’L _ Z’L 7Z ntly _|_Zé+1tefzg+1t
—Zi

t d t
ZrHt = zotl 4 / prtt ds+2/ oI awi | 1g,,
0 : 0

for0<i<n-—1and0<t < oo, P-a.s., where Qy := {p(Zy) = 0}.

Consequently, if Z is consistent with BEP(1,n), then {p(Z) = 0} = R4 x Q.
Hence {Z"+! # Z'1Y} < {p(Z) = 0}. Therefore we may state

Corollary 5.2. If Z is consistent with BEP(1,n), then Z is as in the lemma and

fZg'Hm

F(x,Z)=p(x,Z)e

Hence the corresponding interest rate model is quasi deterministic, i.e. all random-
ness remains Fo-measurable.

Proof of Lemma 5.1. Let n € Ny and let Z be an Itd process, consistent with
BEP(1,n). Fix a point (t,w) in Ry x Q. For simplicity we write z; for Z;(w), a;
for ay;”? (w) and b; for b%(w). The proof relies on expanding equation (3) in the point
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z=1(20,---,2n+1). The involved terms are
2F(al: z) = 9 (x,2) — =z (z,2) | e #nt1® (14)
O ) - 8.13p ) n+1P\T,
6 1 —Zn417T 0 < ; <
Flz,2) = x'e ) '_z_n (15)
0z; —xp(z,z)e 1% j=n+1
0 0<i,5<n
0*F 0*F . -
(l'7 Z) _ (-7772) _ _$z+le—zn+1m, 0<i<n,j=n+1 (16)

8zi8zj n szazi

22p(z, 2)e 1% j=j=mn+1.

Finally it’s useful to know the following relation for m € Ny

x — —Zn41z 4 _ml 0
/ 77mefzn+177 d77 = { jz(x)e * Z;njll, el 7& (17)
0 C’fn+1 y Zn+1 = 0,

1 m—k . .
where ¢, (z) = >"7", T e s a polynomial in z of order m.
- Mz

Let’s suppose first that 2,41 # 0. Thus, subtracting %F (x, Z) from both sides
of (3) we get a null equation of the form

q1(x)e *ntit 4 q2(x)e*2z”+1x =0, (18)

which has to hold simultaneously for all z > 0. The polynomials ¢; and g2 depend
on the z;’s, b;’s and a; ;’s. Equality (18) implies ¢; = ¢ = 0. This again yields
that all coefficients of the ¢;’s have to be zero.

To proceed we have to distinguish the two cases p(z) # 0 and p(z) = 0. Let’s
suppose first the former is true. Then there exists an index i € {0, ...,n} such that
zi # 0. Set m := max{i < n | z; # 0}. With regard to (15)—(17) it follows that
deg g2 = 2m + 2. In particular

Z2
m x2m+2 4.

Q2(x) = Op+41,n+1
Zn+1

*

where ... denotes terms of lower order in x. Hence a,4+1,n,+1 = 0. But the matrix
a has to be nonnegative definite, so necessarily

(nt1,j = Gjnt1 =0, forall 1 <j<n-+1.

In view of Lemma 4.1 (setting Y = 0), since we are characterizing a and b up to
dt @ dP-nullsets, we may assume a; j = a;; = 0, for 0 < j <n+1, for all i > m+1.
Thus the degree of g3 reduces to 2m. Explicitly

g2(x) = dmm 2m
Zn+1
Hence ay,,m = 0 and so ap, j = aj,m = 0, for 0 < j < n+ 1. Proceeding inductively
fori=m-—1,m—2,...,0 we finally get that the diffusion matrix a is equal to zero
and hence g2 = 0 is fulfilled.

Now we determine the drift b. By Lemma 4.1, we may assume b; = 0 for
m+ 1 <i <n. With regard to (14) and (15), ¢; reduces therefore to

@1 (z) = —bpgrzmz™ T 4+
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It follows b, 11 = 0 and it remains

m—1
q1(x) = (b + 2Zng12m)x™ + Z (bi — Zit1 + Znt12i)7"
i=0
n—1
= (bn + Zn+12n)l'n + Z(bz — Zi+1 + Zn+1Zi>.772.
i=0
We now turn to the singular cases. If p(z) = 0, that is zp = --- = 2z, = 0, we

may assume a; ; = a;; = b; = 0,0 < j <n+1, for all i < n. But this means that
¢1 = g2 = 0, independently of the choice of b,,+1 and an41,n+1-

For the case where z,+; = 0 we need the boundedness assumption z € Z. By
(8) it follows that z; = --- = 2z, = 0. So by Lemma 4.1 again a; ; = a;,; = b; = 0,
0<j<n+1,for all i > 1. Thus in this case equation (3) reduces to

0= bo — ap,0°

and therefore by = ago = 0.

