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Abstract We study some relation between some geometrically defined classes of diffeo-
morphisms between manifolds and the L, ,-cohomology of these manifolds. We apply these
results to the L, ,-cohomology of a manifold with a cusp.
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1 Introduction

The L, ,-cohomology is an invariant of Riemannian manifolds defined to be the quotient of
the space of p-integrable closed differential k-forms on the manifold modulo the exact forms
having a g-integrable primitive:

H (M) = {0 | wisak-form, |o| € LP(M) and dw = 0}/{d6 | 6] € LI(M)).

This invariant has been first defined for the special case p = ¢ = 2 in the 1970s and has
been intensively studied since then, we refer to the book [16] for an overview of L;-coho-
mology. The L, ,-cohomology has been introduced in the early 1980’s as an invariant of
the Lipschitz structure of manifolds, see [1]. During the next two decades, the main interest
was focused on the case p = g, i.e., on L ,-cohomology, and the last chapter of the book by
Gromov [9] is devoted to this subject; see also [2,9,20-23] for more geometrical applications
of L ,-cohomology.
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280 V. Gol’dshtein, M. Troyanov

Although the L, ,-cohomology with ¢ # p has attracted less attention, it possesses a
richer structure. The subject is also motivated by its connections with Sobolev type inequal-
ities [6] and quasiconformal geometry [7]. See also [2,5,13,14] for other results on L, -
cohomology.

When an invariant of a geometric object has been defined, it is important to investigate
its functorial properties, i.e., its behavior under various classes of mappings. It is one of our
goal in the present paper to describe a natural class of maps which induces morphisms at the
level of L, ,-cohomology. Our answer is restricted to the case of diffeomorphisms and is
given in Theorem 6.1(C) below.

A diffeomorphisms will behave functorially for L, ,-cohomology, if its distortion is
controlled in some specific way. To explain what is meant by the distortion, consider a dif-
feomorphism f : M — M between two Riemannian manifolds. One then define for any k
the principal invariant of f as

o(fix) = D hiy(@hip() Ay (x),

1] <ip<--<lig

where the A;’s are the singular values of dfy, i.e., the eigenvalues of \/(d fx)* (dfy). Qne then
say that f has bounded (s, t)-distortion in degree k, and we write f € BD( sy (M, M), if

Ok (f,x)* - I (x) € L' (M)

where J is the Jacobian of f.

The class BD,LOO (where n is the dimension of M) is exactly the class of quasicon-
formal diffeomorphisms (also called mappings with bounded distortion), which has been
introduced by Y. Reshetnyak in the early 1960s and has been intensively studied since then.
The classes BD1 has been studied by different authors and under various names, see
[3,15,17-19,24, 26 28,30]. The class B D also appears in [26], where some obstructions
to their existence are given.

As a preliminary step to the study of functoriality in L, ,-cohomology, we study dif-
feomorphisms f : M — M that induce bounded operator between the Banach spaces of
p-integrable differential k-forms. The result is formulated in Proposition 4.1 : it states that
a diffeomorphism f € BD(p t)(M M) induces a bounded operator f* : LP(M, AF) —

LP(M, A% if p < p < ooandt = =2~ Let us note that finer information is available in
the case k = 1, see [3,4,29,30].

To obtain a functoriality in L, ,-cohomology, we need to control the distortion of the map
f both on k-forms and on (k — 1) forms. This is formulated in Theorem 6.1(C), which states

in particular that a diffeomorphism f € BDE’;‘;)H(M M)N BD( D (M, M) induces a well

: * . ok Y k [ — _4
deﬁned}lnear map f* : Hq’ﬁ(M) - H; ,(M)ifp<pqg=qt= o U= iy
g

q =771

Th(i{s ils a quite technical result, and it would be nice to be able to give conditions under
which the map f* is injective at the level of L, ,-cohomology. But unfortunately, the results
we give in Sect. 5 strongly suggest that it will be hard or impossible to find conditions for
injectivity, except for the special cases of quasiconformal or bilipschitz maps. However we
have the following result [Theorem 6.1(B)], which allows us to prove some vanishing results
in Ly ,-cohomology without requiring the functoriality : If there exists a diffeomorphism

n—k+41 Y _ _ q(g@=b
f € BD(q " (M M) DBD t)(M M) withp < p,q <q,t = _p = , and

(M) = 0 implies Hf‘ ~(M) = 0. We show in section 7 how this result
can be used to prove a vanishing results i 1n Lq p-cohomology.

