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Abstract

The Ly ,-cohomology of a Riemannian manifold (M, g) is defined to be the quotient of
closed L,-forms, modulo the exact forms which are derivatives of L,-forms, where the
measure considered comes from the Riemannian structure.

The L, p-cohomology of a simplicial complex K is defined to be the quotient of p-summable
cocycles of K, modulo the coboundaries of g-summable cocycles.

We introduce those two notions together with a variant for coarse cohomology on graphs,
and we establish their main properties. We define the categories we work on, i.e. manifolds
and simplicial complexes of bounded geometry, and we show how cohomology classes can
be represented by smooth forms.

The first result of the thesis is a de Rham type theorem: we prove that for an orientable,
complete and (non compact) Riemannian manifold with bounded geometry (M, g) together
with a triangulation K with bounded geometry, the L, ,-cohomology of the manifold
coincides with the L, ,-cohomology of the triangulation. This is a generalization of an
earlier result from Gol’dshtein, Kuz’'minov and Shvedov.

The second result is a quasi-isometry invariance one: we prove how this de Rham type
isomorphism together with a result in coarse cohomology induces the fact that the L ,-
cohomology of a Riemannian manifold depends only on its quasi-invariance class. This
result was proved in the ¢ = p case by Elek.

We establish some consequences, such as monocity results for L, ,-cohomology, and the

quasi-isometry invariance of the existence of Sobolev inequalities.

Keywords : L, ,-Cohomology, bounded geometry, quasi-isometry invariance, de Rham
theorem, coarse cohomology.






Résumé

La Lg,-cohomologie d'une variété Riemannienne (M, g) est le quotient des formes L,
fermées, modulo les formes exactes qui sont dérivée d'une forme L, la mesure provenant
de la métrique Riemannienne g.

La L, ,-cohomologie d’un complexe simplicial K est le quotient des cocycles p-sommables
de K, modulo les cobords des cocycles g-sommables.

On introduit ces deux notions avec une variante pour la cohomologie grossiere des graphes,
et on établit leurs propriétés principales. On définit les categories sur lesquelles on travaille
(les variétés et complexes simpliciaux a géométrie bornée), et on montre comment les
formes LP peuvent étre représentées par des formes lisses.

Le premier résultat de la these est un analogue au théoreme de de Rham : on mon-
tre que pour une variété Riemannienne complete, orientable, non nécessairement com-
pacte & géometrie bornée (M, g) munie d'une triangulation a géometrie bornée, la L -
cohomologie de la variété coincide avec la L, ,-cohomologie de la triangulation. Ceci est
une généralisation d’un précédent résulat dit a Gol’dshtein, Kuz’minov et Shvedov.

Le second résultat est un résulat d’invariance sous quasi-isométries : on montre comment
ce théoreme de de Rham, avec un résultat en cohomologie L, , des graphes, induit le
fait que la L, p-cohomologie d'une variété Riemannienne ne dépend que de sa classe de
cohomologie. Dans le cas ¢ = p, ce résultat a été prouvé par G. Elek.

On établit quelques conséquences, comme des résultats de monotonie pour la L, ,-cohomologie
en volume infini, et I'invariance sous quasi-isométries des inégalités de Sobolev pour les
formes différentielles.

Mots-clés : Cohomologie L, géométrie bornée, invariance sous quasi-isométries, théoreme
de de Rham, cohomologie grossiere.
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Introduction

For a smooth manifold, the de Rham cohomology provides invariants which carry some
information on the topology of the manifold. However it will not give any indication on
the metric aspect. It is completely non-sensitive to the Riemannian structure.

In order to provide invariants sensitive to the geometry of a manifold, one has to restrict
to certain classes of forms whose definition take metric into account. The resulting theory
is the L ,-cohomology.

An introductory problem : Sobolev inequalities for differen-
tial forms

This thesis is about L, ;,-cohomology, however as an introduction we begin by asking a
question on Sobolev inequalities for differential forms:

Question: : Suppose that M and M’ are quasi-isometric manifolds, and suppose that
M satisfies a Sobolev inequality for differential forms. Is it the case for M as well ?

Let us state what this question exactly means. First, we formulate a classical result for
compact manifolds. Let Z* be the vector space of closed forms.

Proposition: Let M be a compact n-manifold, k =1,...,n and 1 < p,q < oo. There
exists a constant C' > 0 such that for any differential form w of degree k with coefficients
in L9,

inf ||lw—206 < Clldw
it o 6], < Clldw]|zs

if and only if

[ =
Q|
IN
S|

We are interested in generalizing this type of inequality to the non-compact setting. Let
us give a definition for a form to be LP on any orientable manifold, provided it is given
a Riemannian structure. There is a natural norm | - |, on the exterior algebra AT} M
coming from the Riemannian metric (it will be defined in the first chapter). The set of L?
forms on M is simply the completion of compactly supported smooth forms on M with
respect to the norm

11
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lello= (/. \w(z)|§dvolg(x)>; .

We can now give a formulation for Sobolev inequalities on a Riemannian manifold:

Definition: We say that an Riemannian manifold (M, g) satisfies a Sobolev inequality
if there exists a constant 0 < C < oo such that for any L?¢ differential k-form w with
derivative in LP, one has

inf Hw - 9”[}1 S CHdeLP.
ezk

Let Sobl;,p(M ) denote the smallest constant C' satisfying this inequality.

To understand our question, we also need the notion of quasi-isometry: it is a map which
preserves distances “at large scales”. More precisely, a map f : X — Y between two
metric spaces is a quasi-isometry if

(i) There exists constants C' > 1, L > 0 such that for any x,2’) € X, one has

C™ld(z,2')— L<d(f(x), f(z') <C-d(z,z') + L.

(ii) There exists a constant € such that any point y € Y lies in a ¢ neighborhood of the
image f(X).

Whenever a quasi-isometry exists between two spaces, one says that they are quasi-
1sometric.

Finally our question has meaning, and an answer is given by the following theorem:

Theorem: Let M, M’ be two quasi-isometric orientable Riemannian manifolds, uni-
formly contractible, with bounded geometry. Let n = max {dim(M),dim(M")}, and let q,p
such that one of the following hypothesis holds:

(A) 1 <q,p<oo0and0 <

IN

S|

, or

b
Q=

(B) 1<q,p<ooand0<

=

Q=
N

S|=

Then for any k, one has

k , , k
Sobg ,(M) > 0 if and only if Soby ,(N) > 0.

Being uniformly contractible and having bounded geometry are two hypothesis on the
topology and the geometry of the manifolds. Being of bounded geometry essentially means
that there exist uniform bounds on geometric quantities such as the injectivity radius
and derivatives of the curvature (natural exemples are given by compact manifolds, their
universal coverings, Lie groups or more generally homogeneous spaces). Being uniformly
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contractible means that you can retract any ball of fixed radius r onto a point, within a
ball of radius R depending only on 7.

We will define a little below the L, ,-cohomology of a Riemannian manifold, and show how
it can help to prove this result. Before this, let us give a nice corollary of this theorem. A
result due to Federer-Fleming and Maz’ya (see [Kan86]) says that

1

(Sobd ) =14 (M)

1—gq

where the isoperimetric constant I,,,(M) of a manifold is defined as

Ly (M) = inf 22
¢ (Vol(Q))

m begin an arbitrary constant. The infimum is taken over all bounded domains €2 in M.
The classical isoperimetric inequality for a manifold is formulated I,,,(M) > 0, and such an
inequality becomes a quasi-isometry invariant under our hypothesis (this is a well known
result from Kanai).

Cohomological formulation

To prove the theorem stated above, we shall use a cohomological interpretation of Sobolev
inequalities. Let ZI’f(M ) be the Banach space of closed k-forms which are LP. Let also
B(’;p(M ) denote the space of exact LP k-forms which are derivatives of L? forms, and let

B];?p(M ) denotes its closure. The Ly, cohomology group of degree k of M is the vector
space

HEY (M) = ZF(M)/B),(M).

One also defines the reduced cohomology :

H, (M) = Z8(M)/Bs (M).

The torsion is the quotient of those two spaces:

TF (M) = HE (M)/He (M)

In [GT06], Gol’dshtein and Troyanov establish the following link between L, ,-cohomology
and Sobolev inequalities: Let 1 < p < 00,1 < ¢ < co. Then Téfp(M) = 0 if, and only if

k
Sob,, ,(M) > 0.

Consequently, to obtain the quasi-isometry invariance of Sobolev inequalities, we can
simply prove that both L, , cohomology and its reduced counterpart are quasi-isometry
invariants.
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Quasi-isometry invariance for L, ,-cohomology

Two approaches can be found in the literature for the quasi-isometric invariance of L,-
cohomology. The first approach is to be found in a 1995 preprint of P. Pansu revised
in 2004 (see [Pan]) and the other one in a 1998 short paper by G. Elek (see [Ele98]).
The approach by Pansu is based on an L, variant of the Alexander-Spanier cohomology
adapted to metric measure space. In this thesis we choose to follow Elek’s approach which
is based on an L, variant of the John Roe coarse cohomology.

The quasi-isometry invariance for L, ,-cohomology will be achieved in four steps:

1. First, we introduce a notion of simplicial complex with bounded geometry, together
with a natural notion of simplicial L, ,-cohomology (both reduced and non-reduced).
We then prove a de Rham isomorphism theorem: if a manifold is triangulated by
such a simplicial complex, then the simplicial L, ,-cohomology of the triangulation
coincides with the L, ,-cohomology of the manifold.

2. Next, we introduce a notion of L, ,-cohomology for graphs, called the coarse coho-
mology and prove that it is a quasi-isometry invariant.

3. Then we show that the simplicial cohomology of a simplicial complex with bounded
geometry which is uniformly contractible coincides with the coarse L, ,-cohomology
of its 1-skeleton, and this gives us the quasi-isometry invariance for simplicial L, p-
cohomology of uniformly contractible graphs with bounded geometry.

4. Finally, we obtain the quasi-isometry invariance for L, ,-cohomologies of manifolds:
if M and N are quasi-isometric manifolds satisfying the hypothesis, then we tri-
angulate both of them with uniformly contractible simplicial complexes.of bounded
geometry. It suffices to use points (1) and (3).

Let us detail those steps.

Step 1: a de Rham theorem for L,,-cohomology

A finite dimensional simplicial complex K, realized in some euclidean space RY, has
bounded geometry if it each vertex admits a uniformly bounded number of neighbors, and
if the volumes of its faces are uniformly bounded above and below. Let Cy(K) denote the
vector space of k-chains, and C*(K) = Cj(K)* the vector space of k-cochains. A cochain
c € C*(K) is LP if it is p-summable in the following sense:

D (AP < oo

AkcK

Here the sum runs through the k-simplices AF of K. In a way similar to what we did for
manifolds, we define the simplicial L, ,-cohomology as follows : H, §7P(K ) is the quotient of
closed LP-cochains modulo the exact LP-cochains which are coboundaries of L? cochains.
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The reduced simplicial L, ,-cohomology of K is the quotient ﬁ];p(K ) of closed LP-cochains
modulo the closure of exact LP-cochains which are coboundaries of LY cochains.

We then have the following theorem, which we will prove in chapter 2 (result 2.13):

de Rham isomorphism theorem: Let (M,g) be a non-compact, orientable, complete
and connected Riemannian manifold, and assume that M admits a bounded geometry
triangulation T : |K| — M. Let q,p such that one of the following hypothesis holds:

(1) 1 <q,p<o0and 0 < < —, or

Sle 3

(2) 1<q,p<ooand0< <

Q= Q-
"= Q=

Then for any k there are vector space isomorphisms

HY (M) =H; ,(K) and
and the latter is continuous.

To prove this theorem, we will need an intermediary object: The Sullivan complex.

The Sullivan Complex First, let us introduce the notion of flat forms on a manifold:
it is a form which is L°°, with exterior derivative in L°°.

If K is a simplicial complex triangulating a manifold, a Sullivan k-form of K is the data,
for each simplex A € K, of a flat k-form wa satisfying the following restriction condition:
if A" is a face of A, then wa|y, = war. The space of such forms is the Sullivan space
S¥(K), and with the differential d one has a cochain complex S®(K).

The Sullivan complex admits a Lgj, version Sy ,(K): it is the set of Sullivan forms for
which the following norm is finite:

1 1
q p

— q P
Hw|’s[;7p(K) = ( E esssup |wa | ) + ( E esssup |dwa | ) )

AeK AeK

The proof of the de Rham theorem rests on the existence of isomorphisms in cohomology
as in the following pattern:

RM . I —k RM —k . L
H‘ip(M) <~ a* (S‘LP(K)) RETE H‘?yp(K) Hq,p(M> <~ H (Sq,p(K)) RETE q,p(K>

Defining those isomorphisms is the object of chapter 2. At a glance:

e RM is a regularisation operator; as the name suggests, it allows to obtain a smooth
form out of a non-smooth one.
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e . is an inclusion operator.

e w is called the Whitney transformation. It associates a differential form to a simpli-
cial cochain.

e [ is the classical integration morphism: essentially, it associate a simplicial cochain
to a differential form.

Step 2: coarse L,,-cohomology and quasi-isometry invariance

The second part of the proof relies on a notion of L, ,-cohomology for graphs. First, let
us define the penumbra of a graph G of bounded geometry (i.e. a locally finite graph,
whose vertex have a uniformly bounded number of neighors). For £ € IN and R > 0, the
penumbra of radius R and order k of GG is the set

Pen(G,R) = {(mo, co, ) € Vg“ d(zi, xj) < R} .

For, 1 < p < o0, we define the LP cochains by

CX;(G): a:VC]};HHR Z la(xo, ..., xE)[P < oo for any R >0
(zo,...,x1)EPen(G,R)
The differential map is defined by

k+1

da(zo, ..., we1) = Y _(—1)'elxo, .., B, ..., Tpt1)
=0

and as usual, the L, ,-coarse cohomology space of degree k of G is the quotient HX;IJ(G)
of closed LP cochains modulo the exact LP cochains which are derivatives of L? cochains.
The L, p-coarse reduced cohomology space of degree k of G is the quotient W’;I,(G) of
closed LP cochains modulo the closure of exact LP cochains which are derivatives of L4
cochains

In chapter 3, we will prove the following result (results 3.5 and 3.4):
Proposition : Let G and G’ be two quasi-isometric graphs, and q > p. Then HXC];I,(G) =

<k <k
HXF (G') and HX, (G) = HX , ,(G')
Step 3 : relating coarse and simplicial cohomology

The work is almost done. In chapter 3, we also prove the following result (results 3.14 and
3.15):

Proposition : If K is a uniformly contractible bounded geometry simplicial complex, and
if G is its 1-skeleton, then for any integer k and any pair q,p with ¢ > p, one has

—k ——k
H;ip(K) = HXQP(GK) and H, ,(K) = HX, ,(GK)
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Step 4 : combine the preceeding steps

Those points combined with the L, ,-de Rham theorem will achieve the proof of the quasi-
isometry invariance for L ,-cohomology (result 3.17):

Proposition : Let M, N be two uniformly contractible manifolds with bounded geome-
try, and suppose that M, N are quasi-isometric. Let q,p such that one of the following
hypothesis holds:

1 1 1
(1) 1<gp<ooand0<~—-<=, or

p qg n

1 1 1
(2)1<qp<ooand0< - —— < —.

p qg n
Then B -

H;p(M) = Hzip(N) and  H,,(M)=H,,(N)

and the latter is continuous.

A brief historical viewpoint

In the middle 70’s, Atiyah (see [Ati76]) and Dodziuk (see [Dod74]) introduced, for mani-
folds, a variant of the de Rham cohomology, by adding a L?-condition on considered forms.
The result was the L?-cohomology, together with a link with a combinatorial Hodge theory
introduced earlier by Eckman. The L?-forms of degree k of Dodziuk are the completion
of the usual smooth k-forms with respect to the inner product given by

<a,ﬂ>=/Mom*ﬂ

where * is the star-Hodge operator. In 1981 (See [Dod81]), Dodziuk generalizes the notion
of L?-forms to manifolds with bounded geometry, and proves that harmonic L?-forms on
such a manifold are exactly the classes of square summable cochains of a good triangula-
tion.

In the late eighties (see [GKS88]), V. Gold’Shtein, V. Kuz’Minov and I. Shvedov consid-
ered, for manifolds with bounded geometry, the space of forms which are LP, namely the
completion of compactly supported forms with respect to the norm

1
lallze = ( / |aw|§dvolg<x>) "
M

They proved that the resulting cohomology classes coincide with the cohomology classes of
p-summable simplicial cochains of a good triangulation, which is a de Rham isomorphism
theorem. Their methods are based on a different approach from Dodziuk’s one.

In 1998 (see [Ele98]), G. Elek defines for a graph a LP-version of the coarse cohomology
introduced by J. Roe in [Roe93]. He shows that it is a quasi-isometry invariant, and shows
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that the simplicial L,-cohomology of a bounded geometry simplicial complex equals the
L,-coarse-cohomology of its O-skeleton. This, together with the isomorphism theorem of V.
Gol’dshtein, V. Kuz’Minov and I. Shvedov, show that the LP-cohomology of a Riemannian
manifold with bounded geometry and convenient topology is a quasi-isometry invariant.

Here is a list of persons who also discovered nice results in this field: P. Pansu, Xiang
Dong Li, S. Zucker, M. Gromov, A. Kopylov.



Chapter 1

Preliminary notions

In this chapter, we introduce the principal objects of the thesis: the L, , cohomology of a
Riemannian manifold, as well as the L -cohomology of a simplicial complex. We also prove
an extension of the de Rham’s regularization theorem, which states in particular that the
classes of cohomology can be represented by smooth forms. We then introduce the L, ),
and L, cohomologies of a simplicial complex. We finish by a discussion of manifolds and
simplicial complexes of bounded geometry.

The L,,-cohomology of a Riemannian manifold

In this section, we define the L, ,-cohomology of a Riemannian manifold. First, we begin
by defining a norm for differential forms in each point of the manifold. A form will belong
to LP if its norm is LP in the usual sense, i.e. as a real valued function.

A norm for differential forms In the sequel and throughout all this text, (M, g) is
an orientable, connected and complete Riemannian manifold, x is a point of M, and we
denote by A¥T,, M the vector space of multilinear alternate maps

ag Ty M x ... xTyM — R.
Recall that an exterior form of degree k on M is a section of the k-th cotangent bundle

AM =TT AT M 5 M.

xeM
In practice, for each point x € M, one has a multilinear map o, € AFT, M. If (eq, ..., ey,)
is a basis of T, M and (e1,...,&y) is a dual basis, one can write
oy = Z ailmik.xeil VANRAN €ik

1<iy <...<ip<n

where a;,. i, = az(€iy,..., € ).

19
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In particular, if !, ..., 2" are local coordinates on a open subset U of M, we have a basis
%, cee % of T, M for each x € U, with dual basis dz', ..., dz™. On the whole open set

U, one can write

o= Z ailmikdazil A ANdz.

1<i1 <. <ip<n
In this formula, a;,. 4, is a real-valued function defined by a;,. 4, () = a4, ij 2

We will consider the set of measurable forms, i.e. the forms for which there exists a
coordinate system for which a;, . ;, is measurable (and in this case, it is measurable in any
coordinate system). We will not require our forms to be smooth.

Since one has a scalar product on T, M for each x € M (namely the Riemannian metric
on M), we can define a norm for each a(x) = ay.

Let us denote by (u,v), = gz(u,v) the scalar product on T,M, and let us chose an
orthonormal basis (e1,...,e,) of T, M with dual basis e1,...,6,. Such a basis always
exists: one simply has to apply Gram-Schmidt’s process to a basis given by local coor-
dinates. Let us define a map G : A¥T,M x A*T,M — R by the following formula: for
oy = Zailmik’xeil A...Ne% and B, = Zajl,..jk@ejl A...Nelk € A Tp M, we set

G(O@mﬁm) = Z ai1...ik,x/8i1‘..,k,x
i1k
The verification of the following lemma is straightforward:
Lemma 1.1 The map G : AT, M x A yT,M — R is symmetric and positive-definite,

and hence is a scalar product. It does not depend on the choice of the particular basis
(e1,...,en) among the orthonormal ones, and the basis (€ A ... A% is orthonormal for

G.

|

One can give intrinsic definitions as well: for 8! A...A0F n' AL A9k € AT M, we have
g0'n") ... g0
GO A...NOE gt AL AR = det : :
g(0™n') ... g(6".n")
Similarly, G can be defined by the relation

aAN*f=G(a,3)*1
where % is the star-Hodge operator.