Summarizing all cases we conclude that necessarily

bi = —2py1%4i +2i41, 0<i<n-—1
bn = —Zn+1%n
a;j =0, for (i,j) # (n+1,n+1).

Whereas b,,+1 and ap41n+1 are arbitrary real, resp. nonnegative real, numbers
whenever p(z) = 0. Otherwise b,11 = Gnt1n+1 = 0.
The rest of the proof is analogous to the proof of [4, Proposition 4.1]. O

6. THE GENERAL CASE BEP(K,n)

Using again the notation of Section 3 we give the proof of the main result for
the case K > 2. The exposure is somewhat messy, which is due to the multi-
dimensionality of the problem. The idea however is simple: For a fixed point
(t,w) € Ry x Q we expand equation (3), which turns out to be a linear combination
of linearly independent exponential functions over the ring of polynomials, equaling
zero. Consequently many of the coefficients have to vanish, which leads to our
assertion.

The difficulty is that some exponents may coincide. This causes a considerable
number of singular cases which require a separate discussion.

Proof of Theorem 3.2. Let K > 2, n = (n1,...,nx) € N&, and let Z be consistent
with BEP(K,n). As in the proof of Lemma 5.1 we fix a point (f,w) in Ry x
and use the shorthand notation z; ,, for Z;*(w), @i ;. for a;*?"(w) and b;, for
bi’“ (w), etc. Since we are characterizing a and b up to a dt ® dP-nullset, we assume
that (t,w) is chosen outside of an exceptional dt ® dP-nullset. In particular the
lemmas from Section 4 shall apply each time we use them.

The strategy is the same as for the case K = 1. Thus we expand equation (3)
in the point z = (21,0, ..., 2K nx+1) to get a linear combination of (ideally) linearly
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independent exponential functions over the ring of polynomials

K
S gi@)e it 4 3 g (a)e Fimitiag )T — g (19)
i=1 1<i<j<K

Consequently, all polynomials ¢; and ¢; ; have to be zero. The main difference to
the case K = 1 is that representation (19) may not be unique due to the possibly
multiple occurrence of the following singular cases

i) Rimi+1 = Zini+1s for i # j,

i) 22im,41 = Zjn,+1 T Zkng+1s

i) 22in,41 = 2jn;4+1,
V) Zini+1 = Zjm;+1 + Zkyng+1,
for some indices 1 < 4,7,k < K. However, the lemmas in Section 4 and the
boundedness assumption z € Z are good enough to settle these four cases.

Let’s suppose first that p;(z) # 0, for all ¢ € {1,..., K}. To settle Case i), let ~
denote the equivalence relation defined in (6). After re-parametrization if necessary
we may assume that

{1,.... K}/ ={[1],...,[K]}
and 21 p, 41 < -0 < ZRong+1 for some integer K < K. Write [ := {1,...,I~(}. In
view of Lemma 4.1 we may assume

Ajn;+155,m4+1 = Qing+150,n,+1 and bj,nj—i—l = bi,ni—f—l for allj € [Z], = (20)
The proof of (12) and (13) is divided into four claims.
Claim 1. Qi py+1im;+1 = 0, fOT all1 € 1.

Expression (19) takes the form

DI D S 1 (21)
el 1,j€l
i<

for some polynomials ¢; and ¢; ;. Taking into account Cases ii)-iv), this repre-
sentation may still not be unique. However if for an index ¢ € I there exist no
g,k € I such that 2z, 41 = 2jn;41 + Zkng+1 OF 2Zin,41 = Zjn;+1 (in particular
Zin;+1 7 0) then we have
ZjGI[‘] z.?%“m 2 2
thEm €T Hm+ + .
Zi,’l’li+1

Qi,i(m) = Aj,n;+1:5,n;+1 )

where p, := max{v | v < n; and z;, # 0 for some j € [i]} € Ny. Hence
@i n;+1:in,+1 = 0 and Claim 1 is proved for the regular case.

