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Abstract—We investigate the role of cooperation in wireless
networks subject to a spatial degrees of freedom limitation To
address the worst case scenario, we consider a free-spaceeh
of-sight type environment with no scattering and no fading.We
identify three qualitatively different operating regimes that are
determined by how the area of the network A, normalized with
respect to the wavelength\, compares to the number of usersa.
In networks with v/A/\ < v/n, the limitation in spatial degrees
of freedom does not allow to achieve a capacity scaling bette
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the phases are uniform and independent across the different
channel gains. [7], on the other hand, starts from physical
principles and regards the phases as functions of the ¢otsati

of the nodes. While the physical channel model used in [7]
is more fundamental, the i.i.d. phase model is also widely
accepted in wireless communication engineering, pagitul

for nodes in far field from each other. Is there a way to
reconcile the two sets of results?

than \/n and this performance can be readily achieved by multi-
hopping. This result has been recently shown in [7]. Howeveffor
networks with v/A/)\ > \/n, the number of available degrees of
freedom is min(n,vA/\), larger that what can be achieved by
multi-hopping. We show that the optimal capacity scaling inthis
regime is achieved by hierarchical cooperation. In partictar, in
networks with v/A/\ > n, hierarchical cooperation can achieve
linear scaling.

A deeper look at [7] provides a clue. The spatial degrees of
freedom limitation in [7] is actually dictated by tlikameterof
the network rather than the number of nodes. More precisely,
the spatial degrees of freedom in the network are limited by
VA/), where A is the area of the network andl is the
carrier frequency. This number can be heuristically thaugh
of as an upper bound to the total degrees of freedom in the
network as a whole and puts a limitation on the maximum

. . L . ossible cooperation gain. The conclusion that the capacit

Multi-hop is the communication architecture of currengCales like,/n comes from the assumption that tiensityof

wireless networks such as mesh or ad hoc networks. Pac 3aes is fixed as the number of nodegrows, so tha&/Z/)\
are sent from each source to its destination via multip y

roportional to,/n. But for actual networks, there can be
relay nodes. Each relay decodes the packets sent from Elé)uge differencej/;etweev@//\ and /7. Take an example
previous relay and forwards them to the next relay. C

more sophisticated cooperation between nodes signiﬁcaru a network servingn = 10,000 users on a campus df
: . o ; 2, ti GHz: VA/A =1 , whil [ I
increase capacity of such networks? This is an |mportaﬂ§ operating at z /A 0000, while y/n is only

i g fut cati hitect f 0, two orders of magnitude smaller. So while multi-hop can
question concerning Tuture communication architectux®s T, q e 5 total throughput of the order18f0 bits/s/Hz, there

such networks, and information theory has been brought iOii . . C .
. . : . still a lot of potential for cooperation gain, since thex
bear to try to shed some light on this question. Adopting tl'lbe ! P I peration gain, si sal

scaling law formulation of Gupta and Kumar [1], much focusegrees of freedom upper boundlis 000.
has been on the asymptotic regime where the number of no So the ultimate cooperation gain is limited b1/, while

is | Two di ricall i h ] lﬁti—hop performance depends on the number of nadasy
IS large. Two diametrically Opposite answers have emergetyng not om/A/\. But the number of nodes and the area are

« 1) Capacity can be significantly improved when nodeg,o independent parameters of a network, each of which can
form distributed MIMO arrays via an intelligent coopertake on a wide range of values. To yield a complete picture
ation architecture [3], [4]. The total degrees of freedof whether cooperation can help, the key is to remove the
in the network isn, the number of nodes, and in regimegtificial coupling between these two parameters and asalyz
where power is not a limiting factor, the capacity camhe capacity in terms of the two parametseparately This is
scale almost linearly with. the goal of the present paper. We focus on a physical channel

« 2) The total degrees of freedom in the network is not model similar to that used in [7], but with only a line-of-hig
but is actually upper bounded hyn due to the spatial channel between each pair of nodes, a case in which spatial
constraints imposed by the physical channel [7]. Neareginitation is expected to be the most severe. Our main résult
neighbor multi-hop is optimal to achieve this scaling [1lhat in the regime when and A/ are both large, the capacity

This is no mathematical contradiction between these tved the network is approximately

sets of results. They are based on two different channel
models. The key difference is the assumption on the phases
of the channel gains between the nodes. [3], [4] assume that
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Accordingly, the optimal operation of the network fallsdnt randomly paired up one-to-one intosource-destination pairs
three different operating regimes: without any consideration on node locations. Each source

o 1) VA/X < /n: The number of spatial degrees ofvants to communicate to its destination at the same Fate
freedom is too small, cooperation is useless and nearb#s/s/Hz. The aggregate throughput of the systeffi is n 1.
neighbor multi-hopping is optimal. We assume that communication takes place in free-space

« 2) VA/A > n: The number of spatial degrees ofine of sight type environment and the complex baseband-
freedom isn, cooperation is very useful, and the optimagquivalent channel gain between nadand nodek is given
performance can be achieved by the same hierarchifil PN
cooperation scheme introduced in [4]. Spatial degree Hy = VG s )
of freedom limitation does not come into play and the Tik
performance isas thoughthe phases are i.i.d. uniformwherer;, is the distance between the nodesndk and \ is
across the nodes. the carrier wavelength. Note that the locations of the users

e 3)/n <A/ < n: The number of degrees of freedomare drawn randomly but remain fixed over the duration of
is smaller tham, so the spatial limitation is felt, but largerthe communication. Therefore for a given realization of the
than what can be achieved by simple multi-hoppingnetwork, the channel coefficients in (2) are deterministic.

