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Abstract
Ideal MHD yields at best inconclusive predictions about the stability of the LHD heliotron for 〈β〉 � 3%. We
investigate the impact of the drift stabilization of ballooning modes for the inward-shifted LHD configuration
(vacuum magnetic axis R0 ∼ 3.5 m). The background equilibrium is considered anisotropic in which the neutral
beam ions contribute about 1/4 fraction of the total diamagnetic beta, 〈βdia〉. A drift corrected ballooning mode
equation obtained from the linearized gyrokinetic equation is expanded assuming that the hot particle drifts are much
larger than the mode frequency. The fast particle pressure gradients contribute weakly to both the instability drive and
the diamagnetic drift stabilization (which is dominated by the thermal ion diamagnetic drifts) for 〈βdia〉 ∈ [0, 4.8]%.
In the single-fluid limit (diamagnetic drifts ignored), the thermal pressure gradients drive ballooning modes in a
broad region encompassing the outer 60–90% of the plasma volume at 〈βdia〉 ≈ 4.8%. To stabilize these modes,
we find that diamagnetic drift corrections must be invoked (mainly due to the thermal ions). The energetic ion
diamagnetic drifts play a role only for low wave number values, kα � 8. It has been verified that the fast particle
drift ordering imposed by the model is amply satisfied for on-axis hot particle to thermal density Nh0/Ni0 ≈ 1%
even at high 〈βdia〉.
PACS numbers: 52.35.Py

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In the LHD device, high-〈β〉 (〈β〉 � 5%) discharges are
obtained with an inward-shifted configuration, low density
(<3 × 10−19 m−3), strong tangential neutral beam injection
(≈14 MW, ≈150–180 keV) [1]. At low densities, the pressure
anisotropy driven by the neutral beam ions can be very
significant with p|| > p⊥ [2]. The ideal MHD model predicts
ballooning instability in heliotron on devices well below the
experimentally achieved 〈β〉 values on LHD [3]. One very
interesting observation that has been made shows that the
LHD experimental data points [4] align with the theoretically
calculated ideal MHD stability diagrams for global n = 1
modes when the hot particle contributions to the pressure
gradients are neglected. This tends to suggest that extensions
to the ideal MHD model, like that from the Kruskal–Oberman
energy principle [5] or even more appropriately the Astron-
motivated energy principle developed by Johnson et al [6] may
be more relevant for the accurate modelling of the stability

properties of the LHD device at high-〈β〉. However, using
these models the analysis of global modes and the Mercier
criterion predict instability (albeit weakly with the rigid hot
particle model of Johnson et al) for 〈β〉 ≈ 4% and lower [7, 8].

The ballooning criteria are particularly severe for field
lines that cross the regions with most destabilizing magnetic
field line curvature. Finite radial corrections require the
evaluation of ballooning stability on all field lines and all radial
wave numbers. For pressure profiles that are more peaked
than in the experiment, the unstable domains are topologically
spherical [3, 9] and global structures are difficult to construct
leading to inconclusive stability predictions. For profiles that
are box-like (broader that in the experiment), the ballooning
unstable domains are topologically cylindrical from which
unstable domains can be computed [10].

As the fluid models predict instability in the LHD device,
we need to invoke kinetic effects to verify whether the theory
can be reconciled with the experimental observations of stable
operation with range 0 < 〈βdia〉 < 5%, where 〈βdia〉 is the
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volume averaged diamagnetic component of 〈β〉. Diamagnetic
drift corrections to the ballooning mode equation, as applied
to tokamak devices, have been explored [11, 12]. In the LHD
device, diamagnetic drift corrections have been evaluated for
global modes [13]. At high 〈β〉 ≈ 4%, if plasma compression
effects are included, it is speculated that the growth rates
are sufficiently small to be stabilized by the diamagnetic
drifts. However, at lower 〈β〉 ≈ 1%, the modes growth rates
are too large for drift stabilization, therefore the question of
accessibility to high 〈β〉 remains unanswered.