~/
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Distortion of mappings and L, p-cohomology 281

2 Preliminary notions
2.1 Ly, p-cohomology

We recall the definition of L, ,-cohomology, see [6] for more details. Given an oriented
Riemannian manifold (M, g), we denote by L?” (M, AX) the Banach space of differential
forms such that

%
1011, = /IQI”dx - 0.
M

Any element in L? (M, A¥) defines a current, in particular we can define the subspace of
(weakly) closed forms Zf,(M) = LP(M, A¥)Nkerd, itis a closed subspace of L? (M, AF).
We then introduce the space

QLN (M) = {w e LY(M, A" | do € LP(M, AV)},

which is a Banach space for the norm |wllg,p = ll@|lLs + [[dw| L. We also define the space

k _ k_l k . . . . . .
Bq,p(M) = qu’p (M) C ZP(M) of exact forms in L? having a primitive in L4:

BY (M) =d (L9M, AFH) 0 L (M, AY).

Definition 2.1 The reduced and unreduced L, ,-cohomology of (M, g) (where 1 < p,q <
00) are defined as

k _ Sk k o7k _ ok =k
H (M) = ZK(M)/Bf ,(M) and H, ,(M) = Z}(M)/B, ,(M),
where E’;yp(M) is the closure of B(']‘yp(M).

The reduced cohomology ﬁ:’ »(M) is naturally a Banach space. We also define the
torsion to be quotient Tq’f p(M ) = EI; p(M) / B(]I" p(M). The torsion vanishes if and only
if the cohomology space Hé‘yp(M) is a Banach space (in this case ﬁl;p(M) = H(;p(M)).

2.2 Linear map between Euclidean spaces

Recall that a Euclidean vector space (E, g) is a finite dimensional real vector space equipped
with a scalar product. Two linear mappings A, B € L(E1; E;) between two Euclidean vector
spaces (E1, g1) of dimension n and m are said to be orthogonally equivalent if there exist
orthogonal transformations Q1 € O(E1) and Q> € O(E3) such that B = QZ_IAQl, ie.,
the diagram

E; iEz
ot 1

B 2 E

commutes. Given a linear mapping A : (E1, g1) — (E2, g2), its (right) Cauchy-Green
tensor c is the symmetric bilinear form on E defined by ¢(x, y) = g2(Ax, Ay). The adjoint
of A is the linear map A" : E; — E| satisfying

9(x, Ay) = g1(A*x, y)
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282 V. Gol’dshtein, M. Troyanov

forall x € E1 and y € E,. The Cauchy-Green tensor and the adjoint are related by
c(x,y) = g2(Ax, Ay) = gi(A*Ax, y).

Let us denote the eigenvalues of A*A by @1, u2, ..., un. Then p; € [0, 00), for all i,
and there exists orthonormal basis e1, e2, ..., e, of Ej and ¢}, €}, ..., e, of E> such that
Aej = /1L el/. forall i. The matrix of A* A with respect to an orthonormal basis eq, ea, . . ., e,
of E coincides with the matrix C of the Cauchy-Green tensor ¢ in the same basis.

Definition 2.2 The numbers X; = ./u; are called the principal distortion coefficients of A
or the singular values of A.

The principal distortion coefficients can be computed from the distortion polynomial
which is defined as follows:

Definition 2.3 Given an arbitrary basis ey, e2, ..., e, of E1, we associate to g; and c, the
n x n matrices G = (g1(e;, ¢;)) and C = (c(e;, e;)). The distortion polynomial of A is the
polynomial

det(C — rG)

Pat) = det G

The distortion polynomial Py (¢) is independent of the choice of the basis {e; }, it coincides
with the characteristic polynomial of AA* and has nonnegative roots. In particular, the roots
of P, are the eigenvalues u; of AA* and the A; = /i are the principal distortion coeffi-
cients of A. The distortion polynomial can thus be written in terms of the principal distortion
coefficients as

Pa@) =[Ta 3.