For the singular cases observe first that z; ,,41 = 0 implies a; n,+1:in,41 = 0,
which follows from Lemma 4.1. Now we split I into two disjoint subsets I; and I,
where

I:={i€1]zpn,+1 #0 and there exist j,k € I, such that
2%imi+1 = Zjin;+1 T Zknp+1 OF 22 n,4+1 = Zjm, 41}

IQ :I\Il

Observe that 2z S > 0 implies K e Iy and 21 5,41 < 0 implies 1 € I5. Since at
least one of these events has to happen, the set I5 is not empty. We have shown
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above that a; n,+1;i,n,+1 = 0, for @ € Iy. If I is not empty, we will show that for
each i € Iy, the parameter z; ,, 1 can be written as a linear combination of z; ,,;41’s
with j € Ip. From this it follows by Lemmas 4.1 and 4.2 that a; p;+1;in,41 = 0
for all ¢+ € I; and Claim 1 is completely proved. We proceed as follows. Write
I = {iy,..., i} with Ziymi +1 < +++ < Zi, n,; +1. For each i € I there exists one
linear equation of the form

zilyni1+1
(s %, 2%, ., %) Zig i, +1 | = Qs

Zirynir+1
where * stands for 0 or —1, but at most one —1 on each side of 2. The aj on the
right hand side is either 0 or z; n, 41 O 2j 5,11 + 2j,n;+1 for some indices i, j € Io.
Hence we get the system of linear equations

2 % .. % Ziy miy +1 o
*

*
* ... * 2 ZirvniTJrl (679

By Lemma 4.3, the matrix on the left hand side is invertible, from which follows
our assertion.

Claim 2. aj ;4160 = Okpijn;+1 =0, for 0 < v <ny, forall1 < j,k < K.
In view of (20), Claim 2 follows immediately from Claim 1 and Lemma 4.2.
Analogous to the notation introduced in (7) we set

Z bj,u

IEL)

E : 03,52

T€L
], pske,v -= Z gk ,v
VSAn I
for0<pu<ny, 0<v<n, 1<k<K,1<A<d,i€l, and

a H7 k]7 : : : : aj wil,vs

€Ly, €LY,
for 0 <p<np, 0<v<npy,ikel

Claim 3. If 2, =0, fori € I and p € {0,...,np}, then

blil,u = Q] slil, e = Qlilpsk,y = Okl = 0,
forall0 <v<ng 1<k<K.

Notice that ap), . Z N1 UM ,.n- Hence Claim 3 follows by Lemma 4.1 and
Lemma 4.2.

Claim 4. b; ;41 =0, for all i € I such that p;)(z) # 0.
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Suppose first that z;,,41 # 0, for all @ € I. Let i € I such that pp;(2) # 0, and
let’s assume there exist no j, k € I with 2;,,11 = 2jn,41 + 2kn,+1. How does
the polynomial ¢; in (21) look like? With regard to (20), Claim 2, Lemma 4.1 and
equalities (14)—(17) the contributing terms are

Hm AT Hm AN

0
—Zin. -1 —ci,my
2 e = (5 ) s )
pn=1 n=0
n;+1 P AT PUm AN
1 —Zim,
Z b%“a = << Z bj7“x“) — bi,m+1< Z ij,x“"’_ ))6 Zin;+1%
(22)
and
T
1/« 0 Y0
- 2_<Z aj,,u;k,ua—F<x7 Z) B F(’%«Z) dn)
2 1=0 zjvlJ' 0 Zk:”
/“Lm/\nj '
1\ ,—%in;+1% __ (polynomial\ ,—(2in;+1+2k,n )z
Z Qs —— nk+1 T )e < nor )e )T (23)

7 k"l_]-
for 0 <v <y, for all 1 <k < K and j € [i]. We have used the integer
fm :=max{A | A < n; and 2\ # 0 for some [ € [i]}.

Define fi,, := max{\ | A < np; and zp; 5 # 0} € No. Obviously fi,, < piy. By
Claim 3 we have af;) k., = 0, for all fi, < p < np;. Thus summing up the above
expressions over j € [i] we get

qz(x) = —b; i+ 12[], fim L ﬂm+1 +.... (24)

Consequently b; ,,+1 = 0 in the regular case.
For the singular cases the boundedness assumption z € Z is essential. We split
I into two disjoint subsets J; and J5, where

Ji:={i €I |there exist j,k € I, such that z; ,,41 = Zjn;41 + 2k 41
and zj ;41 > 0 and 2k 5, 41 > 0}
J2 =1 \ Jl.