Let | - |, denote the norm induced by G on AT, M, and dvoly(x) denote the Riemannian
measure on M. Now that we have a norm for each «,, we can ask the function z — |a(x)|,
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to be integrable: this will be our notion for LP-forms. Let L (M, AF) be the set of forms

loc
on M with locally integrable norm: for any compact K C M, one has

/ la(z)|zdvolg(z) < oo.
K

Definition (LP forms) : Let (M,g) be a Riemannian manifold of dimension n, and
1 <p<oo. Aforma€ Ll (M,A")is said to be L? if the function = — |a ()|, belongs
to LP(M) in the usual sense, i.e.

/ la(z) [ dvolg(x) < oo.
M

Let LP(M, A¥) be the Banach space of LP-forms on M, together with the norm
1
P
lall, = ([ la@ dvolya)) "

L>®(M, A% = {a € Ll (M, Ak)‘ esssup |||z < oo}.

Let us also define

Let us also introduce two more notations:

o C®°(M,A*) c L (M,A*) is the space of smooth forms of degree k on M;

loc

o CX°(M,AF) c C>®(M,A*) is the space of compactly supported smooth forms of
degree k on M.

Since the forms that we consider are not smooth, their exterior derivative in the usual sense
does not necessarily exist. However, there still is a weak sense (the sense of currents):

Definition (Weak derivative) : Let o € LL (M, AF) be alocally integrable form on an

loc

orientable Riemannian manifold (M, g) without boundary. We say that 6§ € L} (M, Ak 1)

loc
is a weak derivative of « if for any compactly supported smooth (n — k — 1)-form w €

C(M, A"*=1) the following identity holds:

/OAw:(l)kH/ a A dw.
M M

Lemma 1.2 Let o € C°(M,A¥). Then the usual derivative doe € C°(M, A*1) of w is
a weak derivative.

Proof :  Let us recall Stoke’s theorem: for any smooth form 7 of degree (n — 1) with
compact support on a n-manifold M, one has

Jutn= L
M oM
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In the case where M has no boundary, one has

/ dn = 0.
M

Let us apply this result to the particular form o A w, where w is an arbitrary smooth form
of degree (n — k — 1) with compact support on M. One has in this case

/M dla ANw) = 0.

By Leibniz’s formula, one has d(a A w) = da A w + (—1)¥a A dw. This means that

/a/\dw:(—l)kH/ da A w.
M M

That is, do is a weak derivative of . 0

Remark 1.1 If o € L. _(M,A*) admits a weak derivative, it is unique up to a set of

measure zero.

Proof :  Suppose that § and ( are weak derivatives of a form « of degree k. Then for
any smooth form w of degree (n — k — 1) with compact support, one has

A/H_OAW_Q

But any continuous form (i.e. a form with continuous coefficients) ¢ with compact support
can be approximated by a smooth form w of same degree, with compact support arbitrarily
close to the support of ¢. In particular, this means that for any continuous form ¢ of degree
(n — k — 1) with compact support, one has

AAQ—QA¢:Q

Moreover, any measurable form is the limit (for almost everywhere convergence) of a
sequence of continuous forms. One can therefore conclude that for any measurable and
bounded form with compact support x

AJG—QAX:Q

Let xo = * ( fa- w{%ﬁgﬂ) where f, is the indicator function of a ball B(a) of radius a. The

form y, is measurable and bounded, and therefore the preceeding result can be applied:

/ |0—C|xdvolg(1‘):/ (0 —C) A xa=0.
B(a) M
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One concludes that |# — (|, = 0 almost everywhere since the integral of its norm is zero
on any ball of radius a. 0

Notation: We denote by da the weak derivative of a locally integrable form when it
exists.

The square-cancelation property d o d = 0 of the usual exterior derivative still holds, as
well as Holder’s inequality :

Lemma 1.3 dod = 0.

Proof :  Let v = df, where 8 = da, both derivatives being in the weak sense. For any
compactly supported smooth form w, one has

/Mf}l/\(’u N /Mdﬁ/\w
= i/MﬁAdw

= i/ da A dw
M

= :I:/ a A (dodw)
M
= :I:/ aN(
M
0.

Hence v = 0 almost everywhere.

Proposition 1.4 (Holder’s inequality) Let 1 < ¢,p < oo such that =1. If

o € LP(M,A*) and B € LI(M, A"), then a A B € LY (M, A*+%) and
lee A BNy < el - 1811, -

Proof :  For functions f € LP(M) and g € LY(M), the usual Hélder’s inequality tells
us that f-g € L'(M) and
1 =gl < £l - llgll-

Now let o € LP(M, A*) and 3 € LI(M, A?). Let us choose an orthonormal basis !,..., "
of Ty M, and let us write

o= E ail_,,l-ks“ AL ANe™
1<iy <..<ix<n
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0= Z bjlmjé€j1 =L

1<ii<...<je<n

Let |a(z)|; denote the norm of a(z) € A¥T M, and |3(z)| the norm of 3(z) € A‘TF M.
One has

a@)z = Y al

1< <..<ip<n
2 2
B@)Z= > b
1<1<...<ge<n

Now

aApB(z) = Z ail...ikbjl...jg5i1 A NERANSTLA L NE

1<ir<...<ip<n
1<i1<...<je<n

Some of the terms of the type et A... A% Aelt A... Al may be zero: it is the case when
ir = js for some s,r (it is of course the case for all of them if k¥ + ¢ > n). The non-zero
elements are of the form +e#1 A ... A ets+l and thus

2 2 2
1< <. < <n
1<j1<...<jp<n

But

la(z)2 - |8(=)2 = >oooad |- > W

1<ii <. <ip<n 1<1<...<gen

_ 2 2
= E ail.‘.z’kbjl...je

1<i1 <. <ip<n
1<51<.<je<n

> |anB();

Thus | (2)]z-|8(z)|z > |@AB(x)|s. Since a € LP(M, A¥) and 8 € LI(M, A), the functions
x +— |a(x)|; and x — |B(x)]|, are in LP(M) and L(M) respectively. By Holder’s inequality
for functions, one has

/M @)z - [B()]advoly(z) < (/M |Oz(1:)|§dvolg(x)>; : </M |5(x)|gdvolg(x))‘l’
= lledlp - 118llq

Since |a A B(z)]x < |a(z)|s - |5(2)|., one has
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/ la A B(x)]zd volg(x) < / la(x)]z|B(z)|pd voly(z)
M M

< llallp - 151lq

This is exactly the inequality ||a A 8|1 < ||a|lp - ||5]l4 and thus finishes our proof.

Notations: Let 1 < ¢,p < co. We introduce the following notations:
o ZE(M) = {a € LP(M,A¥)| do = 0} = LP(M, A*) Nker d;
° Bf;’p(M) = dL9(M, A*=1) N LP(M, AF);

ok TR AR
e B, (M) =Bk (M) .

Lemma 1.5 Z;f(M) is a closed subspace of LP(M,AF) (and therefore it is a Banach
space).

Proof : Let z € LP(M,A¥), and let (z;) C Z;f(M) be a sequence converging in the LP
norm to z. We need to prove that the weak exterior differential of z satisfies dz = 0.
By hypothesis, one has dz; = 0 for any ¢ € IN. Using the definition of the weak derivative,
this can be also written

/ zi Ndw =0 for any w € C°(M, A" *1),
M
Using Holder’s inequality, for ¢ such that % + % =1 one has

/M (2 = 2) A dwl,, dvoly(w) < |2 — 2], - [del],

Since w has compact support, its L? norm is finite, and therefore ||z — 2|, - [|[dw]|, — 0.
Hence

/M (2 = 22) A dwl|, dvol, (x) — 0.

‘/ (z—zi)/\dw'gf |(z — 2i) A dwl|, dvolgy(z)
M M
and thus

/(z—zi)/\dw—%)
M

Since [}, zi A dw = 0, this means that

/ 2z Adw = 0.
M
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Remark 1.2 Since dod = 0, one has B[’;’p(M) C Z;f(M). Since Z;,f(M) is closed, one also
—k

has B, ,(M) C ZE(M).

Definition (L, j,-cohomologies of a Riemannian manifold) Let (M,g) be an ori-

entable, connected and complete Riemannian manifold of dimension n, and 1 < ¢,p < oo.
The L, ,-cohomology space of degree k of M is the quotient

Hy,(M) = Z;(M)/Bg ,(M).

The reduced Ly p-cohomology space of degree k of M is the quotient

He (M) = ZE(M) /B (M),

a.p
The reduced cohomology space is always a Banach space.

Notation: If needed, we specify the metric in the notation and write Hé“’p(M ,g) and
—k
H,,(M,g).

The L,-cohomology of a Riemannian manifold

The algebraic machinery of Banach complexes can be particularly useful in the study of
L, cohomology. In the aim of using it, we now introduce a way to see the (reduced)-L -
cohomology space of degree k of a manifold as the (reduced) cohomology space of degree
k of a particular Banach complex.

Let 1 < p,q < 0o be real numbers, and let us denote by

0k ,(M) = {a € LM, A¥) | doc € LP(M, AFH)

Equipped with the graph norm |[|af|q,, = [|a[[, + [|da]|,,, it is a Banach space.

Let m = (po, p1,...) be a sequence of real numbers 1 < p; < oo, and let us denote

QM) = (M), lodlgrary = l[llppyy, for o € Q7(M)

PkPk+1
The differential d : Q¥ (M) — QET1(M) is a bounded operator, and thus we have a Banach
complex:

Her_l(M) —>er(M) —>Q];+1(M) — ...

Definition (Lr-cohomology of a Riemannian manifold) The cohomology of the Ba-
nach complex (Q%(M),d) is called the (de Rham) Lr-cohomology of the manifold (M, g):

Hy(M) = Zy, (M)/dQ5 (M).

The reduced cohomology of the Banach complex (2%(M),d) is called the (de Rham)
reduced Lr-cohomology of the manifold (M, g):

He(M) = ZE (M) /d0k~ (M),
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We also define the torsion of M to be the torsion of that complex, i.e.
—k
Ty (M) = HE(M)/H(M).

Remark 1.3 Let m be a sequence of real numbers 1 < p, < oo with pr_1 = ¢ and p = p.

Then
k

HE (M) = HE(M) and H, (M) = He(M).

We thus have realized the L, j,-cohomology spaces as spaces of cohomology of Banach
complexes.

There exists a regularization theorem (see [GKS88], [GKS84] and [GT06]):

Proposition 1.6 (L, regularization) Let M be a Riemannian manifold, and suppose
that M admits an atlas whose maps changes are uniformly bilipschitz. Let m be a sequence
of real numbers 1 < p; < oo.

There exists a sequence of reqularization operators RM : LL (M,A*) — L} (M, A*) and
a sequence homotopy operators AM : L1 (M,A*) — LL (M, A*=1) such that

loc loc

(1) For any w € L (M, A¥), the form RMw is smooth on M.

loc
(2) For any w € QE(M), we have dRMw = RMdw;

(8) For anye > 0, the operator RM : QF (M) — QF (M) is bounded and satisfies lir% HRf_.WH
e—
1;

T

(4) For any w € in(M), we have lirr(l) HRéww - “JHﬂ =0y
E—

(5) The operator AM : QF (M) — QE=1(M) is bounded in the following cases:

(i)lgpjgoocmdi—L< or

Pr—1

1
n
” 1 1 1
(it) 1 <p; <00 and - — -"— <

(6) We have the homotopy formula
w—RMy =dAMu + AMdw.
This theorem has a number of important corollaries. Let us see two of them.

Theorem 1.7 Let (M,g) be a Riemannian manifold. For any choice of w, the space
C®QE(M) = C®°(M,A) N QE(M, A*) of smooth forms in LP* with derivative in LP++1 is
dense in QF(M).
Proof : Let w € QF(M). By property (4), hH(l) HRé\/[w — wHW = 0, hence the sequence
E—

(RMw) converges to w. 0

The L, cohomology can be represented by smooth forms: let us denote by C'OOHT]‘; (M) the
cohomology space in degree k of the complex C°Q%(M).
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Theorem 1.8 Let (M, g) be a Riemannian manifold. For any sequence of real numbers
T such that

1 1 1
(i) T < or

LS

(1) 1 < pp < oo andpik—pk_1

1
ﬁ.
there is a vector space isomorphism
C®HF(M) = HF(M).

Proof : By (6), the regularization operator RM : QK (M) — C>®QF (M) is homotopic
to the identity operator I : C*QF (M) — C*QF(M). Proposition A.2 allows to conclude.
O

Corollary 1.9 If M is a compact manifold, HF(M) = Hb,(M), where HX, (M) denotes
the de Rham cohomology group of degree k of M in the usual sense.

Proof :  Since M is compact, every smooth form is LP. Hence,
C®O0k (M) = C®°(M, A) N QK (M) = (M, AF).
[l

Before proving this regularization theorem, we need some auxilliary results. We begin by
a result from Iwaniec and Lutoborski (see [IL93]):

Proposition 1.10 Let U be a bounded and convex open subset of R, and k =1,...,n.
There exists an operator T : L (U, AF) — LL (U, A*"Y) such that

(i) dTw + Tdw = w,
y |w(y)]
(11) |[Tw(z)| < C/U |y—x\"‘1dy'

Proof :  We first prove the results for smooth forms. For y € U, let K, : Q¥(U) —
QF=1(U) be defined by

1
(Kyw)(z,v1,...,06-1) = / tFlo(te +y —ty,x —y,v1, ..., Up—1)-
0
We begin by proving that K, satisfies the following homotopy formula:

w=dKyw+ K,dw.

We will then average K, on y € U and we’ll prove that it satisfies the desired estimate.



If w € QF(U), the exterior derivative of w can be written

dw(z,v0, ..., v5) = Z(—m [Dw(z)vi] (vo, ..., i, ..., vp)

29

where Dw(x) is the Frechet derivative of the map w(x) : R" — (AkIR”)*. For any x €

U,vg,...,vp € R", one thus has
k
dw(w,vo, S 7Uk) = DW($)(UQ) + Z(_l)k [DW(l')’UZ] (vla s 7{}\1'7 s ,Uk:)
i=1
Hence
dw(te +y —ty,x —y,v1,...,v5) = [Dw(tw +y—ty)(z—y)l(v,...,vx)
+ Z [Dw(tz +y — ty)(v:))(z — y, o1, ..

Applying this formula to the k-form K,dw yields

1
(Kydw)(z,v1,...,05) = /0 t*[Dw(tx +y — ty)(x — y)](vo, . . ., vg)dt

+ Z Z/ tka(t;v—I—y—ty)vl]( — Y, U1y ey Uy e, U )dE

Similarly:

1

(dKyw)(z,v1,...,05) ) 1/ t*[Dw(te +y — ty)vi|(x — y,v1,...,0;, . ..
0

k 1

) 1/ k=1 wte +y —ty,vi,v1, ..., 04, . .., vg)dL.
0

From these two results, we compute

,Uk)dt

1
(dKyw + Kydw)(z,v1,...,v5) = / t*[Dw(tz +y — ty)(x — )] (v, ..., vp)dt

0

1
+ k/ thlo(te +y — ty, vy, . .., vp)dt
0

La
= /{tkw(tx—l—y—ty,vl,...,vk) dt
o dt

= w(z,v1,...,0k)

y Uiy - -

.y Vk)-
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Hence K, satisfies the homotopy formula. Now let T : Q¥(U) — Q*~1(U) be defined by
Tw= /U<Z5(y)Kdey

where ¢ is a compactly supported smooth function on U such that / o(y)dy = 1.
U

It is clear that the operator T satisfies the same homotopy formula:
w=dlTw+ Tdw.

Let v = (vg,...,vk—1). By Fubini’s theorem, one has for any multivector v

1
Tw(z,v) = / th=1 / o(y)w(te +y — ty,x — y,v)dydt.
0 U

Let z =tz +y —ty and ¢ = 7. By change of coordinates, one obtains

Tw(z,v) = / w(z,((z,x — z),v)dz
U
where

o0

s"71(1 + 8)" (2 — sh) - hds
0
n _ k‘ 00
. (" > s=1p(z — sh) - hds
> (100

“(n—k\ h [* h
— — s— | ds.
<1—k>\h|l/o ’ ¢<z 5\h|> ’

o\
—
3\2
=

I

—_

I
[\

h
Whenever s > diam(U), one has ¢ (z — s‘h‘> = 0. Hence the integration is over the

interval 0 < s < diam(U). We thus obtain the following estimate for |h| < diam(U):

2" (diam U)" |||
k|h|n71

= const.

C(z,h)| <
From the estimate above, we find the following estimate: for any convex F C U,

[Tla)| < 2'uV) | @,

|z —yn

This results extends to LllOC

(U, A*) by approximation.

We will need two corollaries of this proposition.



Corollary 1.11 Suppose that 1 < q,p < oo satisfies the following

1
< —.

1
P n

| =

Then T maps LP(U, A*) continuously on LI(U, AF~1).

Proof :
o Let us first see that for s = LI we have s(1 —n) > —n. One has
L ptpg—q
s pq
1 1
- -1
qQ p
1
> 1——
n
_on—1
- n
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e By the first point, the function g(z) = |z|'~™ belongs to L*(U). Let w € LP(U, A¥),
and f = |w|. The map f is in LP(U) by hypothesis.

e Lett =¢q,7 =p. One has %+%:1+%. Indeed,

LA p pq
P+ pgq

pq
1
q
1

= - 41
-+

1 1 1 +pq —
+p Pg—q

e Since r, s and t satisfy % + % =1+ %, one can use Young’s inequality on convolutions
(see A.11): if f € L"(U),g € L*(U), then the convolution product f % g is in LY(U),

and moreoever

1 % gllzewy < llzr@y - 119l Lswy -

e By proposition 1.10, one has

Hence,

o) <0 [ ULy = clf s glo)l
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I7wl, < Clf* gl

= O %9l

< Clfllpw N9l
= Ol - 19l ooy
= o, 9l e

Since U is bounded, ||g|[ () is finite and depends only on U. Therefore, Tw € LI(U, AF),
and 7' is bounded. 0

Proposition 1.10 admits another corollary, which is similar but supposes slightly different
assumptions.
<

1 . .
~, the conclusion of the previous corollary

Corollary 1.12 If1 < p,q < o0 satisfy%
remains true.

_1
q

Proof : If % — % < %, the previous corollary can be applied. Hence, we can suppose
that % — % = % In this case, we can use the Hardy-Littlewood-Sobolev inequality (see
A12): if f € LP(U) and g(z) = [;; f(y)(y — )'""dy, then g € LI(U) and

9l Laqy < Cllfllr@)-

d
Let w € LP(U,A), and let f = |w| € LP(U). If g(z) = / w(y)ldy one has [Tw(z)| <

vly ="
Clg(z)|, hence

[Tw ()] La Cllgll pe(w)

<
< Clfllzrwy
= Cllwl|r»

|

As a consequence of Proposition 1.10 and Corollaries 1.11 and 1.12, one has the following
result:

Proposition 1.13 Suppose that one of the two following hypothesis holds:

(i)1§p,q§oo,%—%<%and%—%<%or
. 111 1 11
(zz)1<p,q§oo,§—5§ﬁand;—5§5.

Then the two following consequences hold:
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(a) dTw + Tdw = w for any w € Q’;’T(U) and

(b) T sends Q (U) on Qi HU) continuously.