The following notion is also useful:

Definition 2.4 The principal invariants of A are the elementary symmetric polynomials in
the A;’s, They are thus defined by op(A) = 1 and

(A= D Ak kg

I1<ip<--<lig
fork=1,...,2...,n.

The following result is well known, see e.g., [25, p. 57].

Proposition 2.1 Two linear mappings A, B € L(E1; E3) are orthogonally equivalent if and
only if they have the same principal invariants: oy (A) = ox(B) fork =1,2,...,n.

The principal invariants of A are related to the action of A € L(Eq; E») on the exte-
rior (Grassmann) algebras: recall that if E is an Euclidean vector space, then the exterior
algebra A E is equipped with a canonical scalar product. If ey, e3, . .., e, is an orthonormal
basis of E{, then the (Z) multi-vectors {e;; Aej, A--- Aej (i1 <ip < --- < i) form an
orthonormal basis of AKE. To any linear map A € L(E;; E») we associate a linear map
AFA € L(A¥E|; A¥E5), and we have

1
— o < ”AkAH <o .1)

(&)
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Indeed, suppose that A < A < --- < X, are the principal distortion coefficients of A, then
we have ”AkA” = Ap—k+1An—k42 - - - Ay and o = zi1<iz<--~<ik AiyAiy -+ A -

If E; = E, = R" and A is a diagonal matrix with nonnegative entries, then we have
o = Trace(AFA).

Using the fact that the principal distortion coefficients of A~! are the inverse of the prin-
cipal distortion coefficients of A, we obtain the following

Lemma 2.2 [fdim(E ) = dim(E») = n and A is invertible, then for any 0 < m < n, we
have

On—m(A)

om(A7h) = T

3 Diffeomorphism and L, ,-cohomology

Let (M, g) ~and (M , §) be two smooth oriented n-dimensional Riemannian manifolds and
f : M — M be a diffeomorphism such that the induced operator

FXLP(M, Ay > LP(M, A¥)
is bounded for some specified p, p € [0, 00). Then the condition f*d = df* implies that
5 Z;‘;(M) — Zy(M)

is a well defined bounded operator. In the framework of L, ,-cohomology there are two
natural questions which then arise:

(i) Suppose that w € Bg ﬁ(]\;l). Under what conditions does this imply that f*w €
k .
B, ,(M),ie., that
* pk Y k
F*(BE () < BE (M) 2
(i) Suppose that f*w € B[II" p(M ). Under what conditions can we conclude that w €
BY (M), i.e., that
q.p
—1\s#( pk k(g
(f= (B (M) C BE 01 2
A positive answer to the first question gives us a well defined linear map
* . rrk Y k
Sr Hq’[,(M) g Hq,p(M)a

and a positive answer to both questions implies the injectivity of this linear map.
In this section we give an answer to these questions in terms of boundedness of the
operators f*, and f, = (f~1)*. We begin with the second question.

Theorem 3.1 Let f : M — M be adiffeomorphism, 1 < p < p < coand1 < g <q<o0.
Assume that both operators

X LP(M, A = LP(M, A, and f.: L9(M, A" > L9, AR

are bounded. Then for any v € Z; (M), we have ffow e Z];,(M). Furthermore, if [f*w] =0
: k — 0 k Y k — k ) —
in Hq’p(M) then [w] =0 in Hq’ﬁ(M) (thus Hq’p(M) =0= Hq’ﬁ(M) =0).
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284 V. Gol’dshtein, M. Troyanov

Remark We should not conclude that f*: H ;‘ i (A7I )—> H 5 » (M) is an injective map, because
this map is a priory not even well defined.