A drift-magnetohydrodynamic model, where the fast
particle drifts are much larger than the typical mode
frequency/growth rate in the ballooning limit, has been
previously derived for the case of energetic ions like those from
neutral beam injection [14]. A diamagnetic drift corrected
ballooning mode equation is derived. It is worthwhile to
note that with energetic electrons rather than ions, a virtually
identical equation is obtained, although the intermediate steps
in the derivation are different due to the different orderings
that must be applied [15]. This ballooning equation is in many
aspects a diamagnetic drift extension of the fluid model of
Johnson et al [6], where the fast particles constitute a rigid
non-interacting population.

In this work, we shall only explore the most unstable field
lines on each flux surface. A diamagnetic drift ballooning
model that addresses radial corrections has been developed to
connect ballooning structures to global modes by ray tracing
techniques in the ballooning space [16]. It is useful as
it can be used to determine the wave number kα which is
merely a parameter in the asymptotic ballooning limit. In
section 2 we present the MHD equilibrium state that has
been used for anisotropic pressure profiles. A bi-Maxwellian
pressure distribution function has been considered to model
fast particle species. The single-fluid ballooning and the drift-
MHD equation, in their variational form, are developed and
solved in section 3 using a COOL finite element discretization
scheme and an inverse vector iteration technique [17]. A
selection of numerical results is shown in section 4. Finally a
summary and a conclusion end the paper.

2. The MHD equilibrium state

Let us consider an anisotropic pressure background
equilibrium in which H-beam ions are injected and contribute
about a quarter fraction of the total diamagnetic beta.

The equilibrium state for anisotropic pressure equilibria is
computed with the ANIMEC code [18] to model the inward-
shifted LHD configuration at high-〈β〉. To model the three-
dimensional equilibrium we choose to consider an anisotropic
pressure bi-Maxwellian distribution function model to describe
the fast particle species [19]. This model allows energetic
particle deposition and its corresponding contribution to the
parallel and perpendicular pressure to be localized in the central
region of the plasma or off-axis either on the high or low field
side through the choice of value assigned to a critical magnetic
field strength Bc together with a hot particle temperature
profile amplitude factor T||/T⊥. This type of distribution
function closely approximates the solution of a Fokker–Planck
equation, particularly when ion cyclotron resonance heating is
applied [20, 21].
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Figure 1. Contour of a bi-Maxwellian distribution function in
velocity space at Bc/B = 1.25 with T||/T⊥ = 3. A loss-cone feature
is evident for small v⊥.
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Figure 2. Radial profiles of the total, perpendicular and parallel
pressure at 〈βdia〉 = 4.79%.
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Figure 3. The rotational transform profile as a function of the
normalized toroidal flux s at 〈βdia〉 = 4.79%.

Figure 1 presents contours of the bi-Maxwellian
distribution function in velocity space with Bc/B = 1.25
and T||/T⊥ = 3. Figures 2 and 3 illustrate profiles of
rotational transform and pressure as a function of the magnetic
normalized toroidal flux s, for the configuration with 〈βdia〉 =
4.79%. Here and elsewhere, the definitions of 〈β||〉 and 〈β⊥〉
involve total p|| and p⊥ (p|| = p + p||h), where p identifies the
thermal pressure. We particularly choose to take a heliotron
system with a large parallel anisotropy (p|| > p⊥). The input
profiles used and the parameters for the three-dimensional
equilibrium will be presented in the next section.
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2.1. Input profiles and parameters

The hot particle deposition layer is concentrated around a
magnetic field value BC = 0.425 T. The profiles required for
the equilibrium calculation are

• Thermal pressure: p(s) = p(0)(1 − s)(1 − s4).
• Hot particle pressure amplitude: ph(s) = pH(1 − s).
• Anisotropy factor: [T⊥/T||](s) = [T⊥/T||](0)(1 − s2).
• Toroidal current: 2πJ (s) = 0.
• Radial variable: 0 � s � 1 (∝ enclosed toroidal magnetic

flux).
• p(0) and pH are chosen so that 〈βdia〉 = 〈2µ0p⊥/B2〉 ∈

[0, 4.79]% and 〈βth〉 = 〈2µ0p/B2〉 ∈ [0.3, 3.3]% (thus
hot and thermal pressures are increased at the same rate).

• [T⊥/T||](0) = 1/3 yields 〈β||〉/〈βdia〉 � 1.62.