Proof :

(a) One has dTw + Tdw = w for any w € L{ (U). Hence it remains true for any w €
Qk (U).
a.p

(b) Let w € QF (U). One thus has w € LP(U, A¥) and dw € L™(U,A*™), and |||, =
|wllp + ||dw]|r. By corollaries 1.11 and 1.12, there exists a constant C' > 0 such that
|Tw||rs < C|lwllrr and || Tdw||rr < C||dw]||rr. Hence,

ITwllq + [[Tdwll, < C([[w]lp + [|dwl]) -

However,

[Twllgp = [[Twllq + [[dTwllp
[Twllq + [[Tdw = wllp
[Twllqg + [ Tdwllp + [l

IN

Finally, one has ||Tw|qp < (C + 1)||w||pr. Hence, T sends continuously QF (U) to
Q’;’;l(U), with norm at most C' + 1.

|

We are now going to show how we can regularize a locally integrable form, by convolution
against a smooth mollifier. Let f : (0,1) — R be a smooth function such that

(i) f'(r) > 0 for any r € (0,1),

r ifo<r<i
er=17* if%<r<1.

Let g be the inverse function of f, and h : R™ — R"™ be the function defined by

0 ife=0
h =
© {”gnmnsm i€ £0.

The function A is a C'°* homeomorphism from R™ to B”. For any v € R", let

o0(2) = h(h Y(z)+v) if |z <1,
R P if ||| > 1.

Lemma 1.14 For any v € R", the map s, : R™ — R" is smooth and equal to 1d outside
B.
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Proof : For any x € R™ and |[[sy(z) — z|| small enough, one has s,(z) —z ~ V(z),
where V is a vector field equal to zero outside B”, and of the form h,V in B", where V is
the constant vector field equal to x. Indeed, this is evident for ||z|| > 1. For any =z € B",
one has

so(@)—x = h(h” Y(2) +v) —
= h(h @)+ V(e )) -
- @) + V() -
)

~ (1-

Hence, the transformations s, form a group of transformations of R, whose infinitesimal
transformations are given by vector fields which are zero outside of the unit ball, and to
a transformation of a constant vector field by h inside the unit ball. We simply need to
show that theses vector fields are smooth. It is clear inside and outside B™. Hence, one
simply needs to show this for points on the border of B".

Let z = h(§) = Hg—”g(HfH) and p = ||£]|. Let also r = g(p), or equivalently p = f(r). One

has x; = %g(p). On the other hand,

dg(p) _ Op 1 § 1

o 9 ['(r)  flr) f(r)

Hence,

or; (55@@)9(/)”@@ 1

9¢; p P p* f'(r)
_ (5?1" _zizjg(p) N xlx] 1
for)y 2 op f'(r)
527" ;T Tixj

f@) " rfr) e

When r — 1, the functions ﬁ and % converge to 0, as well as all their derivatives.

Hence, the expression equal to g? inside B™ and to 0 outside is smooth. 0

We can now prove the regularization theorem. Let € > 0, and let p. : R® — R be a
smooth function, with compact support contained in the ball By(e) of center 0 and radius
. Let us moreover chose p, in such a way that fIE{" pe(v)dv = 1.

Let U be a bounded and convex open subset of R, containing the unit ball, and let us
set for any w € Li (U, AF):

ng—/ spwpe(v)dv.

The following result is due to G. de Rham (see Proposition 1, paragraph 15 of [dR73]).
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Proposition 1.15 (i) R.w is smooth inside B", and equal to w outside of B".
(ii) If w has continuous coefficients, then R.w converges uniformly to w.

Moreover, R. acts in a natural way:

Lemma 1.16 For any w € LL (U, A¥), one has dR.w = R.dw.

loc

Proof :  One has ds;w = s;dw. Hence, we obtain

/ ds;‘,wps(v)dv—/ sydwpe (v)dv.

This equality can be rewritten coefficient by coefficient. The differential is a operation of
partial differentiation, and we can thereafter employ the dominated convergence theorem,
as p: has compact support. We thus have

d/ sf)wpg(v)dv:/ sydwpe (v)dv.

This is exactly dR.w = R.dw. 0

Proposition 1.17 The operator R. sends continuously Q’;’p(U) to itself, and is bounded.
Moreover,

lim || Rc|[qp < 1.
e—0

Proof :  First we quote a result of Gol’dshtein, Kuz’Minov and Shvedov (this is lemma
2 of [GKS84]): the operator R. sends LP(U, A¥) to LP(U, A¥) and moreover it satisfies the
estimate

[Bellp < C(e)

where C'(¢) — 1 as ¢ — 0.
Hence, if w € Q’;’p(U), one has w € LI(U,A*) and dw € LP(U,A**1). We thus have
R.w € LU, AF) as well as dR.w = R.dw € LP(U, A¥). Hence, R.w € Q’;’p(U). Moreover,
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R
1Belyy = sup IHielas
w#0 Hquvp

”RSWHq + Hngpr

= sup
w#0 lwllgp
_ up Bl 1 Rede
w#0 ||W||q,p
< [ Rellgllwllq + 1 Rellpllwllp
B w#0 ||W||q,p
< sup CONly + CE)de]l
C d
= SOl + )
w#0 ||°JHq7p
C
= GOl
w#0 lwllgp
= Cle).

Proposition 1.18 Ifw € LP(M, Ak), then [|[Rew — wl|p =0 0.

Proof : Let w € LP(U,A¥). One has ||R.w|, < C(e)||w|lp- Now let ¢ a form of degree
k with continuous coeflicients such that for any fixed § > 0, one has

lw—=¢&llp < 6.

Since R.{ converges uniformly to &, one has ||R:.§ — £||, — 0. Hence, ||R:£ —£||, < 0 for
€ > 0 sufficently small. We thus have, for £ > 0 sufficently small,

lw = Rewll, < [lw—_¢llp+ 1§ = Rlllp + |1 Re€ = Rew|l,
< lw = Ellp + 1€ = Retllp + [ Rellpll€ — Rewllp
<

6+ || Rellpd + 6
= (|| Rellp +2)
Since this inequality is true for any § > 0, one has ||R.w — w||, =Y. 0O

We now construct a homotopy between R, and the identity operator of the convex set U.
Let € > 0, and A. = (I — R.) oT. We have the following result:

Lemma 1.19 For any w € LL (U, A¥), one has

loc

w— Rw=dA:w + Acdw.
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Proof :  It’s a simple computation:

dAcw + Acdw = d(I — R.)Tw+ (I — R;) o T'dw
dTw — dR:Tw+ Tdw — R.Tdw
dTw + Tdw — R.(dTw + T'dw)

= w— R.w
O
Proposition 1.20 Suppose that one of the following hypothesis is satisfied:
: 1_ 111 _ 11,
(i) 1 <p,q,m < o0 and5—5§;7;—5§5;
g 1_1_11_1_1
(i) 1<p,qr<ocand ; -, <,y —5 <y
Then A, sends Q’;T(U) onto ng’;l(U) continuously, and moreover one has
dAsw + Acdw = w — Row Yw € Q’;T(U).
Proof : It is immediate with Corollaries 1.11 and 1.12 and the previous lemma. 0

Remark 1.4 Since I = R, outside B”, one has A. = 0 on this set.

We now generalize this construction on smooth manifolds instead of R™. Let (M, g) be a
Riemannian manifold, and assume that one has a countable atlas A = (¢; : V; — U; C R").
Let us moreover assume that the atlas A satisfies the following properties:

1. A is locally finite.
2. U; is a convex open set containing the unit ball B".

3. If B; = ¢; }(B"), the B; cover M.

Remark that since B; C V;, the covering (B;) is locally finite as well. Let € > 0, and let

Ric = ¢} 0 R o (¢ ) Aic=¢foAco (¢ )"
Rgm) = Rl,z—: o RQ,E 0...0 Rm’g Agm) = Rl,g o R275 0...0 Rmfl,s o Am,z—:
RM = limy oo R =12 Rie (AM =302 A

Remark 1.5 (1) Each operator R, ;, A.; is defined for forms on V;. However, R. equals
the identical operator and A. equals zero for forms outside of U;. Hence, both R, ;
and A.; can be extended to forms defined on M.
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(2) Since (B;) is locally finite, the operators RM and AM are defined for any form with
compact support, and consequently for locally integrable forms.

Lemma 1.21 For any w € LL (M, A¥), one has dRMw = RMdw.

loc

Proof :  Since d commutes with ¢, (qﬁ;l)* and R., it also commutes with R; ., and

hence with Rgm). Moreover, the differential is locally defined. Hence, d commutes with
RM. i

Lemma 1.22 For any w € L{ (M, A¥), the form RMw is smooth.

loc

Proof :  Since ¢; is a diffeormorphism, the form R; .w is smooth on B;, and equal to w
o

outside of B;. Hence, the form RMw is smooth on U B; =M. 0
i=1

The following lemma is a direct corollary of proposition 1.17:

Lemma 1.23 The operator Ré\/l maps Q’;’p(M) continuously onto itself. Moreover, one
has lim || B2 g < 1.
E—>

O
Similarly, the following lemma is a corollary of proposition 1.18:
Lemma 1.24 For w € LP(M,A¥), one has [|[RMw — |, =%0.
O
From proposition 1.20, one obtains the following result:
Lemma 1.25 Suppose that one of the following hypothesis is satisfied:
(1) 1 <p,qr<oo and%—éﬁ%,%—%ﬁ%;
(i) 1 <p,qr < oo and%—%<%,%—%<%.
Then AM maps QF (M) to Qk"1(M) continuously.
[l

Finally we also have a homotopy formula:

Lemma 1.26 For any w € LL (M, A¥), one has

loc

dAMy + AMdw =T — RMw.
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Proof :  For any m, one has

W= Rmpew = w—¢hoR0(¢y,)w

0r 0 (I — Ro) o (67)"w

G © (Acd + dA;) o (¢;n1)*w
= dApw+ Ap cdw

Let us compose on the left with Rgm_l) :

RNy — RMy =AMy + A do.

€

If m varies, we obtain a telescopic sequence:

w—RWw = dAWy 4+ AW dw.
RWw - Ry = dAPw + AP dw.

My = dA™y + A dw.

£

RM™ Yy — R
If we sum for m = 1 to oo, we obtain
dAMw + AMdw =T - RMw.
O

Finally, lemmas 1.21 to 1.26 constitute the regularization theorem, which we quote once
again:

Proposition 1.27 (L, regularization) Let 7 be a sequence of real numbers 1 < p; <
0.

For any Riemannian manifold M, there exists a sequence of regularization operators RM :
LL (M,A*) — L} (M,A*) and a sequence homotopy operators AM : Ll (M,A*) —

loc loc

LL (M, A*"1) such that

(1) For any w € L} (M, AF), the form RMw is smooth on M.

loc
(2) For any w € QF(M), we have dRMw = RMdw;
(8) For anye > 0, the operator RM : QF (M) — QF (M) is bounded and satisfies lir% HRQ/[H7r =
e—
L;
(4) For any w € QF(M), we have lin(1) HRéww - wHﬂ =0;
e—

(5) The operator AM : Qk (M) — QE=1(M) is bounded in the following cases:

1 1
= or
Pk—1 < n

i : 1
(i) 1 <pj < o0 and
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” 1 1 1
(it) 1 <p; <00 and - — -"— < o

(6) We have the homotopy formula

w—RMy =dAMy + AMdw.

Remark 1.6 The regularization theorem does not hold for L* forms (even if one adds a
condition on the derivative - i.e. Sobolev injections won’t help).

A few examples

This thesis is not about computing integrable cohomology spaces, which is not an easy
task and moreover uses completely different techniques than the one we use. However we
give here a couple examples. First, we have a Poincaré lemma:

Example (The L, ,-cohomology of the ball) Let U be a convex and bounded subset
of R™, and suppose that p, g satisfy one of the following:

(i) 1 <p,g <ooand

N

1
nOI‘

D=
Q=

S |-

(ii) 1 < p,q < oo and

D=
Q=
IN

Then for any kK = 1,...,n, one has Hé“’p(U) = 0. Indeed, from proposition 1.13, we know
that w = dTw + T'dw, and T maps Q';’p(U) to Q§7EI(U) = L9(U,A*=1) continuously. In
particular, any closed form w in Q§7p(U) admits Tw € L9(U, A¥~1) as a primitive.

Example (The L,,-cohomology of the Poincaré space) Let us consider the hyper-
bolic space HY" with curvature —1, seen as the unit ball B;(0) C R™ together with the
Riemannian metric , ,
b 4% dz' @ dat

=2
We begin by the case ¢ = p (one speaks of L,-cohomology), using a method of Gromov
(see [PRS08]). We have

Hi(H™) # 0.

In fact, we begin by proving that for such a choice of k and p, the space of LP-forms of
any Riemannian manifold (M, g) of dimension m is a conformal invariant (we will see a
generalization of this fact below, see 1.29). So let (M, g) be a Riemannian manifold, and h
be a metric on M conformally equivalent to g, i.e. h = A\?g, where \ is a smooth positive
function. Then for any form w of degree k, one has

|ws

Here, |wg|zn denotes the norm of the multilinear map w, with respect to the metric h.
Moreover,
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dvol, = X"dvolg .

Hence, for any form w of degree k, one has

/ (wal? e voli (2) / (wn?yd voly(z).
This proves that LP((M, g), A*) = LP((M, h),

Now, remark that on the ball B;(0), the hyperbohc metric is conformally equivalent to
the Euclidean metric. Moreover, the ball B;(0) has finite euclidean volume, hence for any
choice of k and p, the inclusion induces a pullback bounded linear map

i* o AF(R™) — LP((B1(0), g), AF)
where g is the euclidean metric on B1(0). By conformal invariance, for kp = m, one thus
has a bounded linear map

i* - AF(R™) — LP(H™, A¥).

Let p = %, ¢= and j* : A™F(R™) — LI(H™), A™F) the equivalent operator.
Let wy = i*(dx' A ... AdaF), and we = j*(dx**' A ... A dx™). One has

wi € Z}l,f(]Hm) and wy € Z;"*k(]Hm).
We claim that w; represents a non-zero class of reduced cohomology. Suppose by con-

tradiction that wy € E’; (H™). Then there exists a sequence (7,) of differential forms of
degree k — 1 with dr,, — w1 in LP-norm:

HdTn — w1HLp — 0.

Since compactly supported smooth forms C2°(M, A*~1) are dense in LP(M, A1), we can
suppose that each 7, is a compactly supported smooth form.
Using Holder’s inequality, one has

/ dTn/\LUQ—/ w1 N\ w2

On the other hand, By Stokes,

< / \(dr — w1) A wsl

ld7n — willze - [lwzl e — 0.

A

0= lim dTn/\wg_/ w1 A ws.

n—oo H™

Hence, / w1 Awg = 0. But the left-hand side is the euclidean volume of B;(0), which is

certainly non-zero. Therefore, there is a contradiction and w; must represent a non-trivial
cohomology class. Hence
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HF(H™) # 0.

Using monotonicity results that we will prove in Chapter 2(more precisely, Lemmas 2.14
and 2.15), we can now deduce some non-vanishing results on the L, , cohomology of the
hyperbolic space :

1. For p > ¢, one has Hﬁ (H™) C H;p (H™). In particular, since H;f (H") #0forp =17,
one has n
H;p (H™) # 0 for any ¢ <p = T

2. This reasoning is still true for reduced cohomology, hence:

—k n
Hy,p, (H") # 0 for any g <p = .

Those two results about the cohomology of H" have been generalized by Troyanov and
Gol’dshtein in [GT09], removing the condition p > ¢:

Theorem 1.28 Let (M, g) be a n-dimensional Cartan-Hadamard manifold with sectional
curvature K < —1 and Ricci curvature Ric > —(1 +¢)%(n —1).

1. Assume that

1 k k—1 1
+€< and +e< +8,
P n—1 n—1

k
then H;,(M) # 0.

2. Assume furthermore that

1+¢ k k—1 . [14e 1+¢
< and —— + € < min , ,
p n—1 n—1 P

—k
Then H,,(M) # 0.

These two examples show in particular that diffeomorphic manifolds may have different
L4 p,-cohomology spaces, as it was guessed above.

The following theorem allows to compute the L, , cohomology in degree greater than one
for spaces conformally equivalent to some simpler space.

A result of conformal invariance: In the computation of the LP-cohomology of the

hyperbolic plane, we have seen that the space of LP-forms of degree k is a conformal
invariant if p - k = m, where m is the dimension of the manifold. If we set p = ’
and ¢ = 3, the spaces B(];’p(M ) and Z;f (M) are thus conformal invariants. Hence, the
following result, due to M. Troyanov and V. Gol’dshtein, is now evident:
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Theorem 1.29 Let (M, g) be a Riemannian manifold, and h be a Riemannian metric on
M conformaly equivalent to g, i.e. there exists a smooth function X\ : M — R™ such that
h = Ag. One has

—1'k k—1'k

H’Zn n(M,g) = H* o (M, h).
[l

The Lz-cohomology of a m-manifold, with the particular choice p, = %, is called the
conformal cohomology, denoted H? .(M). The result above of conformal invariance has
been extended by M. Troyanov and V. Gol’dshtein to invariance under quasi-conformal

maps. In fact, they proved the following: let QF (M) = Q% .., (M). Then we have the

conf
n n

Theorem 1.30 Let (M,g) and (N,g) be Riemannian manifolds, and a homeomorphism
f: M — N. Then f is a quasiconformal map if and only if its pullback f* defines an
isomorphism of Banach differential algebras f*: Q2 (N) — Q2 (M).

conf conf

(N) — Q°

In particular, such an isomorphism f* : Q2 oonf

oonf (M) gives rise to an isomorphism

f* : c.onf(N) - (:onf(M)

in conformal cohomology.

We end this introduction to L, ,-cohomology by quoting three results which relate the L -
cohomology and Sobolev inequalities. These three propositions are due to V. Gol’dshtein
and M. Troyanov.

Proposition 1.31 The following assertions are equivalent:
(i.) dim T (M) < oo;
(ii.) TF,(M) = 0;
(iii. ) H(’ZP(M) is a Banach space;
(iv.) d: QL (M) — QF (M) is a closed operator.
Proposition 1.32 The following assertions are equivalent:
(i.) Hy,(M) = 0;
(ii.) d: QE V(M) /ZE (M) — ZE(M) admits a bounded inverse;

(i4.) There exists a constant C' > 0 such that for any closed form ¢ € Z* of degree k,
there exists a form 1 € Q=1 such that dip = ¢ and ||¢| < Crll@]|.

Proposition 1.33 (1) If Téfp(M) = 0, then there exists a constant C' such that for any
differential form 6 € QZ;(M), there exists a closed form ¢ € Zé“*l(M) such that

10 = Cllg < C|d6)lp.
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(2) The converse is true when 1 < q < 0o.

Those three propositions are direct corollaries of propositions A.4, A.5 and A.6 of chapter
4.

L.-cohomology of a simplicial complex

In the sequel and throughout all this thesis, K is a locally finite simplicial complex of
finite dimension n. We assume that it is realized in some euclidean space R"V. Each face
is endowed with the euclidean metric, and the realization itself is given the resulting length
metric. Some basic knowledge about simplicial complexes is assumed (see e.g. [Mat06] for
an introduction to the subject).

Let K be a locally finite simplicial complex. We use the following notations:

e AF = (e,...,e; ) denotes the oriented simplex with vertices e;,, . . . , €;, , and —(e;,, - - -

denotes the same simplex with opposite orientation.

Ck(K) denotes the space of real chains of degree k of K, that is the formal vector
space with the set of k-simplices of K.

C*(K) denotes the space of real cochains of degree k of K, that is the algebraic dual
space of Ci(K).

If A¥ = (e, -, €i,) denotes an oriented k-simplex of K, its boundary is the (k—1)-
chain

k

OAF =N "(=1) (g, - Ei)r - €4

j=0
where the symbol €;; means that the corresponding term is omitted. Extending this
formula by linearity defines an operator 0 : Cx(K) — Ci_1(K).

e The coboundary operator § : C*(K) — C*+t1(K) is dual to the boundary operator,
i.e. it is defined on simplexes by

Se(AF) = ¢ (8A’€+1) .

For 1 <p < o0, let

CHE) = ce CME) | Y ‘c (A"“‘) ‘p < o
AkeK

Together with the norm

3=

el = { S Jean)]”

AkcK

7eik)
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it is a Banach space homeomorphic to (P(7Z).