Proof Choosew € Z;;(]Vl). Because f* : Lﬁ(M, ARy > LP(M, A*)isabounded operator,
f*w e LP(M, A¥), and since d(f*w) = f*dw = 0 we have f*w € Z;(M). Suppose now
that [ f*@] = Oin H} (M), then f*w € BY (M), thatisthereexists6 € L4(M, A*~")such
that d60 = f*w. But by the second~ hxpothesis the operator f, : LY(M, AR > Ld (1\71, AK)
is bounded and therefore f.6 € LY(M, Ak). ‘We then have

o = fu (f*0) = fudb = d (f.6) € B} ;(M)
Therefore [w] = 0 in Hg [3(1\71). O

The argument of the previous proof is illustrated in the following commutative diagrams:

zean Lz o L pro
ar td atr td
LV, A1y L2 paom, A1) oL o

The next result gives us sufficient conditions for a diffeomorphism to behave functorially
at the L, ,-cohomology level.

Theorem 3.2 Let f : M — M be a diffeomorphismand 1 < p < p <oocand1 < q <
g < 00. Assume that

FELP(M, AN > LP(M, A%, and f*:LI(M, AFY) > LI(M, AR
are bounded operators. Then

(a f*: ng‘; (M) — Q’;;}(M) is a bounded operator,

(b) f*: Hgyﬁ(ﬂ;l) — H(f’p(M) is a well defined linear map,

() f*: ﬁqu’ﬁ(ﬂ;l) — ﬁg’p(M) is a well defined bounded operator,

Proof (a) By definition w € Qg.jﬁl(M) ifo e LI(M, A*")anddw € L? (M, A¥). Because
both operators f* : LP(M,AF) — LP(M,A%), f* : L9(M, A*=1) — L9(M, AF—)
are bounded and f*dw = df*w we obtain that f*w € Q'(;TPI (M). The operator f* :
QLI (M) — Q7 (M) is clearly bounded.

(b) The condition f*d = df* and the boundedness of the operators f* : LP (A7I , AR >
LP(M, A¥) implies that f* (Z’; (M)) C Z];(M). Using the boundedness of the operator

f* ngﬁ(M) — Qk (M) and the condition f*d = df* we see that
£ (B;f’ ﬁ(M)) — f* (dszgjp} (M)) —df* (Q’;jﬁl (M)) cd (sz’;jpl(M)) — B (M),
The inclusions
e (zsan) c zbom, (B ,01) < B, () 3.D)
imply that the linear map
[*: HE (M) = Z5(M)/BS -(M) — Z,(M)/B} (M) = H, ,(M)

is well defined.
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Distortion of mappings and L, p-cohomology 285

(c) Using the inclusions (3.1) and the continuity of the operator f* : Qg i (M) — Q’;,p (M),
we have

£ (B ;0m) < = (B ;0) < B ,(00). (3.2)
Therefore, the operator
F* Hy p(00) = Z8 (1) /BE (M) — Z4M)/BE (M) = H, ,(M)
is well defined and bounded. O

Using the two previous theorems, we have the following result:

Theorem 3.3 Let f : M — M bea diffeomorphism and 1 < p < p <ocoand1 < q =
g < oo. Assume that the operator f* LP(M, A*) — LP(M, AY) is bounded and that
F* o LYM, A=Yy — L9(M, A*YY is an isomorphism of Banach spaces. Then the linear
map

* ., gk Y k
[ H; 5(M) — H; ,(M)
is well defined and injective.
The proof is immediate. O
Corollary 3.4 Let [ : M — M satisfying the hypothesis of the previous theorem. If
Ty ,(M) = 0 then Ty 5(M) = 0.

Proof Since Tk (M) = 0, we have Bk (M) = Bk (M) The hypothesis of Theorem 3.2
are satisfied, thus the inclusions (3.2) holds and we thus have

£ (B 5()) < BY (M) = BE (M),

Choose now an arbitrary element € B;f.ﬁ(M ). We have f*w € BZ]" p(M ) by the previous
inclusion, this means that [ f*w] = 0 € Hy (M), but f* : HY .(M) — Hj (M) is injec-
tive by the previous theorem and therefore [w] = 0 in H ; i (M ), thatisw € B(/]C ﬁ(M ). Since
o was arbitrary, we have shown that B’; ﬁ(M) = Bé‘ ﬁ(M), ie., Tq"ﬁ(M) =0. O
Remark The hypothesis in Theorem 3.3 seems to be very restrictive, the results of Sect. 5

suggest that it will be difficult to find diffeomorphisms satisfying these hypothesis and which
aren’t bilipshitz or quasiconformal. See the discussion at the end of Sect. 5.