Notice that in any case 1 € J;. We have shown above that for each i € Jy such
that 2; ;41 is not the sum of two other z;,,1’s it follows that b; ,,11 = 0. We
will now show that b; ,,,41 = 0 for all ¢ € J>. Let ¢ € J, and assume there exist
Jik € I with 2; 5,41 = 2jn;4+1 + 2k,n,+1. Then necessarily one of the summands is
strictly less than zero. Without loss of generality z;,,41 < 0. Since z € Z, we have
py1(2) =0, see (8). Thus af;),;(5),, = 0 by Claim 3 and therefore af;) .5, = 0, for
all0 < pu < ny, 0 <v<ng 1< k < K. The contributing terms to the polynomial
in front of e=*"i+1% 'ie. ¢; + @ + ..., are those in (22) and (23) and also

OF (z, 2) /m OF (n, 2) i+ OF (z, 2) /a: 0F (n, z) dn)
0 0

0z, 0Zm.v OZm,v 0z,

1
- 2§al,u;m,v (

x x
— _al,u;m,u (m“e_zj!“fflx/ nueZk,nk+1ﬁdn+xuezk,nk+1x/ ’I’]'ue_zj’nj+1nd77>,
0 0
(25)
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for 0 < p<my, 0 <v < ny,l€[j], me [k]. However, summing up — for fixed p,
m and v — the right hand side of (25) over [ € Zj;;, gives zero. Hence the terms
in (25) actually don’t contribute to the meant polynomial. The same conclusion
can be drawn for all j, k € I with the property that 2; », 41 = 2jn;+1 + 2k n,+1- It
finally follows as in the regular case that b; ,,+1 = 0 for all i € Js.

If Ji is not empty, we show that for each ¢ € J;, the parameter z;,,+1 can
be written as a linear combination of z;,;y1’s with j € Jy. From this it follows
by Lemma 4.1 that b;,,+1 = 0 for all ¢ € J;. We proceed as follows. Write
J1 = {i1,..., i} with Ziy i +1 < 0+ < Zi, m, +1. For each iy € Ji there exists
one linear equation of the form ’

zilyni1+1
* *.1.0 0 2y mg = o
geeey Ty Ly Uyeeny Tk, Mgy, +1 k>

ZiT/ ’nir’ +1

where * stands for 0 or —1, but at most two of them are —1. The o), on the right
hand side is either 0 or 2; ,, 11 O 2jn,+1 + 2jn,+1 for some indices 7, j € Jo with
Zin;+1 > 0 and 2z, 41 > 0. Obviously o] is of the latter form. Hence we get the
system of linear equations

1 0 ... 0 Ziy
11,M4q +1 Zi,nﬂrl -+ Zj7nj+1
. . . . /
* . . . . Qg
= )
0 /
* PR * 1 Z’L'T/,nir,-f—]. ar/

for some i, j € J5. On the left hand side stands a lower-triangular matrix, which is
therefore invertible. Hence Claim 4 is proved in the case where z; ,,,+1 7 0 for all
1€ 1.

Assume now that there exists ¢ € I with 2;,,,41 = 0. Then ¢ € J,. We have
to make sure that also in this case bj,,41 = 0, for all j € Jy. Clearly b; ;41
is zero by Lemma 4.1. The problem is that z;,,11 = 2in,+1 + 2jn;+1 for all
J € J2. But following the lines above it is enough to show ap; [, = 0, for all
0 < p < ny. From the boundedness assumption z € Z we know that pp;)(2) = 23,0,
see (8). Hence ap) p;i,n = 0, for 1 < p < my;). Suppose there is no pair of indices
g,k € T\ {i} with zj,, 41 + 2k n,+1 = 0. Summing up the contributing terms in
(22) and (23) over j € [i] we get the polynomial in front of €, i.e.

Gi(z) + Gii(7) = —ap) 05,0 + - - -, (26)

hence af; 0,0 = 0. If there exist a pair of indices j,k € I\ {i} with 2j,,11 +
Zkmu+1 = 0, then one of these summands is strictly less than zero. Arguing as
before, the polynomial in front of €? remains of the form (26) and again ag,0:(i),0 = 0.
Thus Claim 4 is completely proved.