Let

Zﬁsz{cecﬁK)mc:o}mmzﬁAK):&jﬂuchﬁK)czﬁKy

We also denote by E’;’p(K) the closure of B§7P(K) in C;;(K).
Let C’ip(K) ={ce C'(I;(K) ‘(50 € C’;;“(K) }, together with the operator norm of 6:

lellq.p = liellg + [1ocllp-

In a way similar to what we did for L, cohomology of a Riemannian manifold, we associate
a Banach complex to K: if m = (p) is a sequence of real numbers 1 < pj < oo, let us note

CHK)=CF (K) and |[cl[cx (x . We thus have have a Banach complex

DPkPk+1 ) — HCHI’kpk+1

I oLa Y0 ¢ I oL0 g BuToLant( ¢ BN

Definition (Simplicial L;-cohomology) The L.-cohomology of the simplicial com-
plex K is the cohomology of the Banach complex (C2(K),J).

A remark on the notations: We use QF (M) and QF (M) to designate spaces of forms,
whereas we use C’ip(K ) and C¥(K) to designate spaces of cochains. During the sequel,
letters M, N will always designate (Riemannian) manifolds, and K, L will always designate
(euclidean) simplicial complexes.

We use || - [|4,p to designate the norm in Q% (K) and in QF (M). To make the distinction
clear from the context, we will use small latin letters such has ¢, d for cochains, and small
greek letters such has (,n, 6, w for forms.

We have two monotonicity results in simplicial cohomology:
Lemma 1.34 If g2 > q1, then

k k
quP(K) C thp

(K)

and i i
qup(K) C Hyp

(K).

Proof :  Since g2 > q1, then for any ¢;-summable cochains ¢, one has ||c[lq; < ||¢|lg-
Consequently, C¥ (K) C CF (K) and therefore BY (K) C Bk (K). Hence H (K) C

ap q2p a2p
k . k k —k —k

Hj ,(K). Moreover, since By ,(K) C Bg,(K), one has B, ,(K) C Bg,(K), hence

-k -k

H92P<K) C Hle(K)' 0

Lemma 1.35 If py < pi, then HF, (K)=0= HF (K)=0.
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Proof : Suppose that HY  (K) = 0, and let [] € HF , (K). In particular, c = 0
and ||¢[lp, < 0o. Since py < p1, one has [|c||,, < oo as well. This shows that ¢ € ZF (K).

Moreover, since Héfpl(K ) = 0, the cochain ¢ belongs to Bf;pl (K) and thus there exists

be C'Z;_l(K) such that db = c¢. This shows that ¢ € Bgm (K) as well, and thus [¢] =0 in
k —
Hy,, (K)=0.
[l

Manifolds and simplicial complexes of bounded geometry

Manifolds of bounded geometry are manifolds whose geometric behavior is uniform in
some sense: their Riemannian geometric invariants are locally controled in a uniform way.
For instance, they have bounds on injectivity radius as well as on their curvature. They
generalize compact manifolds, and coverings of compact manifolds. Another example is
given by Lie groups with left-invariant metrics, and more generally by homogeneous spaces.

We give two definitions of manifolds with bounded geometry. The first definition involves
normal coordinates. The second one is expressed in terms of curvature bounds, while both
of them require a control on the injectivity radius. We will see further that they have a
characterization in terms of existence of a nice triangulation.

Let us proceed more formally. In the sequel, (M", g) is a Riemannian manifold of dimen-
sion n, without boundary, and 7, M is the tangent space of M at the point x € M. The
zero-centered open ball of radius i in T}, M is denoted by B;(0), and the open ball of radius
i centered at x € M is denoted by B;(z).

We fix an orthonormal basis (eq,...,e,) of the tangent space T,,M, and we consider the
pull-back metric tensor on B;(0):

Gij = g((expx)*el-, (epr)*ej).

Definition (Manifold of bounded geometry) One says that M has bounded geome-
try at order s € [0, oo] if the following conditions hold:

(i) The injectivity radius ¢ = inj(M) of M satisfies ¢ > 0. In other words, for every
x € M, the exponential map exp, : B;(0) C T, M — B;(z) C M is a diffeomorphism.

(ii) There exists a constant C' > 0 such that for any [ < s, the following property holds
in normal coordinates in any ball of radius i/2 :

|D%gu| < C and |[D%g"| < C.

Here D is any differential operator D® = 25 . 25" with doa; <.

— @ .. (o3
aibl 1 8xnn

Remark 1.7 Any manifold with bounded geometry is in particular complete, since the
injectivity radius is bounded below.



47

The above definition of bounded geometry involves normal coordinates. One can give an
intrinsic characterization, using curvature bounds. Let V be the Levi-Civita connection
on M. The following result can be found in [PRSO08]:

Theorem 1.36 Let (M, g) be a Riemannian manifold with inj(M) > 0. Suppose that the
covariant derivatives of the Riemannian tensor are uniformly bounded up to order s, i.e.
there exists a constant C' > 0 such that

|VIR|| < C', Vj<s.

Then (M, g) has bounded geometry at order s. On the other hand, if (M,g) has bounded
geometry at order s, then the covariant derivatives of the Riemannian tensor are uniformly
bounded up to order s — 2.

The following examples illustrate the notion of homogeneity that a manifold with bounded
geometry satisfies:

Examples a) Any compact manifold has bounded geometry.

b) If M is the universal covering of a compact manifold M, then the injectivity radii and
curvature tensor of M and M coincide, and thus M has bounded geometry.

c) If M is a Lie group with a left-invariant metric, then M has bounded geometry.

d) More generally, if M is homogeneous, then M has bounded geometry.

Remark 1.8 The name of uniform geometry is more accurate (and Kanai uses a similar
term). However, the name manifold with bounded geometry is widely accepted. Sometimes
they are also called thick spaces (e.g. by P. Pansu).

There are several maps which make a category out of manifolds with bounded geome-
try. For example, the category of differentiable bilipschitz maps, or differentiable quasi-
isometries.

Now let us introduce a similar notion for simplicial complexes.

Definition (Simplicial complex of bounded geometry) One says that the simpli-
cial complex K has bounded geometry if it satisfies the following properties:

(i) There exists constants Dy, Dy > 0 such that for any k-simplex A* € K,
Dy < Vol*(AF) < D,
Where Vol*(AF) is the volume of A*, i.e. its k-dimensional Lebesgue measure.

(ii) For each vertex, the number of simplices containing it is uniformly bounded.
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Definition (The category of bounded geometry simplicial complexes) We will de-
note by BGSC the category of euclidean bounded geometry simplicial complexes, together
with uniformly continuous quasi-isometries f : |K| — |L| between their geometric realiza-
tions.

Definition Two uniformly continuous quasi-isometries f, g : |K| — |L| are homotopic if
there exists a uniformly continuous quasi-isometric homotopy F': [0,1] x |K| — |L| from

ftog.

We now relate manifolds with bounded geometry and simplicial complexes with bounded
geometry. Roughly speaking, a manifold has bounded geometry if and only if it admits
a bilipschitz triangulation by a bounded geometry simplicial complex. First, let us recall
the notion of triangulation of a differentiable manifold.

Definition Let M be a smooth manifold. A smooth triangulation of M is a pair (K, )
where

(i) K is a locally finite simplicial complex of dimension n = dim(M) that we assume to
be geometrically realized in RV for some N, and,

(ii) 7 :|K| — M is a homeomorphism such that for any simplex A € K, there is an open
subset U of the affine hull of A in RY and a smooth extension 7y of 7|, such that
the differential dry, : T,U — T;(;)M is injective for any = € T. In other words, 7|
is a smooth embedding.

We will consider a special class of triangulations, for manifolds with bounded geometry.
These triangulation will preserve most of the geometry of the manifold.

Definition A smooth triangulation (K, 7) of a Riemannian manifold M is uniform if
(i) K has bounded geometry;

(ii) 7 :|K| — M is bilipschitz in the following sense: there exists a constant C' > 0 such
that for any simplex A of dimension k of K and any = € A, one has

1

6 <U, U>Rk < 9r(x) (dTU:pUa dTUxU) <C <Ua U)Rk :

Remark 1.9 If K is a bounded geometry simplicial complex, then any barycentric sub-
division of K is uniform and has bounded geometry as well.

It is well known that any smooth manifold admits a triangulation. Furthermore, the
following result belongs to the folklore:

Theorem 1.37 A Riemannian manifold (M, g) admits a smooth uniform triangulation if
and only if it has C?*-bounded geometry.
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|

A sketch of the proof may be found in [Att94]. See also the discussion in [PRS08]. Dodziuk
attributes a similar result to Calabi.

Let us go back to simplicial morphisms for a while. Recall that a morphism of bounded
geometry simplicial complexes is a uniformly continuous quasi-isometry f : K — L. The
following lemma allows us to approximate such a map by a simplicial uniformly continuous
quasi-isometry:

Lemma 1.38 Let f : |K| — |L| be a uniformly continuous quasi-isometry between bounded
geometry simplicial complexes. There exists a barycentric subdivision K' of K and a sim-
plicial uniformly continuous quasi-isometry g : |K'| — |L| such that for any x € |K|, f(x)
and g(x) belong to a same simplex of L.

Proof : Let w be a vertex of L, and let us denote by St(w) its open star!. When
w goes throughout the vertices of L, we obtain an open covering {Uy},, of |K|, with
Up = f1(St(w)).
Let us show that {U,} admits a positive Lebesgue number. The diameter of each St(w)
and of each intersection St(w) N St(v) is uniformly bounded above and below, since L has
bounded geometry. Moreover, f is a quasi-isometry, and thus the diameter of each U,
and of each intersection U, NU,, is uniformly bounded above and below. We choose ¢ > 0
such that diam(U, N U,) > § for any choice of v,w. Then §/2 is a Lebesgue number of
our covering {Uy}.
Now let K’ be a barycentric subdivision of K such that for any vertex v of K’, the diameter
of St(v) is less than §/2. For any vertex v of K’, there exists a vertex w of L such that
St(v) C Uy. Choosing such a w for each v, one obtains a map g that sends the vertices of
K’ to vertices of L. Moreover, g sends simplices to simplices. Indeed, if vy, ..., v are the
vertices of a simplex A* then St(vg) N...NSt(vg) # 0. Consequently Uy, N...N Uy, # 0,
hence St(wo) N ... NSt wy) # 0. Thus g(vo), . .., g(vx) belong to a same simplex of L. We
thus have proved that g sends vertices to vertices and simplices to simplices. Hence, it
can be extended to a simplicial map g : K — L, by linear extension on each simplex. This
assures that for any z, the points f(x) and g(x) always belong to a same simplex of L.

It remains to be shown that ¢ is a uniformly continuous quasi-isometry. We know that
f is a quasi-isometry. Hence there exists constants o > 1 and 3 > 0 such that for any
z, 2 € |K|,

1
~d(z,7!) ~ B < d(f(@), /(")) < ad(z, ) + .
Let also D > 0 be such that diam (Ak) < D for any simplex AF of L. For any z,z € K,

d(g(x), f(x)) + d(f(2), f(2")) + d(f(z'), 9(a"))

d(g(x),9(a")) <
< ad(z,2')+2D

!j.e. the union of all open simplexes having w as vertex.



50 CHAPTER 1. PRELIMINARY NOTIONS

Moreover, one has

d(f(z), f(2")) < d(f(2),9(z)) + d(g(z), g(2")) + d(g(2"), f(2')).

Hence

d(g(x),9(2")) = d(f(z), f(2")) = d(f(x), g(x)) — d(f(z), g(2")).

This tells us that

A(g(w),9(x")) > ~d(x, ')~ — 2D.

Hence g is a quasi-isometry, with constants «, (5 + 2D). 0

Definition (BGSC simplicial approximation) ¢ is a BGSC simplicial approzima-
tion of f.

Remark 1.10 Let f : |K| — |L| be a uniformly continuous quasi-isometry, and g be a
BGSC simplicial approximation of f. Let us define F': [0,1] x |K| — |L| by the formula
F(t,x) =tg(x)+ (1—t)f(x). Then F is a uniformly continuous quasi-isometric homotopy
from f to g.

Definition Let K and L be bounded geometry simplicial complexes, and f : |K| — |L|
be a uniformly continuous quasi-isometry. Let also g : K — L be a BSGC simplicial
approximation of f. Let us moreover suppose that m is a sequence of real numbers 1 <
pr < 0o such that pry1 < pr. We define f* : HE(L) — HF(K) the linear map induced in
L, cohomology by f by setting f* = g*.

In order to give sense to this definition, we must show that if g; and go are two BGSC
simplicial approximations of f, then g7 = g5 at the cohomology level. We already know
that g1 and go are homotopic in the BGSC sense, i.e. there exists a uniformly continuous
quasi-isometric homotopy F': [0,1] x |[K| — |L| from g; to g2. Hence the following lemma
gives us our conclusion:

Lemma 1.39 Let K, L be two bounded geometry simplicial complexes, and f,g: K — L
be two simplicial uniformly continuous quasi-isometries. Suppose that there exists a BGSC
homotopy F : [0,1] x |K| — |L| from f to g. Let also m be a sequence of real numbers
1 < pr < 0o such that pr11 < pg.

Then there exists a linear map A : C¥(L) — C*~1(K) such that

gt = As — JA.



51

Proof : Let ¢ € C*(L) be a k-cochain, and AF a simplex. One has

(ffe— g e)(AF) = F*e(1 x AF) — F*e(0 x AF)
= (F*¢)(1 x A¥ —0 x AF)
= F*c(0I x AF)

Hence

(f*c— g*c)(AF) = (F*e)(A(I x AF) — T x dAF).

Observe that in this formula, I x A* is not a simplex but a chain that triangulizes the
polyhedron I x AF.

Let Ac: Cp_1(K) — R be the cochain defined by (Ac)(AF1) = (F*c)(I x A¥1). One
has

A(6e)(AF) = (F*oe)(I x AF)
= (6F*c)(I x AF)
= (F*¢)(0(I x A"))
On the other hand,
(Ac)(DAF) = (F*e)(I x dAF).

Hence,

(ffe—g'e)(Aah) = A(de)(AF) — (Ac)(9AF)
= A(6c)(AF) — 5(Ac)(AF)
= (A(de) - 5(Ac)) (AY)

Thus f*—g* = A§—JA. If c € C (L), then Ac € Ch~*(K) which is included in C¥~! (K)

Pr—1
whenever pg_1 > pg. 0
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CHAPTER 1. PRELIMINARY NOTIONS



Chapter 2

The De Rham isomorphism for
Lr-cohomology

This chapter is dedicated to the proof of an isomorphism theorem between the de Rham
L -cohomology and simplicial L,-cohomology:

de Rham isomorphism theorem: Let (M,g) be a non-compact, orientable, complete
and connected Riemannian manifold, and assume that M admits a uniform triangulation
T:|K| — M. Let m = (po,...,Pk,-..) be a sequence of numbers satisfying one of the
following hypothesis :

1 1 1
(1) 1<pp,<ooand0 < — — —— < —, or

Pk Dk-1 N

1 1 1
(2) 1<pp<ooand0< —— — < —.

Pk Dk-1 N

Then for any k there are vector space isomorphisms

HE(M) = HEK)  and  Ho(M) = Hy(K)

and the latter is continuous.

Here is how we prove this result. First, we introduce a complex of piecewise forms on K,
called the Sullivan compler. We give a L, version of it, and we establish two correspon-
dances: one between the Lr-Sullivan complex and the simplicial L;-complex of K, and
one between the L -Sullivan complex and the de Rham L,-complex of M. We then prove
that these correspondances give rise to isomorphisms at the cohomology level.

The correspondances between the Sullivan complex and the cochain complexes are given
by integration and Whitney transformation, and the correspondances between the Sullivan
complex and the de Rham complex are given by inclusion and by regularization.

53
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The Sullivan complex

Let (M, g) be a Riemannian manifold, and 7 : |K| — M be a uniform triangulation of
M. We identify M and |K| via this homeomorphism. Recall that K is realized in some
euclidean space RY, thus each open face of K is a submanifold without boundary of RY.

Let us introduce two more vector spaces of differential forms on a manifold:

LM, AF) = {w e LL (M, AF) ( w]loo = esssup w(@)] < oo},

OF (M) = {w e L=(M, A% ) dw € L®(M, Ak+1)} .

We denote respectively by L (M, A¥) and QF

. ~oloc(M) the local versions of these spaces.

Terminology: the elements of the Banach space QF (M) are the flat forms.
The theorem below allows us to take the pullback of a flat form by a Lipschitz map.

Observe that this does not imply the existence of such a pullback for LP forms.

Theorem 2.1 Let f: M — N a Lipschitz map between manifolds. Then for any flat form
w € Qk (N), the form f*w is well defined and is a flat form. Furthermore, df*w = f*dw.

Proof :  See [Whi57]. See also the discussion in [Hei05]. 0

Definition (Sullivan form) : A Sullivan form of degree k on K is a collection w =
{waYack, Where wa € Q% (A) for each A € K, satisfying the following condition: if A’
is a simplex contained in A, we have wa/ = wa |-

Here the restriction wa |as is the pullback ji, \wa where jar A is the injection of A’ into
A. Tt is well defined by theorem 2.1.

Notation and terminology:
a) We denote by S¥(K) the vector space of Sullivan forms of degree k on K.

b) wa is the A-component of the form w.

Remark 2.1 One can define the exterior differential form of a Sullivan form, taking the
exterior derivative component by component. Since dj}, o = jAs ad, one has d(S*(K))
Sk+1(K). Hence S*(K) together with the exterior differential is a cochain complex of
vector spaces.

Definition (Sullivan complex) The Sullivan complez of the simplicial complex K is
the space S*(K) together with the differential. We denote by H*(S*(K)) its cohomology
space of degree k.
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The following result is due to Gol’dshtein, Kuz'minov and Shvedov (see [GKSS88]):

Lemma 2.2 There is a vector space isomorphism ¢ : Q’;O’IOC(M) — SF(K).

Proof :  For w € QF | (M) and AF a simplex, let war = (7|ar)*w. Let us denote
drw = {war farer. We shall prove that ¢, is an isomorphism. It is clearly injective and
linear, therefore we only need to prove that it is onto. Let {#a} be a closed Sullivan form
of degree k on K.

There exists forms w € L (M, A¥), o' € LS (M, A*1) such that (7|xn)*w = fan and

(T|pn)*w" = dan, where n = dim(M). We need to prove that dw = w’, i.e. for any
compactly supported smooth form u of degree n — k — 1, one has

/w/\du:(—l)kH/ W A
M M

For a pair A’, A of simplexes of K, let us write

1 if A’ is a face of A with induced orientation
[A": Al =< —1 if A is a face of A with opposite orientation
0 else.

One has

/Mw/\du+ (l)k/Mw'/\u > </n9A" A d(T*u) + (1)k/nd9An /\T*u>

AT

= Z/n d(Oan A T )

AN

RS [A"le”]/

j*An717An9An /\ T*u
AT An—l A

n—1
= 0.
Equality (1) is due to Leibniz’s Formula. Equality (2) is Stokes theorem, and equality (3)

is due to the following fact : each integral in the sum appears twice, each one correspond-
ing to a different orientation of each (n — 1)-simplex, and all terms vanish. 0

Remark 2.2 The A-component of ¢(w) is simply the pullback of w by the triangulation
mapping 7 extended to a neighborhood of A.

We now introduce a L, version of the Sullivan complex.
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Definition (L,-Sullivan complex) Let us denote by S¥(K) the space of Sullivan forms
of degree k for which the norm |[wl| gk k) is finite, where

1 1

Pk Pr41
Wl = (5 esolenr) " (3 esoars )

AeK AeK

Proposition 2.3 The space SE(K) is a Banach space.

Proof :  Let (w/) C S¥(K) be a Cauchy sequence, and for any simplex A let us consider
the restriction w’y. Each sequence (w, ) is a Cauchy sequence in Q% (A), which is a Banach
space. In particular, for each A there exists a limit wa € QF (A). We shall prove that the
Sullivan form {wa }a belongs to S¥(K).

Let us enumerate the simplicies A, u € IN. There is a map ¢ : SF(K) — RN@ RN defined
by

6) = ( (o limiapan) (1o, limis,aem) ).

This map sends continuously S¥(K) into the subspace 7% (IN) @ ¢P++1 (IN). In particular,

MW=¢@mw0=hm¢@ﬂ-

J—00 J—00

Since ¢ (w’) € £P+(IN) @ €P++1(IN), one has ¢(w) € ¢Pr(IN) @ ¢Pr+1(IN). But this exactly
means that {wa}a € SE(K). 0

Notations :
1. H*(S2(K)) denotes the cohomology of the Banach complex S®(K).