A modification of the hierarchical cooperation scheme The parameteé is given by the Friis’ formula,
achieves optimal scaling in this regime. Gry - Gry - A2
Regime (1) is essentially the conclusion of [7]; regime (2) G = T 16n2 ®3)
is essentially the conclusion of [4] (in the case when powgfhereG;, and G g, are the transmitter and receiver antenna

is not a limiting factor). Thus, the validity of the results i yains respectively. The discrete-time complex basebadibi
these papers is not universal but depends on the relattn)nq?@ceived by nodé at time m is given by

between: and A/\. Theupper boundf v/A/\ on the spatial n

degrees of freedom of the network is already established by Yi[m] = Z Hip Xp[m] + Zi[m] (4)
[7]. The main technical contributions of the present paper a ke, kot

two—folded. 1) we show that ther_e are qctuaﬂyn(m .\/Z/)‘) where X [m] is the signal sent by node at time m subject
spatial degrees of freedom available in the physical cHanrtlg an average power constraint
model whenvA/\ > /n; 2) we show that hierarchical gep

cooperation can achieve these degrees of freedom. E(|X:[*) < P/W

Both mathematically and philosophically, the present papgn 7.1,4] is complex white circularly symmetric Gaussian
follows the same spirit of [5]. [5] advoca.tesashift of tharfge noise of varianceN,. The model in (2), (3) corresponds to
networks” research agenda from seeking a single “universglog_space propagation. It is equivalent to the model iriGec
scaling law, where the number of nodesscales with all |\, of [7] but with no scatterers. We consider the case of no

systems parameters coupled within a specific way, 10 gcatterers since the spatial degrees of freedom limitation
seeking amulti-parameter familyof scaling laws, where the expected to be most severe in this case.

key parameters are decoupled and many different limits with|; 155 peen shown in [5] that a wireless adhoc network

respect to these parameters are taken. A single scalingitaw vy power-limited when the long-range SNR in the network is

a particular coupling between parameters is often arbitrainajier thard dB and the long range SNR has been identified
and too restrictive to cover the wide ranges that the meltip,q

parameters of the network can take on. The specific parasneter SNR = n GP )
that were decoupled in [5] were the number of nodes and N W (VA

the amount of power available. The current paper follows th&,, ihe current case — 9, which implies that SNR= SNR;,
approach of [5], but focuses on the number of nodes afghere SNR is the SNR in a point-to-point transmission over
the area of the network, while assuming there is a sufficiefife typical nearest neighbor distance in the network. (See
amount of power available that it is not limiting performanc ¢, [6]) In the present paper, our goal is to concentrate
A future goal of this research program is to investigate the, the effect of the spatial degrees of freedom limitation
dependence of the capacity on the number of nodes, the g§gaihe capacity of wireless adhoc networks. To be able to
of the network and the amount of power all together. solely concentrate on this factor, we assume there is nopowe
Il. MODEL limitation in our network. Formally, we assume thatand W/

There aren nodes with transmitting and receiving capa‘:’Ire such that

bilities that are uniformly and independently distributaed SNR > 0 dB, 6)

a rectangle of area/A x /A. Each node has an averagdor every A and n. For the current case ofi = 2, the
transmit power budget aP Watts and the network is allocatedcondition can be equivalently stated as SNRO dB. When

a total bandwidth ofi’ Hertz around a carrier frequency ofthis condition fails to hold, the network becomes power t@di

f» [ > W. Every node is both a source and a destinatiand the behavior of the capacity as well as optimal operation
for some traffic request. The sources and destinations aem be significantly different.



e o o ° .DR ® IV. HIERARCHICAL COOPERATION INLOS
Dr o ® p A ENVIRONMENTS
° . .
L L o® ° The proof of Theorem 3.1 relies on the following lemma
o © e o which establishes a lower bound on the capacity of a MIMO
o hd transmission between two clusters of nodes. For notational
VA VA simplicity, in the sequel we assume that all the distances

in the network are normalized with respect to the carrier
wavelength\. Note that when the distanceg, are expressed

in wavelength units, the channel model in (2), (3) takes the
simplified form,

Fig. 1. Two square clusters of areh. separated by a distanee

IIl. M AIN RESULT

ejQﬂ-Tik GTm . GRm
The main result of [7] is to show that under the network Hy, = VG e G = T 16n2 ()
and the channel model described in the previous section with ) ’
the additional restrictiom = n, the capacity of the wireless Leémma 4.1:Consider two square clusters of arda sep-

network is upper bounded by arated by a distancé (see Figure 1), with each cluster
) containingM nodes distributed uniformly at random ovéy.
T < K1+/n(logn)®, Let /A. < d < A, and the nodes in the transmit clustey
with high probability, where K, > 0 is a constant indepen- perform independent signalling with pow# /M such that
dent ofn. Coupling the area of the network a priori with the GP,

number of nodes in the network is restrictive and does not > > 0dB. (8)

S NoWd
allow to deduce the nature of the limitation imposed here. A _ _
relatively straightforward generalization of the anadyisi [7] Then the capacity of the MIMO channel from the transmit

gives the following result. Let us define the normalized aréduster Dr to the receive clusteDr is lower bounded by

of the network with respect to the wavelengtteas, P11 :
A é C]WIMO = (logdet (I+ NOW MHH ))
0= e . Ac/d
Under the network and channel model described in the pre- > K3 min (M, m)
vious section, the capacity of the wireless network is upper ¢
bounded by with high probabilityfor some constart’s > 0 independent