Up to now we have established (12) and (13) under the hypothesis that p;(z) # 0,
foralli € {1,..., K}. Suppose now, there is an index i € {1,..., K'} with p;(z) = 0.
By Lemma 4.1, we may assume a; ., = b, = 0, for all 0 < p < n;. But
then Lemma 4.2 tells us that none of the terms including the index ¢ appears
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in (19). In particular a; n, 410,41 and b; ,,4+1 can be chosen arbitrarily without
affecting equation (19). This means that we may skip ¢ and proceed, after a re-
parametrization if necessary, with the remaining index set {1,..., K—1} to establish
Claims 1-4 as above.

This all has to hold for dt®dP-a.e. (t,w). Hence (12) and (13) are fully proved. A
closer look to the proof of (12), i.e. Claim 1, shows that the boundedness assumption
z € Z was not explicitly used there. Whence Remark 3.3.

Next we prove that the exponents Z*™*! are locally constant on intervals where
pi(Z) and pj;)(Z) do not vanish. Let v > 0 be a rational number and let T, :=
inf{t > v | pi(Z;) = 0 or p;(Z;) = 0} denote the debut of the optional set
[v, 00[NA;. By (12) and (13) and the continuity of Z we have that Z%™*1 is P-a.s.
constant on [v, T, ], hence P-a.s. constant on every such interval [v, T,]. Since every
open interval where p;(Z;) # 0 or p;(Z;) # 0 is covered by a countable union of
intervals [v,T,] and by continuity of Z the assertion follows and the first part of
the theorem is proved.

For establishing the second part of the theorem let 7 be a stopping time with
[7] € D' and P(7 < o0) > 0. Define the stopping time 7/'(w) := inf{t > 7(w) |
(t,w) & D'}. By continuity of Z, we conclude that 7 < 7/ on {7 < co}. Choose a
point (t,w) in [7,7'[. We use shorthand notation as above.

By definition of D’ we can exclude the singular cases z;p,+1 = Zjn;+1 OT
2Zi ;41 = Zjn;+1, for i # j. In particular K = K, hence I = {1,...,K}. First we
show that the diffusion matrix for the coefficients of the polynomials p;(z) vanishes.

Claim 5. a; .5, = @j 5, =0, for 0 < pu <n;, for 0 <v <nj, foralli,jel.

By Lemma 4.1 it’s enough to prove that the diagonal a; ,..; , vanishes for 0 < p < n;
and ¢ € I. If there is an index i € I with p;(2) = 0 then argued as above a; ,.i,, =
bi,, = 0, for all 0 < pp < n;, and we may skip the index ¢. Hence we assume now
that there is a K’ < K such that p;(z) # 0 (and thus z; ,,41 > 0, since z € Z) for
all 1 <i < K'. Let I' := {1,..., K'}. For handling the singular cases, we split I’
into two disjoint subsets I{ and I, where

It :={i €I zin,+1 >0 and there exist j, k € I,
such that 22; 5,41 = 2j,n;41 + 2k 41}
I=1\1I.

Hence z; n,+1 = 0 for ¢ € I’ implies ¢ € I;. We have already shown in the proof
of Claim 4 that in this case a; ., = 0, for all 0 < p < n;. The same follows for
i € I} with z; 5,41 > 0, as it was demonstrated for the case K = 1.

Now let ¢ € I] and let [,m € I’, such that I < m and 2z; p,+1 = 21,41+ Zmn,, +1-
Thus the polynomial in front of e=2%ni+1% ig ¢ii + @m + ..., and among the
contributing terms are also those in (25). If [ or m is in I}, those are all zero. Write
I = {i1, ooy} with 24, 41 < -o0 < Zip i, +1- Then necessarily [ € I} in

. e —22i .
the above representation for z;, ,,, +1. Thus the polynomial in front of e Firniy F1¥

is qi, 4,. 1t follows a;, 4, = 0, for all 0 < p < ny,, as it was demonstrated for
the case K = 1. Proceeding inductively for i, ..., 7., we derive eventually that
@i i = 0, for all 0 < p < m; and ¢ € I'. This establishes Claim 5.
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We are left with the task of determining the drift of the coefficients in p;(z). By
(13), we have b; ,, 41 = 0 for all ¢ € I'. Straightforward calculations show that (19)
reduces to

K/
> gi(x)e T =0,
=1

with
4z —1

6i(@) = (Bim, + Zimet12im)8™ + D (i = 2igptt + 2imi4120,)0"
pn=0

We conclude that for all 1 <14 < K (in particular if p;(z) = 0)

b = Zijpu+1 — Zimi+1%iy, 0 p<n;—1 (27)

biin, = —Zini+1%in;-

By continuity of Z, Claim 5 and (27) hold pathwise on the semi open interval
[7(w), 7'(w)] for almost every w. Therefore Z,  is of the claimed form on [0, 7" —7|.