4 Diffeomorphisms with controlled distortion

Let (M, g) and (M , g) be two smooth oriented Riemannian manifolds. In this section we
study classes of diffeomorphisms f: M — M with bounded distortion of an integral type
that induce bounded operators f*: LP(M, A¥) — LP(M,A*)for1 < p < p < o0. To
define these classes we use the notation

ok (f, x) = ox(dfy)

for the kth principal invariant of the differential df,. We also write 0% (f) when there is no
risk of confusion, observe that 0, (f) = J, where J is the Jacobian of f.
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Definition 4.1 A diffeomorphism f: M — M is said to be of bounded (s, t)-distortion in
degree k, and we write f € BDI(‘”) (M, M), if
k() ;" e L'(M).
Itis assumed that 1 <s < ooand 0 < ¢ < oo.
It is convenient to introduce the quantity

(o1 ()’
Jr(x)

J(M, M), if and only if K, (f) < oc.

Ks,t,k(f) =

L'(M) ,
the mapping f belongs then to BD/(‘S’ :
Propos~iti9n 4.1 Let f: M — M be a diffeomorphism. Suppose p < p < oo and for any
w € LP(M, A*) we have

Hf*w”LP(M,Ak) = (Kﬁ’t,k(f))l/ﬁ leoll 5 sz, a)

where t = ﬁfp' In particular if f € BD](‘[3 t)(M, M), then the operator
FELP(M, A > LP (M, A
is bounded.

Proof Without loss of generality we can suppose that Jy(x) > 0. Using the fact that
|(f*®)x| < ok (f,x) - |wf(x)|, we have

Hf*wm,,(M,Ak) =/’(f*w)x‘pdxS/(ak(f,x))p lwfn|” dx
M M

< / [(ok(f, X) J]?l/’;(X))p : (|wf(x)| J}/ﬁ(x))lj}dx'

M

Using Holder’s inequality for s = ﬁ and s’ = g (so that Al + 4 = 1), and the change of

N
variable formula, we obtain

| o a0y < g (el f0d7 @) T ax | Q (lorl” 17()) dx

p=r

P

STt

ST

A

< (Ksun(f)? / loyPdy |
M

that is

”f*w”Lp(M’Ak) 5 (Kﬁ,t,k(f))]/ﬁ ”w”Lﬁ(M,Ak) .
[}

Remark Every diffeomorphism belongs to the class BD’I” JUNE K BD{" oM, M) =
Diff(M, M).The previous proposition states in particular the well known fact that the con-
dition for an n-form to be integrable is invariant under diffeomorphism and therefore inde-

pendent of the choice of a Riemannian metric.
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The next proposition describes the inverse of diffeomorphisms in BD"; /-

Proposition 4.2 Let f: M — M be a diffeomorphism, 0 < m < n. Let 1 < a < oo and
0 < B < oo with f(o« — 1) > 1. Then the equivalence

f7' eBD{, 5 (M, M) & feBD{ (M, M)
holds if and only if
s=a_1% and t=Bla—1)—1. (4.1)

B

Proof Without loss of generality we can suppose that J; > 0.

Assume first that § < oo, then the condition f -1 ¢ BD" )(M , M) means that

(a,B
-1 -1 p
[ oz o) ay <.
M
By Lemma 2.2, we have
-1 On—m(f,X)
om(f7, f(x) = T 4.2)

aty = f(x) and for any 0 < m < n. Using the relations (4.1), which can be rewritten as
afp =st =t+ B +1,

together with the change of variable formula with the standard relations dy = Jy(x)dx,
J -1 (f(x)=1J JT ! (x), we can rewrite the latter integral as

o B
A[’(UH_JIZE){)X)) Jf(x)] Jy(x)dx :J(an_m(f’x))aﬁ (Jf(x))H’g_“ﬂ dx.