The maximum value experimentally achieved [1] is 〈βdia〉 �
4.8%.

In anisotropic pressure plasmas there is not a unique
definition of the parameter 〈β〉. One choice is 〈βdia〉, which
experimentally is the easiest to measure. But there are
other possibilities that can be considered. Taking 〈β〉 =
〈2µ0W/B2〉, we could examine W = (2p⊥ + p||)/3 as an
option, because there are two degrees of freedom in the
perpendicular direction and only one parallel to the magnetic
field lines. In this case, for 〈βdia〉 � 4.8%, LHD would
achieve 〈β〉 � 5.79%. From the perspective of MHD stability,
the driving terms for pressure driven modes involve the sum
W = p⊥ + p||. In this case we can define an equal weight
〈βEW〉 which reaches 6.28%.

The large parallel anisotropy associated with the tangential
neutral beam system in the LHD implies that the ‘MHD
stability relevant’ 〈β〉 value, in this device, may well exceed
the experimentally reported 〈βdia〉 � 5%.

3. Drift-MHD ballooning stability equation

As a starting point, we have examined the linearized
gyrokinetic equation in ballooning space [22], in a
configuration where the drift effects of energetic and thermal
species play a role and where trapped particle effects
are neglected. A comprehensive treatment is required to
investigate the impact of trapped particles and other kinetic
effects in stellarator geometry with models like the FULL
code [23]. The kinetic modifications we include are limited
to diamagnetic drift extensions to the fluid MHD model. We
concentrate thus only on instabilities that are directly linked
to the MHD branch. The critical approximation involved for
this equation is ω/ωdh 	 1 (a more detailed discussion of ωdh

shall be examined in the next section), which in its variational
form [14] reads as∫ ∞

−∞
dθ

{
σk2

⊥√
gB2

|√gB · ∇χ |2 − kα

√
gp′(s)

ψ ′(s)B2

·
[(

1 +
σ

τ

)
B × k⊥ · κ − kα

ψ ′(s)
∂p⊥h

∂s

∣∣∣∣∣
B

]
|χ |2

}

=
∫ ∞

−∞
dθMiNi

√
gk2

⊥
B2

ω

[
ω −

(
ω∗pi +

MhNhω∗h

MiNibh

)]
|χ |2

(1)

In the derivation of equation (1), we have applied the
covering space concept to reconcile mode structure periodicity
in a toroidal system with finite magnetic shear [24]. Thus,
in ballooning space, each field line labelled by α can be
uniquely identified. The radial wave number is θk ≡
kq/kα , the wave vector is k⊥ = kα[∇φ − q(s)∇θ −
q ′(s)(θ − θk)∇s] [24]. Note that in axisymmetric tokamaks,
the wave number kα corresponds to the toroidal mode
number n. The firehose stability parameter is σ = (1/µ0) −
(1/B)(∂p||/∂B)|s , the mirror stability parameter is τ =
(1/µ0) + (1/B)(∂p⊥/∂B)|s , the thermal ion diamagnetic drift
frequency is ω∗pi = −kαp′(s)/(2Zieψ

′(s)Ni), the hot particle
Larmor radius term is bh = k2

⊥ρ2
h = k2

⊥p⊥hMh/(Z
2
he

2B2Nh),
the hot ion diamagnetic drift frequency is given by

ω∗h = −[kαp⊥h/(Zheψ
′(s)N2

h )] ∂Nh
∂s

∣∣∣∣
B

, the hot particle density

derived from the Bi-Maxwellian distribution is given by
Nh(s, B) = Nh(s, BC)C(s, B):

• For B � BC

C(s, B) =
B

BC

1 − T⊥
T||

(
1 − B

BC

)

• For B < BC

C(s, B) =
B

BC

1 − T⊥
T||

(
1 − B

BC

)

×


1 −

2

(
T⊥
T||

)3/2 (
1 − B

BC

)3/2

1 +
T⊥
T||

(
1 − B

BC

)

 .