Now replace D’ by D and proceed as above. By (11) we have 7 < 7/ on {7 < o0},
and since D C D', all the above results remain valid. In addition p;(z) = p;(2) # 0
and thus a; n, 410,41 = bin,41 = 0, for all 1 <+ < K, by (12) and (13). Hence
Zif“ = zunitl on [0,7/ — 7|, for all 1 < i < K, up to evanescence. But this
again implies 7/ = oo by the continuity of Z. O

7. E-CONSISTENT ITO PROCESSES

An Tt6 process Z is by definition consistent with a family {F( ., z)}.cz if and only
if P is a martingale measure for the discounted bond price processes. We could
generalize this definition and call a process Z e-consistent with {F'( ., z)},ez if there
exists an equivalent martingale measure Q. Then obviously consistency implies e-
consistency, and e-consistency implies the absence of arbitrage opportunities, as it
is well known.

In case where the filtration is generated by the Brownian motion W, i.e. (F;) =
(FV), we can give the following stronger result:

Proposition 7.1. Let K € N and n = (ny,...,ng) € NK. If (F;) = (F)V), then
any Ité process Z which is e-consistent with BEP(K,n), is of the form as stated
in Theorem 3.2.

Proof. Let Z be an e-consistent Ito process under P, and let Q be an equivalent
martingale measure. Since (F;) = (F}V), we know that all P-martingales have the
representation property relative to W. By Girsanov’s theorem it follows therefore
that Z remains an Itd process under QQ, which is consistent with BEP(K,n). The
drift coefficients b"# change under Q into b#. Whereas b** = b"* on {a®*"# = (0},
dt ® dP-a.s. The diffusion matrix a remains the same. Therefore and since the
measures dt ® dQ and dt ® dP are equivalent on Ry x §2, the 1to6 process Z is of the
form as stated in Theorem 3.2. O

Notice that in this case the expression quasi deterministic, i.e. Fy-measurable, in
Corollaries 3.5 and 5.2 can be replaced by purely deterministic.
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8. THE DIFFUSION CASE

The main result from Section 3 reads much clearer for diffusion processes. In all
applications the generic It6 process Z on (2, F, (Fi)o<t<oo, P) given by (9) is rather
the solution of a stochastic differential equation

t d_ ot
Zi =z / b (s, Zs)ds + ) / oMM (s, Z) AW, (28)
0 A=1"Y0

for 0 < pu<n;+1and 1 < i < K, where b and o are some Borel measurable
mappings from R x RY to RV, resp. RV*4,

The coefficients b and o could be derived by statistical inference methods from the
daily observations of the diffusion Z made by some central bank. These observations
are of course made under the objective probability measure. Hence P is not a
martingale measure in applications of this kind.

On the other hand we want a model for pricing interest rate sensitive securities.
Thus the diffusion has to be e-consistent. If we assume that (F;) = (F}V), the last
section applies. To stress the fact that F}V-measurable functions are deterministic,
we denote the initial values of the diffusion in (28) with small letters 2"

Since all reasonable theory for stochastic differential equations requires conti-
nuity properties of the coefficients, we shall assume in the sequel that b(¢, z) and
o(t, z) are continuous in z. The main result for e-consistent diffusion processes is

divided into the two following theorems. The first one only requires consistency
with EP(K,n).

Theorem 8.1. Let K € N, n = (n,...,ng) € NE, (F) = (F}), the diffusion
Z,band o as above. If Z is e-consistent with BEP(K,n) or with EP(K,n), then
necessarily the exponents are constant

ini+1 — _i,ng+1
7 ¢ :/207 ¢ y

foralll1 <i< K.

Proof. The significant difference to the proof of Theorem 3.2 is that now the diffu-
sion matrix a and the drift b depend continuously on z.
First observe that the following sets of singular values

K
M = U {z € RN | pi(2) =0 or ppi(z) =0}

i=1
N :={zeRV| Zini4+1 = Zjn;41 + 2k, 41 for some 1 <4, 5,k < K}

are contained in a finite union of hyperplanes of R see (10). Hence (MUN) C R¥
has Lebesgue measure zero. Thus the topological closure of G := RY \ (M UN) is
RY.