- / [@rntr 0 (7r) ") ar.

M

This integral is finite if and only if f € BD" " (M, M).

(s,t
Assume now that 8 = oo, then we also have t = oco. The condition f~! € BD”

- (a,00)
(M, M) means in that case that
fops (f_l) inll is uniformly bounded. 4.3)
Using the relation s = 2%, Bq. (4.2) and J,—1 = J; ', we have
(Om( ™) I = (™) Iy = (o) I = {onn (D I7'}
Thus (4.3) holds if and only if o) _,, (f) Jf_1 is bounded, i.e., f € BD’(;’;’ (M, M). O

Corollary 4.3 If ¢ < q and the diffeomorphism f belongs to BD’Z;? (M, M) with

q ,_499-1
g—1 a-q
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then the operator

fo: L9(M, N™) — LI(M, ™)

is bounded.
Proof This follows immediately from Proposition 4.1 and the previous proposition with
a:qandﬂ:qzé. ]

Corollary 4.4 [fthe diffeomorphism f : M — M satisfies f € Bqu’ 00) (M, M)ﬁBD’ZquOO)
(M, M) with q = qu then f*: Lq(ll7[, ARy — LI(M, A¥) is an isomorphism

Proof 1t follows at once from the Propositions 4.2 and 4.1. m}

5 Relation with quasiconformal and bilipschitz diffeomorphisms

Recall that an orientation preserving diffeomorphisml f:(M,g) — (M , §), between two
oriented n-dimensional Riemannian manifolds is said to be quasiconformal if
ldf1"
Jy

e L®(M).

Lemma 5.1 For the diffeomorphism f: (M, g) — (M, q), the following properties are
equivalent
(i) f is quasiconformal;
(i) £~ is quasiconformal;
(i) If A1(x), Xa(x), ..., Ay (x) are the principal distortion coefficients of dfy, then
sup max{Aj(x), A2(x), ..., Ay (x)}
xeM min{)‘l (x)5 )"z(x)v ceey }Ln(x)}

The proof of this lemma is standard and easy.
Let us dengte by QC(M, M) the class of all quasiconformal diffeomorphisms, it is clear
that QC(M, M) = BD}LOO(M, M), but, more generally:

Proposition 5.2 We have
QC(M, M) = BD), (M, M)
1
forany 1l <k <n—1.

Proof Suppose that f : (M, g) — (M, §) is quasiconformal. Let us assume that 1| < A, <
- < An, then by condition (iii) of the previous lemma, there exists a constant C such that

or(f.x) < C- @)k,
Since Jf = Ay - A -+ Ay, we have

n/k kyn/k n
(ox(f)) -c. (D -c. (A1) <c
Jyr Jf (A1 A2+ Ap)

1t is usual, and important, to consider not only diffeomorphisms, but more generally homeomorphisms

in Wllo"cn when defining quasiconformal maps. In our present context, diffeomorphisms are sufficient, see,
however, the discussion in Sect. 8.
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Distortion of mappings and L, p-cohomology 289

i.e, f € BDY (M, M). We have thus shown that QC(M, M) C BDY, _ (M, M).
k> %

To prove the converse inclusion, we distinguish three cases: k = % 1 <k < % and

n
§<k<n.

Let us first assume that k = % then we have

M Ouokerr o dn) o Gukgr A (or(f)?
M7 ) T A kg A) T Jp

which implies that BD}'2 (M, M) C QC(M. M).

Assume now that 1 <k < 5,i.e., k+ 1 < n — k. Observe that
Okt Anek) < Q)2 < Qoppg1 -+ - Ap) 207K
therefore
Jf =1 -Aa- )

= A1 A M1 Anek) kg1 -+ M)
n—2k

< O A Cggr - Ag) E

=1 ')‘-k)()‘-nkarl ce )\-n)z_l.