. ) o\ . of M, A, andd.
7 < ) Kimin (n (logn)?, VAo (log v/Ag) ) if Ao >n  The lemma is the analog of Lemma 4.3 in [4] which lower
~ | K17 (logn)? if Ao <n bounds the capacity of a MIMO transmission between two

with high probability wherei; > 0 is a constant independentd“SterS of nodes_ under the i.i.d. phas_e model. With i.i.d.
of n and Ag. For Ay < n, this result says that the maximumpPhases, the capacity of the MIMO transmission scales lipear
achievable capacity_is of ordey/n, which is achievable in M. The condition (8) ensures that the MIMO transmission is
by a simple multi-hopping schemé [1]. Fot, > n, the not power limited. For the LOS case, we have the additional

. e . . AC/d i i
achievability remains an open issue so far. term e Ty which corresponds to the spatial degrees of

The following theorem is the main contribution of thefreedom between the two clusters. When this term is smaller

present paper than M, the capacity of the MIMO transmission is not any

Theorem 3.1:Consider the network and the channel modé]°"® linear in2{. This in twrn degrades the perfarmance of
described in the previous section and assue> n, the the hierarchical cooperation scheme which is based on such

total throughput achieved by hierarchical cooperatioriger MIMO transm|SS|ons. o
bounded by, The capacity of a MIMO transmission between two clusters

. under the current LOS channel model has been investigated
T> K, (min(n, \/A_o)) earlier in [8]. The result stated in Theorem 1 of [8] is equiva
lent to Lemma 4.1 above. However, the proof of Theorem 1 in
_ [8] is based on an approximation which is not fully justified.
independent of. and Ao. ,  Through private communication, we have been informed of a
_The theorem can be interpreted as follows: Wh&n> 7, fqjjow-up work [9] by the same authors, that similarly to our
hierarchical cooperation can achieve an aggregate throug)irent paper investigates the performance of the hieicath
put T > K nt=e for any ¢ > 0. When 4, < n?, cooperation scheme under the LOS channel model.
hierarchical cooperation can achieve an aggregate thpagh neyt we investigate the performance of the hierarchical
T > K> A}/HE, Note that this throughput is larger tha/m, g0 -
peration scheme and show how Lemma 4.1 allows to

when 4 > n. prove the result in Theorem 3.1. The core of the proof is the
Lwith probability 1 asn — co. following recursion lemma.

with high probability, for anye > 0 and a constank’s > 0



Lemma 4.2:Consider a network ofn nodes uniformly
distributed over an ared, > n and the available powe? per
node satisfies (6). Assume that there exists a communicatio
scheme for this network that achieves an aggregate thratighypy

T > K4 min(n, \/Ao)b oy

to d, which can then do joint MIMO processing of all
the quantized observations and decodelthéransmitted
n bits froms.

om the network point of view, all source-destination pair

have to eventually accomplish these three steps. Step 2ds lo

nge communication and only one source-destination pair ¢

with high probability for somed < b < 1 and a constant operate at a time. Steps 1 and 3 involve local communication

K4 > 0 independent of, and Aj.
Then, we can construct another scheme for this network tha
achieves a higher aggregate throughput a

T > K5 min(n, \/Ao)ﬁf81

with high probability for anye; > 0 and a constanis > 0
independent of, and Ag.

to

and can be parallelized across clusters.

Since there aré/ source nodes in every cluster, this gives
total traffic of exchanging/ (M — 1) ~ M? bits inside

each cluster in phase 1. We can handle this traffic by setting
up M sub-phases, and assignidg pairs in each sub-phase

communicate theit bit. The traffic to be handled at each

sub-phase is similar to our original network communication

As soon as we have a scheme to start with, Lemma 4foblem withn users on an areal,, but now instead, we
can be applied recursively, yielding a scheme that achieJt&/€ M users on areal.. We handle this traffic using the
higher throughput at each step of the recursion. Note tfEgMmunication scheme given in Lemma 4.2. Note that if this

1
2-b .
sharing strategy between the source-destination pairm@D N

> bfor0 < b < 1. We first show that a simple time-Scheme achieves an aggregate throughiputnin (., v/Ao)*

the network ofn nodes and arealy, it will achieve an

satisfies the conditions of the lemma with= 0. Note that with 299regate ratex, ZInin(Mv VA inside the clusters ofi/
TDMA, each source node transmits only a fractigm of the nedes and ared..” This can be verified by checking that the
total time of communication. Hence when active, each sourgiISters ofM nodes and ared. satisfy the conditions of the
node can transmit with elevated poweP and still satisfy 'emma. We haveld. > M for the clusters ifA > n for the

its average power constraitit. This yields an SNR larger ©f
than SNR in (5) for each transmission, hence a constant rate.
Therefore, the aggregate throughput achieved by TDMA is
constant independent af and Ay. ]
Starting with TDMA, b = 0, and applying Lemma 4.2 if
recursivelyh times, we get a hierarchical scheme that achiev
an aggregate throughput of ordein(n, \/A—O)h%—si for any
¢} > 0. Therefore given any > 0, we can choose] = ¢/2
and h such thathlﬂ > 1-¢/2 and we a get a scheme that
achieves the performance in Theorem 3.1. O

Proof of Lemma 4.2We will prove the lemma by concen-
trating separately on the two casés > n? andn < Ay < n?.
In the first case, we provide a brief overview of the threesgha
scheme from Lemma 3.1 in [4] and verify that it achieves the
same performance in [4] under the current deterministicgha
model. The reader should refer to [4] for a precise analysis.
For the caser < A, < n?, a modification of the scheme is
required to achieve the performance given in Lemma 4.2.