Now let Z be the diffusion in (28), which is e-consistent either with BEP(K,n)
or EP(K,n). A closer look to the proof of Claim 4 shows that the boundedness
assumption z € Z was not used for the regular case z € G, see (24). Combining this
with (12), (13) and Remark 3.3 we conclude that for any 1 <i < K and 1 <X <d

bi,ni+1(t, Zt(w)) _ O_i,nﬂrl;)\(t, Zt(w)) =0, for (t,w) € {Z € Q} \ N,
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where N is a Ry ® F-measurable dt ® dP-nullset. By the very definition of the
product measure

o:/ 1dt®dIP>:/ PN, dt,
N Ry

where Ny := {w | (t,w) € N} € F. Consequently P[N;] = 0 for a.e. t € R;. Hence
by continuity of b(¢, .) and o(t, .)

bt ) = oA, L) =0 (29)

on supp(Z;) NG, for a.e. t € Ry. Here supp(Z;) denotes the support of the (n.b.
regular) distribution of Z;, which is by definition the smallest closed set A C RY
with P[Z; € A] = 1. Thus again by continuity of b(¢, .) and o(t, .) equality (29)
holds for a.e. t € R4 on the closure of supp(Z;) N G, which is supp(Z;). Hence we
may replace the functions v*"i+1(¢, .) and o®™T1A(¢, .) by zero for almost every
t without changing the diffusion Z, whence the assertion follows. O

The sum of two real valued diffusion processes with coefficients continuous in
some argument is again a real valued diffusion with coefficients continuous in that
argument. Consequently we may assume that the exponents z™ " of the above
e-consistent diffusion are mutually distinct. Since otherwise we add the corre-
sponding polynomials to get in a canonical way an RY-valued diffusion Z which is
e-consistent with BEP(K,#), resp. EP(K, ), for some K < K, N < N and some
i € NK. Clearly Z provides the same interest rate model as Z and its coefficients
are continuous in z.

For the second theorem we have to require e-consistency with BEP(K, n). After
a re-parametrization if necessary we may thus assume that

1 1 K 1
0§207n1+ <...<ZO’77“K+7

see (8). The sequel of Theorem 8.1 reads now

Theorem 8.2. If Z is e-consistent with BEP(K,n), then it is non-trivial only if
there exists a pair of indices 1 < i < j < K, such that

2z, =z .

Proof. If there is no pair of indices 1 < i < j < K such that 225" = zg’anrl, then

D' =R, x Q. But then Z is deterministic by the second part of Theorem 3.2. [

The message of Theorem 8.1 is the following: There is no possibility for modelling
the term structure of interest rates by exponential-polynomial families with varying
exponents driven by diffusion processes. From this point of view there is no use for
daily estimations of the exponents of some exponential-polynomial type functions
like Fiyg or Fg. Once the exponents are chosen, they have to be kept constant.
Furthermore there is a strong restriction on this choice by Theorem 8.2. It will be
shown in the next section what this means for Fiyg and Fs in particular.

Remark 8.3. The boundedness assumption in Theorem 8.2 — that is e-consistency
with BEP(K,n) — is essential for the strong (negative) result to be valid. It can be
easily checked, that F(x,z) = zo+z12 € EP(1,1) allows for a non-trivial consistent
diffusion process, see [3, Section 7).
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Remark 8.4. The choice of an infinite time horizon for traded bonds is not a
restriction, see (1). Indeed, we can limit our considerations on bonds P(t,T) which
mature within a given finite time interval [0,7*]. Consequently, the HJM drift
condition (8) can only be deduced for x € [0,T* — t|, for dt ® dP-a.e. (t,w) €
[0, 7] x Q. But the functions appearing in (3) are analytic in x. Hence whenever
t < T*, relation (3) extends to all x > 0. All conclusions on e-consistent Ito
processes (Zy)o<t<T+ can now be drawn as before.

9. APPLICATIONS

In this section we apply the results on e-consistent diffusion processes to the Nelson—
Siegel and Svensson families.

9.1. The Nelson—Siegel family.

—Z4

FNs(x, Z) =z + (2’2 + 2’3.77)6

In view of Theorem 8.1 we have z4 > 0. Hence it’s immediate from Theorem 8.2
that there is no non-trivial e-consistent diffusion. This result has already been
obtained in [4] for e-consistent It6 processes.