Because o > Ay—g+1 - - A, we have from the previous inequality

(Uk(f))n/k -~ ()‘-nfk+l e )‘-n);‘l -~ ()‘-nfk+1 e )‘-n)

Jr - Jy¢ (a0
Since
)\n—k+l ’ )\n—k+2 o An—1 > 1,
Ak Ak—1 A2

we finally have

A _ O hnkgn) _ ()M
AT ) T Jy

from which it follows that BD% __ (M, M) C QC(M. M).
T
If k > 7, thenn — k < % and we have from the previous argument and Proposition 4.2
7 eBDL (M, M) C QC(M, M),
n—=k’

and we deduce from Lemma 5.1 that f € QC(M, M ). O
The next result relates our class of maps to bilipschitz ones.

Proposition 5.3 If f € BD{, (M, M) N BD’(’q’,koo)(M, M) with ¢/ = Ly, then f s

quasiconformal. Furthermore if ¢ # %, then f is bilipschitz.

Proof Using the same notations and convention as in the previous proof, we have

P _ O haeke) Gt A) Gkt =+ o)

AT (A A 1 M) g1 -+ A)

1
<wuy%¢n_(mwwf@ﬂww 4
- Iy -\ Iy ’
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290 V. Gol’dshtein, M. Troyanov

because % + q, = 1. It follows from this computation that any map f in BD(q o0) (M, M)N
BD" OO)(M M) is quasiconformal.

We now prove that f is bilipschitz if g # %: Because f is quasiconformal, there exists a
constant ¢ such that A,, < ¢ - Aj. Since k’f <ox(f)and Jy < )Lﬁ, we have

kq q
|df|qk7” _ )sz—n < (C)\,[) < qu . (Uk(f)) ,
Al Jr

this implies that any quasiconformal map in BD(q ) (M, M) is Lipschitz if gk > n. If

gk < n, then g (n — k) < n and the same argument shows that any quasiconformal map in
BD! ¥ (M, M) is Lipschitz. Thus any f € BD* (M, M) NBD";* (M, M) with g #

(q’,00 (q 00 (q',00 -
E is Lipschitz. But Proposition 4.2 implies that f~! € BD/‘ 4,09) (M, M)N BD(q 10) (M, M),
hence " is also a lipshitz map if ¢ # 7. O

An open question. The previous result and the Corollary 4.4 suggest the following ques-
tion: Suppose a diffeomorphism f: M — M induces an isomorphism f*: L1 (M, A*) —
L1(M, A¥). Can we conclude that f is quasiconformal for ¢ = % and bilipshitz otherwise?
If k = 1, the answer to the above question is positive, see [3,4,29,30].
For a more complete discussion of quasiconformal maps in the context of differential
forms, we refer to [7] .

6 L, p-cohomology and BD-diffeomorphisms

Combining the results of the two previous sections, we obtain the following theorem.

Theorem 6.1 Suppose p < p <oo,andlet f: M — M be a diffeomorphism of the class
BD’(‘ﬁ 5 (M, M) where t = ﬁfp. Then the following holds:

(A f*: Lﬁ(/l;I, ARy — LP(M, A¥) is a bounded operator and f*(Zg(/\;I)) C Z];,(M).

B) Ifg>G>landf e BD:’(;"rJ)rl(M M)NBDE; (M, M) with §' = q"l, q(qf’_*q”,
then [ f*w] = 0 in H;p(M) implies [w] = 0 in Hq’ﬁ(M) (thus q,p(M) =0=

H[l;.ﬁ(z&z) =0).

(C) Ifg <Gand f € BD’(‘q ;)(M, M) NBDf; (M, M) where u = L and 1 = 55,
then

(a) f*: Qg_ﬁl (M) Qk l(M) is a bounded operator,
(b) f*: Hé‘ ﬁ(A;I) — q’p(M) is a well defined linear map,
() f*: ﬁg’ﬁ (M) — ﬁz’p(M) is a bounded operator.