The hot particle density profile is chosen as Nh(s, BC) =
Nh0(1 − s)2. The particular critical assumption ω/ωdh 	 1
implies that hot particle species are taken in such a way that they
traverse unstable regions too quickly to significantly contribute
to the instability drive. Consequently, the thermal ion
and electron pressure gradients can dominate the ballooning
stability properties. Conversely, the term that involves
the hot particle diamagnetic drift stabilization ω∗h has a
correction proportional to ρ−2

h which shows that the larger
the hot particle Larmor radius, the smaller the stabilization
effect.

3.1. The single-fluid ballooning limit and the solution method

As a first step to solve the drift-MHD equation, the
TERPSICHORE code is used to transform the equilibrium
state previously computed with the help of ANIMEC to Boozer
magnetic coordinates [25].

To solve the resulting equation we explore the single-fluid
ballooning limit obtained by imposing ω∗pi = ω∗h = 0. The
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equation reduces to

∫ ∞

−∞
dθ

{
σk2

⊥√
gB2

∣∣∣√gB · ∇χ |2 − kα

√
gp′(s)

ψ ′(s)B2

·
[(

1 +
σ

τ

)
B × k⊥ · κ − kα

ψ ′(s)
∂p⊥h

∂s

∣∣∣∣
B

]
|χ |2

}

= −γ 2
F

∫ ∞

−∞
dθMiNi

√
gk2

⊥
B2

|χ |2. (2)

Note that if p⊥h = 0 then σ/τ = 1, which recovers
the incompressible ideal MHD model. The eigenfunction χ

is discretized using COOL finite elements, which are based
on variable-order Legendre polynomials. The variational
problem is then reduced to a special block-pentadiagonal
matrix eigenvalue equation:

AY = λBY, (3)

where the eigenvalue is λ = −γ 2
F . The matrix eigenvalue

equation is solved using an inverse vector iteration technique
with the BECOOL code [17], and the order of the polynomial
chosen is typically cubic. We are particularly interested in the
field lines that cross the most destabilizing curvature region
on each flux surface; therefore, the fluid line label α = 0 is
imposed. We also choose θk = 0.

3.2. Ballooning study with diamagnetic drift corrections

After solving the single-fluid ballooning limit, we finally apply
a perturbative approach to solve the drift-MHD ballooning
equation. The eigenfunctionχ from the single-fluid ballooning
model is taken as a test eigenfunction. The resulting dispersion
relation is derived from equation (1):

ω2 − ω(ω∗pi + ω∗heff) + γ 2
F = 0, (4)

where ω∗heff is the effective hot particle diamagnetic drift
frequency:

ω∗heff =
〈

Mhω∗h

MiNibh

〉

=
∫ ∞
−∞ dθ

√
g

ψ ′(s)

(
k2
⊥

B2

) (
MhNhω∗h

MiNibh

)
|χ |2

∫ ∞
−∞ dθ

√
g

ψ ′(s)

(
k2
⊥

B2

)
|χ |2

. (5)

The integrals in the numerator and the denominator are
performed with the same Gauss–Legendre quadrature rule
that is applied in the BECOOL code. All frequencies (and
growth rate) are normalized to the toroidal Alfvén frequency
ωA = vA/R0, where vA = B0/

√
µ0MiNio.

From the dispersion relation (equation (4)) we can assert
that if |ω∗heff + ω∗pi|/2 � γF, the mode growth rate is equal
to zero and the mode is stabilized; conversely, if |ω∗heff +
ω∗pi|/2 < γF the resulting frequency ω is complex and the
mode remains unstable.
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Figure 4. The fluid growth rate profile at 〈βdia〉 = 4.79% for field
lines that cross the region where the magnetic curvature is most
destabilizing in the LHD configuration investigated.
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Figure 5. The ballooning unstable domain in a LHD configuration
for field lines that cross the most destabilizing curvature region.

4. Numerical results

The aim of this section is to present our numerical results
that include the modification of the ballooning mode equation
including diamagnetic drifts effects. After the determination of
the single-fluid unstable regions as a function of the normalized
toroidal flux s, we apply the perturbative approach taking χ

from the single-fluid ballooning model as a test eigenfunction
and solve the quadratic dispersion relation.

The calculation of the growth rate γF at 〈βdia〉 = 4.79% as
a function of the radial variable (see figure 4) identifies which
regions are destabilized by ballooning modes.