9.2. The Svensson family.
Fg(z,2) = 21 + (22 + z37)e” 5% + zqwe™ 07

By Theorems 8.1 and 8.2 there remain the two choices

1) 226 = 25 >0
11) 225 = 25 > 0

We shall identify the e-consistent diffusion process Z = (Z%,..., Z°) in both cases.
Let Q be an equivalent martingale measure. Under QQ the diffusion Z transforms into
a consistent one. Now we proceed as in the proof of Theorem 3.2. The expansion
(19) reads as follows

Q1(2) + Qa(x)e % + Q3(z)e "
+ Q4(x)e—2zsm + Qs (aj)e—(zs—i—ze)x + Qg ($)6—2z6m — 0,

for some polynomials @) ..., Qg. Explicitly

Ql(l') = —01,1% + ...
QQ(.’L‘) = —a1’3x2 4+ ...
Qg(l’) = —CL1’4£B2 =+ ...
as,3
Qa(x) = 222
Z5
a4 .4
Qo(r) = —=a + ...
Z6
where ... denotes terms of lower order in z. Hence a;; = 0 in any case. By the

usual arguments (the matrix a is nonnegative definite) the degree of Q2 and Q3
reduces to at most 1. Thus in both Cases i) and ii) it follows a3 3 = as4 = 0. It
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remains
Ql(l‘) b
Q2(x) = (b3 + 2325)x + by — 23 — 922 2925
7“'5 (30)
Q3(x) = (ba + z426)T — 24
Q4(x) az2

Z5
while @5 = Q¢ = 0. Since in Case i) it must hold that Q4 = 0, we have as 5 = 0 and
Z is deterministic. We conclude that there is no non-trivial e-consistent diffusion
in Case i).

In Case ii) the condition Q3 + Q4 = 0 leads to

a272 — Z4%5. (31)

Hence a possibility for a non deterministic consistent diffusion Z. We derive from
(30) and (31)

by =0
by = 23+ 24 — 2522
by = —z523
by = —2z524.
Therefore the dynamics of Z!, Z3,..., Z% are deterministic. In particular
Zt1 = z(l)
7} = zge*ZSt (32)

4 _ 4 72z5t
Ly = zge 770

while Z? = 2§ and Z% = 22§. Denoting by W the Girsanov transform of W, we
have under the equivalent martingale measure Q

t
Z? :Zg+/ <c1>( )—z022 ds—i—Z/ s) dW2, (33)
0
where ®(t) and 0% (t) are deterministic functions in ¢, namely
O(t) := zge_th + 236_228t
and

d 2
5
g <a2’)‘(t)) = zézg’e 220t

A=1

By Lévy’s characterization theorem, see [9, Theorem (3.6), Chapter IV], the real
valued process

dVVS)‘, 0<t< oo,

we S |

is an (F;)-Brownian motion under Q. Hence the corresponding short rates ry =
Fs(0,2Z;) = 2§ + Z} satisfy

dry, = <¢(t) — zort) dt + & (t) dW,
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where ¢(t) := ®(t) + 232} and 5(t) := \/z4z0e %", This is just the generalized
Vasicek model. It can be easily given a closed form solution for r;, see [7, p. 293].

Summarizing Case ii) we have found a non-trivial e-consistent diffusion process,
which is identified by (32) and (33). Actually ® has to be replaced by a predictable
process ® due to the change of measure. Nevertheless this is just a one factor
model. The corresponding interest rate model is the generalized Vasicek short rate
model. This is very unsatisfactory since Svensson type functions Fs(z, z) have six
factors z1, ..., z¢ which are observed. And it is seen that after all just one of them
— that is 2o — can be chosen to be non deterministic.

10. CONCLUSIONS

Bounded exponential-polynomial families like the Nelson—Siegel or Svensson family
may be well suited for daily estimations of the forward rate curve. They are rather
not to be used for inter-temporal interest rate modelling by diffusion processes.
This is due to the facts that

e the exponents have to be kept constant
e and moreover this choice is very restricted

whenever you want to exclude arbitrage possibilities. It is shown for the Nelson—
Siegel family in particular that there exists no non-trivial diffusion process providing
an arbitrage free model. However there is a choice for the Svensson family, but still
a very limited one, since all parameters but one have to be kept either constant or
deterministic.
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