A. Ay > n?

Let us divide the network into square clusters of arka
Each cluster contains approximately = ﬁ—;n nodes. A
particular source node sendsM bits to its destination node
d in three steps:

(S1) Nodes first distributes itsM bits among theM nodes
in its cluster, one bit for each node;

(S2) These nodes together can then form a distributed tians
antenna array, sending the bits simultaneouslyo the
destination cluster where lies;

(S3) Each node in the destination cluster observes the Ml

iginal network and
GP
M -—
No W A,

satisfies (6). Moreover whem, > n?, we have
> M?, so the performance of the scheme

SNR(M, A.) = = SNR > 0dB

P
is

K, min(M,/A.)® = M". The traffic in the third phase is
handled similarly to the first phase. Then, we need:

e M?7%/K, time slots to complete phase 1 all over the
network; We handle the traffic i/ subphases, each
subphase is completed W'~/ K, time-slots.

« n/Kj3 time-slots to complete the successive MIMO trans-
missions in the second phagéthe distributed MIMO
transmissions between any two clusters can achieve a
rate of K3M bits/time-slot We perform one MIMO
transmission for each of the source-destination pairs
in the network.

o« QM?*"/K3K, time slots to complete phase 3 all over
the network; The traffic in the third phase is symmetrical
to the traffic in the first phase, but larger by a factor
of Q/Ks. This factor comes from the fact that each
MIMO transmission lastd /K5 time slots, and each of
the corresponding /K3 observations is quantized @
bits.

In [4], it is shown that each destination node is able to

decode the transmitted bits from its source node from the

quantized signals it gathers by the end of Phase 3. Thus,
e aggregate throughput achieved by the scheme can be

calculated as follows: each source node is able to trankmit
M{gs to its destination node, hene@/ bits in total are delivered

transmission in the previous phase; It quantizes eaChWe ignore the performance loss due to inter-cluster intenfee since it

observation to@ bits, with a fixed@, and ships them do

es not change the scaling law. The reader is referred ttfG]etails.



to their destinations imM/?~%/K, +n/Ks + QM?~"/K3;K, More precisely, for a cluster of smaller size, we can either

time slots, yielding an aggregate throughput of have M < A, < M? or A. > M?. This fact requires a more
nM o careful analysis. In particular, we separately considertino
bits/time-slot. 2(4-b) 2(4-b) 9
M2 /Ky +n/Ks+QM2?°/K3K, casesn < Ag < n5-2 andn 5-2 < Ag < n”.

ChoosingM = nTF to maximlize this expression yields an 1) n% < Ay < n?: As before, we divide the network

aggregate throughpdt = K5n>=" for a constanti’s > 0. into clusters of aread. that containM = n A./A, nodes
Note that this throughput can only be achieved if the MIM@nd the goal again is to accomplish steps S1-S2-S3 for every

transmissions in phase 2 achieve a rate linedtirThe rate of source-destination pair in the network. We choose the elust

the MIMO transmissions are lowerbounded in Theorem 4.1 feize in the following particular way,

the deterministic phase model under certain conditiong Th y 1

cluster areas and the separation between the clustersdshoul M =n775 A, ", 9)

i itiony/A, < d < . . L . .
satisfy .the.COHdItIO AC. " .d < A ?‘.”d the Users ShOUIdTms is a valid choice in the sense that < n, in particular
transmit with power satisfying condition (8). It is easy to

verify that /A, < d < A,. Note thaty/A, < d is always M < nzs given the conditiod, < n? for the network. The

L Bu-n )
true unless the communicating clusters are neighboet.us Cconditionn===r" < A, ensures thatl. > M". Therefore
verify that the power condition (8) for the MIMO transmissio 25 Pefore, the scheme given in the hypothesis of Lemma 4.2

can be satisfied under the average power constfaer node 2chieves an aggregate throughyir min(M,v/A)" = M°
satisfying (6). In the second phase, the MIMO transmissiod'€n used inside the clusters of aréaand number of nodes
between clusters are performed successively and each nod_é/[i' We use this scheme to handle the traffic inside the clusters
the network transmits only//n of the time. Therefore when IN Phases 1 and 3 as before. In the second phase, the MIMO
active, each node can transmit with elevated powlf)Mand ransmissions achieve a rate

still satisfy its average power constraiit Observe that if A./d A/ Ay
Py = nP, the condition (8) is satisfied given (6) and the fact log(A./d) ~ log(A./vAg)'
thatd < /Ag.

Therefore, Theorem 4.1 lowerbounds the rate of the MIM his implies that in the_seqond ph_ase, the MIMO transmlssmr_]
Qr. each source-destination pair can not be completed in

transmissions in the second phase. The lower bound is Iim(e:%rnstant number of time-slots as before. In order for these
in M if 29 > M. If Ay > n? using A, = M40 and '

log(Ac/d) = o MIMO transmissions of lower rate not to result in too many
d > /Ao, we obtain for sufficiently largel/, MIMO observations in the third phase containing a small

A./d M~/ A /n - num_b_er Qf degrees of freedom, we introduce the following
log(A./d) = log(Mv/Ag/n) ~ modification to step (S2). Let
for anye; > 0. Thee; is introduced to compensate for the M = Ac/vVAy . (10)
logarithmic term and in turn yields an = degradation in the log(A./v/Ap)
overall throughput as stated in Lem.ma 4.2. This concludes tjje randomly divide theM nodes in the source cluster to
proof of the lemma for networks wittly > n. M/M' groups each containing/’ nodes. We do the same
B. n< Ay <n? division also in the destination cluster. We randomly asgec