We focus on the most unstable surface which, for 〈βdia〉 =
4.79%, corresponds to s = 0.599 as shown in figure 4. For
field lines that cross the most destabilizing curvature region
in the range 〈βdia〉 ∈ [0, 4.79]%, we determine the unstable
band (see figure 5), according to the single-fluid model. This
ballooning unstable band moves from the plasma core, at low
〈βdia〉, to the plasma boundary, at 〈βdia〉 � 5%. We now apply
our drift-magnetohydrodynamic ballooning mode equation in
order to investigate the impact of thermal ion and effective hot
particle diamagnetic drifts. All simulations were computed for
Nh0/Ni0 = [0.01 0.003 0.005 0.007 0.009], kα ∈ [2, 20] and
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Figure 6. The thermal ion diamagnetic (a) and the effective hot
particle (b) diamagnetic drift frequencies for several values of 〈βdia〉
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ω∗pi are calculated only within the unstable fluid frequency γF

domain.

〈βdia〉 = [0.50 1.01 1.53 2.05 2.58 3.12 3.67 4.22 4.50 4.79]%.
Only some results will be shown as an illustration.

In figure 6 we present the thermal ion diamagnetic (a) and
the effective hot particle (b) diamagnetic drifts as a function
of the radial position which corresponds to the unstable
fluid domain. We have decided to show here the particular
configuration with kα = 12 and Nh0/Ni0 = 0.01 and for some
values of 〈βdia〉.

The impact of the thermal ion diamagnetic drift on plasma
stability is more relevant than that of the effective hot particle
diamagnetic drift (from 1 to 3 orders of magnitude larger). We
note that, as 〈βdia〉 becomes larger, the magnitude of ω∗heff

starts to approach that of ω∗pi. Figure 7 plots the mode
frequency ω, the thermal ion diamagnetic drift frequency ω∗pi,
the effective hot particle frequency ω∗heff and the fluid growth
rate γF as a function of the wave number kα for the magnetic
field line that crosses the most destabilizing magnetic curvature
region (〈βdia〉 = 1.53%, Nh0/Ni0 = 0.01, s = 0.49). Here
ω∗pi � ω∗heff , except at a very small value of kα . Hence
the mode frequency ω is virtually equivalent to the thermal
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s = 0.62. For reference purposes, we also plot the fluid growth rate
γF (which is by definition independent of Nh0/Ni0).

ion diamagnetic drift ω∗pi because ω∗pi � γF. Furthermore,
because ω∗pi � γF, the condition |ω∗heff + ω∗pi|/2 > γF is
satisfied, which implies that the complex mode frequency ω

has a real part and the instability growth rate is zero.
Because the hot particle curvature and grad-B drifts are

taken to be too large to contribute significantly to the instability,
it would be consistent that the corresponding diamagnetic
drift frequency should have a weak impact on the stability
properties. That is exactly what happens in our case.

In figure 8 we see the mode frequency, for 〈βdia〉 = 4.5%,
kα = 2 and kα = 20 as a function of the hot to thermal particle
density ratio. For kα = 2, the effective hot particle diamagnetic
drift has an important contribution that scales as Nh0/Ni0 and
consequently we see a corresponding increase in the frequency
of the mode ω. For kα = 20, ω∗pi � ω∗heff , in this case ω is
virtually independent of Nh0/Ni0. In figure 9 the normalized
velocity-space averaged hot particle drift frequency is plotted
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as a function of the poloidal angle θ (θ ∈ [−π, π ]), along
the most unstable field line on the surface s = 0.599 and for
〈βdia〉 ≈ 4.79%. This frequency displays a strong oscillatory
behaviour as expected. We, however, contend that its effect is
most relevant only within the domain where the mode structure
is finite and localized (see figure 10) (i.e. close to θ = 0).