2. If K is a simplicial complex, and L is a subcomplex of K, we denote by C*(K, L)
the Banach subspace of elements of C¥(K) which are 0 on L. Similarly, C¥(K, L)
stands for the elements of C¥(K) which vanish on L. We denote by H¥(K, L) the
resulting cohomology.

3. If K is a simplicial complex triangulating a manifold and L a subcomplex of K we
denote by S¥(K, L) the subspace of elements in S*(K) which are 0 on L. Simi-
larly, S¥(K, L) stands for the elements of S¥(K) which vanish on L. We denote by
H¥(S*(K,L)) and H*(Sk(K, L)) the respective resulting cohomologies.

The integration morphism

Definition (Integration morphism) : Let K be a simplicial complex realized in some
euclidean space RY. The integration morphism is the linear map I : S¥(K) — C*(K)
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defined by the relation

(@t = [ o

Ak
where w € S¥(K), A* € K.

Lemma 2.4 Let K be a simplicial complex. We have the relation ol = Iod. Moreoever,
if K has bounded geometry, then I sends S¥(K) to C*(K) continuously.

Proof :  The fact that § oI = I od is a direct corollary of Stokes theorem and of the
definition of &, which is dual to the boundary operator. Let w € S¥(K), so that

1 1

P Ph41
loll s () = (Z esssup !wAlp’“> + (Z esssup |de|pk+1> < oo.

AeK AeK

Let D > 0 be such that Vol*(A*) < D for any simplex A* of dimension k. We have

IT@)E = 3 |rw)ah)

AkeK
/ WAk
Ak

>
5 (Vo (at)suploil )

Pk

Pk

IN

AkeK
k
AkeK A
DPx Z sup |wa [P* .
Aek A

IN

Hence )

Pk
1 ()ll,, <D (Z sup !wA\p’“) :
AeK
Similarly, since § o I = I o d, we have also
1

Pk+1
161 (@)ll,,,, <D (Z sup ydeypkH) .

AeK

Hence HI(w)HC#(K) <D- Hstﬁ(K). Therefore, I(S,’ﬁ(K)) C CF¥(K), and I : SK(K) —
C*(K) is bounded with norm at most D. O

The Whitney transformation

We now introduce Whitney forms on a simplicial complex. For their construction we follow
[ST76]. Let n = dim(kK), and let us denote by (e;);cy the vertices of K, by St(e;) the star
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of e;, and by b; the barycentric coordinate function of e;, that is the map defined as follow
: for any = € | K], there exists a unique open simplex A such that x € A. Let ¢;,...,e€;,
be the vertices of A. For any j ¢ {io,..., i}, we set bj(x) = 0. For any j € {ig,..., i},
the real numbers b;(x) € [0,1] are then uniquely determined by

k
xr = Z bi, (x)e;,.
n=0
Let
F=dee|K| |bi@) > —
e T 41
G € |K| |bi(z) < L
i =\7T i\T) S ——
n+2

Let also G be the complementary set of G; in |K|. Note that F; is compact, since it is
closed and contained in the bounded set St(e;). Let f; be a smooth function such that
fi > 0on F; and f; = 0 on GG;. Observe that all simplices are bilipschitz-equivalent one
to each other, with uniform Lipschitz functions. Hence, the functions f; can be chosen
independently of i: i.e. we can define f; for one ¢ and define it for all other ¢ by composition
with a bilipschitz diffeomorphism.

It is clear that (G%) is a locally finite open covering of | K|, and moreover the function f;
has its support contained in G}.

Hence for any x € |K|, the sum >, f;(z) has only a finite number of non-zero terms. In
particular, the following expression defines a smooth function g; : |[K| — R:
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_ i

==
>
j=1

Now let A be a s-simplex of K, and A* a k-face of A, with k < s. Let e;,,--- ,e;, be the

vertices of A with ig < -+ < 45, and ej,, -+ ,ej, with ig < jo < -+ < jp < 45. Let us
consider the following form:

Bi

k

Yara(@) =k (<1 B;.dB, A AdB;, A AdB;,
r=0

where the symbol ~ means that the corresponding term is omitted. It is immediate to see
that this form has degree k, is defined on all M and is zero outside of A.

Properties:
a) If A’ is a face of A”, ya A7 = va.A7,

b) For any simplex A¥ and any face Af,

/ Yak AL = constyg
A
where the constant consty o depends only on k and /.

Definition (Whitney forms and Whitney transformation) (i) Let ¢ € C*(K)
be a cochain on a triangulation K of a manifold M. The Whitney form associated
to ¢ is the Sullivan form of degree k given by

w(c)a = Z C(Ak)'VAk,A
Ak<A

where the notation A¥ < A means that A is a face of A.
(ii) The Whitney transformation is the linear map w : C*(K) — S*(K) defined by
w(c) = (w(e)a) ek -
The following result is classical in the proof of the usual de Rham isomorphism theorem:
Lemma 2.5 (1) wod=dow

Proof :  These are the points (1) and (2) of Lemma 1, chapter 6.2 of [ST76]. 0
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Lemma 2.6 In the case where the triangulation K is uniform, the Whitney transforma-
tion w sends C¥(K) to SF(K) continuously.

Proof :  Since the simplices are uniformly bilipschitz equivalent, there exists a constant
K > 0 such that |yara|, |dvaral < k. Let N = dim(M). We have

Pk

S swplw@P = 3 sup| 3 e(dF)ana

AeK AeK Ak<A

= Y sup > _[AF: Ale(AF)yar A

Ak

< ) s { <(diH§?iAH)1(AI)€)T(;)!+ 1)!>pk %; ‘[Ak : A]‘ ‘c(Ak)

Pk

Pk

" "YM,A}pk}

< NPy S ‘[A’“ : A]‘ ‘C(Ak)
Ak AeK
< RPN 1P ]

In inequality (1), the constant

(dim(A) + 1)!
(dim(A) — k)!(k + 1)!

is simply the number of k-faces of A, i.e. the number of terms in the sum
Ak
This constant is bounded by (N + 1)!, which explains inequality (2).

Similarly,
D sup |dw()Pt < PN 4 1)
AEK

We thus obtain

1

i Pl41
Z sup |w(c)|P* + Z sup |dw(c)[PE+t < k(N+1)! (HCHC;k(m + H‘;CHc;k 1(K)) :
AeK A AeK A -

Hence
lw(e)llsz ) < BN + Dlellcrx)-
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Lemma 2.7 (Inclusion) The isomorphism ¢~ : SF(K) — Q’;OJOC(M) of lemma 2.2

sends SE(K) onto QE(M). Moreover, the operator ¢~ : SK(K) — QF(M) is bounded.

Proof : Let w € S¥(K) be a L,-Sullivan form of degree k, and let 6 be defined by
0=¢ 1(w)eQF . (M). Then

oo,loc

1 _1
Hw”Qﬁ(M) = </ |w|pk>p’“ n </ ’dw|pk+1>pk+1
M M

1 1

- (S hon)" (s L)

cte HHHS;;(K)

IN

This shows the result. 0

We can now prove our isomorphism theorem.

Proof of the de Rham theorem

First, we prove that there is an isomorphism in cohomology between H¥(S*(M)) and
HE(M).

Lemma 2.8 Let (M, g) be a Riemannian manifold, and assume that M admits a uniform
triangulation T : |K| — M. Let m be a sequence of real numbers such that one of the
following conditions hold :

1 _ 1 1
(1) 1 <pp<ooand - — "= <5, or

1 1 1

Then for any k there is a vector space isomorphism

H* ((S3(K)) = Hy (M).

Proof : By point 2 of the regularization theorem 1.6, we know that RM : Q2 (M) —
Q2 (M) is a morphism of Banach complexes. By point 1, it has its image contained in the
subcomplex S3(K), and by point 6, it is homotopic to the identity Idgs (k. By proposition
A.2 of chapter 4, we can conclude. 0

The results still holds in reduced cohomology:
Lemma 2.9 Let (M, g) be a Riemannian manifold, and assume that M admits a uniform

triangulation T : |K| — M. Let m be a sequence of real numbers such that one of the
following conditions hold :
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1 1 1
(1) 1 <pp <ooand - — "= <5, or

1 1 1
(2) 1<pp<ooand ;- — - — <.

H' (S2(K)) = Hy (M).

Proof : A homotopy is a weak homotopy as well, and the operators RM of the reg-
ularization theorem are continous. Hence by point 2 of proposition A.3, we have the
conclusion. 0

Lemma 2.10 Suppose that A is a standard simplex of dimension £. Then

0ifk ¢

krge/ Al 0\
f{@(A,m&D_{RﬁkZE

where the isomorphism H*(S*(A* 0AF)) — R is given by

0 — 0.
Bk

Proof :  The proof is similar to the computation of the classical de Rham cohomology
of smooth forms. In the classical case, it relies essentially on:

e Two short exact sequences in cohomology (the Mayer-Vietoris sequence and the
relative cohomology sequence);

e Algebraic work (diagram chasing) to derive long exact sequences from the two above.

The Mayer Vietoris sequence still exists for LP forms and flat forms: indeed, it only
involves the existence of a restriction operator (to an open subset). Moreover, it is still
exact. Hence, the long exact Mayer Vietoris sequence still exists.

Since flat forms may be restricted, the short exact sequence in relative cohomology still
exists for flat forms as well, as it relies only on the existence of a restriction operator.

|

Now we prove that there is an isomorphism in cohomology between H¥(S2(K)) and

H*(CR(K)).

Lemma 2.11 Let 1 < pi < 00 a non-increasing sequence of real numbers. For a Rie-
mannian manifold (M, g) with bounded geometry and a bounded triangulation K of M, we
have

H*(S3(K)) = H(K).
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Proof : By lemmas 2.5 and 2.6, the map
I SE(K) — C5(K)
is continuous and surjective. Hence, the map induced in cohomology
I: B (S3(K)) — HE(K)

is continuous and surjective as well. We have to prove that it is also injective. In fact we
will prove more generally that I : H* (S2(K,L)) — HEF(K, L) is injective, where L is a
subcomplex.

For this purpose, we must show the following : if § € S¥(K, L) is a Sullivan form of
degree k, such that df = 0, and that I = dc for some ¢ € C¥1(K, L), there exists
w € SE=1(K, L) such that dw = 6.

In the case where k = 0, the form 6 is simply a function, and the condition df = 0 means
that 0 is constant. Moreover, the condition 16 = §c tells us that 160 = 0, for 0 is the only
exact simplicial cochain of degree —1. But for any 0-simplex (i.e. vertex) v, one has

10(v) = /vo — 0(v).

Hence 6 = 0, and this form is thus exact.

We can suppose now that k& > 0. Let us denote by KU) the j-th skeleton of K, and by K §
the subcomplex K) U L. We construct for each j > k a (k — 1)-form w; € SE~1(K;, L)
such that dw; = j}}w 0. Since dim(K) is finite, this procedure will end up after a finite
number of steps.

We distinguish three cases: ) < k—1, j =k and j > k.

(a) First, for any 7 < k — 1, we can simply set w to be 0 on the j-skeleton. Hence, let us
set
wj=0forany j <k —1.

(b) Suppose now that j = k. We must define wy, ox for any k-simplex AF.

We know that df = 0. In particular, §,x is an element of H*(S*(A* 0AF)). Moreover,
16,k = 0 in cohomology. But by lemma 2.10, I establishes an isomorphism between
H*(S*(A* 0AF)) and R. Hence at the cohomology level, O5r = 0, i.e. O is exact. It
means that O,r € BF(A¥), where B¥(A¥) is the space of exact forms of S¥(A* OAF).
Finding a primitive yet doesn’t suffices, as we have to control its norm.

By lemma 2.10, H* (S *(AF, 8Ak)) is a finite-dimensional vector space. In particular,
the space B¥(A¥) is closed and the map d : S¥~1(A* 9AF) — B¥(AF) is thus a con-
tinuous and surjective map between Banach spaces. By the open map theorem, there
exists a constant Cax such that for any a € BF(AF), there exists far € SF~1(AF, 0AF)
verifying dBar = a and

1Baeloe < Ca 1o
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Moreover, the constant Cax can be chosen uniformly : indeed, all the simplices of a
given dimension are the same up to a Bilipschitz change of coordinates, with uniform
Lipschitz constants. We can thus chose C' > Cxr for any AF.

Let us apply this result to v = fx. There exists a form wy, ax € S¥71(A*, OAF) such
that dwk’Ak = eAk and
lokaell = ClOA#

Let wg = (wkvAk)M . We claim that wy, € S¥=1(K, L). Let us recall that for p,_1 > p,

there exists a continuous inclusion ¢P+(IN) C ¢Pk-1(IN) with norm at most 1. The set
of simplices AF of K(*) is countable and one has py_1 > py, hence

1 1

Pr—1 Pr
> lwkall?E? < > lwall?
AkeK), AkeK,

"
< [ > (@0all)P

AeKy
1

Pk

< C Y l0al ] <o
A€EKy
Moreover, since dwy A = 0a, one has
N N
Pk Pk
M lldwral® ] = D0 10al2]  <oo.
A€EKy AeKy

Those two inequalities yield the fact that wj, € S¥~!(Kj}, L). More precisely, one has

lolgs 1, 2 < (€ + D10l st iy
The form wy, thus satisfies our conditions.

We still have to construct w; for j > k. Let us suppose that we have so far constructed
a form wj_1 € SK71(K;_1, L) such that dw;_; = Tk, 1,0 Let W' € SE-Y(K;, L) be
an extension of w;_1 to K;. We are going to add to ' a “primitive” of § — dw'.

Suppose that A7 is a simplex of dimension j. Its boundary is a sum of simplices of
dimension j — 1, hence we have ng’Kj(H —dw') = 0. We have d(f — dw') = 0 on AJ,
thus 6 — dw' is closed. Moreover, it is an element of S*(A7, JA7), and by lemma 2.10,
one has

H* (S*(A7,0A7)) = 0.
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Hence 6 — dw’ € B*(AJ) which is a Banach space, and by the open map theorem,
there exists w” € S¥(Kj, L) such that

dw" =60 — do'.

Let w; = ' +w"” € SK(K;, L). We have

dw; = dw' + dw"”
= dw' +60—d
= 0.

By induction, for j large enough, w = w; is the one we are looking for.

Observe that the inequality

lwillst 1.y < (€ + DIlBlls k.

establishes the continuity of our construction.
In particular, our isomorphism restricts to the reduced cohomology setting:

Lemma 2.12 Let 1 < pp < o0 a non-increasing sequence of real numbers. For a Rie-
mannian manifold (M, g) with bounded geometry and a bounded triangulation K of M, we
have

H(S2(K)) = H(K)

|

Let us summarize the situation. We have three Banach complexes together with mor-
phisms

™

Q'(M)?S;(K)?C'

where ¢ is the inclusion. These morphisms induce linear maps at the cohomology and
reduced cohomology level :

HE(M) =2 14 (S3(K)) == HA(K) TS () == " ($2(K) == T5(K)

™

Using the isomorphisms given by 2.8, 2.9, 2.11, 2.12, we now have the following theorem:
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Theorem 2.13 [de Rham isomorphism for Lr-cohomology/ Let (M, g) be a non-compact,
orientable, complete and connected Riemannian manifold, and assume that M admits a
uniform triangulation 7 : |K| — M. Let m be a sequence of numbers satisfying one of the
following hypothesis :

1 1
(1) 1 <pp<ooand < — — —

1

—, or
Pk Pk—1 n

1

1 1
(2) 1<py<o0and < — — — <
P DPk-1 T

Then for any k there are vector space isomorphisms

HE(M) = HNK)  and  Hy(M) = He(K)

and the latter is continuous.

Monotonicity for non-compact manifolds

As corollary, we can adapt the monotonicity results 1.34 and 1.35 to the Riemannian
setting:

Lemma 2.14 Let M be a Riemannian manifold with bounded geometry, p, q1, g2 three real
numbers satisfying one of the following hypothesis :

1 1 1 1 1 1

(1) 1 <p,qi,q92 <00, as well as 0 < — — — < —, 0<-——<—and g > q, or
p g n p ¢ N
1 1 1 1 1 1

(2) 1<p,qi,gp<00,aswellas0<-——<=, 0<=-——<—andq > q.
P q n P ¢ n

Then the following inclusions hold:

k k -k -5k
H,,(M)CH;,(M) and H,,(M)CH,,(M).

Proof :  For a uniform triangulation K of M, there exist vectors space isomorphisms

HY (K)=H* (M)and H* (K)=Ht (M),

a2p q2p ap ap
w5k -k w5k w5k
qup(K) = Hqu(M) and qup(K) = qup(M).
By lemma 1.34, one has Hé“Qp(K) C Hé“lp(K) and F];p(K) C Fl;p(K), hence
k k w5k -k
HE (M) C HE (M) and Hy, (M) C Hy, (M).
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Lemma 2.15 Let M be a Riemannian manifold with bounded geometry, p, q1, g2 three real
numbers satisfying one of the following hypothesis :

1 1 1 1 1
(1) 1 <p,q1,q2 < 00, as well as 0 < — — — < —, 0<——-<—andpy <pi, or
b2 q n b1 q n
1 1 1 1 1 1
(2) 1<p,qi,q2 <00, as well as 0 < — — — < —, 0<——-<=andps <py
p2 g N pr g n

Then

oY, (M)=0= H}

Proof :  For any uniform triangulation K of M, one has

HY (M) =H}, (K)and H} (M) =H}  (K).

»P1 q,P1 q,p2 P2

Moreover, by lemma 1.35, we know that H¥ (K)=0= HF (K)=0. Hence

q;P1 q,p2

k _ k —
Hi, (M)=0= Hg, (M)=0.
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Chapter 3

Quasi-isometry invariance

In this chapter, we define a L,-cohomology notion for graphs, and we prove, following a
strategy of Gabor Elek, that under suitable assumptions on a sequence 7 of real numbers,
the L,-cohomologies of two uniformly contractible quasi-isometric Riemannian manifolds
with bounded geometry coincide.

The strategy is the following: first, we prove that the so-called coarse L,-cohomology of
two graphs is a quasi-isometry invariant. Then, to each simplicial complex K with bounded
geometry, we attach a graph G (namely its O-skeleton together with the distance induced
by its 1-skeleton) and prove that the L, simplicial cohomology of K coincides with the
coarse L -cohomology of G. If K and K’ are quasi-isometric simplicial complexes, their 0-
skeleta G' and G are also quasi-isometric, and thus H¥(K) = HE(K"). This result implies
that for quasi-isometric Riemannian manifolds M, M’ admitting a good triangulation,
HY(M) = HF(M"), since de Rham theorem allows to induce the quasi-isometry on the
simplicial setting.

Coarse L,-cohomology

Let G be a metric graph, and let us recall that Vi denotes the set of vertices of G,
together with the metric induced by G. In the sequel, we consider graphs that have
bounded geometry:

Definition (Graph with bounded geometry) Let G be a graph. One says that G
has bounded geometry if there is a uniform bound on the number of neighbors of a vertex.

For example, the 1-skeleton of a simplicial complex with bounded geometry, with the
length metric, is such a graph.

Definition Let G be a graph with bounded geometry. For k € IN and R > 0, the
penumbra of radius R and order k of G is the set

Pen(G,R) = {(xo, co, ) € Vg“ d(zi,xzj) < R,0<1i,j < k‘} .

Among other characterizations, it is the R-neighborhood of the diagonal in VC]T?'H.

69
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Let 1 <p < 0co. We define
C’X]]j(G): a:V£+1—>R Z la(zo, ..., x)[P < oo for any R >0
(zoy...,xk)EPen(G,R)

We endow CX;(G) with the Frechet topology given by the family of semi-norms pg given
by

D=

pr(a) = Z la(xoy ... xp)|P

(zo,...,xk)EPen(G,R)

The space CXI’f(G) is thus a topological vector space, and is metrizable: indeed, a metric
inducing its topology is for example:

do,0) = 3 2000

Re]Nl—i—pR(a_’B)'
The differential map defined by
k+1 '
da(xo, ..., zpy1) = Y _(=D'a(zo,... . Ti,. .., Thp1)
i=0

sends obviously CX;f(G) onto C’X;)“H(G) in a continuous way. For 1 < ¢,p < oo, let

axk,(G) = {a € CXE(G) | da e OXETH(G) ]
If 7 is as usual a sequence of real numbers 1 < pp < oo, one denotes by QX% (G) the vector
space QX;fkpkH(G).