) one-to-one thelM /M’ groups in the source cluster with the
In the casen < Ao < n°, thf_ proof of the lemma ;,/y/7 groups in the destination cluster. The earlidrx M
differs fromzthe earlier casely > n” in two aspects. When \y\io transmission between the source and the destination
n < Ap <n”, the MIMO transmissions between the clusters)ster is now divided intd/ /M’ successive MIMO transmis-
are limited in spatial degrees of freedom. More precisely, kions, each of siz&1’ x M. In each of thesa/’ x M’ MIMO
TheoreT 4.1, the performance is lower bounded by the secqphsmissions, a group df’ nodes in the source cluster are
term rori-7ay @nd it is not anymore linear id/. This fact gimyitaneously transmitting their bits to their correspion

requires a modification in the operation of this phase. group in the destination cluster. Note that thesg x M’
The second difference is the following: We have seen thgdivo transmissions are not limited in spatial degrees of

when Ay > n? for the original network, we havel. > M?  gaaqom, precisely due to our choice fbf’ in (10). We will

for the smaller clusters. In other words, when the network jgiq, verify that thesel/’ x M’ MIMO transmissions achieve
not spatial degrees of freedom limited at the largest scaleg rate ks M. If this is the case, we need:

is not spatial degrees of freedom limited at any scale. In the
current case, when < Ay < n2, the network is limited in
spatial degrees of freedom at the largest scale, but thdesmal
clusters may or may not be spatial degrees of freedom limited *

e M?7%/K, time slots to complete phase 1 all over the

network;

n x M/M' x 1/Ks time-slots to complete the succes-

sive MIMO transmissions in the second pha#fethe
3The special case of neighboring clusters is excluded froen dhrrent distributed M/’ x M’ MIMO transmissions between any

discussion and can be handled separately as in [4]. two groups can achieve a rate &f3 M’ bits/time-slof



. QMQ‘b/K3K4 time slots to complete phase 3 all oveused inside the clusters of arga and number of nodes/.
the network; Note that although each cluster receivégplying exactly the scheme in the earlier case (1), we now
M x M /M’ MIMO transmissions in total)//M’ MIMO  get an aggregate throughput
transmissions per each destination node in the cluster, nM
each node has one MIMO observation of duratlgii’s R ; R :
time-slots for each of the other nodes. The modification M>Ac "/ Ka+nM/M'K3 + QM2 A"/ K3 Ky
in the second phase is precisely made to ensure this faghe three terms in the denominator of this expression are
Thus, the aggregate throughput achieved by the scheméfiger-wise equal for the cluster area given in (12). Theegfo
given by the throughput achieved is given by

nM
11 . L,
M2 /Ky +nM/M'Ks + QM?~/K3K, (11) T:K5MI:K5A§(47MA851 ZK5(\/AO)ﬁ761,

bits per time-slot. It can be verified that for the choice o thgr 5 constantis > 0 and anys; > 0. The last inequality

cluster size in (9), we have follows from the fact thad < b < 1.
M2b — nM Combining the conclusions of Sections IV-A and I1V-B
A /Ay above completes the proof of Lemma 4.2. O
The threg terms in the denpminator of (1.1) are orde_r—vyise APPENDIX A
equal or in other words, (9) is the cluster size that maxisiize PROOF OFLEMMA 4.1
the th hput ion in (11). This yield t _ . ,
threougrr?:l?t put expression in (11) 'S yIelds an aggrega eLemma 4.1 will be proven in two steps. We first lower
, Ae o, by e bound the expected capacity of the MIMO channel over
T'=KsM = Ks \/A—OAO = Ksn=r Ay Ag™, random node positions and then show that for a random real-

ization of the node positions, the capacity of the corredpun

Ior a constami{g) f> Ot?]nd lfor a%gl = ? Wh'.Ch liéntrcl)tduced MIMO channel is not that different from its expected value.
0 compensate for he 209ar| mic term in (10). It can bWe formally state these two results in the following lemmas.
verified that whend, < n* the above throughput,

Lemma A.1:The expected capacity,;; 0 of the MIMO

T> K5(\/A0)ﬁ’51 channel in Lemma 4.1 is lower bounded by
which is the performance claimed in the lemma. E(Cyrvo) = E(logdet (I + (Py/M)HHT))
It remains to verify that we can achieve a rdigM’ in . A./d
the M’ x M’ MIMO transmissions between the two clusters 2 K3 min <M7 m) :

of areaA.. Note that since thé/’ nodes in each group are

chosen randomly among thHe nodes in each cluster, withoutfor a constantss > 0, where the expectation is taken over the
any consideration on node locations, they are uniformly afdependent and uniform distribution of node positionsrove
independently distributed over the arda. It can be readily the transmit and receive domainsAof aréa

verified that the condition/4, < d < A. in Theorem 4.1  Lemma A.2:Let s = min (JVL log(;%), for anyt >0

is satisfied. It remains to verify that we can transmit with ,

power Py /M’ such thatP, satisfies (8). Note that due to the P (|Crrino — BE(Crrno)| > t) < e 5.