We therefore define a mode-weighted total hot particle
drift frequency (curvature + grad-B drift) as

〈ωdh〉 =
∫ ∞
−∞ dθ(

√
g/ψ ′)ωdh|χ |2∫ ∞

−∞ dθ(
√

g/ψ ′)|χ |2 ,

ωdh =
∫

d3vF0hω̂dh∫
d3vF0h

. (6)

The single particle drift is defined as ω̂dj = −(ωκv
2
|| +

ωBv2
⊥/2)/�j , where ωκ ≡ B × k⊥ · κ/B, ωB ≡ B × k⊥ ·

∇B/B2 and �j is the cyclotron frequency for species j . We
need to compare mode and drift frequency at 〈βdia〉 = 4.79%.
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Figure 12. The scaling of total magnetic drift, mode, thermal ion
diamagnetic drift and effective hot particle diamagnetic drift
frequencies with the wave number kα for 〈βdia〉 = 4.79% at
s = 0.599 on the field line that crosses the most destabilizing
curvature region in LHD.

In figure 11 the ratio of mode frequency to the total drift
frequency is plotted as a function of s, for 〈βdia〉 = 4.79%,
kα = 10, Nh0/Ni0 = 0.01 and 0.001. For kα = 10 the
ordering ω/ωdh is well satisfied for Nh0/Ni0 < 0.01; we
estimate that it could still remain satisfactory up to 0.03. The
final figure (figure 12) summarizes all the important results.
Total magnetic drift, mode, thermal ion diamagnetic drift
and effective hot particle diamagnetic drift are plotted as a
function of the wave number kα for 〈βdia〉 = 4.79% at the
most destabilized surface. ω∗heff is weak compared with ω∗pi

for large values of kα , but becomes comparable to it at kα ∼ 8,
and dominates for small kα where ballooning theory breaks
down. Similarly, ω and ωdh become comparable at kα ∼ 2,
but ω � ωdh for kα > 8. Once again it is visible here that for
small kα , ω scales with ω∗heff , for large kα , however, ω scales
with ω∗pi.

5. Summary and conclusion

The ballooning stability can impose very strict operating
constraints in current-free stellarators as the LHD and ideal
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MHD yield to inconclusive prediction about LHD stability
for 〈βdia〉 > 3%. We have applied a ballooning mode
theory based on large hot particle drifts and finite diamagnetic
drift corrections to a model LHD heliotron with 〈βdia〉 up to
4.8%, which is the actually achieved value in experiments.
The ballooning theory that is applied is based on a kinetic
ballooning mode equation where the hot particle drifts are
ordered to be much larger than the typical mode frequency
(or growth rate γF). The MHD limit of this equation reduces
then to a second order ordinary differential equation which can
be solved with standard techniques in the fluid limit, where
the diamagnetic drifts are ignored. A perturbative approach
is considered to then examine the impact of the diamagnetic
drift corrections by taking the fluid mode structure as a test
eigenfunction to obtain a quadratic dispersion relation for the
complex frequency of the mode. To determine whether this
ordering ω/ωdh 	 1 is satisfactory, we compute a mode-extent
averaged contribution 〈ωdh〉, since ωdh is a strongly oscillating
function. That should have a weak effect where the fluid mode
structure is nearly vanishing and be important where the mode
becomes localized.

The fluid limit (with reduced hot particle pressure gradient
drive and the absence of diamagnetic drifts) predicts a
ballooning unstable band that moves from the plasma core,
at low 〈βdia〉, to the plasma boundary, at 〈βdia〉 ≈ 5%,
encompassing roughly 1/3 of the plasma volume. When
diamagnetic drifts are included, the ballooning mode theory
predicts that the LHD device is stable to ballooning modes
because |ω∗pi + ω∗heff |/2 > γF for 0 � 〈βdia〉 � 4.8%.

It has been verified that the ballooning mode frequency
is effectively much smaller than the mode-width averaged hot
particle (curvature and grad-B) drifts. Although this may not
indisputably justify the expansion in ω/ωdh, it does represent
a useful validation of the theory applied. We found that the
effective hot particle diamagnetic drift has a weak impact on
stability properties compared with the thermal ion diamagnetic
drift. This is consistent with the fact that if the hot particle drifts
(curvature and/or grad-B) are too fast to contribute significantly
to the instability, they also must have a feeble impact on
stability.

Finally all the results obtained suggest that drift-
magnetohydrodynamics may constitute a more appropriate
model for current-free stellarator/heliotron stability than ideal
MHD or other enhanced (anisotropic) single-fluid approaches.
A non-perturbative approach to deal with complex eigenvalue

problem expressed in equation (1) constitutes an interesting
topic of future research.
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