With these notations, one has a cochain complex of vector spaces

= QXFY(G) L xR (@) — L QXEN(E) —

Let us denote by HX¥(G) the cohomology in degree k of this complex, that is

HXKG)=zX} (G)/BX) ., (G)
Where
ZX} (G) =ker(d) N CX} (G)
and
BX} ., (G) = dCX}7L (G) N CXp (G) = d (2XE74(@)).

We will also use the notations

k k k k
ZXK(G) = ZX} (G) and BXE(G) = BXE ().
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Definition The cohomology HX*(G) is called the L-coarse-cohomology of G.

Let BXfr(G) the closure of BX%(G), i.e. the space of coarse cochains o € QX¥(G) such
that there exists a sequence (u,) C QX*1(G) with

1
> ((duy — a)(z0, . . ., zp)|P < o
(0,-..,7x)EPen(G,n)
This leads to the following definition:

Definition (Coarse reduced L;-cohomology of a graph) Let G be a graph. The
(coarse) reduced L-cohomology of G is the quotient

HX.(G) = Z5(@) /Ba(@).

Quasi-isometry invariance of the coarse cohomology

Let ¢ : G — H be a map between graphs and « : VI’}H — R be a real-valued map, ¢*« de-
notes the real-valued map ¢*« : V(’;CH — R given by ¢*a(xg, ..., zr) = a(d(xo), ..., o(xk)).
Let us also observe that d¢*a = ¢*da for any ¢ : G — H and « : Vllfrl — R. In particular,
any map ¢ : G — H acts at the cohomology level.

Definition A map ¢:V — W is (L, C)-quasi-Lipschitz if there exist constants L, C > 0
such that:

The map has bounded multiplicity if

M = d(o7! :
;%%(Car (07 (y)) < 0

M is the multiplicity of the map.

Lemma 3.1 Let G, H be two graphs, and ¢ : G — H a (L, C)-quasi-Lipschitz map with
bounded multiplicity. Then ¢* (C’X;f(H)) C C’X;;”(G). Moreover, ¢* sends C’X;;(H) into
CXF(G) continuously.

Proof :  Observe first that for any R > 0, one has

¢ (Pen(G,R)) C Pen (H,CR+ L).
For any R > C, one thus has

prc(¢"B) = > [(¢"B) (o, ..., w) [P

(IO:"~7$k)€Pen(G7 RZC)

< M > 1B(yos - -, yk) [P
(y0,---,yx)EPen(H,R)
< MM pRr(B)P
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where M is the multiplicity of ¢. This inequality yields the continuity.
[l

Remark 3.1 As noticed above, ¢* : CX;)“(H) — CX;)“(G) is a chain map: ¢*d = d¢*.
Hence if ¢ : G — H is a (C, L)-quasi-Lipschitz map, it sends CX}';(H) into CXZ’)“(G) for
any choice of k,p and therefore induces a map at the cohomology level

¢*: HXF(H) — HX* Q).
Definition Two maps f,g:V — W between metric spaces are parallel if

sup d(f(z), g(z)) < oo.
eV

Lemma 3.2 Let G, H be two graphs with bounded geometry, and ¢,v : G — H two
parallel (C, L)-quasi-Lipschitz maps. Let also 1 < p < oo and k € IN. Then the map
T: CX;,‘:H(H) — CXI]f(G) defined by

k—1

T6(xo,y ..., Tp—1) = Z(—l)“ﬁ(f(xo), o f@n),g(xw), .o g(Te—1))

pu=0

has the following properties:
(1) T is continuous;

(2) T is a homotopy from f* to g* in the following sense:

ff—=g" =dT+Td.

Proof :  Let us first prove that 7" is continuous. We can assume that f and g are (L, C)
quasi-lipshitz and C-parallel, i.e. d(f(x),g(x)) < C for any x € V. If E C V is a set of
diameter r, then f(E) C W and g(E) C W have at most a diameter Lr + C and f(F) U
g(E) C W has diameter at most Lr+2C because f and g are C-parallel. This implies that

(1307 v 7xk—1) € Pk,T(V) = ((f(x0)7 (R f(xlt)v g(xll)ﬂ g(l‘lﬁ-l)) € Pk+1,Lr+2C(W)7 thus

pr=zc (TB) < kpy(B)

and T is thus continuous.
We now prove the identity (2). To simplify the calculation, we shall write y; = f(z;) and
zj = g(xj), thus

k—1

Tﬁ(l‘o, < 75[;]671) = Z(_l)uﬁ(y(ﬁ s Yps Ry - Zkfl)'

n=0



Thus T'(df3) is the following sum containing (k + 2)(k + 1) terms:

k
T(dB) (o, xx) = Y _(=1)"dBWo, - - -+ Ypus 2us - - - 2k)
©n=0
k Iz
:Z Z ]+N/8y07"‘7g\j7"'7yuvz/.b7"'zk)
pn=0 \ j=0

k

D (1B o, Y 2 B

J=H
which can be rewritten as
T(dp)(xg,...,xx) =
Z (—1)j+"ﬂ(y0, s Uje e Yy 2 - 2k)

0<j<u<k

— > B0y Y 2 B

0<p<j<k

Likewise d(T'(3) is the following sum containing k(k + 1) terms:

k
d(TB)(xo, ..., x1) = Z(—UJ(M)@O, Ty )

7=0
k k
=01 D GO B0y T Y s
J=0 \p=j+1
j—1
+Z(—1)j+“ﬁ(y0,...,y#,z#,...,,?j,..
n=0

And this can be rewritten as
d(TP)(xg,...,xx) =
— > (1IEBWYoy T Y Zas - 2)

0<j<u<k

+ ~
+ g DT80y -+ s Yps Zpas -+ Zjs - -

0<N<]<k

.Zk)

.zk)

- 2k)

- 2k)

L Z2k)-
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Adding now T'(df) 4+ d(T'53) kills all terms with p # j leaving us with the sum of 2(k + 1)

terms corresponding to pu = j

(T(dB) + d(TB))(xo, . . ., xx) =

k

Z(ﬁ(yo,...,@,zw...zk)—,B(yo,...,yu,z/,),..

u=0

-Zk>)~
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Observe that for any 4 =0,,k — 1, we have

/g(y()?"wy;mz/;u"'zk) :ﬂ(y()?"'ay;:lazu-i-lv"‘zk)'

The previous sum enjoys a telescoping cancelation and we finally obtain

(T'(dB) + d(TB)) (w0, - - -, x1) = B(20,- - 2k) — B(Yos - - - Yk)
= (g"(B) = 1 (B) (w0, - - - k)

Corollary 3.3 Let f,g : G — H be two parallel (C,L)-quasi-Lipschitz maps between
graphs with bounded geometry, and m a decreasing sequence of real numbers 1 < pgpy1 <
pr < 00. Then f and g induce the same linear maps at the cohomology level:

f*=g*: HX*H) - HX*G).

Proof :  Let 3 € QXF(H). Then 8 € CXE (H), hence T8 € CXE~1(G) c CXE71(G)
and dT'8 € C’X]]jk (G). Consequently, if d3 = 0, one has

f'B—g"8=dy

with v = T € QXF1(G). Hence f*3 — g*f € dQXF1(G) = BXE(G). This shows that
f*— g" =0 at the cohomology level. 0

We may now prove that the coarse L,-cohomology of a graph is a quasi-isometry invariant.

Theorem 3.4 Let G, H be two graphs, ™ a decreasing sequence of real numbers 1 < pg <
00, and let ¢ : G — H be a quasi-isometry. Then

¢*: HXY(H) — HX(G)
is an isomorphism of vector spaces.

Proof :  Since ¢ : G — H is a quasi-isometry, there exists a quasi-isometry ¥ : H — G
such that

sup d(z,1 o ¢p(x)) < 0o
zeG

and

sup d(y, ¥ o ¢(y)) < oo.
yeH

That is, ¢ o1 and Y o ¢ are parallel to Idg, Idg respectively. Moreover, since ¢ o ¢ and
1 o¢ are quasi-isometries (as composition of quasi-isometries), they are in particular quasi-
Lipschitz. Hence by lemma 3.3, the maps ¢ o % and v o ¢ coincide with identities at the
cohomology level:
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(pop)* =1d: HXE — HXE,
and
(Yop)*=1d: HX}; — HXE.

By functoriality, this means that ¢* o¢* = Id and ¥* o ¢* =1d, i.e. ¢* and ¥* are inverse
one to each other.

|

The case of reduced cohomology
From lemma 3.1, we know that if ¢ is quasi-Lipschitz, then ¢* : C’XZ],“(H) — CX;f(G) is
continuous with respect to the Frechet topology of CX¥(H) and CX}(G). In particular,

. <k <k .
¢* sends BX (H) onto BX (G), and thus induces a map at the reduced cohomology
level:

o HX L (H) — HX (G).

Since the map T is continuous, the result 3.4 still stands in non-reduced cohomology:

Lemma 3.5 Let G, H be two graphs, w a decreasing sequence of real numbers 1 < pi < 00,
and let ¢ : G — H be a quasi-isometry. Then

o HX:(H) — HX (G)

is an isomorphism of vector spaces. Moreover, it is continuous with respect to the Frechet
topology.

Uniformly contractible metric spaces

We will need a restriction on the topology and geometry of our objects:

Definition A metric space (X,d) is uniformly contractible if the following condition
holds: there exists a function R : R4 — Ry such that for any ball B(xq, ), there exists
a homotopy F': [0,1] x B(xg,r) — B(xo, R(r)) from the identity to the constant map zo.
In other words, any ball of radius r retracts to a point within a ball of radius R(r).

Any uniformly contractible metric space is clearly contractible. However, the converse is
not true. The following examples go back to Gromov (see [Gro93]): for any integer n > 1,
let $2 be the 2-sphere of radius r and let S,, be the space obtained by removing a disk
with euclidean perimeter 27 and containing the north pole (see picture 3.1).
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Figure 3.1: A cutsphere

At each integer point n of the real line, let us attach the space S, from its south pole (see
figure 3.2 below). Then we obtain a contractible space, which is however not uniformly
contractible. Indeed, a circle of radius 1 located near the boundary of a sphere will
eventually need to go through the equator in order to be contracted onto a point. Since
the equators can be as large as desired, this forbids this space to be uniformly contractible.

-0

Figure 3.2: A contractible yet non-uniformly contractible space

A second example can be obtained in the following way: one takes R?, and gives it a
distance which makes it isometric to the standard cylinder $! x [0, co[ outside of a ball of
finite radius.

This copy of R? is of course contractible, but non-uniformly contractible.

Rips thickenings The main difference between examples of figure 3 and 3 is the follow-
ing: the first one admits no uniformly contractible Rips thickening. We define this notion
for a graph, but it is the same for a metric space.

Definition (Rips thickening of a Graph) Let G be a graph, and r > 0. The Rips
thickening of radius v of G is the simplicial complex P, (G) defined as follows:
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Figure 3.3: The space R?... somehow.

(i) The vertices of P,(G) are the vertices of G;

(ii) The (k + 1)-tuple (zo,...,x) defines a k-simplex T' of P.(G) if and only if the
following condition is satisfied:

0 <d(xi,x;) <r Vi#j.

If K is a simplicial complex, its Rips thickening of radius r is the Rips thickening P, (G)
of its 1-skeleton.
By notation abuse, we also denote Py(K) = K for a simplicial complex K.

Remark 3.2 The Rips thickening P, (G) differs from Pen(G, r) since it does not contain
the diagonal.

Lemma 3.6 If G has bounded geometry, then for any r > 0, the simplicial complex P.(G)
has bounded geometry.

Proof :  Since G has bounded geometry, there exists a constant N such that any vertex
has at most N neighbors in G. The ball B(v, ) centered in v and of radius r contains at

T T
most Z N vertices of G. Hence in P.(G) a vertex v has at most Z N neighbors.
i=0 i=0

Sequences of Rips complexes: We suppose in the sequel that K is a simplicial complex
with bounded geometry. We assume as well that K has its edges of length at most 1, which
can always be obtained up to a bilipschitz homeomorphism.

For each integer » > 1, let p, : P.(K) — P.41(K) be the natural inclusion. Moreover,
let us define define a map ug : K — Pi(K) by setting uo(v) = v for each vertex v,
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and by extending po by linearity on each simplex. Each p, is a uniformly continuous
quasi-isometry, hence we have a sequence in the category of bounded geometry simplicial
complexes (BGSC):

K ) Pl(K) M1 PQ(K) H2 Hrflpr(K) Hor

By functoriality of Hﬁ (see 1.39), such a sequence induces two sequences in simplicial
Lz-cohomology:

HECK) < f (Py(K)) <2 HE (Py(K)) <2 <220 b () <A

™

—k Ho —p - ® '
Ho(K) == Hy (Pi(K)) =~ Hy (P(K)) == H, (R(K)) =~

If one defines for any j > ¢ the map Aj; = pj_10...0p; : P;(K) — Pj(K), of course for
i < j <l onehas \jjoAj; = A; and thus )\;fl. o )\Z‘j = \j;. The two sequences described
above thus form projective systems.

Definition A map f: X — Y between two metric spaces is said to be bornologous if
there exists a function p : Ry — Ry for any x,2’ € X, one has

d(f(x), f(a")) < p(d(z,2")).

Definition A bornologous map f: X — Y together with a bornologous map g: Y — X
form a bornotopy equivalence if go f and f o g are parallel to Idx and Idy respectively.

The following proposition will be helpful :

Proposition 3.7 For any r > 0, there exists a map g, : Pry1(K) — K such that:
(1) gy is a uniformly continous quasi-isometry,

(2) There is a uniformly continuous homotopy between g, o (uy o ... 0 ug) and Idg.

Proof : The proof rests on two lemmas Higson and Roe (see [HR95]):

Lemma 3.8 Let f : X — Y be a bornologous map, where X is a finite dimensional
metric simplicial complex and Y is uniformly contractible. Then there exists a uniformly
continuous map g : X — Y that is parallel to f. Moreover, if f is already uniformly
continuous on a subcomplex X', then we may take g = f on X'.

Let us prove this lemma. We construct ¢ by induction on the skeleton. Let X *) denote
the k-skeleton of X, and let us set ¢ = f on X(© U X’. This initializes our induction. Let
us now suppose that g has been defined on X*)U X', and matches the conditions. For any
(k + 1)-simplex A*! the map g is defined on JA**1. Since Y is uniformly contractible,
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one can extend g|yar+1 to a map AF+1 Y whose image lies within a bounded distance
of the image of the vertex set of A. This construction defines the map ¢ on X 1 This
finishes our induction step, and proves lemma 3.8. 0

The map fi = pro...0opug : K — P.y1(K) is a uniformly continuous quasi-isometry.
In particular, there exists a quasi-isometry i, : Pr.11(K) — K such that @, o iz, and
Lr o fu, are parallel to Idp, (k) and Idg respectively.

The map g, : Pry1(K) — K is bornologous, the simplicial complex K is uniformly
contractible and P, (K) is finite dimensional. Hence, there exists a uniformly continuous
map ¢, : Pr41(K) — K parallel to f1, .

Since 1, is a quasi-isometry and g, is parallel to &, , the map g, is itself a quasi-isometry.
Moreover, the maps fi, o i1, and fi, o i, are parallel to Idp, (k) and Idx respectively,
hence the maps [, 0g, and g,op, are themselves parallel to Idp, (k) and Idg respectively.
We thus have two quasi-isometric uniformly continuous maps

iy K — Py (K) and g, : Pry1(K) — K.

that form a bornotopy equivalence.
We now use the following lemma from Higson and Roe [HR95]:

Lemma 3.9 Let X be a finite dimensional metric simplicial complex andY be a uniformly
contractible metric space. Then two uniformly continuous parallel bornologous maps f,g
from X toY are uniformly continously homotopic.

Let us prove this lemma.

Observe that if Y is uniformly contractible, and if f,¢g : X — Y are bornologous parallel
maps, then there exists a bornologous map F' : X x [0,1] — Y such that F(-,0) =
fyF(-,1) = g. Indeed, one can set e.g.

R i

Such a map is called a bornotopy from f to g. Let F': X x [0,1] — Y be a bornotopy
from f to g. We can suppose that the map F' is uniformly continous on the subcomplex
X x{0,1}. By lemma 3.8, we thus can assume that F' is uniformly continuous on X x [0, 1].

O

Apply now lemma 3.9 to the maps g; o i, : K — K and Idg to obtain that they are
uniformly continously homotopic. 0

We will also need the following lemma :
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Lemma 3.10 Let X,Y be two simplicial complezes of bounded geometry, and f,g: X —
Y two simplicial, uniformly continuous and parallel quasi-isometries. Then there exists
r > 0 and a simplicial uniformly continuous quasi-isometric homotopy F : X x [0,1] —

P.(Y) from pr—q10...up90 f to pip—10...pugog.

Proof : : Since f,g: X — Y are parallel, there exists K > 0 such that for any z € X,

one has
1f(z) = g(x)] < K.

In particular, if x is in a fixed simplex A, there exists r > 0 large enough such that
fr—10...poof(x) and p,_y0...poog(x) always belong a same simplex of P.(X). Moreover,
r depends on the diameter of A. Since X has bounded geometry, there exists a uniform
r such that for any z € X, the points j,—1 0 ...ug o f(z) and py—10...pp o g(x) belong
to the same simplex of P,.(Y').
We can then simply define a linear homotopy from p,—j0...pugo f to pr—10...pugo g.
Such a homotopy is uniformly continuous, and it is quasi-isometric. It suffices to take a
simplicial approximation of it. 0

Coarse cohomology and simplicial cohomology

We now relate the simplicial cohomology of a simplicial complex and the coarse cohomol-
ogy of its 1-skeleton. We begin by showing that the simplicial cohomology and reduced
simplicial cohomology of the complex can be expressed as the inverse limit of the coho-
mology groups of its Rips thickenings.

Let K be a simplicial complex, with bounded geometry. We denote by G its 1-skeleton
together with the length metric. It is a graph, whose vertices and edges coincide with
those of K. Moreover, from the fact that K has bounded geometry we deduce that it also
is the case for Gg.

We are going to study the inverse limits
lim H* (P,(K)) and lim 7 (P(K)).

Proposition 3.11 If K is a uniformly contractible simplicial complex with bounded ge-
ometry, There exist vector spaces isomorphisms

w0 lim HE (P(K)) 2 HE(K)  and  mo: lim Hy (Py(K)) = Hy (K).
Proof : : Let (r;);>1 be an increasing sequence of positive integers, and 79 = 0. Let
fi: Pr(K)— P, (K)and h; : K — P, (K)

be defined by

fi:/'L’r‘i_;,_1—lo"'O/’LT‘i+lolu7”i andhi:fiofi_lo...oflofo.
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In the lemma below we will prove that for a suitable choice of (r;), there exists linear maps
qi - HX(K) — H:(Py, ,(K)) such that

e hiog =1Idy:(k);
® (;—1° hr = fz*

Then the natural map mo : lim H (P, (K)) — H;(K) is an isomorphism. Indeed, let
B € HX(K) and let us denote by £;11 = ¢;(8) € H:(P,,,,(K)). One has

Tit1
[i(Biv1) = [ oa(B)

= gi—19h; 0q(B3)

= ¢i-1(0)

= b
This tells us that the sequence (3;) defines a unique element vy € lim H;(P,, (K)) such that
mi(y) = Bi, where 7; is the natural map. One has mo(y) = Bp = (3, hence 7 is surjective.
Let us now show the injectivity of mg. Fix v € lim H}(P,,(K)), v # 0, and let us show that

mo(y) # 0. Let (f3;) represent ~y. Since 7y # 0, there exists ¢ such that 3;_; := m;_1(8) # 0.
One necessarily has m;(3) # 0. Moreover,

0 # fiii(B)
= Qi—2oh:—1(/8i)

Since h}_,(B;) = 3, one has
gi—2(B) # 0.