extra time division between th&/ /M’ distinct groups in each

cluster, each node is transmitting in only’/M of the total Choosingt = s'/2=2 ¢, > 0, the probability in the second
transmission time of the cluster. On the other hand, duedo lemma decreases to zero for increasinglhis implies that
time sharing between the clusters in the second phase, etehdeviations ofC/7a0 from E(Cyrao) are, at most, of
cluster is only active in a fraction/ /n of the total completion the order of,/s. Therefore combining the results of these two
time of the phase. Therefore during thé’ x M’ MIMO lemmas yields the result given in Lemma 4.1. In the sequel, we
transmissions, the nodes in the transmit group can transmibve Lemma A.1. The proof of Lemma A.2 closely follows
with elevated powemP/M’ and still satisfy their average the proof of Proposition 5.2 in [2] and is skipped due to space
power constrainf’. This, in turn, means that they can satisfyimitations.

the power requirement (8) in Theorem 4.1. Proof of Lemma A.1For notational convenience, we start

2(4-b) , by defining
2) n < Ag < n5-2 : In this case, we choose the cluster
area as N fir = — e 2mik = d e 2mll@r—ws | (13)
A= A" (12) Tik |zk — wil
2(4-b) wherer;;. denotes the distance between the nddesDr and

For this choice, the current condg[ion < Ao = nT 0N o pjocated at positions, andw, respectively . Note that
the netwqu gyvesM < A g M?=. This implies that, the_ d < iy, < d(1+2y2A./d), and therefore
scheme given in the hypothesis of Lemma 4.2 can now achieve

an aggregate throughpit, min(M, /A.)" = (v/A.)® when co < (14+2v/2A4./d)7 < |fu| <1, (14)



wherecy := (1+2+/2)~! and the first inequality follows from - BT E—
the fact thaty/A. < d. _ ’/f\b/ =
The first ingredient of the proof of Lemma A.1 is the Paley- —
Zygmund inequality used in [4] to prove Lemma 4.3. We have za e —ewa
Py 1 Dr Pr
E(Ch =E (logdet ( I — HH'
(Curnio) = (logae (14 ot o) ) |

B GP, 1 ; Fig. 2. S = |E(faa fy, foo [2)]
=K <logdet <I+ NoW 2 MFF ))

GFy
—ME(lOg(l-i-W)\))

GPF,
>
> M log <1+N0Wd2 t) PA> 1)

for anyt > 0, where\ is an eigenvalue ofl /M) FF picked
uniformly at random. By Paley-Zygmund’s inequality,(if< Fig. 3. Coordinate system.
t <E(\), we have

—VAz 0 d VAw

G Py (E() —1)* extremes. Our aim in the following is to show that if both
E(Cy > M1 1 t )
(Cymrmo) = 0g< + NoWd2 ) E(\2) A andd grow large andy/A. < d < A, then there exists
Given (13), we have K% > 0 independent ofd. andd, such that
d A
) T M SgKAlog<d). (15)
E\) =-—=E(tr(FF")) = i > ¢
) M2 (t( ; (1Faxl") 2 This implies that /
= Ac/d
1 E(C > K5 min (| M, ———
E(\) = — E((FFIFFY) (Chanro) 2 K ( 1og(Ac/d))

which completes the proof.

1
e > E(fikfiifimFin) The rest of the section is devoted to proving (15). Let us
i,k,l,m=1 first explicitly write the expression faf. We have
M
1 * * E aa
<24 S E(afiifinfin) <2+ MS | (faa fra foo fan)]
Zill,;;fnl / dma/ dmb/ dwa/ dw, pe? 272 (16)

’ Dr Dr Drg Drg

where the last inequality follows from the upper bound in)(14Where

= |E(faa [7, oo [1)| Wherea, b are two different indices
(notice thatS does not depend on the specific choicex@ind
b). See Figure 2. Choosing then= c¢2/2, we obtain

= [[#a — wall = [[#a — wp || + llzo — wy|| — [|l2o — wall;
(17)

-1
p=d(||za —walllza — woll[lze — wsll[|zs — wall)

GPyc? 1
E(Cymimo) > (M cy/4) log (1 + 2]\701(;[/32) S FMS We first derive the result (15) by approximating the f8hnce
1 in (13) in the regimg/A,. < d < A.. This approximate anal-
> K/ min (M, —) ysis captures most of the intuitions for the precise deidvat
S which is given afterwards. Consider two nodes at positions
for a constants’; > 0 independent of\/ and S if x = (—VA.z,\/Ay) € Dr andw = (d+ VA.w,/A.z) €
GP, Drp, wh(_ere x,y,w,z € [0,1] (se_e Figure 3). Using the
NoTV &2 > 0dB. assumption thatl > \/A., we obtain
The quantityS, which takes values betweénand1, dictates |l —w| = \/ d+ VA (x+w))?2+ Ao (y — 2)?
therefore the capacity scaling. In the case where the clhanne A
matrix entriesf;; are i.i.d. phasesS = 0, so the capacity ~ d+ A (z+w) +5, W - z)?