Proof The statement (A) follows immediately from Proposition 4.1 and the fact thatd f*w =
f*dw, whereas the assertion (B) follows from Propositions 4.1, 4.2 and Theorem 3.1. Finally,
the property (C) follows from Proposition 4.1 and Theorem 3.2. O

Part (C) of the Theorem gives us sufficient conditions on a map f to have a functorial
behavior in L, ,-cohomology.
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7 An example: manifold with a cusp

In this section, we show how Theorem 6.1 can be used to produce a vanishing resultin L, -
cohomology. We consider the Riemannian manifold (M, g) such that M is diffeomorphic to
R" and g is a Riemannian metric such that in polar coordinates, we have

G=dr*+e 2 - h

for large enough r, where h denotes the standard metric on the sphere §"=1. Let us also
consider the identity map f : R” — M, where R” is given its standard Euclidean metric,
which writes in polar coordinates as

ds* =dr* +r* - h.
Proposition 7.1 If s > Zl:ll, then the above map f:R" — M belongs to the class
BD{",(R", M) for any 0 < t < oo.

Proof For r large enough, we have the following principal distortion coefficients for f:

M=1, =Mm=---=A, =

In particular J; = (§)n,1 and
s m n—1 e’ m—1 " m—1
om(f) = (—) -I—( ) (7) < Cj (—) .
r m—1 r ,

OnlF) _ (6")“’"”("”
]f =2 r

and thus

outside a compact set in R”. Therefore, f]R" (%{”x)’ dx < oo if and only if

T [ e\ Gm=D=(n=1)

/ ( ) " ldr < 00
p

1

which is the case when s > ;’1:11 This implies that f € BD{, (R", M) forany 0 < ¢ < oo.

It is also clear that f € BD;’foo(R", A7I), since W is bounded when s > :;—:11 O

-1 -
Corollary 7.2 If < 271 < p, then HY (M) = 0.

k
(p.1)
by hypothesis. We also have f ¢

Proof We will use Theorem 6.1(B) with the previous Proposition. We have f € BD

(R", M) for any ¢t > 0, since we have p > n—l

k=1
BD’Z({ﬁ;rl R", M) if§ > % But this inequality is equivalent to
. q n—1
= < N
1= 71 k-1

and this also holds by hypothesis. We thus have f € BD&—,’;“;‘(R", M) NBDf; (R, M)

for any g < % < p.
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Let us now set p = 7 and ¢ = ¢y, and observe that p < Z%}, hence p < p and

q > Zj,henceq >q.

In [27], it is proved that Hé‘, ,(R") =0if p= 7 and ¢ = 5. Therefore by Theorem 6.1

kK onn — = _ - =
we have Hq’ﬁ(M) =0forany g < —1 <P O

8 Non-smooth mappings

We have formulated our results for diffeomorphisms, but it is clear that Definition 4.1 makes
sense for wider classes of maps such as Sobolev maps in WIL’CI or maps which are approxi-

mately differentiable almost everywhere, we can thus consider the class of WZL’ Cl homeomor-
phisms with bounded mean distortion. It is then natural and important to wonder whether
our results still hold in this wider context.

Unfortunately, there is no elementary answer to this question. A careful look at our argu-
ments show that we have used the following properties of diffeomorphisms:

(i) The change of variables formula in integrals: fM u(fx)) Jr(x)dx = fM u(y)dy in
Proposition 4.1).
(ii) The change of variables formula for the inverse map which is implicitly used in
Corollary 4.3.
(iii) The naturality of the exterior differential df *w = f*dw is used everywhere.

The change of variables formula in integrals holds for a homeomorphism f in Wllo’ J pro-
vided we assume the Luzin (N) condition to hold. This condition states that a subset of
zero measure in M is mapped by f onto a set of zero measure in M. The map change of
variables formula for the inverse map f~! holds if the Luzin (N ') condition holds, that is
the inverse image of subset of zero measure also has zero measure. The Luzin condition is
widely studied in the literature (see, for example, [10-12,29]). Concerning the naturality of
the exterior differential, we refer to [8].

Let us finally mention that for the special case of locally quasiconformal maps, all these
properties hold. The relation between the theory of quasiconformal mappings and L;,-coho-
mology is studied in [7].
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