Hence 3 # 0 by linearity of g;_o, i.e. ker(my) = {0}.
O

We still have to show that the linear maps ¢; exist. This is the goal of the following lemma:

Lemma 3.12 Let K be a uniformly contractible simplicial complex with bounded ge-
ometry. Then there exists an increasing sequence of integers r; > 0 and linear maps
qi - HX(K) — Hi (P, (K)) such that

o hjoq = ldy: (k)
® ¢;—10° h: == fl*

Proof :  Let r > 0 and let g, be the uniformly continuous quasi-isometry constructed
in proposition 3.7. In particular, since there is a uniformly continuous homotopy between
gr o (pro...0pup) and Idg, we have the following equality in cohomology:

(gr 0 (pr o 0p0))" = Idgz(ky) -
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*

By functoriality (see 1.39), it says that (u,o...o )
¢; = gy, satisfies the first condition for any choice of r;.

o gy = Idgx(x). Hence the map

Let us chose 79 = 0,71 = 1,gp = g;. The second condition is naturally satisfied.

We proved in the proof of lemma 3.8 that i, : K — P,1(K) and g, : P,41(K) — K form
a bornotopy equivalence. In particular, there exists K > 0 such that d(upo go(x),z) < K.
Hence ppogo : Pi(K) — Pi(K) and Id : Pi(K) — Py(K) are parallel maps. Thus by
lemma 3.10, for r large enough fi,—1 0 ... 0y is homotopic to pr,—10...0 pgo go. We
can fix go = g, and g2 = g3: this allows the second condition to be satisfied. Now we
proceed inductively. 0

Proposition 3.13 Let G be a graph. There is a vector space isomorphism

¢ HX3(G) = lim H (P(G)).

Proof :  Let ¢; : CXK(G) — CE(P;(G)) be defined as follows: for any a € CXF(Q)
and any simplex (xo, ..., z) of P;(G), we set

¢i(a)($0, ey .%'k) = Oz(:Bo, NN ,:Ck).

Then, we extend ¢;(«) to all simplicial chains and ¢; to all simplicial cochains by linearity.
Observe that ¢; is continuous.

Claim 1: One has d¢; = ¢;d.
Indeed, let o € CX¥(G) and (o, ...,z 1) a simplex of P;(G). Then

0pi(a)(xo, ... xp+1) = ¢i(a)(O(zo, ..., TE11))

k+1
= ¢Z(a) Z(il)J(l‘Ov"'ai‘\ja--'axk-i-l
7=0
k+1 '
= > (=17 ¢i(a) (o, .. Ty, ..., Thy1)
=0
k+1 '
= Z(_l)]a ('1:0’ s 7@7 oo 7xki+1)
7=0
= dOé(ZC(), cee xk-i—l)
= ¢ida(xo,. .., Tpy1)-

In particular, ¢; induces a continuous linear map

¢; : HXn(G) — He(P(Q))
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Claim 2: There is a linear map induced on the inverse limit

k

¢ =1im ¢} : HX,(G) — lim Hy(Pi(G)).

Indeed, one has yj o ¢f, | = ¢F.

Claim 3: ¢* : HXfr(G) — lim HXfr(PZ-(G)) is a vector space isomorphism, continuous
with respect to the Frechet structure.

We need to exhibit find an inverse of ¢*. Let 8 € lim. HX fr(Pz(G)) One can represent
B by a sequence (3;);>0 with 3; € HX];(PZ(G)) such that p7(8+1) = Bi. Let us chose

z; € ZF(G) representing ;. We claim that there exists zo € ZF(Py(G)) representing s
such that

. 1
|niz2 — 21l < 7

Indeed, let wo be any cocycle representing B2. Then pjws represents zj, hence we can
write pjws — 21 = duy + o1 where:

e u; € CE1(P1(@));

1
e a1 € CHPI(@)) and |laz]|x < 3

Let ug € C¥~1(Py(@G)) be defined by

ur(zo, ..., Tp— if (xg,...,z5-1) € P1(G
uz(zo, -,xk_1):{01( 0 k1) else( 0 k-1) € P1(G)

One has ug € CF1(Py(@G)), and piug = u;. Hence,

pi (w2 —dug) = pjwe — Ou
= a1+ 2.

Let z9 = wo — dus. Then zo represents (2, and moreover

*
Hiz2 = a1 + 21.
Hence as we claimed above,

. 1
|niz2 — 21l < 7

We now can inductively construct a sequence z; of cocycles z; € ZF(P;(G)) such that z;

1
represents 3; and satisfying ||u; zit1 — 2l < o5 Let ¢*(0) : Vg“ — R be defined by

v (B)(xo, ..., x) = lim z;(xo, ..., xk).

1— 00



84 CHAPTER 3. QUASI-ISOMETRY INVARIANCE

One has *(3) € ZXE(G). We claim that for any 3, the class [¢)*3] does not depend on
the particular choice of the sequence z;. Indeed, let (z}) be another sequence of cocycles

1
2} representing (; such that ||u] zi41 — zi||r < 5 Let

oo, k) = Jim (5 = 2}) (o, .. 78,

We need to prove that a € BX k(G) Since z; — z} represents the zero cohomology, there

1
exists w; € C¥(P;(G)) such that ||0w; — (2 — z{)”7r <5 Let t; € QX*1(G) be defined
by

~Jwi(wo, ... wp—1) if (zo,. .., 70-1) € P(G)
ti(zo,...,Tp—1) = 0 olse

Hence for any ¢ > 0 ,

> 1(0t; — a) (20, ..., xp)|P* = > |(Ow; — a) (xq, ..., zp) Pt

(z0,...,xx )EPen(G,i) (z0,...,xx)EPen(G,1)
< | Ow; — a3
1 Pk
< — .
< (3)
Moreover,
> (0 0 0t; — 0a) (z0, . . ., Ty ) [PFH = > |8a(zo, . .., zp)|P*
(z0,....xk+1)EPen(G,i) (z0,....xk4+1)EPen(G,i)
< 9all,, .,
0.

Thus « is 1/27 close in || - || norm to dt;, with t; € Ck~1(G). Hence, a € BXi(G). This
tells us that ¢* is well defined at the cohomology level.

Now, from the definition of %%, it is clear that is is the inverse of ¢* at the cohomology
level.

|

Corollary 3.14 If K is a uniformly contractible euclidean simplicial complex with bounded
geometry, there is a vector space isomorphism

k
i

X' (Gx) = HY(K).
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Proof :  One has

HX;(Gr) = lmHs(P(Gx))
_ liinﬁi(Pi(K))

= H(K).

T

The first equality is due to proposition 3.13. The second one is evident since P;(Gx) =
P;(K), and the third one is due to 3.11. 0

This result also stands for non-reduced cohomology:

Proposition 3.15 Let K be a uniformly contractible simplicial complex with bounded
geometry. One has

HX;(Gx) = Hy(K)

Proof :  Once again we consider the Rips thickening sequence:

K—" P(K) s Py(K) 2 2 p () s

Let C¥(K) = ZF(K)@® UF(K) be a linear decomposition of C¥(K) and suppose that there
exists linear maps s¥ : C¥(K) — C¥(Pi41(K)) such that

(i) pjo Si‘c = 5?4?

(i) For any v € U, one has s¥(dv) = dsF~1(v).

By (i), there is a limit map 7 : Z¥(K) — ZX¥(Gk) defined by
7(2)(xo, ... xK) = Zliglo s¥(2) (o, ..., xp).
By (ii), 7 induces induces a map 7* : H*(K) — HXF(K) at the cohomology level.
Let us recall from proposition 3.11 that the projection mo : lim HY (P;(K)) — H¥(K) is

a vector space isomorphism. In the proof of proposition 3.13, we also have constructed a
vector space isomorphism ¢* : HX¥(G ) — lim H* (P;(K)). Hence we have the following

diagram:

H}(K)
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Examinating the definitions of ¢* and 7, we see that this diagram commutes. Hence
7 HE(K) — HXF(K) is an isomorphism.
We still have to construct the maps sf. We begin by the construction of auxiliary maps.

Let vf : CK(K) — CF (Piy1(K)) be defined by the following formula for ¢ € C¥(K) and
(330’ ce ,Jlk) € Pi+1(K):

7

Vk(c)(l‘o, .. ,SCk) — C(l’o, 7xkz) 1 (.%'0, ’mk_) c '
0 else

Claim 1: u} o yf = Vf_l.

Indeed, let (zo,...,7x) and ¢ € C¥(K). If (z9,...,7x) ¢ K, then v¥(c)(zq,...,2%) = 0

and uf_l(xo, ...,x) = 0 as well. The map ] being linear, one thus has
wiovk(e)(zo, ..., xx) =0=1vF (c)(wo,...,21).
Suppose then that (zo,...,zx) € K. Then for each vertex z; of K, we have p;(z;) = x;j,
hence
piovi(e) (o, .. an) = vi(e)(uo(@o),. -, polr))

= I/,Lk(C)(:L'(), s ,l‘k)
= (o m)
= vE(c)(xo,. - Tk)

This proves our claim 1.

Claim 2: For any ¢ € C*¥~1(K), one has

i (8WF (@) = ot (@),

Indeed,
(5fo1(0)($0, ceTR) = yffl(c)(a(:zo, S T))
= ,[,L;kol/f(c)(a(x()a"xk‘))
= ILL: 051/1]{:11(0)(560, 7$k)

This proves our claim 2.

We know modify the maps v/f. Let C¥(K) = Z¥(K) @ UF(K) be the linear decomposition
we chose earlier. There is a surjective linear map d : C¥~'(K) — BF(K), with kernel
ZF=1(K). Hence, there is a vector space isomorphism

d:UY(K)— BFK).
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One can write Z¥(K) = H¥(K) @ BY(K), and thus Z¥(K) = H¥(K) © dUF1(K). One
thus has the following decomposition:

CR(K) = Hy(K) ® dU; ' (K) @ Uy (K)

Hence any ¢ € C¥(K) can be written

c:ZAlzé-l-dv—l-u
leA

Where v € UF1(K),u € U¥(K), A\, € R and where (z})1c4 is a collection of cocycles 2,
each one representing a cohomology class ﬁé, the collection (ﬁé)le A being Hamel basis for
the vector space H¥(K). Here A is some finite index set.

Now for each | € A and each i > 1, let z} € Z¥(P;11(K)) be a cocycle chosen in such a

way that ,u;‘zzl» = zzl-_l.

Now let us set

s (Z Nz + dv + u) = Z Nzt 4 dpF () + pf (w).

leA leA

The maps s¥ constructed this way satisfy (i) and (ii).
O

As a corollary, reduced and non-reduced simplicial cohomologies are quasi-isometry in-
variants:

Theorem 3.16 Let K, L be uniformly contractible simplicial complexes with bounded ge-
ometry, and suppose that they are quasi-isometric. Then for any non-increasing sequence
7w of real numbers 1 < pi < 00, there exist vector space isomorphisms

HEK)=HNL)  and  H (K)=H,(L).

Proof :  Since K and L are quasi-isometric, their 1-skeleta G and G are quasi-
isometric as well. Hence

HY(K) = HX[(Gkg)
HX%(Gp)
HE(L).

The same list of equalities holds for reduced cohomology. 0
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Quasi-isometry invariance for Riemannian manifolds

Using de Rham’s theorem, this extends to quasi-isometric riemannian manifolds:

Theorem 3.17 Let M, N be m,n-Riemannian manifolds (n > m) with bounded geome-
try, admitting uniformly contractible simplicial complexes. Suppose that they are quasi-
isometric. Then for any sequence w of real numbers satisfying one of the following hypoth-
€esis :

1 1 1
(1) 1<py<ocand 0 < — — —— < —, or
Pk Pk-1 N
1 1 1
(2) 1<pp<ocand0< — — — < —.
Pk Pk-1 M
there exist vector space isomorphisms
H(N) = Hy(M).

Hy(N) = Hy(M).

Proof :  Let K, L be two uniform triangulations of M, N respectively. Since M and N
are quasi-isometric, with bounded geometry and uniformly contractible, it is the case for
K and L as well. Hence, one has

Hy(K) = H(L)

and i} i
Ho(K) = Hy(L).
It then suffices to apply the L, de Rham isomorphism theorem. 0

Application to the quasi-isometry invariance of Sobolev in-
equalities and Isoperimetric inequality

The classical isoperimetric inequality states that for a bounded domain §2 of the euclidean
space R", there exists a constant ¢, > 0 such that

(VOIQ)% <cp- (aureau?Q)ﬁ .

The isoperimetric constant I,,(M) of a Riemannian manifold M is defined by the formula

areadf)
m—1
m

M) =Tt (Vol Q)
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where 2 runs through all bounded domains in M. The classical isoperimetric inequality
may be rewritten in the form I,,(R™) > 0. More generally, a n-manifold M satisfies an
isoperimetric inequality of order m if I/ M) > 0.

In [Kan86], M. Kanai shows that for bounded geometry Riemannian manifolds, satisfying
an isoperimetric inequality is a quasi-isometry invariant. More precisely, we have the
following theorem:

Theorem 3.18 Let M, N be two Riemannian manifolds with bounded geometry, and sup-
pose that M and N are quasi-isometric. Then for any integer m > max{dim M,dim N},
one has

I (M) > 0 if and only if I,(N) > 0.

We shall see that this theorem can be obtained by the use of the quasi-isometry invariance
of L,-cohomology. First, let us recall the link between Sobolev inequalities and isoperi-
metric inequalities. The analytic constants Sob,, (M) of a Riemmannian manifold M are
defined by

|l

m>1
aeCse(M) [|ullm=1"
m

SObm,l (M) =

The manifold M satisfies the Sobolev inequalities if S, ;(M) > 0. A result due to Federer-
Fleming and Maz’ya (see [Kan86]) says that

1—gq

(Sob%,) ' =I_a (M)

In [GT06], Gol’dshtein and Troyanov establish the following link between L, ,-cohomology
and Sobolev inequalities:

Theorem 3.19 Let 1 < p < 00,1 < ¢ < 00. Let 1 < p < 00,1 < q < oco. Then
Tk, (M) =0 if, and only if Sobjy (M) > 0.

Let us consider the case where £ = 1, and 6 has compact support. In this case, 6 is a
function, as well as (. Since ¢ belongs to ZS*I(M), one has d¢ = 0, hence ( is constant.
If M is non-compact, then ¢ must be zero, for it is integrable. Hence our estimate comes
out to be [|0|; < C||df||,. As a consequence, the theorem above can be rewritten:

Theorem 3.20 Let 1 < p < 00,1 < ¢ < oo. Then T(?’p(M) = 0 if, and only if
Sob{) (M) > 0.

Moreoever, since both cohomology and reduced cohomology are quasi-isometry invariants,
the torsion is a quasi-isometry invariant as well. In particular, let M and N be two
uniformly contractible quasi-isometric manifolds, with dimension n > 1. Then
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Soby, 1 (M) >0
Ty (M) =0
1 (N) =0
Soby, 1(N) >0
I,(N)>0

rreee

Hence the existence of an isoperimetric inequality is a quasi-isometry invariant.



Appendix A

Appendix : background

This chapter is an addendum : it explains the notions of Banach complezes, of quasi-
isometries, and gives some classical technical results cited throughout the text. We begin
by Banach complexes.

Banach Complexes

Complexes, morphisms and homotopy Recall that a Banach space is a real or
complex vector space F' together with a norm || - || which makes it complete as a metric
space, i.e. all Cauchy sequences converge.

Definition (Banach Complexes) A Banach complex (one should say cocomplex) (F*,d)
is a countable collection (Fy, ||-||;),cy of Banach spaces together with continuous linear
maps dy : F, — Fj1 such that dg,q1 ody =0.

We write F* = @, Fi- In this case, d : F* — F* is the evident linear map defined on
each element of the sum by d;, and this allows us to write d for any d;. As in the case of
cochain complexes, we can represent a complex by a simple diagram:

F1 4> F, —% F

The Banach complexes form a category:

Definition (Morphims of Banach complexes) Let (F*,d) and (G*,d) be Banach
complexes. A morphisms of Banach complexes f : F* — G* is a collection of morphisms
fi : F* — GF such that one has do f = f o d, where this equality is to be understood as
dp o fr = fr ody for any k.

In other terms, each square of the following diagram commutes:

Fk—l d Fk d Fk+1 d
fkll fkl fk+1l
Gk—l d Gk d Gk+1 d

91
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The notation f : F* — G* is non ambiguous, as the map f defined on the direct sum
F* = @, Fi has meaning, and is a bounded operator between Banach spaces. However,
it is obviously not true that any bounded operator f : F* — G* defines a morphism of
Banach complexes.

We will generaly simply write f : F¥ — G* for the map f, : F¥ — G*.
There are two notions of (chain)-homotopy in this category:
Definition (Homotopy in Banach complexes) Let F,G be Banach complexes and

f,g: F — G be morphisms of Banach complexes. A homotopy is a collection of bounded
operators {Ak : Fk Gk_l} such that

fk—gr=do A+ Apy10d.

d d

...‘>ka1 Fk Fk+1 JE
ol 2|
fe—1]||9k—1 fr || 9k frt1 || 9k+1
Ak-1
...‘>ka1 y Gk GkJrl JE

And this diagram ”commutes* if we replace the vertical arrows by their differences.

Definition (Weak homotopy in Banach complexes) Let F, G be Banach complexes
and f,g: F — G be morphisms of Banach complexes. A weak homotopy is a collection of
families of bounded operators {Ai,k :Fk kal}iem such that for any = € F, one has

lim [[(do As + At 0d) (2) = (i — 1) ()] = 0.

Definition (Subcomplex and Banach subcomplex) Let (F*,d) be a Banach com-
plex. A subcomplex G of F is a collection of (non-necessarily closed) vector spaces G¥ ¢ F*
such that dG* c GF1. If each G* is closed, then G is itself a Banach complex, which we
call a Banach subcomplex of F™*.

Remark A.1 Let f: F* — F* be a morphism from a Banach complex to itself. Then
(a) The image f(F*) = {@®,, fu(F*)} of f is a subcomplex of F*;

(b) If f is closed, f(F™) is a Banach subcomplex of F™*.

(c) The kernel ker(f) = f~1(0) is always a Banach subcomplex of F*.

To each complex, we can attach a sequence of vector spaces and a sequence of Banach
spaces in a functorial way:



93

Cohomology and induced morphisms

Definition (Cohomology of a Banach complex) Let us write Z*(F*, d) = ker dNF},
and B¥(F*,d) = dF*~!. Let us also introduce the notations Z*(F*,d) = @, Z*(F*,d)
and B*(F*,d) = @, B*(F*,d) and Since d o d = 0, we have B¥ C Z*, and the quotient
Zk(F*,d)/B¥*(F*,d) is a vector space, called the space of cohomology of degree k of (F*,d).

Observe that Z k is closed in F}, but B¥ C Z* is not generaly a Banach space. The closure
BE(F*,d) is however closed by definition, and is still a subspace of Z¥(F*,d). This leads
to the following definition:

Definition (Reduced cohomology of a Banach complex) The quotient space
ZF(F*,d)/BF(F*,d)

which is always a Banach space, is called the reduced cohomology space of degree k of

(F*,d).

The torsion measures the difference between cohomology and reduced cohomology:

Definition The torsion of degree k of (F*,d) is the space

H*(F*, d)/H"(F*,d) = BF(F*,d)/B"(F*, d).

Induced morphisms in cohomology: Let f : ' — G be a morphism of Banach
complexes. Since df = fd, one has the following facts:

o If 2 € ZF(F,d), then 0 = f(dz) = df(z) and thus f(z) € Z¥(G,d). This says that
f(Z%(2,d)) c Z¥ (G, d).

e The same argument leads to f(B*) c B* and f(Pk) C B*.