E(Cumrnmo) is of order M. At the other end, if we considerwhich in turn implies

the LOS channel model in (13) in the scenario where nodes

are placed on a single straight line, then a simple computati & = [[Za — wall — [[Xa — wy || + [z — we[| — [|s — wa
shows thatS = 1, so thatE(Casra0) is of orderl (in this ~ Ac N2 Y N2 Y
case, we know that the matri is also rank one, so the lower ~ 24 (W = 2a)" = (ga = 26)" + (9 = 2)" = (¥ — 2a)°)
bound matches the upper bound on the capacity, ugdg &/ A

term). The problem we are looking at lies between these two_ _F(yb o) (2~ %)



Next, let us also make the approximation that 1 in (18): Proof of Inequality(15). We start again with the expression
this is actually assuming that the spatial degrees of fr@eddor S in (16). Note that due to the symmetry &f and p in
between the two clusters are mainly determined by the phases and w,, we can upper bound (16) as

of the channel coefficients and not so much by the amplltudes

o3 27 (||za—w||—[|zs —w]|) |2
We will see below that this intuition is correct. / dwa/ dxy, / dw
These two successive approximations lead to the foIIowmg Dr Dr Dr [Ta — wl| [l — w]|
expression forS: Expressing this upper bound more explicitly in the coorténa
S~ Sy system in Figure 3, we obtain the following upper bound for

1 1 1 1 o
0 0 0 0
1 1 1 1 o /dma/ dya/ dxb/ dyp
where

e 27 ga,b(w,z)
dw dz ———
/ / a b w, Z) L
(19
where the second equatlon follows from the symmetry of the
integrand. Note that this expression does not depend on th%a7b(w72) :\/(d+ VA (20 +w))2 + Ag (yo — 2)?
horizontal positions of the nodes. This can be interpreted a
follows. Provided the above approximation is valid, the NOM - \/(d + VA (zp +w))2 + A (yp — 2)2.
capacity scaling between two clusters &af nodes separated
by a distancel > /A, is the same, be the nodes unlforml)fl nd
distributed on two squares of ared. or on two parallel _ g2 2 — )2
(vertical) lines of length\/A.. This result is of interest in Caplw, z) = d \/(d+ VA (@t w))? + Ae (ga — 2)
itself and can be proven rigorously. X \/(d + VA (zp +w))2 + A (g — 2)2.
We show below that the above integral is indeed of order
d/A.. Let us compute the first integral, which yields

=2

Let us first focus on the integral inside the square in (19).
The key idea behind the next steps of the proof is contained

/1 dzp =273 A (n—ya) (51=2a) in the following two lemmas.
0 Lemma A.3:Let g : [0,1] — R be aC? function such that
d 327 () (2o 2a) zp=1 lg'(#)| > ¢1 > 0forall z € [0,1] andg” changes sign at most
= —m ‘ ‘ - twice on|[0,1] (say e.g.¢”(z) > 0in [z_,z4] andg”(z) <0
S ‘ ¢ #=0" outside). Let alsa¥ : [0,1] — R be aC" function such that
This implies that |G(2)] > ¢; > 0 and G’(z) changes sign at most twice on
L , 0,1]. Then
/ dzy e 21 5 (Yo—ya) (2—2a) < K6 d o 1 o 0,1] L gj2mg(2) 14
0 Yo — / dz < .
for a constants independent ofd. andd. We can divide the 0 G(2) Tere
integration overny, andy; into two parts, Lemma A.4:Let g : [0,1] — R be aC? function such that
1 1 1 1 ) there exists:y € [0,1] and¢; > 0 with |¢'(2)] > ¢1 |z — 20
/ dya/ dyb/ dza/ dzp e 927G (W—va) (2—2a) for all z € [0,1] andg” changes sign at most twice 4 1].
0 ( 0 0 Let alsoG : [0,1] — R be aC* function such thatG(z)| >
! (Yates)V1 1-es ! c2 > 0 andG’(z) changes sign at most twice g, 1]. Then
= /dya/ dyb+/ dya/ :
0 Ya 0 Yates b ei2mg(2) 14
/ dz e .
/ dza/ dzp e 927 7d Wo—ya) (o—2a) 0 (2) e
0 0 The proof of Lemma A.3 is relegated to Appendix B. The
for any 0 < 3 < 1. The first term can be simply bounded byproof of Lemma A.4 follows the same lines and is omitted
e3, which yields the following upper bound fd, due to space limitations.
4 floes 1 1 Let nowes > 0 and let us divide the integration domain
So < 2e5 + 2K _/ dya/ dyy ———— (Tas T, Ya, yp) € [0,1]* in (19) into three subdomains (see
Ac Jo Yates Y5 = Yal Figure 4)
d
< 2+ 2Ko - log(1/29) U = v —wl — (VAc/d) |y 20| > &3 |
So choosing:;3 = d/A., we finally obtain U, = {O < |y — us| — (VAc/d) |2 — 24| < 53}
d
S"'\VJSOSK A log(A./d) Us = {|ya—yb|§(\/Ac/d) |$b—$a|}

for a constantK} independent ofd, and d. We will next Consider first the integral ovér;. It can be verified from the
prove (15) without making use of the above approximationgxpression (23) for the first order partial derivativeypj, with



For the remainder of the proof, let us therefore assume that

. * o VA, <d< Ai’/‘l. As before, we focus on the integral inside
P the square in the following term
~VAM g, > Us by 63277 gan(w,2) |2
U3 / dzqdxydyqdyy / dw/ ) . (20)
Us

Let us start by considering the S|mplest case where the point
x, and x;, are located on the same horizontal line, yg.=

yp. In this case, the second term in the expression (23) for
aqa b

Fig. 4. Domains of integration: the relative positions of fointsz, and 0z (w Z) becomes zero, so we deduce the foIIowmg lower
a;, determine in which domain one i&/( on the figure). bound:

3/2

0Ga.b
\g‘“( >\>K9 @5 — al |2 - vl

respect toz given in Appendix B that if(x., x4, ya, y») € Ui, 0z d?
then This, together with the above mentioned properties of the
OGab A, VA functions g, ;, and G, , allows us to apply Lemma A.4 so
=(w,2)| = K7 — { lyo = Yal = 4| as to obtain
0z d
f tantk; > 0 independent ofd, andd. Noti t r demqabwz) < Ky —2 !
or a constants’; > 0 independent ofA. andd. Notice nex w 2
7 p Gas(w.7) 10 A3/4 Fb—m

that |G,,(y, 2)] > 1. It can further be checked that both

66"“21’ (w, z) and agg * (w, z) change sign at most twice on thefor a constanf<;, > 0 independent ofi. andd. A slight gen-

interval z € [0, 1] (for w fixed). Therefore, applying Lemmaeralization of this argument (see Appendix B for detailgveh

A.3, we conclude that that not only wheny, = y;, but for any(z., 2, ya, ys) € Us,
67 27 g, (w,2) 1 1 67 27 ga,b(w,2) we have
dw S / dw / dy ——M 67271' Ja,b(w,2)
0 0 Gap(y, 2 dw dz
ck 1 Gap(w,2)
SR AL |yb — yal = (VAc/d) |11, — ] < K2 !
. . . . AY* ((xp = a)? + (Yo — ya)?)M/*
Since we know that this integral is also less thigrthis in d 1
turn implies < Ko (21)

B A2/4 V |$b - $a|

Since we also know that the above integral is less thame

further obtain
) d? 1
< min (KIOF m , 1)

e]27rqab(wz)
/dw/ dzi
Gap(w, z)

d
< Ks o / dodaydyady,
c JU;

/ dxqdxydy.dyy
Ui

67271' Ga,b(w, z)
dz

dw
abw Z)

Yo — Yal — (\/_/d) |y — 2al

d
= K3 N log(1/e3)

Second, it is easy to check that

/dw/ dzi
ab(waz)

The integral over the third domain of integratibl is more  + Km/ dx.drydyadys
delicate. Notice first that the obvious bound Usn{les—@al2n}

e]27rqab(wz)
/dw/ dz
ab(wvz)

d d
VA S < Ks o log(1/e3) + 223 + 2n + K19 —— " log(1/m)

For any0 < n < 1, we can now upper bound (20) as

/ dzxqdxydy.dyp / dw/ dz _
U'; ll b(w7 Z)

< 283 <|Us 0 {lzp — zal <n}|

/ dzxqdxydy.dyp
Uz

1
A2 oy — x4

VA, &> B A,
VA, S22+ Ko Ve log(1/n) = 21 + K19 —= log(1/n)

/ dx.drydyadys
Us

implying that
allows to obtain

S < Kg Ai log(1/e3)
¢ Choosing finallyes = n = d/A. allows to conclude
which can be made smaller thaiis; (d/A.) log(A./d) by that S < K (d/A.) log(A./d) also in the case where
choosinge; = d/A. when AY* < d < A, (asvA./d < A, <d< A" O
d/A. in this case).



APPENDIXB
TECHNICAL DETAILS

Proof of Lemma A.3By the integration by parts formula, \\m‘b\$

we obtain
/1 " eJ2mg(z) B /1 " j 27Tg/(z) 827Tjg(z)
0 G(z) 0 J2mg'(2)G(2)
_ o) / 1 0 EICE) + I ()G anye)
j2ng'(2)G(2) |y Jo j2n(g'(2)G(2))?

which in turn yields the upper bound

ld ej27rg(z) 1 1 1
[ e %(|g/<1>||0<1>|+|gf<o>||G<o>|

L) O eZ0]
+ | e drea ¢ g/(z)(G(z»?)'

By the assumptions made in the lemma, we have

el 1 1)
/o TR = / )
L ; q"(2)
o ( /0 a

9"(2)

(9'(2))?

T / o

So

! 19"(2)] 6
/o CTORICE] = ae

We obtain in a similar manner that

L e 6
/o T (e 05 el

Combining all the bounds, we finally get
1 j2mg(z)
/ I e 14
0 G(2)

T mey ey '
Expression for the first order derivative gf ,(w, z): It can
be verified that

O

(d/VA. +z+w) dv
guo(1:2) f/ VAV + o+ 0P + (ya - 2
(y—2)dy
JM/A—C/a V(d/ A+ 2y + )2 + (y — 2)2 22

So the expression for the first order partial derivative of

ga.b(w, z) With respect toz is given by

8gab —¥a) ([d/VAc+ 2 +w) da
0z \/_/ d/\/_+:c+w) + (2 —ya)?2)*?
d/\/_—i-xb—i-w) dy 23

+\/_/ ((d/ VA + zp +w)2 + (2 y)2)3/2( )

Dpr

ma\

Fig. 5. Tilted reference frame.

Proof of equation(21). In order to prove (21), we need
to make a change of coordinate system, repla¢ingz) by
(w',2"), wherew’ is now in the direction of the vectat, —

x, and 2’ is perpendicular to it (see Figure 5 ). In this new
coordinate system, the integral reads

/ dw'dz’
Dr

where g, (W', 2"), Gap(w',2") have the same formvas
ga.p(w, 2), Gqp(w, z), but now, the domain of integratioR
is a tilted square, as indicated on the Figure 5. Using then th
same argument as in the cage= v, we conclude that

d 1

dw'dz’ )
Aﬁ AY /g, — ]

Noticing finally that|z, — 2/,| = /(2 — z4)? + (v
allows to conclude (21).

o 2mga b(w',2")

Gap(w', 2"

eJ 27 ga,p(w’,2")
— | < Kjo
Gap(w, 2"

- ya)Q
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