Now pick up [¢] € HFE(F,d). If ¢ € Z¥(F,d) represents [¢], one has f(¢) € Z¥(G,d)
and therefore [f(£)] has a meaning. Moreover, if £ is another representant of [£], one
has € — & = dn for some n € FF~! and thus ¢ — ¢ € B¥(F,d), which implies that
f&) — f(&) = f(€ —¢) € B¥(G,d). This means that f(¢) and f(¢') both represent the
same cohomology class, that is [f(£)] = [f(¢')]. The map [¢] — f([¢]) is thus well defined,
and it is straightforward to check that it is linear. We call it the map induced by f in
cohomology, and denote it by H*f : H*(F,d) — H*(G,d). In a similar way, one can

introduce a linear bounded map ka : Fk(F, d) — Fk(G, d).
The verification of the following proposition is straightforward.

Proposition A.1 (Functoriality) H* is a contravariant functor from the category of

Banach complezes to the category of vector spaces, and H" is a contravariant functor
from the category of Banach complexes to the category of Banach spaces.
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Proposition A.2 (Homotopical morphisms) Let f : F* — G* be a morphism of Ba-
nach complexes, such that f(F*) C G* where G* is a subcomplex of F*. Suppose that there
exists a homotopy {Ak cFk kal} between f and the identity operator Idg«. Then one
has an isomorphism of vector spaces

H*(F*,d) = H*(G*,d).

Proof : Let x € Z*. Since {Ak. cFF kal} between f and the identical operator
Idp«, one has

f(.%') —x=do Ak(l') + Agiq0 d(l’)
Since we assumed = € Z*, one has dx = 0 and thus
f(z) —x =do Ag(x).

This means that f(z) —x € B¥ which assures that at the cohomology level one has
[f(z)] = [Id(x)], that is in cohomology, H* f = H¥Id. But H*Id = Id, and thus H* f = Id.
In particular, H* f is a vector space isomorphism. 0

This proposition can be generalized

Proposition A.3 (Homotopical morphisms, revisited) Let f,g: F* — G* be mor-
phisms of Banach complexes.

(1) If there exists a homotopy {Ak : Fk Gkil} between f and g, then at the cohomology
level the maps coincide:

H*f = H*g: H*(F*,d) — H*(G",d).

(2) If there exists a weak homotopy {AiJc : FF Gk_l} between f and g, then at the
reduced cohomology level the maps coincide:

Hf=Hrg . H(F,d) — H(G",d).

Proof :

(1) As in the proof of proposition A.2, since f — g = d o Ax(x) + Ag o d(x), one has
H*f = H*g at the cohomology level.

(2) One has
lim [[(d o Ay, + Aigr10d) (2) = (f = 9) ()] = 0.
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As a consequence, for any z € Z*,

lim [[d0 Ai(z) = (f — g) (2)]] = 0.

This means that (f — g)(z) belongs to Ek(G*, d), and thus in cohomology the classes
coincide: [f(z)] = [g(x)]. One thus has ka = Fkg.

Sobolev inequalities for Banach complexes The three propositions that we prove
here can be found in [GT06]. We can call them Sobolev inequalities for Banach complexes.

Proposition A.4 Let (F*,d) be a Banach complex. The following assertions are equiva-
lent:

(i.) dim T* < oo;
(ii.) TF = 0;
(i4.) H*(F*,d) is a Banach space;

(iv.) d: F*=1 — F¥ is a closed operator.

Proof :

e (i) = (ii): T" is the quotient of a Banach space by the image of a dense subspace.
Hence it is finite-dimensional if and only if it is trivial.

e (i) = (iii): If 7% = 0, then H* and H" coincide. Since H” is a Banach space, it is
the case for H* as well.

e (iii) = (iv): Conversely, if H* is a Banach space, then it coincides with . In

particular, this means that B = B". Hence the image of d is closed.

e (iv) = (i): if d is closed, then B¥ is closed. Hence H* = H" and the torsion must
be zero.

Proposition A.5 Let (F*,d) be a Banach complezx. The following assertions are equiva-
lent:

(i.) H* = 0;

(ii.) dy_q1: FF=1/ZF1 — ZF admits a bounded inverse;
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(i4.) There exists a constant C > 0 such that for any k-cocycle ¢ € Z*, there exists a
cochain 1 € FF=1 such that dyp = ¢ and ||¢|| < Cy|| 4|l

Proof :

e (i.) = (ii.) : Since H* = 0, then B¥ = Z*. Hence the bounded and surjective
operator dj_q : F*~' — BF is in fact dj_; : FF-1 — Zk. Modding out the kernel,
we obtain a bounded and bijective operator between Banach spaces.

dp_y : FF=1jzk=t 7k,

By the open map theorem, it is a homeomorphism.

e (ii.) = (iii.) : Let C’ be the norm of dy_y : F*¥~1/ZF1 — ZF. Let ¢ € Z*, and
7] = di.!,(¢) € FF=1/Z*=1. By hypothesis, we have
Il < Crlloll.
Yet,
Il = inf{lln —ell | e € Z*71}
Hence,

i)l = inf{lln —ell | e € Z*1} < @)

Let € such that ||n—¢| < 2C’||¢||. We see that one can choose ¢ = n—e et C = 2C".

e (iii.) = (i.) This is trivial.

Proposition A.6 Let (F*,d) be a Banach complex. The following assertions are equiva-
lent:

(i.) T* = 0;
(i4.) dy_q : FF=1/ZF=1 — B¥ admits a bounded inverse;

(i4.) There exists a constant C' > 0 such that for any € € F*¥=1 there exists a cochain
¢ € ZF 1 such that ||€ — || pr—1 < C'||dE|| -

A proof can be found in [GT06].
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Quasi-isometry and some invariants

Now let us take a look at the notion of quasi-isometries between metric spaces. We start
with Hausdorff and Gromov-Hausdorff distances.

Let (X,d) be a metric space, and A C X. For any ¢ > 0, let A, designate the e-
neighborhood of A in X, that is

A ={re X |d(z,A) <e}.

Definition (Hausdorff distance) The Hausdorff distance di (A, B) between two sub-
sets A, B C X by the formula

dp(A,B) =inf{e¢ >0|AC B. and B C A }.
It is a distance on the collection of compact, nonempty subsets of X.

Definition (Gromov-Hausdorff distance) The Gromov-Hausdorff distance dgu(X,Y)
between two metric spaces X and Y is defined by the following property:

dep(X,Y) < ¢ if, and only if, there exists a metric spaces Z and two subspaces X', Y’ of
Z isometric to X and Y respectively such that dy (X', Y') <e.

In other terms, the Gromov-Hausdorff distance between X and Y is the infimum of the
Hausdorff distances of their images, taken over all isometric embeddings in a common
space.

Definition (Net) Let X be a metric space. A net in X is a subset N C X satisfying
the following condition: there exists ¢ > 0 such that N. = X. In other terms, N is e-dense
in X for some ¢ > 0. We also use the terminology e-net. For p > 0, anet N € X is
p-separated if d(x,y) > p for any choice of z,y in X. A net is separated if it is p-separated
for some p > 0.

Definition (Relation) A relation between two sets X and Y is a subset R € X x Y
satisfying the following conditions:

(i) For any x € X, there exists y € Y such that (z,y) € R;
(ii) For any y € Y, there exists € X such that (x,y) € R;

The graph of a surjective map is a relation, but the converse is generaly not true. However,
given z € X, one can chose f(z):=y € Y such that (z,y), thus obtaining a non-unique,
non-surjective map f : X — Y, whose graph is a subset of R.

Definition (Distorsion) Let X,Y be two metric spaces, with metrics dx and dy re-
spectively.
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e The distorsion of a relation R C X x Y is

dis(R)=  sup  {ldx(z1,22) —dy(y1,32)]}
(z1,91),(w2,y2)ER

e The distorsion of amap f: X — Y is
dis(f) = sup {ldx(z1,22) —dy(f(x1), f(x2))|}

T1,22€X

Definition Let X,Y be two metric spaces. A map f: X — Y is said to be
(i) An e-isometry, € > 0, if dis(f) < ¢ and if its image f(X) is a e-net in Y.

(ii) A quasi-isometric embedding if there exists real numbers L > 1 and C' > 0 such that
for any x1, 292 € X,

% cd(wr,w9) — C < d(f(x1), f(x2)) < L - d(a1, ) + C.

(ili) A quasi-isometry if it is both a quasi-isometric embedding whose image f(X) is
e-dense in Y for some £ > 0.

A remark on the terminology: A quasi-isometry is sometimes called a rough isometry,
whereas an old terminology designs bilipschitz maps by the expression ”quasi-isometry “.
The terminology we use here is the most common one.

Definition Two metric spaces X and Y are said to be quasi-isometric of there exist
metrics spaces X’ and Y’ such that X’ and Y’ are bilipschiz-equivalent and

dGH(X/,X), dGH(Y/, Y) < Q.

This is an equivalence relation between metric spaces, and equivalent metric spaces are
simply said to be quasi-isometric. We will see further that being quasi-isometric is equiv-
alent to the existence of a quasi-isometry between X and Y.

A quasi-isometry is in some way a map which is bilipschitz at large scales, and thus
captures the ”large-scale geometry“ of a metric space. A quasi-isometry needs not be
continuous, and therefore carries no topological information. For instance, Z™ and R" are
quasi-isometric: the usual injection is a quasi-isometry. Moreover, this notion only allows
to distinguish between non-compact spaces: two spaces with finite diameter are obviously
quasi-isometric one to each other.

Proposition A.7 For any two metric spaces X and Y, one has
1
dep(X,Y) = 5 i%f dis(R).

The infimum is taken over all relations between X and Y .
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Proof :  We separate the proof in parts.

(1) For any r > dau(X,Y), there exists a relation R between X and Y with dis(R) < 2r.
Indeed, let Z be a metric space containing isometric copies X’ and Y of X and Y
respectively, with dy (X', Y’) < rin Z. Thus for any 2’ € X’ there exists ¢y € Y’ with
d(z',y") < r and similarly for any ¢ € Y, there exists 2’ € X’ such that d(z/,y") < r.
Hence we can define the following relation between X’ and Y”:

R={(z,y) € X' xY'|d(z,y) <r}.

Since X = X’ and Y =Y, this gives us a relation R between X and Y. We just need
to check that its distorsion is controlled. One has for (z1,y1), (z2,y2) € R:

d(z1,22) —d(yi,y2) < d(xi,y1) +d(yr, x2) — d(yi, y2)
< d(zr,yn) +d(yn, y2) + d(y2, 22) — d(y, y2)
= d(z1,y1) + d(z2,y2)
< 2r

By a similar argument,

—d(x1,22) +d(y1,y2) < d(yi,x1) + d(y2, x2)
< 2r

Hence |d(x1,z2) — d(y1,y2)| < 2r, which assures that dis(R) < 2r. Hence we have

1. ..
dea(X,Y) > §l%deS(R).

1
(2) It remains to be shown that dgy(X,Y) < 5 i%f dis(R). Let R be a relation between

X and Y, and r = 1 - dis(R). We want to show that dgy(X,Y) < r, which can be
done by finding a metric space Z containing isometric copies of X,Y, with Hausdorff
distance between them lower that r. Let us set Z = X [[Y. We define the following
distance dz on X [[Y: if 21,29 both lie in X, then we set dz(z1,22) = dx(z1, 22).
Similarly, if z1, z2 both lie in Y, then we set dz(z1,22) = dy(21,22). If 21 € X and
zo €Y, let

dz(zl, 22) = inf {dX(zl,a:) + dy(ZQ,y) + 7’} .
(z,y)ER
Then dyz is a metric on Z. Indeed, it is of course symmetric and non-negative. More-
over, if d(z1, 22), then both z; and ze must belong either to X or Y simultaneously,
and thus z; = z9 as their distance is given by dx or dy respectively. One has moreover
21 = 29 = dz(z1,22) = 0. Only the triangle inequality remains to be shown:

dz(z1,22) + dz(22, 23) < dz(z1,23).
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If 21, 29, 23 all belong to X or Y, then there is nothing to show. Let us suppose that
21,22 € X and z3 € Y. One has

dz(z1,22) = dx(z1,22)

dz(z2,23) = ($i£f€R{dx(22,$)+dY(23,y)+7“}

dz(z1,23) = (xiy%feR {dx(z1,2) + dy(z3,9) + 1}

Hence

dz(z1,22) +dz(z0,23) = dX(Z1,Zz)+( il%i;R{dX(meﬁ)+dY(Z3,y)+7"}
z?y

= inf {dx(z1,22) +dx(22,2) +dy(23,y) + 7}
(z,y)ER

> inf {dx(z1,2) +dy(z3,9) +r}
(z,y)ER

= dz(zl, 23).

The other cases are symmetric. Hence dz is indeed a metric on Z. Let us finally show
that for this metric, dg(X,Y) <rin Z. Let z; € X. We know that dis(R) = 2r, and
thus

sup  {|d(z1,2) — d(22,y)[} = 2r.
(z,9),(21,22)ER

Let 29 € Y such that (21, 22) € R. One has

d(z1,22) = (miﬁfeR(d(ZMC)+d(22,y)+’f’)

< d(z1,21) +d(z2,22) + 7

r

Thus dgu(X,Y) <.

Proposition A.8 Let X,Y be two metric spaces. Then

(i) If dau(X,Y) < ¢, there exists a 2e-isometry from X to Y.

(ii) If there exists a e-isometry from X to 'Y, then dgu(X,Y) < 2e.

Proof :
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(i) Let dgu(X,Y) < e. By Proposition A.7, there exists a relation R C X x Y with
distorsion dis(R) < 2e. Let x € X, and let us choose y € Y such that (z,y) € R. Let
us denote f(x) =y. The distorsion of the map f : X — Y satisfies dis(f) < dis(R),
for the sup is taken on a smaller set. The only thing we have to prove is that f(X)isa
e-netin Y. Forany y € Y, let x € X such that (z,y) € R. Since (z,y), (z, f(z)) € R,
one has

|d(z,x) — d(y, f(z))] < dis(R) < 2e.

Hence d(y, f(z)) < 2¢ and thus y € f(X)a..

(ii) Let f: X — Y be a e-isometry, and R C X X Y be defined by

R={(z,y) € X xY|d(y, f(x)) < e}.
Since f(X). =Y, this is a relation between X and Y. Moreover, dis(R) < 2e, and
thus

dea(X,Y) < —e < 2e.

N W

|

This proposition can be used to establish a link between being quasi-isometric and the
existence of a quasi-isometry:

Proposition A.9 Let X and Y be two metric spaces. The following are equivalent:
(i) X and Y are quasi-isometric;
(ii) There exists a quasi-isometry f: X —Y;

(11i)) X andY contain bilipschitz homeomorphic separated nets.

Proof :

1. By definition, if X and Y are quasi-isometric, there exist X’ and Y’ bilipshitz-
homeomorphic metric spaces with dgy (X', X),dar(Y',Y) < e, where ¢ is some
positive real number. Let ¢ : X’ — Y a bilipschitz homeomorphism, and let us also
take 2e-isometries f1 : X — X' and fy : Y/ — Y, whose existence is guaranteed by
Proposition A.8. We know that dis(f1),dis(f2) < 2e.

Let A > 1 such that

1
Xd($1a$2) < d(¢(z1), ¢(x2)) < Ad(21, x2) for any z1, 29 € X'

Let dy = dis(f1),d2 = dis(f2), and let us denote ¢ = fy 0 ¢ o fi. One has
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i+ d (90 film). 60 flea)) <A@ Y@ < da+d(90 fia) b0 ()
—d+ 3 (Ao, fi(@) < A () < dy+ A (B0 fi(0), 60 i)

—dzi (d(z1,22) —dr) < d(W(1),¢(22)) < da + Ad(d(x1,72) + da)

%d(xl,mg) _ <d2 + i\d1> < d((21),(x2)) < Ad(z1,79) + (ds + Ady)

A

A

With L=XA>1and C = max{dg + %dbdg +)\d1} > 0, one has

%d(xl,xg) — C <d(¢(x1),¥(x2) < Ld(x1,22) + C.

That is, ¢ is a quasi-isometric embedding. Since the images of fi, fo are separated
nets and since ¢ is a bilipschitz-homeomorphisms (thus sending separated nets to
separated nets), ¢ is a quasi-isometry.

2. Let f: X — Y be a quasi-isometry with

%d(mlsz) = C <d(f(z1), f(x2) < Ld(z1,22) + C

and let A > (2A 4+ 1)C, and let S be a A-separated net in X. Then from the
inequality above, one has for any z1,x2 € X:

1

oy Az, 22) < d(f(21), f(z2)) < (A + D)d(z1, 22).

This means that f is a bilispschitz homeomorphism from S to f(S), and the latter
is still a net in Y.

3. Finally, S and f(S) can be used as the bilipschitz-homeomorphic subspaces in the
definition of quasi-isometric spaces.

This allows us to establish a nice criterion for metric spaces to be quasi-isometric:

Proposition A.10 Let X and Y be quasi-isometric spaces. Then there exists a quasi-
isometry ® : X — Y, a quasi-isometry ¥ : Y — X and a constant N > 0 such that for
any x € X,

d(®oV¥(zx),z) <N

Proof :  Let S and T be bilipschitz N-separated nets in X and Y respectively, and let
¢ : S — T denote a bilipschitz homeomorphism.
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One can define a (non necessarily continuous) map g : X — S such that mg|q = Idg and
such that for any = € X, d(z,mg(x)) < N. A similar map 77 : Y — T may be defined as
well. Then it is clear that ® = ¢ o mg and ¥ = ¢! o 7y satisfy our hypothesis. 0

The notion of quasi-isometry is initially due to Kanai and Gromov. They were the first
ones to exhibit properties of metric spaces invariant under this particular class of maps.
Here are some quasi-isometry invariants:

Growth of the volume Let (M, g) be a Riemannian manifold, z € M and r > 0. Let
B(z,r) denote the ball centered at x of radius r. The manifold M has polynomial growth
if its volume is polynomial in 7.

In [Kan85], Kanai shows the following result: if M and N are quasi-isometric Riemannian
manifolds of bounded geometry, with Ricci curvature bounded in absolute value and a
positive injectivity radius, M is of polynomial growth if and only if N has polynomial
growth.

Gromov-hyperbolicity: Let X be a metric space, and z,y,p € X. The Gromov product
(zly)p is

1
= 5 (d(z,p) +d(y,p) — d(z,y)).

Given d > 0, the space X is d-hyperbolic if (z|z), > min {(z|y),, (y \z)p} —d, and one says
that X is (Gromov)-hyperbolic if it is d-hyperbolic for some d > 0. In [Gro87], Gromov
shows that being hyperbolic is a quasi-isometry invariant.

(z[y)p

p-hyperbolicity: p-capacity p-parabolic manifolds Let (M, g) be a Riemannian manifold,
Q) C M a connected domain, and D C 2 a compact set. For 1 < p < oo, the p-capacity of
D in Q is defined as follows:

Cap,(D, Q) = inf {/ |du|P
Q

u € Wol’p(ﬂ)ﬂC’g(Q),u >1on D}

where VVO1 P is the closure of the set C} of compactly supported smooth functions with
respect to the norm
lullrp = llullzr + [|dul|Lr.

A Riemannian manifold is p-hyperbolic if it contains a compact set of positive p-capacity,
and p-parabolic otherwise. In [Kan86], Kanai shows that being 2-parabolic is preserved un-
der quasi-isometries for manifolds with bounded geometry. In [Hol94], Holopainen extends
this result to p-capacity.

Integral inequalities

The two following estimates for convolution are useful in the proof of the regularization
theorem. Let fxg denote the convolution product of two real-valued measurable functions

f and g.
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Proposition A.11 (Young’s inequality for convolution) Let 1 < p,q,r < oo be real
numbers such that % —i—é = %—i— 1. Let also U be an open subset of R"™, and f € LP(U),g €
LY(U). Then fxg e L"(U), and moreover we have the estimate

1f * gllr < 1fllp - lgllg-

Proof :  See [Fol84], proposition 8.9. 0

Proposition A.12 (Hardy-Littlewood-Sobolev inequality) Let 1 < p,q < oo be

real numbers such that % — % = % Let also U be an open subset of R", and f € LP(U).

Let us denote by g the function defined by g(x) = / f)(x —y)'""dy. Then g € LI(U)
U

and moreover

lglly < Agqp - [[£1l»

where Agp is a constant depending only on p,q and U.

Proof :  See [Ste70], Theorem 1 of page 119. 0O
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